A VARIFOLD PERSPECTIVE ON THE p-ELASTIC ENERGY
OF PLANAR SETS

MARCO POZZETTA

ABSTRACT. Under suitable regularity assumptions, the p-elastic energy of a planar set E C R? is
defined to be

Fo(E) =/ 1+ [kosl” dH,
oF

where ks is the curvature of the boundary 0F. In this work we use a varifold approach to investigate
this energy, that can be well defined on varifolds with curvature. First we show new tools for the
study of 1-dimensional curvature varifolds, such as existence and uniform bounds on the density of
varifolds with finite elastic energy. Then we characterize a new notion of L!-relaxation of this energy
by extending the definition of regular sets by an intrinsic varifold perspective, also comparing this
relaxation with the classical one of [BeMu04], [BeMu07]. Finally we discuss an application to the
inpainting problem, examples and qualitative properties of sets with finite relaxed energy.
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Consider p € [1,00). Let us denote by S! the interval [0, 27] with the identification 0 ~ 27. For an
immersion v : S' — R? such that v € W2P(S') we can define the functional

(1)

2
£,(7) = / ko 1P d,

Date: July 31, 2020.



2 MARCO POZZETTA

and the p-elastic energy

(2) Fp(v) = L(v) + & (),
where L(7y) denotes the length of ~.

In this work we want to study the elastic properties of the boundaries of measurable sets in R?. Our
first purpose is to give a new definition of the sets which are enough regular for having finite p-elastic
energy. We want such definition to be intrinsically dependent on the given set, using immersions of
curves only as a tool for the calculation of the energy.

In order to study the functionals defined in and one would classically call regular set a set
E with a boundary of class C?, i.e. a set E whose OF is the image of closed injective immersions
v : 8T = R? of class C?. This would be a possible definition of set with finite classic p-elastic energy,
and it is the definition considered in [BeDaPa93|, [BeMu04] and [BeMuQ7] indeed. But with this
classical definition it turns out that sets like the one in Fig. 1| not only have infinite energy, but they
also have infinite relaxed energy (calculated with respect to the L!-convergence of sets, see [BeMu04]).

OF

FIGURE 1. A set of finite perimeter E' with boundary 0F that can be parametrized by
a smooth non-injective immersion.

However functionals (1)) and (2|) are very well defined on immersions which are not necessarily injective.
Also for many applications one would like to consider sets like the one in Fig. [I| as regular sets, or at
least as sets with finite relaxed energy (applications will also be discussed below). A good definition
of regular elastic set, i.e. a definition of set with finite energy, comes intrinsically from the geometric
properties of the boundary of sets of finite perimeter studied in the context of varifolds. In fact by De
Giorgi’s Theorem, if F is a set of finite perimeter in R? then the reduced boundary FE is 1-rectifiable,
and therefore the integer rectifiable varifold Vg = v(FE,1) is well defined. If a 1-rectifiable varifold
V = v(T',0y) has generalized curvature vector ky, the analogue of the functionals and in the
varifold context are defined by

(3) E,(V) = / kv [P dpay,

(4) Fp(V) = nv(R?) + & (V).

So such elastic energies can be calculated on the varifold Vg associated to a set of finite perimeter F,
thus giving elasticity properties to the set F in a pure intrinsic way.

We can introduce the class of elastic varifolds without boundary as the integer rectifiable varifolds
V = v(T, 0y ) such that there exist a finite family of immersions ~; : S' — R? such that

N
(5) V=> (n)s(v(sh, 1)),
=1

where each (7;)#(v(S1, 1)) is the image varifold of S! induced by 7;. We shall see that a representation
like is not ambiguous and that the curves appearing in the formula can be used to compute the

Fp energy (Lemma .
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In this way we will eventually define that a set E is regular (in the sense that is has finite elastic
energy) if

N

(6) V(FE 1) = 3 (0 (v(S1, 1)),

=1

for some C? immersions «; : S — R2. In such a way the set in Fig. [1|is considered to be regular, and
it has finite elastic energy.

We have to mention that a significant attempt in order to give a good definition of the elastic energy on
sets that are not natural limits of smooth sets with bounded energy is contained in [BePa95] (see also
the references therein). Here the authors consider an interesting generalization of the elastic energy
functional whose relaxation is able to take into account the energy of angles and cusps.

Beside the study of the elastic properties of varifolds contained in Section [2| there are other funda-
mental motivations for studying this alternative notion of relaxed energy. We would like to extend
this ambient perspective and strategy (at least starting from the basic definitions) to the study of the
relaxation of functionals depending on the curvature of surfaces in R?, such as the Willmore energy.
Moreover this work is the starting point for the study of the gradient flow of the elastic energy of planar
sets using an intrinsic definition of the functional, not completely relying on immersions covering the
boundary of the set; the characterization of the relaxed energy allows us to define the gradient flow on
a huge family of sets and therefore to try to obtain a generalized flow (for example using a minimizing
movements technique in the spirit of [LuSt95], and this will be the reason of some assumptions we
will make in the following). Observe that in particular in a generalized flow one certainly wants to
consider sets like the one in Fig. |1} hence a definition in which its energy is finite is required (see also
[OkPoWh18]).

The paper is organized as follows. The first part of the work is devoted to the proof of some results
about curves and varifolds with curvature from an ambient point of view. We prove a basic inequality
concerning the elastic energy of immersed curves using a varifold perspective (Lemma , then we
show an extension to 1-dimensional varifolds with curvature in R” together with uniform bounds on
the multiplicity function (Theorem and a monotonicity formula for the case p = 2. This helps
us to prove the main structural properties of elastic varifolds, which are contained in Lemma [2.8 and
Lemma Such results are stated for any p € [1,00).

In the second part we focus on the p > 1 case and we give a precise characterization of the L!-relaxation
of the energy F), starting from our new notion @ of regular set. The expression of the relaxed energy
F,(E) takes the form of a minimization problem defined on a class A(FE) of elastic varifolds suitably
related to the set £ (Theorem .

The relaxed energy F, has to be compared with the classical results contained in [BeDaPa93], [BeMu04]
and [BeMu(Q7], and in Subsection we discuss an example of a set E with finite relaxed energy F,
which is strictly less then its relaxed energy in the sense of [BeMu04] (which is still finite however).
The last part of the work continues with an application to a minimization problem arising from the
inpainting problem in image processing ([AmMa03], [BeCaMaSall]). The relevance of our new defini-
tion of relaxed energy F, is particularly evident in this application. Then we conclude the work with
some comments on the qualitative properties of sets having finite relaxed energy; here we prove that
a set F with a boundary except that is smooth but at finitely many cusps has finite relaxed energy if
and only if the number fo such cusps is even (Theorem , and we show that polygons always have
infinite relaxed energy (Proposition .
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2. ELASTIC ENERGY OF PLANAR SETS

2.1. Notation and definitions. In the following if + is any parametrization of a curve, we denote
by () its image. The letter E will usually denote a measurable set in R%. We recall that E has
finite perimeter in an open set Q C R? if the characteristic function y restricted to € belongs to
BV (Q), and in such case we denote by P(FE,{2) the perimeter of F in Q. For the theory of sets of
finite perimeter we refer to [AmFuPa00].

If E C R? is measurable and Q C R? is an open set such that F has finite perimeter in €2, we denote
by Dxpg the gradient measure of xg and by |Dyg| the corresponding total variation measure. Then
we denote by

. Dxp(By(z))
FE = {:1: € supp|Dxe|NQ | I lim ———2"20 = yp(2), |vp(z) =1,
DXEI ]2 28 (DB, () |
and we call FE the reduced boundary of E, and v is the generalized inner normal of E. By De
Giorgi’s Theorem the set FE is 1-rectifiable and |Dyg| = H! L FE.

Let G(1,2) be the Cartesian product between R? and the set of 1-dimensional subspaces in R?. We
call G(1,2) the Grassmannian of 1-dimensional spaces in R?. A point (z,v) € G(1,2) (where v € R?
with |v| = 1 generates the given 1-dimensional subspace) is identified by the matrix 7, , that projects
vectors in T (R?) onto the subspace spanned by v; therefore G(1,2) obtains a structure of metric space
calculating the distance between two elements as the distance between the corresponding projection
matrices. A 1-dimensional varifold in R? is a positive finite Radon measure on G(1,2). For the theory
of varifolds we refer to [Si84], and in this work we will always deal with integer rectifiable varifolds.
For a 1-dimensional varifold V in R? we denote by py the induced measure in R?. We recall that a
1-dimensional rectifiable varifold V' = v(I',6y) in R? has generalized curvature vector ky € L} (uv)
and generalized boundary oy € M?(R?) if for any X € C}(R?;R?) it holds

/ (divy, o X) duy (z) = — / (X, ky) duy + / X doy.

Recall that is such case the measure oy is singular with respect to py. If f : suppV — R? is Lipschitz

we define the image varifold f4(V') := v(f(I'),6) with 0(y) = > zef-1(y)nr Ov(x) for any y € R2.
If E has finite perimeter in R? we denote by Vg the associated varifold Vi := v(FE,1). If a varifold
V = v([,0y) has generalized curvature ky, then we define

E(V) = / kv [P (2) dpy (2),

while if V' does not admit generalized curvature we then set £,(V') = 4o0.
At some point we will also use for a while some very basic facts about the theory of currents; for such
definitions and results we refer to [Si84].

Here we recall with proof some basic properties of sets of finite perimeter, together with the choice of
a convention and of the notation. The following observations actually work for sets of finite perimeter
in any dimension.

If E C R? is a measurable set, for any ¢ € [0, 1] we denote by E! the subset of t-density points, that is

EnNnB
MLLLTRN
PO [ Bp()|

The essential boundary 9*F is then 0*E := R?\ (EY U E'). Recall that for a set of perimeter E in R3

it holds that FE C E2 C 9*E C OF and HY(0*E \ FE) = 0.
Following [LuSt95], since in BV we only consider equivalence classes of functions, for any set E with

(7) E' = {az € R?
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xE € BV(R?) we will always assume we have chosen the element of the class given by

/ xg > 0Vp > 0}.
By (z)

In this way the distance function d(-,F) is well defined. Assuming we also have

(9) E=EL

In fact E' C E and E is closed, indeed if € E then there is py > 0 such that I By, (z) XE = 0 and we
0

can conclude that B 2 ()N E =0 (so that the complement of F is open), because if by contradiction

(8) E:{x€R2

there is y € B%o(:n) N E then 0 < pr%(y) XE < prO(x) xe = 0. In this way we have E1 C E. But

XE, X! are in the same equivalence class, that is [EAEY| = 0; if z € E there exists x,, € E' converging

to x, otherwise |E' N B,(x)| = 0 for some p > 0 and by definition |E' N B,(x)| > 0, contradicting that

|[EAEY| = 0.

Moreover

(10) OE=0E'=0"E = {z € R* |Vp >0 |B,(z) NE| >0, |B,(z) N E| > 0}.

In fact if x € 9™FE then there are sequences Tl e E, :r,21 € E° converging to x, thus x € EN E¢ = 0F.

Conversely if x € OF = OE® = E°¢\ E°, since B¢ = {z : 3r > 0s.t. |[EN By(z)] = 0}, then

|EN By(z)| = pr(x) xg > 0 for any p > 0. But also |E°N B,(z)| = pr(x) Xge > 0 for any p > 0,

indeed if by contradiction there is pg > 0 with [, B, (x) XE¢ = 0, since E° is open we have that
Spg

E°N B,y (z) =0, but this is impossible because z € E°.

Finally under assumption we have that if E is a set of finite perimeter in R?, then the reduced

boundary is dense in the boundary of F, that is

(11) FE =0"E = 0E.

In fact FE C OF and if by contradiction there is z € 9™E \ FE, then for some py > 0 we have

By (z) NFE =0 and 0 < |E N By, (z)| < mpg. Hence by relative isoperimetric inequality in the ball

B, (z) we get that P(E, B,,(x)) > 0, but since B,,(z) N FE = () using De Giorgi’s Theorem we also

have P(E, B,,(z)) = HY(FE N B,,(z)) = 0, which gives a contradiction.
Observe that it also follows that diamFE = diamoFE.

2.2. Preliminary estimates. Here we prove a fundamental estimate concerning curves in R2.

Lemma 2.1. Let v: S' — R? be a reqular curve in WP for some p € [1,00). Then

1 1
(12) 2m < &1(y) < (&) 7 (L(7)) 7,
where L(vy) denotes the length of the curve. Moreover for p > 1 equality holds if and only if ~y

parametrizes a circumference of radius 1, while for p = 1 equality holds if and only if v parametrizes
a circumference.

Proof. By approximation it is enough to prove the statement for v € C*. Call o : [0, L] — R? the
arclength parametrization of the curve. We want to prove that

L
(13) / |ko| > 2,
0

so that applying Holder inequality on the left, will give the claim. Let T : [0, L] — S! be the unit
tangent vector T' = &. The support (o) is compact, then there are two parallel lines {z = a}, {z = 5}
such that (o) C {a <z < S} and (o) touches tangentially the two lines at points o(0) = xg, o (b) = x3
(up to reparametrization). Assume that 7°(0) = (0,1). By continuity there exists a € (0,b) such that
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T(a) = (—1,0) and ¢ € (b, L) such that T'(¢) = (1,0). Now two cases can occur: T'(b) = (0,1) or
T(b) = (0,-1). If T(b) = (0,—1), then S c T([0, L]); if T(b) = (0,1), then S* N {(z,y)|y > 0} C
T([0,L]) and for any v € S' N {(x,y) |y > 0} we have that 71(v) > 2. Therefore using the area
formula we obtain

L L
= '|(s)ds = “w Y(v .
| el ds = [CiT1e s = [ wane) >

By the above calculations equality holds if and only if o is convex with constant curvature |k, | and
with #7771 (v) = 1 for H' almost every v € S'. Hence this completes the proof. O

We mention that inequality is already present in [DaNoPI18], proved with a different method in
the setting of networks, but in the following we will need the specific approach used in the proof of
Lemma Also, we are going to prove that inequality is true (up to changing the constant) in
an analogous sense in the setting of varifolds as stated in the inequality in Subsection

2.3. Monotonicity. Here we develop a monotonicity-type argument that is the direct analogue of
Simon’s Monotonicity Formula ([Si93]), which is fundamental in the study of the Willmore energy,
that in some sense is the two-dimensional energy corresponding to the functional £. This result is of
independent interest and it will be sated in general in R".

Throughout this Subsection consider zp € R™, 0 < 0 < p < 400, V = v([,0y) # 0 an integer
1-dimensional rectifiable varifold in R"™ with curvature ky such that £,(V) < +oo for some p € [1, 00)
(for the moment py is just locally finite on R™). Also we are assuming that oy = 0.

Consider the field X (z) = (—— — l)Jra:, where (-); denotes the nonnegative part and |- |, =

lz—zolo —o
max{| - |,o}. For any set F' let E, = ENB,, E, = ENDB,, E,; = E,\ B,. Then the tangential
divergence of X is

diver X () % - % on I'y,
vrr X () = Q [(pea) L2

loare 1 o,
We want to prove the following result.
Theorem 2.2. Under the above assumptions it holds that

Bo - B
(14) lim sup 1 (Bo (o)) < liminf #v(Bp(x0)) + / |kv | dpy ().
o\0 o p/'o0 P By (o)
If also py (R™) < +o0, then
1
(15) 2 < & (V) < v RV E,(V)?,
and we have the following bounds on the multiplicity function:
1
(16) p>1 = fOy(x)< 551(1/) Vo eR",
1

(17) p=1 = 6Oyx)< 551(‘/) for H'-ae z € R™.

If also py (R™) < +oo and T is essentially bounded, i.e. H'(I'\ Br(0)) =0 for R large enough, then

(18) p=1 = Jum v BE@)

1
= < — n
0 oy Gv(x) < 251(‘/) VerelR
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Proof. Integrating the divergence divyrX above with respect to py and using the first variation
formula we get

B, (z 1 x — o)t |?
v (Bo (o)) +/ <kv,$—$0>d,uv(.%')+/ ( 0)3‘
o 7 JB, (z0) By(xo)\Bo(z0) 1T — Zol

B, (x 1 r—x
:MV(’W‘F/ <kv,$—ﬂfo>d/ﬁv(l‘)—/ <kv,0>duv(l‘)-
P P By (zo) B, (x0)\Bo (z0) ‘x - xo‘

Dropping the positive term on the left we obtain

pv(Bo(20)) | 1/3 ( )<’<?V’~””_"50> dpv (@) <

duy (z) =
(19)

o o
MV(B,O(‘TO)) / T — X T — I
< S, - .
a P i By (x0) v p |z — 20 XB,(0)\Bo (x0) ) dhv ()
Since
1 - N
/ (v, @ = o) dpy ()] < (/ kv [P duv) (v (Bg(20))? — 0,
o BJ(Z'O) Bg(mo) o—0
and
* o L — o . /
Tz — ao| Br@\Bo(@o) T2 T X By(ee) M LY (py),

letting o N\, 0 and then p * oo we get the inequality

B, B 1 1
lim sup 1v(Bo (o)) < liminfM +/ <k‘v, < - ) (x — ;1:0)> dpy () <
o\0 o p,/1o0 P By(x0) p |z — ol
B _
< tim inf 2V (Bo(70)) +/ ot E=20l | g () <
p,/1o0 p Bp(x0)
B
Sliminf’uv(p(xo))—k/ |kv | dupy ().
p/ 100 P Bp(x0)
that is (14)).
Suppose from now on that uy (R™) < +oo, then gives
B,
(20) lim sup 1y (Bo (o)) < & (V).
o\\0 o

Equation gives us the pointwise bounds on the multiplicity function 6y as follows.

If p > 1 we know that the density lim,\ g %&’(m) exists at any p and can be used as multiplicity

function @y for V' ([Si84], page 86). So in this case gives

(21) 9‘/(35) = E{‘%uv(fg(p)) < %81(‘/) Vrel.

Instead in the p = 1 case we can say the following. Since I' has generalized tangent space at H'-ae
point we have that

M < %Sl(V) for H'-ae x € T.

(22) Oy () = lim K222

Therefore, since 0y (z) > 1 at some point z, for any p € [1,00) we can state inequality .
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Now assume p = 1 and without loss of generality I' C By, (0) is bounded, then we want to show that
the limit limg\ o M does exist for any xg € R™. In fact in Equation we have
1

o

— 0 as o — 0,

/ (kv,x — x0) duy (z)
o (%0)

1 R
L e <[ a0 g,
p Bﬂ(xo) BRO(-ZO
T —Zo Tr — X0 . 1/m9m
=g BN Beeo) I LR ),

where the last statement follows by Dominated Convergence. Therefore there exists the limit

. r—x
lim /<k‘v, OXBp(xo)\Bg($0)>d'uV(x)’

N0, p,/oo T — o
which is also finite. Hence implies that
o \L2
(23) sup / M dpy (z) < 400,
0,0>0 J B, (20)\Bo(z0) 1T — To|

thus by monotonicity the limit
)

. |(z — o
lim / ——duy(z
N0, 2790 ) B, (@o)\Ba (@) 1€ = @0l )

exists finite. Since lim, M — 0 as p — 0, Equation implies that

B
(24) 1 AV Be@0) gy e e,
o\,0 o
which completes the proof. (Il
We mention that the inequality is probably not sharp, but still new in the context of 1-dimensional
varifolds.

We conclude with a monotonicity statement concerning the p = 2 case.

Remark 2.3. Let p = 2. For r > 0 let

1 1 1 1
A = (24 D) (Bo(ao)) + 2 / (ky sz — o) duy (z) + / kv duy
2 T T r(CC()) 2 BT(IO)

Then

](x—xg)H2 1 T — Zo 2

25 A(O' +/ < + =
) ) Bp(w0)\Bs (0) |z — 203 2

in particular r — A(r) is nondecreasing.

Indeed to prove just insert the identity <kv, ‘”;—|> = %(‘kv + ﬁ}z — |ky |2 — 1) in .
Moreover if we additionally require that uy (R™) < +o0, then

1 1 1

= (kv,z — x0) duy (z) = = (kv,x — x0) dpy (z)
Br(zo) By(z0)

< % (kv,z — z0) duy () + </B

By (zo)

ky +

) duv () = 405

|x—a?0]

tr (kv,z — z0) duy (z) <
Br(20)\Br(z0)

va\2> (v (Br(wo) \ By(x0))’
r(%0)\Br(z0)
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for any r < R. So letting first R — oo and then r — oo we get that % fBR(m)(kv, x —x0) duy(z) =0
as R — co. And thus we obtain that

1
(26) lim A(r) = B (uV(R") + 52(V)>,

=00

for any choice of xg € R".

Remark 2.4. After the conclusion of the work the author became aware of the fact that Theorem
also follows from Corollary 4.8 in [Mel6] (see also Theorem 3.5 in [MeSc1g]).

2.4. Elastic varifolds. Here we prove some important remarks about varifolds defined through im-
mersions of elastic curves. The next definition comes from [BeMu04].

Definition 2.5. Given a family of regular C! curves «; : (—a;,a;) — R? for i = 1,..., N and a point
p € R? such that a;(t;) = p for some times t; and the curves {;} are tangent at p. Let v € S* such
that o/ (¢;) and v are parallel for any i. We say that R,(p) is a nice rectangle at p for the curves {a;}
with side parameters a,b > 0 if

Ry(p) ={z€R? : |(z —p,v)| <a, |(z—p,vJ‘>|<b},

and
N

M
w00 (Uten) = Ugrapn(s.

i=1 i=1
for distinct C! functions f; : [~a,a] — (—b,b), where graph(f;) denotes the graph of f; constructed
on the lower side of the rectangle.

We also give the following definition.

Definition 2.6. Let V = v(U;er(7:),0y) be a varifold defined by the C' N WP immersions v; : ST —
R?, and assume that F,(V) < +oo, fy < C < +o0.

For any p € Uier(v;) and any v € S!' denote by g1,...,9- : [—¢,€] < R? arclength parametrized
injective arcs such that: ¢;(0) = p, ¢:(0) = v, gi([—¢,0]) # g;([—¢,0]) or g;([0,¢]) # g;([0,¢]) for i # j,
and U!_;(g;) N B,(p) = Uier(7:) N By(p). Observe that for any such p, v and p small enough, the arcs
g; are well defined.

We say that V verifies the fluz property if: Vp € Uier(7;), Yo € S, and p small enough there exists a
nice rectangle R,(p) C B,(p) for the family of arcs {g;} such that it holds that

Ve < a: Z Oy (2) = M,
zeUi_y (9:)My | (y—p,v)=c}
for a constant M € N with M < 6y (p).

Roughly speaking, Definition |2.6| requires that the “incoming” total amount of multiplicity at p in
direction v equals the “outcoming” total amount of multiplicity at p in direction v.

Observe that if V =3, ;(7:)s(v(S',1)) with ; € C*' N W?2? immersions and F,(V) < +oo, Oy <
C < 400, then V verifies the flux property.

Remark 2.7. Let E be a set of finite perimeter in R2, let ' = U, (y;) with v; € C1(S;R?) and
regular for any ¢. Assume that Vg := v(FE,1) = Zfil(%)ﬁ(v(é’l, 1)). Then HY(OE \ FE) = 0, and
we can equivalently write Vg = v(0F, 1).

In fact by assumption H'-almost every point p € I' is contained in FE, suppVg = I', and T' =
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suppVg = supp(H'L FE) = OE. Therefore 0 = H'(T'\ FE) = H'(OE \ FE).

Lemma 2.8. Assume p > 1. If an integer rectifiable varifold V. = v(I',0y) is such that V =
Zi]\il(%)ﬁ(v(S’l, 1)) for some regular curves v; € W2P(S1;R?) and F,(V) < +o0, then V has gener-
alized curvature

N

1
(27) bv(p) = 5 ()Z > ky(t)  atH'-aepeT,
WS e )

the generalized boundary oy = 0, and

N

(28) EV) =) &)

=1

In particular, since ky is unique, the value £,(V') is independent of the choice of the family of curves

{7} defining V.

Proof. In fact suppose first that N = 1, and then call 73 = . Up to rescaling, assume without
loss of generality that + is an arclength parametrization. By assumption v € C1® for o < 1%’ and

clearly I' = () and py = Oy H L () = % (H' L S) (by the arclength parametrization assumption). If
X € CHR%R?) is a vector field, using the area formula and the fact that 6y > 1 H!-ae on T, we have

[ v X du (o) = [ divay ) X g1 LS ) = /S 0, (V) (0 (1)) dt =
- / (V' (X o)y dt = — / (1), X (1(1))) dt =
St St
. / / (1), X (1(t))) dH® dH* LT (p) =
7~ 1(p)

=— [ (X0), [ ky(t)an’ VD) ot 1) =
o Ov ()

{5ty 5, )

th '(p)
If now N > 1, by linearity of the first variation we get

[ X duy o Z / < z b)) 4L ()0) =

=-/<

:_/< Z Z k% >dw.

th

% > )del ( 1(%’)) =

Now we want to prove (28]). Let us consider the set W = {p € I'| 6y (p) > 1}. Up to redefining some
~; on another circumference, we can suppose from now on that ~; is an arclength parametrization. We
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can write W =T U X UY U Z, with

T={peW|3ijt1: %(t)="7(r)=p, %) # ayj(r) Ya € R},

X = {p e W\T|3i,t: ~(t) =p, tisnot a Lebesgue point of ’yl{'},

Y ={pe W\ (TUX)|Vijt,1: vt)=()=p = 7)) =)},

Z = {p eEWN\(TUX)|Ti,jt,7: v(t)=(r)=p, 7 (t) # ’y}'(r)}.
We are going to prove that T, Z are at most countable, then since H!(X) = 0 we will get that
HY (W) = H'(Y). Hence by one immediately gets ([28)).
Let p € T and C € N such that 8y < C . Let v1(p),...,vx(p) € S* with k = k(p) < C such that if
7i(t) = p then ~/(t) is proportional to some v;. For any ¢ = 1,...,k let R,,(p) be a nice rectangle at
p for the curves {a;} ;e ;) which are suitable restrictions of the curves {7;}. Then let f{, ..., f/ with
I =1(i) be C! functions f%: [—a;,a;] — (—b;,b;) given by the definition of nice rectangle.
Let q € Ulszlgraph(fg), and assume ¢q € T. If q; is chosen sufficiently small, the fact that ¢ belongs to

T means that the transversal intersection happens between some of the curves {a;} ;¢ ;). This means
that there is some §; > 0,24 € (—aj,a;),7, s € {1,...,1} such that

Fiag) = fi(zg), (g, fi(xg)) =,  graph(filz,—s,m4+60)) N ITaPR(fil 2y —s4m0+5,)) = {a}-

Letting A; = {x € (—a;,a;) | fi # f}, which is open, we see that x, belongs to the boundary of some
connected component of A;. This implies that T'N ( UL_, graph( f;)) is countable, and this is true for
any i = 1,..., k(p).

For any p € T take a ball B, (p) C ﬁfg)Rvi(p) (p) for suitable rectangles R, ) (p) as above. Then
TNB, () (p) is countable. Since I' is compact, taking a finite cover of such balls B,.(,,)(p1); -+, By(p,.)(PL),
we conclude that T is countable.

Consider now ¢ € Ulszl graph(fY), and assume q € Z. If a; is chosen sufficiently small, the fact that ¢
belongs to Z means that the tangential intersection happens between some of the curves {a;};c ()
Hence at some z, € (—a;,a;) for some r, s € {1,...,1} we find that z, is a Lebesgue point for (f!)” and
(f4)", and
fr(mg) = fe(zg),  (xq: fr(xg)) = a,  (£)"(zq) # (f2)" (wq)-

This implies that there exists e > 0 such that for any 0 < || < & we have (fI)'(z4+1t) # (f) (zq +1).
By continuity of the first derivative we have that, for example, (f2) (x4 +t) > (fi)'(z4 +t) for any
0 < |t| < e, and therefore fi(z,+1t) > fi(z,+1t) for any 0 < |t| < . So we find that z, belongs to the
boundary of a connected component of an A; defined as above as in the case of the set T. Arguing as

before we eventually get that Z is countable.
O

Lemma 2.9. Let vy, ...,y : ST — R? be Lipschitz curves and let V = v(T', 0y) = Zi\il(%)ﬁ(v(Sl, 1)).
Assume that H*({x |0y (z) > 1}) = 0, and define

N
> Indy,(p)
=1

Then V. = Vg := v(FE, 1), and E is uniquely determined by V, i.e. if V = Zfil(%)ﬁ(v(sl, 1)) =
Zf\il(ai)ﬁ(v(sl, 1)) then the corresponding set E defined using with the family {v;} is the same
set defined using with the family {o;}.

Proof. The set E is closed and bounded, with E = {p € R2\T : | Zfil Indy, (p)| is odd} and OF =T,
hence F is a set of finite perimeter.

Let us first check that if V = Zi]\il(%)ﬁ(v(Sl, 1)) = Zi]\il(oi)ﬁ(v(Sl, 1)), then the definition of E by

(29) E:{pERQ\F:

18 odd} Uur.
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[29)) is independent of the choice of the family of curves. The fact that a point p € R?\ T belongs to
F depends on the residue class

(élﬂdm) mod 2, or (émd@(m) mod 2

Without loss of generality we think that p = 0. Since the curves {7;}, {0;} define the same varifold,
for H'-ae point ¢ € {(z,y) € R? |22 + 3% = 1} we have that

(30) iﬁ(%)@) - §ﬁ<|g|>(q)

In the following we denote by deg(f,y) the degree of a map f at y and by dega(f,y) the degree mod
2 of f at y (we refer to [Mi65]). Since the curves are Lipschitz almost every point ¢ € {(z,y) €

R? |22 + 42 = 1} is a regular value for ‘%, ‘g?‘ and we can perform the calculation

(glndw@)) mod2:<édey<‘%,q>> mod2:<§;deg2<%,q)> mod 2 =
= <§;ﬁ<%)_l(® mod 2) mod 2,

1%

that together with the same expression using the curves o;, implies that F is uniquely defined by .
Now we prove that V = Vg. Let

X ={pel|by(p) =1, vi(t) =p = = is differentiable at ¢}.
We want to prove that
(31) H (FEAX) =0,

which implies that V = V.

If 7;(t) = p € X, then there is ¢ > 0 such that v;((t —¢,t+¢)) C {6y = 1} C I' = 9E. By Rademacher
we therefore have that H*(X N~ ((t —,t +¢€)) \ FE) = 0. Hence H'(X \ FE) =0.

Now let p € FE, we want to prove that H'(FE \ X) = 0, and this will complete the claim (31]). If
Oy (p) = 1 only a curve passes (once) trough p, say v1(t1) = p, and since p € FE such curve has to be
differentiable at t;. Conversely if p = 7;(t;) for some {i,t;}’s, assuming that each ~; is differentiable
at t;, we want to prove that 6y (p) = 1. Suppose by contradiction that 6y (p) > 1, then there are
a, B : (—e,e) — I Lipschitz different arcs such that «(0) = f(0) = p and «, 8 are differentiable at
time 0; moreover the hypothesis H'({z |6y (z) > 1}) = 0 implies that H'((a) N (3)) = 0. Therefore
H'-ae point p € () U (B) is contained in X, and thus H!-ae point p € () U (B) is contained in FE,
since we already know that H!(X \ FE) = 0. So for any ¢ > 0 there is r > 0 such that

H' ([(@) U(B)] N Br(p)) > (2 —e)2r,
and thus
HY(FEN B (p)) > H' ([() U (B)] N Br(p)) > (2 —e)2r,

which is a contradiction with the fact that any point in FE has one dimensional density equal to 1.

So we have proved that a point p € FE verifies that: if 6y (p) = 1 then p € X, and if any curve
passing through p at some time is differentiable at that time then p € X. In any case we conclude
that H!-almost every point in FE belongs to X, and then H'(FE \ X) = 0. O
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3. RELAXATION

3.1. Setting and results. From now on and for the rest of Section |3|let p > 1 be fixed and for any
set of finite perimeter E assume (8). For any measurable set E C R? we define the energy

if Vg = Z(%)n(v(sl, 1)), 7 :S'—= R? C% immersion,

vy (R?) + E,(Ve) il
(32) Fp(E) = " . I < +o0,
400 otherwise.

We write F,(E) understanding that F,, is defined on the set of equivalence classes of characteristic
functions endowed with L' norm. We want to calculate the relaxed functional F, with respect to the
L' sense of convergence of characteristic functions.

By Remark [2.7] and Lemma if 7,(E) < oo, we have that
HUOENFE) =0, F(Ve) =D Fpl),
i€l
if Vg =3 ,c;(7i)3(v(S', 1)). Also up to renaming E¢ into E, we can suppose that E is bounded.
If E C R? is measurable, we define
A(E) = {V =v(I,0y) = Z(%)ﬁ(v(S’l, 1)) ‘ i St = R? ¢t N W2P-immersion, 4 < +oo,
el

ZFP(%) < +OO7
i€l
OE CT, Vg <V,

FE C {z € R?*|0y(x) is odd},

H'({z| 0y (z) is odd} \ FE) = 0},

Remark 3.1. Observe that if V € A(E), then F,(V) < 400, and then Oy (z) = lim,\o %;(x))

exists and it is uniformly bounded on I'. Moreover the condition 0F C I' and the bound on the energy
of the curves imply that H!(OF) < oo, and then E is a set of finite perimeter.

The main result of the section is the following.
Theorem 3.2. For any measurable set E C R? we have that

+oo if A(E)=0 or E is ess. unbounded,

(33) Fp(E) = {min {F(V) |V € A(E)}  otheruise,

where we say that a set E is essentially unbounded if |E \ B, (0)| > 0 for any r > 0.
The proof of Theorem [3.2 will be completed in Subsection [3.3

Remark 3.3. Choosing for a measurable set E the L! representative defined in , then the set F
is essentially unbounded if and only if it is unbounded. So in the statement of Theorem [3.2] one can
actually write unbounded in place of essentially unbounded.
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Remark 3.4. The characterization of fp given by Theorem immediately implies the stability
property that
(34) Fp(E) < 400 = Fp(E) = Fp(E) < +oo.

In fact if Fp(E) < +oo, then Vi € A(E). Consider any W = v(I',0w) € A(E) \ {Vg}, then by
definition we have that Vg < V in the sense of measures and FE C {x |0y (x) is odd}, and this
implies that #'(FE\T') = 0. Therefore uw (R?) > HY(FE) = uy, (R?), and also &,(W) > &,(Vg) by
locality of the generalized curvature ([LeMa09]).

We conclude this part showing some properties of varifolds V' € A(E) (in the following remember the

assumption (g)).

Lemma 3.5. Let E C R? be a bounded set of finite perimeter. Let V = v(T,0y) = SN (v:)5(v(S1, 1))
with ¥1, ...,yn : St — R? Lipschitz curves. Suppose that FE C T and

HYFEA{z | Oy(z) is odd}) = 0.

18 odd} ul

Proof. Fix p € RZ\I'. In the following we suppose without loss of generality that p = 0. By hypotheses
and by the calculations in the proof of Lemma there exists a vector v € R? \ {0} such that the
ray L ={p+tv|t € [0,00)} verifies the properties:

i) L intersects I' at points y such that for any ¢ = 1,..., N if v;(¢) = y then ~; is differentiable at ¢,

ii) L intersects FE a finite number M € N of times at points z in FE N {x | 6y (x) is odd} where
vp(z),v are independent,

iii) L intersects I' \ FE a finite number of times at points w in {z | Oy (x) is even} where ~/(t),v are
independent whenever v;(t) = w,
N
<ZInd% (p)> mod 2 = <Z Z < > <y> mod 2> mod 2 =
i=1 i=1 yeLN(y. vl

iv)
(Z 2 ti<|Z|><r‘z|> m°d2> mod 2

i=1 yeLN(v;)NFE

Then

E:{peR2\r:

where in iv) the second inequality follows from ii) and iii).
Now if p € E, since E is bounded the number M has to be odd, and then (Zf\il Ind,,(p)) mod 2 = 1.
Conversely if p € E¢, then M is even, and then (Zfil Ind,, (p)) mod 2 = 0. O

Remark 3.6. We observe that Lemma applies to couples E,V with V € A(E).

Lemma 3.7. Let V = v(I',0y) € A(E) for some measurable set E. Letting ¥ := T'\ OF, it holds
that if ¥ # () then for any v € X NOE at least one of the following holds:

i)y eXNOE, 3f:[0,T] = R* C'nW?P, T >0,
(35) f regular curve from x to y with (f) C T,
i1) x is not isolated in X N OE.

The alternative above is not exclusive.
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Proof. Write V = Zfll(ai)ﬁ(v(Sl, 1)). Assume X # (), that is equivalent to I'\OF =: S # (). Suppose
r € ¥ NOFE is isolated in ¥ N OF, then we want to prove that condition 7) in holds true. There
exists rg > 0 such that B,(z)NXNIE = {z} for any r < ry. Up to reparametrization we can say that
01](—e,e) : (—€,€) = By, () passes through z at time 0. Up to reparametrize o1(t) into o1(—t), we can
say that there exists a time 7' > 0 such that o1/ ) C S and y := 01(T) € 9S = ¥ N JE, looking at
S as topological subspace of ¥; in fact otherwise x would not be isolated in 05 = ¥ N JFE. Defining
f(t) = o1(t) for ¢ € [0,T] gives alternative 7) in (35).

U

3.2. Necessary conditions. Here we prove that a set £ C R? with F,(E) < +oo has the necessary
properties that inspire formula .

Let E, be any sequence of sets such that F,(E,) < C and xg, — xg in L'(R?). Let us adopt the
notation Vg, = Zie[n(%}n)li(v(sla 1)) = v(I'n,bvg,), so that Fyp(Epn) = > icq, H' (Vi) + Ep(Yin)-
Using also we have that 0 < ¢ < H'(y;,) < C < oo for any i,n. Also E(Vin) > ¢ > 0 for any
i,n, thus #I, < +oo for large n and then we can suppose that I, = I for any n. Also we can choose
E,, bounded and by L' convergence we have that |E| < +oc.

Moreover we observe that in order to calculate the relaxation of F,, we can suppose that the sequence
FE, is actually uniformly bounded, hence getting that E is bounded.

Indeed if (up to subsequence) we have that for example v, N By (0)¢ # 0, then by boundedness of
the length we have 71, C (Bp—.(0))¢ for any n for some c. Let A, be the connected component of
User(7:) containing (7). The component A,, is equal to some union Uje s, (75,n). Up to relabeling we
can suppose that J, = J for any n. Since the length of each curve is uniformly bounded, then there
exist open sets U, such that A, C U,, U, N (Uie[\] (’y,n)) = (), and U, N Bg,(0) = 0 for some se-
quence R, — co. Therefore the set E/, := E,\U, still converges to E in L'(R?), and F,(E},) < Fp(Ey).

Under the above notation we have the following result.

Lemma 3.8. Suppose E C R? wverifies that F,(E) < +oo. Let E, C R? be uniformly bounded such
that xg, — xk in L' (R?) with F,(E,) < C. Suppose that for any n the set {p|0v, (p) > 1} is finite,
then any subsequence of Vg, converging in the sense of varifolds converge to an element of A(E).

Proof. The arclength parametrizations o;, corresponding to v;, are uniformly bounded in W?2P for
any i € I, = I and for any n. Therefore, since the sequence is uniformly bounded in R2, up to
subsequence ;, — o; strongly in C1® for some a < 1% and weakly in W2P(R?) for any i € I. Each
o; is then a closed curve parametrized by arclength, and we call ; the parametrization on S with
constant velocity.
Hence the varifolds Vg, converge to some limit integer rectifiable varifold V' = v(I", fy/) in the sense
of varifolds, and V = 3", ;(7:)(v(S', 1)). The multiplicity function 6y is upper semicontinuous and
pointwise bounded by the discussion in Subsection Also the sets E, converge to F weakly* in
BV (R?), that is xg, — xz and Dxg, — Dxg, thus F is a set of finite perimeter. Observe that
*

|DXE,| = v, — bv.

From now on we call I' = Ujer(0;), E=T\0E, S =T\ 0E.
Let x € OF, so that for any p > 0 we have

(36) lim XE, >0, lim XxEee > 0.
" Bp($) " Bp(iv)



16 MARCO POZZETTA

Then for p > 0 there is n(p) such that there exist &, € E, N By(z), n, € Ef N By(x) for any
n > n(p) and thus there exists w, € O0FE, N B,(x) for any n > n(p). Taking some sequence
pr \( 0, we find a sequence w, converging to x. Therefore, also by density , we have proved
that FE C OF C {y|y = limy, yn, y» € FE,} =T. In particular OF is 1-rectifiable.

Now we prove that FE C {z | Oy (z) is odd}.
So let p € FE, and let {7, |j = 1,...,N,i = 1,...,n;} be distinct curves which are suitable disjoint
restrictions of the +;’s such that (7;) C (v;) for any k (up to relabeling the ~;’s) and
0 By, (p) = JOh)-
7.k
Without loss of generality we write ’Yi(ti;) = p. We want to prove that Zf;l n; = Oy (p) is odd. Since
p € FE there is ¢ € EN By, (p) such that the segment

P—q
s(t) =q+ t  tel0,2)p—ql]
Ip — q|

is such that

p—q 7
(37) (22 )| >0

lp—dql’
and 5|0 [p—q] € £, 8l(p—ql,2lp—q)] C £ Also since v;, — 7; strongly in che, by we get that s
intersects transversely v; ,, for any 4 for n big enough, and the number of such intersections is 0y (p).
Also denote b := 5(2|p—q|). Moreover we can write that B, (q) C E, and B,, (b) C Ey, for n sufficiently
big.
We know that for any e > 0 there is a. € ES*, where (-)* will always denote the unbounded connected
component of (+), such that

pP—q G — '

lp—al lac -0l

Y Ind,,,(b) mod2= Zﬁ( 'V’j” ) <|Z€ _ :|> mod 2.

el el

Hence up to a small C*° deformation which is different from the identity only on {x + tE
B,,(b),t € R>0} \ By, (b) we can suppose that for M > 0 sufficiently big it holds that

]| © €

—b+M € E”,

!p— \

{b +Rzo(‘§ - Z|> } n (U(%‘,n)) C FE,,

el

(38) Y Ind,,, (b) mod2= Zﬁ( Tim > <|ZZ - ;) mod 2.

iel iel |% a

Taking into account Lemma by construction we have that the quantity in is 0 mod 2. More-
over we have that

1 mod 2= Z Ind,,; ,(¢) mod 2 = <9V(p) + Zlnd%n(b)> mod 2,
i€l iel
and then 0y (p) is odd.
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It remains to prove that H!({z | Oy (x) odd} \ FE) = 0.
We observe that in the sense of currents we have the convergence [|E,|] — [|E|] and thus

o1, = Utoin). 1.6 ) — ol
i€l
in the sense of currents where & is the positive orientation of the boundaries with respect to R?. We
can write O[|E,|] = > i (in)s([|S']]) for countably many Lipschitz parametrizations «;, ordered
so that L(it1,) < L(ayy) for any i,m. Such immersions positively orient the boundary dE? of E,
where E! is one of the open connected components of E’n, which are at most countable. The length
of each «; ;, is uniformly bounded, then we can assume that the parametrizations «; , are L-Lipschitz
with constant L independent of ¢,n. Since the parametrizations o;, converge strongly in C', the
immersions «;, uniformly converge to L-Lipschitz curves o : S — R? as n — oco. We can also
reparametrize each «; by constant velocity almost everywhere (in the sense of metric derivatives). In

the sense of currents we have that
o0

> (@in)s(IS']) = Ol Enll = O E|] = 7(FE,1,&).
i=0
Let us define

T:= Z ai)s([1SH]).

Since each («; ) is contained in some (05, ) we have that dy(ain, i) < Nmaxj—1, N ||0in—0illec < €
for any n > n.. Since an equivalent definition of Hausdorff distance is dy (A, B) =inf{e > 0] A C
N:(B), B C No(A)} where No(X) = {z | d(z, X) < e}, we have that

(39) Ve > 03dn, : dH( Ui (i), Ui(ai)) <e n > ne.

Thus U;(c,,) converges in Hausdorff distance to the set U;(cy). Moreover, writing U;(c n) = I_Ilf” ci
as a disjoint union of finitely many compact connected components, by a diagonal argument, apply-
ing Gotab Theorem on each component, we can assume k, = k for any n and that c? converges in
Hausdorff distance to a compact connected set C7 for any j = 1,...,n. Therefore U;(a;) = U¥CJ =
and then H'(U;(y)) = HY(T) is finite and U;(ay) is closed and 1- rectlﬁable

Let x € R2\T. By we have that there is p > 0 such that B,(z) N (U;(as) UUj(in)) = 0 for any
n large. Then there exists n, such that for any i the index Indy, , () is the same for any n > n,.

In fact suppose by contradiction for any n there is i,, N1, No > n with 1 = Indq, 4, (%) # Inda, 4, (z) =
0 and 4, — oo without loss of generality. Then L(cy, n,) > C(p) for a constant C(p) > 0 depending
only on p by isoperimetric inequality. Since L(ajt1,) < L(w,) for any 4,n and 4, — oo, this implies
P(E,) is arbitrarily big that for n large enough.

Now let 2 € R? \ T such that there exists lim, xg, (z). Since xg, (z) = >, Indq, , () for n big such
that B,(z) N (U;(a;) UUi(ain)) = 0 for some p > 0, from the above discussion we have that
limZIndaiyn(:r) =1 & VYn>ngdi: Ind,,,(z)=1

& Ji(z)Vn>ng Indg,, () =1
& Ji(z) : Indg,, (z) =1
Hence
reE & 117?12111(1%(:5) =1 & 3ix): Indg,,(z)=1 < Zlnd
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In particular

(40) E:{xGR2\I‘]ilndai(:ﬁ)zl}:{xeRQ\F :

=0

> Ind,, ()

el

is odd},

up to L£2-negligible sets, where the second equality follows by the uniform convergence of the finitely
many curves o;,. Also for any i # j it holds that [{x € R?\ (a;) | Indg,(z) = 1} N {z € R?\
(o) | Indg; (x) = 1} = 0, because the equality holds for any n for a; ,,a;,. Therefore we have

Z/ (W, Tin) :/ dw —>/ dw =
—~ J(ain) E. " J{xx,Inds,@)=1}
= dw = / (w, i),
;/{Indai(x)zl} ; (i)

for any 1-form w on R?. This means that

(41) Y (@in)y(I18M]) = Ol Eal] = T =Y () (15']) = O E|) = 7(FE, 1, &),
=0 =0

in the sense of currents. In particular we can write the multiplicity function of the current 9| E|] as

(42) m(z)=) Y S,

=0 yea; (z)

for H'-ae z € R?, where S(y) = +1 if d(), preserves the orientation and S(y) = —1 in the opposite
case. Note that since fy is bounded, T' = U;(a;), and 8y (p) > >, fa; ' (p), then the series in is
actually a finite sum.

Also observe that since F is a set of finite perimeter, by Gauss-Green formula the multiplicity function
m is equal to 1 H'-ae on FE, H({z|m(z) > 1} \ FE) = 0, and m = 0 H'-ae on R? \ FE. Also,
m(z) =0 at Hl-ae z € T'\ U;(ay).

Now since I' = U; () and H (a;({t : Bcl(t)})) = 0, then
(43) H' ({peT | 3ti: ai(t) =p, Bdj(t)}) =0.

So let p € U;(;) be such that if a;(t) = p then Ja/(t). We want to check that 6y (p) and 3", fa; *(p)
have the same parity. In fact if without loss of generality v (p) > >, fia; L(p), taking into account
, following a segment s intersecting U;(c;) only at p and transversally (as in the first part of the
proof) we have that:

i) s passes from E to E° if and only if 6y (p) is odd, or equivalently if and only if 3°, fa; ' (p) is odd;
ii) s passes from E to E if and only if 0y (p) is even, or equivalently if and only if >, fa; (p) is even.
Hence by we conclude that 6(p) is odd if and only if alternative i) above holds, if and only if the
summands in are odd, if and only if m(p) is odd.

By this holds for H!-ae point in U;(«;). Therefore H!({z | m(x) is odd}A{z |0y (z) is odd}) = 0.
So finally since H!({x|m(z) = 1} \ FE) = 0, then

0=%'({z|m(z) odd} \ {z|m(z) = 1}) = H'({z |y () odd} \ {x | m(z) = 1}) =
=H'({z|0y(z) is odd} \ FE),

which completes the proof.
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3.3. Proof of Theorem First we want to prove the following approximation result.

Proposition 3.9. Let E C R? be measurable and bounded with A(E) # (. Then for any V € A(E)
there exists a sequence E,, of uniformly bounded sets such that

(44) Fp(Ep) < +00, XE, = XE in Ll(RQ), Vi, — V as varifolds, liﬁn Fp(Ep) = Fp(V).

Moreover for any n we have that Vg, = Zf\il(%)ﬁ(v(sl, 1)) = v(I'n,0vy, ) and {p|0v,, (p) > 1} is
finite.

Proof. Let V = Zi]il(’yi)ﬁ(v(Sl,l)) € A(E) with v; € W?2P regular. For any i let {%;n}nen be a
sequence of analytic regular immersions such that v, , — 7; in W2P as n — oco. Hence the set

(45) {x e R*[Ji,jt #7: %(t) = (1)}
is finite. Let Vi, = S0 | (3in)s(v(S', 1)). By we can define E,, as in Lemma so that V,, = Vg,,.
Moreover we have that

Fo(En) <400, lim Fy(Vig,) = lim Fp(En) = Fp(V), Vi, = V.

By uniform convergence of v; , we get that for any ¢ > 0 there is n. such that

N N
UGin) c I (U(%’)) Vn > ne,
i=1 =1

where [ £ denotes the § open tubolar neighborhood. Hence up to passing to a subsequence by Riesz-

Fréchet-Kolmogorov we have that x g, converges strongly in L?(R?), and then in L' (R?) and pointwise
almost everywhere to the characteristic function of a closed set F'. Using the definition of F, and
Lemma [3.5] together with Remark [3.6] we have that F' = E, and the proof is completed.

O

Corollary 3.10. Let E C R? be measurable and bounded with A(E) # 0. Then
Fmin {F,(V) |V € AE)}.

Proof. Let Vi be a minimizing sequence in A(F). Up to subsequence we can assume that V, — V
in the sense of varifolds and the supports suppV}, are uniformly bounded. By Proposition [3.9| using a
diagonal argument we find a sequence of uniformly bounded sets E}, such that

XE, — x5 in LY(R?), Fp(Ey) < C < +o0,
Vg, =V as varifolds, 1i’£n Fp(Ey) = liin Fp(Vi) = fil?é) F, > Fp(V),

and {p | HVEk (p) > 1} is finite. Hence FJ is a possible approximating sequence of E by regular sets, i.e.

a competitor in the calculation of the relaxation F,(E). Then by Lemma [3.8| we get that V € A(E),
and therefore V' minimizes F, on A(FE).
]

Now Proposition [3.9] together with Corollary [3.10] readily imply Theorem

3.4. Comment on the p =1 case. The characterization of the relaxed energy given by Theorem [3.2]
fails in the p = 1 case. As stated in Section 1, many estimates used in the p > 1 case have an analogous
formulation in case p = 1. However, if I C R is a bounded interval, functions u € W2!(I) do not
have good compactness properties. In fact even if u € W21(I) implies that v’ € Wh(I) = AC()
and hence u € C!, the immersion W21(I) — C*(I) is not continuous.

Since W21(I) < WLP(I) for any p € [1,00), we have that W2!(I) compactly embeds only in C%%([)
for any a € (0,1). This implies that the convergence of the curves defining the boundary of sets E,
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with F1(E,) < C is much weaker than in the p > 1 case.

One of the main differences is the following. As we will show in Subsection the F, energy of
polygons is infinite if p > 1. Instead if F is a regular polygon, i.e. a set £ C R® whose boundary is
the image of an injective piecewise C? closed curve, it can happen that Fj(E) < +oco. For instance,
consider a square @ in the plane: in small neighborhoods of the four vertices the boundary 0@ can
be approximated by a piece of circumference of radius converging to 0 with finite bounded energy
converging to 5. This is ultimately due to the invariance of the energy F; under rescaling, a property
that is absent if p > 1. This implies that a possible limit varifold does not verify the flux property
(because of the arguments in the proof of Proposition .

We believe that the presence of vertices in the boundary of the limit set is the main difference with
the p > 1 case and that sets E with F;(E) < C have at most countably many vertices, each of them
giving an additional contribution to the energy equal to the angle described by the vertex.

4. REMARKS AND APPLICATIONS

4.1. Comparison with [BeMu04], [BeMu07]. In these works Bellettini and Mugnai develop a char-
acterization of the following relaxed functional. For simplicity we reduce ourselves to the case p = 2.
Let E C R? be measurable and define the energy

1 2dH' Eis of cl 2
G(E):{faE + |kop|” dH is of class C?,

(46) .
400 otherwise.

Then the functional G is the L!-relaxation of G. Clearly
G(E) <400 = F(E)=G(E),
F(E) <G(E) VE.
The precise characterization of G is discussed in [BeMu04] and [BeMuQ7]; here we just want to point
out that
JE : Fao(E) < G(E) < +o0.
In fact an example is the set Fy in Fig. [2| described in the Example 4.4 in [BeMu07]. Let 1, v2 be as
in Fig. P} In [BeMu07] it is proved that

G(E) > Fa(m) + F2(re)-
Here we want to prove that
(47) Fao(E) = Fa(m) + Fa(r2)-

Observe that 1,792 carry inside B;1(0) a F3 energy equal to 8.
Since Fo(Ep) < +oo there exists a varifold V = Zfil(’yl)ﬁ(v(sl, 1)) € A(E). Up to renaming and
reparametrization assume ~;(0) = (1,0), 71(0) = —(1,0), and ~;|[—T,0] joins (0,1) and (0,1) having
support contained in FEq \ B1(0). Since 71 is C! and closed, by the above discussion there exists a
first time 7 > 0 such that v1(7) € {(1,0), (0,1),(—1,0), (0,—1)}. We divide two cases.
1) If y1(7) € {(0,1),(0,—1)}, arguing like in the proof of inequality one has
1 1

g < [L(lo,m)] 2 [E2(11l0,)] 2 < %(L(’Yﬂ(o;)) + & (nlon))
then ]:2(’71|(0’7_)) > > 2.
2)If y1(7) = (1,0) by an analogous argument one gets F2(v1(,r)) = 27 > 2.
Hence in any case it is convenient for the curve 7 to pass first through the point (—1,0). By the
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FIGURE 2. Picture of the set Ep in Example 4.4 of [BeMu07]. The curve 7
parametrizes the left and the right components, while ~» parametrizes the upper and
lower components. The varifold (y1)y(v(S!, 1))+ (71)5(v(S*, 1)) belongs to A(Ep), and
it has multiplicity equal to 1 on dFy and equal to 2 on the cross in the middle of the
picture.

characterization of Theorem equality follows.

In this sense we can look at the relaxation F, as a generalization of the energy G, in the sense that
Fp admits a wider class of regular objects, i.e. sets E with F,(E) < +o0o, and this implies that the
relaxed energy JF, is naturally strictly less than G on some sets.

4.2. Inpainting. Here we describe a simple but significant application of the relaxed functional F,
given by Theorem Such application arises from the inpainting problem that roughly speaking
consists in the reconstruction of a part of an image, knowing how the remaining part of the picture
looks like. This problem as stated is quite involved ([BeCaMaSall]). Assuming the only two colours
of the image are black and white, as already pointed out for example in [AmMa03|, one can think that
the black shape contained in lost part of the image is consistent with the shape minimizing a suitable
functional depending on length and curvature of its boundary. In such a setting the known part of
the image plays the role of the boundary conditions. On different scales one can ask for the optimal
unknown shape to minimize a weighted functional like , where one can give more importance to
the length or to the curvature term.

Now we formalize the problem and we give a variational result.

Fix p € (1,00). In R? consider the set H defined as follows. Let Q1, Q2 be the squares Q1 = {(z,y) :
0<z<10,0<y<10},Q2 = {(z,y) : —10 <z <0,-10<y< 0}, modify the squares in small
neighborhoods of the vertices into convex sets @1, Q)2 with smooth boundary. Finally let
(48) H = (Q1UQ2) \ Bi(0).
Let A € (0,00) and F), be the functional
it Vg = Z(%)ﬁ(v(sl, 1), v :S' = R?* C%immersion,

Mvg (R?) + E,(VE) icl

Bl < 400,
~+00 otherwise.

(49)  Fop(E) =
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Analogously to the functional F,, we have a well defined characterization of the L!-relaxed functional
Fp-

We want to solve the minimization problem
(50) B = min {.F,\,p(E) | E C R? measurable s.t. E \ B1(0) = H},

under the hypothesis of A suitably small. The heuristic idea is that a good candidate minimizer is
given by the set

(51) Ey = [(Ql UQ2)N Bl(O)] U H,

which has finite F,, energy. For a qualitative picture see Fig.

NN
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FIGURE 3. Qualitative pictures of the datum H and the minimizer Ejy.

Remark 4.1. Observe that if G is the relaxed functional defined in [BeMuQ7] recalled in Subsection
then G(Ep) = +o00o, and hence Ep will never be detected by a minimization problem (
gously defined with the functional G.

We have the following result.
Proposition 4.2. There exists A\g € (0, g) such that for any A € (0,g) the set Ey is the unique
minimizer of problem .

Proof. Let us first observe that varifolds associated to sets with energy sufficiently close to the infimum
of the problem have mass uniformly bounded independently of A\. More precisely, suppose that F is a
competitor such that Fy ,(E) < infP + 1, and let F) ,(E) = Fy (V) for some V € A(E). Then

|kv‘p dNV <1 +./T)\7P(E0) <1 —i—fg,p(Eo) .

Using with ¢ =1 and p — +00 on the varifold V' with zo = 0 we get

X
v (B1(0)) < — kv, ) duv(z) — | (kv,z)duy ()
R2\ By |z B1

<CH)+ [ |kv|dpy
B1
1

gam+éwwWW-
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Hence py (R?) < C(H) + puy(B1(0)) < C = C(H, p, Ep) and C is independent of .

Now let E, be a minimizing sequence of problem 3. By Theorem and Lemma 2.8 we can write
H(En) = Eie I, F A,p(%,n) for some curves ;. Up to subsequence I, = I and the curves converge
strongly in C! and weakly in W?P to curves 7;. In particular E,, — F in the L' sense, and

(52) Fap(E) <inf P < Fip(Eo) = Fap(Eo).
by lower semicontinuity. Moreover by C! strong convergence we have that
ViVp € ((’YZ) N 8B1(0)) \ {(17 0)7 (07 1)7 (_17 0)7 (07 _1>} = (72) is tangent to aBl(O) at p.

Observe that Ey carries inside B;(0) a Fy , energy equal to 4.

Arguing as in Subsection since Fy ,(E) < 400 there exists a varifold V = Ef\il(%)ﬁ(v(S’l, 1)) €
A(E). Up to renaming and reparametrization assume v1(0) = (1,0), 7;(0) = —(1,0), and ~|[-T, 0]
joins (0,1) and (1,0) having support contained in FH \ B1(0). Since v; is C! and closed, by the
above discussion there exists a first time 7 > 0 such that ~; intersects transversally 0B;(0). Also such
transversal intersection can take place only at one of the points in {(1,0), (0,1),(-1,0),(0,—1)}. We
divide two cases.

1) If y1(7) € {(0,1),(0,—1)}, observing that there is C' > 0 depending only on the problem ‘B such
that L(v;) < C for any 4, then arguing like in we get

1

1
Frp(nilon) = AV2+ u > M2+ % > 2,

s

L(vilo,7)?

where the last inequality holds choosing A¢ small enough.
2) If v1(7) = (1,0), then by the same argument leading to one has

Loilon)  EMlos
(53) r< (Vlll(o, ) N r(11lo.n)
p p
If \p' > 1, then m < Fy p(71(0,7))- If instead Ap" < 1, then also )‘7”/ < 1, and multiplying by Ap/
one has \p'm < Fy,(71l(0,7))- So we can write that Fy ,(v1|7)) > min{1, A\p'}7. Choosing Ay <
then 7 > 2\, and since p’ > 1 > % then A\p’m > 2); hence in any case

Fap(1lo,)) > 2X.

By inequality we conclude that v1(7) = (—1,0) and 9Ey C UY;(y;). Hence again by the same
inequality we have that ¥ = Ej, and thus 8 has a unique minimizer, that is Ej.
[l

4.3. Examples and qualitative properties. In this subsection we fix p € (1,00) and we collect
some remarks about the qualitative properties of sets £ having F,(E) < 4o00.

First we want to prove a result that is completely analogous to the Theorem 6.5 in [BeDaPa93|. To
this aim we need some definitions.

Definition 4.3. Let £ C R? be closed measurable. A point p € OF is called (simple) cusp if there is
r > 0 such that up to rotation and translation the set B,(p) N OF is the union of the graphs of two
functions f1, f2 : [0,a] — R of class CLNW?2P with £;(0) = f/(0) = 0, fi(x) < fa(x), and fi(z) = fa(z)
if and only if x = 0.

Also, we shall need the following definitions in the context of planar graphs.
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Definition 4.4. Let G C R? be a planar finite graph, i.e. a set given by the union of finitely many
embeddings of [0, 1] of class C!NW?2P, called edges of G, possibly meeting only at the endpoints, called
vertices of G. The symbols Fg, Vg respectively denote the set of edges of G and the set of vertices of
G. Together with the topology of a graph G, it is assigned a multiplicity function m : Eg — N.

For any vertex v € Vg there is 7, > 0 such that for 0 < r < r, the set H := G N B,(v) is a finite
connected graph whose edges only meet at v and with multiplicity inherited from G. In this notation,
the local density of G at v is the number pg(v) = g, m(e).

Now assume also that for any v € Vg and 0 < r < 1y, if f; are regular parametrizations of the edges e;
of the graph H = GN B, (v) with f;(1) = v, then for any ¢ there is j such that the arclength derivatives
fi, f; satisfy fi(1) = —f;(1). Under this assumption, we denote by w1 (v), ..., wx, (v) unit norm vectors
identifying the possible tangent directions given by {fi(1)};. Hence w;(v)*
rotation of w;(v) of an angle equal to /2. Finally we define

I (wi(v)) := {e; € By | (1) = £w;(v), (fi(1),w;(v)) is a negative basis of R?},

is the counterclockwise

I~ (wi(v)) == {e; € En | fi(1) = £w;(v), (fi(1),w;(v)) is a positive basis of R?},
and

g w) = Y mie),

e €I (w;(v))
(

m(e;).

pe(vwi(v) =
e; €1~ (w;(v))

The graph G is said to be regular if for any v € Vi and for any w;(v) it holds that pJGr(U, w;i(v)) =

P (v, wi(v)).

Remark 4.5. Let V = Zi]\il(%)ﬁ(v(Sl,l)) be a varifold in A(FE) for some set E. Suppose that
I' = U(v;) is a finite planar graph Gp. To any edge e of Gr we assign the multiplicity function
mr(e) = Oy (p) for any p € e that is not a vertex. By the flux property (Definition , the graph Gr
with the multiplicity mr is regular.

We are ready to prove the following result about the energy of sets which are smooth out of finitely
many cusp points. The strategy follows ideas from [BeDaPa93|, but it is different in the technical
parts.

Theorem 4.6. Let E C R? be a closed set whose boundary is C' N W?P smooth at every point but at
finitely many ones which are simple cusps qi,...,qr. Then

(54) Fp(E) < +o00 & k is even.

Proof. If k is even, Theorem 6.4 in [BeDaPa93] implies that the relaxed energy G(E) studied in
[BeDaPa93] is finite. Since F,, < G, we have one implication.

Now suppose that F,(F) is finite, i.e. A(E) # 0. Let V = v(T,0y) = zﬁil(%)ﬁ(v(sl, 1)) € A(E).
We are going to construct a set E satisfying the hypotheses of the theorem and having the same
unknown number of cusps of E, together with a varifold V' = v(T',0y) € A(E) with the additional
property that T is a finite graph G with multiplicity as given in Remark Once the support of a
varifold in A(F) is a finite graph, we can prove that the number of cusps is even.

Step 1. Now we construct E and T as claimed. Let C(I') be the set of points p € T such that in any
neighborhood of p it is impossible to write I" as a single graph, i.e. p is a crossing or a branching point
of two pieces of some curves 7;,7;. Call K the set of accumulation points of C(I'). Observe that K is
compact.

Also, observe that if a sequence p,, € C(I') converges to p, p, = vi(tn) = v;(7n) with t,, = t7, 7, = 7~
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ort, =t , 7 — 71 and t # 7, then ;(t) = 5, (7).
Now fix e << 1 and let ¢ € K. Let vi(q), ..., vn,(q) be unit vectors identifying the tangent directions

at ¢ of the curves passing through ¢. For j = 1,..., N, let a{, - aqu’, be suitable restrictions of the

. . . J
curves {7} on disjoint intervals I/ = domain(c?) such that each o] passes through ¢ with tangent
parallel to v;(q). Also, for i = 1,..., N, let R;(¢q) be open rectangles with two sides parallel to v;(q).

Up to restriction we assume that each o7 is contained in R;(g) with endpoints on the boundary of the
rectangle. We can assume the following properties:

i) each rectangle contains at most one cusp and cusps do not lie on the boundary of any rectangle.
Also if ¢ € T\ OF, then R;(q) N OE = {;

ii) R;(q) NOF is homeomorphic to a closed segment such that: if no cusps lie in R;(q) then R;(q) NOFE
is the graph of a C' N WP function, if a cusp lies in R;(¢) then R;(¢) NOFE is the union of the graphs
of two C! N W?2P functions as in the definition of simple cusp; '

iii) each o] can be parametrized as graph inside R;(q), and |&7(-) 4+ v;(¢)| < e or |57 (") — vj(q)| < &;

iv) o] intersects R;(q) only on the sides perpendicular to v;(¢) and transversely, and o] intersects
ot only in the open set R;(q) U Ri(q) \ (OR;(q) U ORk(q));

v) if a € 8L ,b € OI] and o) (a) = oF(b), then 67 (a) = £57.(b);

vi) if o) (a) € FE, then 0y (0] (a)) = #{k | o], passes through o} (a)} is odd; if o)(a) € I \ OE, then
Oy (0 (a)) = #{k | o, passes through o} (a)} is even.

Property v) follows by the fact that transverse crossings of two curves are at most countable (as proved
in Lemma [2.8), and property vi) follows from the fact that V' € A(E) and thus 6y is odd (resp. even)
at H!-ae point of FE (resp. T'\ OF).

Since the set K is compact, we can extract a finite covering of rectangles corresponding to points
q,---,qr- By Theorem@the numbers IV, of the rectangles of ¢; are uniformly bounded in terms of the
energy, which is finite. Hence we can add to the cover the possibly remaining rectangles corresponding
to each ¢;, yielding a covering that is still finite. For any j =1,..., L and ¢ = 1, ..., Ny, we are going to

. . . . M, .
modify the curves o] in a finite number of steps. We start from the family {02-1 }i:qll’l corresponding

to Ri(q1), then one modifies the curves corresponding to Ra(q1) and so on up to Ry, (1), then one
changes the curves of the families corresponding to gs and so on up to ¢r,. Since the procedure is the
same at any step, let us describe only the case of the family {ail}?iqf’l corresponding to Ri(gq1). In
the end we will end up with the desired E, T

We modify a o} as follows, depending on the cases ¢ € '\ F, or q1 € FE, or ¢ is a cusp.

1) Suppose ¢; € '\ OE. Fix ail and split it into the two pieces divided by ¢;. Let us say that one such
piece of o} is parametrized as graph by f : [0,a] — R with f(0) = f/(0) = 0 corresponding to g;. Let
ul1 be the solution of

u(z) = A\x® + pz? + vr + w,
(55) u(0) = u/(0) =0,
u(@) = f(a), v'(e) = f'(a),

for the suitable constants A, u, v, w. Doing the same with the other piece of ail, we substitute each ail
with the graphs of the obtained functions u} (such modification is then a change in one of the original
curves 7;’s). Observe that by properties v), vi) one obtains a new varifold still in the class A(FE), in
fact graphs of finitely many polynomials meet in at most finitely many points.

2) Suppose now that ¢ € FE. By construction, for example R;(g1) contains some curves with end-
points on FE N JR1(q1). In this case we modify the curves exactly as before following the system
(55); moreover we declare that the boundary FE is modified inside R;(g;) following the new modified
curves having endpoints on FENAR1(q1). This leads to a new set which we already call F satisfying
the hypotheses of the theorem and having the same number of cusps of F, together with a new varifold
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already called V in the class A(E) (as before by properties v), vi), together with the fact that the
new curves are graphs of polynomials).

3) Finally suppose ¢; is a cusp of OE. In this case we modify the curves (and the set E) exactly in
the same way of the case 2). This preserves the cusp in the new set E.

After performing these modifications in any R;(¢;) we end up with a varifold 1% given by curves 7;
such that the set C (f) of the points p € T such that in any neighborhood of p it is impossible to write
I as a single graph is finite. In fact the points of this type belonging to the union of the closure of the
rectangles R;(q;) are finite. So, if by contradiction there are points of C(T) accumulating to some limit
point g, this would be outside the union of the rectangles R;(g;), and ¢ would be a limit of a sequence in
C(I"). Hence ¢ would be in K, and thus in the interior of some rectangle R;(q;), that is a contradiction.

Step 2. Now we show that, in general, if a set E is as in the hypotheses of the theorem and if
V =v(I',0y) € A(E) is such that I is a finite graph, then the number of cusps of E is even. Together
with Step 1, this gives the conclusion. Here we essentially generalize the strategy of [BeDaPa93].
Call Gr the finite graph given by I' with multiplicity mr as described in Remark (recall that Gr
is regular). Let us construct a new graph G with multiplicity m as follows. If e € Eg,., then define
the multiplicity
mFT(e) if mr(e) even,
m(€) =4 mre-1
——5— if mr(e) odd,
with the convention that if m(e) = 0, then the edge e does not appear in G. Now let y € V. We
want to evaluate the parity of pg(y) dividing some cases.
a) Suppose y € OE. Then any edge e of Gr with endpoint at y has pgr (y,wi(y)) = Pay (Y, wi(y)) even
for any w;(y). Hence by definition we have that pg(y) is even.
b) Suppose y € FE. Then exactly two edges e, e2 of Gr having an endpoint at y have odd multiplicity:
mr(e;) = 2k; + 1 for i = 1,2. Up to relabeling suppose that e; € I (wi(y)) and ey € I~ (w1(y)).
Every other edge of Gt having an endpoint at y has even multiplicity. Since Gr is regular we have
that
2k1 + 14 2af = p (v, w1(y)) = pg, (v, wi(y)) = 2ke + 1 + 2a7,
and similarly
2a; = pg (y, wi(y)) = pg, (y, wi(y)) = 2a;,
for any possible ¢ > 2. Then

pa(y) =k +af +ka+a; + > af +a; =2<k1+af+2ai+)
1>2 i>2

is even.

c¢) Finally suppose that y is a cusp of OF. Then exactly two edges e1, ez of Gr having an endpoint at y
have odd multiplicity: mr(e;) = 2k; 4+ 1 for i = 1,2. Up to relabeling suppose that e, es € It (w1 (y)).
Every other edge of Gt having an endpoint at y has even multiplicity. Since Gr is regular we have
that

2ky + 1+ 2ky + 1+ 2af = p¢_(y, w1(y)) = pg, (v, wi(y)) = 2a7,
and similarly
2a; = pg. (v, wi(y)) = pg, (v, wi(y)) = 2a;,
for any possible ¢ > 2. Then
pe(y) =k +ka+af +a7 +> af +a; =2k + ke +af)+1+2) af,
1>2 i>2

that is odd.
It follows that the cusps of OF coincides with the vertices y of G having odd local density pg(y). By
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Theorem 1.2.1 in [Or62], the vertices of a finite graph with odd local density are even. Hence the
cusps are even and the proof is completed. [l

Now we turn our attention to another class of sets. Let us give the following definition.

Definition 4.7. A closed measurable set E C R? is a p-polygon if 0F = () for a curve v : [0, 2]/~ ~
St — R? such that:
i) v is injective,

ii) there exist finitely many times ¢; < t2 < ... < tx such that 7| y € WP fori=1,..,K (with

Listita
tik+1 = t1), and o/(t;),~'(t;") are linearly independent for i = 1,..., K.

Proposition 4.8. Let E be a p-polygon, then F,(E) = +o0.

Proof. Let v be as in the definition of p-polygon. Without loss of generality we can assume that
0 = v(0) is such that 4'(07) and 7/(0") are linearly independent. Suppose by contradiction that there
is a varifold V = v(T',0y) = Zi]\il(%)ﬁ(v(Sl, 1)) € A(E). Let v = 7/(07), then since V verifies the
flux property we find a nice rectangle R,(p) at p with side parameters a, b for the curves {g; =1 given
by the definition of flux property. We can suppose that gi1|_. o) C FE, g1l C '\ OF, and that
(g;)) NOE = {0} for i = 2,...,r. Hence

91l[—e,0) C {0y odd},

T
7—[1(< U u gl((O,e])> \ {6y even}> =0.
i=2
Then there exists ¢; € (—a,0) such that
> Ov(z) = M
zeUr_, (g:){y | (y—pw)=c1}
with M7 odd, and there exists c2 € (0,a) such that
Z 9{/(2) = M2
z€Us_q (g:){y | {(y—p,v)=ca}
with My even. But by the flux property M; and Ms should be equal, thus we have a contradiction. [

Remark 4.9. More generally it follows from the proof of Proposition that roughly speaking
Fp(E) = 400 whenever the boundary OF has an angle (in the same sense of the definition of polygon).

With the strategy in the proof of Proposition we can construct an example of a set £ C R? such
that E is a set of finite perimeter such that the associated varifold Vg verifies that

oy, =0, kv, € L*(uvy), but F,(E) = +oc.
Such set is discussed in the next example.
Example 4.10. Consider a positive angle 6 > 0 which will be taken very small and the vectors in the
plane identified by the complex numbers
(56) efiG efi29 ei(fﬂ’+9) ei(77r+29)

) ) ) *

The sum of such vectors gives the point (0, —2(sin(¢) + sin(26))). Now let ¢ > 0 be another positive
angle and consider the vectors

(57) ¢, =)

so that the sum of these last vectors gives the point (0,2sin(yp)). Then for § — 0, since sin(f) +
sin(20) = 30 + o(6?) there exists ¢ = 30 + 0(6?) such that the sum of the vectors in and is
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zZero.
Given these vectors we can define a set E as in Fig. [d] whose boundary is the image of three smooth
closed immersions o; of the interval [0,1] having 05(0) = 04(1) = 0 with derivative ¢%(0),o}(1) pro-
portional to the vectors in . In such a way the varifold Vg clearly verifies that oy, = 0 and
kv, € L?(uy,). However arguing as in the proof of Proposition and assuming F,(E) < +00, one
immediately gets a contradiction. Hence F,(E) = +oo0.

e

N/ :

FIGURE 4. Picture describing the set E of Example [4 The set is symmetric with
respect to the reflection about the vertical axis.

Finally we construct a simple example showing that there are sets E with F,(E) < oo, but such that
HY(OE\ FE) > 0 and OF is the support of a C* immersion o.

Example 4.11. Let us construct a set E such that OE = () for a C* immersion v : S — R2,
HYOE \ FE) > 0, and F,(E) < +oo.

Let {gn}n>1 = QNJ0,1] be an enumeration of the rationals in [0, 1], and define K = [0, 1] \ Up>1(gn —
2772 g, —27"2). The set K is compact and L1(K) > 1 — 3> 2771 = 1 Consider a C
nonincreasing function ¢ : [0, 00) — [0, 1] such that ¢(0) = 1, ¢(t) = 0 for ¢t > 1 and let

_ Z:: ¢ < ”52;%") > vz € [0,1].

By construction we have that K = f~1(0). Moreover f € C°°([0,1]), in fact ¢ < 1 and |p®)| < ¢
for any £ > 1 for some ¢ > 0, so that both the series f and the series of the derivatives totally
converge. Then we can define a C° parametrization o : [0,4] — R? such that o(t) = (¢, f(t)) for
t€[0,1], o(t) = (3—t,—f(t)) for t € [2,3], while o}, o) and |3 4) parametrize two drops with vertices
respectively at (1,0) and (0,0). Therefore o parametrizes the boundary of a bounded set E which is
the planar surface enclosed by the two drops and lying between the graphs of f and —f.

By construction 9E = (0) and FE = (o) \ K, hence H'(0F \ FE) > . However approximating f
with f,(z) = f(z) + L1(z), where ¢» € C°°([0,1];[0,1]) is such that ¢(0) = ¢ (1) = 0, Y|,1) > 0, and
defining o, in analogy with o, we conclude that F,(FE) < +o0.
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FIGURE 5. An example of a set of finite perimeter E such that F,(E) = F,(V) < 400
for any p € [l,00), where V € A(FE) is the varifold induced by a smooth im-
mersion 7 parametrizing 0F. Here OF = FE U {z,y} and the strict inclusions
FE C{z | 0y(z) is odd} = FE U {y} € OF occur.

FIGURE 6. An example of a set E with finite relaxed energy such that OF \ FE is
a singleton. A sequence of sets E,, converging to F with uniformly bounded energy
is for example made of sets like in the one on the left in the picture; the dashed line
represents the corresponding ghost line given by the collapsing of the right part of the
sets E,.

FIGURE 7. An example of a set E with finite relaxed energy such that, by Lemma 3.7
the multiplicity 6y is not locally constant on connected components of FFE.
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