A NOTE ON TWO DIMENSIONAL TRANSPORT WITH BOUNDED DIVERGENCE

FERRUCCIO COLOMBINI, GIANLUCA CRIPPA, AND JEFFREY RAUCH

Abstract. We prove uniqueness for two dimensional transport across a noncharacteristic curve, under the hypothesis that the vector field is autonomous, bounded and with bounded divergence. We also obtain uniqueness for the Cauchy problem in R_t×R^2_x under an additional condition on the local direction of the vector field.

1. Introduction

In this note we study the uniqueness for the transport across a noncharacteristic curve in R^2_x and for the Cauchy problem relative to the transport equation in R_t ×R^2_x. Previous results by Bouchut and Desvillettes ([4]), Hauray ([11]) and Colombini and Lerner ([5] and [6]) show that uniqueness holds for the transport relative to an autonomous bounded divergence-free vector field and for the Cauchy problem in R_t ×R^2_x, under an additional condition on the local direction of the vector field. An extension to the non-divergence-free case is due to the first and the third authors (see [8]), who extended the theory to the case of autonomous bounded vector fields with bounded divergence and such that there exists a Lipschitz function θ, positive, bounded and bounded away from zero, such that

div_x(θb) = 0 . (1)

In [8] it is also conjectured that this hypothesis on the existence of a Lipschitz function θ could be removed.

We show that this conjecture has a positive answer: in fact, in this paper we show that we have uniqueness

• for the transport across a noncharacteristic curve in R^2_x, with only the hypothesis that the vector field is autonomous, bounded and with bounded divergence;

• for the Cauchy problem in R_t × R^2_x, under the hypothesis that the vector field is autonomous, bounded, with bounded divergence and satisfying (almost everywhere with respect to the one-dimensional Hausdorff measure H^1 on R^2) a local condition on its direction.

For the precise statements, see Theorems 3 and 5.

We remark that the two-dimensionality of these results cannot be dropped: the counterexamples given in [1], [7] and [9] show that there are autonomous divergence-free vector 1

fields on R^3 and nonautonomous divergence-free vector fields on R^2 such that there is nonuniqueness in the Cauchy problem. In dimension n ≥ 3 it is necessary to have some conditions on the derivatives of the vector field: the main references on this topic are the classical work by DiPerna and Lions [10] and the recent paper by Ambrosio [2].

We conclude this section with some remarks about the notation used. We denote by L^n the Lebesgue measure on R^n and by H^1 the one-dimensional Hausdorff measure on R^n. We denote by div_xb the spatial divergence (in the sense of distributions) of the vector field b. If b, u, and div_xb are locally bounded, then b · ∇_xu denotes the distribution defined by

⟨b · ∇u, φ⟩ = −⟨bu, ∇φ⟩ − ⟨udiv_xb, φ⟩ ∀ φ ∈ C^∞_c (R^2) . (2)

2. Propagation across noncharacteristic surfaces in R^2_x

We consider uniqueness in the Cauchy problem for the equation b · ∇_xw = fw across a Lipschitz curve S in R^2 oriented by an unit normal field ν, defined in a neighborhood of S. By this we mean that, for every x_0 ∈ S, there exists a Lipschitz function σ defined in a neighborhood U of x_0 such that |∇σ| ≥ γ > 0 and ν = ∇σ/|∇σ| L^2-a.e. in U and S = {x ∈ U : σ(x) = 0}. We say that the vector field b ∈ L^∞(R^2; R^2) is positively transversal to the surface S if, for every x_0 ∈ S, there exist a neighborhood U of x_0 in R^2 and λ > 0 such that b(x) · ν(x) ≥ λ > 0 for L^2-a.e. x ∈ U.

We will say that we have uniqueness for the transport across the surface S if, for every x_0 ∈ S, there exists a neighborhood V of x_0 in R^2 such that, if we write V as the disjoint union V = V^− ⊔ V^+ ⊔ (V ∩ S) , where V^+ (resp. V^−) is locally the half-space above (resp. under) the oriented S, and we suppose div_xb ∈ L^∞(V ) and f ∈ L^∞(V ), then the only solution w ∈ L^∞(V ) of the equation

b · ∇_xw = fw

with w|_V − ≡ 0 is the function w ≡ 0.

We recall the following result, due to Colombini and Lerner ([5] and [6]), in the divergencefree case.

Theorem 1 (Colombini-Lerner). Let c ∈ L^∞(R^2; R^2) with div_xc = 0 and suppose that c is positively transversal to the curve S. Let g ∈ L^∞(R^2). Then we have uniqueness for

c(x) · ∇_xu(x) = g(x)u(x)

across the surface S.

The proof of this theorem is obtained observing that, since div_xc = 0, the vector field is Hamiltonian, i.e. there exists a Lipschitz function H : R^2 → R such that c = ∇^⊥H. This fact yields a change of coordinates which transforms the equation to ∂w/∂ρ = fw. In the following theorem we generalize this result to the case with bounded divergence. The strategy is to apply the theorem of Colombini and Lerner to an auxiliary equation, whose vector field is divergence-free, and then to come back to the original problem. We first prove a preliminary lemma.

Lemma 2. Suppose that b ∈ L^∞(R^2; R^2) with div_xb ∈ L^∞(R^2) and suppose that b is positively transversal to the curve S. Then, for every y ∈ S, there exist an open neighbourhood Λ of y in R^2, a positive function ρ ∈ L^∞(Λ) and a value γ > 0 such that ρ ≥ γ and div_x(ρb) = 0 on Λ.

Proof. Approximate the vector field b in L^1_{loc}(R^2; R^2) with smooth vector fields b^ε, in such a way that every b^ε is positively transversal to the curve S in an open neighbourhood of y and ‖b^ε‖_∞ ≤ C. This can be done for example by convolving b with a standard approximate δ on R^2. Let ρ^ε be a solution of the problem � div_x(ρ^εb^ε) = 0 ρ^ε = 1 on S

on an open neighbourhood of y. It is easy to show (for example writing the explicit solution of the regularized problems, via characteristics) that there is a common domain of definition Λ of all the ρ^ε and that 0 < γ ≤ ρ^ε ≤ 1/γ on Λ for every ε. Then {ρ^ε} is weakly^∗ compact in L^∞(Λ), so we can find a limit point ρ as ε → 0 along some subsequence. Since b^ε → b strongly, we get ρ^εb^{ε ∗}⇀ ρb along the chosen subsequence. By linearity of the equation we have div_x(ρb) = 0 in the sense of distributions on Λ. Since ρ is a weak^∗ limit point of {ρ^ε}, it satisfies the bounds 0 < γ ≤ ρ ≤ 1/γ. □

Theorem 3. Suppose that b ∈ L^∞(R^2; R^2), div_xb ∈ L^∞(R^2), f ∈ L^∞(R^2) and b is positively transversal to the curve S. Let f ∈ L^∞(R^2). Then we have uniqueness for

b(x) · ∇_xw(x) = f(x)w(x) (3)

across the surface S.

Proof. Write equation (3) in divergence form, recalling formula (2):

div_x(wb) − wdiv_xb = fw .

Since the statement is local, we can restrict the problem to the neighbourhood Λ of a point y ∈ S given by Lemma 2 and fix a function ρ as in the lemma. Define ~w = w/ρ and substitute in the equation, obtaining

div_x( ~w(ρb)) − ~wρdiv_xb = f ~wρ .

Since div_x(ρb) = 0 we get (ρb) · ∇_x ~w = (ρdiv_xb + fρ) ~w .

The hypothesis of Theorem 1 are now satisfied since the vector field c = ρb is bounded, divergence-free and positively transversal to the curve S, because of the properties of the function ρ. The initial datum for ~w is zero, so we get that ~w = 0 in a neighborhood of the surface S. Since ρ ∈ L^∞ we have also w = 0 in a neighborhood of the surface S, that is the desired conclusion. □

Remark 4. In [8] it is essential that the preserved volume (the function θ in formula (1)) is Lipschitz continuous, because we need to give a (distributional) sense to the product of θ and b · ∇_xu when u is just an L^∞ function. In our proof we do not multiply by the function ρ, but we modify both the vector field and the solution, obtaining a different equation for a different solution. In this way we avoid the Lipschitz regularity assumption on ρ.

3. The Cauchy problem in R_t × R^2_x

In this section we study the Cauchy problem for the transport equation in R_t × R^2_x � ∂_tu(t, x) + b(x) · ∇_xu(t, x) = 0 u(0, ·) = u_0 . (4) Following Hauray [11], we consider the following condition (P_x) on the local direction of the vector field b in x:

(P_x) there exist ξ ∈ S^1, α > 0 and ε > 0 such that, for L^2-a.e. y ∈ B_ε(x), we have b(y) · ξ ≥ α.

In [11] it is proved that, if b ∈ L^2_{loc}(Ω; R^2), div_xb(x) = 0 and (P_x) holds everywhere in Ω (or everywhere except a set of isolated points), then every bounded solution of the Cauchy problem (4) is renormalized, following the terminology introduced in [10]. This means that for every function β : R → R of class C^1 the following implication holds:

∂_tu + b · ∇_xu = 0 =⇒ ∂_t[β(u)] + b · ∇_x[β(u)] = 0 .

It is a standard fact that the renormalization property implies uniqueness and stability for bounded solutions of the Cauchy problem (4) (for a complete treatment of the theory of renormalized solutions we refer to [10] and [2]).

We apply the same trick of the previous section to show that Hauray’s proof extends to the case b ∈ L^∞(R^2; R^2) with div_xb(x) ∈ L^∞(R^2), under the hypothesis that (P_x) holds, possibly except a closed H^1-negligible set. As in the proof of Theorem 3, we will manipulate our equation until we reduce to a divergence-free case; then we show that renormalization holds for the modified equation, and from this we get uniqueness for the original problem.

Theorem 5. Suppose that b = (b_1, b_2) ∈ L^∞(R^2; R^2) with div_xb ∈ L^∞(R^2) and that u_0 ∈ L^∞(R^2). Suppose that there exists an open set Ω ⊂ R^2 such that H^1(R^2 \ Ω) = 0 and (P_x) holds for every x ∈ Ω. Then we have uniqueness for the Cauchy problem (4).

Proof. Fix x̄ ∈ Ω and consider ξ, α and ε given by (P_{x̄}). After a rotation, we can suppose that ξ = (1, 0). Up to a reduction of ε, we can suppose that there exists a positive function ρ ∈ L^∞(B_ε(x̄)), bounded away from 0, such that div_x(ρb) = 0 on B_ε(x̄). This function can be constructed as in Lemma 2, taking for example as S the line orthogonal to the vector ξ.

Then

0 = ∂_tu + div_x � bu � − udiv_xb

= ∂_tu + div_x � ρb �u ρ � − udiv_xb

= ∂_t � ~uρ � + div_x �~ b~u � − ~uρdiv_xb in D^′(R_t × B_ε(x̄)),

where ~b = ρb and ~u = u/ρ. This yields

ρ(x)∂_t ~u(t, x) + ~b(x) · ∇_x~u(t, x) = ~u(t, x)ρ(x)div_xb(x) . (5)

Let H ∈ Lip(R^2) be the Hamiltonian associated to ~b, i.e. ~b_1 = −∂H/∂x_2 and ~b_2 = ∂H/∂x_1. Thanks to the properties of ρ, it is immediate that (P_{x̄}) holds also for ~b, possibly with a smaller value α. Now consider φ ∈ Lip_c(R × B_ε(x̄)), where we denote by Lip_c the set of Lipschitz functions with compact support. We test our equation against φ to get � R×B_ε(x̄)

~u(t, x) � ρ(x)∂_tφ(t, x) + ~b(x) · ∇_xφ(t, x) � dtdx (6) + � R×B_ε(x̄)

~u(t, x)ρ(x)div_xb(x)φ(t, x) dtdx = 0 .

For x = (x_1, x_2) ∈ B_ε(x̄) define

Φ(x_1, x_2) := � x_1, H(x_1, x_2) � . We are going to perform a change of variables in the formula (6), setting (y_1, y_2) = Φ(x_1, x_2) = (x_1, H(x_1, x_2)). Observe that, since

DΦ = � � � 1 0 ∂H ∂x_1 ∂H ∂x_2

� � � = � � 1 0 ~b_2 −~b_1 � �

and since we are supposing that (P_{x̄}) holds with ξ = (1, 0), the function Φ : B_ε(x̄) → V = Φ � B_ε(x̄) � is invertible (up to a further reduction of ε) and its inverse Ψ = Φ^{−1} : V → B_ε(x̄) is Lipschitz. Let ψ ∈ Lip_c(R × V ) and apply formula (6) with φ(t, x) = ψ(t, Φ(x)). We can explicitly compute:

~b(x) · ∇_xφ(t, x)

= ~b_1(Ψ(y)) � ∂_{y1} ψ(t, y) + ~b_2(Ψ(y))∂_{y2} ψ(t, y) � + ~b_2(Ψ(y)) � − ~b_1(Ψ(y))∂_{y2} ψ(t, y) � = ~b_1(Ψ(y))∂_{y1} ψ(t, y) .

Setting v(t, y) = ~u(t, Ψ(y)) and computing |det(DΨ)| = 1/~b_1(Ψ(y)) we get � R×V v(t, y) � ρ(Ψ(y))∂_tψ(t, y) + ~b_1(Ψ(y))∂_{y1} ψ(t, y)

� dtdy ~b_1(Ψ(y)) (7) + � R×V v(t, y)ρ(Ψ(y))div_xb(Ψ(y))ψ(t, y) dtdy ~b_1(Ψ(y))

= 0 .

Define R(y) := ρ(Ψ(y)) ~b_1(Ψ(y)) and Q(y) := ρ(Ψ(y))div_xb(Ψ(y)) ~b_1(Ψ(y)) . Then R and Q are positive, bounded and bounded away from zero on V . It follows that v satisfies the differential equation

R(y)∂_tv(t, y) + ∂_{y1} v(t, y) = Q(y)v(t, y) . (8)

Then v(t, y) = ~u(t, Ψ(y)) is a renormalized solution of (8) if and only if ~u(t, x) is a renormalized solution of (5), because we can follow all the above arguments backward. Since there is no differentiation with respect to y_2 in equation (8), it is equivalent to the fact that, for L^1-a.e. y_2 ∈ V_2, we have

R(y_1, y_2)∂_tv(t, y_1, y_2) + ∂_{y1} v(t, y_1, y_2) = Q(y_1, y_2)v(t, y_1, y_2) in D^′(R × V_1), (9)

if we suppose that V is the rectangle V_1 × V_2, that is always possible up to a reduction of V . Now consider w(t, z_1, z_2) = v(t, P^{−1}(z_1, z_2)), where ∂_{y1} P (y_1, y_2) = R(y_1, y_2). Then equation (9) is equivalent to

∂_tw(t, z_1, z_2) + ∂_{z1} w(t, z_1, z_2) =

Q(P^{−1}(z_1, z_2)) R(P^{−1}(z_1, z_2)) w(t, z_1, z_2) in D^′(R × ~V_1), for a.e. z_2 ∈ ~V_2,

(10) for every rectangle ~V_1 × ~V_2 contained in P (V_1 × V_2). Now it is clear that every bounded solution of (10) is renormalized in a neighborhood of every point (t̄, z_1) ∈ R × ~V_1.

This implies that the renormalization property holds for the equation (5) in the domain R_t × Ω. Now recall that Lemma 4.1 of [6] (see also Proposition 3.4(i) of [3]) asserts that, under the assumptions of Theorem 5, if U ∈ L^∞(R_t × R^2) satisfies (5) in R_t × Ω then it satisfies the same equation in the whole R_t × R^2. Then we obtain that the renormalization property holds for the equation (5) in the whole R_t × R^2. Hence we have uniqueness for the problem (5); this immediately implies uniqueness for the problem (4), since the two solutions u and ~u are related by the equality ~u = u/ρ. □

Notice that our proof works also if we have a linear term of order zero in u on the right hand side of (4).

Remark 6. At the moment it is not clear to us if the problem (4) has uniqueness if we drop the assumption on the local direction of b. Non-uniqueness of the trajectories of b can occur, see the examples in Section 3 of [4].

Acknowledgments. The authors thank Luigi Ambrosio for many stimulating discussions and for some useful remarks on a preliminary version of this note.

References

[1] M. Aizenman: On vector fields as generators of flows: a counterexample to Nelson’s conjecture. Ann.

Math., 107 (1978), 287–296.

[2] L. Ambrosio: Transport equation and Cauchy problem for BV vector fields. Invent. Math., 158 (2004), 227–260.

[3] L. Ambrosio, G. Crippa & S. Maniglia: Traces and fine properties of a BD class of vector fields and applications. Accepted by Annales de la Faculté des Sciences de Toulouse - Mathématiques, 2004.

[4] F. Bouchut & L. Desvillettes: On two-dimensional Hamiltonian transport equations with continuous coefficients. Differential Integral Equations, 14 (2001), 1015–1024.

[5] F. Colombini & N. Lerner: Sur les champs de vecteurs peu réguliers. Séminaire Équations aux Dérivées Partielles, Exp. No. XIV, École Polytech., Palaiseau, 2001.

[6] F. Colombini & N. Lerner: Uniqueness of L^∞ solutions for a class of conormal BV vector fields.

Geometric analysis of PDE and several complex variables, Contemp. Math., 368 (2005), 133–156. [7] F. Colombini, T. Luo & J. Rauch: Uniqueness and nonuniqueness for nonsmooth divergence free transport. Séminaire Équations aux Dérivées Partielles, Exp. No. XXII, École Polytech., Palaiseau, 2003.

[8] F. Colombini & J. Rauch: Uniqueness in the Cauchy Problem for Transport in R^2 and R^{1+2}. J.

Differential Equations, 211 (2005), 162–167.

[9] N. Depauw: Non–unicité du transport par un champ de vecteurs presque BV. Séminaire Équations aux Dérivées Partielles, Exp. No. XIX, École Polytech., Palaiseau, 2003.

[10] R.J. DiPerna & P.L. Lions: Ordinary differential equations, transport theory and Sobolev spaces.

Invent. Math., 98 (1989), 511–547.

[11] M. Hauray: On two-dimensional Hamiltonian transport equations with L^p_{loc} coefficients. Ann. Inst. H.

Poincaré Anal. Non Linéaire, 20 (2003), 625–644.

Ferruccio Colombini, Dipartimento di Matematica, Università di Pisa, Largo B. Pontecorvo 5, 56127 Pisa, Italy

E-mail address: colombin@dm.unipi.it

Gianluca Crippa, Scuola Normale Superiore, Piazza dei Cavalieri 7, 56126 Pisa, Italy E-mail address: g.crippa@sns.it

Jeffrey Rauch, Department of Mathematics, University of Michigan, Ann Arbor 48104 MI, USA

E-mail address: rauch@umich.edu