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Abstract

Local and global pointwise gradient estimates are obtained for solutions to the
quasilinear elliptic equation with measure data —div(A(z, Vu)) = g in a bounded
and possibly nonsmooth domain €2 in R™. Here div(A(z, Vu)) is modeled after the
p-Laplacian. Our results extend earlier known results to the singular case in which

3n—2 1
o1 <P=2-— .
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1 Introduction and main results
In this paper, the quasilinear elliptic equation with measure data
—div(A(z, Vu)) = u (1.1)

is considered in a bounded open subset €2 of R™, n > 2. Here p is a finite signed measure
in Q and the nonlinearity A = (4;,...,4;,) : R® x R" — R" is vector valued function.
Our main goal is to obtain pointwise estimates for gradients of solutions to equation
(1.1) by means of nonlinear potentials of Wolff type. To that end, throughout the paper
we assume that A = A(x,§) satisfies the following growth, ellipticity and continuity
assumptions: there exist A > 1,1 <p <2, s>0, and a € (0,2 — p) such that

|A(z, &) < A2+ [¢) P2 |DeA(, €)] < A(s? + [¢]*) P72/, (1.2)

(DeA(x,&)n,m) = A (5% + (€122 ), (1.3)
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DeA(,€) = DeAle,m)] SA(s +[§) P2 (s? + ) )2
X (824 67+ [n) PP Ple =l (14)

and
|A(2,€) — A0, )| < Aw(|z — zo])(s* + [¢[*)P~D/2 (L5)

for every x and z¢ in R™ and every (£,7) € R"xR"\{(0,0)}. In (1.5), w : [0,00) — [0, 1] is
a non-decreasing function with w(0) = 0 = lim, o w(r) and satisfies the Dini’s condition:

1
d
/ w(r) ™ =D < +0 (1.6)
0 T

n n(p—1)
2n—17 n—1 .

A typical model for (1.1) is obviously given by the p-Laplace equation with measure
data

for some g € (

~Apu = —div(|VulP2Vu) = p in 9, (1.7)
or its nondegenerate version (s > 0):
—div((|Vu| + 52)%2VU) =p in Q.

In this paper, we are concerned only with singular case in which

3n—2
2n —1

1
<p<2— = 1.8
ps2—— (1.8)

The case p > 2 — 1 was considered in the work [8, 16] (see also [9, 15]) in which the
authors obtained that if u € C'(Q) solves (1.7) then it holds that

Vu(o)] < Cnp. A D) ()77 +

[Vu(y)ldy | (1.9)
Br(z)

for every ball Br(z) C Q with R < 1. Here f, indicates the integral average over a

measurable set £/, and n
() = [ DD
0

is a truncated first order Riesz’s potential of || at the point . The restriction p > 2—1/n
in [8, 16] has something to do with the fact that, in general, solutions to (1.7) for a
measure ;¢ may not belong to the Sobolev space Wlicl(ﬂ) when 1 < p <2—1/n. This is
well known and can be seen by taking, e.g., u to be the Dirac mass at a point. It also
reveals that the linear potential If(|u|) used in (1.9) may no longer be the right one
when 1 < p <2— %, and new ideas must be developed in order to attack this strongly
singular case.

In this paper, under the restriction (1.8) we show that the solution gradient can be
pointwise controlled by the following (nonlinear) truncated Wolff’s potential

PR = [ (1LY

for certain 0 < v < 1. Note that Pﬁl(|u|) < CP%f(LuD whenever 1 > v > 0, and

1
IE(ju)) < C’P%R(|u|)? provided 0 < vy < 1.
Our main result is stated as follows.



Theorem 1.1 Let 32=2 < p < 2 — L1 and suppose that u € C1() solves (1.1) for a

finite measure p in 2. Then under (1.2)-(1.6) with vo € <2n”_1, "ng_fll)> we have

rw<x>rs0{[P%<w><x>]”°¢‘”+(]f3 (\Vu(y)Hs)Wdy)”l‘J} (1.10)

r(z)
for every ball Br(z) C Q, where C is a constant only depending on n,p,a, A, D, ~p.

The proof of Theorem 1.1 is based on a new comparison estimate obtained in our
recent work [17] (see Lemma 3.2 below), and the following sharp quantitative C'7
regularity estimate for the associated homogeneous equation which is interesting in its
own right.

Theorem 1.2 Suppose that Ay = Ao(€) is a vector field independent of x and satisfies

conditions (1.2)-(1.4) for some s >0, A>1,1<p<2and a € (0,2 —p). Given any
q € (1,p+ 1), we define a vector field

U,(€) = (2 + €)' T¢,  EeR™

Letv € VV&)’?(Q) be a solution of div Ag(Vv) =0 in Q. Then there exist constants C > 1
and o € (0,1), only depending on n,p,a, A, such that

]i ooy L1V = 10V )|
P o(g-1) o .
<¢ (R) JiR(m) Ug(Vo) = [Ug(VV)] B (o) (1.11)

for every Br(zo) C 2 and p < R.

We notice that Theorem 1.2 generalizes the result [6] in which the case ¢ = p was
considered in a slightly different context. In our proof of Theorem 1.1, Theorem 1.2 will

be used with ¢ = 1 4 g, where vy € (%”_1, ngf’__ll)). We remark that Theorem 1.2 also
holds in the case p > 2 provided the condition (1.4) is replaced by the condition

|DeA(x,€) — DeA(z,n)| < A(s> + €% + [n]) P72 2)g — |

for some « € (0,p — 2). For p > 2, see also [8, Theorem 3.1] where the case ¢ = # is
considered.

The condition u € C*(Q) in Theorem 1.1 is by no means essential. In fact, it is
enough to assume u € VV&)’?(Q) in which case the pointwise bound (1.9) holds for any

—1
Lebesgue point z of the vector function (s2+ |Vu]2)WOTVu. Moreover, by approximation
the pointwise bound (1.9) also holds a.e. for any distributional solution « to the Dirichlet
problem

{—div(A(x,Vu)) = p infQ, (1.12)

v = 0 on 0,

provided u satisfies the following additional properties:
(P1). For each k > 0 the truncation Tj(u) belongs to Wol’p(Q), where we define

Tk (s) = max{min{s, k}, —k}, s €R.



(P2). For each k > 0 there exsits a finite signed measure py in €2 such that

and if we set |ug[(R™\ Q) = |u|(R™\ Q) = 0 then it holds that ur — p and |uk| — ||
weakly as measures in R".

We recall that if u is a measurable function in {2, finite a.e., and satisfying the above
two conditions then there exists (see [2, Lemma 2.1]) a unique measurable function
v Q — R" such that VTi(u) = v xfu <k} a-e. in € for each k > 0. We define the
gradient Vu of u by Vu = v and accordingly Vu in (1.12) should be understood in this
sense. Note that if v belongs to LI(Q)", 1 < ¢ < p, then u € W,9(€2) and v coincides
with the distributional gradient of u (see [3, Remark 2.10]). We mention that if, e.g., u
is a renormalized solution to (1.12) (see [3]) then u satisfies the above two properties.

In fact, for solutions u of (1.12) satisfying (P1) and (P2) we can obtain pointwise
a.e. estimates up to the boundary of Q provided 0f is sufficiently flat (in the sense of
Reifenberg).

Definition 1.3 We say that Q is a (0, Ro)-Reifenberg flat domain for 6 € (0,1) and
Ry > 0 if for every x € 02 and every r € (0, Ro|, there exists a system of coordinates
{z1, 22, ..., Zn}, which may depend on r and x, so that in this coordinate system x = 0
and that

B, (0)N{z, >dr} C B.(0)NQ C B (0)N{z, > —or}.

We notice that this class of domains is rather wide since it includes C'' domains,
Lipschitz domains with sufficiently small Lipschitz constants, and even certain fractal
domains. Besides, it has many important roles in the theory of minimal surfaces and
free boundary problems. This class appeared first in the work of Reifenberg [19] in the
context of Plateau problems. Many of the properties of Reifenberg flat domains can be
found in [13, 14].

Our pointwise estimates up to the boundary of 2 read as follows.

Theorem 1.4 Let gz:% <p<2-— % and suppose that u is a solution of (1.12) that
satisfies properties (P1) and (P2). Then under (1.2)-(1.6) for any x € (0,1/2), there
exits 6 > 0 such that if Q is a (J, Ro)-Reifenberg flat domain for some Ry > 0 then we
have

V(o) < o) ([P 0] 7 ) (1.13)

for a.e. x € Q. Here 7y is any number in <2nn_1, ”gfp) and d(x) is the distance from
x to the boundary of 2.

We notice that due to the potential irregularity of €2, it is not possible to take x = 0
in (1.13) in general.
2 Sharp quantitative O regularity estimates

This section is devoted to the proof of Theorem 1.2. We first recall the following basic
inequalities that were proved in [1, Lemmas 2.1 and 2.2]:

Jo (8% +le + (& — €)P)dt 8
(82 + [&€1]2 + [€2]2)7 2y 417

1< (2.1)
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and
(5% + [&112)7€1 — (52 + |&?) &) < C(n)
(82 + &> + &) T2y +1

which hold for any &;,& € R™, s > 0, and v € (—1/2,0).
For s > 0, we let

2y + 1)1 — & < 161 — &, (2.2)

Z(€) = (s + ¢z,  €eRY,
and define
H(E)=Z(©)P, V() =2(P D%  ceRr"

Then the conditions (1.2)-(1.4) imposed on Ay in Theorem 1.2 can be restated as
Ao S AZ(P™,  |DA()] < AZ (&), (2.3)

(DA(€)n,m) > A"1Z(6)P2n)?, (2.4)
and
IDAG(E) — DAo(n)| < AZ(&)P2Z(n)P~2(s® + €] + |n|*)EP=2|e — | (2.5)

for some A > 1, a € (0,2 — p), and for every (&,7n) € R™ x R"\{(0,0)}.
It follows from (2.4) that the following strict monotonicity holds

(A0(€) = Ao(m)) - (€ = ) > e(p, A)(s* + €[ + [n|*) 2" 1€ — 2 (2.6)

for all (£,n) € R™ x R™. Moreover, by the second inequality in (2.3) we have

1
Ao(E) — Agln)| = /0 DAt + (1 — ) (€ — n)dt

1
<Al [ 206+ (-2
0
—2
<ClE—nl(s* + P+ 16— nl») "=,
where we used (2.1) in the least inequality. Thus we get

(A0(€) = Ao(n)) - (€ = m) = (8 + €[> + [n|>) 7 1€ — 2, (2.7)

and
—2
| 40(€) — Ao(n)] = (s> + € + In|%) "= |€ — . (2.8)
Let v € W,oP(Q) be a solution of div Ag(Vo) =0 in Q, i.e.,

/QA()Z(V’U)DZ(ﬁ = O, (2.9)

for every ¢ € C§°(£2), where Ay, is the i component of Ag. We observe that in order
to prove (1.11) for v, by a standard approximation (see, e.g., [7]), we may assume that
s> 0.

Then by [11, Theorem 8.1] and [11, Proposition 8.1], v has second derivatives D?v
and H(Vv) € V[ﬁif(@), such that for every subset ¥ € 2, we have

/ Z(VoP2| D22 < C(3, 5) / H(Vo), (2.10)
¥ Q

5



and

/ VH(V0)]? < O, 5) / H(T)P.
> Q

In (2.9), taking ¢ = Dy, ¢ € C3°(€2), and integrating by parts, we find

/Aij(VU)Djk’UDiQO = 0, (2.11)
where we set 940 (E)
A(6) = 222500 i =1,...n.

By (2.10), for each k € {1,...,n}, the function p(Drv — by), ¢ € C(R), b, € R, is
a valid test function for (2.11), and thus we find

/Aij(vv)DjkaiW@ + /Aij(VU)Djkv(Dkzv — i) Dip = 0.

Now observe that D;[H(Vv)] = pZ(Vv)P"2D;vDyv and thus when (by,...,b,) =
(0,...,0) the last equality can be written as

p/Aij(Vv)Djkaikvg0+/aij(Vv)Dj[H(Vv)]Digo =0,

where a;;(Vv) = Z(Vo(x))27PA;;(Vo(z)), a uniformly elliptic matrix.
In view of (2.4), this gives

/aij(Vv)Dj[H(Vv)]Dicp < —c/Z(Vv)pQIDQU\Qgp < —c/]DV(Vv)]zgo, (2.12)

for all ¢ € C3°(R2), ¢ > 0.

In particular, H(Vv) € VVI})(?(Q) is a subsolution to a uniformly elliptic equation in

divergence form, which yields that H(Vv) € Ly° (2) with the estimate

loc

sup H(Vv) <C H(Vv), VBRr C Q. (2.13)
Bry2 Br

In what follows, for any ball B, (xg) C © we denote by ®(x,r) the excess functional
Banr)i= £ VIT0) = V(T0)g,
Br(wo)

We also set
M(r)= sup H(Vv).
By (zo)

With (2.12), one can now argue as in the proof of [10, Proposition 3.1] to obtain the
following result.

Lemma 2.1 There is a consntant ¢ > 0 independent of s such that
®(z0, R/2) < c(M(R) - M(R/z)), (2.14)

for every Br(xo) € Q.



Proof. By (2.12), the function v(x) := M (R)—H(Vv(x)) is a nonnegative supersolution
in Br(zo) of the uniformly elliptic equation 0;(a;;(Vv)dju) = 0. Thus, by the weak
Harnack inequality, we have

][ v(z)de < C inf v <C(M(R)— M(R/2)). (2.15)
Br(zo) Brya(xo)

Let x € WOLZ(BR(ZE())) be the weak solution to

1
/ aij(Vv)Oix0jp = RQ/ pdr Y € Wy (Bg(zo)).
Br(zo) Br(zo)

Then taking ¢ = xv as test function for the above equation, we get

1 / ) 1
= a;;(V0)0ix“0,v < — xvdz.
2 JBg(wo) ’ ! R? Br(@o)

Now, taking ¢ = x? as test function for (2.12), we find

/ IVV(V)[*x? < —C aij(V)0;[H(Vv)]dix?
Br(zo) Br(zo)

C C
=C aij (V0)0;vOix? < — xvdr < / vdz,
Br(zo) ’ ’ R? Br(wo) R Br(wo)

where we used the fact that |[x||rec(Bg(z)) < C (by homogeneity) in the last inequality.
Also, by homogeneity and the weak Harnack inequality we have that infp, Ja(z0) X = € > 0
and thus combining with (2.15) we obtain

[ VTP < o () - da(r/2).
Bpy2(z0) R

Finally, we use Poincaré’s inequality in the last bound to obtain (2.14). This completes
the proof of the lemma. [

The following lemma can be proved by adapting the proof of [1, Lemma 2.9] to our
setting.

Lemma 2.2 Let Br(xo) € Q and suppose that supp, .. |Vv|* < c(s* + [¢]*) for some
c¢>0 and £ € R". Then there exist C,d§ > 0 independent of s, &, and Br(xo) such that

146
][ Vo — €22 < C (f Vv — 512> . (2.16)
Bpry2 (o) Br(zo)

Proof. For B,(yo) C Br(zo) we set

v =v(x) = [v]B,(y) — & (T — o), (2.17)

and let ¢ be a function in CZ°(B,(yo)) such that 0 < ¢ < 1, ¢ = 1 in B,/5(yo) and
V| < C/p. Note that

/ (Ap(Vo) — Ao(€)) - V(06?) = / A6(V0) - V(5g%) = 0,



and thus
[ (4a() = An(©)) - Vit = -2 [ (40(¥0) - A0le)) - Tt
Then by (2.6) and (2.8),
[ 190 + g Ve < € (524 [9ul + 167 T Vall Vel ol
which by Hoélder’s inequality yields
/ (2 + |Vol? + [€%)7 |Vo2? < © / (52 + Vo2 + €177 [Vol5]2.
Note that supp, ;) |Vo|*> < ¢(s? + [€]?) implies that
(2 + Vo2 + €))7 = (s + |¢2) 7,

and thus using the property of ¢ we find

/ Vv — €|2dx < 02/ )% dz.
B,/2(y0) P~ JBo(yo)

Now using Sobolev-Poincaré’s inequality (note that [0]p(,,) = 0) and Gehring lemma
on higher integrability, we get (2.16) as desired. ]

We can now use Lemma 2.2 and argue as in the proof of [1, Lemma 2.10] to deduce
the following important result. We remark this is where we use the assumption (2.5) on

Ao(§)-

Lemma 2.3 Under (2.5), there is a constant C' > 0, independent of s, such that for
every 7 € (0,1) there exists € > 0, independent of s, such that

®(z0,R) < e sup H(Vv) = ®(z9, TR) < CT°® (20, R) (2.18)
Bpy2(z0)

for every Br(zo) € Q.
Proof. Take £ € R" such that V(£) = [V(Dv)]g,(ay)- Then by (2.13),

sup H(Vv)<C H(Vv) < ][ (s? + [V(Vo)?)
Brya(zo) Br(zo) Br(zo)

< C (s +®(zo, R) + [V(]?) .

Thus, if € < 1/2C we deduce

(w0, R) < 2Ce(s” + V(E)?) < Ce(s® + [€)P/?, (2.19)
and hence
sup  |[VolP < sup H(Vv) < C(s? + |¢]2)P/2. (2.20)
Bpry2(z0) Bpy2(zo)

Let © be as in (2.17), and let vy € ¥ + Wol’2(BR/4) be the solution of

; Aij(€)u000 =0 Y € Wy (Brya). (2.21)
R/4



Since C~1Z(&)P~2L, < (A;j) < CZ(£)P~ 21, by the standard regularity we get

][ leo—[wo1Bm|2de072][ Voo = (Vo 5| *de,
BTR BR/4

for every 7 € (0,1/4).
Let p € W()I’Q(BR/4). Using the relation

[ (40w - 40(6)) - v =0,
Brya

we can write )
/ / Ajj &+ tV@)dtaijai(p =0.
BR/4 0

Combining this with (2.21) we have

(2.22)

1
][ / (Aij (f + tV’LN)) — Al'j (E)) dt@ﬁ&;cpd:c = ][ Aij (E) (8jU0 — Ojf)) 8@(,0(133‘.
Bpry4 /0 B

R/4

Then choosing ¢ = vg — ¥ as a test function, we get

2(6p? ]fg 1V (00 — 9)|2dz <
R/4

1
c ][ / | (Ai (€ + £V5) — Ay (€)) |dt[V3]|[V (vg — 5)|de.
Brys /0

On the other hand, thanks to (2.5) we find that

1
/0 | (Aij (€ + £V5) — Ay (€)) |dt

1
< CZ(&)P? / Z(E+tVD)P2(s2 4 |€? + € + tVo|}) BP9/ 21w ¥dt
0

< C’Z({)_O‘|Vﬁ|a/01 Z(E+tVo)P~2dt  (by (2.20))

< CZ(&) Vo™ (s* + € + V) P22 (by (2.1))
< CZ(EP>| Vo™
Thus,
F Nw-Pa<cz©f o vn - ol
Brya Brya
which by Holder’s inequality yields
][ |V (vo — 9)|*dx < CZ(§)2a][ V|2 .
Bpr/a Brya
For any 0 < § < «, by (2.20),
][ IV (vo — 0)|?dx < 02(5)257[ Vo> de
Brya Brya

—cz@  f (Vo ¢
Bprya



Hence by (2.20) and Lemma 2.2, we obtain

146
][ |V (vg — 9)2dz < CZ(£)~% <][ |V — g\%m:)
Brya Bry2

for some 0 < 6 < a.
Note that by (2.2),
(w0, 7R) < c][ V(o) = V([Volp,,)lda
BTR
-

2
<Cf (4 Vo + Vel a) T [V~ (Vola o

B:gr

Using (2.22), for any 7 € (0,1/4) we get

][ |V — [Vip, ,|*dz < 2][ Vg — [Vvolp,p|* + | VD — Vug|?dx
Brr B:r

< 072][ [Vuo — [Vvol By . + CT”][ |V — V|?dx
BR/4 B

R/4

< 072][ Vo — (VB[ + CT_n][ Vo — Vu|?dz
Brya B

R/4

1446
< CTQ][ ]Vv—ﬂz—i—CT*"Z(f)*% (7[ |V —ﬂzdx) ,
Br/2 Br/2

where we used (2.23) in the last inequality.
On the other hand, by (2.2) and (2.20),

2_
][ Vo—eP<Cf (L4162 + Vo) T [V(Vo) - V(©)Pde
Br/2 Br/2

< C(s* + [¢[%) =" @ (a0, R).

Hence,

2 2 5t
s~ + |¢] > 2
s? +|[Volg, x|?

X (7’2@(330, R) + TfnZ(ﬁ)f‘sp(I)(:co, R)1+6> ,

O(wo, TR) < c<

which by (2.19) yields

5%+ [¢?
52 + |[Vo] B, |?

® (20, 7R) < C ( )2? (72 + T_”55> & (20, R).

Now, we show that for € > 0 small enough,

E1P < C(s* + [Vl B, 5 )

10

(2.23)

(2.24)

(2.25)



Indeed,

€12 <2 (1€ = [Vo]B, x> + [[VV]B, 4 [?)
gc(]@ rw—zuuww)

-n ]2 2
c<7 ]{gmrw ¢l +HwBTRr>

C (v (a2 + [¢P) T 00, ) + [[Vols o) (by (224)
<O (el + 160 + [Velsal)  (by (219)).

IN

IN

Thus if C77"e < 1/2, we obtain (2.25). Therefore, we get (2.18) if we further restrict

e so that e < 775 ]
Lemmas 2.1 and 2.3 yield the following alternative result.

Lemma 2.4 Let 7,e € (0,1/4) be fized as in Lemma 2.3 such that Ct% < 7, where C
is the constant in (2.18). There exists § = 0(7) € (0,1) such that either

(I)(.I‘(), TR) S T‘I’(l’o, R),

&(xo,R) > eM(R/2) and M(R/4) <IM(R/2)
provided Br(xg) € Q.
Proof. If ®(zg, R) < eM(R/2), then by Lemma 2.3 we get ®(xg,7R) < 7®(z0, R). If
M(R/4) > dM(R/2) and ®(zo, R) > ¢M(R/2), then by Lemma 2.1,

O(xo,R/4) < CIM(R/2) — M(R/4)]
<C(1-=0)M(R/2) < C( —68)e1®(x0, R).
Thus,
(9, 7R) < C(1)(1 — §)e 1 ®(z0, R).

Now choosing 6 € (0, 1) such that C(7)(1 — §)e~! < 7 we get the result. ]
We next follow an alternative argument in the spirit of [10, Theorem 3.1] to derive a
decay estimate for the excess functional ®(xg, 7).

Theorem 2.5 Suppose that Ay satisfies (2.3), (2.4), and (2.5). There exist constants
C >1 and o1 € (0,1), both independent of s, such that

B(x, p) < C (%)2”1 (o, R)

for every Br(zo) C Q and p < R.

Proof. For ease of notation, we shall drop z¢ and write ®(zg,r) as ®(r). Let 7, and
§ be as in Lemma 2.4. Let k, h € N be such that 6%¢ < 7 and 7("/F)~1c=2 < 7. Also, let
rj = 79" R and pj = 77 R. Tt is enough to show that

P(rjp1) < 7P(ry).

11



To this end, we put
S ={i € N: ®(piy1) < 7®(ps)},

and
Yo:={i e N: ®(p;) > eM(pi/2), M(pi/4) <M (pi/2)}.

Thanks to Lemma 2.4, we get %1 U392 = N. We now consider the following two cases.
Case 1: [jh,(j + 1)h] N X3 = {n1,...,nq} contains more than k points. Then,

(rj+1) < M(pg1yn) < M(pn,/4) < 6M(pn,/2) < M (pp,_,/4)
<o S0P M(pny [2) < 85T D(pny) < ST O(ry).

Thus we have ®(rj41) < 7®(rj).
Case 2: [jh, (j+1)h]NXy contains less than k points. Then [jh, (j+1)h]NX; contains a
maximal string of consecutive integers ngy, ng+ 1, ..., ng +m which has more than h/k—1
numbers. Moreover, by maximality we have ng — 1 and ng + m + 1 belong to ¥o. Thus

h
(I)(pno—i-m—i-l) = cI)<7'/)no—i-m) < TE—HI)(PH(J' (2'26)

To estimate ®(pny+m+1) from below, we consider the following possibilities:
i) If no+m+1=(j+1)h, then ®(rj11) = ®(Pny+m+1)-
ii) If np +m+1 < (j+ 1)h, then

D(rjt1) < M(pg+iyn) < M(pnosm+1/2) < € @ (prgtm+1)-
Thus in both cases we have
O(rj1) < € D(pngims). (2.27)
On the other hand, to estimate ®(py,) from above, we consider the following possibilities:
a) If ng = jh, then ®(p,, ;) = ®(r;).
b) If ng > jh, then ng—1 € [jh, (j+1)h|N32. In this case, we let mg be the smallest
integer in [jh, (7 + 1)h] N X3 N (—00,ng — 1]. Then we have
®(png) < M(pny-1/2) < M(pmg/2) < € @ Py )-
Since either mg = jh or jh,...,mg — 1 € X1, we then find
®(png) < €7D (pjp) < £7HO(ry).
Thus in both cases we have
B(pny) < 1 0(r)). (2.28)
Finally, combining (2.26), (2.27) and (2.28) we find that
D(rjp) STEeR(r)) < T0(ry),

which completes the proof of the theorem. [
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Lemma 2.6 Under (2.3) and (2.4), there exsit C > 0 and § € (0,1) such that for any
Br(zg) C Q we have

f V(o) — V(zo)P sc(f rV<Vv>—v<ZO>|29> ,
Bpry2(zo) Br(zo)

for any vector zg € R™.

=

Proof. Note that (2.7) and (2.8) can be equivalently written as

(Ao(€) = Ao(m)) - (€ =) = (> + [ + [€ = n|P) =" [¢ = n? (2.29)
and -
[A0(8) — Ao(m)| = (s* + [nl* + [ = n*) = 1§ —nl.
Also, by (2.2) we find

V(&) = V(n)|? = (2 + Inl> + € =)= € —nf>. (2.30)

Let ¢ : [0,00) — [0,00) be the N-function defined by
t — p—
o(t) == / (8% + u2)¥udu ~ (s* + t2)¥t2. (2.31)
0
Then the complementary function ¢* of ¢ is given by

" (u) = sup(ut — () = /0 (), (2.32)

>0
—2
where (¢')~1(t) is the inverse function of ¢/ (u) = (s% + u2)"Z u.
By noticing that s? 4+ t> ~ t?> when s < t and s2 + > ~ s? when s > ¢, it is easy to
see that

p=2

() M) = (PP 481
uniformly in ¢ > 0. Thus it follows from (2.32) that

o) = (207D o) T2, = P
p—1
We remark that both ¢ and ¢* satisfy the Ag-condition, i.e., ¢(2t) < cp(t) and
©*(2t) < cp*(t) for all t > 0. Here the constant ¢ is independent of s, ¢, and a.
The bounds (2.29)-(2.30) enable us to follow the argument in the proof of [5, Lemma
3.4], using the N-function ¢ defined in (2.31) to complete the proof of the lemma. m®
We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. For any 2y € R", using (2.2) we have

[Ug(Vv) = Uy(20)| == hyzo (IVV = 20)),
where »
o (8) = (% + |20 + 17) 2 ¢

We now let !

_p
Ilzola—t (1) = (2070 4 | z| 207D 4 42) 2D 42,

13



Then we have )
p—2
lzofi—1 (Bpzg)(£)) 2= (8% + |20* +7) 2 12,

and thus by (2.30) it holds that
V(VV) = V(20)[* 2 gpzgpo-1 ([U (Vo) = Ug(20)]). (2.33)

Let R, = 27™(R/2) for m € Z. To prove (1.11), it is enough to show it with
p = Ry, for all sufficiently large m € N.
By Theorem 2.5 there exists o1 € (0,1) such that

f V(o) = [V(T0)] g, | < C2-2m1 f V(V0) - [V(V0) 3y o
Br,, Br/a

< g2 ][ V(Vo) — Vi(z0) 2,
Bry2

where zg is chosen so that U,(z0) = [Ug(Vv)]B
2.6, and [6, Corollary 3.4] that

Thus it follows from (2.33), Lemma

R*

]i V(o) — [V(T0) s, |
<CrImog (é qu(vv)—Uq(z0)|>. (2.34)

Note that s2(471) 4 |29[2(0=1) ~ s2(4=D) 4 |U, (29)|? and thus by [4, Corollary 26], for
any z € R", we have

p___
g|Z0‘q—1(t) ~ (52(Q—1) + |Uq(20)|2 + t2)2(4*1) 1
< O(s207Y) 4 |UL(2)2 + 2) 2D 12

P

+ 0(32(9“{—1) + ‘Uq(20)|2 + |Uq(2)|2)@|Uq(ZO) - Uq(z)|2
< O(20) 4 220D 4 2yza g2

t2

_p_
+ O(s207Y)  [20X07D) 4 |2207D) 2 U (20) — Uy(2)[2.
Then using (2.2) we get

Glzola—1 (1) < C(s2@ D) 4 |21 +t2)ﬁ_1t2

p—2(q—1)
2

+C(s? + |z0f* + [2[?) (5% + [z0[* + [21%) 72|20 — 2
< OO 4 [0 4 2200 2 4 O + [0 + [#7) "7 [20 — 22
< Cgpaja-1(t) + C|V (20) — V(2)*. (2.35)

We now let &, € R™ be such that Uy(&m) = [Uy(Vv)] By, - Then applying (2.35) with

14



2= & and (2.33) we find
egpes (f, 104(70) = U0 )
< Coeup-s (f, 109 =Uleall) + €IV () = Vel
< Cgues (f, 1090) = Uyfen) ) + Copgo-s(Uiz0) = U

< Cao (f, W70~ 0T )
+ g s (1Ua(T0) ] — [0V,

‘We next observe that

[Uy(V0)] 55 — [Ua(V0)] 5, \<k21| )i, — Us(V0)] 4, |
m—1
<X ]fg T~ 0Tl
m—1
<) ]é 107 = (0Tl |

Thus by the monotonicity of g, -1 we get

s (1, () - Uq<zo>\)

< CYig,pjat ( Z ]i (Vv)]BRkO :

k=-1

Now in view of (2.34), this yields

f V(o) — [V(T0)] s, [
BRm

5 7{9 <vU>JBRk|) S (230)

< O gjg, o (
k=-1

Let ny, be such that V(n,,) = [V(Vv)]|Bg, . Then by (2.33) we have

. (V70 = Ufnd) SCf V() = V(T0llay, -

m BRm

which by Jensen’s inequality and the monotonicity of g, a-1 gives

I (; f. \Uq<Vv>—[Uq<w>]BRmr> <of VT - V(T [P (237

Br,,

15



Combining (2.36) and (2.37) we get

O (;fg U(V0) - [0V, \)
m mil
<ot <2n Z ][ |Uy(V0) — [Uy(V0)] BR,J) : (2.38)
k=—1" Bry

Note that for any A € (0,1) we have

g\5m|q71(/\t) > \F g‘5m|q71(t), where kK = max {L, 2} .

Thus (2.38) yields that

o (; f, 090 - 0Tl \)

m—1
1 —2mo
< e (2”C~2~1 >/ \Uq<Vv>—[Uq<Vv>]BRk\), (2.39)
k=—1" Bry,

provided C2727m91 < 1, i.e., provided m is sufficiently large.
We now apply the inverse function of g, s-1 to both sides of (2.39) to arrive at

m—1
]iRm U, (Vo) — [Uy(Vo)lgy, | < C25 k:zﬂi Uy(T0) — [Ug(V0) |

—2moq

<02 (1 1) max ]i Ug(V0) = [Uy(V0)] |

—1<k<m

for all sufficiently large m.
Let 0 < a< 2% From the above inequality we have

Roe 7{3 () = Vel |

—2moq

<27 (1) max R;aRgRga]i Uy(F0) = [Ug(Vo)l i, |
Ry

—1<k<m

IN
Q

2 4 1) e B UV~ (0T |
Bg,

—1<k<m

1
< — -« .
<5 s, B, W) - (Tl |

provided m > mq where my sufficiently large so that we have both C272™091 < 1 and

—2mgo
c2— =t 1+m‘)o‘(mo +1) < 3. This is possible since a < 2%1
For any ¢ = 2,3,..., we now apply the previous inequality with mg < m < ¢mg to
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deduce that

mex Rmaf Uy(V0) — [Uy(V0)] 5y, |
BRm

mo<m<fmo
S o, U7) = WP, |
<3 o R f . VUalT0) = (Tl |
b R ]{B 1090 = W0l |
This gives
T ]{3 1U(90) = [U(V0)la, |
< e R ]iRk [Uq(Vv) = [Ug(V)] By, |
< CR ]i 1U,(70) = [0V o)l
which completes the proof of Theorem 1.2. | u

3 Interior pointwise gradient estimates

The main goal of this section is to prove Theorem 1.1. We shall need some preliminary
results for that purpose.
Let u € VVlif(Q) be a solution of (1.1) and suppose that Ba, = Ba.(z¢) CC Q. We

consider the unique solution w € u + Wol P(Ba,) to the equation

—div (A(z,Vw)) = 0 in By, (3.1)
w = u on 0By,. ’

We first recall the following version of interior Gehring’s lemma that can be found
in [11, Theorem 6.7].

Lemma 3.1 Let w be as in (3.1). There exist constants 61 > p and C > 0 depending
only on n, A such that the estimate

1
t

1
o
(f (IVw| + s)eldxdt> <C (f (|IVw| + s)tdw> , (3.2)
Bp/2(v) Bp(y)

holds for all B,(y) C Bar(x0) and t > 0.
The following important comparison estimate can be found in [17, Lemma 2.2].

Lemma 3.2 Let w be as in (3.1) and assume that 32=2 < p < 2—21. Then it holds that

for amy s € (g, 20

1

(7[ Vu — Vw\”%x) "
BQT‘

< o LB T i) ()

rn—l Tn—l

where C' is a constant only depending on n,p, A, yg.
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We remark that the range of vy was not explicitly stated in [17, Lemma 2.2] but it
can be easily seen from the proof of [17, Lemma 2.2]. Moreover, only the case s = 0 was
considered in [17, Lemma 2.2], but the proof works also in the case s > 0.

We now let v € VVO1 P(B,(x0)) be the unique solution of

—div (A(zg,Vv)) = 0 in B,
v = w on O0B,.

By standard regularity, we have for any ¢ > 0

1/t
IVollim, < € (£, 19e1) (53

We also have an estimate for the difference Vv — Vw,

][ Vv — VwPdx < C’w(r)p][ (IVw| + s)Pdx.

T T

The proof of this fact can be found in [8, Equ. (4.35)]. Thus by (3.2) and Hoélder’s
inequality, we get

][ Vv — Vw|"dx < Cw(r)™ ][ (|Vw| + s)"dx. (3.4)
T BQT
For a ball B, = B,(zg) C Q, we now define

1) =T p) = [Uspsa(Va) = (U (Va5 I

P

Proposition 3.3 Suppose that u € T/VI})CP(Q) is a solution of (1.1). Then there exists
ag € (0,1/2) such that for any € € (0,1) and Ba,(z9) € 2 we have

Y0

I(er) < Ce®I(r) + C- <\u\(Bz)) o

rn—l

vor (M (f qvuom) s cstor £ (v vor, 63)

where C. is a constant depending on €,n,p, A, a.

Proof. Since vy < 1, using (2.2) we have
Uno+1(Vr) = Usg11 (V)| < C[Vu = Vo 0.
Thus by Theorem 1.2, we can find ag € (0,1/2) such that
f, U (F0) = Wryia (V|
<Cf IUn(T0) =Wl |+ [Tu=voP
<0 f [Ua(V0) = Uia(Voll, [+ C=™" f [Vu= Vol

r

<0 f (U1 (T0) = [TVl |+ = f

By

IV — Voo, (3.6)
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Moreover, by (3.4) and the fact that |w(r)| < 1, one has

][ |Vu— V| <C |[Vu — Vw|" —I—C’][ |Vw — V|70
B,

™ By
<C |Vu — Vw|"® + Cw(r)™ ][ (IVw| + s)7°
B2’I‘ BQT
<Cf |[Vu- Vol + Cur) ][ (Vul+s70.  (37)
B2'r BZT

We then derive from (3.6) and (3.7) that

I(er) < Ce*I(r) 4 C- |Vu — Vw|" + ng(r)'m][ (|IVul| + s)7°. (3.8)
BQT BZr

At this point we apply Lemma 3.2 to bound the second term on the right-hand side
of (3.8). This yields (3.5) as desired. |

We are now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. We shall prove (1.10) at x = x¢ and Br(zg) C Q. Let
U(z) := Uyy41(Vu(z)) and choose e < 1/4 small enough so that Ce® < 1, where C'is
the constant in (3.5).

Set R; = ¢/R, Bj := Bag,(20),1; = I(R;) and Tj := fBj(|Vu] + s)"dz. Applying
(3.5) yields

70

— Y0
1 ul(B;) \ " |1|(B;) 2
Ij+1 S ZI] + C ( R;Li{ + C R;Li{ T’j p + C’w(Rj)VOTj.

Summing this up over j € {jo,jo + 1,2, ...,m — 1}, we obtain

ZI <C’IJO+CZ ('“' >

n—
J=Jjo Jj=Jo J

+CZ<|“|n ) 2”+CZ O, (3.9)

J=Jjo J J=Jjo

Since
ZI >CZ\ B — WUl [ =2 ClUg, ., —Ulp, |
J=jo J=jo
we see that (3.9) implies

|[]Bm+1!+21 <CI, +|[U \+cz<!u!n )

J=jo J=jo R
+CZ<|M| ) T2 p+CZ 0T (3.10)
j=jo j=jo
By (1.6), there is jo = jo(e,C, D) > 1 large enough such that
> 1
e"C Z w(R)" < o, (3.11)
j=jo
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where C' is the constant in (3.10).

Note that
|mj> co [ (B0 ) do (312)
N A

J=Jo p p

and since p < 2 we also have

70

S () o ([ (i)"Y

J=Jo J

Moreover, since 79 < 1 we have |U| < |Vu|°, and thus to prove (1.10) at = = zg it
is enough to show that

1

U(z0)| < CT}, +C (/(JQRjO_l (W)m dpp) *1. (3.14)

To prove (3.14) we consider the following possibilities:
Case 1: If |U(zo)| < Tj,, then (3.14) trivially follows.

Case 2: If
T; < |U(zo)| Vjo <j <j1 and |[U(zo)| < Tj+1, (3.15)

then since vy < 1 we have
U (x0)] < ][ (IVu] + 5)da
Bj+1

| +s7°

J1+1

<f VAPt <Ly Ul
Bj+1
<e "L +[[Ulp, ., [+

Now applying (3.10) with m = j; and using (3.12), (3.13) and (3.15) we get

U(wo)| < CeLy + Ce | U], |+ C [/Oszol <W(Bp_(1$0))>7° dp} L

p" P
2R 1 B Yo
e [/ 9o (\M\( np_(lxo))> dp] U () 2P
0 p p
ncz 70|U zo)| + s7°.
J=Jjo

Hence using (3.11) and Young’s inequality we find

1
2Rj,—1 7o p—1
‘U(Z'o)‘ < Cano + Ce‘ [U]Bjo | + C; </ 0~ (W) dﬂ)
0

p
1
+ 5\U(9€0)| + 7.

This implies (3.14) as desired.
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Case 3: If T < |U(x)| for any j > jo, then from (3.10) we have for any m > jo,

1
2Rj; 1 B O dp] Pt
V1080 e [ (M)

QRJ‘ 1 B Yo
+C I:/ 0 <’M’(pnp_<f70))> dp:| U(x ‘2 PyC Z ’YO‘U z0)|
0

Jj=Jo

1
2R]0 1 //L B.(x ) Yo dp p—1
o ()

Lo [/OR (LABLZDN " 921 g g2+ 0

pn 1
Here we used (3.11) in the last inequality. Letting m — oo we get

U (x0)| < CL, +|[U]5,,| +C [/Oszo_l <W>w dp] =

P
2Rig-1 (|ul(B,(w0)) | dp I
C s U Py U .
ol [ (W) TR e+ o)
Then using Young’s inequality we deduce (3.14). The proof is complete. [

4 Global pointwise gradient estimates

We shall prove Theorem 1.4 in this section. As discussed earlier, by a standard approximation
we may assume that u € VVO1 (Q) is a Solution of (1.1). We shall prove (2.1) for any

r =19 € €, a Lebesgue point of (52 + |Vul|? ) e v
By Theorem 1.1 we have

1
[Vuao)| < € [P (1)) (g)| 7
1
+C (f IVU(y)I”Ody) 4 Cs. (4.1)
Bi(xq)(@0)

Recall that by a standard estimate (see, e.g., the proof of [17, Lemma 2.2]), we have

“ro( —1)

/ IVl < O (diam(Q)" 55T |4 (Q)7 + C diam(Q)"s™. (4.2)
Q

Thus we may assume that d(zg) < r1/2 for any sufficiently small r; > 0. Recall
that Q is a (d, Rp)-Reifenberg flat domain for some Ry > 0. Therefore, we may further
assume that d(xg) < r1/2 < Ry/100 < diam(£2)/1000.

Let z; € 99 be such that |z1 — x| = d(z9). For any r € (0,7r1] we consider the
unique solution w € Wol’p(Qgr (1)) + u to the following equation

{—div(A(x,Vw)) = 0 in Qg (1),

w = u on 0N (x1), (4.3)

where we write Q,(z1) = QN B, (x1).
We have the following boundary counterpart of Lemma 3.2 (see [17, Lemma 2.5]).
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Lemma 4.1 Let w be as in (4.3) and o be as in Lemma 3.2. Then it holds that

1

0
f |\Vu — Vw|"°dz
By (1)
2—-p

<c P“'(BZW} 7 ol Ban) (7[ IVl + s)%dx> v
Bay (1)

rn—1 r

Next, we let v € w + Wol’p(QT(:El)) be the unique solution of

{—div(A(xl,Vv)) = 0 in Q(z1),
v = w on 0Q(r1).

In what follows, we shall tacitly extend u by zero to R™\ 2. Then extend w by u to
R™\ Qar(z1) and v by w to R™ \ Q,(z1). Asin (3.4), we also have an estimate for the
difference Vv — Vw :

][ Vv — Vw|"dx < Cw(r)™ ][ (IVw| + s)"dx. (4.4)
Br(z1) Bar(x1)

We will need the following boundary counterpart of (3.3). But here, due to the
possible irregularity of €2, we only have Li-estimates for the gradient of v for any large
exponent ¢ < +0o. We shall use the idea from [18] to obtain such a result.

Lemma 4.2 Let ¢ > p and 1 € 02, 0 < r < r; < Ry/50, and v be as above. There
exists § = 0(q) > 0 such that if Q is a (9, Ro)-Reifenberg flat domain then

1

1/‘] 0
(7[ |vv|q> <c <][ (Vo] + s)%> . (4.5)
B,./g00(z1) Br(z1)

Here the constant C does not depend on r. In particular, for any e € (0,1/800),

on

][ Vol < 052][ (IVol + ).
Ber(xl) B'r(xl)

To prove Lemma 4.2, we use the following lemma (see [20, Theorem 3]).

Lemma 4.3 Let 0 < € <1 and Bg be a ball of radius R in R™. Let E C F' C Br be two
measurable sets with |E| < €|Br| and satisfy the following property: for all x € Br and
p € (0, R], we have B,(x) N Br C F provided |E N B,(x)| > €|B,(x)|. Then |E| < Be|F|
for some B = B(n).

Proof of Lemma 4.2. Assume that  is a (J, Ro)-Reifenberg flat domain and 0 <
T S ™ S Ro / 50.

Step 1. Let M be the standard Hardy-Littlewood maximal function and write 1 to
denote the characteristic function of a set E. Set p = /800 and for A > 0 let

By = {(M(1p, (o) V") > A} 0 B, (a).

In this step, we show that for any € > 0 one can find constants 0; = d1(n,p, A, ¢€) €
(0,1),92 = d2(n,p,A,e) € (0,1) and Ag = Ag(n,p,v0,A) > 1 such that if § < §1, we have

[Eaoal < CelE)| (4.6)

22



for any A\ > Ty, where we define

1

0
To:= 65" ][ (|Vou| + s)"dx .
Bsoop(x1)

Since M is a bounded operator from L'(R") into L1 > (R"), we have for A\ > Ty,

C(n)
(AgA)r0

[Exoal < / o [Vu[*dz < C(n)(d2/A0)™Bsoop(®1)| < €[Bp(z1)],  (4.7)
Bsgp (71

provided dy < (800~ "¢/C(n)) /70 Ay.
Next we verify that for any « € By(z1), p1 € (0,p] and A > Ty we have

’EAO)\ N Bm (3:)| > € ‘Bm (x)| = Bp1 (x) N Bp(wl) C Ej, (4'8)

provided 0 and d2 are small enough depending on n,p, A, vo,e. Therefore, using (4.7)-
(4.8) and applying Lemma 4.3 with E = E5 ) and F' = E) we get (4.6).

To prove (4.8), take z € B,(z1), p1 € (0, p], and A > T, and by contradiction, let us
assume that B, (z) N By(x1) N (E))¢ # 0, i.e., there exists o € B, (x) N B,(x1) such
that

(M(1 g, (2)| V0 ()70 < . (4.9)

We need to prove that
[Exox N By, ()] < €|By, ()] (4.10)

Clearly, for any y € B,, (x)

L n
(M (L 90 < e { (M (1, 00/9007) 00) 350

and thus for all A > Ty and Ay > 3%,

1

BN B, (2) C {(M (13% (x)|vu|vo)) 0 Ao)\} N By(x1) N By, ().  (4.11)

Now to prove (4.10) we separately consider the case By, (z) CC € and the case

Bip, (z) N Q° # 0.

1. The case By, (z) CC §: Since div (A(z1,Vv)) = 0 in By, (x), by the standard
regularity estimate, we have

1

1
YO Y0
V0l (s, (@) < C (7[ (Vo] + S)vo> < (f (Vo] + S)vo> .
Bap, (2) Bspy (#2)

Thus, using (4.9) and s < doA < A, we find

Vo[ oo (B3, (2)) < C1 (A +5) <201

Then for Ag > max{?)%,élCl}, we have |[Vol[r (B, (2) < $AoA and so by (4.11)
Epox N By, () = 0. In particular, we have (4.10).
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2. The case By, (z) N Q° # 0: Let x3 € 092 be such that |z3 — z| = dist(z, 0§2). We
have
BQ/H (ZL‘) C BGpl (333) C B(joop1 (:1,‘3) C Bﬁo5p1 (332)

Thanks to [17, Proposition 2.6], (see also [18, Corollary 2.13]), for any 7 > 0 there exists
91 = d01(n,p,A,n) be such that the following holds. If 6 < ¢;, there exists a function
o € WH(Bg), (z3)) such that

1/70
V0| Lo (Bg,, (25)) < Co <][ (V| + 3)70> ,
Beoop; (z3)

and )
1/

Y0
][ Vw-a)r] <n ][ (IVo] + sy
Bep, (x3) Beoop; (23)

Note that if p; < p/100, then

/%
Foo Tl ] S 2 MLy ) [T @) 45 < 2507,
Bsoopy (3)

and if p; > p/100, then since p; < p,

1/70 . /70 .
][ (Vol+s0]  <10% ][ (Vol 4+ <10% 6.
Beoop, (z3) Bsoop (1)

Hence,
3n
V0] oo (B, (2)) < 1070 CoA,

and )

0 n
][ |V (v—1)|° < 1070 nA.
Bapy (2)

n 1 3n
Choosing Ay = max{37,4C7,27%10% Cy}, we have

1
|EA0>\ N Bp1 ($)| < M 1B2 (x)|V(’U — rD)"}’O 0 > 2_%1\0)\
o1

C(n N
el [N R
(2 WOAO/\) Bap, ()

= (iii?zo (10%77)‘)70 ’BQPl(x”

< 6‘391(1')"

for n = (e/(105"C(n)))1/70. This gives (4.10).
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Step 2. Thanks to (4.6), we have that for Ay = AT,
/ (M(1, (o) [V )0
Bp(xl)
= [ {11 o [T > A} 0 Byl
Ao
<q [ AB(wldx
0

+Cae [N |{| MLy 0 V)Y > Mo} 1 Byfan)]
A

0

< N|B,(z1)] +CAge/B ( )(M(lBsp(a;l)’V?JWO))C’/%daﬁ.
p\T1

Thus letting € = we get !

_1
2CAT"

q

0
][ |Vollde < CTi =C ][ (IVv| + s)dx .
By (z1) Bgoop (1)

Now recall that p = /800 and hence (4.5) follows. This completes the proof of the
theorem. -
The following technical lemma can be found in [12, Lemma 3.4].

Lemma 4.4 Let ¢ be a nonnegative and nondecreasing functions on (0, D]. Suppose
that there are nonnegative constants A, B, «, 8 with a > 3 such that

¢(p) < Al(p/R)* + 1] ¢(R) + BR”,

for all0 < p < R < D. Then for any v € B, ), there exits positive ng = no(«, 5,7, A)
such that if n < ng we have

®(p) < C(p/R)"®(R) + CBp”,
forall0 < p < R<D. Here C =C(a,p,7,A).

We are now ready to finish the proof of Theorem 1.4. Let x € (0,1/2) be fixed. By
Lemma 4.2, there exists 6 = d(x) > 0 such that if Q is a (§, Ro)-Reifenberg flat domain
then

/ Vol < an—vonﬂ/ V|0
Bsr(rl) Br(l'l)

for all » <7y and € € (0,1/800). Writing B, = B,(z1), we thus have
/ ‘VUPO
< c/ |V + c/ Vv — Vw|" + c/ |Vu — Vw|"
BET Bar Bsr
< 05"_70“/2/ Vol + c/ Vv — Vw|7 4 c/ |Vu — Vw|"

< ce"‘”o"ﬂ/ |Vu|™ + c/ Vo — Vw|7 4 c/ |[Vu — Vw|". (4.12)

'A limiting argument can be used to justify that [, (Il)(M(lBsp(x1)|Vv|7°))‘I/"’° dz is finite.
P
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At this point, we use Lemma 4.1 to bound the last term in (4.12) and use (4.4) to
bound the seccond to last term in (4.12). This gives for any €, € (0,1/800),

/ Vuo < C<5"70”/2+w(7°)70)/
B

er 2r

B , Y0 2—p
+ Crnlel) (“ ‘fl_f )> ( / (IVu| + s)%dm>
r BQT

70
Bs,)] -1
<C <5”—V0H/2 + w(r) +77)/ (IVu| 4 s)70 + Cpy 7™ |:|,u7|nij):| p—1 .
Ba,

rn—l

o
(IVul +8)° + Cr" ["L'(Bz’“)} !

Here we use Young’s inequality in the last inequality. Note that this holds for any
r € (0,r1] and by enlarging C' if necessary it also holds for any € € (0,2). Thus we find

[ v <o (/R ey ) [ v
Bp(z1) Br(z1)

1
+ €, R0y 0% <[P§§iam(m(lul)(ﬂfo)} T+ 570) :

forall 0 < p < R < 2ry.
Now applying Lemma 4.4 to ¢(r) = fBr(m) |[Vul|, r e (0,2r), we obtain

/ Vu® < C(p/R)"" / IVl
By (z1) Br(z1)

1
+ Cpn*’YOKrlvmﬁ (|:P3§1am(ﬂ)(‘ﬂ‘)(x0)] p—1 i 870) 7

provided that w(r) and 1 are small enough. In particular, for R = 2r; and p = 2d(x)

we find
][ |vu‘70
Baa(zg) (z1)
1

Yok
1 2diam(9?) p—1 Y0
<C ][ Vul|® + |P T + s )
( d(m0)> ( AL 2] ) ()| )

This implies

][ ’VU"YO
B(z) (%o)
1

Yok o
o 2diam(§2) p—1 "o

< Y0
<< (i) (]i() a4 [P () )+ )

< 0 dan) 0 ([P ) an)] ™ 57 )

where we used (4.2) in the last inequality.
Now applying this result to (4.1) we arrive at (1.13). This completes the proof of
Theorem 1.4.

Remark 4.5 Our argument works also in the case p > 2 — % provided we use the local
interior pointwise gradient estimates obtained in the work [8, 16]. In this case, of course

the truncated Riesz’s potential Ifdiam(m(\,u\) is used in placed of ngiam(m(mwl/%.
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