DIRECT AND INVERSE LIMITS OF NORMED MODULES
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ABSTRACT. The aim of this note is to study existence and main properties of direct and inverse

limits in the category of normed L°-modules (in the sense of Gigli) over a metric measure space.
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INTRODUCTION

Recent years have witnessed a growing interest of the mathematical community towards the
differential calculus on nonsmooth spaces. In this regard, an important contribution is represented
by N. Gigli’s paper [3], wherein a first-order differential structure for metric measure spaces has
been proposed. Such theory is based upon the key notion of normed L°-module, which provides
a generalisation of the concept of ‘space of measurable sections of a measurable Banach bundle’.
The main aim of the present manuscript is to prove that direct limits always exist in the category
of normed L°-modules. Furthermore, we shall report the proof of existence of inverse limits
of normed L°-modules, which has been originally achieved in [5]. Finally, we will investigate
the relation between direct/inverse limits and other natural operations that are available in this
framework, such as dual and pullback.

Overview of the content. The concept of normed L°-module that we are going to describe has
been originally introduced in [3] and then further refined in [4]. We propose here an equivalent
reformulation of its definition, which is tailored to our purposes.
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Let (X,d,m) be a given metric measure space. Counsider an algebraic module .# over the
commutative ring L°(m) of all real-valued Borel functions defined on X (up to m-a.e. equality).
By pointwise norm on .4 we mean a map |- |: .# — L°(m) satisfying the following properties:

[v]| >0 m-a.e. for every v € #, with equality if and only if v = 0,
v+ w| < ||+ |w| m-ae. for every v,w € A,

If -v| = |f|lv] m-a.e. forevery v € .# and f € L°(m).

The pointwise norm | - | can be naturally associated with a distance d_4 on .#: chosen a Borel
probability measure m’ on X that is mutually absolutely continuous with respect to m, we define

dz(v,w) ::/\v—w|/\1dm’ for every v,w € A .

Then we say that the couple (///,\ . |) is a normed L°(m)-module provided the relative metric
space (.#,d_y4) is complete. The crucial example of normed L°-module one should keep in mind is
the space of Borel vector fields on a Riemannian manifold (with the usual pointwise operations).
Given two normed L°(m)-modules .# and .4, we say that a map ¢: .# — A is a morphism
provided it is a morphism of L%(m)-modules satisfying the inequality ‘(p(v)| < |v| in the m-a.e.
sense for every v € .#. Consequently, we can consider the category of normed L°(m)-modules.
The scope of these notes is to analyse direct and inverse limits in such category. More in detail:

i) We prove that any direct system in the category of normed L°(m)-modules admits a
direct limit (cf. Theorem 2.1). Among other properties, we show (cf. Lemma 2.5) that
any normed L°(m)-module can be written as a direct limit of finitely-generated modules
(which is significant to the application b) we shall illustrate at the end of this introduction)
and (cf. Theorem 2.12) that the direct limit functor commutes with the pullback functor.

ii) Existence of inverse limits in the category of normed L°(m)-modules has been already
proven by the author, together with N. Gigli and E. Soultanis, in the paper [5]. In order
to make these notes self-contained, we shall recall the proof of such fact in Theorem 3.1.
We also examine several (not previously known) properties of inverse limits in this setting;
for instance, we prove that ‘the dual of the direct limit coincides with the inverse limit
of the duals’ (see Corollary 3.11). On the other hand, inverse limit functor and pullback
functor do not commute (see Remark 3.12).

It is worth to underline that the category of normed L°(m)-modules reduces to that of Banach
spaces as soon as the reference measure m is a Dirac measure dz concentrated on some point Z € X,
whence the above-mentioned features of direct and inverse limits of normed L°-modules might be
considered as a generalisation of the corresponding ones for Banach spaces.

Motivation and related works. Besides the theoretical interest, the study of direct and inverse limits
in the category of normed L°-modules is principally motivated by the following two applications:

a) DIFFERENTIAL OF A METRIC-VALUED LOCALLY SOBOLEV MAP. Any metric measure
space (X,dx,m) can be canonically associated with a cotangent module LY (T*X) and a
tangent module LY, (TX), which are normed L°(m)-modules that supply an abstract notion
of ‘measurable 1-forms on X’ and ‘measurable vector fields on X', respectively; we refer the
interested reader to [3, 4] for a detailed description of such objects. Moreover, there are
several ways to define Sobolev maps from (X, dx, m) to a complete metric space (Y, dy).
One of possible approaches is via post-composition with Lipschitz functions (cf. [6]). Given
any map u: X — Y that is locally Sobolev in the above sense, one can always select a
distinguished object |Du| € L2 (X,dx,m) — called minimal weak upper gradient of u —

loc
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which plays the role of the ‘modulus of the differential of u’. The purpose of the work
[5] was to build the differential du associated to u, defined as a linear operator between
(suitable variants of) tangent modules. More precisely, in the special case in which |Dul is
globally 2-integrable the differential of u is a map from LY (T'X) to (u*Lg(T*Y))*, where
the measure g is defined as p := u,(|Du[>m). The precise choice of this finite Borel
measure p on Y is due to the fact that it enjoys nice composition properties. On the other
hand, if the function |Dul is just locally 2-integrable, then the measure u, (|Du|? m) may
no longer be o-finite (thus accordingly the cotangent module LY (T*Y) is not well-defined).
The strategy one can adopt to overcome such difficulty is the following: the family F(u)
of all open subsets §2 of X satisfying fQ | Du|? dm < +o0 is partially ordered by inclusion,
whence the idea is to initially deal with the ‘approximating’ modules L?m (T*Y) — where
we set po = uy (Xq [Dul? m) — and then pass to the inverse limit with respect to Q € F(u).

b) CONCRETE REPRESENTATION OF A SEPARABLE NORMED L’-MODULE. A significant way
to build normed L%modules is to provide some reasonable notion of measurable Banach
bundle and consider the space of its measurable sections (up to a.e. equality). Nevertheless,
it is not clear whether any normed L°-module actually admits a similar representation.
In this direction, it is proven in [%] that each finitely-generated normed L°-module can be
viewed as the space of sections of some bundle. The aim of the forthcoming paper [1] is
to extend this result to all separable normed L°-modules. One of the possible approaches
to achieve such goal is to realise any separable normed L°-module .# as the direct limit
(with respect to a countable set of indices) of finitely-generated normed L°-modules .,
and to apply the previously known result to each module ..

Acknowledgements. 1 would like to thank Danka Luci¢ and Tapio Rajala for their careful reading
of a preliminary version of this manuscript.

1. PRELIMINARIES

1.1. Normed L°(m)-modules. For our purposes, a metric measure space is a triple (X,d, m),
where (X, d) is a complete and separable metric space, while m > 0 is a Radon measure on (X, d).
We denote by L°(m) the space of all Borel functions f: X — R considered up to m-a.e. equality. It
is well-known that L°(m) is both a topological vector space and a topological ring when equipped
with the usual pointwise operations and with the topology induced by the distance

dusi (1:9) 1= [ 1f =gl A1’ for every £.g € L%(m)

where m’ is any Borel probability measure on X with m < m’ < m. Given any (not necessarily
countable) family {f;}ie; C L°(m), we denote by esssup;c;fi € L°(m) and essinf;e;f; € L°(m)
its essential supremum and essential infimum, respectively.

Definition 1.1 (Pointwise norm). Let .# be a module over the commutative ring L°(m). Then
we say that a map |- |: A4 — L°(m) is a pointwise seminorm on .# provided
|lv]| >0  for everyv € A,
[v4+w| < |v]+ |w| for every v,w € A,
If-v] = |fllv]  for everyv € .4 and f € L°(m),

where all inequalities are intended in the m-a.e. sense. Moreover, we say that | - | is a pointwise
norm on A if in addition it holds that |v] = 0 m-a.e. if and only if v = 0.
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Any pointwise seminorm can be naturally associated with the following pseudometric:
dy(v,w) = / v —w| Aldm’ for every v,w € A,

where m’ is any given Borel probability measure on X such that m < m’ < m. It holds that d_g4
is a distance if and only if | - | is a pointwise norm.

With this said, we can give a definition of normed L°(m)-module that is fully equivalent to the
one that has been proposed in [3, 4]:

Definition 1.2 (Normed L°(m)-module). A normed L°(m)-module is a module .# over L°(m)

endowed with a pointwise norm | - | whose associated distance d_g is complete.

A morphism p: M — N between two normed L°(m)-modules .# and .4 is any L°(m)-module
morphism — i.e. satisfying o(f - v) = f - ¢(v) for every f € L%(m) and v € .# — such that

lo(v)] < |v|  holds m-a.e. for every v € /.
This allows us to speak about the category of normed LY(m)-modules.

Example 1.3. Let us suppose that m = §; for some point # € X. Then the ring L°(d;) can be
canonically identified with the field R, thus accordingly the category of normed L°(8z)-modules is
(equivalent to) the category of Banach spaces. |

Definition 1.4 (Generators). Let .# be a normed L°(m)-module. Then a family S C .4 is said
to generate .4 provided the smallest L°(m)-module containing S is d_gz-dense in M , i.e.

(X

Lemma 1.5 (Metric identification). Let .# be an L°(m)-module with a pointwise seminorm | - |.

neN, (f)r, € Lm), (v)i, C S} is d_g-dense in M .

Consider the following equivalence relation on M : given any v,w € M, we declare that v ~ w
provided |v — w| = 0 holds m-a.e. on X. Then the quotient # | ~ inherits an L°(m)-module
structure and the map |[v]~| = |v| is a pointwise norm on A | ~.

Proof. The set A = {v € .# : |v] =0 m-a.e.} is clearly a submodule of .#, thus the quotient
space M | ~= M | A has a canonical L°(m)-module structure. Given that

|[v] = [w|| < v —w| holds m-a.e. for every v,w € 4,

the map | - |: .#/ ~— L°(m) defined by |[v]~| = |v| is well-posed and satisfies all the pointwise
norm axioms. This gives the statement. O

Lemma 1.6 (Metric completion). Let .# be an L°(m)-module with a pointwise norm | -|. Then
there exists a unique (up to unique isomorphism) couple (M, 1), where

i) My is a normed L°(m)-module,

i) 1 M — My is an L°(m)-linear map preserving the pointwise norm,

such that the range (M) is dense in .My with respect to the distance d_z, .

Proof. Denote by (#p,t) the completion of the metric space (.#,d 4), which is known to be
unique up to unique isomorphism. The pointwise norm | - |: t(.#) — L°(m) can be easily proved
to be continuous from (u(.#),d,.z)) to (L°(m),dLo(m)), whence it can be uniquely extended to
a continuous map | - |: .#y — L°(m). Arguing by approximation, we conclude that the extended
map | - | is a pointwise norm on .#, and that d_z, (v,w) = [|v — w| A 1dw’ for every v, w € .
This proves the validity of the statement. O
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Given any two normed L°(m)-modules .# and .4, we define the space HOM(.#, /) as
Hom( A, N) = {T: M — N | T is L°(m)-linear and Continuous}.
Standard arguments show that for any 7' € Hom(.#,.#") there exists £ € L°(m) such that
|T(v)] < €|v] holds m-a.e. for every v € /. (1.1)
It turns out that the function

|T| :== esssup {|T(v)|

v € A, |v|] <1 holds m—a.e.} € L°(m) (1.2)

is the minimal function ¢ (in the m-a.e. sense) for which (1.1) is satisfied. We point out that an
element T' € HoM(.#,./") is a morphism between .# and ./ (in the categorical sense) if and only
if |T'| <1 holds m-a.e. on X. Furthermore, the space HOM(.#,.4") inherits a natural structure of
normed L°(m)-module if endowed with the pointwise operations

(T+ S)(v) =Tw)+ S(v) forevery T,S € Hom(.4#,. V),
(f-T)()=f-T(v) forevery f € L°m)and T € Hom(.#,.N)
and with the pointwise norm operator HoMm(.#, 4") 2 T — |T'| € L°(m) introduced in (1.2).

Definition 1.7 (Dual of a normed L°(m)-module). Let .# be a normed L°(m)-module. Then we
define its dual normed L°(m)-module .4* as

M* = HoM (A, L°(m)).
(Observe that L°(m) itself can be viewed as a normed L°(m)-module.)

Let .#, . be any two normed L°(m)-modules and let ¢: .# — .4 be a given morphism.
Then the adjoint operator p: #* — #* is defined as
(W) =wop for every w e A (1.3)
It is immediate to check that ¢*% is a morphism of normed L°(m)-modules as well.

Remark 1.8. Define £; = £1|[0 I and consider a Banach space B. Then the space LO([O, 1]7183)

of all (strongly) Borel maps from [0, 1] to B (considered up to £;-a.e. equality) can be easily shown
to be a normed LY(L;)-module if endowed with the following operations:

(u+0)(t) = u(t) + v(t),
(f-uw)(t) = f(t)u(t), for £q-a.e. t € [0,1],
[ul (£) = [[u(®) |5

for every u,v € L°([0,1],B) and f € L°(L;). By combining the results of [3, Section 1.6] with the
properties of the L°-completion studied in [4], one can deduce that LO([O, 1], B’ ) is isometrically
embedded into L°([0,1],B)” and that

L°([0,1],B)" = L°([0,1],B') <= B’ has the Radon-Nikodjm property, (1.4)
where B’ stands for the dual of B as a Banach space. (We refer to [2] for the definition of the
Radon-Nikodym property and its main properties.) |

Theorem 1.9 (Pullback of a normed L°(m)-module). Let (X,dx,mx), (Y,dy,my) be metric
measure spaces. Let f: X — Y be a Borel map with fimx < my. Then it holds that:
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i) Let .# be a given normed L°(my)-module. Then there exists a unique couple (f*.4 , f*) -
where f*.# is a normed L°(mx)-module and f*: M4 — f*.# is a linear map — such that

|f*v|=|v]o f m-a.e. foreveryv e 4,
{ffv:ved} generates f* 4.

Uniqueness is up to unique isomorphism: given any other couple (Mo, T) with the same

(L.5)

properties, there is a unique normed L°(mx)-module morphism ®: f*.# — My such that
Ry

S
///()
s a commutative diagram.

ii) Let 4, N be two given normed L°(my)-modules. Let ¢: M4 — N be a morphism of
normed L°(my)-modules. Then there exists a unique morphism f*p: f*M — f*N of
normed L°(mx)-modules such that

M —E

f*l lf*

ol —— [N
fre
18 a commutative diagram.

Remark 1.10. The notion of pullback of a normed L°(m)-module introduced in Theorem 1.9
above fits in the framework of category theory; we refer to [3, Remark 1.6.4] for the details. W

Example 1.11. Consider two metric measure spaces (Y,dy, my), (Z,dz, mz) with my finite. We
endow the space X :=Z x Y with the product distance dx = dz x dy, defined as

(dz x dy)((z1,91), (22,92)) = \/d%(ZhZZ) +d%(y1,y2) for every (z1,41), (22,2) € X,
and the product measure mx = myz ® my. Moreover, we call 7: X — Y the natural projection
map (z,y) — y, which is continuous and satisfies T,mx = mz(Z) my < my.
Given any normed LY(my)-module .#, we define the space L°(Z,.#) as the family of all
(strongly) Borel maps V': Z — .# considered up to mz-a.e. equality. It is straightforward to check

that the space L°(Z,.#) is a normed L°(mx)-module if equipped with the following operations:
(V+W)(z) =V(z)+ W(z) € for my-a.e. z € Z,
(f-V)(2) = f(z,-) V(2) € # for mz-ae. z€Z,
VI(z,y) = |V(2)|(y) for mx-ae. (z,9) €X,

for every V,W € L%(Z,.#) and f € Lo(mx) this constitutes a generalisation of what has been
described in Remark 1.8. Finally, we denote by T: .# — L°(Z,.#) the linear operator sending
any element v € . to the map T(v): Z — .# identically equal to v. We thus claim that

(L2, .4),T) = (x* M , 7). (1.6)

In order to prove it, we need to show that the two properties in (1.5) are satisfied. For the first
one, notice that for any v € .# it holds that

IT(0)|(z,9) = |T(0)(2)|(¥) = lv|(y) = [v|(7(z,9)) = (|v] o 7)(z,y) for mx-a.e. (z,y) € X.

For the second one, just observe that simple maps (i.e. Borel maps from Z to .# whose range is
of finite cardinality) are dense in L°(Z, .#). Therefore the claim (1.6) is proven. [ ]
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1.2. Direct and inverse limits in a category. The purpose of this subsection is to recall the
notion of direct/inverse limit in an arbitrary category; we refer, for instance, to [9] for a detailed
account on this topic.

Fix a directed (partially ordered) set (I, <), which is a nonempty partially ordered set such that
any pair of elements admits an upper bound (i.e. for every i,j € I there exists k € I satisfying
both i < k and j < k). The directed set (I, <) can be considered as a small category Z, whose
objects are the elements of I and whose morphisms are defined as follows: given any 4,5 € I, there
is a (unique) morphism ¢ — j if and only if ¢ < j. Let us also fix an arbitrary category C.

A direct system in C over I is any couple ({X;}icr, {ij}i<;), where {X; : i € I} is a family
of objects of C, while {¢;; : 4,5 € I, i < j} is a family of morphisms ¢;;: X; — X satisfying the
following properties:

i) 4 is the identity of X; for every i € I.
i) @ir = )i © @i for every i,j,k € I with i < j < k.
Equivalently, a direct system in C over [ is a covariant functor Z — C.

We can define the direct limit of the direct system ({Xi}ie 1. {pijti< j) via a universal property.
We say that (li_n}X*, {(pi}ig) — where @X* is an object of C and {y; : i € I} is a family of
morphisms ¢;: X; — li_I)IlX* called canonical morphisms — is the direct limit of ({Xi}iel, {%‘j}igj)
provided the following properties hold:

a) (ligX*7 {sﬁi}iej) is a target, i.e. the diagram

Pij
Xi — Xj

N 2
lim X,
commutes for every ¢,j € I such that ¢ < j.
b) Given any target (Y, {t;}icr), there exists a unique morphism ®: lim X, — Y such that

Xi =5 lim X,
N l‘l’
Y

is a commutative diagram for every i € I.

In general, a direct system in an arbitrary category might not admit a direct limit. Nevertheless,
whenever the direct limit exists, it has to be unique up to unique isomorphism: given any other
direct limit (X, {902}1‘61) of ({Xi}ieh {‘Pij}igj)y there is a unique isomorphism .#: X — li_ngX*
such that ¢; = & o ¢} holds for every i € I.

An inverse system in C over I is any couple ({X;}icr, {Pij}i<;), where {X; : i € I} is a family
of objects of C, while {P;; : 4,5 € I, i < j} is a family of morphisms P;;: X; — X; satisfying the
following properties:

i) Pj; is the identity of X; for every i € I.
ii) Pi = @i 0 @i for every 4,5,k € I with i < j <k.
Equivalently, an inverse system in C over [ is a contravariant functor Z — C.

We can define the inverse limit of the inverse system ({Xi}iej7 {P;; }igj) via a universal pro-
perty. We say that (l'ng*, {Pi}ier) — where @X* is an object of C and {P; : ¢ € I} is a family of
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morphisms P;: yLnX* — X; called natural projections — is the inverse limit of ({X;}icr, {Pi;}i<;)
provided the following properties hold:
a) The diagram

commutes for every i,j € I such that i < j.
b) Given any other such couple (Y, {Qi}ig) — namely satisfying Q; = P;;0Q, forall¢,j € I
with ¢ < j — there exists a unique morphism ®: Y — @X* such that

Y — lim X,
% lpi
X
is a commutative diagram for every ¢ € 1.
In general, an inverse system in an arbitrary category does not necessarily admit an inverse limit.
Nevertheless, whenever the inverse limit exists, it has to be unique up to unique isomorphism:

given any other inverse limit (X AP }ie 1), there exists a unique isomorphism .#: X — @X*
such that P, = P; o .# holds for every i € I.

1.3. Direct and inverse limits of R-modules. For the usefulness of the reader, we report here
the construction of the direct/inverse limit of (algebraic) modules over a commutative ring. The
material we are going to present can be found, e.g., in [7]. Let us fix a commutative ring R and a
directed partially ordered set (I, <).

Let ({Ml}ze I, {cpl-j}l-gj) be a direct system of R-modules over I. We define an equivalence
relation ~ on | |;.; M;: given v € M; and w € Mj, we declare that v ~ w provided there is k € I
with 4,7 < k such that ¢;(v) = @;r(w). Then we define the direct limit of ({Mi}ig, {npij}igj) as

ling M, = | | M / ~.
iel
The R-module operations on @M* are defined in the following way:
e Let v,w € liAlM* be fixed. Pick any v € v N M; and w € w N M;. Choose some k € [
such that 4, j < k. Notice that ¢;,(v) € v N My and @ji(w) € w N M. Then we define
the sum v 4 w € lim M, as the equivalence class of @ik (v) + vk (w) € M.

o Let v e li_n)lM* and r € R be fixed. Pick any v € v N M;. Then we define r - v € li_n)lM*
as the equivalence class of r - v € M;.

It is easy to check that such operations are well-posed and the resulting structure (li_rr>1M*, +, )
satisfies the R-module axioms. The canonical morphisms ¢;: M; — liAqM* are obtained by
sending each element to its equivalence class. We point out a fundamental property:

For every v € lim M, there exist i € I and v € M; such that vi(v) =wv. (1.7)
The above claim is a direct consequence of the very definition of hﬂ M,.

Now let us consider an inverse system ({Mi}ig, {Pij}igj) of R-modules over I. Then we define
its inverse limit as

A I

v; = P;;(v;) for every i,j € I with i < j}.
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The direct product [[,.; M; has a natural R-module structure with respect to the element-wise

M;. Finally, the

operations. It can be readily shown that lim M, is an R-submodule of [Lics

natural projections P;: @M* — M; are defined as
P;(v) :=wv; for every v = {v;}icsr € @M*.

In particular, given any family {v;}ier such that v; € M; and v; = P;;(v;) hold for every ¢,j € I
with ¢ < j, there exists a unique element v € @M* such that P;(v) = v; for every i € I.

2. DIRECT LIMITS OF NORMED L°(m)-MODULES

2.1. Definition. Unless otherwise specified, let (X,d, m) be a fixed metric measure space. The
aim of this subsection is to prove that direct limits exist in the category of normed L°(m)-modules.

Theorem 2.1 (Direct limit of normed L°(m)-modules). Let ({.#;}icr, {¢ij}i<;) be a direct system
of normed L°(m)-modules. Then its direct limit (li%m///*, {@i}iel) exists in the category of normed
L°(m)-modules.

Proof. Since ({#;}icr,{i;}i<;) is a direct system in the category of algebraic L°(m)-modules,
we can consider its direct limit (%Alg, {(p;}ief) in such category (cf. Subsection 1.3). It can be
readily checked that the following formula defines a pointwise seminorm on .#aj,:

lv] :=ess inf {|v] : i €1, ve M, pj(v)=v} forevery v € My,. (2.1)

Clearly |v| € L°(m) for every v € .#x); by (1.7). Consider the equivalence relation ~ on .#x, as
in Lemma 1.5 and the metric completion (liﬂ//{*, L) of Mpig/ ~ as in Lemma 1.6. For ¢ € I we
set the map ¢;: A; — lig///* as @;(v) = L[(p;(v)]N € lig//l* for all v € ;. We claim that

(lignt///*, {goi}ie[) is the direct limit of ({%}iel, {%‘j}igj) as normed L°(m)-modules.
First of all, we know that li_n;l///* is a normed L°(m)-module from Lemmata 1.5 and 1.6. Each ¢;

is LY(m)-linear as composition of L°(m)-module morphisms, while for every v € .#; it holds that

lei(v)| = |@;(v)] (2§1) |[v]  in the m-a.e. sense,
thus proving that ¢; is a normed L°(m)-module morphism. Given that @iopi; =g foralli,j el
with ¢ < j, we immediately deduce that ¢; o ¢;; = ¢; as well. Therefore it only remains to prove
the universal property: let (JV AW tie 1) be any given target. It is a target even in the category of
algebraic L°(m)-modules, therefore there exists a unique L°(m)-morphism ®': .#1; — 4 such
that ® o ¢} =, for every i € I. Then we are forced to define the map ®: ((Ap1g/ ~) — A as

P(Lv]~) =@ (v) for every v € M. (2.2)
Observe that for any v € .#a1, we have
@' (v)| = |¢i(v)| < |v] m-ae. forevery i € I and v € .4 with ¢j(v) = v,

thus accordingly |®’(v)| < |v| holds m-a.e. in X. This grants that the operator ® in (2.2) is well-
defined and can be uniquely extended to a normed L°(m)-module morphism ®: lig///* - AN
This proves the universal property and concludes the proof of the statement. O

Remark 2.2. It follows from the proof of Theorem 2.1 that (J;.; ¢i(.#;) is dense in lig///*. In
particular, if I is countable and each .#; is separable, then liént//l* is separable as well. |
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Definition 2.3 (Morphism of direct systems of normed L°(m)-modules). A morphism © between
two direct systems ({M;}ier, {¢ij}ti<j) and ({A}ier, {¥i;j}i<j) of normed L°(m)-modules is a
family © = {0;}icr of normed L°(m)-module morphisms 0;: #; — N; such that

My =" N

%Ji l"/’i_j

M 5 N;
is a commutative diagram for every i,j € I with i < j.

With the notion of morphism just introduced, it makes sense to consider the category of direct
systems of normed L°(m)-modules. Then the correspondence sending a direct system of normed
L°(m)-modules to its direct limit can be made into a functor, as shown by the following result.

Theorem 2.4 (The direct limit functor hg) Let © = {0;}ic1 be a morphism between two di-
rect systems ({///i}iel, {%’j}ig]’) and ({J%}iel, {%‘j}igj) of normed L°(m)-modules, whose direct
limits are denoted by (lig//{*7 {piticr) and (hg/l@, {ti}ticr), respectively. Then there exists a
unique normed L°(m)-module morphism @9*1 lig///* — hgﬂ/* such that the diagram

My — 2

wJ{ Jw,. (2.3)
li
commutes for every i € I. In particular, the correspondence hﬂ is a covariant functor from the
category of direct systems of normed L°(m)-modules to the category of normed L°(m)-modules.

Proof. Let us denote by (///Alg, {%}ieI) and (:/%;1@ {7/12}1‘51) the direct limits (in the category of
algebraic L°(m)-modules) of ({.#}icr, {ij}i<;) and ({4 }ier, {tij}i<;), respectively. We define
the map 6': Anig — Aalg as follows: given any v € #ayg, there exist ¢ € I and v € .#; such
that ¢}(v) = v by (1.7), thus we set 0'(v) == (¢} 0 0;)(v). It is straightforward to verify that 0’ is
well-defined and is the unique L°(m)-module morphism such that 6’ o ¢} = 9! 0 §; for every i € I.
As in the proof of Theorem 2.1, let us consider the dense-range operators ¢: .#aj, ] ~— Hgl///*
and ¢: Naig/ ~— hﬂg/ﬁ given by Lemmata 1.5 and 1.6. It can be readily checked that there
exists a unique L°(m)-module morphism 0: «(#x1z/ ~) — t(ANa1g/ ~) such that

0(c[v]~) = [0/ (v)] . for every v € Mp,.

Its well-posedness is granted by the m-a.e. inequality |L[9/(’U)]N| < ’L[’U]~|, which is satisfied for
every v € .# g as a consequence of the following observation:

[0 ()] | = |0 (v)| = | (2} 0 6;)(v)] (2§1) |6:(v)| < |v|  holds m-a.e.

for every i € I and v € .#; such that ¢}(v) = v, whence [[¢/(v)] | < |v| = |¢[v]~]| holds m-a.e.
again by (2.1). This also ensures that 6 can be uniquely extended to a normed L°(m)-module
morphism h_I)n 0,: li_I)nt///* — hgrl s, which is the unique morphism satisfying hge* ow; =1P; 00;
for every i € I. This concludes the proof of the statement. O

2.2. Main properties. In this subsection we collect the most important properties of direct limits
of normed L°(m)-modules.

Lemma 2.5. Any normed L°(m)-module can be written as direct limit of some direct system of
finitely-generated normed L°(m)-modules.
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Proof. Let .# be anormed L°(m)-module. Choose any set D that generates .# (possibly D = .#).
We denote by Pr(D) the family of all finite subsets of D. Now choose any subset I of P (D) that
is a directed partially ordered set with respect to the inclusion relation C and such that | rer F'
generates . (for instance, Pr(D) itself satisfies these properties). Then let us define

My = submodule of .#Z generated by F,

Lpg: My — M inclusion map,

for every F,G € I with F' C G. It is then clear that ({///F}Fef, {Lpg}pgg) is a direct system of
(finitely-generated) normed L°(m)-modules. We claim that

M =i A, (2.4)

the canonical morphisms being given by the inclusion maps vp: Ap < M. First, (M, {ir}rer)
is obviously a target. To prove the universal property, fix another target (JV AVF}re 1). Notice
that the L°(m)-module Jp.; #F is dense in .# by construction. Therefore it can be readily
checked that there is a unique morphism ®: .# — .4 such that ®(v) = ¢)p(v) holds for all F' € T
and v € A, or equivalently ® o 1p = ¢ for every F € I. This proves the claim (2.4). O

Corollary 2.6. Let .# be a separable normed L°(m)-module. Let (v,)nen be a countable dense
subset of A . Given any n,m € N with n < m, let us define:

i) M, as the module generated by {vy,...,v,},
W) ty: My — M and Ly My, — My, as the inclusion maps.

Then it holds that (///, {Ln}neN) is the direct limit of the direct system ({///n}neN’ {an}ngm)-

Proof. Notice that D = (v,,)nen generates .#. Then the statement follows from the proof of
Lemma 2.5 by choosing as I the family of all subsets of D of the form {v1,...,v,} withn e N. O

The category of normed LY(m)-modules is a pointed category, its zero object being the trivial
space {0}. Given two normed L°(m)-modules .#, .#" and a morphism ¢: .# — ./, it holds that:

i) The kernel of ¢ is the normed L°(m)-submodule ker(p) = {v € # : p(v) = 0} of A
(together with the inclusion map ker(p) — .#).

ii) The image of ¢ is the normed L°(m)-submodule im(¢) of .4 generated by the set-theoretic
range ¢(.#) of ¢ (together with the inclusion map im(¢) < .A47). Observe that ¢(.#) is
an LY(m)-submodule of .4, thus im(y) coincides with the closure of ¢(.#) in A".

Remark 2.7. In general, the set-theoretic range of a normed L°(m)-module morphism might be
not complete. For instance, consider the Banach spaces £*° and ¢y, which can be regarded as
normed LY(m)-modules provided the measure m is a Dirac delta (as pointed out in Example 1.3).
The linear contraction p: £ — ¢g, defined as

o((te)ren) = (te/k)ren  for every (tr)ren € £°°,

is injective and its range @(¢>°) is dense in ¢y. The latter is granted by the following fact: the
space cqo (i.e. the space of all real-valued sequences having finitely many non-zero terms) is dense
in ¢g and is contained in ¢(¢°°). On the other hand, the operator ¢ cannot be surjective, as cq is
separable while £°° is not. Therefore the normed space ¢(¢*°) is not complete. |

The category of direct systems of normed LY(m)-modules is a pointed category, whose zero
object is the direct system ({%}iel, {%‘j}igg‘) given by .#; = {0} for all i € I and ¢;; := 0 for
all 4,7 € I with ¢ < j. Given a morphism © = {6;};cs of two direct systems ({4 }icr, {0ij}i<s)
and ({A7}icr, {¢ij}i<j) of normed L°(m)-modules, it holds that:
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a) The kernel ker(©) of © is given by ({ker(@i)}iel, {¢ij‘ker(9~)}i<j)'
b) The image im(©) of O is given by ({im(@i)}iel, {wij|im(9v)}i<j>'

Items a) and b) make sense, since ¢;; (ker(6;)) C ker(6;) and t;; (im(6;)) € im(6;) whenever i < j.

Proposition 2.8. Let © = {6;};c; be a morphism between two direct systems ({///i}iel, {<Pij}i§j)
and ({AMi}Yicr, {tij}i<;) of normed L°(m)-modules such that im(©) = ({A;}icr, {tij }i<;). Then
it holds that im(ligﬁ*) = hg(/V*

Proof. First of all, we know that:

o 0;(A;) is dense in A for every i € I, as im(6;) = .4; by assumption.
o ;e ¥i(A) is dense in hﬂﬂﬁ by Remark 2.2.

Hence (J;c;(0 o ;) (4;) is dense in lim .4 by (2.3), where 6 stands for lim 0,. This ensures that
the set 0(113///*) D User(0 0 @i)(A;) is dense in hﬂJV* as well, thus getting the statement. O

Remark 2.9. The dual statement of that of Proposition 2.8 fails in general, since it is possible
to build a morphism © = {6, };cr of direct systems with ker(©) = 0 such that ker(li_ngﬂ*) # 0.
For instance, suppose that m = §; for some Z € X, so that we are dealing with Banach spaces
(as observed in Example 1.3). Consider the sequence space ¢?> and the morphism T': 2 — (2
defined as T'(\1, A2, A3, ...) == (0,2, A3,...). Moreover, let us define the sequence (a,)neny C 2
as follows: a1 := (1/k)ken and a,, = (0gn)ken for all n > 2. Then we set 4, == span{ay,...,a,}
and ¥, = (2 for every n € N, while for every n < m we define the morphisms @y, : Ay — M,
and Ypm: An — A as the inclusion map and the identity map, respectively. Finally, let us
define the morphism 0,,: 4, — A, as 6, =T ” for every n € N. Therefore it is immediate to
check that ({2, }new, {@nmtn<m), ({Mn}tnen, {¥nmtn<m) are direct systems of Banach spaces
and that © := {0, } nen is a morphism between them satisfying ker(©) = 0. Obviously lim A, = 2,
but also liﬂ//{* = (2 by Corollary 2.6 and by density of the sequence (a,)nen in £2. It also turns
out that ligf)* =T. This yields the desired counterexample, as the map T is not injective. |

Lemma 2.10. Suppose that the directed set (I,<) admits a greatest element m € I. Then for
any direct system ({M;}icr,{pij}i<;) of normed L°(m)-modules it holds that

(///m, {Soim}iel) is the direct limit of ({///i}ieh {gpij}igj). (2.5)

In particular, given any morphism © = {0;}icr between two direct systems ({,///i}iel, {<Pij}i§j)
and ({AN;}icr, {tij}i<j) of normed L°(m)-modules, it holds that lim 0, = Oy,

Proof. 1t easily follows from the fact that m is the greatest element of (I, <) that (., {im ticr)
is a target. To prove the universal property, fix another target (</V AW tie 1). Then 1, is the
unique normed L°(m)-module morphism between .#,, and .4 such that 1., 0 @i, = 1; holds for
every i € I, which shows the validity of the universal property and accordingly the claim (2.5). O

Remark 2.11. The direct limit functor h_n>q is neither faithul nor full, as we are going to prove.

Suppose that I = {0,1} and that m = §; for some z € X. Set .4y = M = Ny = N = R,
viewed as Banach spaces with the usual Euclidean norm (recall Example 1.3). We also define
the maps po1: Ay — A1 and Yo1: N — M as go1(z,y) = (z,y) and Yo1(z,y) = (z,0),
respectively. We have that liﬂ///* = ./, and hge/i/* = A1 by Lemma 2.10.
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i) Let us consider the morphisms © = {0,601} and H = {ng,n:1} between the two direct
systems ({4, 41}, {00, po1,e11}) and ({A6, M}, {thoo, Yo1,111}) defined as follows:

00(1’7y) = (xay)y
770(5579) = (LC, _y)v
O1(z,y) = m(z,y) = (2,0).
Then © # H, but li_n>19* = hgln* by Lemma 2.10.

ii) Consider the morphism 6, : .#, — A1 given by 01 (x,y) = (z,y). Then there cannot exist
a normed L°(m)-module morphism 6y: .#, — A such that 61 0 g1 = 101 00, the reason
being that the map 61 o ¢g; is surjective while 11 is not. This means that we cannot
write the morphism 6 : hgq//{, — lim A} as li%mﬁ* for some morphism {6y, 6;} between
the direct systems ({.#, 1}, {¢o0, ¢o1,p11}) and ({45, M}, {200, o1, ¥11})-

Items i) and ii) above show that the functor h_n>r1 is neither faithul nor full, respectively. |

Theorem 2.12 (Pullback and direct limit commute). Let (X,dx,mx), (Y,dy,my) be metric
measure spaces. Let f: X — Y be a Borel map with fymx < my. Let ({///i}iel,{%j}igj) be
a direct system of normed L°(my)-modules, whose direct limit is denoted by (lign///*, {oitier).
Then ({f*#:}icr, {f*¢ij}i<j) is a direct system of normed L°(mx)-modules. Its direct limit is

lng /.40, = f* iy 1, (26)
together with the canonical morphisms {f*p;}icr.

Proof. 1t follows from Theorem 1.9 that the diagram

Pik

M, ©ij M Pk @ ya
r|

R R

Jotls oy Tl e Tt ey T il

commutes for every 4,7,k € I with i < j < k, whence accordingly ({f*///,;}iel, {f*(p,;j},;gj) is a
direct system of normed L°(mx)-modules having (f* ligﬂ//l*, {f*pitic1) as a target. Given any
other target (JV, {wi}ig), there exists a unique morphism ®: f* hﬂ'///* — 4 such that

<I>(f* (gpl(v))) =;(f*v) for everyi € I and v € A, (2.7)

as we are going to show. Since |J;c; ¢i(.#;) is a dense submodule of hgl//& (cf. Remark 2.2),
we know that (J,c; {f*(i(v)) : i € I, v € 4} generates f*lim ., by Theorem 1.9, whence
uniqueness follows. To prove (well-posedness and) existence, we need to show that if v € Hgl///*
can be written as v = ¢;(v) = ¢;(v') for some v € #; and V' € 4, then ¢;(f*v) = ¥;(f*v’) and
the inequality |1/1i(f*v)| < |f*v| holds in the mx-a.e. sense. Indeed, given any k € I with i,j < k
such that ;1 (v) = ¢,(v"), we deduce from the fact that the diagram

///i Pik /%k Pik %
flr
f ok

frodt, B2 prp 2 g
N

commutes that ¢;(f*v) and ;(f*v") coincide, thus it makes sense to define ®(f*v) = ¢;(f*v).
Since |®(f*v)| < |f*v| = [v] o f holds m-a.e. for every i € I and v € .#; with ¢;(v) = v, we infer
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that |®(f*v)| < |v|o f = |f*v|. Therefore there exists a (unique) morphism ®: f* ligl//& — N
satisfying (2.7), thus also ® o (f*p;) = 1); for all ¢ € I. This proves the universal property and
accordingly that (f* lii>n///*, {f*¢i}ticr) is the direct limit of ({f*.;}icr, {f*pij}ti<i)- O

3. INVERSE LIMITS OF NORMED L°(m)-MODULES

3.1. Definition. Let us fix a metric measure space (X,d,m). As we are going to see in this
subsection, inverse limits exist in the category of normed L°(m)-modules. This has been already
proved in [5]; for the sake of completeness, we report here the full proof of such fact.

Theorem 3.1 (Inverse limit of normed L°(m)-modules). Let ({#;}icr, {Pij}i<;) be an inverse
system of normed L°(m)-modules. Then its inverse limit (I'&Il///ﬂ {Pi}ie]) exists in the category
of normed L°(m)-modules.

Proof. Since ({#;}ic1,{Pi;}i<;) is an inverse system in the category of algebraic L°(m)-modules,
we can consider its inverse limit (/// ‘Algs { P }ie I) in such category (cf. Subsection 1.3). Given any
element v € .#y,, we define (up to m-a.e. equality) the Borel function |v|: X — [0, 4+00] as

|v| == esssup |P}(v)] (3.1)
iel

Then we define the L°(m)-submodule &Ln//ﬁ of Mayg as
@1//4 ={v € Mg : v| € L°(m)} = {v € Mny : |v] < +oo m-ace.},

while the natural projections P;: yﬂl//l* — M; are given by P; := P/

Zhgu% We claim that

(@%*, {Pi}icr) is the inverse limit of ({#;}icr, {Pi;}i<;) as normed L°(m)-modules. (3.2)

First of all, we need to show that lim .#, is a normed L°(m)-module. The only non-trivial fact to
check is its completeness: fix a Cauchy sequence (v"),en in 1'&1///*. Given that |P;(v")| < v
holds m-a.e. for all i € I and n € N by (3.1), we deduce that the sequence (Pi(vn))neN is Cauchy
in the complete space .#; for every ¢ € I, whence it admits a limit v; € .#;. Since the maps P;; are
continuous for all 4, j € I with ¢ < j, we can pass to the limit as n — oo in P;(v™) = P;; (Pj (v”))
and obtain that v; = P;;(v;), which means that v = {v; }ser € #a1z. Moreover, it can be readily
o] < o —om)
holds m-a.e. for every n, m € N and accordingly (\v”|)n€N is a Cauchy sequence in the space L°(m).
Calling f € L°(m) its limit, we infer from (3.1) that

checked that the map |-| is a pointwise norm on lim .#,, thus the inequality ||v™|—

lvil = lim |P;(v")| < lim |[v"| = f m-a.e. for every i€ I.
n—oo n—oo
This grants that |v| < f < 400 holds m-a.e. in X, therefore v € @%*. It also holds that

7L| (3.1) (3.1)

lv—v"| "="esssup |v; — P;(v")| = ess sup lim |P;(v™) = P;(v")] < lim [o™ — 0"
icl

icl m—o0 m— o0

in the m-a.e. sense. Then by letting n — 0o we conclude that [v—v"| — 0 in L°(m), or equivalently
that v, = v in @n//{h which proves the completeness of 1'&1///*.

Furthermore, it is immediate from the construction that each map P; is a normed L°(m)-module
morphism and that P; = P;;0P; holds whenever ¢, j € I satisfy ¢« < j, thus in order to get the claim
(3.2) it just remains to prove the universal property. To this aim, fix any couple (</V, {Qi}ie])
such that Q;(w) = (P;; 0Q,)(w) holds for all 4, j € I with ¢ < j and w € A". Then for any w € A
there exists a unique element ®(w) € .#x, satisfying P;(®(w)) = Q;(w) for every i € I. Given
that |Ql(w)| < |w]| holds m-a.e. for every i € I, we deduce that

|®(w)| D) oss sup |Pj(®(w))| = esssup |Qi(w)| < |w| < 400 in the m-a.e. sense,
iel iel
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whence ®(w) € Y&n///*. Therefore ®: A — ]'&n//& is the unique morphism such that Q; = P;0®
for all ¢ € I. This proves the universal property and accordingly (3.2), thus concluding the proof
of the statement. O

Remark 3.2. The following fact stems from the proof of Theorem 3.1: if {v;}ies is a family of
elements v; € #; satisfying v; = Py;(v;) for all 4,5 € I with ¢ < j and esssup;c;|v;| < +00 in the
m-a.e. sense, then there exists a unique element v € I'&n///* such that v; = P;(v) for every i € I.
Moreover, it holds that |v| = esssup;c;|vi|. |

Definition 3.3 (Morphism of inverse systems of normed L°(m)-modules). A morphism © between
two inverse systems ({M}icr, {Pi;}i<j) and ({Ai}icr, {Qij}i<;) of normed L°(m)-modules is a
family © = {0;};c1 of normed L°(m)-module morphisms 0;: M#; — N; such that

pml JQU (3.3)

is a commutative diagram for every i,j € I with i < j.

With the above notion of morphism at our disposal, we can consider the category of inverse
systems of normed L°(m)-modules. The correspondence associating to any inverse system of
normed L°(m)-modules its inverse limit can be made into a functor, as we are going to see.

Theorem 3.4 (The inverse limit functor 1&1) Let © = {0;}ic1 be a morphism between two
inverse systems ({///i}ief,{Pij}igj) and ({J%}ief,{Qij}iSj) of normed L°(m)-modules, whose
inverse limits are denoted by (1'&n//{*7 {P;}icr) and (gnai/*7 {Qi}icr), respectively. Then there
erists a unique normed Lo(m)—module morphism ]'&n&: @%* — @m such that the diagram

lim 6,

i, <=

. l lQi (3.4)

///ze—>«/%

commutes for every i € I. In particular, the correspondence l(in is a covariant functor from the

category of inverse systems of normed L°(m)-modules to the category of normed L°(m)-modules.
Proof. Pick any v € yin///* and define w; = 6, (Pl(v)) € A; for all i € I. By (3.3) we see that
Qij(w;) = (Qyj 0 Gj)(Pj(v)) =(0;0 Pij)(Pj(v)) =0, (Pl(v)) =w; foreveryi,j el with:<j.

Then there is a unique element (yLnG*) (v)=we @JQ such that Q;(w) = w; for every i € I, as
observed in Remark 3.2. One can readily check that the resulting map ]&n 0,: ]&n My — @ Ny is
a morphism of normed L°(m)-modules. Finally, it clearly holds that @1 0, is the unique morphism
for which the diagram (3.4) is commutative for all ¢ € I. Hence the statement is achieved. g

3.2. Main properties. In this subsection we describe some important properties of inverse limits
in the category of normed L°(m)-modules.

Lemma 3.5. Let .# # {0} be a given normed L°(m)-module. Call M, = M for every n € N.
For any n,m € N with n < m, we define the morphism P, : Mp, — My as

n
Pum(v) = - v for every v € My,.
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Then ({ M} nen, {Prmtn<m) is an inverse system of normed L°(m)-modules, with inverse limit
Wm .7, = {0}.

Proof. Tt immediately follows from its very definition that ({///n}neN, {an}ngm) is an inverse
system of normed L°(m)-modules. Moreover, its inverse limit (.#a1g, {P, }nen) in the category of
algebraic LY(m)-modules is given by

%Alg = {(nv)REN S HneN %n

P;n((nv)neN) =mv for every m € N and (nv),en € Al

ve///},

Therefore for any element v € .#a1s it m-a.e. holds that

|v| = esssup [nv] = +00 - X{ju|>0}>
neN

whence %Ln//& = {0}. This proves the statement. (]

The category of inverse systems of normed L°(m)-modules is a pointed category, whose zero
object is the inverse system ({%}iel, {Pz‘j}igj) given by .#; == {0} for all ¢ € I and P;; := 0 for
all 4,j € I with ¢ < j. Given a morphism © = {6, },cr of two inverse systems ({//{i}iel, {Pij}igj)
and ({47}ier, {Qij}i<;) of normed LY(m)-modules, it holds that:

a) The kernel ker(©) of © is given by ({ker(@i)}iel, {Pij|ker(9j)}i§j)'

b) The image im(©) of O is given by ({1m(9i)}iel, {Qij|im(0j)}i§j)'
Items a) and b) make sense, as P;; (ker(6;)) C ker(¢;) and Q;;(im(6;)) C im(6;) whenever i < j.
Proposition 3.6. Let © = {6;}ic; be a morphism between inverse systems ({,///i}iej, {Pij},»gj)
and ({A;}ier,{Qij}ti<j) of normed L°(m)-modules such that ker(©) = 0. Then ker(LiLnﬂ*) =0.
Proof. Pick v € l‘gl//{* with (@9*)(0) = 0. This implies 6, (P;(v)) = Q;(0) = 0 for every i € I
by (3.4), whence P;(v) = 0 as ker(6;) = 0 by assumption. Then v = 0 by Remark 3.2. O

Remark 3.7. The dual statement of that of Proposition 3.6 is false, as one can build a morphism
of inverse systems © = {0;};er with im(©) = ({47}ier, {Qij}i<;) such that im(lim6,) # lim 4.

For instance, fix any normed L°(m)-module .# # {0}. Let us define the inverse systems of
normed L°(m)-modules ({'/Zn}nGNv{an}nSm) and ({JVn}HGN, {Qnm}ngm) as follows:

My = Ny =M  for every n € N,
Pom(v) = Doy for every n <m and v € M,
m
Qum(w) =w for every n < m and w € A,.

The morphism © = {60, },en between ({///n}neN, {an}ngm) and ({%}neN, {Qnm}ngm) we
consider is given by
1
0, (v) = ~v for every n € N and v € 4,,.

Therefore l‘gl//{* = {0} by Lemma 3.5 and lim .4, = .#. This yields the desired counterexample,
as all the maps 6,, are surjective but im(@n&) ={0} #.4. [ |
Lemma 3.8. Suppose that the directed set (I,<) admits a greatest element m € I. Then for any
inverse system ({#;}ic1,{Pij}i<j) of normed L°(m)-modules it holds that

(%ma {Pim}iel) is the inverse limit Of ({%}ie[, {Pij}igj)~ (35)

In particular, given any morphism © = {6;}icr between two inverse systems ({///i}iel, {P,;j},;gj)
and ({J%}ief, {Qij}igj) of normed L°(m)-modules, it holds that @19* =0,,.
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Proof. Fix any couple (JV, {Qi}ie[) — where .4 is a normed L°(m)-module and Q;: A — .#;
are morphisms — satisfying Q; = P;; 0 Q; for all 4,5 € I with i < j. Hence ® := Q,, is the unique
morphism from A to .4, such that Q; = P, o ® holds for every i € I, which proves (3.5). O

Remark 3.9. By slightly modifying the examples provided in Remark 2.11, it can be readily
checked that the inverse limit functor @1 is neither faithul nor full. |

Proposition 3.10. Let ({#;}ic1,{¢ij}i<j) be a direct system of normed L°(m)-modules, whose
direct limit is denoted by (ligﬂ///*, {¢iticr). Gien any normed L°(m)-module A and i,j € I
with i < j, we define the morphism P;;: HoM(.4;, V) — HOM(A;, N) as
P;j(T) =Tog;; for every T € HOM(A;, N ).
Then ({HOM((///Z-,JV)}EI, {Pi;}i<j) is an inverse system of normed L°(m)-modules. Moreover,
it holds that
lim HoM (A, ) =2 HOM(@///*7JV),
the natural projections P;: HOM(liLn///*, JV) — Howm(A;, ) being defined as P;(T) =T o p;
for everyie I and T € HOM(@%*”/V).
Proof. Given any i, j,k € I with i < j <k and T € Hom(.#};,.+), it holds that
Pir(T) =T o pix =T o pji 0 pij = Py (T 0 pji) = (Puj o P )(T),
whence ({HOM(///i, JV)}ieI, {P,»j},»gj) is an inverse system. Analogously, P; = P;; o P; holds for
all 4,7 € I with ¢ < 7, thus to conclude it only remains to show that (HOM( lign//l*, ,/V)7 {Pi}ie[)
satisfies the universal property defining the inverse limit. Fix any (ﬁ, {Qi}ic 1), where O is a
normed L°(m)-module, while the morphisms Q,;: & — HoMm(4;, A) satisfy Q; = P;; o Q; for
every 1,7 € I with ¢ < j. Given any element w € &, we consider the family {Qi(w)}iel. Call f,
the function X{|w‘>0}ﬁ € L°(m) and observe that the morphisms f,, - Q;(w): #; — A satisfy
(fu - Qi(w))(v) = fu - Qi(w)(v) = fu - Pij(Qj(w))(v) = fu - (Qj(w) o pi;) (v)
= fu - Qi(w) (i (v)) = (fu - Q;(w)) (#i(v))
for every i,j € I with i < j and v € .#;. This shows that (/V7 {fw : Qi(w)}iel)
direct system ({#;}icr, {i;}i<;), whence there exists a unique morphism ®o(w): lig///* N
such that fi, - Qi(w)(v) = ®o(w)(yi(v)) holds for every i € I and v € .#;, thus accordingly the
element ®(w) = |w|-Po(w) € HOM(Ii_r)n///h ) satisfies Q;(w)(v) = ®(w) (i (v)) = P;(®(w))(v)
for all i € I and v € #;. Hence ®: 0 — HOM( lig///*, JV) is the unique morphism such that

is a target for the

o2 HOM(hg///*,JV)
N lpi
Howm(A4;, N)
is a commutative diagram for any ¢ € I. Then the statement is achieved. O

Corollary 3.11. Let ({#;}ic1,{¢ij}i<j) be a direct system of normed L°(m)-modules, whose
direct limit is denoted by (liﬂ///*, {piticr). Then ({H;}icr, {@?;jj}igj) is an inverse system of
normed L°(m)-modules (cf. (1.3) for the definition of the adjoint <pfjdj) Moreover, it holds that

lim .2 = (lim.4,)", (3.6)
the natural projections being given by go?dj: (hgl///*)* — M} for everyi € I.

Proof. Just apply Proposition 3.10 with .4 = L%(m). O
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Remark 3.12 (Pullback and inverse limit do not commute). Let (X, dx, mx), (Y,dy, my) be me-
tric measure spaces. Let f: X — Y be a Borel map with f,mx < my. Let ({#}icr, {Pi;}i<;) be
an inverse system of normed L°(my )-modules, whose inverse limit is denoted by ( @ My {Pi}ic 1).
Then ({f*.#;}icr,{f*Pij}i<;) is an inverse system of normed L(mx)-modules, as the diagram

Pjk Pij

Jim .7, LN M

R P

JoN Ay o [l e [y > [

f*Pjk f*Pij

commutes for every 7, j, k € I with ¢ < j < k by Theorem 1.9. Nevertheless, it might happen that
Wm [, 2 [ lim A,
For instance, consider the constant map m: [0,1] — {0}, where the domain is endowed with

the BEuclidean distance and the restricted Lebesgue measure £; = L1 while the target is

li0,17°
endowed with the trivial distance and the Dirac delta measure §y. Notice that trivially m.L£; < dp.

Moreover, by combining Example 1.11 with Example 1.3 we deduce that
7B = L°([0,1],B) for every Banach space B. (3.7)

Now consider the Banach space ¢!, that is the direct limit of some direct system ({Bi}iel, {%‘j}igj)
of finite-dimensional Banach spaces, for instance by Lemma 2.5. Since the spaces B have the

Radon-Nikodym property while £ = (1)’ does not (cf. [2]), we know from (1.4) that

L°([0,1],B;)" = L°([0,1],B;)  for every i € I, 39
. 3.8
LO([0,1],€")" 2¢ L°([0,1], £°).

Therefore it holds that

(3.6) , (3.7) (3.8) L (37)
7 JmB, = W*(@B*) > = L0([0,1],6®) 2 LO([0,1],€')" = (x*")*
(2.6) (3.6) cY)

>~ ~

= (r*ligB,)" = (lm7'B,)" = lim(r*B,) lim £°([0, 1], B,)"
3. 3.7
(g) @LO([O, 1],B) (é) lim B

Summing up, we have found an inverse system ({B/};c/, {cpf]d j}igj) of Banach spaces for which it
holds that 7* ILHB:( 2 @w*ﬁ%ﬂ‘. |

w
oo
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