Leader formation with mean-field birth and death models
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Abstract

We provide a mean-field description for a leader-follower dynamics with mass

transfer among the two populations. This model allows the transition from followers
to leaders and vice versa, with scalar-valued transition rates depending nonlinearly
on the global state of the system at each time.
We first prove the existence and uniqueness of solutions for the leader-follower dy-
namics, under suitable assumptions. We then establish, for an appropriate choice
of the initial datum, the equivalence of the system with a PDE-ODE system, that
consists of a continuity equation over the state space and an ODE for the transi-
tion from leader to follower or vice versa. We further introduce a stochastic process
approximating the PDE, together with a jump process that models the switch be-
tween the two populations. Using a propagation of chaos argument, we show that
the particle system generated by these two processes converges in probability to a
solution of the PDE-ODE system. Finally, several numerical simulations of social
interactions dynamics modeled by our system are discussed.

1 Introduction

The mathematical modeling of collective behavior for systems of interacting agents has
spawned an enormous wealth of literature in recent years. From the study of biologi-
cal, social and economical phenomena [Il, 2 O, 22] to automatic learning [14, 5] and
optimization heuristics [25] [36], these models lay at the heart of some of today’s most
prominent lines of research: for the latest development in the field, we point to the
surveys [8, 13, [18 [48] and references therein.

The modeling of such phenomena typically starts from particle-like systems as in
statistical physics. These particle models are also called Agent Based Models, and they
usually consist of a set of ODEs (one for each agent) interwined in a nonlinear way.
Such a modeling approach is quite useful, with one of the main advantages being the
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explicit description of the mutual interaction among agents, but has huge problems to
treat large systems of particles, as is the case with cells, molecules and social networks’
users. A classical approach to attack the problem is to pass to a continuous description
of the system, which means to pass from a particle description to a kinetic descriptions
where the unknown is the particle density distribution in the state space.

A wuseful tool in solving this problem is the mean-field limit [33], which amounts to
replace the influence of all the other individuals in the dynamics of any given agent by a
single averaged effect, a technique that goes back to [24] in plasma physics: to exemplify
it, if applied to a Hegselmann-Krause-type discrete particle system over R? (see [34])

N
;VZK(@@) —ai(t),  i=1,...,Nandte€[0,T]

Jj=1
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where K denotes the interaction kernel (which models the interaction between particles)
it leads to a continuity equation of Vlasov type

Opp = —div((K = pe)pe), L €[0,T]

with ¢ denoting the probability distribution of the particles over the state space R* and
(s p)(@) = [ K(o = duly),  for every o € L.
Rd

Notice how, in the process, the information of the pointwise positions x;(t) is replaced
by the knowledge of the space distribution of the particles ;. Such approach has the
advantage of reducing the computational complexity of the models (overcoming the
curse of dimensionality [10]) and allows the so-called microfundation of macromodels,
i.e., the validation of the macroscopic dynamics from the coherence with the behavior
of individuals (a central issue in the field of macroeconomics). The mean-field limit
of systems of interacting agents has been thoroughly studied also in conjunction with
irregular interaction kernel [I7), 32], control problems [3] 15 29, [30, B8] and multiple
populations [4, 5, 12} 21]. Also models where the total mass of the system is not preserved
in time, due to the presence of source (or sink) terms, have been considered (see for
instance [45, Sections 4-5]). In other models, the total mass of the system is preserved,
but not the role of the agents, since exchanges of mass between different populations are
allowed. One of these models is the leader-follower dynamics studied in [19] 27], given
by

Oyt = —div((K" * uf + K" % puf)uf)

—ap(pd m)uf +ar(ul s ppss
Oy = —div((K" s pf + K" % pf)py)

+ap(ud  wiwt — orn(ps, mf)ut.

t€[0,T]. (1)



Here, two competing populations uf and ,utL , of followers and leaders respectively, are
in interaction. Both the masses of followers and leaders vary in time, while their sum is
constant. The functionals K% : R? — R? for i € {F, L} are interaction kernels, modeling
their mutual spatial influence, while the transition rates ap,ar : M(R?) x M(R%) —
[0,4+00) govern the exchange of mass between pf and uf. In this paper, we shall
provide a thorough mean-field analysis of , discussing its well-posedness and rigorously
deriving it from an Agent Based Model. In order to do this, we will restrict our attention
to the case where the transition rates «; are scalar-valued, that is they depend on the
global state of the system at each time ¢, but not explicitly on the position z. The
usefulness of such a simplification in our analysis is discussed later on in Remark [2.7]

In order to carry out our analysis, we shall first establish the well-posedness of by
means of a compactness argument in the space of finite positive measures with compact
support endowed with the generalized Wasserstein distance Wy, see [43]. To do so,
we shall introduce an explicit Euler approximation of the dynamics and show that it
converges, as the time step vanishes, to the unique solution of system .

We shall then prove the equivalence between and another system for which we can
more easily provide a particle dynamics. Intuitively, this equivalent system is introduced
by defining the measures (4, o) a5E|

ve=pp +piy (0d(F),00(L)) = (nf (RY)/re(RY), pf (RT) /1 (RT)).

The idea of the equivalence is that, under suitable hypotheses on the initial data, one
can recover juf , ul from vy, oy by the relations

pi =ol(Fv,  pf=o(Lw. (2)

We shall show that, if the initial datum ug , ué satisfies for ¢ = 0, the system is
equivalent to

{atut = —a((Kwxodn) o ©

0oy = Aut,at0t7
where v4 X 0 is the product measure, the vector field for v is
(K, vt x 0p) := op(FYKE s vy + oy (LYK % 1, (4)
and the birth-death transition matrix is

A .: —ap(oy(F)v,ol(L)vy)  ap(of(F)v, ol(L)vy) (5)
Vot ap(oi(Fv,0e(L)yy)  —ap(of(Fvg,o(D)ve) |
The advantage of the measures v; and oy, with respect to uf and pl, is that they
are probability measuers over R% and {F, L}, respectively, and we can therefore use a
propagation of chaos argument (see [46]) to show that there exists a sequence of stochastic

'With a slight abuse of notation, from now on we write o(F),o(L) instead of o({F}),s({L}).



processes whose mean-field limit for N — oo is system . We will actually provide such
processes in explicit form: we denote them as (th’N,Ytl’N), e (XfV’N,YtN’N), where
for every t € [0,7] and i = 1,..., N we have (X", V") € R? x {F, L}. Setting

1 Y 1 «
N ._ . N ._ — ‘
I/t = N;éXZ,N and Ut — N ;6}@1,N,

then their dynamics is given by
o dXN = (K, uN x oN)(X[)dt,

° Yf’N obeys a jump process, with conditional transition rates for the realization of
(v, o) at time t, given by

— if V" = F then F — L with rate ap (v, o),

— if Y"N = L then L — F with rate a(vY,ol).

By virtue of the equivalence between and , the mean-field limit for N — oo of
the above Agent Based Model is system .

The final part of our paper is devoted to numerical implementations of . Three
model applications are considered:

e consensus dynamics for two populations uf, uf with a bounded confidence inter-
action kernel of Hegselmann-Krause type;

e aggregation dynamics with competition among repulsive followers !, and attrac-
tive leaders pl;

e the problem of steering a population towards a desired position via leaders’ action.

In the case of consensus we compare the effect of suitably chosen density-dependent
birth and death rates, allowing the system to reach consensus, with constant ones, where
instead the system ends up clustering around different states.

For the second case, observe that aggregation models are used to describe several
biological phenomena, but also as building brick of social interactions such as crowd
motion [I1, 23]. We show that a controlled generation of leaders, with attraction kernel,
is able to confine the whole density, balancing the repulsiveness of followers’ interactions.

In the third case, we study the case where leaders’ generation is conditioned to
achievement of a desired position, in analogy with control problem for pedestrian dy-
namics [2, [16]. Thus leaders’ motion influences the followers’ density towards a specific
goal, whereas followers’ interactions are ruled by an aggregation equation. We show that
the whole population is steered to the desired state, with the leaders’ mass diminishing,
and eventually vanishing, as soon as the followers are sufficiently close to the final state.

As a final remark we observe that most of our results can be straightforwardly ex-
tended to the case of a finite hierarchy of labels {Li,...,L,} instead of {F, L} with
transitions given by

L1+ Lo+ ... L, < L.



All the proofs would follow along the same lines, though at the expense of notation.
Actually, we conjecture that the results of the paper hold true even in the case of a
countable number of labels { L }ken, as treated in a simplified scenario in [47].

A further issue, which falls for the moment outside the scope of our methods, and is
likely to require a finer analysis, is the mean-field derivation of system in the case
where the birth rates take values in a functional space, for example when they explicitly
depend on the position z. We plan to address these aspects in future contributions.

The structure of the paper is the following. After discussing some measure-theoretical
preliminaries in Section [2 we turn our attention to system . We introduce a general
set of assumptions and prove the existence and uniqueness of solutions, using explicit
Fuler approximations of the dynamics and a compactness argument in the space of pos-
itive measures with bounded mass and compact support, endowed with the generalized
Wasserstein distance W,. This is done in Section |3, where we also establish a bijection
between solutions of and of under certain assumptions on the initial data (Propo-
sition . In Section [4| we derive system as mean-field limit of a particle system
which couples a SDE for the particles’ motion with a nonlinear master equation
for their labels. Section |5|is devoted to numerical experiments, which make use of
the finite volume scheme discussed in [B] In [A] we introduce some explicit examples of
transition functionals which comply with our assumptions and are indeed used in the
experiments of Section

2 Preliminaries

Let X be a Radon space; we denote by M(X) the set of finite positive measures on X,
and by M.(X) the subset of finite positive measures with compact support. The space
P(X) is the subset of M(X) whose elements are the probability measures on X, i.e.,
those p € M(X) for which p(X) = 1. The space P,(X) is the subset of P(X) whose
elements have finite p-th moment, i.e.,

/ 2P du(z) < +oo.
X

We denote by P.(X) the subset of P(X) which consists of all probability measures with
compact support. We denote the mass of a measure as |u| = p(X).

If X; and X5 are Radon spaces, for anyﬂ uw € M(X1) and any Borel function f :
X1 — Xo, we denote by f#u € M(Xs) the push-forward of p through f, defined by

f#u(E) = u(f~HE)) for every Borel set E of X5.

In particular, if one considers the projection operators m; and w9 defined on the product
space X1 X Xo, for every p € P(X1 x Xa) we call first (resp., second) marginal of p the
probability measure m#p (resp., ma#p). Given u € P(X1) and v € P(X2), we denote

Zmore in general, also if j is a signed Borel measure on X



by I'(u, ) the subset of all probability measures in P(X; x X5) with first marginal
and second marginal v.
We denote the weak convergence of measures as follows:

pn = when  for all f € CX®(RY) it holds/fd,un — /fd,u.

2.1 The Wasserstein distance

In this section, we recall the definition of Wasserstein distance, as well as some of its
useful properties.

Definition 2.1 (Wasserstein distance). For every p, v € Pp(X) we define

Wp(u,v) := inf {/XQ [z —ylPdp(z,y) = p €Tk, V)}l/p~ (6)

Remark 2.2. We denote by I',(u, v) the set of optimal plans for which the infimum in
@ is attained, i.e.,

pET (1) = p€T(ur) and [ o=yl dp(a.y) = Wi,

It is well-known that I',(u, ) is non-empty for every (u,v) € Pp(X) x P,(X), hence the
infimum in (6) is actually a minimum, see [49].

Remark 2.3. Under suitable conditions (see [49, Theorem 5.9]), by Kantorovich-Rubinstein
duality we have

Wi, ) = sup{ [ o= v)ia) s L) < 1}. (7)

In analogy with T'y(u,v), we denote by A(u,v) the set of Lipschitz maps ¢ : X — R
with Lip(¢) < 1, and by A,(u,v) the subset of A(u,v) for which the above supremum
is attained, i.e.,

o € Mo(ii,v) = € Al,v) and /X (@) — v)(x) = Wi ().

Then, by [49, Theorem 5.9], it follows that A,(u,v) is non-empty.
We finally recall the following result, see e.g. [49].

Proposition 2.4. Wasserstein distances are ordered, in the sense that 1 < p; < po
implies
W, (1, v) < Wi, (1, v).



2.2 Solutions of transport equations

We now recall the precise definition of solutions to systems and . Indeed, a solution
of system must be interpreted in the sense of distributions, as follows.

Definition 2.5 (Solution of system (I)). Let (u', 7l) € M(R?) x M.(R?) be given,
as well as pf", ¥ : [0,7] — M.(R?). We say that the couple (uf", uF) is a solution of
system with initial datum (7", Z") when

L. uf =7" and ufy = "

2. for each i € {F, L}, the function t — p! is continuous with respect to the topology
of weak convergence of measures;

3. there exists Ry > 0 such that ;e 7 supp(ut) € B(0, Ry) for every i € {F,L};
4. for every ¢ € C}(R%) and i € {F, L} it holds
d J J i
pr @)dp; (x L Vel Y (K x ) (@) | dui(e)
Rd
Je{FL}

— ay(pl, uk x)dpl(z) + ay f,tL x)dp; (),
Zwt,ut)/mso( Jiuia) + astuf ) [ et @

for almost every t € [0,T], with

, L ifi=F,
7 =
F ifi=1L.

Similarly, we introduce the concept of solution of system .

Definition 2.6 (Solution of system (3)). Let (7,5) € M(RY) x P({F, L}) be given, as
well as v : [0, T] — M.(R?) and o : [0, T] — P({F, L}). We say that (14, 0) is a solution
of system with initial datum (7,7) when

1. vy =7 and 09 = 7;

2. the function ¢t — 14 is continuous with respect to the topology of weak convergence
of measures, while t — (o¢(F'),0¢(L)) is absolutely continuou

3. there exists Ry > 0 such that Uycpo 7 supp(v) € B(0, Rr);
4. (v, 0¢) satisfy
dt(i) = AVtyUtUt(i)

31t is sufficient to prove absolute continuity of one component only, since o;(F) + o¢(L) = 1.




for almost every ¢ € [0, 7], with A,, 5, given in (f]), as well as

d

o | p@dn(z) = | V() (K, x o) (2)dv(z)
R R

for every ¢ € C}(RY).

Remark 2.7. Throughout the paper it is assumed that the transition rates encoded by
the matrix A, , only depend on the global state of the system and not on the position
z. While being already useful at the level of deducing existence of solutions of , this
restriction will be needed in order to show equivalence between solutions of and ,
provided the initial datum is suitably chosen, satisfying Assumption below. This
will be apparent in the proof of Proposition[3.4 As already discussed in the Introduction,
this equivalence is a crucial step for the mean field derivation in Section [4

2.3 The method of characteristics

In this section, we recall the method of characteristics to find solutions of transport
equations. In particular, we recall the connection between the solutions of an ordinary
differential equation with vector field v and the solution to transport equations as the
evolution of the corresponding probability distribution.

We start with the classical definitions of Carathéodory functions and solutions.

Definition 2.8. A function g : [0,7] x 2 — R? is a Carathéodory function if
1. For all t € [0,T1], the application = — g¢(¢,x) is Lipschitz.
2. For all z € RY, the application ¢ — g(t, ) is measurable.
3. There exists M > 0 such that |g(¢,z)| < M (1 + |z|) for all ¢, z.

A Carathéodory solution of

y(t) = g(t,y(t))  fort €0, T], (8)
is an absolutely continuous function y : [0, 7] — R? which satisfies (8] a.e. in [0,7].

If the Lipschitz constant L; of the function g(¢,-) belongs to L(0,T), existence and
uniqueness of Carathéodory solutions to can be shown, see e.g. [2§]. From now on,
we denote by ®7 the flow of (), i.e. the map o — ®f(z() that associates to each initial
data xg the corresponding solution of at time t. Carathéodory solutions of finite
dimensional systems and weak solutions of continuity equations are intimately related,
as the following classical result shows.

Lemma 2.9. Let v : [0,T] x R? — R? be a Carathéodory function and X : [0,T] — R?
be a Carathéodory solution of



Then py = ©Y# 1o is the unique weak solution of
Oppe = —div(vepy),
1(0) = po.
As a consequence, if supp(po) C B(0, R), then for each t > 0 it holds
supp(ut) € B(0, R+ t||v||¢o)- (10)

Moreover, consider the inhomogeneous transport equation

Oy = —div(vepey) + s, (11)
n(0) = po.

for s being a measurable family (with respect to the weak topology of meaures) of signed
Borel measures such that there exist Mg, Ry with

5,7+ |85 | < M, supp(s¢) C B(0, Ry)
for allt € [0,T].
Then, there exists a unique solution to , that satisfies the Duhamel’s formula

t
e = PV F o + /0 D H#srdr. (12)

Here, @z’T n s the flow of the non-autonomous vector field vs starting at time 7, i.e. the
function . — @z’ )(xT) that associates to x, the solution at time t of

{:k = v (x),
x(T) = .

As a consequence, if supp(ug) C B(0, R), then for each t > 0 it holds
supp(ut) C B(0,max{R, Rs} + t||v]co). (13)

Proof. For the existence of a solution to @, which is the push-forward of the initial
datum via the flow map, see e.g. [49]. Uniqueness comes from standard arguments for
the linear continuity equation, see e.g. [7].

We now prove (10). For a given t > 0, consider a test function ¢ with compact
support, such that ¢ =0 on B(0, R + t||v||co). It then holds

[ elad@i#me = [ o@@) dn(a). (14)
Recall the elementary estimate for ordinary differential equations

B () — 2] = /0 o(s, 2(s)) ds

< tf|vlco-

9



Since for each = € supp(u(0)) it holds |x| < R, then ¢(®}(z)) = 0. Thus, the integral in
is zero. Since this holds for any test function with support outside B(0, R+t|[v||¢c0),
this implies that 7 is supported in B(0, R + t||v]|co)-

The proof of existence for the inhomogeneous case is similar. Duhamel’s formula is
a re-writing of the method of variations of constants, that can be verified with direct
computations. Uniqueness can be proved with the standard method: the difference
between two solutions solves @ with pg = 0, then its unique solution is y; = 0. The

proof for follows the proof for . O

2.4 The Generalized Wasserstein distance

The main technical issue about the transport equation is that it mixes two different
phenomena: on one side the non-local dynamics given by convolutions K’ * u; on the
other side, sources and sink that make the total mass of y* non-constant.

It has been shown in several examples that the Wasserstein distance is a powerful tool
to deal with transport equation with non-local vector fields, see e.g. [6l 24] 133, 42} [49].
Neverthelss, the Wasserstein distance is defined between measures with the same mass,
hence it is not useful for problems in which the mass varies in time. This issue recently
led to the development of a series of different generalizations of the Wasserstein distance
to measures with different masses. See e.g. [20} 37, [39] 43].

In this article, we choose to use the generalized Wasserstein distance, that has been
introduced in [43], 44]. Indeed, it has been already proved in [43] that, under suitable
hypotheses written in terms of the generalized Wasserstein distance, transport equations
with both non-local velocities and source terms admit existence and uniqueness of the
solution.

We now recall the definition of the generalized Wasserstein distance, together with
some key properties.

Definition 2.10. Let u,v € M(R?) be two measures. Given a,b > 0 and p > 1, we
define the functional

WEOP(1y 1) = inf aP (|ju— a| + v —o))P + PWP (4, v p, 15
N SN (e RN T A K

Proposition 2.11. The following properties hold:

1. The functional Wg’b’p is a distance on M(R?),

2. The distance Wg’b’p metrizes the weak convergence on compact sets, i.e. given
fins o with supp(fin ), supp(p) C Br(0) it holds

pn = if and only if WP (1) — 0.

3. The space M(R?) is complete with respect to Wg’b’p.

10



4. Let vy, wy be two Lipschitz vector fields, with L a Lipschitz constant for both v, wy.
It then holds:

Wi @) <b sup (o s} (16)
7€(0,t
u v w p+1l o eLt/p(elt_
WODP(BY g, B 4r) < 5 LWBOD (1, ) 4 [puf 22D sup {[lo- = e leo}- (17)
T7€(0,t
5. It holds
Wy (1 v) < |l + |v]. (18)
Proof. See [43, 44]. O

We now recall a result equivalent to the Kantorovich-Rubinstein duality for the
generalized Wasserstein distance ng 11t states that it coincides with the so-called flat
distance, see e.g. [26].

Theorem 2.12. Let ju,v € M(R?). Then

Wb () = sup{ [ =) | 1l <1, Lin() < 1}'

As simple consequences, for X\, X > 0 it holds

WELL (O, Mgt) = A = A [ (19)
Wyt (A, Av) = Wb (s, v). (20)

The proof is given in [44].
From now on, we will only deal with the generalized Wasserstein distance ng’l’l,
i.e. with the flat distance. For this reason, we will drop the parameters, and use the

notation

Wg (M: V) = W;1,1(M7 V)'

Moreover, we use the same notation for the corresponding distance on M (R%) x M.(R%):
given p = (u', p*) and v = (v, vF), we write

Wy (1, v) =Wy (,uF, I/F) + Wy (,uL, Z/L). (21)

Finally, we use again the same notation for the supremum distance on C([0, T'], M.(R%) x

M(RY): given p: t > py = (uf, pf) and v 2 t — vy = (v, vF), we write

Wy (11, v) == sup We((uf ™, it ™), w7 vp ™). (22)

11



3 Well-posedness and equivalence for the leader-follower
dynamics

We now turn our attention to system and use the tools introduced in Section [2] to
prove the existence and uniqueness of solutions. To do so, we will define a sequence of
measures (u*, u"*) as explicit Euler approximations of the dynamics and, by a a
compactness argument in the space M.(R%) embedded with the generalized Wasserstein
distance W,, we show that it converges, up to subsequences, to the unique solution
(uF', u*) of system . Next, we shall establish a bijection between solutions of and
of under certain assumptions on the initial data. As a byproduct of the previous
results, such equivalence yields the well-posedness of as well, paving the way for the
mean-field analysis of the subsequent sections.

3.1 Main assumptions

In this section we discuss the set of assumptions we shall assume henceforth. These
assumptions assure, in particular, the existence and uniqueness of solutions of , as
well as the equivalence between and , that is more amenable to a mean-field
analysis, as we will show in Section |4l We warn in advance the reader that Assumption
below, differently from the other ones, is not needed for the existence result in
Proposition but will be used for the equivalence result in Proposition [3.4
(H1) There exist ¢ € P({F,L}) and 7 € M.(R?) such that pf" = (F)v and gt =
a(L)v.
(H2) there exists a constant Lx > 0 such that, for every z1, 25 € R and i € {F, L}, it
holds
|K'(z1) — K'(x2)| < Lg|z1 — 22|

(H3) there exists a constant By > 0 such that, for every 2 € R? and i € {F, L}, it holds
[K'(2)] < Bre(1+ |a]).

(H4) there exists a constant M,, such that for every i € {F, L} and (uf, u*) € M (R%) x
M (R?) it holds
0 < ay(ph', 1) < M,

(H5) there exists a constant L, a7 g such that, for every i € {F, L} and (uf", %), (v, v1) €
M (R x M.(R?) satisfying

[+ 1t = P+ v < M, (23)

and
supp(u’), supp(v’) C B(O,R),  j € {F,L} (24)
it holds

i (", 1) = i, )| < Lot gWy (17, 07) + Wy (1", 07)). (25)

12



We now list some useful consequences of the previous hypotheses.

Proposition 3.1. Let[(H/ hold, and p, v satisfy —. Then, it exists L/a,M,R
such that for each i € {F, L} it holds

Wy (i(p®, pP) s i (W', v )W) < Ly g g W (1,0) (26)
Proof. Use the triangular inequality and — to write
Wg (ai(:qu ,UL),Ui? ai(l/Fv VL)Z/i) <
Wg (ai(,uF¢ ,UL),Ui? ai(l/Fv VL)Ni) + Wg (ai(VFa VL)Mia ai(VFa VL)Vi) =
s 1) = () 1] + asle™ W () <
Laar.eWy (17, 07) + Wy (1", 05)) M + MaWy (i, 1),
from which the result easily follows. O

For v € P1(R?%) and o € P1({F, L}), we will use (as already done in ([f])) the notations
arp(v,0) and ar(v,0) to indicate the transition rates defined by

ap(v,0) :=ap(c(F)v,o(L)v), ar(v,o):=ar(c(F)v,o(L)v). (27)

If holds, it easily follows from the definition that, for vy, vy € P1(R?) satisfying
and o1, o2 € P1({F, L}), we have

i (v1,01) — aj(v2, 02)| < Lo, rWi(v1,v2) + |01 (F) — o2(F)])

for i = F, L. We additionally exploited above the inequality W, (v1,12) < Wi(v1,12)
which immediately stems out of whenever 11 and v, are probability measures. If
we endow the set {F, L} with the usual distance on finite sets defined by

0 ify=ry,
— 7 = 28
ly y|{F’L} {1 otherwise. (28)
we can rewrite the above inequality as
lai(v1,01) — ai(ve, 02)| < Lo, rR(Wi(v1,v2) + Wi(01,02)) - (29)

3.2 Existence and uniqueness

In this section, we prove existence and uniqueness of the solutions to Cauchy problems
with dynamics given by systems and . For the first case, we will adapt ideas from
[43], while for the second we will use the equivalence of the two problems.

We first prove an existence result for .

13



Proposition 3.2. Let an initial data (uf, &) € M(RY) x M (RY) and a time interval
[0,T) be fized. For each k € N, define an explicit Euler approximation pf* p* of
the solution to system as follows: fix At =T/2% and define

F7k“ L7k Pyp— F L .

(o™ ko) = (ko » 19); (30)

L.k

f;lAt _KF*unAt—i—KL*unAt, n=0,...,2" (31)
Fk ok Fk Fk Lk Fk Fk Lk~ Lk .

B e = O (i + At (oS m)nlk + anuld A nid)) s (32)
Lk ok Lk Fk Lk Fk Fk Lk Lk

'u(nJrl)At T q)AtAt ('unAt + At(aF(MnAt’ MnAt)'unAt - aL(MnAt’ 'U'nAt)MnAt)) : (33)

Also define the solution on intermediate times: for T € (0,1) define

Fk o (I)vaAt A L.k L,k - (34
'u(n—i-r) T TAL 'unAt +7 t( af (:unAt’ MnAt)'unAt tag (/’LnAt’ IunAt)MnAt) ( )
Lk vk Lk Lk Lk
'u(nJrT) = CDTAAtt (lu’nAt + TAt(aF('unAt’ 'unAt)'unAt (MnAt’ MnAt)'unAt)) (35)

Let Hypotheses [(H2{(H3H(H} J(H5) hold. Let moreover be AtM, < 1. Then, the
following properties hold:

Fk Fk ,
1. both py " and p, " are non-negative measures;

2. the total mass is preserved, since it satisfies

| = |ud |+ |16 ; (36)

Fk
|4

3. the sequence has equi-bounded support, i.e there exists B > 0 such that for all
t €[0,7] and k € N it holds

supp (s ), supp(py ") € B(0, R);

4. the sequence {(uf’k, utL’k)}keN s uniformly bounded and uniformly Lipschitz in the
t variable with respect to the distance .

As a consequence, there exists a subsequence of(uL’k, ,uF’k) converging with respect to the

uniform convergence, i.e. with respect to the metric (22)). The limit of such subsequence

1s a solution to .

Proof. We prove Property 1. We first prove that un At, ,un At are non-negative measures
for each n = 0,..., 2%, by induction on n. It is clear that the property holds for n = 0,

since holds.

Let now be ,ufft, ,unft non-negative measures. We aim to prove that “5;]-11) AL M(Lnlj-l) At

given by (32 .— are non-negative measures. We only prove it for /‘517’-11) Ay Since the

, is similar. Observe that AtM, < 1, together with [(H4)| implies

proof for ,u (

n+1)

L,k
1 - AtaF(lunAt’ fnag) > 0

14



Lk)

Then /Lfft(l—Ata F(,ufjft, uﬁft)) is a non-negative measure, as well as Ata L(uf’m, oy Ap )

Their sum is thus a non-negative measure and 1ts push-forward by ® ’]f‘“ is non-negative
too. By induction, this proves that ,un Aw ,un At are non-negative measures for each
n=0,...,2"

For intermediate times of the form (n + 7)At, first observe that we just proved that

Fk Lk
P Aps Bnag are non-negative measures. Moreover, 7 € (0, 1) implies

Fk Lk
1 — 7Atap (i, nps oy ag) > 0.

Then, following the proof of the previous case, we have that u(niT) Ap? /‘(erw) Ay are non-

negative measures.

We now prove Property 2. We ﬁrst prove that holds for times of the form nAt,
again by induction on n. Definition (30f) implies that (| . ) holds for n = 0. If (36 . ) holds
for a given n, then it holds for n+1, as a consequence of (32 . Indeed, by the proof of
Proposition 1, we know that both ,u (1 Atap(unAt, unm)) and Atay, (:“nm’ MﬁAkt)MﬁAkt
are non-negative measures, and the same holds for the corresponding terms in . Thus,
the mass of the sum is the sum of the masses, and the push-forward of a non—negative

measure preserves the mass. As a consequence, it holds

L.k Fk
|/‘ (n+1) add ¥ |/‘(n+1)At| = (1~ AtO‘F(NnAt’NnAt))\MnAJ + Atoer, (1, 5y Mnm)|ﬂnm| +
Fk Lk Lk y
(L= Atar (g xps B Hpad) Hadd + AE (g xs ia) A, =
el + L] = 10§ |+ |1t |,

where we used homogeneity of the mass |Ap| = A|p|. The proof for intermediate times
is identical.
We now prove Property 3. First observe that, due to the hypothesis

supp(u”), supp(p”) € B(0, R)
implies
IKF s ™+ KPP co < | KF|co | + | K]l co "] < Bre(1+2R)(|6"] + [p*]). (37)

Choose now Ry > 0 such that supp(ud),supp(uf) < B(0,Ry). We now define a
sequence RE such that

k k
supp(ulX,), supp(ux,) € B(0, RE), (38)

by induction. It first holds R’g = Ry by . By definition of vﬁ Ap D , and also
using and Property 1, it holds

[k acllco < Bre(1+2RE) (| + i) = Bre(1+2RE) (|16 | + |16 )). (39)
Apply to —: since supp(,ufft),supp(uﬁft) C B(0, RF), then

SUPP(M(HH)N) Supp(ll’L(n_l’_l)At) c B(07 R’:L + AtBK(l + 2Rl’r€L>(’/’LO | + ‘:U’O D) (40)

15
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Define now the sequence
RE:=Ry, RE_,=(1+AtC)RF+AtC

with C := 2Bk (|ud'| +| M0L|)) With this choice, holds Moreover, again by applying
(T0) to the definition of xf at intermediate tlmes 34)-(B5)), for each 7 € (0,1) it holds

Supp (41 1) a)s SUPD (1 ay) © B(O, RY ). (41)

We now recall that n runs from 0 to 2¥. Since RF is an increasing sequence with
respect to the parameter n, then — imply that for each k € N and each ¢ € [0, 7]
it holds

supp(p; ), supp(ss; ") € B(0, RY).
An explicit computation shows that
RE, = (1+AtC)Y (Ry+1) =1 < @ 2C(Ry + 1) < e"C(Ry + 1), (42)

thus, supports of uf are uniformly bounded.
We now prove Property 4. Since We proved that |p) " = |ud \ + |pdl, it

holds both |pf ™| < [uf'|+ || and [p5*] < ||+ |p&|. Then, by applylng (L8), it holds

Fk Lk F.k L.k
Wy (1% < A+ ) < 20068+ ),

then the sequence is equi-bounded.
We now prove equi-Lipschitz continuity. Let k € N be fixed, and assume to have ¢, s
such that nAt <t < s < (n+ 1)At. We then want to estimate W, (uf, u¥). Observe

k
that, by — and the property of composition of flows, it holds ,uf ok q)g’ﬁt ,uf ’k,
and similarly for p*. Apply now (16)) to vﬁm, that satisfies and recall that
RF < eTY(Ry + 1), as proved for Property 3. This implies

Wyluy ™, i) < Bie(1+2¢"(Ro + 1)) (g | + |6 )? 1t — 1. (43)

The same estimate holds for W ( * uEFy, then for W, (i, 1%) by doubling the right
hand side. For general t < s € [O T], one recovers by applying the triangular
inequality on each sub-interval [t, nAt], [nAt, (n+ 1)At], ..., [(n + k)At, s].

We finally prove the existence of a solution to (|l)). First observe that Property
4, together with the Arzela-Ascoli theorem, implies the existence of a subsequence (that
we do not relabel) u* that uniformly converges to some u* with respect to the metric
Wy.

We are left to prove that u* is a solution to , in the sense of Definition Since
ug’k = %, by uniform convergence it holds ,ug * = ¥ and the same holds for ,ué *
Then, Condition 1 of Definition is proved.
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Condition 3 of uniform boundedness of the support comes from Property 3. In-
deed, pF has uniformly bounded support in some B(0, R) implies that p* has uniformly
bounded support too, in B(0, R+ 1). To prove this classical result, it is sufficient to test
w* with functions having support outside B(0, R 4 1).

We now prove Condition 2 of continuity with respect to the weak convergence of
measures. It is a consequence of the fact that the sequence u* is equi-Lipschitz, thus p*
is Lipschitz with respect to the distance W;, and such distance metrizes weak convergence
on measures with equi-bounded support (Proposition statement 2).

We now prove Condition 4. We first prove a list of auxiliary estimates. Take a
function ¢ with extra regularity, namely ¢ € C2(RY), and fix ¢ € [0,7]. For each k in
the subsequence ¥ — p*, choose n as the largest integer satisfying nAt < t. Thus,
t — nAt > 0. We have the following estimates:

Estimate 1. Take mq := ||¢|lc1 = ||¢llco + Lip(g). It then holds

F, Fk Fx Fk
[ ol = )| < oy ).

This is a consequence of the Kantorovich-Rubinstein duality for the generalized
Wasserstein distance, see Theorem [2.12

Estimate 2. Define
vy ::KF*,u,f’*—i—KL*uf’*. (44)

It exists ms, independent on t, k, n, such that it holds

b Fik . wk
V(@) - vp ard®, " Fb ny — /Rd Ve(z) - vidu ™| <

Rd
ma (W (™, 1% + (£ — ). (45)
Indeed, we first observe that — imply
[vnalleo < Bre(1 4 (2¢7 (Ro + 1)) (|t | + |sg])- (46)

Second, recall that v’f in (31]) is defined as a convolution. The, Lipschitz continuity
of K¥', KT given by |(H2)} implies equi-Lipschitz continuity of the v¥. Indeed, it

holds

(K %) (@) — (K« p)(w)] < /R KF(z — ) — KF(z - y)| d(2) <

Li|z =yl . (47)

Thus, equi-boundedness of masses (Property 2) implies equi-Lipschitz continuity.

Third, since p € C2(R%), the family Ve - vg A 18 equi-bounded and equi-Lipschitz,
ie. mb = sup,; {[[Ve-vFallco,Lip(Ve - vEL,)} is finite. Thus, Kantorovich-
Rubinstein duality implies

k vk Fk Fx vk Fk  Fax
y V() - vp (P, 0 F b ng — 1y )| < MW (@, F i ngs by ). (48)
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We apply the triangular inequality to have

Wy (@ tnﬁtAt#MnAﬁMt ") < Wy (P tnﬁtAt#:“nAtth )+ W, ( nu’t 5. (49)

For the first term, recall the definition of and apply the Kantorovich-Rubinstein
duality, observing that it holds

ok e
/ fd t fztAt 'rLAt Ky ) =
k Lk Fk Lk Lk
/Rd(_f) dq)tfﬁtm# ((t — nAt)(— aF(/%At? e Fnae aL(:U’nAt’ MnAt)lu’nAt))

Fk Lk Fk Fk Lk~ Lk
< || flleo (t — nA) ‘_QF(MnAﬁ Pt s T L (Hp A lu’nAt)lu’nAt)‘ <
1(t — nAt)M, (|:u’nAt| + |Mnm, ) = (t — nA) Mo (|ud| + |15)).-

We use the fact that push-forward conserves the mass, hypothesis |(H4 )| and Prop-
erty 2. Since such estimate is independent on f satisfying || f|lco < 1, this gives

Wy(® tnfztAt#“nAtn“t ") < (t = nA)Mo(|nd | + 1F))-
Merging it with —, we have .
Estimate 3. Define
Shas = —arp (MSKN Mﬁft)MT};ft tag (:U’fft? Nﬁft):“nﬁt?
and similarly
sf = _O‘F(,Ut *aMt *)Ht +0‘L(Mt *>#t *)ML’*-

It exists mg, independent on ¢, k, n, such that it holds

< ma(Wy(uy, 1) + (¢ — nAt)). (50)

A k *
’/ 90d tnntAt#SnAt - St)

k
Indeed, we first consider the negative parts of the measures @:ﬁffm#sﬁ Ap and sf.

They satisfy

O = L Lk) Fk)

/]Rd o(x)d(P,™ nm#(aF(Mnmvﬂnm Hnag) — OF (M *7/Jt *)Mt M) <

Lk Lk Fk
miWy ( — nAt#(O‘F(HnAtw“nAt)NnAt) aF(lunAt"unAt)'unAt) +

maWy (e (1 aps Mnm)umﬁ ar (i, Mt Vnay) +
E N N
mle(aF(:U’t vﬂt )MnAtvaF(Nt iy )y ).

where we used the definition of m in Estimate 1, the Kantorovich-Rubinstein
duality and the triangular inequality. For the first term, use together with
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the estimate for ||vf ,llco, as well as [(H4)l For the second and third terms,
use since (23)-(24) hold, then holds with some Lo ps,r. Moreover, use
for the second term and for the third one. It then holds
F7
C- < ma(t —nAb)|[opacleolar (tyap tran) il +
* ) L, s F,
miLa,v,rRWg (:UszAtnut) + mlo‘F(Mt ) Mg )Wg(ﬂnma#t )<
miy(t — nAL) Ma|p, x| + mlLayM,RWg(Ml;iAt: pi) + ma Mo Wg (g ngs e ),

for some mf independent on ¢, k, n. Recall that masses are equi-bounded (Property
2). Also apply the triangular inequality and uniform Lipschitz continuity of the
k¥ (Property 4) to write

F\k Fx Fk F* Fx
W (kg ) < Wg(ﬂnm:ﬂt )+W ( 7#;: ) < L[t —nAt| + W ( mut ),

for some L/, and similarly for Wg(uift, utL*) It then exists mf such that

Co < mig((t = nAst) + Wy 1) + Wy (b ).

k
An equivalent estimate holds for the positive parts of the measures @:ﬁffm#sﬁ At

and sf. We then recover (50)).

Estimate 4. There exists my4 independent on t, k, n such that it holds

k
e Vo(z) - UfLAt dq):fﬁtm#SfLAt < my (51)

Indeed, first recall that |[v¥,,[|co is uniformly bounded on the support of uF ,,.
Moreover,

Bt s o] = [shad = (5500 ¥ + (s |

is uniformly bounded, as a consequence of [(H4)| and of uniform boundedness of
masses (Property 2). This proves (51)).

Estimate 5. We now prove that ,uf solves an approximated version of . By the

definition of ,uf *and applying elementary properties of derivation as well as
Lemma 2.9] 1t holds

% Rdcpduf’k % pd® tnﬁtAt#'unAt—{_ (jt/ @dq)t"ﬁzt#((t—nAt)st) =
Ve vmtd@t"ﬁzt#uffﬁdi [(t—nAt) /]R sodcptngtm#sgg] _

/R Ve UnAtdq)tnﬁtAt#Mift"‘/ ‘qu)tnﬁtm#sﬁ‘f'

(t=nst) [ V- hagdd st 62)
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for all t # nAt. The equlvalent estimate for ut * holds too, by replacing ut ¥ with
,utL * and sF with —

sk
One can write in integral form too, as follows: for each ¢t € [0,7] and k € N,
choose the largest n I satisfying nAt = n27*T < t. For each f € [0, T}, it holds

t
[ [ paut = ([ o shadtpni
/ god@t”ﬁzt#s’fb—i—(t—nAt)/ V- o, d@t"ﬁtm#sﬁ-> =0. (53)
R4

We are now ready to prove Condition 4, that we prove in the equivalent integral
form: for every £ € [0, 7], the measure u** satisfies

t
/dt</ cpduf’*—/ Vso-viduf’*—/ sods,?):(), (54)
0 R4 Rd R4

and a similar expression holds for p%*
Assume that o € C2(RY). We then prove that holds by writing

t
/dt</ wduf’*—/ Vs@-v{i‘duf’*—/ wdSI)
0 R4 R4 R4

t
/ dt( /R pd(pu ™ — " ' / Ve vf duy / Vi o and@man ek,

’/ @d(sy — tnﬁtAt#S

C* =

n Fk
+ ’/Rd@d:u't / VSO UnAtd(I)t %tAt#unAt_

t
< [ (s map Wyl i)+ ma W )+

)

We used here Estimates 1, 2, 3, as well as Estimate 5 in its integral form . Recall
now the definition of W, (u*, u*) in and use Estimate 4 for the last term. Also
observe that it holds t — nAt < At = T2 % by the choice of n. By defining m :=
m1 + meo + ms + my, it holds

/R ©d®, nﬁtAt#Sﬁ

(m2 + m3)(t — nAt) + ‘(t — nAt) / Ve - vpa; dq)tn%tAt#Sfl

C* < HmW, (¥, 1¥) + mT27F).

Since such estimate holds for any k in the converging subsequence, it holds C* = 0.
We have then proved that is satisfied for any ¢ € C?(R9). Since for any p!’, s*
the three operators ¢ — [pa @ dul’, [pa Vio-v* du®', [pa ¢ ds* are continuous with respect
to the norm C!, and C?(R%) is dense in C!(R?) with respect to such norm, then is
satisfied for any ¢ € CL(R9). O

“the dependence of n on ¢ and k is omitted for the sake of notation.
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We now prove existence and uniqueness of the solution to ((1)).

Proposition 3.3. Let an initial data (uf, &) € M (RY) x M (RY) and a time interval
[0,T] be fixred. Let |(H2MH(H3MH(H4MH(HS5) hold. Then, there exists a unique solution to

(1)

Proof. Existence of a solution was proved in Propostion We now prove uniqueness.

Let p,v be two solutions of , in the sense of Definition They are both
continuous with respect to the topology of weak convergence of measures (Condition 2)
and have equi-bounded support (Condition 3). By choosing ¢ € C}(R?) satisfying ¢ = 1
on such equi-bounded support and using it holds

Ol | <0+ Mo(Juf| + |uF)),

and similarly for |uf|. This implies |ul| + |uf| < e2Mat(|uf’| + |uf|), hence masses are
equi-bounded too.
For the given solution p;, define the corresponding vector field and source term

wi 1= Z KJ * :u'ga St 1= —aF(/J/tF,,Uth)NtF + aL(MthutL)/’LtL
Je{FL}

Consider them as time-varying operators, not depending on p. By construction, it holds
Opul” = —div(wepl ) + 4. (55)

Observe that w; is a time-varying vector field, continuous with respect to the time
variable and uniformly Lipschitz with respect to the space variable, due to
and equi-boundedness of |u|. It is then a Carathéodory function. Moreover, s; is
continuous with respect to time, with uniformly bounded mass due to and with
uniformly bounded support due to Then, hypotheses of Lemma are satisfied,
hence pf is the unique solution of and it satisfies the Duhamel’s formula (12)). It
is clear that the previous properties hold for u” too, with the same vector field w; and
source —s;. Moreover, the same properties hold for vf" too, with vector field and source
term '

wy = Z K x v, sy = —ar(W v +ar(vf vEE,

JE{F,L}

as well as for v/, with w} and —s.
We now compute Wy (i, ¢) by using the Duhamel’s formula and the Kantorovich-
Rubinstein duality. Take f such that || f|co, Lip(f) < 1 and compute

[ rad —viy= [ rapsud - ofd) +
R R
t !
[ ar [ @ g, = oo < (o7 sl ayt ) +
t
[ar [ (et partd bt + o parl bt ) +
0 Rd ’ ’
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t
[ ar [ £ (o ppantd nbit - o parF vht) <

2Lt( Lt

e et —1

(L ) sup {[lw; —w[eo} + (56)
T7€[0,t]

t
| aretH D 0%, (bt w0+

Wy (ap(uf, pbypk, o (vl vhwvk)) +
t e2L(t—7) (eL(t—T) _ 1)
[ artier b+ o ) s

HWy (16,15 ) + g |

sup {|[w, —willeo},
/€T 1]

where L is a Lipschitz constant for both w,,w., that exists by , and where we also
used . Observe that it holds

IN

(K" puf ) (2) = (K7 %07 )(2)] < K (2 =) d(pf (2) = vi (2))

Rd

where we used the Kantorovich-Rubinstein duality and The same estimate holds
for KT, thus |wy(x) — wj(z)| < Lk Wy (pe, vr)-

Going back to , recall that W, (1o, v9) = 0, since the initial data coincide. Also
apply the estimate and hypothesis Define

e(t) := sup Wy (tbr, v7)
T7€[0,t]

and observe that it holds
2Lt( Lt _ 1) 2Lt 1

(& (& (&
Fdlp =v) SO+ |y |———F—Lxe(t) + —
R4

2Lt _ 1) (oLt _
M) + 1) Y e

Since the left hand side does not depend on f, one can take the supremum over f
satisfying || f||co, Lip(f) < 1, i.e. replace it with W, (uf",vf"). The equivalent estimate
holds for W, (,utL , ytL) Merging them, it holds

Wy (e, i) < Cie(t), (58)

Ly v re(t) +

with
Lt 2Lt
e’ —1 e~ —1
Cr = () 1) e (2 20— 1) + 25 e
Since the right hand side in is an increasing function with respect to ¢, one can
replace Wy (14, v¢) with (t) on the left hand side. It then holds
5(t) < Ctﬁ(t)

Since limy_,0 C; = 0 and C} is continuous, it holds e(t) = 0 for t sufficiently small. By
iterating the estimate, this holds for any ¢ € [0, 7], thus u; = 14 for all ¢t € [0, 7.
O
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3.3 Equivalence between systems and

We now prove that, if [((H1)|is satisfied, then systems and are equivalent, in the
sense that there exists a bijection between solutions. We also use this equivalence to
prove existence and uniqueness of solutions to system .

Proposition 3.4. Let (uf , uF) be a solution to system (1)), such that (uf, u&) satisfies
((H1) Assume that hypotheses |(H2)H(H3{(H4H(H5) hold. Define

F L
vy = Mf +,utL, (0(F),0¢(L)) := <|ut| "ut'> . (59)

A

Then, (v, 0) is a solution to system (3)).
Conversely, let the hypotheses[(H2)(H3 ) (HJ M (H5) hold and let (v, a¢) be a solution
to system . Define

pi =oi(Fve, i = or(L)v. (60)
Then, (uf', uF) is a solution to system ().

Proof. We prove Statement 1.Take (uf,ul) a solution to system with (uf', &)
satisfying [(H1)| Define (v, 0y) according to . By a direct computation, it holds

Oy = —div((KT s puf + K« ul)wy). (61)

This also implies that [14] is constant. Define now o} according to (59)), and compute

o) = el _ —or(ul i)l |+ on(ud m)lug]
o vl ]
= —aF(Hf,Mf)Ut(F) + OéL(,uf,,uf)at(L). (62)

We used the fact that |14] is constant, as a consequence of , and the definition of o.
One easily recovers o4(L) = 1 — o4(F'), hence 0,04(L) = —0,0(F'). The difficulty is now
to prove that it holds uf" = oy (F)vs, pl := o¢(L)vy for all times.

Since uf,uf are given, one can define the non-autonomous vector field and the
coefficients for the source term

vei= KD sl + Kl sopf, b i=ar(pl,pf), b= an(ul, pp).

Define
ﬂf = Ut(F)Vt, /NJ,tL = O't(L)I/t

Observe that it holds i’ = pf and il = pf, as a consequence of |(H1)| Using (61)-(62),
it holds

oif = —div(K" «pf + K"« pf)or(F)vy) — ar(pf  pt)ou(F)v +
ar(pf s p)or(Lvy = —div(vif ) = hi i + hi fif -
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One similarly has 0;if = —div(viiit’) + hf if’ — hFjiF. By construction, it also holds

8tﬂf = _diV(UtNt ) — ht Nt + ht Ht ) 8t,utL = —div(vt,ut ) + ht Nt ht Ht

Take f such that || f]|co, Lip(f) < 1, and apply the Duhamel’s formula for both p, fi.
It holds

/ fd(uf — iF) = / f @l — D i) + (63)
/dT W8 [ ae it - o ek [ pa gt - oy #ib)] <

; /0 dr(REW, (B #8024 ) + bW, (@ el o #i ). (64)
Here we used the fact that pl’ = il implies ®)'#ul = ®}'#al’, as well as the
Kantorovich-Rubinstein duality. Denote with L a Lipschitz constant for v, that ex-
ists due to , and apply . Observe that does not depend on f, thus one
can take the supremum in the left hand side of with ||f|lco, Lip(f) < 1, i.e. re-
place it with Wy (uf', if'). Also observe that implies ||, |hE| < M,. By defining
e(t) := sup,¢jo.) Wy (17, fir), it holds

W (uF, i) < te M ML),

and the same holds for W, (uZ, i£).

Observe that the right hand side is increasing with respect to ¢, thus one can replace
the left hand side with e(¢). It then holds (t) < 2te? *M,e(t), thus (t) = 0 for ¢
sufficiently small. Applying then the result iteratively, it holds e(¢) = 0 for all ¢ € [0, T7,
then p; = fig, thus

pr =ou(F)yy  and  pp = o(Lwe.

We prove Statement 2. Since (1, 0:) is a solution to system in the sense of
Definition then (uf", ul) defined by satisfies Conditions 2 and 3 of Definition
Condition 1 is also satisfied, by trivially choosing it = ug and il = ué . We are

left to prove that Condition 4 is satisfied: the proof is direct, by computing derivatives.
O

As a corollary to Proposition we prove existence and uniqueness of solutions to
system .

Corollary 3.5. Let the hypotheses |(H2H{(H3H(H4H{(H5) hold. Then, for each initial
data (7,5) € M(RY) x P({F,L}), there exists a unique solution to system (3.

Proof. For the existence part, define
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and consider the corresponding solution (uf", uF) to , that exists due to Proposition
m Then, there exists a corresponding solution (14, 0¢) to system , due to the first
statement of Proposition Such solution satisfies (vp, 009) = (¥, ), by construction.
For the uniqueness part, assume that there exist two solutions (v, 0y), (7, 6¢) to
with the same initial data (7,). Due to the second statement of Proposition
for each of the two solutions to there exists a solution (uf", uf), (if", il) to system
(1). Tt clearly holds (ud,ut) = (iid, k), then such two solutions coincide, due to
uniqueness of the solution to system . Since the relation is invertible, this implies
(I/t,O't) = (ﬁt,&t). ]

Remark 3.6. By inspection of our proofs, other types of measure-dependent velocity
fields can be encompassed by our approach, as long as the dependence is Lipschitz with
repect to W, (see, e.g., [43]). For instance, instead of the convolution term K* x p for
i =F ori= L, one could simply consider a weighted velocity of the form |u’|K(x)
which still allows for proving the existence, uniqueness and equivalence results of this
section. Accordingly, in the equivalent system to be considered in Proposition [3.4] one
has to consider a velocity field of the form (if i = L in the equation above)

ot(F)KT vy 4 oy (L)K*

for which also the mean-field derivation of Section [4] can be performed without changing
the proofs.

4 A mean-field description of the leader-follower dynamics

In this section we shall provide a mean-field description of system . To do this, we
shall first introduce for every N € N a particle system which consists of a transport
part for the evolution over the state space R? and a jump part for the change of label
in {F,L}.

The connection between systems of interacting particles and nonlinear evolution
equations has been studied by many authors, going back to McKean [40]; for detailed
expositions on this topic, the reader may consult Sznitman [46] or Méléard [41]. A
central point of this connection is the introduction of a nonlinear averaged particle system
associated with the original one, whose marginal laws appear explicitly (and nonlinearly)
in the generator of its dynamics. When the interactions are regular and the particles are
exchangeable, a unique nonlinear process exists, and it describes the limiting behavior
of one particle of the original system when their number tends to infinity. One further
has the propagation of chaos property, which is in this case equivalent to a trajectorial
law of large numbers and yields the final mean-field limit result.

4.1 Definition of the stochastic processes

Throughout this section, we shall fix 7 € P;(R?) and & € Py ({F,L}), as well as, for
every N > 0, a sample of N particles from 7 x 7, i.e.,

(X" YL ~ v x T
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We assume that 7 has compact support in R%.
) . LN 1N N,N y-N,N
We introduce the stochastic processes (X, ,Y, " ),...,(X;,Y; ") defined for
every t € [0,7] and i =1,..., N as follows

e the initial conditions are (XS’N, Y()Z’N)fil,

e we set
1 & 1 &
vl = NZ(SXZ,N and ol = NZ(SYti,N, (65)
i=1 i=1
e it holds
dx;N = (K, u)N x oV )(X]N)dt (66)

e the conditional transition rates for YV at time ¢, for a realization of (v}¥, o)),
are given by

— if Y"N = F then F — L with rate ap(v¥, o),
— if V" = L then L — F with rate az (v, o),

where we used the shorthand notation for ap and «y,.

More formally, we define the processes (Ytl’N, . ,YtN’N) to be the jump processes
such that LaW(YtZ’N) satisfy the system of ODEs
d N N
ZLaw(¥{V) = E (A,,tNVUtN) Law(Y"N) i=1,...,N. (67)

Notice that clearly stems out of the above definitions and the law of total probability,
averaging on all realizations of (v}¥, oY)

Remark 4.1. We shortly discuss the well-posedness of the above defined processes,
leaving the details to the reader.

For a realization of (Ytl’N, ey YtN’N) in the space of cadlag functions, the applications
(K,v) x oV} and AVgVVO_gV are both measurable and bounded in time. Thus, has
a right-hand side which is measurable and bounded with respect to ¢ and Lipschitz
continuous with resect to X, uniformly for ¢ € [0,7]. Hence, the existence of Lipschitz
continuous solutions to (66)) uniquely determined by the initial data follows directly from
the general theory in [2§].

Concerning the stochastic processes Yti’N with law given by , they can be, for
instance, realised as limit of discrete-in-time processes of the form

P{Yh = Pl o) = (#,5) PN =F
i,N N _N ~ o~ :(I_‘_hAlN/,[T) iN i=1,...,N
PLYi, =Ly o) = (7,0) Y, =L
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for I being the identity matrix and A > 0 a vanishing time step. In the equation
above notice that, since by construction the vector (1,1)” belongs to the kernel of the
transpose A7 ; of Aj s for every realization (,5) of (v, oY), the left-hand side above
is well-defined as a conditional probability law on {F, L}.

Remark 4.2. Since 7 has compact support in R?, and using , standard arguments
(see, e.g. [30, Appendix]) entail that it exists Ry > 0 such that, for all N € N, i =
1,...,N and t € [0,T7, it holds

\XZ’N| < Ry, so that supp(v)Y) C B(0, Ry). (68)
This inclusion has clearly to be understood as being verified with probability 1.

Our next step is defining, for fixed ¢ and N, an auxiliary averaged process (Yé’N, 7; N)
having the solutions v; and oy of system as laws. To this purpose, we need some
preparation which will be useful also in the sequel.

Proposition 4.3. Let (v,0¢) be a solution of and define a process (Xt,Y4) as
follows

° YO ~ 1 and?t ~ 00,
® dyt = <K, Vg X Ut)(Yt)dt,
e the transition rates at time t are given by

— if Yy = F then F — L with rate ap (v, 0¢),
— if Yy = L then L — F with rate ap (v, 0y).

Then vy = Law(X) and oy = Law(Y).

Proof. Define 1, = Law(X;) and let ¢ € CL(R%) be any test function. For v; = (K, v x
o¢), by definition of X; and linearity of the expected values it holds that

(i) = HE[p(X1)] = (i, —div(veny)).

The initial condition 79 = Law(X() = vg holds by definition. Hence, Law(X;) is a
solution to the PDE

O = —diV(<K7 Vg X Ut>77t)7
77(0) = o,

which is unique by Lemma Since v; solves the same problem, we get v, = Law(X}).
Moreover, as both o; and Law(Y;) are solutions of

ﬁt == Al/t,O't Ui

with initial condition oy, then again by uniqueness we have o; = Law(?t). ]
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We are now in a position to define, for fixed i and IV, the processes Yi’N and ?i’N
through the following dynamics:

° YE’N = XS’N and ?f)’N = Ybi’N,
. LaW(Yi’N) = 14 and Law(?i’N) = oy,
o dXN = (K, vy x o) (X )dt,
e the transition rates at time ¢ are given by
— if ?é’N = F then F — L with rate ap (v, 01),
— if Yi’N = L then L — F with rate ar (v, 0¢).
The well-posedness of such processes is indeed a corollary of our previous results.

Corollary 4.4. The processes Yi’N and ?i’N exist for every N € N and every i =
1,...,N.

Proof. Follows from Proposition and the existence of (v, 0;) from Corollary O

For every fixed ¢, the processes Yi’N with ¢ = 1,..., N are clearly independent of

N
each other, and so are the processes ?; .
Now, all the above constructions still leave one free to choose how to couple the

] i, N . .
processes Yf’N and Y;’ in their product spac : we namely assume that

i

Law (Y;VN YN ) € Do(Law(Y,"N), 0y) .

Here optimality of the transportation plans is meant with respect of the distance W; on
Pi({F,L}), where (as everywhere in what follows) the set {F, L} is endowed with the
distance . With the above choice, by the definition of W; we have

E[Y)N - VN = wi(Law(Y;Y), o) (69)

for all 4, N, and t. Since Yf’N and 72’]\[ are random variables on the discrete space
{F, L}, a simple computation using together with entails that

BN -V = [Py = Py - PE Y = FY. (70)

Remark 4.5. The relationship between the empirical mean of the independent processes
~i,N —i,N )
(Xt Yy )izl,...,N given by

VN-—liV:(S and "N'_li‘s : (71)
"N i=1 X "N i=1 i

®The coupling between X"V and Yi’N is as usual tacitly defined by asking that XPN Yi’N solves
the SDE obtained as difference of the ones for X" and Y;’N, respectively.
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and (v, o) solution of system (3] is clear: by the Glivenko-Cantelli’s theorem, (7Y, 7))
converges weakly to (14,0;) as N — +oo. The rate of convergence can actually be
quantified thanks to [3I, Theorem 1] (which holds for v, and oy, since their support is
uniformly compact in time): we may apply it once for oy and the valuesp=d=1,¢ =3

to get for every t € [0, T
E[Wi(@,00)] < Ky (N7V2 4 N723), (72)

for a given constant K7 > 0. If we apply it for 14 and the values p = 2d, ¢ = 3p (where
d here denotes the dimension of the state space R?) we get for every ¢ € [0, T

E [Wzd(fiva Vt)zd} < Ko(N~V2 4 N=2/3),

for some K> > 0. Since it is well-known that W; < W, for any p > 1, an application of
Jensen’s inequality yields the estimate

E Wi, m)] < Ky *H(N-VA 4 N—1/3), (73)
Setting
O(N) = Kl(N’1/2 _’_N72/3) +K21/2d(N71/4d+N71/3d)’

and putting together and we obtain
EWi@Y, )] +E W@, 00)] < O(N). (74)

Remark 4.6 (Exchangeability of processes). Notice a fundamental property of the
~i,N —i,N
)

processes (X, ,Y," )i=1,. n: forevery i,5 =1,...,N and every ¢t > 0 we have

E | x5V ij’N‘ _ IE‘th’N fY{’N‘ and E‘YZ’N f?i’N‘ _ E‘}Qj’N YN

After noticing that both identities hold trivially at ¢ = 0, this clearly follows from

N —i,N

the simmetry of the processes (XZ’N,Yf’N) and the fact that (X, Y, )1, n are
independent. In particular, this exchangeability implies that
~O_E ‘XZ’N - Xy ‘ =E ‘X?N - X
j=1

)

as well as

N
=SR[N -V =m [N -7
=
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4.2 The mean-field limit

The main goal of this section is to show that, for N large, the random empirical distribu-
tions ¥ and ¢}V associated to the processes (th’N, Ytl’N), e (XtN’N, Y;N’N) defined in
the previous subsection are close, in a probabilistic sense, to the deterministic measures
vy and oy, solutions of system with initial datum (7,7). The result we aim to prove
is namely the following.

Theorem 4.7. Under Assumptions|(H2) and|(H5), there exists a function ¥ : N — R
satisfying imy_ 100 W(N) = 0 such that

Sup]P) (Wl(VgV,I/t) + Wl(UgV,O't) > 5) < 571\1}(1\7)'
t>0

For the proof of Theorem we will need a key intermediate result that we state below.
Lemma 4 8 (Uniform propagation of chaos). Define the empirical measures VtN , aiv ,
v, and 5} through (65)), and (71), respectively. Under Assumptions |(H2) and [(H5),
there exists a function ® : N — Ry satisfying imy_, 1o ®(N) = 0 such that

supIE[ ‘XlN(t) —Yﬁv(t)‘ +
>0

<N
M- 70| | <o (75)
The proof of this result is postponed to the next section. Let us first show how
Theorem [A.7] can be easily derived, once Lemma [£.§] is established.

Proof of Theorem [{.7. By the triangular inequality it follows that

Wi, ) Wi, oY) + Wi (T, ),

N (76)
Wl(at ,01) < Wl(at 0t )+W1(Jt ,0t).

Since v, 7,0 and @} are all atomic measures, by the properties of the Wasserstein
distance we have

N N
1 i i,N 1 i —i,N
Wi (N, 7V) NE:‘XN—X ‘ and  Wi(ol, ) NE:‘Yt’N—Yt ‘
) ) (77)

Therefore, by taking expectations in and plugging and on the the
right-hand side, we obtain

E Wi, 1) + Wi(a),01)] < ®(N) + O(N).

If we set
U(N):=®(N)+ O(N),

an application of Markov’s inequality concludes the proof. ]

30



4.3 Proof of Lemma 4.8

First, we start from the term E]Xz’N —Yi’N\. By integrating the dynamics of XZ’N from

0 to t we obtain t
X =X [ ) as,
0

and similarly for Yi’N we get
¢ .
XV = x4 / (K, v x o) (X2 ds.
0

Above we used that, by definition, XN 0 =Xy LN . Therefore, adding and subtracting the

terms (K, 7Y x JN>(X§’N) and (K,7Y x JN)(XSN) we get the estimate
ElXN - X | =

] t t .
—EXG 4 [ <o) ) ds = XY - [ (K x 0 () ds
0 0

. . t . .
<E|XiY _ X0V 4 E [ / (B0 x o)XY — (5,7 x 2y (X)) ds}
—,_/

I

+E / ‘KV x TV (XEN) - <K,V§VXU;V>(Y’VN)‘C13]

s

Iz

o[ i <o .

) — (K, s x US>(Y:

)‘ ds] . (78)

I3

We shall now estimate from above the terms I1, Is and I3. Recall that and property
(3) in Definition hold. This latter also gives that

\X | < Ry, so that supp(7) c B(0, Rr), (79)
with probability 1. With this, (4), and [30, Lemma A.7], for I; we have

t
flgE[/ LK<W1<V£V,V;V>+w1<a§,o§>>ds}
0

:/0 K (E WY, 7)) +E Wi(oN,7Y)]) ds
) (80)
SLK/ ZE‘XJN XJN‘+ ZE|YJN YJN] ds
0 ] 1

¢ ; 4N ; —i,N
=Lk / EIXIN - X+ EYSY -V ds,
0
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where we additionally used the inequalities and Remark With and the same
argument in we deduce
~i,N

t
I < LK/ E| XN — X0 | ds. (81)
0

Finally, using within the same steps used for I, together with , yields

B < [ Ex(E G 0] +E WY o)) ds

(82)
< LgO(N)t.
By plugging , and into we finally obtain
E|XPN - XN < LkO(N)t
i (83)

t
. 7"N . s
+ 2LK/0 (EIXON - X |+ E[YAY - Y |) ds.

We now turn to the term E\Y;’N —Yi’N\. Using and (70)), and since YOi’N = ?f)’N

we have

BN -7 <

Il
<

/‘E ar(vs, o) )PIYN = F} — E(ap(v, oM)P{YiN = F}’ds

P{Y}N = F} — —]P’{Y = F}‘ ds

+ [ [Blantl 2PN = 1)~ Blas (0 JPTEY = 1} s
0
t t
§/ E‘ap(us,as)—ap(ys , O ‘ds—i—/ E‘QL(VS,O'S)—O[L( vy , 04 }ds
0 0

t
+ [ (Blart o)) + Blar@d o)) [BEY = F) - PTLY = Fy| s,
0
where we additionally exploited that clearly
PN = P} - PTLY = FY| = [POviY = 1} - PV = 1.

By Assumptionmthere exists a uniform constant L., > 0 such that [E(ap(vY, o))+

8 ’ S
|E(ar(vY,olN))| < L. We also recall that, by (68) and property (3) in Definition
I/év and vs have by construction support contained in a compact set B(0, Rp) C R
independent of N and s. We can therefore use and , and continue the above
estimate to get

—'LN|

N
B[y, -Y;
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t . |
S 2La/ ( [Wl( y UV, )] + ]E [Wl( 3 s)]) dS + L:x/ ]ED/SZ,N o 72,N| ds ‘
’ 0

With and , plugging , and with Remark we then have
By -7 <
¢ N =iN N i\N _ 57N
< 2L,O(N)t + 2La/0 E| X" — X |ds+ (2L + La)/ ElY;Y =Y, |ds

< 2L, O(N)t + (2L, +L’a)/ <E|X“V XN

RS ) ST vl |) ds.
0

Summing the above estimate to , we obtain the integral inequality

ZN ﬂN

E XN - XN + By | < (Lg +2La)O(N)t

+ (2L +2Lq +L’a)/0 (ElXﬁ’N — X+ BN —ﬁ’NI) ds.
iN =7,N

Hence an application of Gronwall’s inequality to the function E| X, — X, | +]E|Yti’N -
\ inside the interval [0, 7] yields

]E‘XZ N Yi N| + ED/?,N o ?in‘ < (LK + 2LOC)Te(2LK+2LQ+L;¥)T . @(N) ’

which is the desired statement.

5 Numerical experiments and applications

We finally provide some practical applications of the present study, by numerically im-
plementing some examples of social interaction dynamics. We will discuss the well-
posedness of these examples according to theoretical assumptions. In particular, we
remark that in all examples we account a bounded computational domain, therefore
condition (H3) will be automatically satisfied. Numerical simulations are performed
with a first-order finite volume scheme. Details of the implementation are reported in

Bl
5.1 Test I: Consensus dynamics

We aim to show the evolution of the mean-field system when the measures uf , ul have
a bounded confidence interaction kernel. Therefore, we consider the Hegselmann-Krause
type interactions

K'(z) = a'(z)x, al(x) = X{|z|<ci}(T), 1€ {F,L} (84)

where CF',CL > 0 are the confidence thresholds respectively for the followers, and lead-
ers. We remark that Assumptions |(H2)| would require to replace the indicator func-
tions a;’s with Lipschitz approximations thereof. When af’, and a” are two bounded,
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Table 1: Computational parameters for Test I.
Test ‘ CF ‘ CL ‘ [0 ‘ ay, ‘ Uo(F) ‘ UQ(L) ‘ (5F ‘ (5[, ‘
Ia |02 06| 0.1 |095]| 0.75 0.25 - -
Ib | 0.2]06 | (86) | (87) | 0.75 0.25 | 0.35 0.2

Lipschitz continuous functions, a direct computation shows indeed that the functions
Ki(z) = a'(x)r satisfy Assumptions inside B(0, Rr), which is enough since our
measures are compactly supported. On the other hand, the experiments are not af-
fected by such a smoothing procedure, hence we keep the definition throughout this
section.

We want to solve numerically the evolution of the mean-field interaction dynamics,
observing the impact of different choices of birth rates functions ap, ar. We select the
computational domain Q = [—1, 1] and system complemented by zero-flux boundary
conditions.

Let o4(F') and o4(L) be the total mass of followers and leaders at time ¢, respectively.
Since the total mass is preserved, by renormalizing at the initial time, it holds oy(L) +
oi(F) = 1. We assume that at time ¢ = 0 the initial data is uniformly distributed in
with initial density oo(L) =1 — o(F) = 0.75.

We report in Table [1] the model parameters for two different test cases. In both cases,
we assume that leaders have larger range of influence than followers, with C*" = 0.2 and
Cl = 0.6. For the numerical discretization, we select N = 80 space grid points, time
step At = 0.0127 and final time T = 25.

Test Ia: constant rates. We have reported in Figure [1] the evolution of the mean-field
system with different simulations, when constant transition rates ap,ay are selected.
According to Table we selected ap = 0.1, = 0.95. Notice that in the case of
constant rates the total masses o;(F),0.(L) converge to

ar

Ooo(L) = _OF

F) = .
Uoo( ) arp + oy,

ap +ar’
Figure [1| depicts the density v4(x) in the time interval £ x [0, 7], and the time evolution
of o4(F) and oy(L). In Figure [2 we report different time frame of the densities u!, ut.
We observe that at final time the system has clustered around three states.

Test 1b: Density-dependent rates. We consider birth rates depending on the densities
pl, uF. We consider the variance measure of pf defined as follows

(k) = —t : / o= o i (@) duf (), (5)

" o D)2 Jax

which measures the spread of the solution uf over Q. The birth rate of leaders ar is
selected as a switching function with respect to the dispersion measure , such that
creation is activated only when the dispersion is above a certain threshold é > 0. Thus,
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Figure 1: Test Ia. Left: the total density 14 in the space time domain [—1,1] x [0, 7.
Right: the followers’ and leaders’ mass, o;(F'), 0¢(L), with a monotonic evolution in time
induced by the constant rates ar = 0.15 and oy = 0.95.
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Figure 2: Test Ia. From left to right, and top to bottom row we show the emergence of
consensus with leaders’ interaction confidence level C* = 0.6, and followers’ interaction
confidence level C*' = 0.2. Consensus state is not yet reached and three main clusters
emerge.
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o , —a(F)] |
—ay(L)

Figure 3: Test Ib. Left: the total density 14 in the space time domain [—1, 1] x [0, 7.
Right: the non-linear evolution of the followers’ and leaders’ mass, o¢(F), o (L).

we consider the following Lipschitz approximation of the indicator function

1
1 + ecF(6r=V(uf))

ar(pi 1) = (86)
with ¢ > 1, here we select cp = 1000, and dp = 0.15.

Note that function is exactly of the form (94), with f(z) = |z|?. At the same
time equation complies with Assurnption as shown in as long as |o¢(L)| > €
for a fixed threshold € > 0. This last condition can be easily checked along the evolution.

The creation of followers given by rate «y is instead determined by the following
switching function

1
T 11 ectGr—loe(D)])’

aL(:“’f? :U'tL) (87)
namely when the total mass of leaders is above a threshold é;. Here we selected o7, =
0.25, and ¢y, = 1000.

Similarly to the previous test, we show in Figure 3| the total density () on [0,7] x Q
and the time evolution of oy(F') and o4(L). In this case we observe the emergence of
a consensus state before final time 7' = 25. This is explained by the large amount of
leaders, whose mass increases until the total mass is too spread over the domain 2 (and
so the measure V(uf) is above the threshold §7). As soon as the threshold is reached, the
creation of leaders is stopped and o4(F'),0(L) converge to an asymptotic state thanks
to the concentration of the total mass. In Figure [f] we show some frames of the time
evolution of pf", ukF.

5.2 Test II: Aggregation dynamics

We consider an aggregation dynamics ruled by an attraction towards the population of
leaders, and repulsion towards the followers. Hence, we assume the following interaction
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Figure 4: Test Ib. From left to right, and top to bottom row we show the emergence of
consensus with leaders’ interaction confidence level C* = 0.6, and followers’ interaction
confidence level CF' = 0.2. Consensus in # = 0 at final time is reached.

kernels
K¥(z) = dl (2)z, af'(z) = _(e—ff;])cl%’
K (z) = a"(x)z,  a"(z) = (e+[a])*,

with non-negative parameters ¢, cr,ca and € = 0.001.

The exchange of mass between leaders and followers is described as follows: we
consider a constant rate ay,, whereas leaders’ birth rate ap depends non-linearly on the
followers’ density. Similarly to Test I we use the variance measure for uf" as follows

1
V,UF:/ z —y|2duk (z) dul’ (v). 88
(t) |0—t<F)‘2 QxQ’ ’ t() t() ( )
The birth rate ag is the switching function , modified as follows
1
1 + ecr(@r=Y(u{))

ar(uf u) = : (89)
with cg > 1 and 0 > 0. Hence, we expect the total mass of leaders to increase when
the followers’ density is too spread over the domain €2, and to decrease when followers’
density is sufficiently concentrated.

Note that this choice controls the competition between the repulsive action of fol-
lowers’ kernel and the attraction of the leaders’ one. In order to show the richness of
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Table 2: Computational parameters for Test II.
Test \ ca \ CR \ LR \ oF \ OF \ or, \ oo(F) \ oo(L)
IMa | 3 ]0.75 0.1 ] (89) | 0.15|0.25| 0.75 | 0.25
b | 2|05 |01](@9]| 02025 075 | 0.25

this setting we consider two different cases. The choice of the parameters are reported
in Table 2l

For the numerical solution of the mean-field dynamics we fix the computational
domain 2 = [—1, 1] with zero-flux boundary conditions, discretized with N = 80 space
grid points, and time step At = 0.0063 and final time T = 25.

Test Ila: Uniform initial data. We consider an initial configuration where leaders and
followers occupy the same domain’s portion identified by the function

o) = gl

with d = 0.3 and v = 1.3. The initial data of is defined as follows

uo () = oo(F)h(x),  ui(2) = oo(L)h(z). (90)

We report in Figure [5| the evolution of the system, observing an oscillating behavior
of the total mass of leaders and followers towards a stable configuration of the densities’
profiles. Indeed, initially the density of leaders increases to balance the spread of the
initial mass , up to the moment when the birth rate ar is switched off. Subsequently,
the mass of followers starts to increase, together with the intensity of the repulsion force.
Therefore, the dispersion measure increases again, until the reactivation of the birth
rate function ap. At final time T' = 25, the system has reached a stationary configuration
of the densities p’, uf” as well as of the total masses oy(L), o¢(F).

Test IIb: Confinement. We consider a confinement setting, where the leaders’ density
surrounds the initial density of followers. In this particular situation, differently from the
previous cases, Assumption on the initial data is not plausible anymore, therefore
we renounce to it. We however recall the reader that an existence and uniqueness theory
for system is still available, since Propositions and do not require to be
fulfilled.

We introduce the Gaussian function

G(z;¢%) =

then we define the initial data as follows

py () = oo (F)G(251/30),  pg(e) =
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Figure 5: Test Ila. Top line: the left-hand picture shows the total density 14, the right-
hand picture shows the evolution of the masses ", . Bottom line: From left to right
we depict the evolution of the leaders’ and followers’ densities from the initial data to

the final stationary state.
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Figure 6: Test IIb. Top line: the left-hand picture shows the total density 14, the right-
hand picture shows the evolution of the masses ", . Bottom line: From left to right
we depict the evolution of the leaders’ and followers’ densities from the initial data to

the final state.

In this setting, the initial dispersion of followers is not large enough to activate the birth
rate ap, . Indeed we can observe from the first two frames of Figure @bottom row
that the density of followers starts to grow on the support of 14, while the creation of
leaders is not inhibited. In a second step, when the interaction becomes too repulsive,
the spread of uf activates the creation of leaders, and eventually stabilizes the total
density towards a stable configuration, with the masses o¢(L), 0(F') converging towards
a stationary value.

5.3 Test I1I: Leaders with steering action

We study a population of leaders aiming to reach a desired position £ € 2, and how
their motion influences the followers’ density. The followers’ dynamics is governed by an
aggregation equation of the type

(R

F(z) =af (2)x af'(z) = (e + |z])4 — ——=——.
KP@) =a" (@), o) = (e+ el -

Leaders have a steering drift towards & of the form

WK () = o(L) (& — x)
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Table 3: Computational parameters for Test III.
Test \ cA \ CR \ R \ € \ ap \ op \ ag, \ oo(F) \ oo(L) \ By
I | 2 ] 1 ]0.05]0.0001 ] (1) [0.15]0.25] 0.75 | 0.25 [ 05

which also complies with our abstract framework, as discussed in Remark
We choose a constant rate for the death of leaders ar = 0.25, and the following
state-dependent rate for the birth of leaders

1
1 + ecr(@p=D(uf))’

ap(pf,u) = (91)

with ¢ = 1000, and where D(uf") is the variance of followers’ density with respect to
the desired configuration z,

Dt = wlF)‘ /Q & — o Pduf (2).

Hence, we expect the leaders’ density to increase when followers are not concentrated
around Z, and to vanish as soon as the desired state is approached.

This test case is inspired by applications in pedestrian dynamics, where a part of the
total mass of agents (leaders) is used as control variable to improve the evacuation time
of a crowd [2, 16]. We remain in a simplified setting: similarly to the previous tests,
we solve numerically the evolution of the mean-field interaction dynamics in the one-
dimensional domain 2 = [—1, 1] with zero-flux boundary conditions. For the numerical
discretization we select N = 80 space grid points, time step At = 0.0127 and final time
T = 15. We have reported in Table [2| the parameters’ choice for the different cases.

Figure [7 shows the evolution of the density v¢(z) and the evolution of the followers’
and leaders’ masses o, of in the top row. Bottom row shows the evolutions of puf", juf:
the mass of leaders increases initially since followers are far away from & = 0.5, as soon
as puf approaches &, while the density of leaders tends to vanish.
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A Examples of transition functionals

We prove a simple sufficient condition for ap and «af, to satisfy

Proposition A.1. Fori=1,...,5, let f; : RY — R™ be given locally Lipschitz con-
tinuous functions and consider a locally Lipschitz function o : R™Mitmetmstmatms _y R
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Figure 7: Test II1. Top line: the left-hand picture shows the total density 14, the right-
hand picture shows the evolution of the masses of,0f. Bottom line: From left to
right we depict the evolution of the leaders’ and followers’ densities towards the desired

position £ = 0.5.
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Then the map

a(p,n) = o (/Rd(fl *u)du,/w(fz*n)dm/Rd(fs*n)dn,/Rd f4du,/Rd f5dn)
satisfies Assumption .

Proof. By possibly arguing componentwise on the f;’s we can only consider the case
mi = mg = m3 = my = msz = 1. For all u, n satisfying u(R?), n(R%) < M and with
support contained in B(0, R), we clearly have

/Rd(fl * f) dﬂ‘ < M’maxpar)|fil;

/Rd(h * f) d"?’ < M’maxpor)|fal;

/Rd(f:a *1) dﬁ' < M’maxp(ar)lf3l, ‘/Rd fa d,u‘ < Mmaxpg, gyl f4|

/Rd /5 d??’ < Mmaxpg, gyl fs] -

With this hypothesis, since the function « is Lipschitz, it only suffices to show that the
functions

)= [ (e Gy [ (R
Gy [ endn o [ fdn e [ g

satisfy We only discuss the second case, since the proof in the other cases is
similar.

Denote with fo the function defined by fa(z) = fo(—z). Whenever p has support
contained in B(0, R) and satisfies (R?) < M we clearly have

sup |foxpl(x) <M sup  |fo(z), sup |foxpl(x) <M sup |fa(2)].
z€B(0,R) z€B(0,2R) z€B(0,R) z€B(0,2R)
(92)

A direct computation also shows that, if we denote with Lipp the Lipschitz constant on
a ball of radius R, it holds
Lipg(f2 * 1) < MLipyg(f),  Lipg(fo* ) < MLipyg(fo) - (93)

Take now (u1,m) and (g, n2) positive measures satisfying and (24). Use and
, toghether with the Kantorovich-Rubinstein duality, we have

‘/Rd(h * 1) dmp — /Rd<f2 * ) dno /B(O,R)(fQ * pp) dmp — / (f2 * p2) dno

B(0,R)

/ (f2 * pa) d(m —m2) + / (f2 #n2) d(p — p2)
B(0,R)

B(0,R)
< Cu,rWy (11, p2) + W (1, m2)),
with Car,r = M (sup,ep(o,2r) [f2(%)] + Lipag(f2)). This concludes the proof. O
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Example A.2. The statement above is clearly still valid if o only depends on some of
the variables indicated above. In some applications (as for instance in [27]) the transition
rate a; behaves countercyclically with respect to the mass of ui: whenever |u| is below
a certain threshold € > 0, the function «; increases in order to restore |ui| to higher
levels. To model this phenomenon, let x. be a mollification of the function

1 ifz<e
xg(:v)Z{ .

¢ otherwise,

with 0 < ¢ < 1. Then, by Proposition (with f; =0 for i =1,...,4 and f5 = 1) the
function a (i, n) := xe (|n|) satisfies Assumption |(H5)]

Also quotients of functions of the type considered in Proposition are easily seen
to comply with Assumption provided that the denominator is bounded away from
zero. For instance, for a given scalar-valued f : RY — R and g(\) = ((1—\) A€)?, where
€ > 0 is a fixed threshold, one can consider a function of the type

— fRd(f*N) dp
W”’( o) ) (64

If v € Pi(R?Y), 0 € P1({F,L}) and we set u := o(L)v,n := o(F)v, then the above

function reduces to ) 1
o(L)
a(u,a)za( )? Jra(f * V) 1/>
(a(L) Ae)?

which, as long as o(L) > e, coincides with a( [pq(f * v)dv) and only takes into account
the total distribution v of the two populations.

B Finite-volume scheme for mean-field leader-follower dy-
namics

We introduce a finite-volume scheme for the discretization of the mean-field system ({1 in
one-space dimension. Hence we consider a constant discretization step Az > 0, and we
define xy = fAx with £ € Z, and the cells Cy = [zy_1 /2, T¢41 /2], With 7,41/2 = 2+ Ax/2,
over which we define the averages

. 1 [Terrz
i =5 [ ieqr,

Te—1/2

where we used the notation uf(z,t) for the measure pi(x). In the same spirt we define
the numerical fluxes as follows

féi+1/2 = ’CZ+1/2[,U’F7,UIL],U/2+1/27 1€ {F, L}

In what follows we will consider an upwinding scheme, where the convolutional operator
K(pf, uh) = (K 5 pf" + KT « ,uL)(xgH/Q) is evaluated at the interfaces according to
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quadrature formula, and the densities ,uz 4172 are defined as follows

i = M if Key1y2 <0,
t+1/2 7 otherwise.

The sources terms are computed by averaging the transition rates ap, ar, as follows

1 Ter1/2

AZ(t) = E O‘i(/‘FvuL’t):ui(‘r)d‘/L" 1€ {Fv L}

Te—1/2

We employ a first-order time marching scheme to compute the solution u};(t) over the
time grid 0 = to,...,tn, = 1, with fixed time step At = ¢,,11 — t,,. Moreover we used
a splitting technique to evaluate separately the contribution by the non-linear transport
and the source terms. Thus the full discrete scheme reads

Fx _  Fmn At ’a _ TF

Fe =Wy — Az ‘Fz+1/2 }—271/2 )
Lx _  Lmn At L _ L

Fg = He — Ag ]:e+1/2 ]'-471/2 )

Fn+l _  Fx Fox Lx
Hy =y = AL{AT AT,

uf’"“ = ueL’* + At Af’* — Af’*
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