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ABSTRACT. In this paper we continue the study of the Griffith brittle fracture energy
minimisation under Dirichlet boundary conditions, suggested by Francfort and Marigo
in 1998 [30]. In a recent paper [I6] we proved the existence of weak minimisers of the
problem. Now we show that these minimisers are indeed strong solutions, namely their
jump set is closed and they are smooth away from the jump set and continuous up to
the Dirichlet boundary. This is obtained by extending up to the boundary the recent
regularity results of Conti, Focardi and Iurlano [I9] and Chambolle, Conti, Iurlano [14].
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1. INTRODUCTION

We prove that the minimisation problem for the Griffith brittle fracture energy [35]
under Dirichlet boundary conditions admits so-called strong solutions, if the Dirichlet part
of the boundary is of class C'. Given an open bounded reference configuration Q C R™,
n > 2, with 9Q of null n-dimensional Lebesgue measure, OpQ C 9 (relatively) open,
K C QU 0pQ (relatively) closed, and a boundary datum uy € WH°(R";R"), a strong
solution (u,I") minimises

(u,T") — / Ce(u): e(u)dz +28H" ' ((I'\ K) N Q) (G)
2\ (TUK)
in the class
A= {(u,T): T closed, u = ug in '\ (QUIPQ), u € CH(Q\(TUK); R")NC(V'\(TUK); R™)},
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2 STRONG SOLUTIONS TO THE DIRICHLET PROBLEM FOR THE GRIFFITH ENERGY

where ' is open with Q C ', Q' N 9IQ = 9p, and diam Q' < 2diamQ (in the follow-
ing ONQ := 92\ 9pQ). In , e(u) is the symmetrised gradient of u, expressing the
infinitesimal elastic strain, C is the Cauchy stress tensor, satisfying

CEl—€T)y=0 and CE-£>colé+ET)? forall € € ML (1.1)

sym
and B > 0 represents the toughness of the material. The variational approach to fracture
by Francfort and Marigo [30] is based, for quasistatic evolutions in brittle fracture, on
successive minimisation of , where K is the crack set computed at the previous step
(it is not restrictive to assume K = (), replacing  with the new reference configuration

The strategy to prove existence of strong minimisers is in the spirit of De Giorgi’s
approach to Mumford-Shah functional [41]: study the existence of minimisers for a weak
formulation where I' is replaced by the intrinsic jump set J, of w, for u in a suitable
admissible class such that .J, is countably (H"~! n—1) rectifiable, and prove that any
weak minimiser corresponds to a strong one, that is J, is closed and wu is of class C!
outside J,. (In fact, when we say J, closed we mean always essentially closed, that is
closed up to a H" !-negligible set, and u is indeed of class C™ outside .J,.)

For Mumford-Shah functional, this has been realised by Ambrosio [I} 23] and De Giorgi,
Carriero, Leaci [27] (see also [24], [38] for a different approach, and e.g. [28] 26] and the ref-
erences in [37] for other regularity results). For the case of brittle fracture in the antiplane
shear setting, that formally corresponds to remove the fidelity term in the Mumford-Shah
functional and consider the Dirichlet minimum problem, or for brittle fracture with finite
strain elasticity, the regularity up to the boundary is proven by Babadjian and Giacomini
in [7], which inspired the present work (we refer to e.g. [29 25 22], 23] for existence of
quasistatic evolutions for antiplane brittle fracture or brittle fracture with finite strain
elasticity).

The existence of weak minimiser of has been proven recently in [16] with a general
compactness and lower semicontinuity result for GSBD, the space introduced by Dal
Maso in [21] to include all the displacements with finite Griffith energy. Weak minimisers
of were known to exist under simplifying assumptions: an a priori L assumption
on displacement, for [§] in the SBD space [4]; the connectedness of I' in [I0]; a mild
fidelity term in [21]; in dimension 2 in [34] (we mention also [31] and the approximations
in [36, 33, I8, 15, 32, 13, [T, 20]).

The regularity result analogous to De Giorgi, Carriero, Leaci [27] is obtained in [19] in
dimension 2 (for more general energies) and in [I4] in general dimension (see also [17]),
ensuring closedness in ) of the jump set of weak minimisers, thus existence of strong
minimisers for the problem with fidelity term. The present work extends this regularity up
to the boundary (that is in '), assuming Op(2 of class C!, in the main results Theorem
and Corollary This shows existence of strong minimisers for .

As in the other regularity results, the key point (Theorem is a density lower bound
for the jump set of minimisers, that now holds for all balls centered on a point in J,,
contained in the enlarged domain €', with radius small enough (and at a small security
distance from 9(9p) if Q is not of class C!, see also Remark . This is the analogous
of [7, Theorem 3.4], while in [27, 19] [I4] the density lower bound is proven only for balls
contained in ).

Following the usual scheme by contradiction, we are led to prove a decay estimate for
the Griffith energy of local minimisers in balls with vanishing radius and vanishing (n—1)-
dimensional density of the jump set. If the balls are contained in € this is done as in [14],
showing that (local) quasi-minimisers with vanishing jump set on the ball B(0, 1), obtained
by blow-up, converge to a local minimiser for the bulk energy.

In the case where the balls intersect '\ 2 we have a sequence of quasi-minimisers for
a problem with a prescribed displacement outside 2: we then modify (Theorem the
compactness result for functions with vanishing jump [14, Theorem 4] to include the case
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of a prescribed value somewhere. This passes also through an approximation of GSBD
displacements with small jump set and a prescribed value in a subdomain D, through
functions keeping the same value both in D and near the boundary, and smooth in the
interior (Theorem [3.1). The proof of the compactness result is done in the spirit of the
corresponding [14, Theorem 3|, employing a Korn-Poincaré-type estimate by [12].

The regularity of minimisers with prescribed value on a subdomain is obtained in The-
orem by adapting a regularity result for solution to elliptic systems in [39]. Differently
from the analogous [7, Theorem 3.8, we only consider the case of quadratic growth for the
bulk energy. Indeed, even in the unconstrained minimisation problem, the desired regu-
larity seems by now available only for quadratic growth in general dimension, cf. [17, [14].
This is the only point that prevents to obtain a more general regularity result in the case
where the bulk energy has growth p > 1 in e(u) for |e(u)| large, as in [19].

The decay estimate guarantees a uniform density lower bound for H"~! in balls centered
in J*, with radii less than a uniform value gg, where J; C J, is given by the jump points
of full density with respect to H"~! (Theorem [5.6). This implies that J; is essentially
closed, then by elliptic regularity we get that u is of class C* in Q\ J# and J,, coincides
with J* in . The continuity of the minimiser u up to dp€ \ J;* is derived from the fact
that by minimality, |le(u)||7. (B,(x)) 18 controlled by 0" ! for any B,(z) C . Arguing as
in Campanato’s theorem (with infinitesimal rigid motions in place of averages on balls) we
deduce that |ug(wo) —u(z)| < Cy/|ro — x| near any ¢ € 9pQ\ J*. In particular, it follows
that J, C J in QU dpS.

As a concluding remark, we observe that in dimension 2, the authors of [7] prove the
existence of a strong quasistatic evolution, namely minimising the antiplane version of
with respect to its own (closed) jump set at any time ¢. The starting point is therein the
existence result [29], that has been recently extended to planar elasticity by Friedrich and
Solombrino in [34] in dimension 2. In the present context it is immediate to combine our
density lower bound with the geometrical 2d argument in |7, Proposition 5.5] to get that
the sequence of piecewise-constant in time evolutions u in the Francfort-Marigo approach
(obtaining by dividing the given time interval [0, T] by k-+1 nodes t: = z% and interpolating
in time the solutions to the incremental minimum problems in the nodes) satisfies a density
lower bound uniform in time and in k. However, the improvement of the evolution in [34]
seems delicate. Indeed, the tool of o,-convergence, developed in [22] and crucial in [7], is
not directly applicable now, as we do not work in SBVP.

2. NOTATION AND PRELIMINARIES

We denote by £ and H* the n-dimensional Lebesgue measure and the k-dimensional
Hausdorff measure. For any locally compact subset B of R™, the space of bounded R™-
valued Radon measures on B is indicated by My(B;R™) (the space of R™-valued Radon
measures on B is denoted by M(B;R™)). For m = 1 we write M;(B) for M;(B;R),
M(B) for M(B;R), and M; (B) for the subspace of positive measures of My(B). For
every u € My(B;R™), its total variation is denoted by |u|(B). We write xg for the
indicator function of any £ C R™, which is 1 on £ and 0 otherwise, and Ay € Ay for two
open sets Ay, A such that A; C Ay. For every x € R™ and o > 0, B,(z) is the open ball
with center  and radius o. We usually write in the following B, for B,(0).

Function spaces. Let U C R"™ be open and bounded. For any L£"-measurable function
v: U — R™ the approzimate jump set J, is the set of points x € U for which there exist
a, b€ R™ with a # b, and v € S*~! such that (see e.g. [5, Section 3.6])
aplim  wv(y) =a and aplim  wv(y) =b.
(y—z)v>0,y—z (y—x)-v<0,y—a
A function v € LY(U) is a function of bounded variation on U (v € BV (U)), if Dyv €
My(U) for © = 1,...,n, where Dv = (Djv,...,D,v) is its distributional gradient. A
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vector-valued function v: U — R™ is in BV (U;R™) if v; € BV(U) for every j =1,...,m.
The space BVioc(U) is the space of v € L] (U) such that D;v € M(U) fori=1,...,n.

A function v € L'(U;R"™) belongs to the space of functions of bounded deformation
BD(U) if its distributional symmetric gradient Ev belongs to M,(U; Mgin). It is well

known (see [4, 42]) that for v € BD(U), J, is countably (H"~!,n — 1) rectifiable, and that
Ev = E% + E% + Flv, (2.1)

where E%v is absolutely continuous with respect to £™, the Cantor part E¢v is singular
with respect to £ and such that |E¢v|(B) = 0 if H"~1(B) < oo, while E/v is concentrated
on J,. The density of E“v with respect to L™ is denoted by e(v), and we have that (see [4]
Theorem 4.3|) for L"-a.e. z € U

[ 10 =@ — @@ =) - )

g—>0+B - ly — x|?
o X

dy=0.

The space SBD(U) is the subspace of all functions v € BD(U) such that E‘v = 0, while
for p € (1, 00)

SBDP(U) := {v € SBD(U): e(v) € LP(Q;M™X1"), H"1(J,) < oo} .

sym

Analogous properties hold for BV, as the countable rectifiability of the jump set and the
decomposition of Dv, and the spaces SBV (U; R™) and SBVP(U;R™) are defined similarly,
with Vo, the density of D%, in place of e(v). For more details on the spaces BV, SBV
and BD, SBD functions, we refer to [5] and to [4, [8, [0, [42], respectively.

We briefly recall the definition and the main properties of GSBD functions from [21],
referring to that paper for a general treatment.

Definition 2.1. A L"-measurable function v: U — R" is in GBD(U) if there exists
Ao € M (U) such that for every ¢ € S"! and 7 € CYR) with -1 < 7 < 1 and
0 <7 <1, we have

De(r(v- ) =D(r(v-¢)) - £ € My(U),
and
[De (7 (v 5))‘(3) < \(B) for B C U Borel;
The function v belongs to GSBD(U) if v € GBD(U) and
Us 3t = 05(t) i= v(y +1€) - £ € SBVie(U})
for every ¢ € S*! and for H" l-a.e. y € II¢, where U§ ={teR:y+t£ € U} and
e ={y e R": y- £ =0}.

For every v € GBD(U) the approzimate jump set .J, is still countably (H" 1, n — 1)-
rectifiable (cf. |21, Theorem 6.2]) and v has an approzimate symmetric gradient e(v) €
LY (U; M™X") | characterised by

o / ¢<(U(y) —o(z) —e(v)(@)(y —x)) - (y — $)> dy =0

ly — x|?

lim
0—0t
By(z)

for 1) a homeomorphism between R™ and a bounded subset of R". If v € GSBD(U), with
e(v) € LP(U;Mg);7), p > 1, and H"1(J,) < oo, then v € GSBDP(U).

The following result has been proven by Chambolle, Conti, and Francfort in [12], stated
in SBDP. The proof, only based on one dimensional slicing, holds in fact for functions in

GSBDP, and this has been employed for instance in [14], 15].
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Proposition 2.2. Let 0< 0" <0 <1, Q = (—r,r)", Q' = (—r0',r0")", w € GSBD?(Q),
p € [1,00). Then there exist a Borel set w C Q' and an affine function a: R™ — R™ with
e(a) = 0 such that L™(w) < curH" 1(J,) and

-
(Ju—aP)* dz < P~ ( le(u)|P dx) : (2.2)
/ /

Q"\w
with 1* = "5, If additionally p > 1, then there is ¢ > 0 (depending on p and n)
such that, for a given mollifier 0. € CX(Bg—gny,),0r(x) = r"o1(z/r), the function
U= uXQn\w T aXw 0beys

?{71——1 J q
[letox e~ ety o,z < c. (”) [ letwpras, (23
Q" Q
where Q" = (—r0",r0")". The constant in (2.2)) depends only on p, n, and §', the one in
(2.3) also on o1 and §".
Remark 2.3. By Holder inequality and ([2.2) it follows that

/1%

/ lu—alPde < L™(Q"\ w)l/”( / (Ju — aP)t" dx) < crp/ le(u)|P dz (2.4)
Q"\w Q"\w Q
Some regularity results. For every v > 0 let
H,:={z=(2",2,) ER": 2, > —7}, (2.5)
and (recall the notation B, for B,(0))

/(Ce w)dr ifu€ H' (B;R"),u=0 ae. in B,\ H,,

Eo~(u, By) (2.6)

+00 otherwise.

Definition 2.4. We say that u € H'(B,;R") is a local minimiser of Ep (-, B,) if
Eo(u; Bo) < Ep(v, By)
for every v € HY(B,; R"™) with {u # v} € B,.

We now consider two regularity results for minimisers of Ej ,, that solve in a weak form
the elliptic equation div Ce(u) = 0 in B,NH.,. These are useful to prove the decay estimate
in Lemma The first one follows from the fact that the solutions of divCe(u) = 0
are expressed through a (2—n)-essentially homogeneous C-dependent kernel (see [40, The-

orem 6.2.1, paragraph 6.2 and |14, Section 5]). The second one concerns the boundary
estimates and its proof, in Appendix, follows the lines of [39, Theorem 4.18, (i)].

Theorem 2.5. Let v > 1/2 and u € Hl(Bl/Q;R”) be a local minimiser of Eo~ (-, B1/2)-
Then there exists Cy > 0, depending only on C and n, such that

/(Ce u)dx < Cpo" /Ce e(u)dz,

Bo/2 Bi/2
for every o < 1/2.
Theorem 2.6. Let v € [0,1/2], u € HY(By;R") be a local minimiser of Eo~(-, B1), and

Ry < 1 be such that %RO > . Then there exists C{, > 0, depending only on C, Ry, and n,
such that

/Ce(u): e(u)dz < Cf) o™ / Ce(u): e(u)dz,

B, Bry
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for every o < %RO.

3. APPROXIMATION OF FUNCTIONS WITH SMALL JUMP
PRESCRIBING A VALUE IN A SUBDOMAIN

In this section we approximate G.SBDP functions with jump set small in 4" '-measure,
by functions keeping the same value near the boundary and smooth in the interior. The
different point with respect to [14, Theorem 3| is that we also want the approximation to
have the same value (here 0) on a subdomain D. Then we modify the construction in [14),
Theorem 3| in the interior part, where the original function is regularised, keeping 0 in a
neighbourhood of D. As in [I4] this is done in a cubic domain for simplicity of notation,
but holds also for balls (see Remark . We consider here a bulk energy positively p-
homogeneous in e(u).

Let @, := (—r,r)" and @ := Q1 = (—1,1)". Moreover, let
1
fol) = (Ce- ) for ¢ M

with C satisfying (1.1]), and let o € C°(B(0,1/6); RT) be a radially symmetric mollifier,
with gg(x) := 6 "o(6 1) for every § > 0. In the following, for a given subset U of Q, we
denote Us := Q N (U + (—38,36)").

Theorem 3.1. Let D := {x = (2/,2,) € Q: 7, < g(2')} C Q, with g € CY(R"™1) and
Lip(g) < %H Then there exist n € (0,1), C > 1 depending only on n, p, C, such that for
every v € GSBDP(Q) with u =0 in D and

§=H"(T)m <,

there are R € (1 —+/9,1), & € GSBD?(Q) with it =0 in D, and & C Qg such that
1. e COO(QI_\/E), t=u1in Q\ Qr, Hn_l(Ju NOQR) = /Hn_l(J@ NOQRR) =0;

2. H" N (Ja \ Ju) < CVOH (TN (Q\ Q) _5));
3. There is s € (0,1) depending only on n and p such that

le(@) — o5 * e(u )HLp(Q _EME) < O6°[le(u)l (Q;ME) + Clle(u )HLP(D(;;MQJ,;I)

and

/fo ))dz < C/fo dx+055/fo (3.1)

for any U € Q;
4. @] <C65(1+H" 1 (JuNQRr)) and

/ |t —ulPdo < C(Sp/ le(u)|P dz ; (3.2)
Q\w
5. If ¢ € Lip(Q; [0, 1]), then, for s € (0,1) as in 3.,

/wfo ))dx < C'/¢f0 )) dz + C6°(1 + Lip()) / le(w)|P dz; (3.3)
Q
6. If u € LP(Q;R™), then for U € Q

_ 1
lall Loy < lullr@rny + C82 (ull o@irny + lle(w)] Lo @irn)) -

Later we consider gj, with Lip(g) vanishing
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Remark 3.2. The properties 1., 2., 6. of Theorem |[3.1|are in common with the corresponding
ones of [14, Theorem 3| (we have stated Theorem similarly to |14, Theorem 3| for an
easier comparison), while in 3., 4., 5. we have a further contribution localised in Ds\ D
that introduces the factor C' > 1 in place of 1 in and (notice that uw = 0 in D
so we could replace Ds by Ds \ D in 3., while in 4. we used |(0D)s] < C§): this is due
to the fact that we have to correct the modified function @ with respect to the one in [14]
Theorem 3|, in order to guarantee that @ =0 in D.

Proof. We follow the notation in [14, Theorem 3|, but modifying the approximating func-
tion @, so we recall the first part of the construction therein. In the following C' will indicate

a generic constant depending on n, p, C.
Denoting N := [1/4], so that (=N§, N§)" C Q, let for i =0,...,N —1

Q' = (—(N—=i)5, (N=i)5)",  C':i=Q'\ Q"'

with CV=1 = Q¥~1. Up to a small translation, one may assume that for every i =
0,...,N—1
H (], NoQ") =0, (3.4a)
lim r”/ le(u) —e(u)(y)Pdz =0 for H" '-ae. y in 0Q". (3.4b)
r—0 B (y)

Moreover, one can find (see [I4} (10)]) ip € NN [1,1/v/6 — 3] such that, for § small enough,
/ le(u)[? do < 8V/5 / le(w)|? dz,

CiouCiot! Q\Q_5
Hn—l(Ju N (O’Lo U Ci0+1)) < 8\/37{”_1 (Ju N (Q \ Qlf\/:;)) .

In particular Q,_ 5 C Q*!.
The cube Q! is divided into cubes z + (0,0)", z € §Z", the crown C% into dyadic
slabs

S = (= (N —ig—275)5, (N —ig —275)8)" \ (= (N —ig — 27F1)5, (N —ig —27F+1)8)"

and each Sy into cubes of the type z + (0,627%)" z € 27%57Z".

The set of all the cubes introduced is called W, and W) is the set of cubes covering
Qt!. For any ¢ € W, let ¢, ¢”, ¢’ be the cubes with same center and dilated by a factor
7/6, 4/3, 3/2, respectively. For

1
2. 8¢y,
where ¢, is the constant in Proposition obtained for ¢ = 8/9 (the sidelength ratio
between ¢” and ¢"), a cube ¢ € W of sidelength §, is called good if

anfl(q/I/ N Ju) S n (5q)n71 ,

otherwise it is bad. By the assumption § < 7 and since 6® = H"1(J,), then each ¢ € W),
is good. The union of bad cubes is denoted by B and (see |14}, (12)])

n =

H 1 (9B) < (;\/SH"*(JU NR\Q,_ys)) >

C e
Bl < 02 (1N @\ Qu_yp))
The good cubes are enumerated into (¢;)$°,, such that Wy = UiSNo gi for Ng = 2"(N—ip—1)".
Consider a partition of unity (;)$2; of Q% \ B, in correspondence to (g;)%°;, with ¢; = 0
on Q \ ¢\ B. Then Y, ¢; =1 on Q™ \ B (a locally finite sum),

@i is C* in Q® \ B, {pi #0} C ¢, (3.5a)
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and we may ensure that

(3.5b)

Moreover, by Proposition [2.2| (and Remark [2.3] ., for any ¢; there is a set w; C ¢/ with
|wz| < by M (Ju N g") < can(8g,)"
and a; affine with e(a;) = 0 such that

[ = aill Lo (g\wi) < €50 lle(w) oy » (3.6a)
HT 1(J ﬂq”’)
le(ui) = e(w) * 05, llLr(q) < <(5) || (Wl o) » (3.6b)
ai
where p = ¢/p (q as in Proposition and
i = 05, * (UXg\w; T QiXew;) - (3.7)

We are now ready to define our approximating function, by
> opiug inQ0\B,
o =  ¢,ND=0 ' (3.8)
u in BU(Q\ Q™).
Notice that @ = 0 in D, since supp(y;) N D C ¢; N D = {) for any ¢ in the sum, and since
u=0onD. Since Q;_ /5 C Q"' and 7 is smooth in Q% \ B, taking Qr = Q™ (recall also
(3.42))) we get the first two assertions of property 1 (we see below that H"~1(J, N9Q©) =

H 1 (JzNIQ™) = 0). We observe also that the approximating function in [14, Theorem 3|,
that we denote u, is defined as ), p; u; in Q" \ B and u elsewhere, so that

Vi=U—U= Z ©i U . (3.9)
qND#0
Since ¢; are smooth and we see below that H"~1(J, N 0Q©) = H"1(Jz N dQ") = 0
property 2. follows directly from the analogue of [14, Theorem 3|. We have that

e(w) = Y (pie(u;)+ Ve ©uy). (3.10)
q;ND#D

1

We now estimate ||u;|| Lr(q)) for every g; with q;N D # (). For these cubes, since Lip(g) < g,

we have that Y
(g \ wi) N D]

|47
with dy a dimensional constant, so independent of i. Since w =0 in D, (3.6al) gives

>dy >0, (3.11)

llaill o (g7 \wi)nD) < cxdg,lle(w)]Loqry
and since a; is affine (see e.g. [14, Lemma 3.4]), by (3.11]) we deduce
il Lo gy < Cdglle(w)llLr(gr) » (3.12)

with C' depending on dy and c,.. Moreover, employing the fact that (since 05, * Qi = a;
because gg,, is radial)

U — a; = 05, * ((u— ai)quL’\wi) , (3.13)
we get that
/ lu; — a;|P da < / lu —a;|P de < c*(6qi)p/ le(u)|P dz . (3.14)
/ //\W'L q///
Notice that this holds for any good cube. Collecting (3.12)) and ( we get
lwill Lo(g) < C5q¢||e(u)||Lp(q§”) ; (3.15)
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for every ¢; with ¢, N D # (). Setting & := Uql_mD:(D w; \ B and 8 := 627F, we get that for

any y € 0Q% (recall (3.9))
/v|pd$<05p2 kp/| )|P dz,

B, (y)\& Bs, ,(

and |@ N By, (y)] < C,(1 +1/n)H"1(J, N Bs,_, (y)). Arguing as in [14], we deduce then
that for H" l-a.e. y € 0Q"

1/p
1 exHY Y (J, N B 1

Lol > e} 0 B (9)] < U Bo (W) 4 o 5[ ] [ retopar)
o oy, 0r_q

Bs,,_1 ()

and the right hand side vanishes as d, — 0, by ; then v has null trace on 0Q™, @ €

GSBDP(Q), as well as 4, and H" 1 (JzNOQY) = H* 1 (JzNIQY) = H*1(J,NIQY) =0

(the properties for u follows from [I4, Theorem 3|). This concludes also properties 1., 2.
By and it follows that

Vi © uill Loy < Clle(w)|Loqr - (3.16)
Moreover, since ¢ € [0, 1], 05, * Qi = Q;, e(a;) =0, (3.13) and (3.14)) imply that

i e(ui)llLr(qy < lle(ui)llLegy = lle(wi — ai)llLogy = llos, * ((u = ai)xgnw,) e ()
||VQ||1

lu— Z"’L’)(flé'\tx)z') < CH@(U)HLP(%,,) .

Putting together the above inequality with (3.16]) we get
l[pi e(ui) + Vo © wil| o) < Clle(u)l ey (3.17)

Therefore, by (3.10), since the ¢/ are finitely overlapping and since, if ¢/ N D # @, then
/// C Dé,

le()llrry < Clle(w)|l e ((pruys) » (3.18)

in particular
le()lzr@) < Clle(w)llLr(py) -
Since in [I4, Theorem 3, property 3.| it is proven that

le(@) — o5 * e(u)llLr(q, 5 < CO°lle(w)llLr )

([sma)} = [ sor( [

then (3.18]) gives the first part of property 3. and

(Jscors) = [ sco{ saorssc(_ [ secors)’

(DNU)s

and

from which also (3.1)) follows, using (a + b)P < 2P~1(aP + bP).

As for 4., this follows from the fact that suppv C (0D)s, whose volume is less than
C¢, and since property 4. of [14, Theorem 3| gives for w for a set @ with |&| <
CSH" (T, N QR).

Let us now consider property 5., so fix ¢ € Lip(Q; ): we have

/’QZJf(]( d:l:—//w(x) dtdw—/ / ))dadt.
Q

{z: t<p(x
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Taking U = {x: ¢t < ¢(x)} in (3.1) (notice that Us C {x:t < ¢(x) + cyd}, where ¢y, =
3n'/2Lip(¢y)) we get

/wo d:z</010< / fo(e(u))dx+5s/fo(e(u))da:>dt
Q

{:I:' t<’¢'( )+C¢,5} (319)

_C’/ x) + cy0) fole(u ))d:U—{—C’(SSQ/fO(e(u))d:U,

which implies (3.3)).
Property 6. follows since it holds for w in place of @, and by (3.9), (3.15) we have
]

[vllzr(@) < Cdlle(w)|rr(q)-

Remark 3.3. Theorem [3.1| and [14, Theorem 3| hold for any cube @Q; in place of @), arguing
in the same way, and also for any other regular open sets, as balls, employing a Whitney-
type argument (see also the comments at the beginning of Subsection 3.2 in [14]).

4. MINIMISING SEQUENCES FOR THE GRIFFITH ENERGY WITH DIRICHLET CONDITION
AND VANISHING JUMP

For every D C @ Borel set, u € GSBDP(Q), ¢ > 0, and A C @ open set, we define

/fo ) dz + cH" L (J, N A) ifu=0a.e. inD,

Gp(u,c, A) (4.1)

otherwise.
Let us also set
mp(u,c, A) == inf{Gp(v,c, A): v € GSBD?(Q),{v # u} € A},

as the local minimum with respect to perturbations in A, and the deviation from minimality
on A given by (for mp(u,c, A) < 00)

Devp(u,c,A) := Gp(u,c, A) —mp(u,c, A).

The following theorem, which is the goal of this section, proves the convergence of quasi-
minimisers for Gp, with vanishing jump measure toward a minimiser of the bulk energy
with respect to its own boundary value. It is a Dirichlet counterpart of [19, Proposition 3.4],
[14, Theorem 4].

and converging locally uniformly to the constant function —vy, with v € [0,1). Let v, €
GSBDP(Q), cp, > 0 be such that

Theorem 4.1. Let Dy, := {x = (2/,2,) € Q: xp, < gn(2)}, for gn: R*1 — R continuous

sup GDh (Uha Ch, Q) < 00,
heN

lim Devp, (vp, cn, Q) = lim H" 1 (J,,) = 0.

h—o00 h—o00

(4.2)

Then there exists v € WIP(Q; R") with v = 0 in Q \ H.,, such that, up to a subsequence
hj, vp; — v a.e. in Q with

/f(] dx</f0 Ndz  for any w € WHP(Q;R™), {w # v} € Q, w =0 in Q\H

(4.3a)
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and, for any t € (0,1),

lim Go, (1m0, Q1) = [ fole(v) da (4:3b)
o
e(vn;) — e(v) in LP(Q; Mgy, chjﬁnfl(g]vh]_ NQ:) — 0. (4.3¢)

Proof. Being t — Gp, (vp, ¢y, Q¢) nondecreasing in [0, 1], by Helly’s theorem we have that
up to a subsequence (not relabelled) independent of ¢

hlim GDh (Uh, Ch, Qt) =: A(t) < 00 (4.4)
—00

for every t € [0,1], and A nondecreasing. By [12, Proposition 2| there exist w; with
|wp| < cH"Y(J,y,) and ay, affine with e(ay) = 0 such that

/ lop, — ap|P dz < C’/ le(vp)|P dz . (4.5)
Q\wn, Q

On the other hand we have that, since g, converge to —y > —1 locally uniformly, then
|Dy| > dp > 0, which by [I4, Lemma 3.4] (notice that aj are affine, v, = 0 in Dy, and

lwn| — 0) gives
/WM<C/deM, (4.6)
Q Q

so that one can choose ap = 0 in (4.5)). Being e(vy,) bounded in LP we have that
Vh XQ\w, — v in LP(Q;R™), (4.7)

for a suitable v € LP(Q;R"). Since g;, converge to —v and |wy| — 0, by , we deduce
that v = 01in @ \ H, and that v;, converge pointwise to v in @, again up to a subsequence.
Let us fix ¢ > 0 and a point ¢ € (0, 1] of left continuity of A, so that we can find ¢’ € (0,t)
with
Alt) —A(t) < e, (4.8)
and apply [14, Theorem 3| for @ = @, u = v, (so &, = H"1(J,, N Q:)'/™), which
gives functions vy, and exceptional sets @y, (for their properties see also Theorem and
Remark: in particular we have that (v, —vs)x@,\g, — 0 in L? and |&p,| — 0 as h — 0,
by [14, Theorem 3, Property 4]. Moreover, the functions v, are W1P(Qg; R™) for any s < ¢
and h large enough, and e(vy,) is equibounded in LP, by [14, Theorem 3, Property 3|: then
Korn’s inequality implies that 75, — ap, converges weakly in T/Vl:(l)f (Qq), for suitable affine ap;
actually this convergence holds true also with a; = 0, arguing as done for . Recalling
([@.7), we can say that for any ¢ € C°(Qy)

/%'@div = / 6h'<Pd~”U+/(Uh XQ\wh)'(SDXQt\ah)d$+/ ((Oh—vr)XQ\Gr) - € X \wp A

Q¢ QiN(wrU @) Q Q1
converges to [v-¢dz. We then deduce that
Q
T, v in WEP(Qy), (4.9)
that (recall [I4, Theorem 3, Property 3|)
e(vp) = e(v) in LP(Qp;Mgy) (4.10)

and then that

/ folefw)) da < liminf / Jole(vn)) dz . (4.11)
Q¢ Q¢
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In particular, since [ fo(e(vy)) dz < Gp, (vh, ch, Qr), it follows that
Qt

/ fole(w)) dz < A(t). (4.12)
Qt

We study now the local minimality of the limit function v, in the sense of , employing
the quasi-local minimality of vy, for Gp, (-, ¢, Q). Then let us fix a test function for ,
that is w € WHP(Q; R™) with {w # v} € Q; and w = 0 a.e. in Q \ H,. By [7, Lemma 6.3,
there exist wy, € WHP(Q;R"), with wy = 0 a.e. in Dj, and

wyp, — w  in WHP(Q;R™). (4.13)

Since {w # v} € Qy, there is a t € (¢,t) such that Q; \ Q7 C {w =v}. Let ¢ € Ce(Qy) be
a Lipschitz function with 1 = 1 in Q, and

{0<y <1} CcQu\QrC{w=0v}NQw\Qu, forsomet’ e ('t). (4.14)

Let us apply Theorem 3.1]for Q = Q;, D = D, u = vy, to get functions oy, and exceptional
sets @p,. Notice that 7, € WIP(Qu; R™) for h large (so 65, small, and o, € C(Qy—57)
and that e(0p) is bounded in Qg, for every s < t, by . Thus we deduce, arguing as
done before for the vy, that

o — v in WHP(QgR™), for s <t, (4.15)

by (4.10) and Property 4. in Theorem (observe that |@p| < Cdp — 0, and recall Korn’s
inequality). We set

Wy, 1= f)h(l—w)—i-l/lwh. (4.16)
Since U, = vy, in Q \ QR,,, 50 {Un # vn} € Q¢, and Uy, = wp, = 0 in Dy, we get
{ﬁ)h%?}h}@Qt, wp, =0 in Dy, .

Therefore Gp, (W, c¢p, Qr) < 0o and, by (4.2)),

/fo(e(vh)) dz + e, H" (T, NQy) < /fo(e(wh)) da + e, H" (g, NQy) +o(1), (4.17)
Qt Q1
where o(1) = Devp, (v, cn, Q:) — 0. By Properties 1. and 2. of Theorem we have
Ja, C Jg, C Qt\Qtﬂ/ﬁ and ”H"_l(.]f,h\Jvh) < Cmﬂn_l(Jvh). This implies, subtracting
cn H (T, N Q1 \ Q;_5;) from both sides of ([(.17), that

/fo(e(vh)) dz + e, H" (T, N Qi_y5) < /fo(e(u?h)) dz + o(1). (4.18)
Q¢ Q¢
By (&.16)
e(wp) = (1 —)e(vp) + ve(wp) + Vi © (0, — wp) - (4.19)

In view of (4.13)), (4.14)), and (4.15]) we get
p—wh — 0 in LP({0 < ¢ < 1}:R™),

and then, employing the convexity of fy,

[ etz < 1+ o) [ Ja-osteton iz [ wfo<e<wh>>dx] Fo(1). (4.20)

Qt Qt Q+
By Property 5. in Theorem
[ atetonde < ¢ [(-0)fofeton)) do +o(1), (4.21)

Q Q+
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so that, combining (4.20)), (4.21)) with (4.18),
/fo(e(vh)) dz + ey H" 1 (T, N Qi ys) < /wfg(e(wh)) dz + o(1)
Q1 Q¢

(4.22)
e / (1= ) fole(vn)) dz

We now pass to the limit the above inequality employing (4.10) and (4.13) respectively in
the left and in right hand side, obtaining

/f(] ))dz < /fo ) dz + Chmsup/(l — 1) fole(vy)) dx . (4.23)

h—o00
Qt

Notice that, being 1 — 1 =0 in Qu and 1 —¢ < 1 in Q,

Ja-opewndars [ fe)
Q1 Q\Qy

Now, since

/ fole(vn)) dz = Gp, (vn, cn, Q1) — G, (vn, cn, Q) — enH" ™ (o, N Q1 \ Q)
Q:\Qy
< Gp, (Vn; cn, Qt) — Gp, (Vh, cn, Qy)
we have that (recall (4.8))

1ihmsup / fole(vn)) dz < lim [GDh(UhaCtht) - GDh('Uh’Ch:Qt’)} =A(t) - A(t') <e.

Qt\Qz/
Therefore from (4.23]) we deduce

/fo ))dx < /fo ))dz+Ce, (4.24)

and then (4.3a)) follows by the arbitrariness of € and of the test function w.
Moreover, we have that for h large the left hand side of (4.22)) is greater than Gp, (vp, ch, Qv),
so that

A(t) —e < A(¥ /fo ))dz + Ce,

for any w test function for (4.3al), and then

< /fo(e(w)) dz
Qt

since ¢ is arbitrary. Taking w = v and recalling (4 we get

/fo ))da = A(t)

for every t € (0, 1] point of left continuity of A. Since ¢ — [ fo(e(v)) is continuous, then

Qt
it coincides for every ¢ with A (that then is continuous too). By the definition (4.4)) of A
we conclude (4.3b)). At this stage, (4.3c) follows immediately from (4.10) (that holds for
every t) and (4.3b)). This completes the proof. O
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Remark 4.2. Employing the versions for balls of Theorem and [14, Theorem 3| (see
Remark , we have that Theorem holds also for balls B,., » > 0, in place of Q). In
this version we apply it in the following section.

Remark 4.3. In Theorem if p = 2 then (4.3a]) corresponds to say that v is a local
minimiser of Ey (-, Q) in the sense of Definition

5. STRONG MINIMISERS FOR THE GRIFFITH ENERGY WITH DIRICHLET CONDITION

We assume, as in the Introduction, that Q' D Q with Q'NoQ = 9pQ, diam Q' < 2 diam €2,
and introduce the following functional, defined for every open set A C . Differently from
the functional Gp in , we consider the classical Griffith energy, so with the quadratic
linearised elastic energy as bulk energy. We then set for every v € GSBD?(Q2) and A C &

/Ce u)dz 4+ 28H (], N A) ifu=0ae in A\ (QUIPN),
otherwise.
(5.1)
Let also
m(u, A) := inf{Go(u, A): v € GSBD?*(A), {v #u} € A} (5.2)

be the local minimum value, and, if m(u, A) < o0,
Dev (u, A) := Go(u, A) —m(u, A)

be the local deviation from minimality. We state Theorem for quasi-minimisers, which
are defined as follows.

Definition 5.1. A function u € GSBD?(A) is a (w, s)-quasi-minimiser of Go(-, A) if there
exist w > 0 and s € (0, 1) such that for every ball B,(x) C A with p <1

Dev (u, By(r)) < wo" 11,
We are here interested in the Dirichlet minimisation problem

Ce( w)dz 4+ 28H" NI\ K): u=uoin ¥\ (QUPQ) y , (5.3
ueGSI‘IéIB2 Q/ / 6 T+ BH ( \ ) U Up 1M \( D ) ( )

where K C QU dp 2 is closed in the relative topology. In order to deal with the set K, we
consider the following localised version of ([5.3), still with Dirichlet boundary condition

i Ce( w)ydz +28H" N (J,NA):u=upin A\ (QUIPQ 5.4
o, / )do 4 26H (N A): u =g in A\ (QU0pQ) . (5.4

for every A C €. The following proposition shows that there is a correspondence between
solutions to (5.4) and quasi-minimisers of Gy(+, A), for which the boundary condition is 0.
For the moment we do not assume that 9p is of class C1.

Proposition 5.2. Let A C Q' open such that H" 1 (pQ N B,(z)) < L™ for any
By(z) C A, ug € WHR(V;R"), and u € GSBD?*(A) be a solution to (5.4). Then

U:=u—up € GSBD?*(A)

is a (w, 1/2)-quasi-minimiser of Go(-, A), with w depending only on n, C, |le(up)||co, and
L.
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Proof. Fix By(z) C A with ¢ < 1 and consider v € GSBD?(A) with Go(v, A) < oo and
{v # u} € B,(x), so that v + ug is admissible for (5.4]) (notice that v 4+ ug = ug a.e. in
A\ (QUpQ) by (p.1))). Being ug € WH°(Q; R™) and u a solution to ([5.4), we have that
2 € GSBD?*(A) with @ = 0 a.e. in A\ (QU dpQ) and (by manipulating the quadratic
forms in the minimality)

Ce(a): e(@) dz + 28 H" H(Jz N By(x)) < / Ce(v): e(v) dz

By(z) Bg(x) (5 5)
+2 / Ce(up): e(v — @) d + 281" (J, N B,(x)).
By (z)
We have that
| cetuo): e(w - @) do < Celletun)2(s,mp lefo = D215,
Ba(@) (5.6)
R ||e(u0)||%2(B (z)) g2 9
< CC(He(uU)HL2(BQ(:Jc))He(u)HL?(BQ(x)) + 522 £+ 5||€(U)||L2(Bg(x))) :
Now
le(uo)ll L2(B,(2)) < Clle(uo)lloc @2 5 (5.7)
since ug € Wh°(€;R"), and
le@ + o) |72, @y + 28 H" ™ (Ja N Bo(x)) < 0", (5.8)

with & = é(n, C, ||e(uo)|loe, L), by comparing in (5.4) the functional evaluated in @+ ug
and in ((U + u0)Xa\(nB,(«))) (cf. [T, Lemma 3.10], in particular [e(uo)[lc and the fact
that ¢ < 1 are used to possibly control |le(uo)|z2(p,(2)\@) in terms of 0" 1). By (5.5) it
follows that
Go(u, By(z)) < Go(v, By(z)) + 2 / Ce(up): e(v —u)dx,
By ()

and collecting (5.6) with € := 0'/4, (5.7), (5.8), we get

Go (T, By(2)) < (1+ Cc 0'%) Go(v, Bo()) + Cey, e(uo) o) "7 -

Taking the infimum with respect to v (admissible in the minimum problem ((5.2)), for B,(z)
in place of A) we get

-

Dev (@i, By()) < wo" 7,

since m(@, By(7)) < Go(U, By(x)) < éoo™ L, by (5.2), (5.7) and (5.8). This concludes the
proof. O

Remark 5.3. Notice that in Propositionwe have employed ug € W1 in (5.7)); it would
be enough to require ug € WP(Q/; R") with n% =n—1+ 7, for some 1 > 0 to get that

le(uo)ll2(B,(z)) < C”e(uO)Hp,g)W?n and that u is a (w, $)-quasi-minimser, with s depending
on 7).

We now start the proof of regularity results for quasi-minimisers of Gy. We require that
OpQ is of class C! to guarantee that dp§2 converges to an hyperplane in the blow-up near
any x € 0p§2. The first lemma is a decay estimate for GGy, that holds for quasi-minimisers
with small density of jump. The point is to made quantitative these smallness, and uniform
with respect to the (sufficiently small) balls. The proof of the lemma is based on the results
of the previous sections, and follows the structure of |7, Lemma 6.6].
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Remark 5.4. The constants in the following lemma depend also on a small parameter 7,
and the estimates are obtained for balls B such that dist (B, 9(9pf2)) > n, where 9(9pf)
is the boundary of dp€) in the relative topology of 0€). The parameter 7 is employed
only to guarantee that dp€) converges to an hyperplane also in blow-ups around points zy,
tending to T € 9(0pf?). Such a property is ensured without the introduction of any 7 if
Op) is uniformly of class C' up to Op€Q, which is true for instance if p is compactly
contained in an open subset of 9§ of class C! (all these topological notions refer to the
relative topology of 02). In this case also the estimates in Theorem are independent
of n.

Lemma 5.5. Let OpQ of class C1. Let Cy, C}, be the constants in Theorems and
respectively. For every T € (0,1) and n > 0 there exist positive constants ¢, 6 and r,
depending on T and n, such that

Go(u, Brp(z)) < 2max{4™, Co, Cy} 7" Go(u, B,y(x)) (5.9)
for every By(z) C Q' with x € QU IpQ, o < r, dist (B,(x),d(0pQ)) > n, and for every
u € GSBD?(By(z)) with u =0 a.e. in By(z)\ (QUpQ) and

H" (], N By(x)) < eo™ !, Dev (u, By(z)) < 0 Go(u, By(z)) .

Proof. If 7 > 1/4, then

477" Go(u, By(x)) > Golu, Byl()) = Golu, Bry(x)),

S0 follows. Then let 7 < 1/4.

We argue by contradiction, assuming that there exist 7 < 1/4 and n > 0 such that there
are sequences

€h Qh , Th — 0,
th (xh) C Q with z;, € QU IpQ, o, < 1y, dist (th (l’h), a(@DQ)) > n, and up €
GSBD?*(B,, (v3)) with u, = 0 a.e. in B, (x3) \ (2 U dpQ),
M (Ju, N By, (z1)) = enoh ™, Dev (un, By, (zn)) = 04 Go(un, By, (x1))
and
Go(uh, BTQh (.%'h)) > 2 max{4”, C(], C(/)} " Go(uh, th (:Eh)) .

As usual (see e.g. [27]), we rescale introducing the functions

on up(Th + ony)
v = : for y € By,
) \/ Golun Baron))  on veh

Dy, = {y € By:xp+ oy € th($h) \ (Q U 8DQ)} .
Up to a subsequence z, — T € QU 9p{?, since n > 0. If Dy, # () we have, thanks to [7]
Lemma 6.4], that, up to a futher subsequence, there is a coordinate system such that

Dh = {:p = (LL',,IEn) € Br:ap < gh(m/)}

for suitable g, € C'(R"™!) with g, — —v locally uniformly, and v € [0,1]. In this case
one has T € dpf). Moreover, the rescaling gives that

GDh(Uh7 Chp, Bl) = 1, Dev (Uh, Cp, Bl) = 9}“ /Hnil(g]vh N Bl) = E&ph, (5.10)

and we call

for
S .
 Go(un, By, (zn))
and
Gp, (vn, chy Br) > 2max{4", Co, C{} 7. (5.11)

We consider first the case where v, obtained as the limit of —gy, is in (1/2,1], which is as
the standard case in [14]. Notice that the case v = 1 corresponds to By \ Hy = ), with H,
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as in ([2.5)): we assume then v =1 also in the case that Dy, = () for every h. We apply [14,
Theorem 4], in the set By, with kj = 0, B = ¢4 to the functions vy, (the assumptions are
satisfied by , that in particular holds with inequalities for By /5 in place of By): then
there are v € Hl(Bl/Q;Rn) and ay, affine with e(ay) = 0 such that (up to a subsequence,
not relabelled)

Vp — ap — U a.e. in By g

and v is a local minimiser of Eo (-, By/2) with

/(Ce(v): e(v)dz = lim Go(vp,cn, By) = lim Gp, (vp,ch, Br),
h—o00 h—o00
B,

and the same holds for every 7 < 1/2 in place of 7 using that Dy N By, = () for every h
large enough. In particular, taking 7 = 1/2, (5.10) implies fBl/Z Ce(v): e(v)dz < 1. Now
Theorem [2.5 gives (recall 7 < 1/4)
hhm Gp, (vn,ch, By) = /(Ce(v): e(v)de < Co7",
%

B,

and this contradicts ([5.11]).

On the other hand, if v € [0,1/2] we apply Theorem (again, the assumptions are
satisfied by (5.10))): there are v € H'(B1;R") local minimiser of Ey (-, B1) such that (up
to a subsequence, not relabelled)

VR —> U a.e. in By,

lim Gp, (vn,cp, B /(Ce ,
h—o0

and this holds also for every 7 < Ry = 3/4, so that f33/4 Ce(v): e(v)dz < 1, by (5.10).
Employing Theorem (it is enough that Ry > 2/3) we get

hm GDh Up, Ch, B /(Ce v)de < C{ 7",

in contradiction to ((5.11)). O

The following theorem is a general weak regularity result for all (w, s)-quasi-minimisers

of Go(+, A) (see Definition [5.1]).

Theorem 5.6. Let OpQ of class C', and A C Q' be an open set and u € GSBD?(A)
be a (w, s)-quasi-minimiser of Go(-, A). Then for every n > 0, there exist 8y and oo > 0,
depending only on n, C, B, s, w, n, such that

H" (T, N By(x)) > 0 0" (5.12)
for all balls By(z) C A with x € J%, 0 < 0o, and dist (By(x),d(0pQ)) > n, where

n—1
Jr= {xEJu: limH (Ju 0 Bo()) :1} ,

v 0—0 Wn—1 Q”_l

(5.13)

with wp_1 the (n—1)-dimensional Lebesque measure of the unit ball in R 1

Proof. Consider the set J in (5.13). We have H" !(J, \ J%) = 0, since J, is countably
(n—1)-rectifiable. Then we can follow exactly |7, Theorem 3.4] with J¥, G, 2 max{4", Cy, C{}
instead of S, \ I, F', C therein, respectively (notice that equation (6.13) in [7, Theorem 3.4]
holds also for e(u) in place of Vu). It is enough to employ Lemma in place of [7,
Lemma 6.6]. O
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We are now in the position to prove the main result of the paper, that is specialised in

Corollary obtaining the desired regularity for solutions to (5.3]).

Theorem 5.7. Let Op) of class C*, A C Q', and u € GSBD?(A) be a solution to (5.4).
Then

H"HAN (T, \ Ju) =0, (5.14)
and (up to passing to a precise representative u, equal to u L™-a.e.)
ue C®(ANQ\ T RY) N C(A\ Ty RY). (5.15)

Moreover, for any U @ A\ J, connected, there is Cyy > 0, depending on U, such that for
any x, y € U

-y
() —u(y) - o | < Cule — ', (5.16)
and for any xo € OpQLN Ay \ Ty,
luo(x0) — u(x)| < Clz —xo|V2,  for any z € A\ Ty with |x — x| < 72y (5.17)

for suitable ry, > 0 depending on xo and C > 0 depending only on n, L, and on the
parameters of the Griffith functional.

Proof. We divide the proof into two parts. Let us first fix 7 > 0 and denote
Ay = An{dist(-,0(0pQ2)) > n}.

In the proof we work with J (cf. (5.13])), obtaining the statement for this set. Then, (5.15)
for J; gives

H T\ Jy) =0,
so in particular J,, is essentially closed and equal to J;,
we can express all in terms of J,,.
Part 1. Essential closedness of J; and internal regularity. By Proposition

(applied for A;) and Theorem it follows that for any = € J¥ N A, the upper (n—1)-
dimensional density of the measure H" 1L J, at x (cf. [5, Definition 2.55]), that is

n—1 ” B
lim sup A (Ju f(x))
0—0 Wp—10""

up to a H" '-negligible set, and

)

is greater than wfo_l. Therefore we may employ [5, Theorem 2.56] with &k = n—1, p =

HY L Jy, t = wf‘il, and B = A, N J:, to get that H"~1(A4, N J; \ J,) = 0. We notice
that

H A N TG\ Ty =0, (5.18)
since H"1(J, \ JZ) = 0, being J,, countably (n—1)-rectifiable.
Since H" 1 (J, N A, \ JE) C H"1(J,\ J}) = 0, by the slicing properties in the definition
of G(S)BD we get that u € H} (A, \ J). By regularity of solutions to div(Ce(u)) = 0 in
open sets (see e.g. [40, Theorem 6.2.1]) it follows that

u€ C®(A,NQ\ J5RY). (5.19)
Part 2. Continuity up to 9pQ. We assume that A\ Q # () and prove that
u € C(A,\ J55RY). (5.20)

Let L be the Lipschitz constant of p€2 N A, (regarded as the common boundary between
QN A4, and (\ (QUIHN)) N A,).

Since u — ug is a (w,1/2) quasi-minimiser of Gy(-, A;) (see Definition and Proposi-
tion [5.2), for any B,(x) C A, we have (see (5.8))

He(“)”%%BQ(I)) <", (5.21)
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with ¢ depending on n, C, and L. Given z, o with By(z) C A, \ J and ¢ < 1, there
exists an infinitesimal rigid motion, that is an affine function
Az,0(Y) = Uz p + Sz,o(y — ),

where u; , is the average of u over B,(y) and S; , a linear skew-symmetric map, such that

/ lu — agz o> dz < Co? / le(w)|>dz < Co"*, for any o <, (5.22)
By(x) By(x)
thanks to the Poincaré-Korn inequality and ([5.21)).

Let us fix zg € OpQ2 N A, \ J,. In the following we show that u admits a precise

representative @ (namely, u = v a.e.) defined everywhere in A, \ 7, and prove and
(5-17), arguing in the spirit of Campanato’s theorem [9] (see also |5, Theorem 7.51]). In the
rest of the proof C' will denote a constant depending only on n, L, and on the parameters
of the Griffith functional.

By the regularity of 0p2 N A, we find a hyperplane Hy, with normal vy, a L-Lipschitz
function ly: Hy — R, and rqy, hg > 0 such that, for

Co:={z+wy: z € By(xo) N Hy, |yl < ho},
we have
oNCy= {3} +1vy: T e Bro(l’o) N Hy, l()(x) = y},

and QNCy={z+wy: z € By,(x0) N Hy, —ho <y < lp(x)}. Moreover, we may assume
that By, (z0) C Ay \ 7,
Step 1. First, let us prove that v admits a precise representative in any point of A, \jz
and estimate its distance from the average of u in small balls centered in the point. Let
x,r with with B,(z) C A,. We claim that for any o <,

laz,0 = Az g/2ll L0 (B, )y (@) < Co'/?. (5.23)

Indeed, as |ag,p — ay 072> < 20U — g o|® +2|u—ay »0|? ae., using (5.22) for o and ¢/2 we
deduce

/ ’ax,@ - az,g/2’2 dz < an—i—l )
BQ/2(I)
and then
—n 2 1/2 1/2
laz,0 = az,0/2ll Lo (B, )n(x)) < C(Q |g,0 = Ay 2] dZ) <Co’", (5.24)
Bg/Q(x)
so (9.23)) follows. Notice that in (5.24) we have used the fact that a; , — a, o/ is affine,
and that for any a: B,(z) — R™ affine, letting a,(y) := a(%y - ZL’), it holds

_ _ . L\ 1/2
lallLee(B, () = llaellLo(r) < Chllagllr2s,) = Cn((0/2) / |al dl‘) )
BQ/Q(:E)

for C,, depending only on n. '
From (5.23) we get for any ¢ € N (formally replacing o with 27"p)

—i/2 1/2
Hag;72*ig - a$727i9/2||LOO(BQ—1‘Q/2($)) <(C?2 i/ 0 / .

We easily deduce that ug , = az () is a Cauchy sequence so that there exists the limit

u(x) := limy—0 Uz, 0. Moreover,

h—1
HaLQ - a:c,Q—thLoo(Bz,hg(m)) < Z Ham,Z—ig - ax,2—ig/2HL°°(BQ,hQ(x)) <C 91/2 ) (525>
=0
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and we find in addition that
|az,o(x) — U(z)| < Co'/?. (5.26)

In particular, we observe that any point away from J; is a Lebesgue point.
Step 2. We now prove (5.16). Fix U € A\ JZ connected, so that there are 7, n > 0 such

that Bor(z) C A, \ J, for any z € U. Fix also z, y € U, with |z —y| =:r < T.
We have:
+2x x4+
/ (ax,Qr_ay,Qr) dz = |Br| |:(ax,2r($) _ay,2r(y)) +Sr,2r (y? —.T) _Sy,ZT( Y _y>] .

2
Br(*5¥)

Moreover, since the matrices are skew-symmetric,

sen(57) - Son(52)] =0

Then, we use

’7“_” /(ax,gr — Gy 2r) dz’ <C, (r_”/ lag 2r — ay,gr|2 dz) 2
By (*5Y) By (*F¥)
<o(rf el ae) % O( flu-ayatas) S ot
Ba, () Bar(y)

by (5.22). Collecting the relations above, and recalling (5.26)), we deduce (5.16)), under the
assumption that |x — y| < 7. Then (5.16]) is extended to general x, y € U by employing
the connectedness of U (cf. [9, Teorema I.2]).

Step 3. We now prove ((5.17) for
min{hg, o}
Toy = ——————.
2
We fix z € B, (m9), and for 7 := |z — x| < 14y let yo := 20 + o7 € '\ Q. Then,
assuming without loss of generality that L > 1,
B (yo) C O\Q. (5.27)

We use (.16) for a suitable U O By, (20) U Bz (y,). Let us denote y; := yo + (r/L)es,
for i € {1,...,n}. Then, by (5.16), (5.27), and since ug is Lipschitz and u(y;) = uo(y;:), it
holds that

(@) - ) - 2

r

< |((@) — uy) -

< O (@) ~ ) - (=

for any ¢ € {0,1,...,n}. By combining these inequalities, we get

(@) ~ @) - ei| < CVF

for any i € {1,...,n}, and then (5.17)), using again that ug is Lipschitz and u(yo) = uo(yo)-

By the arbitrariness of n > 0, (5.14)) and (5.15) follow from ({5.18]), (5.19)), and ([5.20)).
The proof is then concluded.

+Cr/L

+Cr/L < Ort/?

0

Corollary 5.8. Let Op) of class C', and u € GSBD?*(Q) be a solution to (5.3)). Then
J,UK C QUOpQ is (essentially) closed in the topology of ',

and
u€ C®Q\ (JyUK);R")YNCEK\ (J, UK);R"™).
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Proof. Tt is enough to apply Theorem [5.7] with
A=\ K.
It is immediate that J, C QU dp€, since u = ug a.e. in Q' \ (Q U IpN). O

Remark 5.9. By Corollary a strong solution to the Dirichlet problem for the Griffith
energy (G is (u,I'), where u is a weak minimiser and I" = J,,.

A. APPENDIX

In this appendix we deal with a regularity result for solutions of elliptic equations with
Dirichlet boundary conditions. By [39, Theorem 4.18, (i)], the estimate below is
formally obtained (with the notations in [39], in particular 7 represents there the trace
operator) by taking G1 = Bsp, /4, G2 = Br,, Pu = divCe(u), f = 0, yu = 0. However,
since the dependence of C(,),m from the other relevant known constant is not clearly specified

in [39], and it is very important for Theorem and its consequences, we give an outline
of the proof. We refer to the notation of Section [2| in particular recall (2.5) and (2.6)).

Theorem A.1l. Let v € [0,1/2], u € HY(By;R") be a local minimiser of Eo~ (-, B1), and
Ry < 1 be such that %Ro > ~. Then for every m € N and o < Ry there exists Cé}m
depending on C, m, and Ry, such that

lll 8 < Ol i ansy- (A1)
Proof. First let us prove that for any ¢ < Ry it holds
[ull2(8,) < Ce(Ro — o) *lle(u)ll 284, - (A.2)

Let us fix o < Ry and take a cut-off function ¢ between B, and Bp,, that is ¢: By — [0, 1],
Y € CX(BRr,), ¥ =1 in By, such that

HVT/JH%M(BQ + IID*|| o (5y) < C(Ro — 0) 72, (A.3)
for a universal constant C. For any w: B; — R* s > 1, and z € B;_} we denote

w(z + hey) — w(zx)
h
the difference quotient in the direction e;, where e; is the [-th element of the canonical

basis of R™. Since tu has compact support in Br, and C has constant coefficients (with
respect to z) we have that for h small

Vipw(x) =

/ CVin(e(yu)): e(v)de = — / Ce(yu): Vi _p(e(v))dx
Bry Br,

for any v € H'(Bp,). Then for h small and v € H}(Bg,;R"), v =0 in Bg, \ H,

[ CTutetvn)s etw)ds| =| [ Cetwn: Visetv) o
Brg Br,

< ‘B/ C(VY o u): e(V;_pv)de / CVin(VY©u): e(v)de

Ro ’BRO
< C(C(“D2¢”LM(B1)HuHLQ(BRO) + vaHLw(Bl)He(U)HL2(BRO)) le(0)llz2(Br,)

< Cc(Ro = o) 2lle(u)ll 2y le()ll2(Br,) -
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where in the first inequality we have used that e(yu) = ¥ e(u) + Vi ©® u and the Euler
equation for minimisers of (2.6))

/ Ce(u): e(v)dz =0 for any v € Hy(Bgry;R™), v=0in Bg, \ H,,
B,

and the last inequality follows from (A.3) plus Poincaré’s and Korn’s inequality for H{
functions (cf. also below in (A.5). We now take, for { =1,...,n—1, v =V ,(¢u) as test
function; indeed, by the form of H, we have that

Vin(¥u) € Hy(Bry;R™),  Vip(¢Yu) =0in Bg, \ Hy .

With this choice, we get

| [ Cunletvn)s e(v) da| > Celle(Vin(10) s = CellVintllingsy . (A9
Br,
since

IVenul g,y = V@3 s,) < Clle(Vin (w72,

for a universal constant C: this holds by the combination of Korn’s inequality in HJ(B,)
IV (Vin(@w)lli2s,) < 2le(Vin@u)llizs,)
and Poincaré’s inequality in H{ (B,)
Vi) 3 g,y < (1+9RG/16) IV (Vi (vw) [ 72s,) -

being o < %RO.
As usual, to prove regularity of solutions to elliptic equations, the derivative 0, ,u is
estimated by looking at the equation in weak form div Ce(u) = 0, that gives

n—1
10nnullr2(p,) < Ce(llullmi(s,) + Z [0l g (B,)) -
=1

Combining the estimate above with (A.4)) and (A.5) (and standard properties of differ-
ence quotients), we obtain (A.2). Arguing in a similar way it is possible to show that if
divCe(w) = f in Bp, N H, and w = 0 in Bg, \ H,, then

w25, < Ce(Ro — o) ?[le(w)llL2(8g,) + CellfllL2(Br,) - (A.6)
Now it is proven by induction that
ull g1,y < Ce(Ro = 0) "™ [le(u) | 2 (By,) - (A7)

the case m = 1 being (A.2). For [ = 1,...,n—1 we have that divCe(0;u) is expressed in
terms of derivatives of u of order at most m + 1 (cf. [39, Lemma 4.13|) and du = 0 in
Br, \ H, so that (A.6) and the induction assumption for m give

[0l gm+1(p,) < Ce(Ro — Q)_Z(mH)He(U)Hm(BRO) : (A.8)

It lasts to estimate 0™ *2u, that is the derivative of u taken m + 2 times with respect to
én. In order to do so, it is enough to apply 0)" to the explicit expression of 9, in terms
of the other second order derivatives obtained from divCe(u) = 0: then 92 is a linear
combination (trough combination of coefficients of C) of the other derivatives of order

m + 2, already estimated in (A.8)). We conclude (A.1)) by taking o = %Ro in (A.7)). O

Remark A.2. From Theorem employing the Sobolev embedding H™ <+ C! for any
m > 2+ n/2 and recalling (|1.1]), we obtain Theorem .
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