STABLE HYPERSURFACES
IN THE COMPLEX PROJECTIVE SPACE

ERIKA BATTAGLIA, ROBERTO MONTI, AND ALBERTO RIGHINI

ABSTRACT. We characterize the sphere with radius tan? r = 2n + 1 in the complex
projective space CP™ as the unique stable hypersurface subject to certain bounds
on the curvatures.

1. INTRODUCTION

In [BACES8] Barbosa, Do Carmo and Eschenburg proved among other results that
the geodesic sphere with radius r» € (0,7/2) in the complex projective space CP",
n > 2, is stable for the area functional with fixed enclosed volume if and only if
tan?r < 2n + 1. They also computed the stability-intervals for the radius of a
geodesic tube around CP* ¢ CP", with 1 < k < n.

The classification of complete oriented stable hypersurfaces in CP™ could be an
important step towards the classification of isoperimetric sets in CP". Indeed, the
boundary of an isoperimetric set, if smooth, is a hypersurface with constant mean
curvature that is stable for variations fixing the volume. Since [BACES88], there was
apparently no progress on the problem of the classification of stable hypersurfaces in
CcP".

In this paper, we characterize the geodesic sphere with radius tan?r = 2n + 1 as
the unique stable connected and complete hypersurface subject to a bound either on
the characteristic curvature or on the restriction of the second fundamental form to
the complex tangent space. See Definition 6.1 for the precise definition of stability.

The characteristic curvature s of a hypersurface > C CP" is the curvature in
direction JN, where N is the normal to ¥ and J is the complex structure of CP",
i.e., k = h(JN, JN) where h is the second fundamental form of X.

For fixed H € R and n € N, let p(-; H,n) be the quadratic polynomial of the real
variable t € R

p(t; Hyn) = (2n + D)t* — 2Ht — H* — 4(n* — 1). (1.1)
Our first result is the following theorem.
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Theorem 1.1. Let ¥ C CP", n > 2, be a complete connected stable hypersurface
with constant H = tr(h). If the characteristic curvature k of ¥ satisfies p(k; H,n) > 0
then ¥ is a geodesic sphere of radius r > 0 with tan®?r = 2n + 1.

Let CTY be the complex tangent space of a hypersurface X, let 77 and T, be
nonzero subbundles of CT'> such that

and denote their dimensions by o = dimg(7}) and § = dimg(7). Then we have
a+ = dimg(CTY) = 2(n—1) and 1 < o < 2(n — 1). Let hy and hy be the
restrictions of the second fundamental form h of ¥ to 77 and T3, and denote by
Hy = tr(hy) and Hy = tr(hy) their respective traces.
For fixed H € R, n € Nwithn > 2, and 1 < a < 2(n — 1) let p(-; H,n,a) be the
quadratic convex polynomial of the variables (s,t) € R?
s 12 (s+t—2H)? H?

p(s,t;H,n,a):E—I—E—i-(s—i-t—]-]f—i- 2= 1) —

Our second result is a refined version of Theorem 1.1.

—2n. (1.3)

Theorem 1.2. Let > C CP", n > 3, be a complete connected stable hypersurface with
constant H = tr(h). If for the decomposition (1.2), with 1 < o = dimg(7}) < 2(n—1),
we have p(Hy, Ho; H,n, ) > 0 then X is a geodesic sphere of radius v > 0 with
tan?r = 2n + 1.

Both Theorems 1.1 and 1.2 are a consequence of the following geometric inequality
that is implied by stability. Let V%N € TS be the covariant derivative of the normal
N to ¥ in the direction JN. We denote by hy € CTY the projection of V%N onto
CTX. By |h|? we denote the squared norm of h.

Theorem 1.3. Let X C CP", n > 2, be a complete stable hypersurface with constant
H =tr(h). Then we have

H+kr)*+ |hy|*>  H?
h|? ( — —ombdu <0 1.4
/E{\H S — i~ <o (1.4)

where 1 1s the Riemannian hypersurface measure.

The method for obtaining formula (1.4) starts from an idea contained in the proof
of [BAC84] that geodesic spheres are the unique stable complete hypersurfaces in the
standard sphere. Our first step is the isometric embedding of CP™ into H™™!, the
space of (n + 1) x (n + 1) Hermitian matrices, see [Ros83] and [Tai68]. Once the
hypersurface ¥ is embedded in H"™!, we can consider the position matriz A € ¥ and
compute its tangential Laplacian, see Theorem 4.1,

AA = tr(o) — o(N, N) — tr(h)N, (1.5)
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where A is the Laplace-Beltrami operator of ¥ and o : TyCP" x TyCP" — Ty CP"
is the second fundamental form of the immersion CP* C H"*'. We shall make
systematic use of the geometric formulas concerning o proved by Ros in [Ros83] and
[Ros84]. They are reviewed in Section 3.

For a smooth function u : ¥ — R, the second variation of the area functional in

the normal direction uN is given by the formula

A" (u) = —/Zu,i”ud,u,

where Zu = Au + (|h|* + Ric(N))u is the Jacobi operator. When u has zero mean,
the deformation of ¥ encloses a region with the same volume as ¥, at the infinitesimal
level.

For any fixed V' € H"!, the function uy = (AA, V) has zero mean. In Section 6,
we compute the trace of the quadratic form Qx, on H"™ defined by Qx(V) = & (uy).
If ¥ is stable, this trace is nonnegative and this fact is precisely inequality (1.4).

From (1.5), it is clear that in the computation for Zuy we need geometric formulas
for Atr(o), Ac(N,N), and AN. The computation for AN is done in Theorem 4.2.
The formula for Atr(o) follows easily from the formula for the trace of o, see (3.18).
The difficult task is to compute the tangential Laplacian of o(NN, N). This is done
in Section 5 and the resulting formula is in (5.4). In Section 6, we collect all these
preliminary computations and we finish the proof of Theorem 1.3.

The proof of Theorem 1.1 now follows from Theorem 1.3 using Takagi’s and Cecil-
Ryan’s characterization of the sphere in CP™ as the unique hypersurface having
precisely two (constant) different curvatures. The proof of Theorem 1.2 uses Takagi’s
classification of hypersurfaces in CP", n > 3, having precisely three different constant
curvatures: they are either geodesics tubes around CP* for some k =1,...,n—1 or
geodesics tubes around the real projective space RP". The details are in the final
Section 7, while the preliminary results on spheres and tubes are reviewed in Section
2.

In this paper, by “hypersurface” we always mean “embedded hypersurface” in CP™.

2. GEOMETRY OF SPHERES AND TUBES
The n-dimensional complex projective space is the quotient of the unit sphere

S+l = f> € C" : |z] = 1} by the Hopf-action of S, (e, 2) s ¢?2. We denote by
2] the equivalence class of z € S*"™!. The tangent space of CP™ at the point [2] is

T.,CP" ={we C": 2z o =0},

where z -0 = 2111 + . .. + Z,41W,41 is the standard Hermitian product of C**!. The
complex structure on T],;CP" is given by Jw = iw, the standard multiplication by i
of w € T;CP" C C".
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The metric (¢, w)rg = Re(¢-w), with {,w € T;;;CP", is the Fubini-Study metric of
CP", that makes the complex projective space a Riemannian manifold. The induced
distance function d : CP™ x CP™ — [0,7/2] is d([z], [w]) = arccos |z - w|.

Let ¥ € CP™ by a C*-smooth hypersurface oriented by the unit normal N. We

define the second fundamental form A of ¥ with the following sign convention
MX,Y)=(VEN,Y), X,Y €Ty,

where V¥ is the Levi-Civita connection of ¥ induced by the one of CP". The char-
acteristic curvature of ¥ at the point [z] € ¥ is k = h(JN, JN).
For any fixed [w] € CP™ and 0 < r < 7/2, the geodesic sphere centered at [w] with
radius r is
3, ={[z] € CP": |z - @| = cosr}.
We omit reference to the center. The curvatures of X2, are well-known, see e.g. [CR82,

Example 1 page 493]. Letting ¢t = tanr, they are

1
A =cotr =—, with multiplicity 2(n — 1),
t (2.1)

Kk = 2cot(2r) = i t, the characteristic curvature.

These two curvatures are constant and distinct for each value of t > 0. In [Tak75al,
Takagi proved that this property characterizes the sphere.

Proposition 2.1. If ¥ € CP", n > 2, is a connected hyperface with precisely two
distinct constant curvatures, then ¥ is a subset of a sphere %,.

In fact, the constancy assumption on the curvatures can be dropped, see [CR82].

We now discuss tubes around CP*. For k = 1,...,n — 1, the natural inclusion
S+l = L2 e 8 1 5 = ... = 2,41 = 0} C S induces the inclusion CP* C
CP™. For 0 <r < 7/2, we define the tube

TF = {[z] € CP" : dist([2], CP*) = r}
={[z] = [(¢,2")] € CP": |z| = 1,2 € C* || = cosr}.

The curvatures of T* are computed in [CR82]. Letting t = tanr, they are

A1 = cot (r — g) = —t, with multiplicity 2k,
1
Ay = cotr = o with multiplicity 2¢ = 2(n — 1 — k), (2.2)

Kk = 2cot(2r) = i t, the characteristic curvature.

These three curvatures are constant and distinct for each value of ¢ > 0. In particular,
T* has constant mean curvature. For r+s = 7/2 and k+ ¢ = n— 1 the hypersurfaces
TF and T are congruent.
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The tubes T* share with the sphere ¥, the property of being stable for some value
of r. The following theorem is proved in [BACE88, Theorem 1.3] using the method
of G-stability.

Theorem 2.2. Letn>2 and k=1,...,n—1. Then:
1) The sphere 3, is stable if and only if tan®r < 2n + 1.
2) The tube TF is stable if and only if

2n—2/’f—1<t 9 <2n—2k+1
_— an“r < ——MM —.
2k + 3 - - 2k +1

Finally, we consider geodesics tubes around RP". We start from the following
embedding of the sphere S™ into S?**!:

S"={zecC":|z| =1, z =z} c S

Passing to the quotient, the inclusion S® C S*"*! gives an embedding of RP" into
CP". The distance of z € S?"*! from S" is

and it does not depend on the equivalence class of z. The level-sets of this distance

n+1
1
dist(z,S") = 5 arccos (‘ Z z
j=1

form the isoparametric family of hypersurfaces in S?"™! studied in [Nom73, Theorem
1]. Hence, the geodesic tube in CP™ with radius r around RP" is

n+1

v, = {[z] eCp" . ‘sz.
j=1

The curvatures of V,. are computed in [CR82] starting from the formulas in [Nom73]

= 00827’}.

for the preimage of V, in S?**!. Letting t = tanr, they are
1
Al = —cotr = — 7 with multiplicity n — 1,
Ay = — cot (g — r) =t, with multiplicity n — 1, (2.3)
T t .
Kk = 2cot (— — 2r> =1 the characteristic curvature.

2

These three curvatures are constant and distinct for each value of t € (0,1). We have
a third example of a complete constant mean curvaure hypersurface in CP". We will
see in Lemma 6.5 that V. is not stable for any 0 < r < 7/4.

In [Tak75b] Takagi proved that the tubes V, and the tubes T are characterized by
the fact of having precisely three distinct and constant curvatures.

Proposition 2.3. Letn > 3. If X C CP" is a connected hyperface with three distinct
constant curvatures, then Y is a subset of some tube T* or V.
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We shall use Proposition 2.3 and Theorem 2.2 in the proof of Theorem 1.2 in
Section 7.

3. GEOMETRY OF THE ISOMETRIC IMMERSION OF CP" INTO H"'!

Let H""' = {A €gl(n+1,C) : A= A'} be the set of (n + 1)-dimensional Her-
mitian matrices. This is a (n + 1)*-dimensional real subspace of gl(n + 1,C). The
standard scalar product on H"*! is

1
(A.B):= St(AB), A,BeH"™. (3.1)

Let @ : CP" — H™*! be the mapping that takes the equivalence class [z] € CP" to
the Hermitian matrix A = ®([z]) € H"™! of the projection of C"*! onto the complex
line [z]. The matrix A satisfies A> = A because it is a projection and tr(A4) = 1,
because it projects onto a complex line. It can be checked that ® is an isometry from
CP" with the Fubini-Study metric into H™"** with the metric (3.1). Hence, from now
on we identify the complex projective space with

CP"={AecH™ : A=A tr(A)=1}.

For details on this identification and for the proof of the following lemmas, we refer
the reader to [Ros83]. Our normalization in (3.1) of the scalar product is different
from the one by Ros. Namely, the relation between the metric g used by Ross and
the metric in (3.1) is g(A, B) = 4 (A, B). The isometric embedding ® was introduced
in [Tai68].

For any A € CP", we denote by T4CP" and T3 CP" the tangent space and the
normal space of CP™ at the point A € H"*!, respectively.

Lemma 3.1. For any A € CP", we have:
TACP"={X e H" : XA+ AX =X}, (3.2)
TyCP"={Ze H"" : AZ=ZA}. (3.3)

For the proof see [Ros83]. We easily see that A, I € Ty CP", where I is the identity
matrix. We call the matrix A, € CP"

10
Ay =

the origin of CP™. This is the projection onto the complex line of the versor ¢y =
(1,0,...,0) € C™"1. At the point Ay, an orthonormal basis for the tangent space of
CP" is given by the matrices Xy,..., X, X1,..., X, where for j =1,...,n

X =, 9 and X=(-, 7). (3.4)
e; 0 we; 0
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We will see that )?j = JX;.

For any point A € CP™ there exists a (non-unique) unitary transformation @} €
U(n + 1) such that A = QA¢Q ™. The conjugation Ty : H"™' — H"™ TpX =
QXQ™ 1, preserves the metric of H™:

1 1
(ToX, ToY) = 5tr(QXY(,Q—l) = §tr(XY) = (X,Y), X,Y € H"t

In particular, Ty maps isometrically the tangent space T4, CP" onto TyCP". We will
use isometries to reduce computations of isometric-invariant quantities to the origin
Ap.

By elementary computations based on the projection equation A2 = A and on the
equation X = AX + XA for tangent vectors, it is possible to check the following
algebraic identities.

Lemma 3.2. For any point A € CP™ and for any vector fields X,Y € T4CP", we

have:
AXY = XYA, (3.5)
AXA =0, (3.6)
X(I —2A) = —(I —2A)X, (3.7)
(I —24)° =1, (3.8)
(I —24)XY = XY (I - 24A). (3.9)

Using the isometric identification @, the natural complex structure on T},;CP" C
C"*! can be taken to TyCP" C H™"!. The resulting mapping is described in the
following proposition.

Proposition 3.3. For any A € CP", the mapping J5 : TACP™ — T,CP"™ defined
by the formula

JaX =i(I —2A)X, (3.10)
satisfies the following properties:

i) it is an isometry;
ii) it satisfies J5 = —Id, where 1d is the identity mapping;
ili) it commutes with the isometries Ty, i.e., for any A, B € CP™ with A =Ty B
for some @ € U(n+ 1), and for any X € TgCP", we have

JaToX = ToJpX. (3.11)

We compute the mean curvature of the immersion of CP™ into H"*!. For any A €
CP" we define the orthogonal projections 7} : H""' — T4CP"™ and 7y : H""! —
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T+CP". Explicit formulas for 77 and 71 can be expressed using the symmetric
product 7 : H*t! x H*tl — Hnt!

T(X,Y)= XY + VX,
Notice that by (3.3) and (3.5), we have 7 : TyCP" x TACP" — T1+CP".
Lemma 3.4. For any A € CP" and X € H"", we have
my(X) =7m(A X) - 2AX A, (3.12)
(X)) =X —7(A, X) + 24X A. (3.13)
Proof. The mapping defined by formula (3.12) is linear and is the identity on T4CP".

Indeed, for any X € T4CP", by (3.6) and (3.2) we have 7(X) = AX + XA = X.
We claim that 7} (X) € T4CP" for any X € H"". Indeed, we have

TA(X)A+ Ar (X)) = AXA+ XA —-2AXA+ AX + AXA—-2AXA
=7m(A,X) - 2AXA =7, (X),

where we used A% = A.
Then formula (3.12) defines the projection onto T4CP". Formula (3.13) follows
from (3.12). O

We split the standard connection V of H"*! into the part that is tangent to CP"
and the part that is normal. Namely, for X € T['(TCP"), Y € I'(TH"), and
A€ CP" welet VLY (A) = 3 (VxY), and VY (A) = m4(VxY). By (3.12) and
(3.13), we have the formulas

VY =m(A, VxY) - 2A(VxY)A, (3.14)
VY =VyxY —7(A, VxY) +24(VxY)A. (3.15)

The second fundamental form of the immersion of CP™ into H™*! is the mapping
o4:TyCP"x TACP" — T{CP" A € CP", defined by 04(X,Y) = VxY (A4). When
no confusion arises, we drop the subscript A and write o = 04.

The non-normalized mean curvature vector of the immersion is the trace of o, i.e.,
2n

H=tr(0) =) o(X;, X)), (3.16)
i=1

where X7, ... X5, is any orthonormal frame of T4 CP".

Proposition 3.5. For any A € CP" and X,Y € T4CP" we have
o(X,)Y)=n(X,Y)(l —2A), (3.17)
and the trace of o is

A =4 - (n+1)A), AeCP" (3.18)
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Proof. For a proof of (3.17) see [Ros83, Proposition 1.4]. Here, we prove (3.18). It is
enough to verify the identity at Ay. We use the orthonormal basis (3.4). We denote
by Ej; € H™™! the matrix with 1 at the entry jj and 0 elsewhere, so that Fyy = Ao.
By (3.17), for any j = 1,...,n we get

and, moreover, a()?j,)A(j) = 0(X,, X;). So we obtain

i=1

O

Remark 3.6. Using (3.17) and (3.10), it is possible to check the following identity
for any X, Y. V.W € T4CP™:
(G(X,Y),0(V, W) =2(X,Y) (V,IV) + (X, W) (¥, V) + (X, V) (v, W) +

(3.20)
(X, WYY, IV + (X, TV Y, W)

The Weingarten endomorphism of the immersion is the mapping A : T,CP" X
T{CP" — TACP", A € CP", defined by the formula A(X,7) = Az(X) = -V Z.

Proposition 3.7. For any A € CP", X € TACP", and Z € Ty CP"™ we have
Az(X)=(XZ—-ZX)(I —2A). (3.21)

For the proof see [Ros83, Proposition 1.4]. We establish some identities linking A
and 0. Let X1,..., X5, be an orthonormal frame for TCP" and we use the notation
N = Xj,. In the sequel, we also let

7Tij :W(Xi,Xj> and 7Ti,N :W(Xi,N),
gij :O'(Xi,Xj) and Ui,N :O'(XZ,N)
Lemma 3.8. Let Xi,..., Xs, 1, N be an orthonormal frame of CP™. Then for any

,7=1,...,2n — 1 we have

A (Xz) = 7T(7Tj7N,Xi) = 27Tj,NXi — 0 (Uij7 N) — 0 (Xj, O-Z}N) . (322)

04 N
Proof. We prove the identity on the left of (3.22). By (3.17), (3.21), (3.7), and (3.8)
we get
AUj,N (Xz) = (Xio-j,N — Uj,NXi) (I — 2/4)
= (Ximjn(I —24) — mn(I — 2A)X;) (I — 24) (3.23)
= Xiﬂ-j,N + Wj,NXi = 77(7Tj,N7Xi)o
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Now we check the identity on the right. Using (3.7) and (3.8) we have:
2 nX; — [m(0i;, N) + 7 (X, 0in)] (L — 24)
= —(m;({ —2A)N + N7;j(I —2A) + X;mn(I —2A)+
+min(I —24)X;) (I —2A) + 27 v X
=7y N — Nm; — Xjm v +m v X + 275 v X
=X, X;N+NX; X, + X;NX, + X;NX;
= Ximj N + T nX;

=T (Xi,WjJ\[) .
O
Lemma 3.9. For any orthonormal frame X1, ..., Xo,_1, N of CP™ we have
2n—1
D Aoy (Xi) =2(n— 1)N. (3.24)
i=1

Proof. 1t is enough to verify (3.24) at the point Ay € CP"™, with the frame (3.4)
where N = X,,. Using formula (3.21) for A and the identities (3.7) and (3.8), for any

t1=1,...,nand 7 =1,...,n— 1 we find
Aoix,, Ny (Xi) = 0in (N - 2)?1) + N,
Ay, (%5) = 0n (2%, 4 N) + N = N,

Summing up, we obtain (3.24).

4. LAPLACIAN OF POSITION AND NORMAL

Let ¥ C CP" be a hypersurface oriented by the unit normal N. In the following
we adopt the short notation oy = o(NN, N) and 7 = w(N, N). In this section, we
compute AA and AN, where A is the Laplace-Beltrami operator of X.

We denote by V* the restriction of V' to ¥. The second fundamental form of 3
is the mapping h : TaX x Ty¥ — R, h(X,Y) = (VL N,Y), and we denote its trace
by H = tr(h).

Notation. From now on, we will omit the symbol of sum over repeated indices.
The repeated index alway runs from 1 to 2n — 1. In the other cases, we will write the

sum.

Theorem 4.1. Let ¥ C CP" be an oriented hypersurface with normal N. The
position matriz A satisfies the equation

AA=tr(o) —on —tr(h)N, A€, (4.1)
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where o is the second fundamental form of the immersion CP"* C H"'1,

Proof. Without loss of generality we can assume that Ay € ¥ and we check formula
(4.1) at the point Ay. Let Xi,...,Xs,1 be a frame of vector fields tangent to %
given by normal coordinates at Ag. Namely, for all 7,5 = 1,...,2n — 1, we have

V3. X;(A4o) = 0. (4.2)
In the next line and in the rest of the paper, we shall use the identity
VxA=X.
With sum over repeated indeces for j = 1,...,2n — 1, we have
AAla=a, = Vx,;Vx;Ala=a, = Vx,; X;(Ao) =
= VL, X;(A0) + 04, (X, X;).

In the last equality, we used the definition of the second fundamental form o. Again
in Ay, by (4.2) we obtain

Vi, X; = (Vy,X;, N)N = —(X;, V3 N)N = —tr(h)N.

Since X7, ..., X9, 1, N is an orthonormal frame of CP™, from the definition (3.16) of
€ we have o(X;, X;) = # — oy, and this ends the proof. O

In the next theorem, we compute a formula for AN. The second fundamental form
h of ¥ can be identified with a linear operator on T4>. The restriction of o to TyX
can be identified with a linear operator from 743 to End(743, 74+ CP"). Hence, the
composition oh = goh is a linear operator from 74X to End(T4,X, T4 CP™). Namely,
for any X,Y € ThX we have oh(X)[Y] = o(h(X),Y). We denote its trace by

tr(ah) = O'h(XZ)[XJ =0 (hsz]aXz) = hijO'ij € TjCPn,

where 0;; = 0(X;, X;) and h;; = h(X;, X;) for any orthonormal frame Xy, ..., Xo, 1
of TAZ

Theorem 4.2. Let ¥ C CP" be an oriented hypersurface with constant mean curva-
ture. The normal N to the hypersurface satisfies the equation

AN =2tr(ch) — (|h|* +2(n — 1)) N — tr(h)oy. (4.3)

The proof is preceded by a numbers of lemmas. We are using a frame of vector
fields satisfying (4.2).

Lemma 4.3. Let ¥ C CP" be an orientable hypersurface with constant mean cur-
vature. At the center Ay € X of normal coordinates, the entries of the second funda-
mental form h;; = h(X;, X;) satisfy for each j =1,...,2n — 1 the equations
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with sum over the repeated index.

Proof. By the Codazzi’s equations, we have the identities for 7,7,/ =1,...,2n — 1
Xihie — Xihje = (R(Xs, X;)N, Xp) + (V3 N, Vi, Xp) — (Vi N,V Xo)+
—(, v&qu]Xw’

where N is the normal to X and R is the Riemann curvature tensor of CP". Since

VT has vanishing torsion, at the point Ay we have by (4.2)
[Xi, X;] = Vi, X; — Vi, X; = 0.
Thus, at the point Ag the previous identity reduces to
X;hie — Xihje = (R(X;, X;)N, Xy)

Letting ¢ = ¢, summing upinz = 1,...,2n—1, and using the fact that 3 has constant

mean curvature, we obtain
thZ] = —<R(Xz, Xj)N, Xz> = —R,iC(Xj, N)

The last equality follows from the standard symmetries of the curvature operator.
In fact, we have (R(N,X;)N,N) = (R(X;, N)N,N) = —(R(N,X,)N, N) and thus
(R(N,X;)N,N) = 0. The complex projective space is a Kéhler manifold, and thus
it is an Einstein manifold. From the orthogonality of X; and N it follows that
Ric(X;, N) = 0. O

Lemma 4.4. Let > C CP"™ be an orientable hypersurface with normal N and H =
tr(h). At the center of normal coordinates, we have the identity

Vx,0(X;,N)=tr(ch) —2(n—1)N — Hoy. (4.5)

Proof. By (3.17), (3.21) and the definition of second fundamental form o we have
Vx,0(X;,N)=Vxmn({I—2A)+myVx, (I —24)
=0(Vx,Xi,N)+0(X;,Vx,N) —2m; yX;
= —hyon + 0(04, N) + hijoi; + 0(Xi, 04n8) — 2w v X
= —hiion + hijoij + (%),
where (%) = o(0y, N) + 0(X;,0,n5) — 2m nX;. Using (3.22) in the particular case
when i = j, we deduce that (x) = —A,,  (X;).
Hence, we proved that
Vx,0(Xi, N) = —hiion + hijoi; — Ay, (Xi), (4.6)
and our claim (4.5) follows from (3.24). O
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Remark 4.5. Starting from
Vx,0(Xi,N) =Vi.o(X;,N)+ Vy.0(X;, N) = —A,, o (X;) + Vi, 00N,
and using (4.6) we obtain
Vy,0(X;, N) = —Hoy + hyoi;. (4.7)

Proof of Theorem 4.2. We check formula (4.3) using normal coordinates at the point
Ay € X. Using |[N|* =1 and V. N = o(X;, N) we obtain

AN = Vx,Vx,N =V, (VLN +VEN) = in{a(Xi, N) + hinj}. (4.8)
From (4.4) and (4.2), we deduce that, at the point Ay,

Vi, (hijX;) = hijVx,X; = hi{oy — higN} = —[hN + hy;o;;.
By (4.5) we have
Vx,0(Xi,N)=—Hon + hjjo;; —2(n — 1)N,

and then AN = — (|h|* + 2(n — 1)) N + 2h;;0:,; — Hon. O

5. LAPLACIAN OF oy

Let A be the position matrix. In the second variation of the area of a hypersurface
Y we shall use normal deformations associated with the coordinate-functions of the
matrix u = AA. In our formula (4.1) for AA there is the term oy and thus to know
Au we need Aoy. In this section we compute this crucial quantity.

Let Xi,..., X9,-1 be an orthonormal frame of 7% such that X, ; = JX; for all
7=1,...,n—1. Then we have X,, = —JN, where N is the normal to > and J is the
complex structure. The tangent vector

2n—1
hy = Y h(JN,X;)X; € CTx
J=L1j#n
does not depend on the given frame. The vector hy is the projection onto CTY of
VZxN. So, we have hy = 0 if and only if V3yN = kJN with x = h(JN, JN), i.e.,
JN is a principal direction with characteristic curvature .

Lemma 5.1. Let X C CP"™ be an oriented hypersurface with normal N, characteristic
curvature k, and H = tr(h). Then we have

hZ]AJ(XwN)(Xz) = (H - Ii)N—i- JhN (51)
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Proof. The proof is a computation based on the following relation between the second
fundamental form ¢ and the Weingarten endomorphism, that is a consequence of
(3.20):

Aoxyy(V) =2X, V)V + Y, V)X +(X, V)Y +(JY, V) JX + (JX, V) JY, (5.2)

for every X,Y,V € TACP". For details see [Ros84, Section 1] and recall the normal-
ization g(A, B) = 4(A, B).
Indeed, by (5.2) we get:

AU(Xj,N)(Xi) = 5sz - 5mJXj, ] = ]_, I N
AU(JXj,N)(Xi) = —5”JN+5mXJ, j = 1, e, — 1,

forany ¢ =1,...,n, and

Ao(Xj,N)(JXi) = 5ijJN7 j = 1, cee, NG
AO’(JXj,N)(JXi):(SijNa j:]_,...,n—l,

for every t = 1,...,n — 1. So, adding up appropriately we prove the thesis. 0
The following lemma is a technical computation.

Lemma 5.2. Let ¥ C CP" be an oriented hypersurface with normal N. Letting, for
any orthonormal frame of T,

Sl = O'(O'Z'JV, Ui,N) - 477'(0',‘7]\[, N)Xl and SQ = —7T(N, N)AA,
we have the identity
Sl -+ S2 = 2tr(h)N — tr(a) -+ 2(n — 1)0’]\7. (53)

The proof is postponed at the end of the section. In the previous section we
introduced the linear operator oh : T43 — End(Ty%, T1 CP"). In the same way, we
define the linear operator oh?(X)[Y] = o (h*(X),Y), for X,Y € T4X. Its trace is

tI‘(O’]’LQ) = O'h2<Xj)[Xj] =0 (h”h(Xz)7X]) = hijhiko-jk € TjCPn
Now we are ready to prove the main formula of this section.

Theorem 5.3. Let > C CP™ be an orientable hypersurface with constant mean
curvature and normal N. Then we have

Aoy = 4kN + 2tr(ch? — o) — 2|h|?on — 4T hy, (5.4)

where k is the characteristic curvature of 3.
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Proof. We check formula (5.4) using normal coordinates at the point Ay € ¥. Using
(4.3), (3.17) and the short notation 7y = 7(N, N) we have

Aoy =Vx,Vx,on =Vx, 20(Vx,N,N)(I —2A) — 215 X;)
=2{o(Vx,Vx,N,N) +0(Vx,N,Vx,N) — 4n(Vx,N,N)X; — 1y Vx,X; }
=2{0(AN,N) + 20 (hi; X; + o5 n, ha Xy, + oin) +

—4m (hij Xj + oin, N)X; — 7y (—haN + 03) }
= —2(|h]*+2(n — 1)) on + 2hijhyo i+

+4hij {(o(0ij, N) + o(Xj,00n)) —2m; 8 Xi}

+2(o(oin,0in) —4m(oi N, N)X;) — 2nyAA.

We used the identity o(oy, N) = 0. By (3.22) and (5.3), we have

AO’N = -2 (|h|2 + 2(TL - 1)) oN + 2hijhik0jk - 4hz’jAa(Xj,N)(Xi>
+4(n —1)oy — 2tr(o) + 4tr(h) N
= 4tI'(h,)N - 2tI‘(O') — 2|h|20'N + thjhik:gjk — 4h’ijA0'(X]',N) (Xz)

By (5.1), this ends the proof.
O

Proof of Lemma 5.2. We check the formula at the point Ay € 3. Using the formulas
(3.8), (3.9), and (3.7) we obtain

S = 2m(X;, N)(I —2A)7(X;, N)(I — 2A)* — 4w (0(X;, N), N)X;
=2[my(I —2A) = 2(mn(I — 2A)N+ Nmn(I — 24)) X|]
=2{[m}y —2(mnN — Nmn) X;] (I —24)}.

A simple computation gives

W(Xi, N)2(I — 2A0) = _5m(Em —+ Em) + Enn + Ez'z'a
W()?j,N)Q(] — 2A0) = Enn + Ejj;

and also

(7(N,X;,)NX; — N7(X;,N)

)(I — 2A0> = —(SmEm' —+ E” + (1 - 5in)AO7

Xi
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Therefore at Ay we have

S1 =2 [=0in(Ein + Eni) + Eun + Eii — 2 (=0 Eni + Ei + (1 — 6:) Ao)|+
i=1

n—1

+2) [Enn + Eis — 2(Ei; + Ao)
i=1
=212nE,, — 2(I — Ap) + (4 — 4n) Aj]
=4nkE,, — 41 + (12 — 8n) Ay.
Moreover, using (3.18) and oy = 2(E,, — Ao), we have 41 = tr(c) + 4(n + 1) Ay and
2F,, = on + 2A0, and hence we get
S1=2noy — tr(o) + 8(1 — n)Ao. (5.5)
Now, we compute Sy at Ag. Using m(N, N)N = 2N, n(N, N)tr(c) = —8nA¢+8E,,,
and 7(N, N)oy = —4A + 4E,,, we get
Sy = —7m(N,N) (—=tr(h)N + tr(c) — on)
= — (=2tr(R)N — 8ndy + 8By, + 4Ag — 4E,,)
= 2tr(h)N — 8(1 — n)Ag — 20x.
Adding S; and Sy we get the claim. O

6. TRACE OF THE SECOND VARIATION OF THE AREA

Let > be a C'*° hypersurface with normal N and without boundary and let v €
C*>(X) be a function with zero mean:

/Eud,u =0, (6.1)

where p is the Riemannian hypersurface measure in CP". For t € R and p € X
let t — 7,(t) be the curve (geodesic) in CP" solving Vj4§ = 0 with v(0) = p and
4(0) = u(p)N(p). For small ¢, the hypersurface X(t;u) = {7,(t) € CP" : p € X} is
well defined and we denote its area by 7 (t;u) = u(X(t;w)). If we have

dof (t;u)

=0
dt

t=0

for any u € C*(X) satisfying (6.1) then ¥ has constant mean curvature. If 3(¢;u)
is the boundary of a region with volume V(¢), then condition (6.1) implies that
V'(0) = 0.

The second variation of the area functional is given by the formula

2 /(4
A" (u) = o (tu) = —/uﬁud,u, (6.2)
dt? 0 5
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where
ZLu = Au+ (|h)* + Ric(N))u

is the Jacobi operator, see e.g. [BACES8]. The quantity Ric(N) is the Ricci curvature
of CP" in the direction N.

Definition 6.1 (Stability). We say that an oriented hypersurfaces ¥ without bound-
ary and with constant mean curvature is stable if &”(u) > 0 for any u € C*(%)
satisfying (6.1).

It is well known that the quantity Ric(N) in the formula for the second variation
is a geometric constant in CP". We need the precise value of this constant. The
sectional curvature of CP" is

K(XAY)=1+3(JX,Y)% (6.3)

where XY € T4CP" is an orthonormal basis of the 2-plane X A'Y and J is the
complex structure of T4yCP". Let Xi,... ,Xn,)?l, ..., Xn_1, N be an orthonormal
basis of TyCP". Then the Ricci curvature Ric(N) is

Ric(N) = Xn: K(N,X;) + i K(N,X;). (6.4)

By the fact that N = JX,,, one has:

1, forj#n

KN, X;) = 1+ 3(JN, X;) = 1+ 3(X,,, X;) = { ,
4, for j=n

K(N,X;) =1+43(JN,X;)>=1+3(X,, X,)? =1,

because j < n — 1. Thus formula (6.4) yields Ric(N) = 2n + 2.

On ¥ we consider the matrix valued function u = AA, where A is the position
matrix. For any V € H"™! we define the scalarization uy = (u, V). By the divergence
theorem, the function uy satisfies the zero-mean condition (6.1) because ¥ has no
boundary.

The mapping Qs : H"™ — R defined by Q=(V) = &"(uy) is a quadratic form.
If the surface ¥ is stable then @y is positive semidefinite, i.e., Qs (V) > 0 for any
V € H™ Tt follows that tr(Qs) > 0. In the next theorem we compute an explicit
expression for this trace.

Theorem 6.2. Let X be an oriented complete hypersurface with constant mean cur-

vature. The trace of the quadratic form Qs is

tr(Qx) :4/E{z(n+1)ﬂ2+2(n2_1)(2n— W) — (H -+ 1) — P }ds. (6.5
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Proof. For any orthonormal basis ¥ of H"*, we have

E) = Z QE(V) / Z U,Vgu‘/ du

ver ver
= [ D)+ P 4+ 200+ D) b
s
We compute first the norm of u. By formula (4.1) we have:

ul? = |AA? = (A — on — tr(h)N, # — o — tr(R)N)
= H? +| A = 2(H ,0n) + |on],

because the matrices N and J# — oy are orthogonal. Using the identity o(X,Y") =

o(JX,JY) for any X,Y € T4CP" (see [Ros83, Proposition 1.6]), we obtain

2n
2
|| = E (0i,0j) =4 E (0ii,0;)-

3,7=1 1,j=1

Now by (3.20) we have for any i,j =1,...,n

<O'n‘, O'jj> = 2(1 + (SZ‘]‘), (66)
and hence
(AP =421+ 6) = 8(n2 +) 5ij>
=1 =1 (6.7)
=8(n*+n) = 8n(n +1).
In the same way, we have
2n n n
(A.on) = owon) =2 (ouon) =43 (1+6,) =4(n+1), (6.8)
i=1 i=1 i=1
where we used (6.6) with j = n. Finally, by (6.6) with i = j = n, we have
lon|* = 4. (6.9)
Now, by (6.7), (6.8) and (6.9) we get
lul*=H?*+8n(n+1)—8(n+1)+4=H>+8n+1)(n—1)+4
6.10
= H?+8n? —8+4=H?+4(2n* - 1). (6.10)
By formula (3.18) we have A# = —4(n + 1)AA = —4(n + 1)u. Hence, from

formula (4.1) we find
(u, Auy = (u, —HAN — 4(n + 1)u — Aoy)
= —4(n+ Duf* = H{u, AN) — (u, Aoy).
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Since N is orthogonal to JZ, oy, and o;; we have

(u, ANY = (—=tr(h)N + S — oy, —(|h|* + 2(n — 1))N + 2hs045 — tr(h)oy)
= H(|h]* +2(n — 1))+ 2(2,tx(ch)) — H(SZ,0on)
—2{on, tr(oh)) + H|oy|?.

By (3.20) we have

—~

(X5, X2), 0( X5, Xi)) = 2080 + 6u07), (6.11)
o(Xi, X:), 0(X;, JXi)) = 0, (6.12)

—~

for every i,j,k = 1,...,n. Hence, by (6.11) and (6.12) and also using the notation
hy, = h(JX;, JX), we get

n 2n—1

(A, tr(ch)) = 22 Z hjk (0, Ojr)=
i=1 jk=1
" n nt (6.13)
=4 > h(Gje+ 0diy) +4> D> hup(Gik + 6ixdis)
i,j.k=1 i=1 jk=1
Again by (6.11) and (6.12),
<(7N, tl"(Uh)) = hij <O’N7 Oi]’> :2hU ((5” + 5]n(sm) =2H + 2K. (614)

Finally, using (6.8), (6.9), (6.13) and (6.14) we get
(u, ANYy = H(|h|* +2(n — 1)) + 8(n+ 1)H — 4(n + 1)H — 4(H + k) + 4H
= (|h|* +6n+2)H — 4,
and so we obtain the formula
(u, AN) = H (|h|* 4 6n + 2) — 4k. (6.15)

We are left with the computation of (u,Aocy). By formula (5.4), also using
(u, hy) = 0, we obtain
(u, Aoy) =(—tr(h)N + 3 — on, 46N — 25 — 2|h|*on + 2tr(ch?))
= —dxH = 2|)* — 2(|h|> = 1\, on) + 2( tr(oh?)) + 2|h|*|on]|?
—2(on, tr(ch?)).
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Again by (6.11) and (6.12),

n 2n—1

(A, tr(ch®)) =2 Z Z hejho (0ii, 1) =

i=1 £,5,k=1

n 2n—1 —1
=4 Z Z { Z hé]h/fk ik + 51’?51]) Z h@.hé,;(éjk + 61k5@])}
j,k=1

i=1 (=1 7,k=1
2n—1 2n—1

=4n Y hi +4)  hi =4(n+1)h

,j=1 i=1
So, we get
(A, tx(oh?)) = 4(n+ 1)|h%. (6.16)
Moreover, we have

(on,tr(oh?)) = hijhy (on, 0k) =2hijhi (85 + Okndin)

6.17
= 2h7; + 2hZ, = 2|h]* + 2 (|hn|* + £%) . (6.17)

Adding (6.7), (6.8), (6.9), (6.16) and (6.17), we get the identity
(u, Aoy) = 4|h|* = 8(2n — 1)(n + 1) — 4Hk — 4x* — 4|hy|*. (6.18)

Now, in order to get (6.5), we just have to use the formulas (6.10), (6.15) and (6.18)

and sum them up.
O

In the next lemmas, we test the trace formula (6.5) on geodesic spheres and on the

tubes introduced in Section 2.

Lemma 6.3. For the sphere ¥, C CP™ we have tr(Qx,) > 0 if and only if tan?r <
2n + 1. The trace is zero if and only if tan?r = 2n + 1.

Proof. Letting t = tanr, by the formulas (2.1) we have:
1
|h|? = (2n — 1)752 + 12— 2,

1
— + 17 —2(2n 1),

H? = (2n — 1)2752

1
(H+r)*=4(n— 1)215—2 + 4t — 8(n — 1).

Inserting these values into the trace formula (6.5) we find

8
tr(Qs,) = n(t— S){t" —2nt* — 2n+1)}.
Then we have tr(Qs,) > 0 if and only if ¢* — 2nt? — (2n + 1) < 0, which holds if and
only if t> < 2n + 1. In particular, the trace is zero precisely when t? = 2n + 1.

O
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Lemma 6.3 shows that the formula (6.5) detects the sharp stability interval for the
radius of a geodesic sphere, see Theorem 2.2. In the next lemma we consider the
tubes TF.

Lemma 6.4. Let k=1,...,n— 1. For the tubes T* C CP™ we have:
1) If n =2k +1 then tr(Qrx) >0 for any 0 <r < /2.
2) If n # 2k + 1 then tr(Qrx) > 0 if and only if tan®*r < d(n, k) for a certain
positive number d(n, k) that satisfies
2n —2k+1
C2%k+1
Moreover, tr(Qrr) = 0 precisely when tan®r = d(n, k).

d(n, k) > (6.19)

Proof. We use the short notation ¢ = tanr and m = 2k + 1. By the formulas (2.2)

we have:

1
|h|? = mt* + (2n — m)t—2 -2,

1
H? = m?* + (2n — m)2ﬁ —2m(2n —m),

(H+k)>=(m+1)*+ (2n—m+ 1)21%2 —2(m+1)(2n —m + 1).

Inserting these values into the formula (6.5), we get the following expression for the

trace of Qpx
Su(Tk
tr(Qre) = %(at‘l + bt* + ¢),

where a, b, ¢ are coefficients depending on n and k, and namely

a:m(n+1)(m—n+1)—%(m+1)2,

b/2 = (n+ D[(n* = 1) —m(2n —m)] + %(m +1)(2n —m+1),
c:oﬂqx%—nmn—m+n—%@n—m+m%

It is easy to check that b = a+c, which means that t> = —1 is a root of at*+bt?+c = 0.
So we have the decomposition

k
tr(Qrx) = SMEQT’“ ) (t* 4+ 1)(at* + ¢).

Now there are two cases: n = m and n # m. When n = m = 2k + 1 then n must
be odd and in this case it is a = ¢ = (n? — 1) > 0. It follows that tr(Qpx) > 0 for
any t > 0.

In the case n # m we have a < 0 and ¢ > 0. We conclude that tr(Qrx) > 0 if and
only if t* < d(n, k) := —c/a. After some computations, inequality (6.19) is equivalent
tom > 1, that is £ > 0. O
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Lemma 6.4 shows that Theorem 6.5 is not sharp in the case of the tubes T%. In
fact, when tan?r = d(n, k) then the trace of Qr» is zero but the tube T* is unstable
by Theorem 2.2 part 2.

We finish this section proving the non-stability of the tubes V, around RP".

Lemma 6.5. The tube V. C CP™ is unstable for any r > 0.

Proof. Using the formulas (2.3) we compute:

1 16¢*
PE= (= 1)(2+ ) + s
A" = (n =){t"+ 5 T i

- o (1 —12)? 16t
H*=(n-1) 2 +(1_t2)2—8(n—1),
(Htny=mo1pd=8 68 e )

2 a_ae
Inserting these values into the formula (6.5), we obtain the value for the trace of Qy,

32nt?

1
— _ _ 2, - _uem _
r(Qu,) = —4n = DV { (0 = D(E + 35) + Tz + 200 - D}
and we see that tr(Qy,) < 0 for any ¢ = tanr € (0,1) and n > 2. We deduce that the
surfaces V, are not stable. O

7. PROOF OF THEOREMS 1.1 AND 1.2

In this section, we prove Theorems 1.1 and 1.2. Let ¥ C CP" be a complete stable
oriented hypersurface that is connected.

Proof of Theorem 1.1. We denote by 1 the restriction of the second fundamental form
h of ¥ to the complex tangent space CT and by H the trace of h. At any point of
Y, we have the identities

H=H+r and [|h]?=|h+2hy|> + &2,
and the inequalities
- H?  (H—rk)?
~2n—1) 2(n-1)
Inserting these inequalities and |hy| > 0 into (6.5) we obtain

tr(Qs) < 4/2 %

h)> > B> + x* and |A]? (7.1)

{2(n+1)H2+2(n2— 1)(271—/@2— ) - (H+/{)2}d,u

= —4n/2p(ff; H,n)du,
(7.2)

where p(-; H,n) is the polynomial in (1.1). By our assumption p(x; H,n) > 0 on
Y, we deduce that tr(Qs) < 0. On the other hand, the stability of 3 implies that
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tr(Qx) > 0. We deduce that tr(Qx) = 0 and that we have equality in (7.2). In turn,
the equality in (7.2) implies that p(k; H,n) = 0, that

~

H2

h2:/l{2 2 d ﬁ2:
AP = B and (R = 5P

(7.3)

and also that Ay = 0 on 2.

The equation hy = 0 means that JN is an eigenvector of h. By Maeda’s theorem
[Mae76], this implies that the characteristic curvature « is constant. This also simply
follows from the fact that  is one of the roots of p(k; H,n) = 0. Here we use the fact
that X is connected.

The identity in the right-hand side of (7.3) implies that ¥ is umbilical in CTYE,
i.e., each unit vector in CT'Y is an eigenvector of h with eigenvalue \ = ﬁ/Q(n —1).
Moreover, A is constant on X, because H = H — k is constant.

The two constants x and A are different, because in CP" there are no totally
umbilical hypersurfaces. By Takagi’s theorem, Proposition 2.1, ¥ is a geodesic sphere:
up to a suitable choice of the center of the sphere, we have ¥ = 3. for some r €
(0,7/2). By Lemma 6.3 the equation tr(Qy,) = 0 implies that tan?r = 2n + 1.

|

Finally, we prove Theorem 1.2. We shall use Takagi’s characterization of tubes in

Proposition 2.3 and the computations of Lemmas 6.4 and 6.5.

Proof of Theorem 1.2. We have the decomposition CT> = T7 & T, where, at each
point of ¥, T} and T3 are subspaces of real dimension o and g = 2(n — 1) — .
We denote by h; and hs the restrictions of h to 77 and 75, respectively, and we let
Hy, =tr(hy) and Hy = tr(hs).

We have the identity H = Hy + Hs + k and the inequalities

H? H?
2 2 P a2 S and o> 2 (7.4)
a
Inserting these inequalities and |hy| > 0 into (6.5), we obtain
tr(@s) < ~8(” ~ 1) [ p(Hy, Hai Hon, ) dp (7.5)
>

where p(+; H,n, «) is the polynomial in (1.3). By our assumption p(Hy, Ho; H,n, ) >
0 on X, we deduce that tr(Qx) < 0. On the other hand, the stability of ¥ implies
that tr(Qx) > 0. We deduce that tr(Qx) = 0 and that we have equality in (7.5). In
turn, the equality in (7.5) implies that p(Hy, Hy; H,n, ) = 0, that

HY H3

A2 = P + |hel® + % and  |m[* = o |l = 7 (7.6)

and also that hy = 0 on X.
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The equation hy = 0 means that JN is an eigenvector of h. By Maeda’s theorem

[Mae76],

the characteristic curvature s is constant.

The identities in (7.6) imply that 7} is an eigenspace of h for a curvature A;, and

T, is an eigenspace of h for a curvature \y. We clearly have H; = a\; and Hy = S)s.
From p(Hy, Hy; H,n,a) = 0 and Hy + Hy =constant, we deduce that A; and A\, are

constant.

Now we have three cases:

1) kK = A1 = A\y. This case is empty, because in CP™ there are no totally umbilical

hypersurfaces.

2) Precisely two of the numbers x, A, and Ay are equal. By Proposition 2.1, ¥

is a geodesic sphere. Hence, it must be A\; = Ay and the radius of the sphere

is tan?r = 2n + 1, as explained at the end of the proof of Theorem 1.1.

3) The three numbers , A1, and A\, are different. By Proposition 2.3, the surface

¥ is either a tube around CP*, ¥ = T* with a = 2k even, or a tube around
RP™ ¥ =V, with « = n—1. The latter case 2 = V, is excluded because V, is
unstable for any r > 0, by Proposition 6.5. We are left with the case ¥ = T*

with o = 2k and for some r > 0. The radius is determined by the equation

tr(Qrx) = 0. However, this equation either has no solution (this happens in

the case a = 3), or its unique solution r > 0 has the property that the tube

¢ is unstable, as shown in Proposition 6.4.

The only possible case is that X is a geodesic sphere with radius tan?r = 2n + 1.

[BAC84]

[BACESS]

[CR82]
[Mae76]
[Nom73]
[Ros83]
[Ros84]

[Tai68]

O

REFERENCES

J. Lucas Barbosa and Manfredo do Carmo, Stability of hypersurfaces with constant mean
curvature, Math. Z. 185 (1984), no. 3, 339-353. MR 731682

J. Lucas Barbosa, Manfredo do Carmo, and Jost Eschenburg, Stability of hypersurfaces of
constant mean curvature in Riemannian manifolds, Math. Z. 197 (1988), no. 1, 123-138.
MR 917854

Thomas E. Cecil and Patrick J. Ryan, Focal sets and real hypersurfaces in complex pro-
jective space, Trans. Amer. Math. Soc. 269 (1982), no. 2, 481-499. MR 637703
Yoshiaki Maeda, On real hypersurfaces of a complex projective space, J. Math. Soc. Japan
28 (1976), no. 3, 529-540. MR, 0407772

Katsumi Nomizu, Some results in E. Cartan’s theory of isoparametric families of hyper-
surfaces, Bull. Amer. Math. Soc. 79 (1973), 1184-1188. MR 0326625

Antonio Ros, Spectral geometry of CR-minimal submanifolds in the complex projective
space, Kodai Math. J. 6 (1983), no. 1, 88-99. MR 698330

, On spectral geometry of Kdhler submanifolds, J. Math. Soc. Japan 36 (1984),
no. 3, 433-448. MR 746704

Shin-Sheng Tai, Minimum imbeddings of compact symmetric spaces of rank one, J. Dif-
ferential Geometry 2 (1968), 55-66. MR, 0231395




STABLE HYPERSURFACES 25

[Tak75a] Ryoichi Takagi, Real hypersurfaces in a complex projective space with constant principal
curvatures, J. Math. Soc. Japan 27 (1975), 43-53. MR 0355906

, Real hypersurfaces in a complex projective space with constant principal curva-

tures. II, J. Math. Soc. Japan 27 (1975), no. 4, 507-516. MR 0400120

[Tak75b]

DIPARTIMENTO DI MATEMATICA “TULLIO LEVI-CIVITA”. UNIVERSITA DI PADOVA (ITALY)
E-mail address: erika.battaglia@unipd.it

DIPARTIMENTO DI MATEMATICA “TULLIO LEVI-CIVITA”. UNIVERSITA DI PADOVA (ITALY)
E-mail address: monti@math.unipd.it

DIPARTIMENTO DI MATEMATICA “TULLIO LEVI-CIVITA”. UNIVERSITA DI PADOVA (ITALY)
E-mail address: righini@math.unipd.it



