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Abstract. On four-dimensional closed manifolds we introduce a class of canonical Rie-

mannian metrics, that we call weak harmonic Weyl metrics, defined as critical points in the

conformal class of a quadratic functional involving the norm of the divergence of the Weyl

tensor. This class includes Einstein and, more in general, harmonic Weyl manifolds. We

prove that every closed four-manifold admits a weak harmonic Weyl metric, which is the

unique (up to dilations) minimizer of the corresponding functional in a suitable conformal

class. In general the problem is degenerate elliptic due to possible vanishing of the Weyl

tensor. In order to overcome this issue, we minimize the functional in the conformal class

determined by a reference metric, constructed by Aubin, with nowhere vanishing Weyl ten-

sor. Moreover, we show that anti-self-dual metrics with positive Yamabe invariant can be

characterized by pinching conditions involving suitable quadratic Riemannian functionals.
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1. Introduction

Given a closed (i.e., compact without boundary) smooth manifoldM , it is a natural problem

to study canonical Riemannian metrics g on M . Many of them can be defined as critical points

of certain functionals defined on the space of metrics. Perhaps the most notable one is the

Einstein-Hilbert action

S(g) := Volg(M)−
n−2
n

∫
M
Rg dVg ,

where Volg(M) and Rg denote the volume of M and the scalar curvature of g, respectively.

All stationary points of S(g) are Einstein metrics, i.e. metrics whose Ricci curvature satisfies

Ricg = λ g, for some λ ∈ R. While the existence of Einstein metrics as critical points of S(g)

is not guaranteed (for instance in dimension four due to topological restrictions [3, Theorem

6.35]), a constrained version of the problem always admits a solution. More precisely, Yamabe,

Aubin, Trudinger, and Schoen (see [22]) showed that the Yamabe invariant

Y(M, [g]) := inf
g̃∈[g]

S(g̃)

1



2 G. CATINO, P. MASTROLIA, D. D. MONTICELLI, AND F. PUNZO

is always attained in the conformal class [g] of a reference metric g. Moreover, every critical

point in the conformal class of the normalized functional has constant scalar curvature.

In the last decades several curvature conditions generalizing Einstein’s have been inves-

tigated by many authors (see for instance the classical Besse’s book [3], the book [7] and

references therein). In particular, important examples arise as critical points of functionals

which are quadratic in the curvatures (see for instance [9, 18, 1]). In general, the associ-

ated Euler-Lagrange equation is of fourth order in the metric, hence obtaining a satisfactory

existence theory can be challenging.

An important class of metrics which generalizes the Einstein condition are harmonic Weyl

metrics, i.e. metrics with divergence-free Weyl tensor, δgWg = 0 (see again [3] and [11]). In

fact, it is well known that all Einstein metrics have harmonic Weyl tensor and that, on four

dimensional closed manifolds, there are topological obstructions to the existence of harmonic

Weyl metrics with constant scalar curvature (see [4, 12]). For other results concerning the

existence of canonical metrics on four manifolds see, for instance, [24, 20] and references

therein.

From now on, let M4 be a four-dimensional closed smooth manifold. Observe that all

harmonic Weyl metrics are critical points of the quadratic scaling-invariant functional

D(g) := Volg(M)
1
2

∫
M
|δgWg|2g dVg ,

while the viceversa does not hold in general. Note that conformal variations give rise to a

second order Euler-Lagrange equation, since the transformation law of δW (see [3]) is given

by

δg̃Wg̃ = δgW +Wg(∇gu, ·, ·, ·)

for every conformal metric g̃ = e2ug ∈ [g]. Thus, in the same spirit of the Yamabe problem,

it seems natural to define the conformal invariant

D(M, [g]) := inf
g̃∈[g]

D(g̃) .

The main purpose of this paper is to study the existence of minimizers in a given conformal

class for the functional g 7→ D(g). In general the problem is degenerate elliptic due to the

possible vanishing of the Weyl tensor. In order to overcome this issue, we minimize the

functional in the conformal class determined by a reference metric, constructed by Aubin,

with nowhere vanishing Weyl tensor. On the contrary, for the Yamabe problem the existence

of minimizers is guaranteed in every conformal class.

Besides the aforementioned variational point of view, there is another geometric motivation

for studying constrained critical points of g 7→ D(g). Indeed, it was proved by Derdzinski [11]

that, on four manifolds, harmonic Weyl metrics satisfy the nice Weitzenböck formula

(1.1)
1

2
∆|W |2 = |∇W |2 +

1

2
R|W |2 − 3WijklWijpqWklpq
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(see the next section for the precise notation). On the other hand, Chang, Gursky and Yang

[10] showed that, on every closed four-manifold (M4, g), the following integral formula holds

(see Corollary 2.3):

(1.2)

∫
M

(
|∇W |2 − 4|δW |2 +

1

2
R|W |2 − 3WijklWijpqWklpq

)
dV = 0 .

A simple consequence is that, on a closed four-manifold M4,

δgWg = 0 ⇐⇒ Equation (1.1) holds on (M4, g) .

In Section 3.1 we show that a metric is critical in the conformal class for the functional

g 7→ D(g) if and only if it satisfies the Weitzenböck formula

(1.3)
1

2
∆|W |2 = |∇W |2 +

1

2
R|W |2 − 3WijklWijpqWklpq − 8|δW |2 +

4

Vol(M)

∫
M
|δW |2 dV .

Note that this equation reduces to (1.1) if δW = 0. Hence we are led to give the following

Definition 1.1. Let M4 be a closed four-dimensional manifold. A Riemannian metric g on

M4 is a weak harmonic Weyl metric if the Weitzenböck equation (1.3) holds on (M4, g).

Clearly, harmonic Weyl metrics (and Einstein metrics) are weak harmonic Weyl metrics. We

explicitly observe that integrating equation (1.3) we obtain the identity (1.2) and this gives

no a priori obstructions to the existence of weak harmonic Weyl metrics, contrary to what

happens with (1.1).

Our first main result is the following

Theorem 1.2. On every closed four-dimensional manifold there exists a weak harmonic Weyl

metric.

Remarks:

1. Aubin [2] proved that every closed Riemannian manifold admits a constant negative

scalar curvature metric, while Lohkamp [23], generalizing Gao and Yau result [13]

concerning dimension three, showed that there exist constants a(n) > b(n) > 0 such

that each n-manifoldM carries a metric g whose Ricci curvature Ricg satisfies−a(n) <

Ricg < −b(n). Besides these ones, to the best of our knowledge, Theorem 1.2 is

one of the few existence results of a canonical metric, which generalizes the Einstein

condition, on every four-dimensional Riemannian manifold, without any topological

obstructions.

2. To be more precise, the metric in Theorem 1.2 is constructed as follows: first, thanks

to a result of Aubin [2, Section 4], on every four-dimensional manifold M4 we can

choose a reference metric g0 with |Wg0 |g0 > 0. Then, we prove that on (M4, g0)

the infimum D(M, [g0]) is attained by a conformal metric g ∈ [g0], which is a weak

harmonic Weyl metric. Moreover, we show that every critical point in the conformal

class [g0] is necessarily a minimum point.
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3. From both the geometric and the analytic point of view, it would be interesting to

understand which conformal classes of metrics contain a weak harmonic Weyl repre-

sentative.

4. We can also consider the (anti-)self-dual functional

D±(g) := Volg(M)
1
2

∫
M
|δgW±g |2g dVg ,

and define weak half harmonic Weyl metrics its critical points in the conformal class.

In particular we can prove that, given a closed four-manifold (M4, g0) with |W±g0 |g0 > 0,

there exists a weak half harmonic Weyl metric g̃ ∈ [g0]. However, we do not know

whether the aforementioned result by Aubin can be extended to the (anti-)self-dual

Weyl tensor W±.

In order to prove this theorem, we endow a closed four-manifolds M4 with the metric g0

constructed by Aubin and we consider the functional

D(v) := D(v−2g0) =

(∫
M
v−4dV

) 1
2
∫
M

(
1

4
|W |2|∇v|2 + |δW |2v2 − (v)2

sWsijkWpijk,p

)
dV ,

where all the geometric quantities are referred to g0 and the function v belongs to the convex

cone

H(M) :=

{
u ∈ H1(M) : u > 0 a.e. and

∫
M
u−4 dV <∞

}
.

The condition |W | > 0 is crucial, as it implies the uniform ellipticity of the problem. A

variational argument, combined with some spectral analysis and maximum principles, shows

that u 7→ D(u) admits a minimum point v in H(M). Consequently, v is a (weak) solution of

the Euler-Lagrange equation

−1

4
div(|W |2∇v) +

(
|δW |2 + div(WsijkWpijk,p)

)
v = D(v)

(∫
M
v−4dV

)−3/2 1

v5
,

which is a uniformly elliptic semilinear equation with singular nonlinearity. Here, again, all

the geometric quantities are referred to g0. Hence, by standard elliptic regularity theory,

v ∈ C∞(M) and

D(M, [g0]) = min
0<u∈C∞(M)

D(u) = min
u∈H(M)

D(u) .

Therefore

g := v−2g0

is a weak harmonic Weyl metric on M4.

In the second part of the paper, we prove a characterization of anti-self-dual four-dimensional

manifolds, i.e. (M4, g) with W+
g ≡ 0, assuming the positivity of the Yamabe invariant, a

pinching condition on the conformal invariant

W+(M, [g]) :=

∫
M
|W+

g |2g dVg
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and the non-positivity of the modified functional

D+
α (g) := Volg(M)

1
2

(∫
M
|δgW+

g |2g dVg −
5− 9α

24

∫
M
Rg|W+

g |2g dVg
)
,

defined for a given α ∈ [0, 5
9 ]. In the same spirit we define D−α (g). Note that D±5

9

(g) = D±(g).

More precisely, we have the following

Theorem 1.3. Let (M4, g) be a closed Riemannian manifold with positive Yamabe invariant

Y(M, [g]) > 0. Then (M4, g) is anti-self-dual, i.e. W+ ≡ 0 if and only if there exists α ∈ [0, 5
9 ]

such that

W+(M, [g]) ≤ α2

6
Y(M, [g])2 and D+

α (g̃) ≤ 0 for some g̃ ∈ [g] .

The same result holds for the anti-self-dual part W− of the Weyl tensor. As a consequence

we can prove the following lower bound for W+(M, [g]):

Corollary 1.4. Let (M4, g) be a closed Riemannian manifold with positive Yamabe invariant

Y(M, [g]) > 0. Suppose that there exists α ∈ [0, 5
9 ] such that

D±α (g̃) ≤ 0 for some g̃ ∈ [g] .

Then either W±g ≡ 0 or

W±(M, [g]) >

(
3α2

1 + 2α2

)
16π2

3
(2χ(M)± 3τ(M)) ,

where χ(M) and τ(M) denote the Euler characteristic and the signature of M , respectively.

Remarks:

1. Gursky [16] proved that, if δW± ≡ 0, i.e. D±5
9

(g) ≤ 0, on a four-manifold (M4, g) with

positive Yamabe invariant, then either W±g ≡ 0 or

W±(M, [g]) ≥ 16π2

3
(2χ(M)± 3τ(M)) .

The conclusion in this case is stronger than the one in Corollary 1.4. Ideed, the

harmonic Weyl condition implies the validity of the pointwise Weitzenböck formula

(1.1) which allows to conclude by using a clever Yamabe-type argument.

2. The same estimate as in Corollary 1.4 with α = 1
3 appeared in [5, Theorem 4.1]. The

authors proved the lower bound on W±(M, [g]), assuming (M4, g) being a gradient

shrinking Ricci soliton satisfying∫
M
|δW±|2 dV ≤ 1

12

∫
M
R|W±|2 dV ,

i.e. D±1
3

(g) ≤ 0. Note that in Corollary 1.4 we do not assume any curvature condition

on the Ricci tensor.
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3. We conjecture that Theorem 1.3 and Corollary 1.4 hold only assuming one of the

conformally invariant conditions

D±α (M, [g]) := inf
g̃∈[g]

D±α (g̃) ≤ 0 .

The conjecture would follow, if one could show that the infimumD±α (M, [g]) is achieved.

This could be obtained by arguments similar to those used in the proof of Theorem

1.2, further assuming |W±g̃ |g̃ > 0 for some g̃ ∈ [g]. Without such an extra condi-

tion, the functional and the associated Euler-Lagrange equation are degenerate, thus

a completely different analysis has to be performed.

The paper is organized as follows. Section 2 is devoted to the geometric preliminaries: we

give the relevant definitions, we prove a general Weitzenböck formula for the Weyl tensor and

we recall (and define) some Riemannian functionals. In Section 3 we derive the Euler-Lagrange

equation satisfied by critical points in the conformal class of the functional g 7→ D(g). The

existence of solutions to the elliptic equation and the proof of Theorem 1.2 are given in Section

4. Section 5 is devoted to the proof of a new quantitative Kato inequality for the Weyl tensors

W± which is used, in Section 6, to prove the rigidity results Theorem 1.3 and Corollary 1.4.

2. Preliminaries

The (1, 3)-Riemann curvature tensor of an (oriented) Riemannian manifold (Mn, g) is de-

fined by

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z

(see e.g. [21]). Throughout the article, the Einstein convention of summing over repeated

indices will be adopted. In a local coordinate system the components of the (1, 3)-Riemann

curvature tensor are given by Rlijk
∂
∂xl

= R
(
∂
∂xj

, ∂
∂xk

)
∂
∂xi

and we denote by Riem its (0, 4)

version with components by Rijkl = gimR
m
jkl. The Ricci tensor is obtained by the contraction

Rik = gjlRijkl and R = gikRik will denote the scalar curvature (gij are the coefficient of the

inverse of the metric g). Moreover, we will denote by (
◦
Ric)ik =

◦
Rik = Rik− 1

nRgik the traceless

Ricci tensor. The so-called Weyl tensor is then defined by the following decomposition formula

in dimension n ≥ 3,

Wijkl = Rijkl −
1

n− 2
(Rikgjl −Rilgjk +Rjlgik −Rjkgil)

+
R

(n− 1)(n− 2)
(gikgjl − gilgjk) .(2.1)

The Weyl tensor shares the symmetries of the curvature tensor. Moreover, as it can be easily

seen by the above formula , all of its contractions with the metric are zero, i.e. W is totally

trace-free. In dimension three, W is identically zero on every Riemannian manifold, whereas,

when n ≥ 4, the vanishing of the Weyl tensor is a relevant condition, since it is equivalent
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to the local conformal flatness of (Mn, g). We also recall that in dimension n = 3, local

conformal flatness is equivalent to the vanishing of the Cotton tensor

(2.2) Cijk = Rij,k −Rik,j −
1

2(n− 1)

(
Rkgij −Rjgik

)
,

where Rij,k = ∇kRij and Rk = ∇kR denote, respectively, the components of the covari-

ant derivative of the Ricci tensor and of the differential of the scalar curvature. By direct

computation, we can see that the Cotton tensor C satisfies the following symmetries

(2.3) Cijk = −Cikj , Cijk + Cjki + Ckij = 0 ,

moreover it is totally trace-free,

(2.4) gijCijk = gikCijk = gjkCijk = 0 ,

by its skew–symmetry and Schur’s lemma. We recall that, for n ≥ 4, the Cotton tensor can

also be defined as one of the possible divergences of the Weyl tensor:

(2.5) Cijk =

(
n− 2

n− 3

)
Wtikj,t = −

(
n− 2

n− 3

)
Wtijk,t = −n− 2

n− 3
(δW )ijk .

A computation shows that the two definitions coincide (see e.g. [3]).

We say that an n-dimensional, n ≥ 3, Riemannian manifold (Mn, g) is an Einstein manifold

if the Ricci tensor satisfies

Ric = λg ,

for some λ ∈ R. In particular R = nλ ∈ R and the Cotton tensor C vanishes. If n ≥ 4,

equation (2.5) implies that the divergence of the Weyl tensor and thus of the Riemann tensor

are identically null, i.e.

(2.6) Wtijk,t = 0 , Rtijk,t = 0

on every Einstein manifold. Manifolds satisfying these curvature conditions are said to have

harmonic Weyl curvature or harmonic curvature, respectively. The Hessian ∇2 of some tensor

T of local components T j1...jli1...ik
will be denoted by

(∇2T )pq = ∇q∇pT j1...jli1...ik
= T j1...jli1...ik,pq

and similarly ∇k for higher-order derivatives. The (rough) Laplacian of a tensor T is given

by ∆T j1...jli1...ik
= gpqT j1...jli1...ik,pq

. The Riemannian metric induces norms on all the tensor bundles,

and in coordinates the squared norm is given by

|T |2 = gi1m1 · · · gikmkgj1n1 . . . gjlnl
T j1...jli1...ik

Tn1...nl
m1...mk

.
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2.1. Dimension four. In this subsection we recall some known identities involving the Weyl

tensor on four dimensional Riemannian manifold. First we recall that, if T = {Tijkl} is

a tensor with the same symmetries of the Riemann tensor (algebraic curvature tensor), it

defines a symmetric operator, T : Λ2 −→ Λ2 on the bundle of two-forms Λ2 by

(2.7) (Tω)kl :=
1

2
Tijklωij ,

with ω ∈ Λ2. Hence we have that λ is an eigenvalue of T if Tijklωij = 2λωkl, for some

0 6= ω ∈ Λ2; note that the operator norm on Λ2 satisfies ‖T‖2Λ2 = 1
4 |T |

2.

The key feature is that Λ2, on an oriented Riemannian manifold of dimension four (M4, g),

decomposes as the sum of two sub-bundles Λ±, i.e.

(2.8) Λ2 = Λ+ ⊕ Λ− .

These subbundles are by definition the eigenspaces of the Hodge operator

? : Λ2 → Λ2

corresponding respectively to the eigenvalue ±1. In the literature, sections of Λ+ are called

self-dual two-forms, whereas sections of Λ− are called anti-self-dual two-forms. Now, since

the curvature tensor Riem may be viewed as a map R : Λ2 → Λ2, according to (2.8) we have

the curvature decomposition

(2.9) R =

 W+ + R
12 I

◦
Ric

◦
Ric W− + R

12 I

 ,

where

W = W+ +W−

and the self-dual and anti-self-dual W± are trace-free endomorphisms of Λ±, I is the identity

map of Λ2 and
◦
Ric represents the trace-free Ricci curvature Ric− R

4 g.

Following Derdzinski [11], for x ∈M4, we can choose an oriented orthogonal basis ω+, η+, θ+

(respectively, ω−, η−, θ−) of Λ+
x (respectively, Λ−x ), consisting of eigenvectors of W± such that

|ω±| = |η±| = |θ±| =
√

2 and, at x,

(2.10) W± =
1

2

(
λ±ω± ⊗ ω± + µ±η± ⊗ η± + ν±θ± ⊗ θ±

)
where λ± ≤ µ± ≤ ν± are the eigenvalues of W±x . Since W± are trace-free, one has λ±+µ±+

ν± = 0. By definition, we have

‖W±‖2Λ2 = (λ±)2 + (µ±)2 + (ν±)2 =
1

4
|W±|2 .

We recall that the orthogonal basis ω±, η±, θ± forms a quaternionic structure on TxM (see

[11, Lemma 2]), namely in some local frame

ω±ipω
±
pj = η±ipη

±
pj = θ±ipθ

±
pj = −δij ,

ω±ipη
±
pj = θ±ij , η±ipθ

±
pj = ω±ij , θ±ipω

±
pj = η±ij .
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The following identity on the Weyl tensor in dimension four is known (see [11])

(2.11) W±ijktW
±
ijkl =

1

4
|W±|2gtl = ‖W±‖2Λ2gtl .

As far as the covariant derivative of Weyl is concerned, it can be shown that (see again

[11]), locally, one has

2∇W± =
(
dλ± ⊗ ω± + (λ± − µ±)c± ⊗ η± + (ν± − λ±)b± ⊗ θ±

)
⊗ ω±(2.12)

+
(
dµ± ⊗ η± + (λ± − µ±)c± ⊗ ω± + (µ± − ν±)a± ⊗ θ±

)
⊗ η±

+
(
dν± ⊗ θ± + (ν± − λ±)b± ⊗ ω± + (µ± − ν±)a± ⊗ η±

)
⊗ θ± ,

for some one forms a±, b±, c±. By orthogonality, we get

‖∇W‖2Λ2 = ‖∇W+‖2Λ2 + ‖∇W−‖2Λ2

and

(2.13)

‖∇W±‖2Λ2 = |dλ±|2+|dµ±|2+|dν±|2+2(µ±−ν±)2|a±|2+2(λ±−ν±)2|b±|2+2(λ±−µ±)2|c±|2 ,

where ‖∇W±‖2Λ2 = 1
4 |∇W

±|2.

Finally, the following identity holds (see [6])

Lemma 2.1. On every n-dimensional, n ≥ 4, Riemannian manifold one has

Wijkl,tWijkt,l =
1

2
|∇W |2 − 1

n− 3
|δW |2.

In particular, on a four-manifold one has

(2.14) W±ijkl,tW
±
ijkt,l =

1

2

∣∣∇W±∣∣2 − ∣∣δW±∣∣2.
2.2. A general Weitzenböck formula for the Weyl tensor. In this subsection, we prove

that on every n-dimensional Riemannian manifold, n ≥ 4, the Weyl tensor satisfies a nice

Weitzenböck formula. Namely we have

Lemma 2.2. Let (Mn, g), n ≥ 4, be a n-dimensional Riemannian manifold. Then

1

2
∆|W |2 = |∇W |2 − 2

(
n− 2

n− 3

)
|δW |2 + 2RpqWpiklWqikl(2.15)

− 2
(

2WijklWipkqWjplq + 1
2WijklWijpqWklpq

)
− 2(WijklCjkl)i .(2.16)

Proof. From the second Bianchi identity for the Weyl tensor (see for instance [10, 8]) we have

−Wklij,mm −Wklmi,jm +Wmjkl,im = Ψijkl,

where

Ψijkl :=
1

n− 2
(Cljm,mδki + Clmi,mδkj + Clij,k − Ckjm,mδli − Ckmi,mδlj − Ckij,l).
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The previous relation can be rewritten as

Wklij,mm = (Wmjkl,mi −Wmikl,mj)−Ψijkl + (Wklmj,im −Wklmj,mi)− (Wklmi,jm −Wklmi,mj)

=

(
n− 3

n− 2

)
(Cikl,j − Cjkl,i)−Ψijkl + (Wklmj,im −Wklmj,mi)− (Wklmi,jm −Wklmi,mj).

Using the commutation relation for the second covariant derivative of the Weyl tensor (see

[8]) to expand the two terms Wklmj,im−Wklmj,mi and Wklmi,jm−Wklmi,mj , and also the first

Bianchi identity for W , we deduce

∆Wijkl =

(
n− 3

n− 2

)
(Cikl,j − Cjkl,i)−Ψijkl

+RipWpjkl −RjpWpikl − 2(WipjqWpqkl −WipqlWjpqk +WipqkWjpql)

+
1

n− 2
[RjpWpikl −RipWpjkl −Rlp(Wpikj −Wpjki)−Rkp(Wpjli −Wpilj)]

+
1

n− 2
Rpq(Wpiqlδkj −Wpjqlδki +Wpikqδlj −Wpjkqδli).

Contracting with Wijkl and exploiting again the first Bianchi identity, we obtain formula

(2.2). �

In dimension four, using identity (2.11) and the orthogonality of W±, the formula simplifies

to the following

Corollary 2.3. Let (M4, g) be a four dimensional Riemannian manifold. Then

1

2
∆|W |2 = |∇W |2 − 4|δW |2 +

1

2
R|W |2 − 3WijklWijpqWklpq − 2(WijklCjkl)i .

As a consequence, if M is closed one has the integral identity (see [10]):∫
M

(
|∇W |2 − 4|δW |2 +

1

2
R|W |2 − 3WijklWijpqWklpq

)
dV = 0 .

Moreover, we have∫
M

(
|∇W±|2 − 4|δW±|2 +

1

2
R|W±|2 − 3W±ijklW

±
ijpqW

±
klpq

)
dV = 0 .

2.3. Some Riemannian functionals. Let (M4, g) be a closed four-dimensional Riemannian

manifold. First of all we recall the Chern-Gauss-Bonnet formula and the Hirzebruch signature

formula (see [3, Equation 6.31])

(2.17)

∫
M

(
|W+|2 + |W−|2 − 2|

◦
Ric|2 +

1

6
R2

)
dV = 32π2χ(M) ,

(2.18)

∫
M

(
|W+|2 − |W−|2

)
dV = 48π2τ(M) .
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If we denote with σ2(A) the second elementary function of the eigenvalues of the Schouten

tensor A := 1
2

(
Ric− 1

6Rg
)
, it is easy to see that

σ2(A) =
1

96
R2 − 1

8
|
◦
Ric|2

and the Chern-Gauss-Bonnet formula reads∫
M

(
|W+|2 + |W−|2 + 16σ2(A)

)
dV = 32π2χ(M) .

In particular, using (2.18), we get

(2.19) 8

∫
M
σ2(A) dV =

∫
M
|W±|2 dV + 8π2 (2χ(M)± τ(M)) .

Observing that the L2-norms of the Weyl tensors W± in dimension four are conformally

invariant we define

W±(M, [g]) :=

∫
M
|W±g |2g dVg .

In particular, it follows that the integral of σ2(A) is conformally invariant too. We denote

by Y(M, [g]) the Yamabe invariant associated to (M4, g) (here [g] is the conformal class of g)

defined by

Y(M, [g]) := inf
g̃∈[g]

∫
M R̃ dVg̃

Volg̃(M)
1
2

= 6 inf
u∈W 1,2(M)

∫
M |∇u|

2 dV + 1
6

∫
M Ru2 dV(∫

M u4 dV
) 1

2

.

It is well known that, on a closed manifold, Y(M, [g]) is positive (respectively zero or negative)

if and only if there exists a conformal metric in the conformal class [g] with everywhere positive

(respectively zero or negative) scalar curvature. We recall the following lower bound for the

Yamabe invariant which was proved by Gursky [14].

Lemma 2.4. Let (M4, g) be a closed four-dimensional manifold. Then, the following estimate

holds

Y(M, [g])2 ≥ 96

∫
M
σ2(A) dVg =

∫
M
R2 dVg − 12

∫
M
|
◦
Ric|2 dVg .

Equivalently,

Y(M, [g])2 ≥ 12W±(M, [g]) + 96π2 (2χ(M)± τ(M)) .

Moreover, the inequality is strict unless (M4, g) is conformal to an Einstein manifold.

As anticipated in the Introduction, we now define the quadratic, scale-invariant functionals

given by

D±(g) = Volg(M)
1
2

∫
M
|δgW±g |2g dVg .

Let also

D(g) = D+(g) + D−(g) = Volg(M)
1
2

∫
M
|δgWg|2g dVg .

We also set

D±(M, [g]) = inf
g̃∈[g]

D±(g̃)
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and

D(M, [g]) = inf
g̃∈[g]

D(g̃) .

It is clear that if [g] contains a metric with δW± ≡ 0, then D±(M, [g]) = 0. For example, if

(M4, g) is Kähler with positive scalar curvature Rg, then g̃ = R−2
g g satisfies δg̃W

+
g̃ ≡ 0 and

thus D+(M, [g]) = 0.

Finally, for α ∈ [0, 5
9 ] we define the Riemannian functionals

D±α (g) = Volg(M)
1
2

(∫
M
|δgW±g |2g dVg −

5− 9α

24

∫
M
Rg|W±g |2g dVg

)
,

and its infimum

D±α (M, [g]) = inf
g̃∈[g]

D±α (g̃) .

Note that

D±5
9

(g) = D±(g) .

3. The Euler-Lagrange equation

LetM4 be a closed smooth manifold. In this section we derive the Euler-Lagrange equations

satisfied, respectively, by a critical metric in the conformal class of the functional

g 7→ D(g) = Volg(M)
1
2

∫
M
|δgWg|2g dVg ,

and by the conformal factor.

3.1. Critical metrics. Let U ∈ C∞(M) and u(x, t) : M ×R→M be a 1-parameter family

of smooth functions such that u(x, 0) ≡ 0, du(x,t)
dt

∣∣∣∣
t=0

= U(x); for a conformal change of the

metric of the form

(3.1) g̃(t) = e2u(x,t)g,

from the formula for the conformal change of δW (see [3]) we easily deduce that

(3.2) e3u(x,t)W̃ijkl,i = Wijkl,i + ui(x, t)Wijkl

Since, for n = 4, we have dVg̃(t) = e4u(x,t)dVg, we obtain

D(g̃(t)) = Volg̃(t)(M)
1
2

∫
M
|δg̃(t)Wg̃(t)|2g̃(t) dVg̃(t)

=

(∫
M
e4u(x,t)dVg

) 1
2
∫
M
e−2u(x,t)

(
|δgWg|2 + |us(x, t)Wsijk|2g + 2us(x, t)WsijkWpijk,p

)
dVg.

(3.3)
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Letting V := Volg(M), a simple computation shows that

dD(g̃(t))

dt

∣∣∣∣
t=0

=
1

2

(∫
M
e4u(x,0)

)−1/2(∫
M

4U dVg

)∫
M
|δgWg|2g dVg

+
√
V

∫
M

(
−2U |δgWg|2g + 2UsWsijkWpijk,p

)
dVg

= 2

{∫
M

[
V −1/2

(∫
M
|δgW |2g dVg

)
− V 1/2|δgW |2g − V

1/2(Wsijk,sWpijk)p

]
U dVg

}
;

thus we deduce that g is a critical point in the conformal class of the functional, i.e.

dD(g̃(t))

dt

∣∣∣∣
t=0

= 0 ∀U ∈ C∞(M) ,

if and only if

(3.4) Wsijk,spWpijk =
1

Volg(M)

∫
M
|δgW |2g dVg − 2|δgW |2g.

Now, exploiting the algebraic properties of the curvature in dimension four, we show that

(3.4) is equivalent to the condition defining weak harmonic Weyl metrics (see Definition 1.1).

Proposition 3.1. Let M4 be a closed smooth manifold. Then a metric g is critical in the

conformal class for the functional D(g) if and only if g is a weak harmonic Weyl metric, i.e.

it satisfies the formula

(3.5)
1

2
∆|W |2 = |∇W |2 +

1

2
R|W |2 − 3WijklWijpqWklpq − 8|δW |2 +

4

Vol(M)

∫
M
|δW |2 dV .

Proof. We now perform our computation for the self dual part W+. Since W+
sijkW

+
pijk =

1
4 |W

+|δsp by equation (2.11), we have

(3.6)
(
W+
sijkW

+
pijk

)
ps

=
1

4
∆
∣∣W+

∣∣2.
On the other hand,(

W+
sijkW

+
pijk

)
ps

= W+
sijk,psW

+
pijk +W+

jkis,pW
+
jkip,s +

∣∣δW+
∣∣2 +W+

pijkW
+
sijk,sp,

which implies

2W+
sijk,spW

+
pijk = Θ +

1

4
∆
∣∣W+

∣∣2 +W+
jkis,pW

+
pijk,s −

∣∣δW+
∣∣2,

where Θ := W+
sijk,spW

+
pijk −W

+
sijk,psW

+
pijk; thus, using (3.4) and Lemma 2.1 we deduce

(3.7)
1

2
∆
∣∣W+

∣∣2 =
∣∣∇W+

∣∣2 − 8
∣∣δW+

∣∣2 +
4

V

∫
M

∣∣δW+
∣∣2 dV − 2Θ.

Now, using formulas (3.16)-(3.22) and Lemma 3.4 in [10], a computation shows that

2Θ = 3(W+)3 − R

2

∣∣W+
∣∣2,

thus completing the proof for W+. The same computation gives the formula for W− and, by

the matrix decomposition (2.9), (3.5) follows. �
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3.2. The PDE for the conformal factor. Let now g0 be a fixed Riemannian metric on

M4 and let v := e−u for some u ∈ C∞(M4). Then, equation (3.3) yields

D(v) := D(v−2g0) =

(∫
M
v−4dV

) 1
2
∫
M

(
1

4
|W |2|∇v|2 + |δW |2v2 − (v2)sWsijkWpijk,p

)
dV,

where all the geometric quantities are referred to the fixed metric g0. Clearly we have

D(M, [g0]) = inf
0<v∈C∞(M)

D(v) .

To simplify the notation, now let

a :=
1

4
|W |2, Bs := WsijkWpijk,p and c0 := |δW |2 .

Then the previous relation rewrites as

D(v) =

(∫
M
v−4dV

) 1
2
∫
M

(
a|∇v|2 + c0 v

2 − 〈B,∇(v2)〉
)
dV .

Imposing that v is critical for the functional v 7→ D(v), i.e.

dD(v + tϕ)

dt

∣∣∣∣
t=0

= 0 ∀ 0 < ϕ ∈ C∞(M) ,

we obtain the Euler-Lagrange equation

(3.8) − div (a∇v) + c v =
λ(v)

v5
,

with

c = c0 + divB and λ(v) := D(v)

(∫
M
v−4dV

)−3/2

.

In particular, the metric v−2g0 is a weak harmonic Weyl metric, i.e. it satisfies (3.5).

4. Existence results and proof of Theorem 1.2

4.1. Proof of Theorem 1.2. Consider the uniformly elliptic self-adjoint operator

(4.1) Lv := −div (a∇v) + c v

whit a ∈ C∞(M), a > 0 and c ∈ C∞(M). Note that no sign conditions are required on the

coefficient c. We assume that the first eigenvalue of L, i.e.

λ1 := inf
u∈H1(M), u 6≡0

R(u) = inf
u∈H1(M), u 6≡0

∫
M

(
a|∇u|2 + c u2

)
dV∫

M u2 dV
,

is non-negative. We will show the existence of positive solutions to the equation

Lv =
λ(v)

v5
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with

λ(v) = D(v)

(∫
M
v−4dV

)− 3
2

, D(v) =

(∫
M
v−4dV

) 1
2
∫
M

(
a|∇v|2 + c v2

)
dV

and that any two such solutions are proportional. More precisely, the solutions v that we find

satisfy

D(v) = D̂

where

(4.2) D̂ := inf
0<u∈C∞(M)

D(u) .

Now let (M4, g0) be a closed Riemannian manifold where g0 is the metric of Aubin (see

the Introduction) satisfying

(4.3) |Wg0 |2g0 > 0 on M .

Note that the previous assumptions on the operator L are satisfied in the case of the

geometric one defined in Section 3 with the choice a := 1
4 |Wg0 |g0

2 and cg0 = (c0)g0 +divg0 Bg0 .

Therefore the conformal metrics v−2g0 have weak harmonic Weyl curvature and the proof of

Theorem 1.2 is completed.

4.2. Preliminary results. From now on, all geometric quantities are referred to the metric

g0 and we omit to write their dependence. Let

H(M) :=

{
u ∈ H1(M) : u > 0 a.e. and

∫
M
u−4 dV <∞

}
and define

D := inf
u∈H(M)

D(u) .

By standard elliptic theory, there exists a smooth, positive, first eigenfunction ϕ1 of L, i.e. a

solution of

Lϕ1 = λ1ϕ1 .

Note that R(ϕ1) = λ1 (recall that R(u)
∫
M(a|∇u|2+c u2) dV∫

M u2 dV
). We have the following weak

maximum principle.

Lemma 4.1. Let λ1 > 0. Under the previous assumptions, if u ∈ H1(M) satisfies Lu ≥ 0 in

the weak sense, then u ≥ 0 a.e. on M .

Moreover, using Lemma 4.1, one can prove the following strong maximum principle.

Lemma 4.2. Let λ1 > 0. Under the previous assumptions, if u ∈ H1(M) satisfies Lu ≥ 0 in

the weak sense, then either u = 0 a.e. on M or essinfM u > 0.

We have a two-sided estimate on D in terms of λ1
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Lemma 4.3. Under the previous assumptions, we have

Vol(M)
3
2 λ1 ≤ D ≤

∫
M ϕ2

1 dV(∫
M ϕ−4

1 dV
) 1

2

λ1 .

Proof. By Jensen’s inequality, for every u ∈ H(M)

1∫
M u2 dV

≤
(∫

M
u−4 dV

) 1
2

Vol(M)−
3
2 .

Then

λ1 ≤ R(u) ≤ D(u) Vol(M)−
3
2

and the first inequality follows. Moreover, for every u ∈ H(M) we have

D(u) = R(u)

∫
M u2 dV(∫

M u−4 dV
) 1

2

.

Then

D ≤ D(ϕ1) = R(ϕ1)

∫
M ϕ2

1 dV(∫
M ϕ−4

1 dV
) 1

2

=

∫
M ϕ2

1 dV(∫
M ϕ−4

1 dV
) 1

2

λ1 .

�

Consequently, by Lemma 4.1 and Lemma 4.2, maximum principles hold whenever D > 0

and D = 0 if and only if λ1 = 0.

4.3. Existence. In this subsection we prove that the functional u 7→ D(u) admits a minimum

v in H(M), that v satisfies the associated Euler-Lagrange equation and it is smooth.

Lemma 4.4. Suppose that u ∈ H(M) and that D(u) = D > 0. Then Lu ≥ 0 in the weak

sense, i.e. ∫
M
{a〈∇u,∇ϕ〉+ cuϕ} dV ≥ 0 for any ϕ ∈ C1(M), ϕ ≥ 0 .

Proof. By contradiction, assume that there exists ϕ ∈ C1(M), ϕ ≥ 0 such that∫
M
{a〈∇u,∇ϕ〉+ cuϕ} dV < 0 .

For every v ∈ H1(M) define

Q(v) :=

∫
M

{
a|∇v|2 + cv2

}
dV .

Note that

Q(v) ≥ λ1‖v‖2L2 .



FOUR DIMENSIONAL CLOSED MANIFOLDS ADMIT A WEAK HARMONIC WEYL METRIC 17

Take any t ∈ R with |t| small enough. We have that

D(u+ tϕ)−D(u)

=

(∫
M

(u+ tϕ)−4dV

) 1
2

Q(u+ tϕ)−
(∫

M
u−4dV

) 1
2

Q(u)

=

[(∫
M

(u+ tϕ)−4dV

) 1
2

−
(∫

M
u−4dV

) 1
2

]
Q(u+ tϕ)

+

(∫
M
u−4dV

) 1
2

[Q(u+ tϕ)−Q(u)] .

Furthermore,

Q(u+ tϕ) ≥ 0 ,(∫
M

(u+ tϕ)−4dV

) 1
2

−
(∫

M
u−4dV

) 1
2

≤ 0 for any t > 0 , ,

and

Q(u+ tϕ)−Q(u) = Q′(u)[ϕ]t+ o(t) as t→ 0,

where

Q′(u)[ϕ] = 2

∫
M
{a〈∇u,∇ϕ〉+ cuϕ}dV < 0 .

Thus, for t > 0 sufficiently small,

D(u+ tϕ)−D(u) ≤
(∫

M
u−4dV

) 1
2 {
Q′(u)[ϕ]t+ o(t)

}
< 0.

So,

D(u+ tϕ) < D(u)

with u+ tϕ > 0 a.e., u+ tϕ ∈ H(M). This is a contradiction, since

D(u) = D .

�

Corollary 4.5. Suppose that u ∈ H(M) and that D(u) = D > 0. Then essinfM u > 0.

Proof. The thesis follows from Lemmas 4.2 and 4.4. �

Theorem 4.6. There exists v ∈ C∞(M), v > 0 such that

D(v) = D̂ .

Moreover v satisfies

Lu = D
(∫

M
v−4dV

)− 3
2

v−5 .
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Proof. First we suppose that

D = 0 .

By Lemma 4.3, λ1 = 0. Moreover,

D(ϕ1) =

∫
M ϕ2

1dV(
ϕ−4

1 dV
) 1

2

R(ϕ1) =
λ1

∫
M ϕ2

1dV(
ϕ−4

1 dV
) 1

2

= 0 = D .

Since ϕ1 ∈ C∞(M), we have that also D̂ = 0. Hence

D(ϕ1) = D = D̂ = 0 .

From now on we suppose that D > 0. Let {vn}n∈N ⊂ H(M) be a sequence of functions such

that D(vn) → D. Since the functional D is scaling invariant, without loss of generality, we

can assume that
∫
M v−4

n dV = 1. Since D > 0, in view of Lemma 4.3, we have that λ1 > 0.

In addition, ∫
M
{a|∇vn|2 + cv2

n}dV ≥ λ1

∫
M
v2
ndV .

Clearly, for any n ∈ N sufficiently large,

0 < D ≤ D(vn) ≤ D + 1 .

Hence

λ1

∫
M
v2
ndV

≤
∫
M
{a|∇vn|2 + cv2

n}dV

=

(∫
M
v−4
n dV

) 1
2
∫
M
{a|∇vn|2 + cv2

n}dV

= D(vn) ≤ D + 1 .

So, {vn} is bounded in L2(M). Moreover, for any n ∈ N sufficiently large,

(4.4)

(min
M

a)

∫
M
|∇vn|2dV

≤
∫
M
a|∇vn|2dV = D(vn)−

∫
M
cv2
ndV

≤ D(vn) + ‖c‖L∞‖vn‖2L2

≤ D + 1 + ‖c‖L∞
D + 1

λ1
.

So, {∇vn} is bounded in L2(M), and {vn} is bounded in H1(M). Consequently, there exist

a subsequence of {vn}, which will be still denoted by {vn}, and a function v ∈ H1(M) such

that

vn ⇀
n→∞

v in H1(M) ,

vn →
n→∞

v in L2(M) ,
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vn →
n→∞

v a.e. in M .

Therefore,

v−4
n →

n→∞
v−4 a.e. in M ;

here we assumed that vn, v : M → [0,+∞] and 1
∞ = 0, 1

0 =∞. By Fatou’s lemma,∫
M
v−4dV =

∫
M

liminf
n→∞

v−4
n dV ≤ liminf

n→∞

∫
M
v−4
n dV = 1 .

Thus ∫
M
v−4dV < +∞ .

This implies that v > 0 a.e. in M . Hencev ∈ H1(M), v > 0 a.e. in M ,
∫
M v−4dV ≤ 1. Using

the fact that vn ⇀
n→∞

v in H1(M) and vn →
n→∞

v in L2(M), we can infer that

D ≤ D(v) =

(∫
M
v−4dV

) 1
2
∫
M
{a|∇v|2 + cv2}dV

≤
∫
M
{a|∇v|2 + cv2}dV

≤ liminf
n→∞

∫
M
{a|∇vn|2 + cv2

n}dV = liminf
n→∞

D(vn) = D .

So,

D(v) = D > 0 .

From Lemma 4.2 it follows that essinf v > 0. Take any ϕ ∈ C1(M). Since D(v) = D, we get

d

dt
[D(v + tϕ)] |t=0 = 0 .

Consequently, for any ϕ ∈ C1(M), we have∫
M
{a〈∇v,∇ϕ〉+ cvϕ}dV = D

(∫
M
v−4dV

)− 3
2
∫
M

ϕ

v5
dV .

Thus,

Lv = D
(∫

M
v−4dV

)− 3
2

v−5 =: f weakly in M .

Since essinf v > 0, we have that f ∈ L∞(M). Therefore, by standard elliptic regularity theory,

v ∈ C∞(M), v > 0 in M . We can therefore infer that

D̂ ≤ D(v) = D ≤ D̂.

Hence,

D(v) = D = D̂ .

This completes the proof. �
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Remark 4.7. From the proof of Theorem 4.6 we can deduce that D = D̂, so

(4.5) Lv = D̂
(∫

M
v−4dV

)− 3
2

v−5 in M .

4.4. Uniqueness. Observe that equation (4.5) is scaling invariant, in the sense that if u1

solves (4.5), then u1 := βu2, with β ∈ R+, satisfies

Lu2 = D̂
(∫

M
u−4

2 dV

)− 3
2

u−5
2 in M .

Therefore, uniqueness for equation (4.5) does not hold. However, we have the following result.

Theorem 4.8. Suppose that both u1 and u2 are solutions of equation (4.5) and that u1 >

0, u2 > 0 in M . Then there exists β ∈ R+ such that

u1 = βu2 in M .

Proof. Let

µ :=

(∫
M
u−4

1 dV

) 1
4

, γ :=

(∫
M
u−4

2 dV

) 1
4

.

So, the functions

ψ := µu1, w := γu2

satisfy ∫
M
ψ−4dV =

∫
M
w−4dV = 1 .

Then

Lψ = D̂ψ−5 in M ,

Lw = D̂w−5 in M .

We choose α > 0 such that

ψ − αw ≥ 0 and min
M
{ψ − αw} = 0 .

Since M is compact, we can find a minimum point x0 ∈M of the continuous function ψ−αw,

so that ψ(x0) = αw(x0) . First assume that D̂ > 0. We have that

L(ψ − αw) = D̂(ψ−5 − αw−5) in M .

In particular, at x0 we obtain

0 ≥ D̂(ψ−5(x0)− αw−5(x0)) =
D̂(1− α6)

α5w5(x0)
.

This yields α ≥ 1, and so,

ψ ≥ αw ≥ w in M .

By repeating the same argument interchanging the role of ψ and w, we get

w ≥ ψ in M .
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Hence

µu1 = ψ = w = γu2 in M .

Thus, we obtain the thesis with β = γ
µ .

Now, assume that D̂ = 0. Since ψ − αw ≥ 0, if we take M > ‖c‖L∞ , then we have

L(ψ − αw) +M(ψ − αw) ≥ 0 in M,

and minM{ψ − αw} = 0 . Observe that

λ1(L+M Id) = λ1(L) +M = M > 0.

Thus, by Lemma 4.2 applied to the operator L + MId for the function ψ − αw, we obtain

ψ = αw. Therefore,

u1 =
γ

µ
αu2 in M .

The proof is now complete. �

Remark 4.9. The proof of Theorem 4.8 in the case D̂ = 0 is equivalent to the proof that

λ1(L) is simple.

Consider equation

(4.6) Lu = D(u)

(∫
M
u−4dV

)− 3
2

u−5 in M .

Observe that D(u) = D(βu) for any β ∈ R+. Furthermore, equation (4.6) is scaling invariant

as before, so uniqueness for equation (4.6) does not hold. However, we have the following

result.

Theorem 4.10. Suppose that both u1 and u2 are solutions to equation (4.6), and that u1 >

0, u2 > 0 in M . Then there exists β ∈ R+ such that

u1 = βu2 in M .

Proof. First assume that D(u1) > 0,D(u2) > 0. Let

µ :=

(∫
M
u−4

1 dV

) 1
4

D(u1), γ :=

(∫
M
u−4

2 dV

) 1
4

D(u2).

So, the functions

ψ := µu1, w := γu2

satisfy

Lψ = ψ−5 in M ,

Lw = w−5 in M .

Hence the conclusion follows as in the proof of Theorem 4.8, when D̂ > 0. Also, in the case

D(u1) = D(u2) = 0, the thesis is obtained by the same arguments as in the proof of Theorem

4.8, when D̂ = 0.
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We claim that the case D(u1) > 0 and D(u2) = 0 cannot happen. Indeed, by contradiction

assume that D(u1) > 0 and D(u2) = 0. Define

ψ := µu1, w := u2 .

We choose α > 0 such that

ψ − αw ≥ 0 and min
M
{ψ − αw} = 0 .

Since M is compact, we can find a minimum point x0 ∈M of the continuous function ψ−αw,

so that ψ(x0) = αw(x0) . We have that

L(ψ − αw) = ψ−5 in M .

In particular, at x0 we obtain

0 ≥ ψ−5(x0) > 0 .

This is a contradiction. The proof is now complete. �

Corollary 4.11. Every critical point of the functional u 7→ D(u), defined in H(M), is a

minimum point.

Proof. Let w be a critical point of the functional u 7→ D(u). Recall that this is equivalent to

requiring that D′(w) = 0, i.e. w is a solution of equation (4.6). By Theorem 4.6, there exists

a minimum point v of the functional u 7→ D(u), which is a solution of equation (4.5). By

Theorem 4.10 with u1 = w and u2 = v we can infer that w = βv, for some β > 0. Then

D(w) = D(βv) = D(v) = D̂ .

This is the thesis. �

4.5. Further results. For any β > 0 consider equation

(4.7) Lu = βu−5 in M .

Let

l := min
M

ϕ1, l := max
M

ϕ1 .

Proposition 4.12. Assume that λ1 > 0 and β > 0. Then there exists a solution u ∈ C∞(M)

of equation (4.7) such that

l

l

(
β

λ1

) 1
6

≤ u ≤ l

l

(
β

λ1

) 1
6

in M .

Moreover, if v > 0 is any solution of equation (4.7), then v = u in M .
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Proof. Define

u := αϕ1, u := αϕ1,

where α, α are positive constants to be chosen. It is easily seen that if α ≤ β
1
6

lλ
1
6
1

, then u is a

subsolution of equation (4.7), that is

Lu ≤ βu−5 in M .

In fact,

Lu = λ1αϕ1 ≤ βu−5 = βα−5ϕ−5
1 in M ,

provided that α ≤ β
1
6

lλ
1
6
1

. It is similarly seen that if α ≥ β
1
6

lλ
1
6
1

, then u is a supersolution of

equation (4.7), that is

Lu ≥ β u−5 in M .

Clearly, 0 < α ≤ α. Define

Lu := −div (a∇u) .

Hence equation (4.6) is equivalent to

(4.8) Lu = f(u) in M ,

where f(u) := −cu+ u−5. We have shown that u is a subsolution of equation (4.8), while u

is a supersolution. Moreover,

0 < α l ≤ u ≤ u ≤ αl in M ,

and f ∈ C1([α l, αl]). Hence by the standard sub– and supersolutions method, we can infer

that there exists a weak solution to equation (4.8), and hence to equation (4.7), satisfying

u ≤ u ≤ u in M .

By standard regularity theory it follows that u ∈ C∞(M). Moreover, by the same arguments

as in the proof of Theorem 4.8 when D̂ > 0 we can infer that if v > 0 is any solution of

equation (4.7), then v = u. This completes the proof. �

Proposition 4.13. Suppose that D̂ > 0. Let v be a solution of equation (4.5). Then

l

l

(
D̂
λ1

) 1
6

≤ v
(∫

M
v−4dV

) 1
4

≤ l

l

(
D̂
λ1

) 1
6

in M .

Proof. Let v be a solution of equation (4.5). Then, v is also a solution of equation (4.7) with

β = D̂
(∫
M v−4dV

)− 3
2 . Hence, by Proposition 4.12, the thesis follows. �
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5. A quantitative improved Kato inequality

We recall that, given any tensor T , at every point where |T | 6= 0, one has the classical Kato

inequality

|∇T |2 ≥ |∇|T ||2 .

It was proved by Gursky and Lebrun [17], that on a four-manifold (M4, g) with half harmonic

Weyl metric, i.e. δW± ≡ 0, there holds

|∇W±|2 ≥ 5

3

∣∣∇|W±|∣∣2
if |W±| 6= 0. In this section we prove a new quantitative version of the classical Kato inequality

for the Weyl tensors W±. In particular, we recover the sharp Kato inequality established in

[17].

Lemma 5.1. Let (M4, g) be a four dimensional Riemannian manifold. Then at a point where

|W±| 6= 0 it holds

|∇W±|2 ≥ k
∣∣∇|W±|∣∣2 − 8(k − 1)

(5− 3k)
|δW±|2

for every k ∈
[
0, 5

3

)
. In particular, if δW± ≡ 0, then at a point where |W±| 6= 0, it holds

|∇W±|2 ≥ 5

3

∣∣∇|W±|∣∣2 .
Remark 5.2. As it will be clear from the proof, in the case k = 0, the inequality holds on

the whole M , even at points where |W±| = 0.

Proof. We perform our computations for the self-dual case; first recall that (see equation

(2.13))

‖∇W+‖2 = |dλ+|2 + |dµ+|2 + |dν+|2 +2(µ+−ν+)2|a+|2 +2(λ+−ν+)2|b+|2 +2(λ+−µ+)2|c+|2.

In the rest of the proof we omit the “+” on λ, µ, ν, ω, η, θ and a, b, c for the sake of simplicity.

We set ā := (µ− ν)a, b̄ := (λ− ν)b and c̄ := (λ− µ)c; we also define

Xj := −ωij āi, Yj := ηij b̄i, Zj := −θij c̄i .

Then, from the quaternionic structure, we get

|X|2 = |ā|2, |Y |2 = |b̄|2, |Z|2 = |c̄|2

and

〈X,Y 〉 = −θij b̄iāj , 〈X,Z〉 = −ηij c̄iāj , 〈Y,Z〉 = −ωij c̄ib̄j .

Since λ+ µ+ ν = 0, ‖W‖2 = 1
4 |W |

2 and ‖∇W‖2 = 1
4 |∇W |

2 we have

(5.1)
∣∣∇W+

∣∣2 = 8
(
|dλ|2 + 〈dλ, dν〉+ |dν|2 + |X|2 + |Y |2 + |Z|2

)
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and ∣∣∇‖W+‖
∣∣2 = 2

∣∣∣d(√λ2 + ν2 + λν
)∣∣∣2

= 2

∣∣∣∣ 1

2
√
λ2 + ν2 + λν

(2λdλ+ 2νdν + νdλ+ λdν)

∣∣∣∣2
=

1

2(λ2 + ν2 + λν)
|(2λ+ ν)dλ+ (λ+ 2ν)dν|2.

Thus

(5.2)∣∣∇∣∣W+
∣∣∣∣2 =

2

λ2 + ν2 + λν

[
(2λ+ ν)2|dλ|2 + (λ+ 2ν)2|dν|2 + 2(2λ+ ν)(λ+ 2ν)dλdν

]
.

Now, since by (2.12) one has

2W+
ijpt,t =

(
λtωpt + c̄tηpt − b̄tθpt

)
ωij

+ (c̄tωpt + µtηpt + ātθpt)ηij

+
(
−b̄tωpt + ātηpt + νtθpt

)
θij ,

we deduce, after some computations,∣∣δW+
∣∣2 =

∣∣λtωpt + c̄tηpt − b̄tθpt
∣∣2

+ |c̄tωpt + µtηpt + ātθpt|2

+
∣∣−b̄tωpt + ātηpt + νtθpt

∣∣2
= |dλ|2 + |dµ|2 + |dν|2 + 2|ā|2 + 2

∣∣b̄∣∣2 + 2|c̄|2

+ 2ωst(−c̄tbs + µtās + ātνs)

− 2ηst
(
−λtb̄s + c̄tās − b̄tνs

)
+ 2θst

(
λtc̄s + c̄tµs − b̄tās

)
,

and thus ∣∣δW+
∣∣2 = 2|dλ|2 + 2 〈dλ, dν〉+ 2|dν|2 + 2|X|2 + 2|Y |2 + 2|Z|2(5.3)

+ 2 〈dλ,X〉+ 2 〈dλ, Y 〉 − 4 〈dλ, Z〉+ 4 〈dν,X〉 − 2 〈dν, Y 〉 − 2 〈dν, Z〉

− 2 〈X,Y 〉 − 2 〈X,Z〉 − 2 〈Y, Z〉 .

With respect to the “formal” ordered basis dλ, dν, X, Y and Z, we can express the three

quantities in equations (5.1), (5.2) and (5.3) as quadratic forms, with associated matrices

given by, respectively,

M|∇W+|2 =


8 4 0 0 0

4 8 0 0 0

0 0 8 0 0

0 0 0 8 0

0 0 0 0 8

 ,
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M|∇|W+||2 =
2

λ2 + ν2 + λν


(2λ+ ν)2 (2λ+ ν)(λ+ 2ν) 0 0 0

(2λ+ ν)(λ+ 2ν) (λ+ 2ν)2 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

 ,

M|δW+|2 =


2 1 1 1 −2

1 2 2 −1 −1

1 2 2 −1 −1

1 −1 −1 2 −1

−2 −1 −1 −1 2

 ,

Now we define the quantity Q := |∇W+|2 + k1|δW+|22− k2|∇|W+||2, for some k1, k2 ∈ R,

with associated matrix Q =M|∇W+|2 + k1M|∇|W+||2 − k2M|δW+|2 ; we have then

MQ =


8 + 2k1 − 2k2

(2λ+ν)2

λ2+ν2+λν
4 + k1 − 2k2

(2λ+ν)(λ+2ν)
λ2+ν2+λν

k1 k1 −2k1

4 + k1 − 2k2
(2λ+ν)(λ+2ν)
λ2+ν2+λν

8 + 2k1 − 2k2
(λ+2ν)2

λ2+ν2+λν
2k1 −k1 −k1

k1 2k1 8 + 2k1 −k1 −k1

k1 −k1 −k1 8 + 2k1 −k1

−2k1 −k1 −k1 −k1 8 + 2k1

 .

A computation gives that det(MQ) = 384(8 + 5k1)(8 + 5k1 − 8k2 − 3k1k2) . Let

k := k2 and k1 :=
8(k − 1)

5− 3k
.

Thus det(MQ) = 0. We claim that the matrix MQ is non-negative definite. In fact, we can

check that the principal minors of order 2, 3 and 4 have determinants, respectively,

144(3− k)(1− k)2

(5− 3k)2
,

384(1− k)2
(
(3 + 2k)λ2 + (3 + k)λν + (3 + k)ν2

)
(5− 3k)2(λ2 + λν + ν2)

,

and
3072 k(1− k)2(2λ+ ν)2

(5− 3k)2(λ2 + λν + ν2)
.

Since k ∈ [0, 5
3), it is easy to see that all these quantities are nonnegative. Moreover, with

similar computations, one verifies that all the leading minors have non-negative determinants.

Thus MQ is non-negative definite and the inequality is proved. �
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6. Rigidity results: proof of Theorem 1.3 and Corollary 1.4

In this section we prove Theorem 1.3 and Corollary 1.4. Let (M4, g) be a closed manifold

of dimension four with positive Yamabe invariant, Y(M, [g]) > 0. Assume that (M4, g) is not

anti-self-dual, i.e. W+ 6≡ 0, and satisfies the pinching condition

(6.1) W+(M, [g]) ≤ α2

6
Y(M, [g])2 ,

for some α ∈ [0, 5
9 ]. Obviously, if α = 0 we have a contradiction. Moreover, the case α = 5

9

was already considered in [16] (see also [19]). Hence we can assume α ∈ (0, 5
9). In order to

prove Theorem 1.3, we will show that

D+
α (g̃) > 0 for every g̃ ∈ [g] .

From Lemma 2.3 we have∫
M
|∇W+|2 dV =

∫
M

(
4|δW+|2 − 1

2
R|W+|2 + 3W+

ijklW
+
ijpqW

+
klpq

)
dV.(6.2)

On the other hand, using the following sharp inequality holds

(6.3) W+
ijklW

+
ijpqW

+
klpq ≤

1√
6
|W+|3 ,

by Hölder’s inequality, one has∫
M
W+
ijklW

+
ijpqW

+
klpq dV ≤

1√
6

∫
M
|W+|3 dV

≤ 1√
6

(∫
M
|W+|2 dV

) 1
2
(∫

M
|W+|4 dV

) 1
2

.

The Yamabe-Sobolev inequality applied to u := |W+| yelds∫
M
W+
ijklW

+
ijpqW

+
klpq dV ≤

1√
6Y(M, [g])

(∫
M
|W+|2 dV

) 1
2
(

6

∫
M
|∇|W+||2 dV +

∫
M
R|W+|2 dV

)
≤ α

∫
M
|∇|W+||2 dV +

α

6

∫
M
R|W+|2 dV ,

where in the last inequality we have used the assumption (6.1). Let

M0 := {x ∈M : |W+|(x) = 0} .

Note that, in general, Vol(M0) can be strictly positive (by a unique continuation principle,

this is not the case when δW+ ≡ 0, see for instance [15]). Then one has∫
M
W+
ijklW

+
ijpqW

+
klpq dV ≤ α

∫
M\M0

|∇|W+||2 dV +
α

6

∫
M\M0

R|W+|2 dV .
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Thus, the improved Kato inequality in Lemma 5.1, implies for every k ∈
[
0, 5

3

)
∫
M
W+
ijklW

+
ijpqW

+
klpq dV ≤

α

k

∫
M\M0

|∇W+|2 dV +
8α(k − 1)

k(5− 3k)

∫
M\M0

|δW+|2 dV

+
α

6

∫
M\M0

R|W+|2 dV .

On the other hand, by Remark 5.2, on M0 we have

|∇W+|2 ≥ 8

5
|δW+|2 ,

hence

α

k

∫
M0

|∇W+|2 dV +
8α(k − 1)

k(5− 3k)

∫
M0

|δW+|2 dV +
α

6

∫
M0

R|W+|2 dV ≥ 0 .

Combining the above inequalities with (6.2), we obtain

k − 3α

k

∫
M
|∇W+|2 dV ≤ 4k(5− 3k) + 24α(k − 1)

k(5− 3k)

∫
M
|δW+|2 − 1− α

2

∫
M
R|W+|2 dV .

Now choose k = 3α and we get∫
M
|δW+|2 dV ≥ 5− 9α

24

∫
M
R|W+|2 dV ,

i.e.

D+
α (g) ≥ 0 .

If D+
α (g) > 0, since all the assumptions are conformally invariant, this estimate holds for

every metric in the conformal class g̃ ∈ [g] and the claim follows. On the other hand, suppose

that D+
α (g) = 0. Then ∫

M
|δW+|2 dV =

5− 9α

24

∫
M
R|W+|2 dV .

From a previous estimate, since k = 3α, we obtain∫
M
W+
ijklW

+
ijpqW

+
klpq dV ≤

1

3

∫
M
|∇W+|2 dV +

8(3α− 1)

3(5− 9α)

∫
M
|δW+|2 dV +

α

6

∫
M
R|W+|2 dV

=
1

3

∫
M
|∇W+|2 dV +

(
3α− 1

9
+
α

6

)∫
M
R|W+|2 dV

=
1

3

∫
M
|∇W±|2 dV +

9α− 2

18

∫
M
R|W+|2 dV .

Thus∫
M
|∇W+|2 dV ≤

(
5− 9α

6
− 1

2
+

9α− 2

6

)∫
M
R|W+|2 dV +

∫
M
|∇W+|2 =

∫
M
|∇W+|2 dV

In particular we have equalities in the previous computations. Equality in the Hölder inequal-

ity implies that |W+| is constant, while the equality case in the Yamabe-Sobolev inequality
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gives that also the scalar curvature R has to be a positive constant. Substituting in (6.2), we

obtain ∫
M
|∇W+|2 dV =

(
5− 9α

6
− 1

2
+
α

2

)∫
M
R|W+|2 dV =

1− 3α

3

∫
M
R|W+|2 dV

=

(
1− 3α

3

)
Vol(M)R|W+|2 .

This implies α ≤ 1
3 . To conclude we use the fact that we have equality also in the Kato

inequality in Lemma 5.1 with k = 3α, i.e.

|∇W+|2 =
8(1− 3α)

(5− 9α)
|δW+|2

on M4, since |W+| > 0. First of all, by the equality in the algebraic estimate (6.3) we

know that W+ has exactly two distinct eigenvalues. Following the proof in Lemma 5.1, since

det(W+) > 0, we can assume that µ = λ and ν = −2λ. Thus c̄ = 0 and Z = 0. Substituting

in (5.1) and (5.3), we obtain ∣∣∇W+
∣∣2 = 24|dλ|2 + 8|X|2 + 8|Y |2∣∣δW+

∣∣2 = 6|dλ|2 + 2|X|2 + 2|Y |2 − 6 〈dλ, Y 〉+ 6 〈dλ, Y 〉 − 2 〈X,Y 〉 .

Thus

0 = |∇W+|2 − 8(1− 3α)

(5− 9α)
|δW+|2 =

8

5− 9α

(
(9(1− α)|dλ|2 + 3(1− α)|X|2 + 3(1− α)|Y |2

+ 6(1− 3α) 〈dλ,X〉 − 6(1− 3α) 〈dλ, Y 〉+ 2(1− 3α) 〈X,Y 〉
)
.

Following again the notation in Lemma 5.1, the associated matrix is given by

M =
8

5− 9α

 9(1− α) 3(1− 3α) −3(1− 3α)

3(1− 3α) 3(1− α) (1− 3α)

−3(1− 3α) (1− 3α) 3(1− α)

 .
A computation shows that det(M) = 288α(2 − 3α), which has to be zero. This is a contra-

diction, since 0 < α ≤ 1
3 and the proof of Theorem 1.3 is complete.

Corollary 1.4 follows from Theorem 1.3 using the lower bound for the Yamabe invariant

proved in [14] (see Lemma 2.4).
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