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ABSTRACT. In this paper we prove a C"® regularity result in dimension two for almost-minimizers
of the constrained one-phase Alt-Caffarelli and the two-phase Alt-Caffarelli-Friedman functionals
for an energy with variable coefficients. As a consequence, we deduce the complete regularity
of solutions of a multiphase shape optimization problem for the first eigenvalue of the Dirichlet
Laplacian, up to the boundary of a fixed domain that acts as a geometric inclusion constraint.
One of the main ingredient is a new application of the epiperimetric inequality of [22] up to the
boundary of the constraint. While the framework that leads to this application is valid in every
dimension, the epiperimetric inequality is known only in dimension two, thus the restriction on
the dimension.

1. INTRODUCTION

In this paper we prove the regularity of the free boundary of solutions to variational one-phase
and two-phase free boundary problems in dimension two. In particular, we consider the case when
the support of the solution is constrained in certain region D C R? with smooth (Clﬁ—regular,
for some 8 > 0) boundary and we show that the free boundaries must be C''*regular up to
the points of contact with the boundary of the region D. Our arguments strongly rely on the
epiperimetric inequality for the one-phase and the two-phase Bernoulli free boundary functionals
(see [22]). The only obstruction to the generalization of our results to any dimension comes from
the fact that the epiperimetric inequality is only known in dimension two. Since our methods
are of purely variational nature, we are able to obtain the regularity of the free boundaries of
almost-minimizers (even in the presence of a geometric constraint D). Precisely, we prove the
following results.

(oP) The C'1*-regularity of the boundaries of the almost-minimizers of the one-phase Alt-Caffarelli
functional for an operator with variable coefficients, which may also satisfy a further geometric
inclusion constraint (Theorem 1.1 and Corollary 1.3);

(TP) The C1®-regularity of the boundaries (of each phase) of the almost-minimizers of the two-
phase Alt-Caffarelli-Friedman functional for an operator with variable coefficients (Theorem 1.5).
In particular, this is a problem left open in [12].

In the second part of the paper, we apply our regularity results for almost-minimizers to the
solutions of multiphase shape optimization problems, where the variables are n-uples of different
disjoint domains (phases). Precisely, we consider the model case in which the variational cost
functional is given by the sum of the first eigenvalue (of the Dirichlet Laplacian) and the area
of each domain. In Theorem 1.11, we show that if the family of domains (£1,...,€,) is a
solution to such a multiphase problem, then the boundaries 9€; are C1®-regular; thus we solve
the (regularity) problem left open in [3].

The regularity of the free boundaries arising in the context of shape optimization problems
involving Dirichlet eigenvalues is a topic that received a lot of attention recently (we refer for
instance to the recent papers [20, 18, 19, 10]). The multiphase shape optimization problem we
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consider is part of this general framework and was studied in [8] and [3]. It is related to the
regularity of the optimal sets (in a box) for the second Dirichlet eigenvalue, which is expected
to have common qualitative properties with the solutions to the multiphase problem in the case
n = 2. We also notice that our almost-minimality conditions naturally arise in shape optimization
problems involving Dirichlet eigenvalues (see for instance [20], [7] and Section 7). The geometric
inclusion constraints are also very common in this framework (see for instance [6], [4] and the
books [17], [5]). For instance, they are often used to provide the compactness necessary for
the existence of optimal shapes. Thus, our regularity results and techniques can be applied not
only to the solutions of the multiphase problem studied in [8] and [3], but to a variety of shape
optimization problems, for instance, on manifolds or for operators with variable coefficients.

The regularity of the one-phase free boundaries was first studied by Alt and Caffarelli in [1]
who prove that in any dimension the (local) minimizers of the one-phase functional have smooth
free boundaries up to a small singular set, while in dimension two, they show that the entire free
boundaries are C'*° smooth. The regularity of almost-minimizers of the one-phase functional was
addressed by David and Toro in [13] and by David, Engelstein and Toro in [12], where they prove
the C'M® regularity of the free boundary up to a singular set, which is empty in dimension two;
the same result was recently obtained by De Silva and Savin [15] by a different method based on
a non-infinitesimal notion of viscosity solution. In [?] and [15], the authors consider only the case
of the Laplacian, but it is clear that their proof can be generalized to an operator with variable
coefficients.

With our approach, working with a functional with variable coefficients, instead of constant
ones, leads only to minor variations in the proof. We also stress that there is no way to reduce
the non-constant-coefficients case to the constant-coefficients one. In fact, if u is a minimizer
(or almost-minimizer) of a functional with variable coefficients, then for any point x, there is a
change of coordinates, for which the new function becomes an almost-minimizer for a functional
involving only the Dirichlet energy (see Lemma 3.2). This change of coordinates, on the other
hand, depends on the point. It is also responsible for the anisotropic optimality condition on the
free boundary (see (1.5)).

The regularity of minimizers for the one-phase functional subjected to a geometric inclusion
constraint was studied by Chang-Lara and Savin in [11], where, using the approach of De Silva
[14], the authors prove that in a neighborhood of the contact set (with the boundary of the
constraint) the free boundary is C1® regular in any dimension. In Theorem 1.1 we consider
almost-minimizers satisfying an inclusion constraint, which combines the difficulties from [12]
and [11]: the lack of equation ([12]) and the presence of a geometric constraint ([11]). In fact,
our approach allows to treat these two situations at once.

The two-phase problem was first studied by Alt, Caffarelli and Friedman in [2] (see Remark
1.6) but the regularity of the free boundary (for minimizers) was achieved only recently in [22].
In [12], David, Engelstein and Toro address the question of the regularity of almost-minimizers
of the two-phase functional and prove the rectifiability of the free boundary in any dimension.
In Theorem 1.5 we prove the C1 regularity of the free boundaries of almost-minimizers for
two-phase functional. We notice that, since each phase acts as a geometric obstacle for the
other one, and in view of the Chang-Lara-Savin result ([11]), the C1%regularity is optimal even
for minimizers, the best a being /2. We also notice that, in the two-phase case, an additional
(smooth) geometric inclusion constraint does not affect the regularity of the free boundaries. In
fact, a two-phase free boundary cannot touch the boundary of the constraint. This is a simple
consequence of the three-phase monotonicity formula introduced in [23] and [8], just as in the
case of the multiphase shape optimization problem (1.10) (see [3] and Section 7).

1.1. Regularity for almost-minimizers. Throughout this paper we will use the following no-
tations.
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Let Syml{gF be the family of the real positive symmetric k x k matrices. We fix a matrix-valued
function A = (a;j)i;j : Bo — Sym;, for which there are constants d,,Ca, M > 0 such that

laij(x) — aij(y)] < Calz — y|‘SA for every 4,7 and x,y € Bs;

MiYEP <€ Alz)E = Z &i&iaij(r) < Mpl€|*> forevery z€ By and ¢ €R%L  (1.1)
4,j=1

We fix Qop, Q7 and Q7 to be Holder continuous functions on By, for which there are constants
dq, Cq, Mg >0 such that for any Q = Qop, Q7 or Q;,, we have

1Q(z) — Q(y)| < Cylz —y[°@  for every wz,y € Ba;

M&l < Q(x) < Mgy forevery =€ Bs.
Finally, for every function v : R?> — R, we will use the following standard notations
ut(z) = max{Fu(z),0}, Qu:={u#0}, QF:={u>0} and Qp :={u<0}.

We are now in position to state our main free boundary regularity results.
The one-phase free boundaries. For every u € H(B3), 29 € By and r € (0,1), we define the
one-phase functional

8u ou
Jop(u o, T) = LT(IO (Zam aIEZ 8.13] QOP( )]l{u>0}) dx.

2,7

Here and after B,(x) denotes the ball with center z € R? and radius » > 0 and we will write
B, := B,(0). Let A" (B,) be the admissible set

A*(B,)={ue HY(B,) : u>0inB,, u=0o0n B, \ B, },

where H stands for the upper half-plane H := {(a:, y) €R? : gy > 0} and B;' := B, N H. We say
that the nonnegative function u : By — R is a almost-minimizer of the one-phase functional Jop
in the upper half-disk B;, if u € AT(Bs) and there are constants r; > 0, C7 > 0 and §; > 0 such
that, for every xp € B; N9, and r € (0,71), we have

Jop (U, 2o, 1) < (1 + Clr51)JOP(v,xo,r) + Cyr2ton, (1.2)
for every v € AT (Bsy) such that u = v on By \ B,(z0).

We have the following result for the almost-minimizers of the one-phase Alt-Caffarelli functional
Jop constrained in the upper half-disk Bg‘ .

Theorem 1.1 (Regularity of the constrained one-phase free boundaries). Let By C R? and
u : By — R be a non-negative and Lipschitz continuous function. If w is a almost-minimizer
of the functional Jop in A*(Bs), then the free boundary By N OSY, is locally the graph of a C1
function. Moreover, u satisfies the optimality condition

{\Al *Vul(xg) = Q(l,f(aﬁo) for every xo € O N ByN {xg > 0},

1.3
\A 'Vl (xg) > Qé{?(xg) for every xo € OQF N By N {xg = 0}. (13)

Remark 1.2. The Holder continuity of the (exterior) normal vector ng is the best regularity result
that one can expect. Indeed, recently Chang-Lara and Savin [11] showed that even for minimizers
the regularity of the constrained free boundaries cannot exceed C'+'/2. Moreover, we notice that
the result analogous to Theorem 1.1 was proved in any dimension in [11], by a viscosity approach,
but only for minimizers of the functional Jqp.
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Analogously, we say that the nonnegative function u : By — R is a almost-minimizer of the
one-phase functional Jop in Bs, if u € Hl(BQ) and there are constants 1 > 0, C;y > 0 and 61 >0
such that, for every zop € By N 99, and r € (0,r1), we have

Jop(u, z0,7) < (1 + C’lr‘sl)Jop(v, xo,7) + Cyr2ton (1.4)
for every v € H'(By) such that v = v on By \ B, (o).

The regularity of the unconstrained one-phase free boundary 02, follows directly by Theorem
1.1. For the sake of completeness, we give the precise statement in Corollary 1.3 below.

Corollary 1.3 (Regularity of the unconstrained one-phase free boundaries). Let By C R? and
u : By — R be a non-negative and Lipschitz continuous function. If w is a almost-minimizer of
the functional Jy, in By, then the free boundary By N 0K, is locally the graph of a C function.
Moreover, u satisfies the optimality condition

|A;/OZVU|(xO) = Qé{f(xo) for every xo € 0QF N Ba. (1.5)

Remark 1.4. The regularity of the free boundaries of the one-phase (unconstrained) almost-
minimizers was proved in [12] in every dimension, by a different approach.

The two-phase free boundaries. For every u € H'(By), 29 € By and r € (0,1), we define the
two-phase functional

ou Ou n _
TP 9 9 - 1 TP ]1 u TP ]1 u .
Tz = [ oo (Z 05+ QMoo + M) o

We say that the function u € H'(By) is a almost-minimizer of the two-phase functional Jy» in
By, if there are constants r9 > 0, Co > 0 and J2 > 0 such that, for every xg € B N 9€), and
r € (0,72), we have
Jop(u, ko, 1) < (1 + CQT(SQ)JTP(U,J}(), r) + Cor?to2 (1.6)
for every v € H'(By) such that v = v on By \ B,(20).
Then, we have the following result:

Theorem 1.5 (Regularity of the two-phase free boundaries). Let By C R? and let u : By — R
be Lipschitz continuous and such that the functions u+ are solutions of the PDEs

—div(AVus) = f+ in QFN By, (1.7)
where:

(a) the functions fi :ﬁiE — R are bounded and continuous;
(b) the matriz-valued function A : By — Symyg satisfies (1.1) and has C'-regular coefficients.

Under these conditions, if u is a almost-minimizer of the two-phase functional Jyp in Ba, then
the free boundaries B1 N O and By MO, are locally graphs of CY* functions, for some o > 0.
Moreover, u satisfies the optimality condition (on OL})

{\A;/(JQVu+](x0) = (Q4 (:(:0))1/2 for every xo € 00} \ 00, N By,

1.8
|A;/()2Vu+](:vo) > ( jp(aco))l/2 for every xy € O NN, N Bs. (18

Remark 1.6 (Regularity of the two-phase free boundaries for minimizers). Alt, Caffarelli and
Friedman were the first to study the two-phase free boundaries in (see [2]). Precisely, they
studied the local minimizers of the functional

Tertwror) = [ (19ul + e u)

where ¢ is Holder continuous and bounded away from zero and A is the function

Mw) =M if u>0 and M(u) =M if u<0.
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In the case, A(0) = A1, they prove that the free boundary d{u > 0} is C! and that the two free
boundaries O{u > 0} and d{u < 0} coincide (this means that the set {u = 0} has empty interior).
On the other hand, the case

0 < A%(0) < min{\?, \3}, (1.9)
where branching points may appear, was left completely open in [2]. We notice that our Theorem
1.5 covers this case, by setting

Q+(x) = (@)(A —=N*(0))  and  Q-(z) = ¢*(2) (A3 — N*(0)).
Precisely, Theorem 1.5 implies that, if u is a minimizer of J,., in a ball B, and (1.9) holds, then
the free boundaries 9} N B, and 9Q;, N B, are Ch%regular. This result (for minimizers in
the constant-coefficient case and in dimension two) was first proved by the first and the third
author in [22]. In particular, it concludes the analysis of the free boundary for minimizers of the
functional J,cr, which was started in [2].

Remark 1.7 (Remark on the Lipschitz continuity of u). In Theorem 1.3 and Theorem 1.5 we
assume that the function u is Lipschitz continuous. In the case of the Laplacian, David and Toro
[13] proved that the Lipschitz continuity is a consequence of the the almost-minimality condition.
It is, of course, natural to expect that the same will hold if the operator involved has variable
coefficients. We will not address this question in the present paper since our main motivation
comes from the application to shape optimization problems as (1.10), for which the Lipschitz
continuity is often already known. Actually, in the case of (1.10), the Lipschitz continuity of the
eigenfunctions is used to deduce the almost-minimality (see Section 7).

We notice that, just from the fact that « is almost-minimizer of the two-phase functional Jp,
without using the additional assumption (1.7), we can still deduce that u is differentiable at points
of the free boundary and that the optimality condition (1.8) holds. We summarize the regularity
properties, that can be obtained just from the almost-minimality, in the following proposition.

Proposition 1.8. Let By C R? and let u: By — R be Lipschitz continuous almost-minimizer of
the two-phase functional Jy» in By. Then, for every free boundary point o € OS2 N By (the case
xg € 08Y, N By is symmetric), the following claims hold true.

(i) For every xo € OSY, there is a unique blow-up limit ujo = lir% u;fmo, where w}, is the
r— ’ )

+
T,20

(ii) The blow-up limit is of the form
by (@) = py (o) max {0, 2 - A (7]},

where py (o) is a positive real number and Uy, € R? is a unit vector.
(iii) There are universal constants C > 0 and o > 0, and a radius r(xo) > 0, such that
+

20

1
rescaling u,, (x) = ~u (wg + rx) and the convergence is uniform on every ball Br C R?.
r

) ay — Ui | ooy < Cr®  for every 0 <1 < r(xg).
(iv) u is differentiable at xo, up to the boundary of X, that is,
u(z) = (z — z0) - Vuy(z0) + O(|z — z0]*) for every  x € Q},
and the gradient at xq is given by
Vi (20) = jrs (20) Az, 7o),
where Uy, is the unit vector from (ii).
(v) If xg is a one-phase point, xo € OO \ 0, , then

iy (20)? = Qi (20) and r(xzo) depends on the point x.
(vi) If zo is a two-phase point, o € O NN, , then
pr(m0)? > Qf(zo)  and  r(xo) = ro,

where rg may depend on u, but not on xg.
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This statement is contained in Proposition 4.3, Lemma 6.1, Lemma 6.2 and Lemma 6.3. As a
corollary of Proposition 1.8, we obtain the following corollary, whose proof is standard and is, in
fact, similar to the proof of Theorem 1.1.

Corollary 1.9. Let By C R? and let u : By — R be Lipschitz continuous almost-minimizer of the
two-phase functional Jy in Ba. Then, for every xzo € OQF NOQ, N By, there exists a neighborhood
Uy, such that the two-phase free boundary 04 MO, NUy, is contained in a single C1“-regular
embedded curve.

We notice that the result from Theorem 1.5 is stronger (but requires the additional technical
assumption (1.7)). In fact, if the set ;F, then the two-phase boundary 9Q;F N9Q;, is (obviously)
contained in a C1® curve. We believe that the C1® regularity of the sets QF and € still
holds without the additional assumption (1.7), but at the moment, we cannot remove it from our
argument. This is mainly due to the fact that we use a combination of viscosity and variational
techniques. We give more details on the use of (1.7) in the following remark.

Remark 1.10 (On the role of the additional assumption (1.7) in Theorem 1.5). In order to conclude
the proof of Theorem 1.5, we will use Proposition 1.8 and the assumption (1.7). Indeed, the C®
regularity of 9Q; N By follows from the following two claims:

(1) The function p4 : 99, — R is Holder continuous.
(2) Suppose that u4 : By — R is also a (viscosity) solution to

—div(AVuy)=f in QnB;, |AVu,|=Q on 80 NB,

where f is bounded, A is C' and Q is Holder continuous and bounded from below and above.
Then 0Q; N By is CH* regular for some a > 0.

The first claim is proved in Lemma 6.4. We notice that in order to prove the continuity of u4, we
use an argument by contradiction, in which we consider a sequence of the form u,, := uimrn, which
converges to some function us,. At this point, we need that the boundary condition on 9{u,, > 0}
passes to the limit (in viscosity sense). It is not at the present clear how to overcome this difficulty
if u is just an almost-minimizer. The second claim follows by the De Silva e-regularity theorem
(see Theorem A.1). Also in this case we need that u solves an elliptic equation inside the positivity

set Q.

1.2. Multiphase shape optimization problem for the first eigenvalue. As a consequence
of Theorem 1.1 and Theorem 1.5, we prove a regularity result for the solutions of the following
multiphase shape optimization problem:

n
min { Z (/\1(91) + qZ|QZ\) : Q1,...,Q, are disjoint open subsets of D} , (1.10)
i=1
where, we will use the following notations:

el <neN and0<q €R, foreveryi=1,...,n;

e D C R? is a bounded open set with C-#-regular boundary, for some 3 > 0;

e |Q| denotes the Lebesgue measure of ;

e \1(9) is the first eigenvalue of the Dirichlet Laplacian on €.

Theorem 1.11. Let (Q4,...,Qy) be a solution of (1.10). Then, each set Q;, i =1,...,n, is a
bounded open set with CH® regular boundary, for some o > 0.

We notice that, in the above theorem, we prove that the entire boundary 0€2;, i = 1,...,n, is
Ch-regular. In particular, this holds at the contact points of Q; with the other phases 2, j # 1,
and also at the contact points of 9¢2; with the boundary of the box 0D.

In the special case n = 1, (1.10) reduces to the classical (one-phase) shape optimization problem

min {\(Q) + A|Q| : Q open, Q C D}. (1.11)
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The existence of a solution in the class of open sets and the regularity of the free boundary
(precisely, of the part contained in the open set D) was proved by Briangon and Lamboley in [4].
As a direct corollary of our Theorem 1.11, we obtain that the entire boundary is C1® regular.

Corollary 1.12 (Regularity of the optimal sets for the first eigenvalue). Let D C R? be a bounded
open set of class C1P, for some > 0, and let A > 0. Then, there is a € (0,1) such that every
solution Q C D of (1.11) is CY regular.

1.3. Organization of the paper. In Section 2 we recall the definitions of the Weiss’ boundary
adjusted energies and the statements of the epiperimetric inequalities. Moreover, we show how to
use the monotonicity formula and the epiperimetric inequality to deduce the rate of convergence
of the blow-up sequences and the uniqueness of the blow-up limits. In Section 3 we prove a
technical lemma that reduces the one-phase and two-phase problems to the case of the Laplacian,
which allows us to apply the results of Section 2. Section 4 is dedicated to the classification of
the blow-up limits for the one-phase and the two-phase problems. In Section 5 and Section 6 we
prove Theorem 1.1 and Theorem 1.5, respectively. In Section 7 we prove that the (eigenfunctions
associated to the) solutions of the multiphase problem (1.10) are locally almost-minimizers of the
one-phase or the two-phase problems, and we prove Theorem 1.11.

2. BOUNDARY ADJUSTED ENERGY AND EPIPERIMETRIC INEQUALITY

All the arguments in this section hold in every dimension d > 2, except the epiperimetric
inequalities Theorem 2.2 and Theorem 2.3, which are known only in dimension two.

2.1. One-homogeneous rescaling and excess. Let d > 2 and v € H lloc(Rd). For r > 0 and
zo € R?, we define the one-homogeneous rescaling of v as

Uz r(T) 1= W for every z € R% (2.1)

Then, Uz, , € H}

L (R%) and for almost every 7 > 0, E(uy, ) is well defined, where we set

E(v) := / |z - Vo —v> dHT!, (2.2)
0B1

where x € 9B, is the exterior normal derivative to OB; at the point z € R% and H¢ ! stands
for the (d — 1)-dimensional Hausdorff measure. The excess function e(r) = E(ug, ) controls the
asymptotic behavior, as 7 — 07, of the one parameter family g, , € L?(0By). Precisely, we have
the following elementary estimate.

Lemma 2.1. Letu € Hlloc(Rd) and o € R, Suppose that there are constants ro > 0, v € (0,1)

and I > 0 such that
"0 B (ug,,r)

Then, there is a unique function uy, € L*>(0B1) such that
|ty 2o — uz0||%2(331) <~y 7 for every r e (0,70).

Proof. We set for simplicity, zo = 0 and u, = ug,,. Let 0 <7 < R < rg. Notice that, for any
r € 0B, we have

u(Rx) 3 u(re) _ /TR (ac - (Vu)(sz) B u(8$)> ds — 1/TR (x Vg (z) — us(x)) ds.

R r s 52 s
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Thus, by the Cauchy-Schwartz inequality, we obtain

Rq 2
/ lug — up|? dHI < / (/ |m-Vu8—u8|ds> dH!
0B1 0B1 r 8
R R 1
< / (/ 571ds) </ |2 Vus — u5]2ds> dH* !
0B1 r r S i

v _ v R Y fro
< RY —r E(uy) ds < R/ E(us) ds,
Y r sty Y Jo sl+v

which implies the claim by a standard argument. 0

2.2. The one-phase boundary adjusted energy. Let d > 2 and u € H'(Bj). For any A > 0,
we define the one-phase Weiss’ boundary adjusted energy as

Wop(u) 1= /B |Vul? dz — /63 u? dH! —I-A’{u >0}N Bl}. (2.4)
1 1

Let >0, 20 € RZand u € H lloc(Rd). The relation between Wy, and the excess E is given by the
following formula, which holds for any function v and can be obtained by a direct computation

(see [24] and [20]).

0 d 1
gWOP(Ul‘oW) = ;(WOP(ZCCOJ") - WOP(uzo,T’)) + ;E(uxo,r)v (2.5)
where z,, , denotes the one-homogeneous extension of the trace of ugy,, in By, that is,
x
Zaor (T) = |T] Ugg r (%/|2]) = |T| u(re/jz|) , for every x € Bj. (2.6)

In [22], the first and the third author proved the following epiperimetric inequality for the
Weiss’ energy Wop.

Theorem 2.2 (Epiperimetric inequality for Wop). Let d = 2. Let Cyp > 0 be a given con-
stant. There exists a constant € > 0 such that: for every non-negative c € H'(0By) satisfying

/ cdH' > Cy, there exists a non-negative function h € Hl(Bl) such that h = ¢ on 0By and
0B1

Wop(h) — Ag <(1-¢) (WOP(Z) — Ag) , (2.7)

where Wop is given by (2.4) and z € H*(By) denotes the one-homogeneous extension of ¢ into
By. Moreover, the competitor h has the following properties:
(a) There is a universal numerical constant C > 0 such that ||h||g1 g,y < Cllc| g1 (aB,)-
(b) If Hyy o = {93 ER?: (x—x20) v > 0}, for some xo € R? and v € 0By, is a half-plane
such that
0€ Hyy o and z2=0 on R*\ Hy,,, (2.8)

then we can choose the competitor h : By — R such that h =0 on R?\ Hy, .

2.3. The two-phase boundary adjusted energy. For every A, Ay > 0 and v € H!(By), we
define the two-phase Weiss’ boundary adjusted energy as

Wap(v) = / |Vo|? dz —/ VP dHT + A]{v > 0} N By| + Ag|{v < 0} N By (2.9)
B, 0B1
As in the one phase case, we have
0 d 1
EWTP(uxo,r) = ;(WTP(ZrO,r) - WTP(UmO,r)) + ;E<uzo,7‘)v (210)

where 2, is given by (2.6).
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Theorem 2.3 (Epiperimetric inequality for Wip). Let d = 2. For every Cy > 0 there is e > 0

such that: for every c € H'(0B1) such that/ cHdH! > C) and ¢~ dH > Cy, there exists
631 aBl
a function h € HY(By) with h = ¢ on OBy such that

Wip(h) — (Aq + AQ)g <(1-¢) (WTP(z) (A + Ag)g> : (2.11)

where z € HY(B1) is the one-homogeneous extension of the trace of ¢ to By. Moreover, there is
a universal numerical constant C' > 0 such that ||h| g1 (p,) < Cllel g am,)-

2.4. Almost-monotonicity and almost-minimality. Let u € H lloc(Rd) and z¢ € RY. For any
r > 0, the function ug,, and z,, are defined as in (2.1) and (2.6), respectively. In the next
lemma we will show that a almost-minimality of u, with respect to radial perturbations, implies
that the function r — Wg(u, ) is monotone up to a small error term (O stands for Op or TP).

Lemma 2.4 (Monotonicity of Wn). Let u € H} (RY) and zo € RY. Suppose that there are
constants ro >0, C' > 0 and § > 0 such that

Wao(ugyr) < Wo(2ao,r) + crd for every r € (0,rp), (2.12)

where (I stands for oP or TP. Then, the function

r— WD(uxo,r) + %7‘67 (2.13)

is non-decreasing on the interval (0,rg).

Proof. Using (2.5) for O =oP (resp. (2.10) for O =TP), and the condition (2.12) we get
d _
7WD(UJ{Z‘0,7‘) > ;(WD(ZQUO,T) - WD(UIO,T)) > Cdr(s 13

which gives (2.13). O

2.5. Epiperimetric inequality and energy decay. In this section we show how to use the
epiperimetric inequality to obtain at once the decay for the energy Wn(ug, ) and the convergence
of Uy, , in L?(0By). The argument is very general and we treat the cases [ = op and 0 = TP
simultaneously.

Lemma 2.5. Let u € H} (R?), zg € R? and Wp be as in (2.4), if O = oP, and (2.9), if O = TP.

Suppose that there are constants ro € (0,1), C >0, § >0 and € € (0, %—&-5) such that:

(a) (2.12) holds and the limit O := lin% Wa(ugyr) (which exists due to Lemma 2.4) is finite;
r—
(b) for every r € (0,7¢) there is a function hy,, € H'(By) such that

Wi (tagr) < Wir(hags) + Cr°, (2.14)
and we have the epiperimetric inequality
Woi(haor) — O0 < (1 — &) (Wa(2ze,r) — ©0). (2.15)
Then, there is a unique function uz, € L*>(0B1) such that
|ty o — u$0\]%2(831) <A for every 1€ (0,70),

dcC

d—y
5 .

where v = 1‘1%5 and I =ry" (Wg(umwo) — @D) +
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Proof. We use (2.5) for 0 =0P (resp. (2.10) for O =TP), then the epiperimetric inequality (2.15)
and the almost-minimality condition (2.14).

0 d
a (WD(U:BO r) GD) > 7<(WD(Z£E0,T) - @D) - (WD(UQ:Q,T) - @D))
r r
dr 1
> ;(1 . (WD(hmo,r> - @D> - (WD(umo,r) - GD))
d £ 5
> ;(1 . (WD(’U‘(E(),’F) - @D) - Cr )7
which implies that the function
. WD(UQZQ,T‘) — @D dC S—
f(’r) - Y + 6 _ ,yr
is non-decreasing on (0, ry) for v = 1 =, where we notice that v < <39 5 due to the choice € < 2d+6
In particular, using again (2.5) (resp. (2.10)), we get

1
f/(T‘) > mE(uxoﬂ")v
which integrated gives
T0 1
F00) = 1) > [ Bl

for every s € (0,79). Now, notice that, up to choosing a bigger constant C' in (2.14), Lemma 2.4
implies that f(s) > 0 for every s > 0. Thus, we get

70 1
f(ro) > /0 WE(UJEOJ") dr,
which is precisely (2.3) with I := f(ro). O

3. CHANGE OF VARIABLES AND FREEZING OF THE COEFFICIENTS

The arguments of the previous section, the monotonicity formula and the decay of the blow-up
sequences, can be applied only in the case when the operator in Jo, (resp. Jpp) is the identity.
Thus, in order to prove the regularity results Theorem 1.1 and Theorem 1.5 we need to change
the coordinates and reduce to the case A = Id. We prove the main estimate of this section in
Lemma 3.2 below, but before we will introduce several notations.

Let A = (a;j)ij : B2 — Symg and Qop, Qf, Qm : B2 — RT be as in the Introduction and note
that we have ) )
JAL < MY? and || A7) < My? for every € By,
where ||A[| = sup {|Au| : u € R?, |u| =1} and M, is a constant (as in Subsection 1.1).

Remark 3.1. We recall that if the (real) matrix A is symmetric and positive (4 € Sym)),
then there is an orthogonal matrix P such that PAP! = diag(\1,...,\q), where P! is the
transpose of P and diag(A1,...,\q) is the diagonal matrix with eigenvalues Aq,...,\q. We set
D = diag(v/A1,. ..,V Aq) and define A2 := P'DP.

We now fix xg € Bs and, for any r > 0, we define the functionals

I (v,r) = / (|VU|2 + QoP(xO)]l{v>0}) dx;

R = [ (VR + Qa0 o) + Q) ey do
For every zg € By, we define the function
Fyo(x) = 20 + A2 (2) (3.1)
and the half-plane Hy, := {z € R? : Fy (x) ez > 0}, where es = (0,1).
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Lemma 3.2. Let L > 0. There are constants C > 0 and ro € (0,1) (depending only on the
constants Cy, Cq, My, Mq,0a,dq,01,C1 and L defined in Subsection 1.1) and 6 = min{dx, dq, 1}
such that: if u € H'(By) is a nonnegative L-Lipschitz continuous function and a almost-minimizer
of Jop in B;, 9 € By, N0y, and u = wo Fy, (Fy, is defined in (3.1) above), then for every
re (0, To),

JE(a,7) < (14 Cr°)J%(o,r) + Crto, (3.2)

oP oP
for every © € H'(B,) such that @ — v € H}(B,) and © =0 on R? \ Hy,.

Moreover, there is a numerical constant Cy > 0, such that

-(Z, MAyL? + M, s
Wop(ar) S WO <% )+ CO( . 2+ Q)CT(;
I/V()P(hr) + C’O(A]\4AL + MQ)CT 3

for everyr € (0,79), where C is the constant from (3.2), u,(z) := La(rz), z is the 1-homogeneous

extension of u, in By, hy is the competitor from Theorem 2.2 and A = Qop(x0), as in (2.4).

Proof. Let x¢ € 082, B be fixed. For r > 0, we set p = MZQT. Notice that we have the inclusion
Fpo(By) C By(xg). Let & =uo Fyy and v = v o F,. Then, using the Hélder continuity of A and
Q := Qop, and the ellipticity of A, we estimate

Jor (u, 0, p) 1= / (s0) (aij@:O) Oiu Oju + Q(xO)]l{u>0}> dzx < Jop(u, w0, p)
By(zo

+ CaMypoa /
Bﬂ(JfO)

S (1 + CT6)JOP(U7 xo, p)a

for some positive constant C' > 0. Analogously, we get the following estimate from below:

a;j(x) Ou djudx + CQMQp‘;Q / Q)1 yy>0y dx
Bp(xo)

jop(vvxmp) > (1- CT(S)JOP(Uaanp)' (33)
Putting the two estimates together and using the almost-minimality of u, we get
- 1+Crf

Jor(u, 20, p) < (1+ C1p™) on (v, 20, p) + CL(1 + Cr0)p* L.

1—Crd
Now, notice that by the choice of the function F;, we have the identity
(V| (2) = aij(z0) Opu(Fyy () ju(Fyy () for every z € BMgl/z.

Therefore, a change of coordinates and the estimate (3.3) give

Lo (198 + Qlao)tangy ) do = det (47,%) Jos(u, 70, )
Fzy (Bp(@0))

< (1+Cr5)/

- (V9 + Qo) ss0y ) da + Cr2+,
Fzo (Bp(20))

for some other positive constant C' > 0. Finally, since B, C F,.'(B,(x)) and @ = v outside B,
we can rearrange the terms of the above estimate to obtain

Ja0(a,r) < (14 Cr) I3 (o,7) + Or* 0 4 Crd g0 (a, My or),

which gives (3.2) since u is Lipschitz continuous with Lipschitz constant ||Vu||pe = M ;/ °L.
We next notice that we have the scaling

1
Jor (Ur; 1) = — Jop (w, 7).
T
Thus, the almost-minimality inequality (3.2) translates in

JE(@,,1) < (1 + Cr°)J*(5,,1) + Cro. (3.4)
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Let Cg > 0 be the constant from Theorem 2.2. Then, since « is Lipschitz continuous, we have

/ \Vh,|* dz < CE/ (IVa,|* + a?) de < CoMaL?,
By 0B

1

where Cj is a numerical constant and h, is the competitor from Theorem 2.2. Taking h, as a
competitor in (3.4), we obtain

Tgb(ar,1) < 5 e, 1)+ €% ([ VR, P+ QGao)|Br]) + €1
By

< T2 (hy, 1) + Cr® (COMAL2 + MQ|Bly> +

OopP

which concludes the proof, the case v,, = Z, being analogous. O
An analogous result, with essentially the same proof holds in the two-phase case.

Lemma 3.3. Let L > 0. There are constants C > 0 and ro € (0,1) (depending only on Cx, Cq,
My, Mq,6a,0q,61,Co and L) and § = min{da,dq, 62} such that: if u € H*(By) is a L-Lipschitz
continuous function and a almost-minimizer of Jyp in Ba, o € By, N 08y, and u = u o Fy,, then
we have that for every r € (0,79),

TR (w,r) < (1+ Crl)Jio (v, r) + Cr*te, (3.5)
for every © € H'(B,) such that . — v € H}(B,).

Moreover, there is a numerical constant Cy > 0 such that

= 2 4
WTP(ﬂr) < WTP(%T) + CO(MAL2+ MQ)CT(;
Wap(hy) + Co(MaL” 4+ Mg)Cr?,

for every r € (0,19), where C is the constant from (3.5), u,(z) := La(rz), z, is the one homo-

geneous extension of U, in By, h, is the competitor given by Theorem 2.3 and Ay = QI (z0),

A2 = Q. (z0) are as in (2.9).

Remark 3.4 (On the non-degeneracy). In [13] David and Toro proved that Lipschitz continuous
almost-minimizers to the one-phase and the two-phase functionals for the Laplacian are non-
degenerate (see [13, Theorem 10.1]). Note that their definition of almost-minimizer is slightly
different from ours. However, their proof still holds in our case with small changes which come
from the additional term Cr2%9 of our definition. It follows from Lemma 3.2 and Lemma 3.3 that
if u is a almost-minimizer of the functional J,, (resp. w is a almost-minmizer of J;,) then u (resp.
u4 ) is non-degenerate with respect to A in the sense of the following definition.

Definition 3.5 (Non-degeneracy). Let d > 2 and A : R — Sym;r be a given function. We
say that the non-negative function u € H'(By) is non-degenerate (with respect to A), if there are
constants n > 0, € € (0,1) and rg > 0 such that, for every xo € By and r € (0,79), the following
implication holds:

/ wo Fyy dHt < nrd = uoFy, =0 in  Be(xo),
0By

1
where Fy(x) := xo + Ax{f(x).
4. BLOW-UP SEQUENCES AND BLOW-UP LIMITS

Let u € H(Bsy) be a Lipschitz continuous function. Let (z,,),>1 be a sequence of points in
By N 0, converging to some xg € By N 0y, and (r,),>1 be an infinitesimal sequence in (0, 1).
Then, the sequence u,,, ,, is uniformly Lipschitz in every compact subset of R2. Thus, up to
extracting a subsequence, there is a Lipschitz continuous function ug : R — R such that

lim ug, ., = uo, (4.1)
n—oo

where u;,, 5, is defined in (2.1) and the convergence is uniform on every compact subset of R2.
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Definition 4.1. If (4.1) holds, we will say that ug, ,, is a blow up sequence (with fized center,
if xn, = x0, for every n > 1). If the center is fixed, we will say that uy is a blow-up limit at xg.

We summarize the main properties of the blow-up sequences and the blow-up limits in the
following two propositions. We notice that Proposition 4.2 below holds in every dimension d > 2,
while Proposition 4.3 is known to hold only for 2 < d < 4.

Proposition 4.2 (Convergence of the blow-up sequences). Let u € H'(Bz) be as in Theorem
1.1 or Theorem 1.5 and let uy, = u,,, 4, be a blow-up sequence converging to some ug € H} (R?).
Then:
(i) the sequence u,, converges to ug strongly in H} (R?);
(ii) the sequences of characteristic functions Ly, >0y and 1y, <oy converge strongly in L}DC(R2)
to the characteristic functions 1y, >0y and Ly, <oy, respectively.

Proposition 4.3 (Classification of the blow-up limits). Let u € H'(Bsy) be as in Theorem 1.1 or
Theorem 1.5. Let xog € 0$2, N By and ug € Hlloc(R2) be a blow-up limit of u at xg.

(OP) Ifu is as in Theorem 1.1 and zo € 0Qy, N By, then ug is of the form

up(x) = Q(l){f(mo) max {0, z - A;OI/Q [V]}, where v e dB. (4.2)
(OP-c) If u is as in Theorem 1.1 and xg € 02, NOH N By, then ug is of the form
up(z) = pmax {0, - A;01/2 v}, (4.3)

where p > Qé{f(wo) and v € 0By is such that A;Ol/z[u] is the (interior) normal to OH.
(TP) If u is as in Theorem 1.5 and xo € OQF N 0N, N By, then ug is of the form

uo(z) = pg max {0,z - A;OI/Q[V]} + p—min {0, z - A;OI/Q[V]}, (4.4)
for some v € 0By and some py, pu— > 0 such that
pr > Qf(zo) 42> Qu(zo) and i —p2 = Qf(z0) — Qu(xo)-

The proof of Proposition 4.2 follows by a standard variational argument that only uses the
almost-minimality of u; for more details, we refer to [1] (see also [20]). Proposition 4.3 follows by
the optimality of the blow-up limits and the Weiss’ monotonicity formula (Lemma 2.4). We will
need the following definition.

Definition 4.4 (Global solutions). Let u:R?* — R, u € H. (R?) be given.
(OP) We say that u is a global solution of the one-phase Bernoulli problem, if: w > 0 and, for

every ball B := Br(z¢) C R?, we have
/ |Vu|? dz + Al{u > 0} N B| 5/ |Vo|? dz + Al{v > 0} N B,
B B
for every v € HY(B) such that u — v € H}(B).

(OP-c) We say that u is a global solution of the one-phase constrained Bernoulli problem
in the half-plane H, if u > 0 on H, w = 0 on R2\ H and (4.5) holds, for every ball
B := Bgr(zo) C R? and every v € HY(B) such that u —v € H}(B) and {v >0} C H.
(TP) We say that u is a global solution of the two-phase Bernoulli problem if, for every ball
B := Bg(z0) C R%, we have

/B (|VU‘2 + A1]l{u>0} + Az]l{u<0}> dr < /B (|Vv|2 + Al]l{v>0} + Ag]l{v<0}> dx, (4.6)

for every v € HY(B) such that u —v € H}(B).

(4.5)

Lemma 4.5 (Optimality of the blow-up limits). Letu € H*(Bs) be as in Theorem 1.1 or Theorem
1.5 and let uy := Up, & be a blow-up sequence converging to the blow-up limit ug € H} (R?).
Then, we have:
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(OP) If u is as in Theorem 1.1 and xg € 9, N Bf', then ug o A;/OQ is a global solution of the
one-phase problem with A = Qop(z0).
(OP-¢) If u is as in Theorem 1.1 and z¢ € 0%, NOH N By, then, up to a rotation, ug o A;/OQ s a
global solution of the constrained one-phase problem with A = Qop(x0).
(TP) Ifw is as in Theorem 1.5 and xo € OQF NN, N By, then ug o A;;/(f is a global solution of
the two-phase problem with Ay = Q7 (x¢) and Ay = Q7 (o).

Recall that the function @ = w o Fy,, where Fy, is as in (3.1), is an almost-minimizer of the
functional JZ0 (Lemma 3.2). We then refer to Lemma 4.6 in [20] applied to @ for the proof of
Lemma 4.5. It is also worth mentioning that the strong convergence of the blow-up sequences
and the optimality of the blow-up limits are equivalent.

Lemma 4.6 (Homogeneity of the blow-up limits). Let v € H'(By) be as in Theorem 1.1 or
Theorem 1.5. Let xog € By N 082, and let ug,r, be a blow-up sequence converging to a blow-up
ltmit ug. Then, ug s one-homogeneous.

Proof. Assume that zo = 0 and set & = w o Fy,. Then

_ —1 —
Ugg,r = Up 0 Ay s where  u,(z) :=

We first notice that by Lemma 3.2, Lemma 2.4 and the Lipschitz continuity of u, we get that the
limit O := hII(l) Wn(a,), O = oP, TP, exists and is finite. Now the strong convergence of i, to
r—

Up 2= U © A;/f (Proposition 4.2) implies that, for every s > 0, we have
Og = }1_{% Wo(ur) = nlgglo Wo(ar,) = nlggo Wo(ar,s) = nlggo Wo((ur,)s) = Wal(to)s)-
In particular, s — Wg(uo, s) is constant. Now, since 7 is a global solution (Lemma 4.5), (2.5)

and (2.10) imply that E((ug)s) = 0, for every s > 0. Thus we have z - Viig = @y in R?, which
implies that @g (and thus, ug) is one-homogeneous. O

Proof of Proposition 4.3. We now notice that @y = ug o A;/OQ : B1 — R is one-homogeneous
and harmonic on the cone B1N{ay # 0}. Thus, the trace of 4y on the sphere satisfies the equation

—Astg = (d - 1)’17,0 on SN {fLo #* 0},
where in dimension two the spherical Laplacian Ag is simply the second derivative and d —1 = 1.
Thus, g is of the form () = sin(6 + 6y), & € S?, for some constant #y. This implies that
{1p # 0} is a union of intervals of length 7. In the one-phase case, since u is non-degenerate (see
Remark 3.4), this implies that @ is of the form (4.2), for some constant u(xp). Now, an internal
variation argument (see [1]) implies that u(xzg) = Qé{f(mo), if o € HN By, and p(zo) > Qé{f(mo),
if zop € OH N B;. The two-phase case follows again by an internal variation argument (see [2]). O

Finally, we prove a uniqueness result for the one- and two-phase (Theorem 1.1 and Theorem
1.5) blow-up limits. This is the only result of this section that cannot be immediately extended
to higher dimension. This is due to the fact that the epiperimetric inequality (Theorem 2.2 and
Theorem 2.3) is known (for the moment) only in dimension two.

Proposition 4.7 (Uniqueness of the blow-up and rate of convergence of the blow-up sequences).
Let u: Bo — R be as in Theorem 1.1 or Theorem 1.5. There are constants C > 0, v > 0 and
ro > 0 such that the following claims do hold.

(OP) If u is as in Theorem 1.1, then for every xoy € 0Q, N Bi, there is a unique blow-up
Uy, : R?2 — R (of the form (4.2) or (4.3)) such that

|tz — Uz || oo By < CT7 for every 1 € (0,7). (4.7)

(TP) Ifwu is as in Theorem 1.5, then for every xo € OS2 MO, N By, there is a unique blow-up
Uy, : R?2 — R (of the form (4.4)) such that

|tz r — Uz || oo By < CT7 for every 1 € (0,79). (4.8)
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Proof. Let u be as in (OP) and xg € 9Q, N B;. We set © = uo Fy, and u,(x) := ﬂ(:x), and we

notice that , = gy, o A;(f. By Lemma 3.2 and Lemma 2.4,  — Wo,(%@,) + Cr® is monotone.
On the other hand, the homogeneity of the blow-up limits, imply that

. _ 0
Ocp = lim Wop () = =Qop(x0).
r—0 2
Thus, by the epiperimetric inequality (Theorem 2.2), Lemma 3.2 and Lemma 2.5, we have that
there exists a one-homogeneous function @g such that, for » > 0 small enough,
@ — 1ol 208,y < CT7/2,
where 7 is the constant from Lemma 2.5. Integrating in r, we get that

@y — ol 2B,y < Cro/2,

Now, since %, = Uz, © A;/OZ and A;/OQ is invertible, we get
Huﬂﬁoﬂ“ - UJJUHLZ(Bl) < CT,YO/2’
where u,, = g o A;/OZ. Finally, we notice that the Lipschitz continuity of u implies that there

is an universal bound on ||V, r|[Lec(p,) and [[Vug, || peo(p,). Thus, we get (4.7) with v = y0/4.
The proof of (TP) is analogous. 0

Remark 4.8. We notice that the above result does not hold at the one-phase points zg € 927\,
of the solutions u of the two-phase problem (Theorem 1.5). This is due to the fact that the
positive part uy is not a solution of the one-phase problem in the balls B,(z¢) that have non-
empty intersection with the negative phase €. In fact, the blow-up limit uz, (of u at ) is still
unique, but the decay estimate (4.7) holds only for r < 3dist(z, €2y).

5. REGULARITY OF THE ONE-PHASE FREE BOUNDARIES. PROOF OF THEOREM 1.1

Let w € H'(By), u > 0, be as in Theorem 1.1. By Proposition 4.7 we have that, for every
g € 0y, N By, there is a unique blow-up limit of u at zo. We denote it by

Ug, (7) = p(zo) max{0, vy, - x},

where vy, is of the form A;/OQ [v], for some v € 0By; and p(zo) satisfies the inequalities
Qor(20) < p2(z0) < ML,
where L is the Lipschitz constant of u. We also notice that
p(zo) = Q(l){f(xo) whenever 1z € 9Q, N By

Moreover, for every point xg € 02, N By, we define the half-plane

Hyy = {z €R? : z-vy, >0}
We first prove the following:

Lemma 5.1. Let u be as in Theorem 1.1. There are constants C > 0, v > 0 and ro > 0 such
that, for every xg € 080, N By, we have

Quor NB1D{x€By t x-vy, >Cr'} and Qo N{z € By : T vy < —-Cr7'} =0, (5.1)
for every r € (0,rp), where Qg » == {ug,,» > 0}.

Proof. The first part of (5.1) follows by the uniform convergence of the blow-up sequence g ,
(Proposition 4.7, equation (4.7)) and the form of the blow-up limit u,,. The second part of (5.1)
follows again by (4.7), the fact that u,, =0 on B; \ Hy, and by the non-degeneracy of u, which
can be written as

If g, (yo) >0, then ||ug,,llre(B,yo)) = Cs, forevery se(0,1),
for some C > 0. O
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Lemma 5.2. Let u be as in Theorem 1.1. There are constants R,« € (0,1) and C > 0 such that,
for every xg,yg € 0, N Br, we have

[Vay — vyl < Clzo — w0l and  |p(wo) — p(yo)| < Clzo — yol®- (5.2)
Proof. Let v € (0,1) be the exponent from Proposition 4.7 and let o := ﬁ Let xg,y0 €

Bpr M09, where we choose R such that (2R)'~ < rg, where rq is the constant from Proposition
4.7. We set 7 := |zo — yo|'~®. Recall that u is Lipschitz continuous and set L = ||Vu|| . Then,
for every x € By, we have

lzo — o

= L|xzo — yo|*.
.

1

[taor () = yo,r(2)] = ~Ju(wo +72) —ulyo +r2)| < L

and then, by an integration on B;, we get
[, — uyoJHL?(Bl) < ’Bl,l/QL‘l’O — 9ol
On the other hand, by the choice of R, we have that r» < rg; applying Proposition 4.7, we get
[taor — UaollL2(my) < CT7 and  [luye,r — uyollz2(my) < O
Thus, by the triangular inequality and the fact that 7 = |z¢ — yo|®, we obtain
[tzy =ty |l 225,y < (1B L+ 2C) o — yo| . (5.3)

The conclusion now follows by a general argument. Indeed, for any pair of vectors vy, vy € R2,
we have

o1 — vg| = (i/Bl - -a:—vg-a:|2d:z>1/2
([ oo —teaila) + ([ Jonea)— o) fae) 5
(/, ) (., )

=2<@Jwy@+—wrxﬁﬁw)w.

Applying the above estimate to v = p(xo)vz, and va = p(yo)vy,, and using (5.3), we get (5.2). O

Proof of Theorem 1.1. We first claim that, for every € > 0, there exists p > 0 such that, for
xo € 092, N B, we have

u>0 on Ct(xg,e) N By(wp) and u=0 on C™ (x9,e) N B,(xg), (5.5)
where
CE(zo,€) := {x € R\{0} : £y, - (x — 20) > €|z — 20|} .
Indeed, the flatness estimate (5.1) implies (5.5) by taking p such that CpY < ¢, where C' and ~
are the constants from Lemma 5.1.

We now fix zg € B N 08,. Without loss of generality we can suppose that ¢ = 0 and
Hy, = {(s,t) € R? : t > 0}. Now, let € € (0,1) and p > 0 as in (5.5) and set § = pv/1 — 2. By
(5.5) we have for every s € (—6,0)

o the set S5 := {t € (—6,0) : u(s,t) > 0} contains the interval (pe,d);

o the set S§ := {t € (—,0) : u(s,t) =0} contains the interval (=4, —pe).

This implies that the function
g(s) := max{t € R: u(s,t) >0}
is well defined and such that

SQs N = {(s,1) € SQ5 : g(s) <t} and SQs \ Q= {(s,t) € SQs : g(s) > t},

where SQs = (—0,0) x (—0,0). Now, the flatness condition (5.1) implies that ¢ is differentiable
on (—d,0). Furthermore, since v is Holder continuous, we deduce that ¢ is a function of class
C1@. This concludes the proof. O
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6. REGULARITY OF THE TWO-PHASE FREE BOUNDARIES. PROOF OF THEOREM 1.5

Let u be as in Theorem 1.5. Then, by Proposition 4.7, at every point zo € 02, N By there is
a unique blow-up limit u,, given by

Ugo (7) = py (w0) max{0,x - vy, }, if o € Ty := (0Q\OQ;, ) N By;
Ugy (7) = p—(20) min{0, x - vy}, if wg € T := (02, \OQ)) N By;
Ugo (T) = py (20) max{0, @ - vzy } + pi— (z0) Min{0, x - vy, }, if 29 € Doy := O N O, N By,
where v, € R? is of the form A;01/2 [v], for some v € 0By, and p4 (o) and p—(xp) are positive
and such that Q% (vg) < p2.(wg) < MyL?, where L = V|| oo (B,) is the Lipschitz constant of u,
and
2 _ N=E :
pi(zo) = Qrp(xo), if o € 'y
w3 (z0) — 12 (20) = Qifi(w0) — Qr(wo),  if wo € Dy

Notice that Corollary 1.3 already implies that the one-phase free boundaries I'; and I'_ are
C1* regular. Thus, it remains to prove that 9Q; and 92, are smooth in a neighborhood of T',.

Lemma 6.1 (Flatness of the free boundary at the two-phase points). Let u be as in Theorem
1.5. There are constants C > 0, v > 0 and rq > 0 such that, for every xg € Oy, we have

Qf NB1>{xe€By:x vy >C0r"} and QprNB1D {reBy:z vy, <-Cr'}, (6.1)

Zo,Tr
for every r € (0,70), where Qf . := {ug,r > 0} and Q. = {ug,, < 0}.

zo,r

Proof. Both the inclusions of (6.5) follow by the uniform convergence of ug, , (Proposition 4.7,
equation (4.8)) to the blow-up limit . O

Lemma 6.2. Let u be as in Theorem 1.5. There are constants R,« € (0,1) and C > 0 such that,
for every xo,yo € Ol'1» N Br, we have

[Vag — vyo| < Clzo —wo|®  and  |pa(z0) — pt(yo)| < Clzo — yol™ (6.2)
Proof. The proof follows step by step the one of Lemma 5.2. O

Reasoning as in the one-phase case, and using Lemma 6.1 and Lemma 6.2, one can prove that
the two-phase free boundary Ty, is contained in a C1® curve. Unfortunately, this result by itself
is not sufficient to deduce that 92 are smooth. We now prove that the function u, (resp. u_)
is a solution of the one-phase free boundary problem

—div(AVuy) = fi in QF, ]A;fVu+|(x0) = py(wg) for every mg € 00 (6.3)

where the boundary equation is understood in a classical sense. This is an immediate consequence
of the following lemma which states that uy is differentiable in 7 up to the boundary.

Lemma 6.3 (Differentiability at points of the free boundary). Let u be as in Theorem 1.5.

We consider two cases.

(OP). For every xg € (0QF \ 0Q,) N By, uy is differentiable at xo and there is r(xg) > 0 such
that

lug (@) — pg (o) ( — @) * gy | < Cla — o' for every T € By () (20) N Q.

(TP). There exists a universal constant o > 0 such that, for every zo € 9 N 0N, N By, the
function uy is differentiable in By, (zo) NQ} and

|u+(x) — piy(x0)(x — x0) - I/xo‘ < Clz — x| for every x € Byy(70) N Q. (6.4)

In particular, for every xo € 0QF N By, we have Vui(xo) = p4(20)Vayg -
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Proof. The two cases are analogous. We will prove (TP). By Proposition 4.7, for every r < rq,
we have

| max{0, ta,r} — max{0, tag | oo (5y) < [tag,r = tagll Lo (5y) < CF7.
Thus, using the flatness of the free boundary (Lemma 6.1), we get for every € By N{uy,, > 0}

‘ max{0, gz, r(z)} — p4(zo)x - on‘ < ’ max{0, Uz, r(z)} — max{0, uy, (x)}‘
+ pg(20)| min{0, z - v, }| < O,
Now, taking r = |z — x¢| and rescaling the above inequality, we obtain (6.4) O
We notice that at the two-phase free boundary point the estimate (6.4) holds in a ball whose

radius does not depend on the point. Moreover, on the two-phase free boundary the gradient has
a universal modulus of continuity (see Lemma 6.2). This concludes the proof of Proposition 1.8.

We next show that p4 is continuous on 9Q .
Lemma 6.4. The function py : 97 — R is continuous.

Proof. We start noticing that:

e on the set 90 \ 99, we have puy = Qf, where we set Q4 := Q.

o for every y1,y2 € O NOQ, we have |4 (y1) — 4 (y2)| < Clyr — y2|*.
Thus, it is sufficient to prove that if (z,,),>1 is a sequence of one-phase points, z,, € 9Q; \ 9.,
converging to a two-phase point yo € 9Q}F NN, , then py(yo) = Ql/Q (yo). Up to a linear change
of coordinates we may suppose that A,, = Id.

Denote by y,, the projection of x, on the closed set Q. NN, and let ry, := |z, — y,|. Since
u is Lipschitz continuous, up to a subsequence, u,, := u;m,,n converges locally uniformly to some
function u. The absence of two-phase points in B, (z,) implies that u, is a solution of

—div(A,Vu,) =rnfn in {u, >0}N DBy, [Vup| =¢, on 0{u, >0}nNDBy,

where A, (x) := A(zp + ), fo(z) = f+(zn + mnz) and g, (z) = Qlf(a:n + 7n2) Ve 4z |, Where

we recall that vy, 4, » is of the form A;/j tr.eP), for some 7 € 0B;. Passing to the limit as

n — 00, we obtain that u is a viscosity solution to
. 1
At =0 in {teo >0}N By, Voo = Q(w0) ] on {use >0} N By.

On the other hand, for every £ € B, we have

u$ny"'n (f) = uynyrn (é‘ + é—n) ’ Where é-n = M € aB]_ 5

Tn
and, up to a subsequence, we can assume that &, converges to some £, € 0Bj. Since y, €
I N, , Lemma 6.3 implies that, for every @ € Ba,, (y,) N {u > 0}, we have

[u(z) — pt-(yn) max{0, (z — yn) - vy, }| < Clo — 3/n|1+’y < CT}LJF’Y-
After rescaling, this gives
‘uymrn (&4 &) — g (yn) maxq{0, (£ + &) - I/yn}‘ < Cr} forevery &€ ByN{ug,,, >0}
Moreover, by the continuity of py on 9Q}F N OQ,,, we have that, for every £ € By,

i [peg (g) max {0, (€ + &) - 7, ) — 4 (o) max{0, (€ + &) - 130} = 0.
Therefore, it follows that ug, ., (§) = wy, r, (€ + &) converges to

Uoo (&) = p+(yo) max {0, (E+&x0) - Vyo} for every € € Bj.

Next we claim that & - vy, = 0. Indeed, if { - vz, > 0, then us(0) > 0 which is in contradiction
with the uniform convergence of u,; on the other hand, if £ - ez, < 0, then us = 0 in a
neighborhood of zero, which is in contradiction with the non-degeneracy of w,,. Thus, we get

Uoo (€) = piy-(yo) max {0,€ - v} for every ¢ € By.
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. 1
Now since |Vuso| = p+(y0), we get that i (yo) = Qf(yo). O
In the next lemma we establish the Holder continuity of p.
Lemma 6.5. The function py : 0Q7 — R is Holder continuous.

Proof. 1t is sufficient to show that p is Holder continuous in a neighborhood of every two-
phase point. Let g € 9QF N 9N, . Without loss of generality, we can assume that xg = 0 and
Vo = (0,1). For every z = (s,t) € R%, we denote by SQs(z) the square (s —§,s+6) x (t—6,t+7).
By Lemma 6.1, for every ¢ > 0, there exists dy > 0 such that the following flatness condition
holds:
For every two-phase point x = (z1,22) € 9 NIQ,, in the strip (—dp, dg) X (—&do,edp) and
every ¢ < dg we have:
(x1 — 8,21 +0) X (x9 — §, 290 —&d) C Q,; N SQs(x), (6.5)
(1 — 8,21 +0) X (x2 + €0, 22 + &) C QFf N SQs(x). .
Notice that the flatness condition (6.5) implies that for every two-phase point z = (z1,z2) €
o0 NO N, and every y = (y1,y2) € 2, both lying in the strip (—do, do) x (—&dg,dp), we have

21— 1] < |z —y[ = V(w1 —y1)? + (22 — 92)? < VI + 2 [z -y, (6.6)
Next, for every t € (—dp, dp) we define the vertical sections
S = {(z1,12) € SQs,(0) : 1 =}, St =0ins, St =, NS
Let Uyp be the set of points ¢ € (—dg, dg) such that there is a two-phase point x € SQs,(0) lying
on the section S'. It is immediate to check that Uy, is a closed subset of (—dg, &) and that, due
to the flatness condition (6.5), for every ¢ € Uy, there is at most one two-phase point on the
section St. We will denote this point by z?.
Let now z,y € 99 N SQs,(0). We have three possibilities:
(i) z € 0% N, and y € O N Oy ;
(ii) = € 9QF \ 0, and y € 9 \ 9Oy ;
(iii) @ € O} \ 99, and y € 9T NI, .
In each of this cases we will show that

() = pr(y)| < Cla —y[*. (6.7)
We set Q4 = Q.. In the case (i), (6.7) follows directly by Lemma 6.2. In the case (ii), we

have that py(x) = Qf(:c) and py(y) = Qf(y), so (6.7) follows by the Holder continuity of
Q+. It remains to prove (6.7) in the case (iii). Let x = (z1,22), y = (y1,¥y2) and, without loss
of generality, suppose that 1 < y;. Let the open interval (a,t) be the connected component
of (—80,00) \ Uz containing z1. Then, we have that ¢ € Uy, and ¢ < yy. Let o = (t,2}) be
the two-phase point lying in the section S'. Then, by construction of z¢, there exists (at least)
one point xs € S* NI for every s € (w1,t). Moreover, since z! is a two-phase point, by the
flatness condition (6.5) we have that u(t, s) > 0 for every s > z and u(t,s) < 0 for every s < zb.

Therefore, the sequence of one-phase point xs converges as s — t to z' and so, p (2!) = ir/Q (xh).
Thus, using (i), the Holder continuity of Q4+ and (6.6), we have

g (@) = pg ()] < | (@) = pg ()| + | (2) = pg(v)]
= QL (x) — QL ()] + |ny (2t — s ()]
< Clx — a:t|°‘ + C]xt —y|®

< c<\/1+752)a ((t—21)*+ (1 — 1)%)
< 20(\/1-1—782)a (y1 —x1)* < 20(\/ 1 +52>a |z —y|%,

which concludes the proof. O
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Theorem 1.5 is now a consequence of (6.3), the Lemma 6.4 and a general result (Theorem A.1)
on the regularity of the one-phase flat free boundaries, which is due to De Silva (see [14]). In the
appendix we state Theorem A.1 in its full generality, for viscosity solutions of the problem (6.3),

. . . . . . . o+
but in our case the function uy is a classical solution, differentiable everywhere on €2, .

7. PROOF OF THEOREM 1.11

7.1. Preliminary results. In this subsection, we briefly recall the known results on the problem
(1.10). The existence of a solution of (1.10) in the class of the almost-open subsets of D can be
proved by a general variational argument (we refer to [8] and to the book [5] for more details).
In the context of open sets, the existence of an optimal n-uple was proved in [3].

From now on, (Q1,...,€,) will be a solution of (1.10) and u; : R = R, for i = 1,...,n, will
denote the first normalized eigenfunction of the Dirichlet Laplacian on €2;, that is,

—Au; = A (Q)u; in Q, u; =0 on ]RQ\Qi7 /u?d:z::l,
Q;

where, for every 1 = 1,...,n,

fQ_ |Vu|? dx fQ |Vu;|? do
A1() = min g = 2= ,
weHL (@0} fo, u?dz Jo, ui dx

where H}(Q;) = {u € HY(R?) : u =0 on R?\Q;}. In particular, u; > 0 on R? and Q; = {u; > 0}.

Lipschitz continuity. The functions u; : R> — R are Lipschitz continuous on R?, that is, there is
a universal constant L > 0 such that [[Vu;| feow2) < L, for every i = 1,...,n. We refer to [8] for
the general case and to [3] for a simplified version in dimension two.

Non-degeneracy. There is a constant Cy > 0 such that, for every i = 1,...,n, we have
/ u; dH' > Cyr? for every xo € 0Q; and r € (0,1).
0By

Again, we refer to [8] and [3].

Absence of triple points. For every 1 < i < j < k < n, we have that 9Q; N 9Q; NNy, = 0 (see [§]
and [23], and also [3] for a more direct proof in dimension two).

Absence of two-phase points on the boundary of the bozx. For every 1 < i < j < n, we have that
0Q; NN NOD =0 (see [3]).

As a consequence of the above properties, we have that, for every i € {1,...,n}, the boundary
0Q; can be decomposed as follows:

0Q; = | (99 1 0%) U (09 N 9D) UT o (),
ki

where I, (£2;) is the one-phase free boundary of 2;, determined by:

xg € Top(£2;) < there exists r > 0 such that B, (x¢) N ((R2 \D)U U Qk> = (.
ki

We notice that already using the the regularity result of Briangon and Lamboley [4], the one-
phase free boundary (lying inside the open set D) is locally a C*® curve. Thus, in order to prove
Theorem 1.11, it will be sufficient to show that 9€; is C® in a neighborhood of the points of
08 N 0D (Subsection 7.2) and 9€; N Iy, (Subsection 7.3).
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7.2. One-phase points at the boundary of the box. Let 1 < i < n and zg € 9D N 0€;.
Then, there is a neighborhood U of zo such that & N Q; = 0, for every j # i. For the sake of
simplicity, in this subsection, we will set

Q=Q;, u=w, zp=0 and D=Q;U((DNU).

It is well known that the eigenvalues of the Dirichlet Laplacian have the following variational
characterization:

/\1(9):/Q|Vu]2da::min{/Q]Vv]2dm:UEH&(Q),/QUde:I}.

Moreover, {u > 0} = Q and w is a solution of the following minimization problem:

mm{/DW|2dx+A|{v>0}\:veH5(D), /Dv?dx:1}. (7.1)

We will show that the solution u of (7.1) is an almost-minimizer of the one-phase functional J,,.
A result in the same spirit was proved in a more general case in [20, Proposition 2.1].

Lemma 7.1 (Almost-minimality of the eigenfunction). Let u : RY — R be a Lipschitz continuous
function, L = ||Vu| = be the Lipschitz constant of u and A\1(Q,) = / \Vul*dz. If u is a

solution of the minimization problem (7.1), then there exists 1o > 0 such that u satisfies the
following almost-minimality condition:

For every r € (0,79) and x¢ € 0,

/ |Vu|? dz 4+ A|Q, N By (x0)] < (1+C’1rd+2)/ \Vo|? dz 4 A|Q, N By ()| 4+ Cord™,
Br(zo) By (zo)

for every v € HE(D) such that uw=v on D\ By(x¢), where Cy = 2L* and Cy = X1 (2,)2L?.

Proof. Let xg € Oy, 7 > 0 and v € H} (D) be such that u = v on D\ B,(70). Then, define the
renormalization w = Hszgv € H}(D) and notice that we have

/ [Vl de = (/ v da) / [Vof* dz < (1—/ u? da) / Vol da
b D D B (o) D
1 2 2. .d+2 2
gl—LW/DWU’ do < (14205 7) | Vol dr,

where for the last inequality, we choose rg such that 2L2r6l+2 < 1 and we use the inequality
T % <1+ 2X, for every X < 12, with X = L?r?™2. Now use w as a test function in (7.1) to
get that

/ \Vul?dz + Al{u > 0}| < (1 +2L2r%2) / |Vo|? dz + Al{v > 0}, (7.2)
D D

from which the claim easily follows since /

|Vo|? do = / Vul?dz < A\ (). O
D\ By (z0) D\ By (o)

We now notice that the C? regularity of 9D implies that there is a constant § > 0 and a
function g : (—0,0) — R such that
DNSQs = {(x1,22) € SQ5 : g(x1) < w2},

where SQs = (—0,0) x (—=4,d). Moreover, up to a rotation of the plane, we can assume that
g'(0) = 0. Let ¥ : SQs C R? — R? be the function that straightens out the boundary of D and
let ¢ =1 :9(SQs5) C R? — R? be its inverse:

Y(x1,20) = (21,72 — 9(71)), (w1, 72) = (21,22 + g(21)).
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We define the matrix-valued function A = (a;;);j : SQs — M?(R) by

_ (on(z) an(x)) _ ([ 1 —g'(21) _
A, = <a21(a;) am(@)) = \“g/(z1) 1+ (g'(z1))? for every x = (z1,22) € SQs.
We recall that H = {(z1,72) € R? : 29 > 0}. By an elementary change of coordinates, we obtain

the following result.

Lemma 7.2. Let u and A be as above. There exist constants C1,Cy > 0 and rg > 0 such that
Bayr, C 9Y(SQs) and the function @ = u o ¢ satisfies the following almost-minimality condition:

- For every xg € 0Q4i N By, and r € (0,79) we have
ou 0u
/ aij () — L dz 4+ A|Qg N By (a0))|
B,«(Io)

o0x; 830]
ov 0v
< (14 Cyrit? / a;
o) [ et g gt

dz 4+ A|Qs N By(x0)| 4+ Cordt?,
for every © € HY(Bay,) such that i = ¥ on Bay, \ Br(z0) and Q3 C H.

Proof. Let xg € By,, r € (0,70) and ¥ such that @ = @ on Ba,, \ By(z¢). Then, use v € H}(D)
defined by v = ¥ 0 1) in 11 (By,,) and v = u otherwise, as a test function in Lemma 7.1 to get

J

where c4 is a positive constant depending only on ¢ such that ¢(B,(z0)) C Beyr(yo) and yo =
@(x0). Now, with a change of coordinates and noticing that u = v on ¢(B,(xp)) we have

[Vul? dz+ Ay N Be,yr (y0)| < (1—|—C1rd+2)/ |Vv|2d1:—|—A|QvﬂBC¢T(yo)|+C’rd+2,

e Beyr(v0)

/ ais(2) 2% O G0 A9 1 By (20)] _/ IVl dz + Al N 6(By (20))|
By (zo) Ox; 8.’13] ¢(Br(20))
< +017«d+2)/ Vo2 da + A9y O 3(By(z0))] + Cor+?
¢(B7'($O))

= (1+C1T‘d+2)/ v 9o d.’E—l—A‘Q N B, (xo)‘ +Cg7‘d+2

a;
By (o) ( ) 81‘1 693]
where Cy = \1(2,,)C1 + C. This concludes the proof. O

Proof of Theorem 1.11 (the one-phase boundary points). We are now in position to conclude the
regularity of the free boundary 9€2; in a neighborhood of any one-phase boundary point xy €
0Q; N 0D. Indeed, we may assume that xg = 0 and that 90D is the graph of a function g.
Reasoning as above, we have that @;(x1,z2) = w;i(z1,x2 + g(x1)) satisfies the almost-minimality
condition from Lemma 7.2 in a neighborhood of the origin. On the other hand, it is immediate
to check that u; is still Lipschitz continuous. Thus, we can apply Theorem 1.1 obtaining that, in
a neighborhood of zero, 9€; is the graph of a C® function. g

7.3. Two-phase points. Let (2; and §2; be two different sets from the optimal n-uple (21, ...,€,),
solution of (1.10). Let u; and u; be the first normalized eigenfunctions, respectively on €; and

;. Finally, let g € 9€; N 9€;. We know that there is a neighborhood U C D of g such that

UNQy =0, for every k ¢ {i,j}. Setting D := Q; UQ; UU, we get that the function u := u; — u;

is the solution of the two-phase problem

min{/ \Vo|? de + ¢i|QF | + ¢ | = v e HY(D), / vidx:/ vzdle}. (7.3)
D D D
We next show that the solutions of (7.3) satisfy a almost-minimality condition.

Lemma 7.3. Let D C RY, w € H}(D) be a Lipschitz continuous function on R? and L its
Lipschitz constant. Suppose that u is a solution of the minimization problem (7.3). Then, there
is some ro > 0 such that u satisfies the following almost-minimality condition:
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For every r € (0,19) and xy € 0,

/ Vul? de + Gl O By (20)] + 412 N By (o)
Br(zo

< (1 + Clrd+2) / |Vv\2 dx + ¢;|Q N B (x0)| + ¢;|% N By(xo)| + Cordt2,
By (o)

for every v € H} (D) such that u — v € H} (B, (o)), where C; = 2L? and Cy = C’l/ |Vu|? dz.
D

Proof. Follows precisely as in Lemma 7.1. O
We are now in position to complete the proof of Theorem 1.11.

Proof of Theorem 1.11 (the two-phase free boundary). We only need to notice that in a neighbor-
hood of any two-phase point x¢ N 9€; NOS2; ND, Lemma 7.3 implies that u is a almost-minimizer
of Jip, where the matrix A is the identity, )+ = ¢; and )_ = ¢;. Thus, it is sufficient to apply
Theorem 1.5. O

APPENDIX A. THE FLAT ONE-PHASE FREE BOUNDARIES ARE C'h

In this section we discuss a regularity theorem for viscosity solutions of the one-phase problem
(without constraint). We fix the real-valued function f : By — R and the matrix-valued A :
By — Sym;l|r to be as follows:

e f: By — R is bounded and continuous;

e A: By — Sym:{ is coercive, bounded and has C'-regular coefficients.

Before we state the result, we recall that a Lipschitz continuous nonnegative function u : R? >
B; — R is a viscosity solution to

~div(AVu) = f in Q,NBi,  |A[Vu]|=g on 09,N B, (A1)

if the first equation holds in the open set , and if, for every zy € 9Q, and every ¢ € C®(R?)
touching uo Fy, from above (below) at zero, we have that |V[(0) > g(xo) (resp. |V¢|(0) < g(zo)).
Recall that touching from above (below) means that ¢(0) = 0 and ¢ > uo Fy, (resp. ¢ < wuo Fy)
in Q,,NB;1. Moreover, we suppose that g is Holder continuous and that there are constants 1y > 0,
Cy > 0 and 0, > 0 such that

(A.2)

lg(z) — g(y)| < Cyla —y|® for every xz,y € 0, N By,
ng < g(x) for every z € 0Q, N Bj.

The following result follows immediately from the results proved in [14].

Theorem A.1 (Flat free boundaries are C%%). Suppose that u : By — R is a viscosity solution
of (A.1) and that g : 0, — R satisfies (A.2). Then, there exist € > 0 and p > 0 such that if
ro € 0, N By and u is such that

g(xo) max{0,z - v —ep} <uo Fy(x) < g(wo) max{0,z-v +ep} for every x € B,
then 0, is CY* in By (o).

Remark A.2. Notice that since in dimension two all the blow-up limits of u4 (given by Theorem
1.5) are half-plane solutions (Proposition 4.3), we have that the flatness assumption of the above
Theorem is satisfied at every point of the free boundary 9. We also notice that, in our case,
we have g = p4, which is Holder continuous by Lemma 6.4.

Definition A.3 (Flatness). Let u: By — R be continuous, u > 0 and u € H'(By). We say that
u is (e,v)-flat, if there are a matriz-valued A = (a;;)i; : Bi — Sym] with Hélder continuous
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coefficients, and a continuous f : By — R such that:
— Z Qg5 &ju =f in Qy,NB; (A3)

[ fllzeemyy <€ and  |laij — 6ijllLoo () < g2 forevery 1<i,j<d; (A4
1-e2<|Vu|<1+€* on 9Q,NBy; (A.5)
max{0,z-v —¢e} <wu(x) <max{0,z-v+e} forevery z € By. (A.6

(

we have:
- if p(z0) = u(xg) for some xg € 9, N By and pt > u in Q, N By, then |Vp(xo)|
|

>
- if p(xo) = u(xp) for some xo € 9, N By and ¢ < w in O, N By, then [Vy(zg)| <

1+¢e?

In order to prove Theorem A.1 one has to show that the flatness improves at lower scales, that
is, if u is (e,v)-flat, then a rescaling u, of u is (¢/2,/)-flat for some v/, which is close to v. Of
course, the essential (and hardest) part of the proof is to show the improvement of the geometric
flatness (A.6). This was proved by De Silva in [14, Lemma 4.1].

Lemma A.5 (Improvement of the geometric flatness). There are universal constants C > 0,
ro > 0 and g9 > 0 such that if u is e-flat in the direction v, for some ¢ € (0,e9) and v € OBy,
then, for every r € (0,79) there is some v/ € OBy such that |v — V| < Ce? and

max{(),:r V= g} < up(x) < max{O,x v+ g} for every x € Bi,

u(rzx) ]

where u, : B; — R is the one-homogeneous rescaling u,(z) =

Proof of Theorem A.1. We will first prove that the flatness condition (A.3)-(A.6) improves at
smaller scales. We fix zg € 9€, N By and we consider the function o = (1 yu o F,, (recall that

Fpo(x) =20+ Aglc/; []). Let € and 7 be the constants from Lemma A.5. We will prove that there
is 1 < 7o such that: if @ is (¢,v)-flat, then for every r <y, 4, is (¢/2,v)-flat, for v/ given again
by Lemma A.5. It is sufficient that the conditions (A.3), (A.4) and (A.5) are satisfied for 4, with
the flatness parameter ¢/2. We notice that @ is a viscosity solution of

~div(AVa)=f in Qa  |A"[Vi]|=g on 09 (A7)
_1 —1p 1 - _1
where A, = A3, Ap, (A", [ = g(xo)f o Fyy, § = FEBL: 0 Fyy and A" = A @ ° o Agy .
a(rz)

Notice that 0 € 9Q; and set a,(z) =
solution of
~div(4, Vi) = f, in QunB,  |APVa]| =g on 90N B, (A.8)
where A,.(z) := A(rz), f(z) = rf(rz), §-(z) = §(rz) and Ay / (z) = Al/2 (ra) © A;OI/Q.
We set a;;(x ) to be the coefficients of A,.(x) and b" to be the vector with coefficients
b = Z dja;;(x). Then, (A.8) can be equivalently written as

. Thus, for small enough r > 0, 4, is a viscosity
r

- Zagj Oijiy =" Vi, + fr in QNBi,  |ALPVE]| =g on 9%uNB, (A9
2
Now, if @ is (e, v)-flat, then the Holder continuity of the coefficients a;; and the boundedness
of f imply that (A.4) holds with ¢/2 and 4, for any r < r1, where r; < ¢, is a universal constant
depending on the Hélder norm of a;;. Now, in order to get (A.5) for /2 and 1,, we suppose that
¢ € C°(By) touches 4, from below at a point yg € By N d{u, > 0}. Thus, we have that

y _ 9(Firo (ry0))
P o) © Ao V()] < W
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and so, if || - [[ = || - || ;(re) stands for the space of d x d matrices, we have
—1f2 || 9(F(ryo))
Vot < |30 A7 || Wnlri0)
VA= A @ Aryewll g, 0)
Now, by the Hélder continuity (and the uniform boundedness from below) of g, we can choose r;
such that 2
o(Fnrm) _ |, €
9(Fi (0)) 10°

On the other hand, there are universal constants C and § > 0, depending only on the Holder
exponent §4 and the norm Cjy, of the matrix-valued function A, such that

HA1/2 AT B IdH < HA;/OQ _ AP ) HA71/2 H < C\Ty0| < CT1

Fug (ry0) Fy (Tyo) Fuo(ry0)

Choosing rq such that Cr5 < 50 and using the triangular inequality, we get

9(Fy (1)) _ e\ s
g(Fy,(0)) — <1 + 10) <14 (52)7,

which completes the proof of the improvement of flatness for 4, the case when ¢ touches from
above being analogous. Now, the claim follows by a standard argument, similar to the one we
used in Section 5. d
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