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ABSTRACT. We establish a quantitative rigidity estimate for two-well frame-indifferent nonlinear en-
ergies, in the case in which the two wells have exactly one rank-one connection. Building upon this
novel rigidity result, we then analyze solid-solid phase transitions in arbitrary space dimensions, under
a suitable anisotropic penalization of second variations. By means of I'-convergence, we show that, as
the size of transition layers tends to zero, singularly perturbed two-well problems approach an effective
sharp-interface model. The limiting energy is finite only for deformations which have the structure of a
laminate. In this case, it is proportional to the total length of the interfaces between the two phases.

1. INTRODUCTION

Solid-solid phase transitions are often observed in nature, both in basic phenomena (e.g., change
between different ice forms under high pressure, or transformation from graphite to diamond in carbon
under very elevated temperature and pressure) as well as in advanced materials such as shape-memory
alloys (see, e.g., [9, 16]). In this paper we contribute to the theory of solid-solid phase transitions by
presenting a novel quantitative two-well rigidity estimate and its application to singularly perturbed two-
well problems. In particular, we extend the results about sharp-interface limits obtained by S. CONTI
and B. SCHWEIZER [19, 20] in dimension two to the higher-dimensional framework and, as a byproduct,
we provide a simplified convergence proof in the two-dimensional setting.

Assume that Q € R%, d € N, is a bounded Lipschitz domain, denoting the reference configuration of a
nonlinearly elastic material undergoing a solid-solid phase transition between two phases A, B € M*¢,
Its behavior is then classically encoded by means of a nonlinear elastic energy functional of the form

y € HY(Q;RY) — / W(Vy)dz, (1.1)
Q

where W : M?%4 — [0, +00) is a nonlinear, frame-indifferent, elastic energy whose zero set has the
following two-well structure

{FeM™>: W(F)=0}=5S0(d)AUSO(d)B, (1.2)

where SO(d) denotes the set of proper rotations in M?*9. Tt is well known that, in the presence of rank-
one connections between A and B, low energy sequences for generic boundary value problems exhibit
infinitely fine oscillations.

In order to remedy the issue of unphysical, highly oscillatory behavior, second order perturbations
may be added to (1.1). Then, macroscopic transitions between the two wells SO(d)A and SO(d)B can
be described via the minimization of a diffuse interface model of the form

1
y € H*(Q;RY) — I.(y) == ?/QW(Vy) dz + &* /Q |V2y|? d. (1.3)

In the formula above, ¢ > 0 is a smallness parameter introducing a length scale into the problem.

Roughly speaking, €2 describes the width of the transition layers between different phases (see, e.g.,

[6, 8, 12, 41, 51]), so that, as € tends to zero, the behavior of I. approaches that of a sharp-interface model.

(We prefer to use the parameter € with exponent 2 in the above formula since this will have notational

advantages in the following.) We remark that a number of different possible higher order regularizations

is used in the literature, both of diffuse and sharp-interface type. They all have the common feature
1
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that they can be interpreted as surface energies penalizing the transition between different energy wells.
Although the above described continuum models are only “phenomenological”; they have remarkable
success in predicting microstructures and material patterns.

Singularly perturbed nonconvex functionals of the form

Ge(u) == é/QW(u) dac+€2/Q|Vu|2 dx (1.4)

have also been extensively studied in connection with the theory of minimal surfaces and the modeling
of liquid-liquid phase transitions. Starting from the seminal works by L. MobpicA, S. MORTOLA, and
M. E. GURTIN [35, 49, 50], a thorough analysis of energy functionals as in (1.4) has been performed
both in scalar [10, 53] and in vectorial settings [7, 29, 57, 58]. We also refer to [42] for an analysis of
local minimizers and to [2, 4] for extensions to the situation in which W has more than two wells. In
particular, a limiting description of the functionals G. has been identified by I'-convergence (see [11, 22]
for an overview), and shown to be proportional to the length of the interfaces between the different
phases.

The corresponding I'-convergence analysis in the solid-solid setting, addressing the passage from a
diffuse to a sharp-interface model, has been open until the early 2000s until a breakthrough was achieved
by S. Contl, I. FONSECA, and G. LEONI in [18], in the case in which frame-indifference is neglected.
In dimension two, the analysis was extended to the frame-indifferent linearized setting by S. CONTI and
B. SCHWEIZER in [20] who also accomplished the characterization of the fully nonlinear framework (1.3)
for d = 2 in the two subsequent papers [19, 21]. Recently, some related microscopic models for two-
dimensional martensitic transformations as well as their discrete-to-continuum limits have been analyzed
in [38, 39].

As highlighted, e.g., in [55], when studying solid-solid diffuse models having the structure in (1.3),
two nonlinear phenomena need to be tackled simultaneously, namely a material nonlinearity due to the
two-well structure of the energy, and a geometric nonlinearity, generated by the SO(d)-frame-indifference
of the model. This, together with the PDE constraint “curl = 0” on the admissible fields entering
the nonconvex densities W, renders the analysis much more delicate in comparison with liquid-liquid
counterparts as in (1.4).

A preliminary crucial observation concerning the material nonlinearity is the fact that the mathemat-
ical description of the model strongly depends on the presence or the absence of rank-one connections
between the two phases A and B in (1.2). Indeed, sequences with uniformly bounded energy (1.3) which
converge to non-affine limiting configurations (i.e., exhibiting phase transitions) only exist if A and B are
rank-one connected. (This is often called the Hadamard compatibility condition for layered deformations,
see [6].) Admissible limiting deformations are necessarily piecewise affine and interfaces are planes (see
Figure 1).

Thus, the limiting sharp-interface problem is very rigid, and hence the analysis seems to be simplified
compared to liquid-liquid phase transitions where minimal surfaces have to be considered. However, it
turns out that the above-mentioned PDE constraint on the admissible fields presents various difficulties
for the derivation of the I'-limsup inequality.

In particular, in the construction of recovery sequences approximating a limit with multiple flat inter-
faces, suitable quantitative two-well rigidity estimates are needed to deal with the geometric nonlinearity
of the model. The main challenge appears to be the fact that for generic small-energy functions, even
if one phase is predominant in a certain region, there might be small inclusions of the other phase, so-
called minority islands. S. CONTI and B. SCHWEIZER dealt with this problem by showing that still the
deformation is H'/?-rigid on many lines (see [19, Section 3.3]). It seems, however, that their specific
geometric arguments cannot be extended easily to higher dimensions.

In the present paper, we overcome the issue of the dimension by means of a novel quantitative two-well
rigidity result for a model where the two wells have exactly one rank-one connection: after rotation, we
may suppose without restriction that B — A = keg @ ¢4 for k > 0. We analyze a slightly modified version
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FIGURE 1. A limiting deformation whose gradient takes values in {A, B}, in the case in
which A and B have exactly one rank-one connection.

of the model in (1.3) in which the energy is augmented by an anisotropic perturbation:

v € HAORY) = Eoyly) = L)+ | (9P o) da (15)

for n > 0. We point out that the additional anisotropic perturbation penalizes only transitions in the
direction orthogonal to the rank-one connection e; ®ey. This guarantees that the behavior of the energies
E. ,, is qualitatively the same as that of the functionals I., see Remark 4.5. At the same time, from a
technical point of view, it is expectable that low-energy sequences of E. ,, might be more rigid compared
to the ones of I.. We remark that similar anisotropic perturbations have already been used in the
literature for related problems (see, e.g., [40, 61]), and that this anisotropy is the reason why we restrict
our analysis to the case of exactly one rank-one connection.

The additional higher order penalization situates our analysis within the framework of nonsimple
materials, whose characteristic feature is an elastic stored energy density dependent on second order
derivatives of the deformations. Starting from the seminal works by R.A. TOUPIN [59, 60], these mate-
rials have been the subject of an intense research activity in nonlinear elasticity due to their enhanced
compactness properties [5, 48, 54]. On the one hand, the penalization factor n will be chosen “large
enough” to exploit the second order regularization also in the present two-wells setting. On the other
hand, the factor n will be “small enough” to guarantee that (1.5) shows the same qualitative behavior
as the unperturbed problem (1.3), at least asymptotically when passing to a linearized strain regime. A
formal asymptotic expansion, in fact, shows that, by considering deformations y of the form y = id + eu,
for a smooth displacement w, the energy E. ,(y) rewrites as

1
. y(y) = Bo(id + cu) = 6—2/QW(Id+eVu) dx+54/Q|V2u|2dx+n252/Q (192 — (0,2 de

~ % D2W(IA)Vu : Vude + O(=) + O(n22), (1.6)
Q

where id denotes the identity function and Id its derivative. Thus, to ensure that our anisotropic penal-

ization does not perturb the qualitative small-strain behavior of (1.3), it is essential that n < e71. Let

us mention that related problems in the framework of nonsimple materials have recently been studied in

the settings of viscoelasticity [33] and multiwell energies [1]. There, under strong penalization of the full

second gradient, rigorous counterparts of the formal linearization (1.6) are performed by I'-convergence.

The first part of the paper is devoted to a quantitative rigidity estimate for two-wells energies of the
form (1.5), see Theorem 3.1. Here, we formulate a simplified version illustrating the core of our result.
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Theorem 1.1. (Simplified statement of Theorem 3.1) Let 1. 4 = ¢+ where a(d) > 0 is a suitable
exponent, only depending on the space dimension d (see Remark 3.2(iv) for its explicit expression). Let
Q = (=h,h)? be a cube, and W = dist?(-, SO(d){A, B}). Let E > 0. Then there exists a constant
C = C(h,A,B,E) > 0 such that for every y € H*(Q;R?) with E.,_,(y) < E we can find a rotation
R € SO(d) and a phase indicator M € BV (Q;{A, B}) satisfying

IVy — RM|120) < Ce and  [DM|(Q) < C. (L7)

We point out that our rigidity result holds for general dimensions d € N, d > 2, for every n > 0, a
large class of domains (2 and energy densities W, and a range of integrability exponents depending on
the space dimension d. We refer to the statement of Theorem 3.1 for the precise assumptions.

The novelty with respect to previous contributions in the literature is the presence of the phase
indicator M that allows to quantify the distance of the deformation gradient from the two wells by
keeping track of which phase is “active” in each region of €. Previous quantitative rigidity estimates for
two-well or multiwell energies with rank-one connections measure the distance of Vy from a single matrix
in one of the wells. The sharpest results in that direction either only guarantee an L2-control in terms
of /e (and not of €), or require the passage to a weaker norm. Interestingly, a construction involving
specific minority islands shows that the scaling 1/ is sharp, see Remark 3.9. Thus, introducing a phase
indicator is indispensable in order to obtain the optimal e-scaling in (1.7). We refer to Subsection 3.1 for
a literature overview on multiwell rigidity estimates and for a comparison to our result.

The main idea in our proof is to replace the actual gradient of the deformation Vy, which satisfies
Vy ~ SO(d){A, B}, by VyB~! on a set of finite perimeter associated to the B-phase region. The resulting
field 7 then satisfies v = SO(d) A, but is in general incompatible (i.e., not curl-free). Estimate (1.7) is then
achieved by controlling carefully the curl of v and using one-well rigidity estimates for incompatible fields
[14, 43, 52]. A similar strategy of reducing a multiwell problem to an incompatible single-well setting
has been adopted in [37] for proving compactness and structure results for a discrete, frame-indifferent
multiwell problem. The added value of our argument is the combination of rigidity estimates for fields
with non-zero curl and a decomposition of the domain into phase regions (see Proposition 3.7).

It turns out that the curl of the introduced incompatible field « has both a bulk and a surface part.
The delicate step is to control the surface curl. As in [37], our strategy departs from the remark that a
control on the length of the interfaces between different phases allows to provide a bound on the surface
curl. Our further step is the proof that the surface curl can be estimated in dependence of the normal
vector of the interface, see Lemma 3.5. Remarkably, it turns out that the surface curl vanishes if the
normal vector coincides with the direction of the rank-one connection. This observation together with
the anisotropic perturbation in (1.5) then guarantees that the surface curl of such fields «y is of order e.

The second part of the paper is devoted to an application of Theorem 3.1 to the I'-convergence analysis
(see [11, 22] for a comprehensive introduction to the topic) of the model in (1.5). In particular, we show
that, as € — 0, the behavior of the energy functionals in (1.5) approaches that of the sharp-interface limit

Eoly) = KH¥Y(Jy,) if Vy € BV(Q; R{A, B}) for some R € SO(d),
R otherwise in L'(Q2; R?),

where K corresponds to the energy of optimal transitions between the two phases (see (4.8)). We now
give the exact statement of our second main result.

Theorem 1.2 (Identification of a sharp-interface limit). Let 1. 4 = ¢~ 178 where 3(d) > 0 is a suitable
exponent, only depending on the space dimension d (see (4.5) for its explicit expression). Let Q C R?
be a bounded strictly star-shaped Lipschitz domain. Let W satisfy assumptions H1.-H5. Then E.,_,

I'-converges to & in the strong L' -topology.

We refer to Section 2 for the precise assumptions on the energy density W, and to Subsection 4.1 for
the definition of strictly star-shaped domains, as well as for an overview of the relevant existing results
on solid-solid phase transitions.
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The proof is divided into two steps, relying first on the identification of a lower bound, the liminf
inequality (see Proposition 4.3), and then on the proof of its optimality, the limsup inequality (see
Theorem 4.4).

The proof of the liminf inequality follows the strategy in [18, Proof of Theorem 4.1], and is based on a
d-dimensional analysis of the properties of the optimal-profile energy K (see Proposition 4.6). The main
novelty of our result lies in the proof of the optimality of the lower bound identified in Proposition 4.3
in any dimension d > 3. As a byproduct of our analysis, we also provide a simplified construction of
recovery sequences in the two-dimensional setting. In the seminal paper [19], indeed, the identification
of deformations approximating energetically a limit with multiple flat interfaces relies on the notion of
HY2 rigidity on lines (see [19, Section 3.3]), which requires deeply geometrical and technical constructions
currently non-available in dimension d > 2. By means of our quantitative rigidity estimate, instead, we
overcome this issue by directly obtaining a control on the W!1P-norm of the restriction of deformations
to (d — 1)-dimensional slices, for suitable exponents p in a range depending on the dimension d (see
Proposition 4.12). Once this control on slices is established, we may follow the lines of [19, 20] to “glue
together” several interfaces and to construct recovery sequences. We include the statements and the
proofs of these technical lemmas from [19, 20] in order to keep the paper self contained. This allows us
to develop a comprehensive argument valid in any dimension d > 2.

As a final remark, we point out that a second application of the rigidity estimate in Theorem 3.1
will be provided in the companion paper [23]. There, again departing from a singularly perturbed two-
well problem of the form (1.5), we will perform a simultaneous sharp-interface and small-strain limit,
complementing recent results about the linearization of multiwell energies [1, 56]: we will identify an
effective linearized model defined on suitably rescaled displacement fields which measure the distance to
simple laminates.

The structure of the paper is the following: in Section 2 we describe the setting of the problem
and collect the main constitutive assumptions. Section 3 contains an overview of quantitative multiwell
rigidity estimates, as well as the exact statement and the proof of our two-well rigidity result. Section 4
is devoted to the proof of the variational convergence of our diffuse model to a sharp-interface limit.

Notation. We will omit the target space of our functions whenever this is clear from the context. For
d € N, we denote by eq,...,eq the standard basis. In what follows, Id denotes the identity matrix and
eij, 4,7 = 1,...,d, the standard basis in M4, Given two vectors v,w € R?, their tensor product is
denoted by v ® w and is defined as the matrix (v ® w);; = v;w; for i, =1,...,d. For every set S C R4,
we indicate by xg its characteristic function, defined as

1 ifzesS
xs(x) ::{

0 otherwise.

The d-dimensional Lebesgue and Hausdorff measure of a set will be indicated by £¢ and H?, respectively.
We use standard notation for Sobolev spaces and BV functions.

2. THE MODEL

In this section we introduce our model. Let d € N, d > 2, and let © C R? be a bounded Lips-
chitz domain. To any deformation y € H*(€;R?), we associate the elastic energy [, W(Vy)dz, where
W : M4 — [0, +-00) represents a stored-energy density satisfying the following properties:

H1. (Regularity) W is continuous;

H2. (Frame indifference) W(RF) = W (F) for every R € SO(d) and F € M*4,

H3. (Two-well rigidity) W (A) = W(B) = 0, where A = Id, and B = diag(1,...,1,1+ x) € M%*? for
Kk > 0;

H4. (Coercivity) there exists a constant ¢; > 0 such that

W(F) > ¢ dist*(F, SO(d){A, B}) for every F € M%<,
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Assumptions H1.-H4. are standard requirements on stored-energy densities in nonlinear elasticity.
Given two matrices A, B € M?*? with det(A), det(B) > 0 such that SO(d){A, B} contains at least one
rank-one connection, i.e., rank(B — RA) = 1 for some R € SO(d), one can always assume (after an
affine change of variables) that A = Id and B = diag(\,1,...,1,u) for A\, u > 0 with Ay > 1. (See
[26, Discussion before Proposition 5.1 and Proposition 5.2] for a proof.) In particular, depending on the
values of A and p, the set SO(d){A4, B} contains exactly two, one, or no rank-one connections (up to
rotations), see [26, Proposition 5.1]. In the present contribution, we focus on the case of exactly one
rank-one connection, see H3.: the only solution of B — RA = a ® v with R € SO(d), a,v € R, and
|v| =1is given by R =1d, v = ¢4, and a = key.

In the following, we will call A and B the phases. Regions of the domain where Vy is in a neighborhood
of SO(d)A will be called the A-phase regions of y and accordingly we will speak of the B-phase regions.

In order to model solid-solid phase transitions, we analyze a nonlinear energy given by the sum of a
suitable rescaling of the elastic energy, a singular perturbation, and a higher-order penalization in the
direction orthogonal to the rank-one connection. To be precise, for €,17 > 0 we consider the functional

Pon0) = 5 [ W) do+ e [ (V3R e+ [ (V97 = 0hal) o (21)
¢ )
for every y € H?(Q; R?).

The parameter € in the definition above represents the typical order of the strain, whereas £ is related
to the size of transition layers [6, 8, 12, 41, 51]. The first term on the right-hand side of (2.1) favors
deformations y whose gradient is close to the two wells of W, whereas the second and third terms penalize
transitions between two different values of the gradient. The choice n = 0 corresponds to the model for
solid-solid phase transitions investigated by S. CONTI and B. SCHWEIZER [19] in dimension two. For
n > 0, the third term compels transitions to happen preferably in the direction of the rank-one connection.
The basic idea of our contribution is that this additional anisotropic perturbation allows us to prove a
stronger rigidity estimate and to extend the findings in [19] to a multidimensional setting.

Although the additional penalization term renders our model more specific, we emphasize that it does
not affect the qualitative behavior of the sharp-interface limit obtained in [19], see Remark 4.5. We
note that this anisotropy is the reason why we restrict our study to the case of exactly one rank-one
connection. We also mention that anisotropic singular perturbations have already been used in related
problems, see, e.g., [40, 61].

3. TWO-WELL RIGIDITY

This section is devoted to a quantitative rigidity estimate for the two-well energies in (2.1), with
densities W satisfying H1.-H4. We first formulate the main theorem.

Theorem 3.1 (Two-well rigidity estimate). (a) Let Q be a bounded, simply connected Lipschitz domain in
R? and let n > ¢ > 0. Then there exists a constant C = C(Q, k,c1) > 0 such that for every y € H?(Q;R?)
there exist a rotation R € SO(2) and a phase indicator M € BV (Q;{A, B}) satisfying

1/2

3 9
IVy — BM| 2 < Cer/ Ee () + c(5 + W) E.(y) and |DM|(Q) < CE.,(y).

(b) Let Q be a bounded Lipschitz domain in R? with d € N, d > 3. Let 1 <p <2, p# fg, and let
n>¢e>0. Then for each Q' CC Q there exists a constant C = C(Q, Y, k,p,c1) > 0 such that for every
y € H?(Q;RY) there exist a rotation R € SO(d) and a phase indicator M € BV (Q; {A, B}) satisfying

1/2

e € r(p,d)
Iy = RMlwor) < Ceyf o) + C((1 + 15) Bealw)  and [DMI®) < CEop(0), (31)

where r(p,d) = min{1, ﬁ}'

Remark 3.2 (Different exponents, sets, and simplified formulations). (i) The difference in the formula-
tions in two and arbitrary space dimensions, concerning the exponents and the assumptions on the sets,
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are due to the application of rigidity estimates for vector fields with nonzero curl, see Lemma 3.3 below.
Although we neglect the case p = % in (b), we point out that our argument could be extended to also

cover that scenario, by replacing Lemma 3.3 below with the results for p = dfdl in [43, Theorem 4].

(ii) In (b), if © is a paraxial cube, the statement holds on the entire domain.

(iii) For general sets €2, we point out that for p > ﬁ the rigidity estimates for vector fields with
nonzero curl in Lemma 3.3(b) hold on the whole set (see Remark 3.4). Nevertheless, the passage to a
subdomain is still needed for Theorem 3.1 due to a combination of covering and isoperimetric arguments
in Step II of the proof. We are aware of the possibility to formulate Theorem 3.1(b) on the whole set
Q for a more general class of sets having suitable geometrical properties. Nonetheless, we have decided
not to dwell on this point, both to keep the exposition from becoming too technical, and as it is only of
marginal interest for the applications that we will treat in this paper and in [23]. Note that the constant

C in the theorem is invariant under uniformly Lipschitz reparametrizations of the domain.

(iv) Consider the special case n = e~/ for deformations y € H?(Q;R?) with E. ,(y) < E for
some E > 0. Then, when (2 is a paraxial cube, the statement reduces to that of Theorem 1.1 choosing
a(d) = 4/(3d).

The section is organized as follows. In Section 3.1 we first provide a brief literature overview of quan-
titative rigidity estimates for multiwell energies and situate Theorem 3.1 within this context. In Section
3.2 we then recall rigidity estimates for vector fields with nonzero curl, which are the main ingredient in
our approach. Section 3.3 is devoted to some preliminary estimates concerning the decomposition of the
domain into the phase regions of A and B. Finally, Section 3.4 contains the proof of Theorem 3.1 and
some further remarks on the result.

3.1. Theorem 3.1 in the context of quantitative rigidity estimates for multiwell energies.
Theorem 3.1 is related to a variety of quantitative rigidity estimates for multiwell energies. Roughly
speaking, all these results control the distance of the deformation gradient from a single matrix in one of
the wells in a suitable norm. We recall the most important theorems in that direction. In the sequel, y
denotes a deformation satisfying [, W (Vy) dx < Ce?.

If the two wells are strongly incompatible in the sense of [47], it was proven in [15, 24] that there exist
R € S0(d) and M € {A, B} such that

Vy — RM||2(0) < Cé, (3.2)

even without imposing a second order penalization. For multiple wells with possible rank-one connections,
it was shown in [1] that an estimate of the form (3.2) still holds if a sufficiently strong second-order penal-
ization is assumed. Both results, however, are not relevant for our applications, since phase transitions
are excluded by incompatibility of the wells or by too strong second-order penalizations.

Concerning two-well problems with rank-one connections allowing for phase transitions, the first results
have been derived in [19, 46] in dimension two. These estimates have been generalized later in [17, 36] to
arbitrary space dimensions for multiple wells satisfying suitable connectivity conditions. More precisely,
in the case of two wells, the result is as follows: for y € H?(;R?) with ||[V2y|11(0) < a for some small
a > 0, there exist R € SO(d) and M € {A, B} such that

Iy — RM |12 < OV, (3.3)

where €)' is subdomain of €. In this context, the assumption that a is small is essential since it guarantees
that the M-phase region is predominant. Still, it does not exclude the occurrence of phase transitions
near the boundary. Indeed, (3.3) is generally not true if Q' = Q. Moreover, a construction in [20, Example
6.1] shows that the scaling /2 is sharp, see also Remark 3.9 below. The scaling +/¢ is insufficient for our
applications to solid-solid phase transitions since the strain is typically of order €, see Remark 4.15.

We recall that in [19] also variants for the weak L!-norm are discussed. In particular, it is shown that
there exist R € SO(d) and M € {A, B} such that

||Vy - RMHw,Ll(Q/) < Ce. (34)
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Although the scaling in terms of € corresponds to the typical order of the strain, the fact that the estimate
only holds in the weak L!-norm prohibits application of this estimate in Section 4, see Remark 4.15.

We remark that all the results mentioned above follow the same strategy: one shows that the vol-
ume of the phase region different from M is asymptotically small in €. This is either induced by the
incompatibility of the wells or by a second order penalization. For 1 < p < 2 this yields the estimate

Idist(Vy, SO(d)M)| oy < Cldist(Vy, SO(d){A, B}y +CVHP < Ce+ V2P, (3.5)

where V. denotes the volume of the phase region different from M. Afterwards, one applies the seminal
one-well rigidity estimate [34] (cf. also [19, Section 2.4]) to obtain (3.2)-(3.4) in the various settings.

Our approach is quite different as we establish a rigidity estimate which takes the presence of both
phases into account. This is reflected by the phase indicator M and is inspired by piecewise rigidity
results [30, 32] in other settings. In particular, Theorem 3.1 complements the existing results in the
following ways: (1) For the derivation of rigidity results, no smallness assumption on the full second
derivative is needed; (2) Identifying the different phase regions by means of M allows to improve the
scaling in (3.3), cf. Remark 3.2(iv) and Theorem 1.1; (3) If the domain is two-dimensional or a paraxial
cube in higher dimensions, the estimate holds on the entire set 2. (The necessity of taking a subset in
higher dimensions is not due to the presence of different phases, but due to a combination of covering
and isoperimetric arguments in the proof, see Remark 3.2(iii) for a discussion.)

Note that for technical reasons we need to take an anisotropic penalization into account, see (2.1).
This, however, does not affect the qualitative behavior of the sharp-interface limit derived in Section 4,
see Remark 4.5.

3.2. Rigidity estimates for vector fields with nonzero curl. The main idea in our approach will
be the usage of rigidity estimates for vector fields with nonzero curl established in [14, 37, 52] (see also
[43]). We first define the curl and recall the relevant results. Let v € L'(Q;R%). The distribution curl~y
is formally equal to the matrix (0;7; — 0;7i)1<i,j<4 and is defined as

d
(curly,0) = 3 / 7i(@)0y (033 () — @54(a)) da (3.6)
i,j=1
for all p € C°(Q;M¥*4). If 7 is a matrix-valued vector field, then curly is a distribution taking values
in RY x M?*4, and formally defined as (curly)xi; = 0;vk; — Ojvki for every 1 < k,i,j < d.

Lemma 3.3 (Rigidity estimates for vector fields with nonzero curl). (a) Let Q be a bounded, simply
connected Lipschitz domain in R%. Then there evists a constant C = C(2) > 0 satisfying the following
property: for every v € L?(Q;M?*2) such that curlvy is a bounded measure there exists R € SO(2) for
which

Iy = Rllzz(amexz) < C(|dist(v, SO2)) 2oy + [eurl1](€) ).

(b) Let Q2 be a bounded Lipschitz domain in R? with d € N, d >3, and let 1 <p <2, p # %. Then
for each Q' CC Q there exists a constant C = C(Q,Q,p) > 0 satisfying the following property: for every
v € LP(S; M%) such that curly is a bounded measure, there exists R € SO(d) for which

Iy = Rllzoarsxay < C(|ldist(y, SO(@) |y + (Jeurl 7|(€2)) @), (3.7)

where r(p,d) = min{1, ﬁ}.

Proof. Assertion (a) is proven in [52, Theorem 3.3]. The proof of assertion (b) for p < - is essentially
contained in [14, Proposition 5.1] if the domain is a cube. For general ' CC 2, we use a standard
covering argument (see, e.g., [13, Proof of Theorem 1] or [31, Proof of Theorem 1.1]): we cover Q' with
a finite number of open cubes {Q;}¥; and apply [14, Proposition 5.1] on each of the cubes to obtain
rotations {R; }~ ; such that (3.7) holds on Q; for a constant C; dependent on @;. The difference between
rotations in neighboring cubes is then controlled in terms of a constant which only depends on d, N, and
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min{£4(Q; N Q;) : QiNQ; # 0}. Assertion (b) for p > %5 follows directly by [37, Theorem 3] if Q' is
a ball, and by a covering argument analogous to the one descrlbed above for more general Q' cc Q. O

Remark 3.4 (Role of the subdomain). As a direct consequence of the proof of Lemma 3.3(b), for
1<p< d%‘ll and for €2 coinciding with a cube, we do not have to take a subset of the domain. Additionally,
for p > % the statement can also be proven for general Lipschitz sets 2 without passing to subdomains.
This follows from the scaling invariance of the rigidity estimate for incompatible fields in [37, Theorem 3]
and by a classical covering argument (see, e.g., [34, Proof of Theorem 3.1]). The same argument does not
apply to Lemma 3.3(b) for 1 <p < d%‘ll as the estimate in [14, Proposition 5.1] is not scaling invariant.

Our strategy to prove Theorem 3.1 is to replace the gradient Vy, which satisfies Vy ~ SO(d){4, B},
by an associated vector field v with v ~ SO(d)A. This will be done by changing Vy to VyB~! on a set
of finite perimeter associated to the B-phase regions. A similar strategy to replace a multiwell problem
by an incompatible one-well problem has been used in [37]. In contrast to [37], we provide a finer control
on the curl of the incompatible vector field. To this end, we investigate the curl of vector fields which
are SBV functions. We recall that v € L'(Q;R?) lies in SBV (£2;R?) if its distributional derivative D~y
is an R “_valued finite Radon measure on €2 such that

Dy =YL + Y@, T, (3.8)

where Vy = (017, ...,0q47) denotes the approximate differential, ., is a normal of the jump set J, and
[v] := v+ — 4~ with 4* being the one-sided limits of v at .J, (see [3, Chapter 4]). The following lemma
yields a control on curl~y. For related curl-estimates for SBV functions we refer to [14, Theorem 3.1].

Lemma 3.5 (Curl for SBV vector fields). Lety = (71,...,74) € SBV(;RY). Then, curly is a measure
on Q satisfying

ewrly|(©) < d / (V)T =VAlde + | | @ vy — vy @ ]| dHE
Q I,

Proof. For each ¢ € C2°(£2; M4*?) we have by (3.6) and (3.8)

(curl~y, ) Z/’Yz i (pij () — wji()) dx

1,0=1

= - Z/ (] ® vy)ij (2) (pij (x) — () dHIH( Z/am )(pij(z) = @ji(z)) do

i,j=1 ,j=1
=—Z/ @y~ vy @ )iy (@) iy ) O (o Z/% 0,79u(x) — Dy (@) da.

This implies that
d -1
ewly @l < llelle (32, | 100 —gmlde+ | bl @ —vy@bljan™)
w v
for every ¢ € C2°(Q;M?*9), and concludes the proof of the lemma. ([

3.3. Decomposition into phases. We adopt the notation V (F) = dist*(F, SO(d){A, B}) for brevity.
We introduce the truncated geodesic distance dy (F,G) of F,G € M?*? induced by V, which is defined
by

dy(F,G) = inf {/ min{y/V ),1}|g'(8)|ds: g € CH([0,1;M?*?), g(0) = F, g(1) = G}. (3.9

Clearly, we have dy (A, B) > 0. For later purposes, we state some elementary properties.
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Lemma 3.6 (Relation between euclidian distance and geodesic distance). Let § > 0. There exist C; > 1
and 0 < Cy < 1 depending only on § such that for M € {A, B}

(i) dy(F,SO(d)M) < dist(F,SO(d)M)  for every F € M**?,
(i) dist(F, SO(d)M) < C1dy (F, SO(d)M)  for every F € M such that dy (F,SO(d)M) > 6.
(iil) dist(F,SO(d)M) < Cy  for every F € M4 such that dy (F, SO(d)M) < 6.
Moreover, there holds Cy — 0 when § — 0.
Proof. Ttem (i) follows directly from the definition of the geodesic distance. For the proof of (ii) and (iii)
we refer to [1, Lemma 2.5 and Lemma 2.6]. The last assertion is a consequence of the proof of [1, Lemma

2.6]. Note that the definition of the geodesic distance in [1] is slightly different from (3.9), but that [1,
Lemma 2.5 and Lemma 2.6] still hold up to very minor proof adaptations. O

\_B/—IE/W

FIGURE 2. Condition (iv) for d = 2 can be interpreted as follows: it guarantees that
phase transitions occur inside cylindrical layers of height £/7. Additionally, €/ is an
upper bound on the height of minority islands in the e4-direction. In higher dimensions,
a similar interpretation is possible, up to higher order terms.

The following lemma identifies the regions where the deformation gradient is near SO(d)A and SO(d) B,
respectively. We recall that |B — A| = k, see H3. Moreover, let ¢; be the constant of H4. For basic
properties of sets of finite perimeter we refer to [3, Section 3.3].

Proposition 3.7 (Decomposition into phases). Let n > €. There exist 0 < o < 8 < 1/2 and a constant
¢ = c(k,d,c1) > 0 such that for every y € H*(Q;R?) there exists an associated set T C Q of finite
perimeter satisfying

(i) {z e Q: dist(Vy(z),SO(d)A) <ar} CcT C{z e Q: dist(Vy(z),SO(d)A) < Bk},
(i) H“HO'TNQ) < cE.,(y),

(iii) /6 . (vr,e;)| dH < c% E.n(y) for j=1,...,d—1,
=T

(iv) / o2 ((Rd*1 x {t}) No*T N Q) dt < c% Een(y), (3.10)
where vy denotes the outer normal to T', 0*T its essential boundary, and E. ,, is the energy functional
defined in (2.1). Moreover, if Q = xo+(—h, h)? is a cube contained in Q and one considers a corresponding
decomposition by (Q;);—" with n = |n/e], and Q; := xo + (Ih/n)eq + (—h, h)*= x (0,h/n) we find

l=—n

S min{CHQuNT). £4QU\T)} < ehS By (o). (3.11)
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Roughly speaking, the sets T and Q \ T represent the A and B-phase regions, respectively. Later in
the proof of Theorem 3.1 we will introduce a vector field which differs from Vy exactly on the set Q\ 7.
We refer to Figure 2 for an illustration and an explanation of property (3.10)(iv).

Proof of Proposition 3.7. We first fix some constants which will be needed in the following. Depending
on k, we choose ¢ in Lemma 3.6 so small that

Cy = C3(0) < (3.12)

M\Pﬁ

Let Cy = C1(8) > 1 be the corresponding constant (depending on §, and hence on k) provided by Lemma
3.6(i1). We define

h(z) = dv(Vy(z),SO(d)A) for every x € €,
where dy is the truncated geodesic distance introduced in (3.9). The main idea of the proof consists in
choosing the set T as a suitable level set of the map h, selected by performing an e/n-rescaling of h in
its first d — 1 variables (see (3.15)).

Step I: Definition of T. We first observe that, in view of the definition of dy, and by Young’s inequality,
we obtain

d
/ 0;h(z)| dz < / VV (Vy(2)) Z |0jiy(z)| do < 7/ (Vy(z)) do + —/ Z 10;5y(x ) dx
Q Q =
fori=1,...,d — 1. Thus, H4., the definition of V', and (2.1) imply
1 c1 + d
|0:hl ey < (HLEEE

2
Analogously, the definition of dy and Young’s inequality yield

/Q|8dh( 2| dv < /V(Vy dx+—/ Z|8]dy ) da,

)%Eam(y) for i=1,....d—1. (3.13)

which implies

1/c1 +d
j0atlle < (L) B (w) (314)
We introduce the rescaled function
hy(a', x4) := h(n2' /e, zq), (3.15)

defined on
Q, :={(a',zq) : (n2'/e,xq) € Q},
where for brevity we adopt the notation =’ = (x1,...,24—1). By the change of variables formula and
(3.13)-(3.14) this yields
IVhyllLiga,) < ele/n) " Bey(y)
for ¢ = ¢(d,c1). Consequently, by the coarea formula we find t € (f@/(401), /1/(201)), where C; > 1 is
the constant introduced below (3 12), such that the set T, := {h,, <t} has finite perimeter, with

1 4C " 4C _
MO T, N0, < / M0 [y < 5} 09,)ds < 2 [Vhylpsga,) < e/} Bey (),

(3.16)

where ¢ depends on &, d, and ¢;. We define T := {h < t}. We claim that T satisfies properties (i)-(iv).
Step II: Properties of T. First, since t > k/(4C1), by Lemma 3.6(1) we have that for all z € Q with
dist(Vy(z), SO(d)A) < k/(4C4), there holds

< —
h()_401<t

This yields € T and implies that the first inclusion in (i) holds with @ = 1/(4C4). Note that, since
Cy > 1, we have o < 1/4.
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To prove the second inclusion in (i), suppose that € T'. Let 6 be as in (3.12). If h(x) < 4, there holds
dist(Vy(z), SO(2)A) < Cy < g
by Lemma 3.6(iii) and (3.12). On the other hand, if 6 < h(z) < ¢, we obtain
dist(Vy(z), SO(2)A) < Cih(z) < Oyt < g

by Lemma 3.6(ii) and the definition of ¢. Setting 8 = 3, this concludes the proof of (i).

We now address properties (ii) and (iii). For each j = 1,...,d, denote by 7; the hyperplane {z € R?:
x; = 0}. We use the coarea formula (see [3, Theorem 2.93] with £ = 0*TNQ, N =d—-1, k=d—1,
fx) = (z1,...,2j_1,241,24)) to find

/ |(vr,e)| dH! = / HO((z + Re;) NO*TNQ) dH¥1(2). (3.17)
o*TNQ L

J

Similar identities hold for 0*T; N €2, in place of 0*T' N ). The transformation formula yields for j =
1,...,d—1

/ HO((z 4+ Rey) NO*T N Q) dH " (2) = (n/e)? 2 / HO((z +Rej) NO*T, N Q) dH 1 (2), (3.18)
and, i]n a similar fashion, we obtain for j = d ]
/ HO((z + Reg) NO*T NQ) dHY(2) = (n/e)~* / HO((z + Reg) NO*T, N Q) dHY(2).  (3.19)
4 ma
Combining (3.17)~(3.19) we find

/ (o) | dH" = (/)" / (r, ep) | dHE for j=1,...,d—1,
o*TNQ 9T, N,

[ drealant =@t [ o eal ant
9*TNQ 9T,y NK,
This along with (3.16) yields

/ ((vp, e;)| dHI™Y < (/)21 YO T, N Q) < c= Bey(y) forj=1,...,d—1,
*TNQ n

[ el ant=t < (/o) 1 07T, 0 9) < By (1), (3.20)
9 TNQ
The first line in (3.20) yields property (iii). To see (ii), we also use (3.20) and n > ¢, and we compute
d
HEHOTNQ) < Zj_l / (vr,e;) | dH < e(14¢/n) Bz (y) < cE-,(y).
=1 Jo+rna

To prove (iv), we use the coarea formula (see [3, Theorem 2.93] with £ = 0*T NQ, f(z) = (z,eq),
N=d-1,k=1) to find

/ 1—|(vr,eq)2dHI = / HIT2 (R x {th) N o T N Q) dt.
O*TNN —o0

Consequently, (iv) follows from property (iii).

Step III: Proof of (3.11). First, define Q" = {(2/,zq) : (nz'/e,zq4) € Q} and Q] = {(a’, zq) : (n2' /e, xq) €
Q} for I € {—n,...,n —1}. Note that Q] are identical cuboids and each of their sidelengths lies in
[h/n,2he/n]. We apply the the relative isoperimetric inequality (see [27, Theorem 2, Section 5.6.2]) on
each Q] to find

d— he

min{ £4(Q} NTy,), LYQY\T,)} < % min{(£4(@Q) NT) T (LUQINT,) T} < e HTH O T, 1Q)),
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where ¢ depends only on the dimension d. (Note that the theorem in the reference above is stated and
proved in a ball, but that the argument only relies on Poincaré inequalities, and thus easily extends to
bounded Lipschitz domains.) Summing over all [ and using (3.16) we get

ST min{ U@ T, £1QE T} < HI 0T, 19 < e (/)" Ee(o)

This along with the fact that £4(Q) NT,) = (¢/n)¢ 1 LYQ,NT) and LYQ)\T;,) = (¢/n)? 1 LYQ\T)
yields (3.11) and concludes the proof. O

We point out that the results in Proposition 3.7 are sharp in terms of the scaling in € and 7. We refer
to Remark 3.9 for some explicit examples of A-phase regions with small B-phase inclusions.

3.4. Proof of Theorem 3.1. We now prove Theorem 3.1.

Proof of Theorem 3.1. We start with a preliminary observation concerning the phase regions T' and Q\ T
identified in Proposition 3.7. Then we proceed with the proof of case (b) on a cube and address the case
of general domains afterwards. Finally, we briefly indicate the necessary adaptions for case (a).

Step I: Phases. Let y € H*(Q;R?). Recall the definitions A = Id and B = diag(1,...,1,1 + &), and the
fact that this implies |A — B| = k and dist(SO(d)A, SO(d)B) = k. We apply Proposition 3.7 to obtain
a corresponding set of finite perimeter 7. We claim that

(i) dist(Vy(z), SO(d)B) < (1 + l)dist(vy(x), SO(d){A,B}) for ae. z € Q\ T,

(i) dist(Vy(z),SO(d)A) < dist(Vy(z),SO(d){A,B}) forae zeT (3.21)

ﬂ
with 0 < o < 8 < 1/2 from Propos1t10n 3.7. First, by Proposition 3.7(i), for a.e. x € Q\ T there holds

dist(Vy(z), SO(d)A) > ak.
Recalling that |A — B| = x we find

dist(Vy(x), SO(d)B) < dist(Vy(z), SO(d)A) + k < (1 + l)ous,t(vy(;c),SO(d)A).
)-

This yields (3.21)(i
As dist(SO(d)A, SO(d)B) = k, we obtain

dist(Vy(z), SO(d)B)=(1 - B)x

Analogously, for a.e. z € T, by Proposition 3.7(i) we get dist(Vy(z), SO(d)A) < Bk.

for a.e. z € T, and hence
dist(Vy(x), SO(d)A) <Pk < k < (1 — B) " dist(Vy(x), SO(d) B)
for a.e. © € T. This yields (3.21)(ii).

Step II: Proof of (b) for cubes. We first treat the case in which Q = 2o + (—h, h)¢ is a cube. The main
idea is to replace Vy by a suitable incompatible vector field v with v ~ SO(d)A and then to apply
Lemma 3.3. It turns out that one also needs to define v on an appropriately scaled version of €2 in order
to control the curl of ~.

Our starting point is (3.11) applied for @ = Q: we find a decomposition (Q;);"",, of Q with n = [n/e].
We choose M; = A if L4HQ;\T) < L4(Q;NT) and M; = B otherwise, i.e., M; indicates the predominant
phase in each cuboid @;. By (3.11) this implies

Zz:M,zA @A)+, LAQNT) < cn Ee(y), (3.22)

where ¢ depends on h and thus on Q. Let ¥ € Hl(Q; ]Rd) be a homeomorphism with V¥ = M; on each
Q. We let U = ¥(Q) and note that U is a paraxial cuboid. In the following, we will use the notation
T =U(x) for z € Q. We also define U; = U(Q,) for all l € {-n,...,n —1}.

We consider the vector field v € L2(U; M%*?) defined by
= (Vyxr + VyB~ 'xa\r) o . (3.23)
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In view of (3.23) and the fact that V¥~! = M;"" on Uj, we obtain by the transformation formula
[dist(y, SO(d)A) |72y < C / dist?(Vy, SO(d)A) dz + C dist?(Vy, SO(d)B) dz, (3.24)
T

O\T

where C' only depends on x. Using the definition of the energy E. , (see (2.1)) and H4., by combining
(3.21) and (3.24) we conclude that

Idist(y, SOW) A) 2 ) < C=2Een(y), (3.25)
where C' = C(ey, k).

Our goal is to apply Lemma 3.5 and therefore we first check that v € SBV(U;M%*4). As y €
H?(Q;R?), the jump set .J, of v is contained in {z € U : ¥~1(z) € 9*T N Q}. Without restriction, we
choose the normal v, to the jump set such that v, (z) = vp(¥~1(2)) for H? t-ae. T € J,, where vy
denotes the outer normal to 7. An elementary calculation yields

—K

I(2(@) = Vy(@) B~ = Vy(@)A = T Vy() ear = 7

for x € 0*T'NQ, where Vy on 0*T'N K has to be understood in the sense of traces, see [3, Theorem 3.77].
By (3.10)(i) we find |Vy(z)| < ¢ for L%-a.e. z € T for a constant ¢ > 0 only depending on the dimension.
Therefore, [3, Theorem 3.77] yields

IVy(z)| <c for H ae. 2 € 0" TNQ. (3.27)

This along with (3.26) shows |[v](z)| < ¢ for H?"!-a.e. & € J, and then [3, Theorem 3.84] implies that
v € SBV(U;M4*4).

We now determine curl~y. We first address the bulk term. The main observation is that on each U; the
vector field v defined in (3.23) can be written as the sum of a gradient and a small perturbation. More
precisely, an elementary computation shows

Y=V(yoU Nxro¥ )+ V(o ¥ B (xa\ro¥ ") =V(yo ¥ ")+ zalxa\r 0 ¥ )
on U; with M; = A, where

day(z) @ eq € M*4 (3.26)

—K —K
ZA = V(y o \I’_l)(B_l — A) = m(Vy ] \I/_l)edd = m(@dy o \Il_l) X eq.

In a similar fashion, we have
Y=V(yo U )B(xro¥ )+ V(yo U H(xa\r o ¥ ) =V(yo U™ ) + zp(xp o ¥ ),
on U; with M; = B, where zp := k(Oqyo ¥ 1) ®@eq = —(1 + k)z4.
On each U; with M; = A, we compute using the transformation formula and Hélder’s inequality

d B d ) )
Zi,j,k:l U, 10ivks — O il A7 < Czi,j,kzl QT 104j 09k — Oas Fjiyn| dz

d—1 d—1
<o [ i< oA T Y Il
l
where §;4 denotes the Kronecker delta. Similarly, on each U; with M; = B, we deduce
d d—1 d—1
Zijkzl/U 0985 = Oyl dz < C D /Q AT Oyl de < C(LUQNT)Y2 Y 102yllz2 (-
o 1 1

Then, taking the sum over all [, and using (2.1), (3.22), as well as the discrete Holder inequality we get
d B € 1/2 c—d—1 _
D e /U 10ivk; — Dyl di < C(gEs,n(y)) Yo 0yllre) < O P By(y). (3:28)

We now estimate the surface part of curly. In view of (3.26)-(3.27) and the fact that v, = vp o U1,
denoting by [y]x the k-th row of [v], we obtain

K

(e @vy =1y @ Ylk) 0 O] = ——

Tr H|adyk(ed Qup —vr Qeq)| < ckleg @ vr — v R ey
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Hilae on 0*T NQ for every k = 1,...,d, where c is the constant of (3.27). This then implies by
Proposition 3.7(iii) that for every k =1,...,d

/J )k ® vy — vy @ (]| dHET < CZ/ \(vr,e;)| dHOt < C% E.(y). (3.29)

~

Consequently, Lemma 3.5 (applied on each row of the vector field ) and (3.28)—(3.29) yield
eurly|(U) < V2732 B, (y) + Cen™ ey (y) (3.30)

for C = C(Q,k,d,c1). Consider a smaller cube ' CC Q and let U' = U(Q'). Let 1 < p < 2 with
p # 7% . From Lemma 3.3(b) we then get a rotation R € SO(d) such that by (3.25), (3.30), and Hélder’s
inequality

Iy = Rllzeqn) < C(lldist(y, SO(@) A) |20 + (leurl | () )
r(p,d)
< Ce\[Eep) + C (/072 Bepy ) +en ™ Bo)) (3.31)
where the constant also depends on Q, Q') and p. Let M € BV (Q;{A, B}) be the function defined by
M = Axr + Bxao\r- Clearly,

[DM|(2) < |[A = BIH!H(9"T NQ) < CE 4(y)
by Proposition 3.7(ii). Recalling (3.23) we compute, again using the transformation formula
||Vy - RMHLp(Q/) = Hvy - RHLT’(Q’FIT) + HVyB_l — RHLP(Q’\T) S C”’y - RHLP(U’)' (332)

This along with (3.31) shows (3.1). We conclude this part of the proof by mentioning that, taking also
Remark 3.4 into account, the passage to the subcube €’ is actually not necessary. This in turn yields
Remark 3.2(ii).

Step III: Proof of (b) for general domains. We perform a covering argument exactly as in the proof of
Lemma 3.3: given ' CC €, we cover {2’ with a finite number of paraxial cubes {Q;}¥; such that smaller
cubes Q) CC @ still cover '. We apply Step II on each @; and obtain an estimate of the form (3.32)
on each @} with a rotation R;. The difference of the rotations can be controlled as explained in the proof
of Lemma 3.3.

Step IV: Proof of (a). The essential difference is that we do not apply (3.11) to obtain a decomposition of
Q with property (3.22). However, we define a decomposition into (in general not rectangular) sets (Q;);
of height approximately /1, set M; = A if £L4(Q;\ T) < £L4(Q;NT) and M; = B otherwise, and observe
that (3.22) follows from (3.10)(iv) (see Figure 2). The rest of the argument remains unchanged with the
only difference that we use part (a) of Lemma 3.3 instead of part (b). O

Remark 3.8. For later purposes, we note that by the construction of the phase indicator M in the
previous proof, the set {M = A} coincides with the set T" considered in Proposition 3.7.

Remark 3.9 (Examples of minority islands and their sharpness). We provide prototype configurations
with a small B-phase region completely contained in the A-phase region. These illustrate sharpness of
the estimates in Proposition 3.7. We follow the 2d-example in [20, Remark 6.1] and take the occasion to
present a d-dimensional analog here.

Let Q = (—2,2)% and let 0 < » < 1. Consider the polyhedron P consisting of the vertices ey, —req,
and (z/,0), 2’ € {—1,1}4"1. By F we denote the 2(d — 1) faces of dimension (d — 2) in [-1,1]¢"1 x {0}
obtained by setting one of the first (d — 1) components equal to +1. Observe that the polyhedron P
consists of 4(d — 1) convex polyhedra with 2972 4 2 vertices each: 2(d — 1) polyhedra with vertex in 0,
vertex in e4, and the 2972 vertices of a face in F (we denote their union by P!), as well as 2(d — 1)
polyhedra with vertex in 0, vertex in —reg, and the 2972 vertices of a face in F (we denote their union
by P?). See Figure 3 for an illustration in dimension 3. Observe that £L¢(P) < ¢ and L4(P2?) > cr for a
dimensional constant ¢ > 0.

Set u = 0 outside P. At the origin we set u(0) = kreg and let u be affine on each of the 4(d — 1)
polyhedra contained in P. Define v = id + u € H*(R% R%). In view of B = A + kegqq = Id + kegqq, this
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Q

FIGURE 3. The set {2 and the polyhedron P.

implies [Vv — A| < er on P*U (R4 \ P) and |Vv — B| < er on P?, where ¢ = ¢(d, k) > 0. In particular,
for r small enough we find 7' = Q \ P? with T from Proposition 3.7. In view of £4(P?) > cr, a short
calculation yields (assuming that W is smooth)

y W(Vv)de < er?, FESOmdl)n{A B}/ |Vv — F|*dz > cr.
We now mollify v. To this end, denoting by [Vv] the jump of the gradient, we observe that
x € P\ OP?: [[Vu](x)| < er,
r€0P?: |[Vu](z)eqq| <c, |[Vv](z)e] <ecrforallec {e;:4,j=1,...,d}\ {eq}.

We define y = v * p.2 € H?(Q;R?), where p.> is a mollification kernel on the scale £2.

calculations we obtain

After some

/ W(Vy)dr < c(r? + &2 / |V2y|? do < ce™2, / (|V2y|2 - |8§dy|2> de < cr’e™?  (3.33)
Q
and
min /| y— F|?dx > cr — Ce? (3.34)
FESO(d){A,B}

for some C' = C(d, k) > 0 sufficiently large. Therefore, recalling (2.1) and using (3.33) we observe
E.n(y) <c+cr®e (1 +n?)

which is uniformly controlled in € when r(1 +n) < ce. Thus, for all 0 <7 < 1 the critical scaling for r
is 7 ~ e. Observe that (3.34) (for r = €) shows that the estimate (3.3) obtained in [19] is sharp. (The
model considered there corresponds to the case n = 0.)

On the other hand, for n > 1, in order to have bounded energy, the critical scaling for r is r ~ /1.
Note that in this regime we find f_22 HIZ2(RTY x {t}) N9*P2 N Q) dt > cr ~ ce/n, which illustrates
the sharpness of estimate (3.10)(iv). We also mention that (3.34) shows that the scaling in an estimate
of the form (3.3) (for the model considered in (2.1)) cannot be better than

||Vy - RM||L2(Q/) < C\/&/n.

Thus, for all n <« %, introducing a phase indicator is indispensable to obtain the e-scaling in Theorem 1.1.
(Recalling the discussion in (1.6), the choice n <« % is essential to ensure that our perturbed model has
the same qualitative behavior as the unperturbed problem (1.3), at least asymptotically when passing to
a linearized strain regime.)
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Remark 3.10 (Necessity of the curl estimates for p = 2). Our fine estimates on the curl of incompatible
vector fields are necessary in order to obtain the rigidity estimate in any dimension d € N, d > 2, for
p = 2, see Theorem 1.1. Indeed, without passing to incompatible fields, by combining directly Proposition
3.7 with an argument along the lines of (3.5), one can show that an inequality of the form

19~ AM sy < € (2ot + (SBe0) ) (3:39

holds. For a map y with bounded energy, this provides the rigidity estimate
[Vy — RM||r() < Ck,

only if > e'~P. As highlighted in the discussion above Theorem 1.1, see (1.6), it is necessary to impose
that n < % For p < 2, estimate (3.35) would still allow to guarantee n < %, although in general
providing a less sharp estimate on 7 compared to the one of Theorem 3.1. For p = 2, (3.35) would lead

to consider n > %, which would modify the qualitative behavior of the model.

4. SOLID-SOLID PHASE TRANSITIONS

In this section we present an application of the quantitative two-well rigidity estimate proved in
Theorem 3.1 to the theory of solid-solid phase transitions. We start by recalling the literature representing
the departure point of our analysis (see Subsection 4.1) and then present a sharp-interface limit for
energies of the form (2.1) as ¢ tends to zero (see Subsection 4.2). Subsection 4.3, Subsection 4.4, and
Subsection 4.5 contain the proofs of our results.

In the following let d € N, d > 2, and let  C R? be a bounded Lipschitz domain. We consider the
energy functionals defined in (2.1), with stored-energy densities W : M4*4 — [0, +o00) satisfying H1.-H4.
and additionally

H5. (Growth condition from above) there exists a constant ¢z > 0 such that

W (F) < codist®(F, SO(d){A, B}) for every F € M%*4.

4.1. A sharp-interface limit for a model of solid-solid phase transitions. A standard singularly
perturbed two-well problem takes the form

I.(y) := %/ W(Vy) dsr:—|—52/ |V2y|? dz (4.1)
% Ja Q

for every y € H2(Q;RY). This corresponds to the choice = 0 in (2.1). The restriction of the functional
to a subset ' C Q will be denoted by I.(y,€’). In this subsection, we recall the results obtained by
S. CoNTI and B. SCHWEIZER [19] about the sharp-interface limit of this model as e tends to zero. We
again concentrate on compatible wells with exactly one rank-one connection (see assumption H3.), but
mention that in [19] also the case of two rank-one connections is addressed.

Denote by Y(€) the class of admissible limiting deformations, defined as
Q)= U YVr(Q), where Vr(Q) = {y € H'(QRY) : Vy € BV(Q; R{A,B})} for R € SO(d).
RESO(d)
(4.2)

Analogously, for every open subset ' C Q, let V(') be the corresponding set of admissible deformations
on . The following compactness result has been proven in [19, Proposition 3.2].

Lemma 4.1 (Compactness). Let d € N, d > 2, and let Q C R? be a bounded Lipschitz domain. Let W
satisfy assumptions H1.-H4. Then, for all sequences {y*}. C H?*(;R?) for which

sup I (y°) < 400,
e>0
there exists a map y € Y(Q) such that, up to the extraction of a (non-relabeled) subsequence, there holds

1
Y& — ) /st(as) dr —y strongly in H'(Q;R?).
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Here and in the sequel, we follow the usual convention that convergence of the continuous parameter
¢ — 0 stands for convergence of arbitrary sequences {e;}; with ¢, — 0 as i — o0, see [11, Definition
1.45]. The limiting deformations y have the structure of a simple laminate. Indeed, G. DOLZMANN and
S. MULLER [26] have shown that for y € Yr(Q) the essential boundary of the set T := {z € Q : Vy(z) €
RA} consists of subsets of hyperplanes that intersect 92 and are orthogonal to e4, and that y is affine
on balls whose intersection with 0T has zero H% ™ !-measure.

We now introduce the limiting sharp-interface energy. We denote by Q = (f%, %)d the d-dimensional
unit cube centered in the origin and with sides parallel to the coordinate axes. Consider the optimal-profile

energy
Ko = inf { liminf 2. (s, Q) lim [ly" — yollr () = 0}7 (4.3)
where yo € H}_(R%R?) is the continuous function with yo(0) = 0 and

Vyo = AX{z,>0} + BX{z,<0}- (4.4)
The parameter K represents the energy of an optimal profile transitioning from phase A to B. We point
out that Ky is invariant under reflection of the two phases A and B, i.e., one could replace yg in (4.3) by a
continuous function with gradient Bx(,,>01 + Ax{z,<0}- Let Io : LY (;RY) — [0, +00] be the functional

Io(y) = {KOHd_l(JV‘”) if y € V(Q),

400 otherwise.

The following characterization of Iy by means of I'-convergence has been proven in [19, Theorem 3.1] in
the two-dimensional setting. For an exhaustive treatment of I'-convergence we refer the reader to [11, 22].

Theorem 4.2 (I-convergence). Let d = 2, let Q C R? be a bounded, strictly star-shaped Lipschitz
domain, and let W satisfy H1.-H5. Then

I—limI. =1
e—0
with respect to the strong L-topology.

We recall that an open set € is strictly star-shaped if there exists a point xy € €2 such that
{tx+(1—-t)zg: t€(0,1)} CQ for every x € 9.

This assumption on the geometry of 2 simplifies the construction of recovery sequences . We refer to [18]
for a related problem where more general domains are considered. We point out that assumption H5. is
not compatible with the impenetrability condition

W(F) = 400 as detF — 07, W(F) =400 if detF <0,

which is usually enforced to model a blow-up of the elastic energy under strong compressions. Assumption
H5. is not required for the proof of the liminf inequality in Theorem 4.2, but is instrumental for the
construction of recovery sequences. We note that, by means of a more elaborated construction performed
in [21], assumption H5. may be dropped.

The above result is limited to the two-dimensional setting due to the limsup inequality: the definition
of sequences with optimal energy approximating a limit that has multiple flat interfaces relies on a deep
technical construction. This so-called H'/2-rigidity on lines (see [19, Section 3.3]) is only available in
dimension d = 2. We overcome this issue for our model (2.1) by means of the rigidity estimate proven in
Section 3.

4.2. The limiting sharp-interface model in the present setting. In this subsection we describe
our limiting sharp-interface model and present our main I'-convergence result. Consider the energy
functionals defined in (2.1), under the choice

(rg—2)

N="Neqg=¢€ T, (4.5)

where rq := min{1, ﬁ}.
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We point out that

ra =r1(pa,d), (4.6)
where 7 (-, d) is the quantity defined in the statement of Theorem 3.1(b), and
2 if d=2
= ’ 4.7
bd {2(d—1)/d it d> 2, (4.7)

is the exponent for which the embedding W'? < H'/2 holds in dimension d — 1. (See, e.g., [44, Theorem
14.32, Remark 14.35, Proposition 14.40] and [45, Theorem 7.1, Proposition 2.3] for the embedding results
in the whole space R4~! for d > 2 and d = 2, respectively. Bounded Lipschitz domains in R4~! can be
reduced to the setting above by means of a Sobolev extension.)

For simplicity, we write & (y) instead of E.,, , in the following. Similarly to the energies in the
previous subsection, we denote the restriction of the functional to a subset Q' C Q by & (y, Q). We first
introduce the optimal-profile energy associated to our model by

. o L - _
K = 1nf{h£n_)151f55(y Q) : sh—% ly® —yollr () 0}7 (4.8)

where Q = (=%, 3)%, and yo is defined in (4.4). We again point out that K is invariant under reflection
of the two phases A and B. Note that (4.8) corresponds to (4.3), and that we have the relation

K > Ko. (4.9)

Indeed, this is immediate from the definition of the optimal-profile energy and the fact that the penal-
ization in (2.1) (with 7 = 7. 4) is stronger than the one in (4.1).

Recall Y(2) in (4.2). We introduce the sharp-interface limit & : L'(Q;R?) — [0, +o0o] by
KNI (Jyy) ifyed(Q),
£oly) = { (Joy) ity € V(Q)

+00 otherwise.

We now state the main results of this section.

Proposition 4.3 (Liminf inequality). Let d € N, d > 2, and let  C R? be a bounded Lipschitz domain.
Let W satisfy assumptions H1.-H4., let y € LY(Q;RY), and let {y*}. C H2(;R?) be such that y° — y
strongly in L'(Q;RY). Then

lim inf & (y°) = Eo(y)-

Theorem 4.4 (Limsup inequality). Let d € N, d > 2, and let Q C R? be a bounded, strictly star-shaped
Lipschitz domain. Let W satisfy assumptions H1.-H5. and let y € Y(Q). Then, there exists a sequence
{yf}e € H2(4RY) such that y° — y strongly in L'(Q; RY) and

lim sup & (¥°) < & (y).
e—0

Remark 4.5 (Comparison to the model in Subsection 4.1). We emphasize that the additional penaliza-
tion term in (2.1) with respect to (4.1) does not affect the qualitative behavior of the sharp-interface limit,
only the constant may change, cf. (4.9). Note that for the physically relevant dimensions d = 2,3 there
holds 74 = 1, and thus 7. 4 = e~ 1/3 For d > 3, the fact that % < rq < 1implies that e1/8 <« Ne,d K e 1.
This guarantees that, also asymptotically when passing to a linearized strain regime, our perturbed model
behaves qualitatively as the unperturbed problem (see the discussion above Theorem 1.1). We remark
that our results still hold up to very minor proof adaptations if 7. 4 is replaced by any n € [1e 4, 1/¢€].

The proof of Proposition 4.3 is similar to [18, Theorem 4.1] and [19, Proposition 3.3]. We will, however,
present the main steps for completeness and will particularly highlight the adaptions which are necessary
due to the anisotropic singular perturbations. The main point of our contribution is Theorem 4.4: the
novelty is that we can prove the optimality of the lower bound identified in Proposition 4.3 in dimension
d > 3. As a byproduct, we also exhibit a simplified construction of recovery sequences in the two-
dimensional setting. In contrast to [21], for simplicity, we work with assumption H5. and we do not
address the issue of dropping this condition.
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The next three subsections are devoted to the proof of our I'-convergence result. In Subsection 4.3
we prove Proposition 4.3 and Theorem 4.4. The proof of the liminf inequality essentially relies on the
properties of the optimal-profile energy (see Proposition 4.6), which are the subject of Subsection 4.4.
The crucial idea in the proof of Theorem 4.4 is a novel construction of local recovery sequences (see
Proposition 4.7), which is detailed in Subsection 4.5.

4.3. Proof of the I'-convergence result. This subsection is devoted to the proof of Proposition 4.3
and Theorem 4.4. As a preparation, we introduce some notation: the function yy introduced in (4.4)
is denoted by yg in the following. Similarly, we let y; € HL_(R% R?) be the continuous function with
Yo (0) =0 and

Vo = BX {2450} + AX{za<0}- (4.10)
We now state some properties of the optimal-profile energy given in (4.8). Consider w C R%~! open,
bounded and let A > 0. For brevity, we introduce the notation of cylindrical sets

Dy p :=w x (—h,h). (4.11)
We define the optimal-profile energy function

Flw: h) = inf { lim inf (57, D) iy = yoll 2 (p,) = o} (4.12)

for every w € R?"! and h > 0. Here and in the following, we again use the shorthand notation &, =
E. . , for the energy introduced in (2.1) and 7. 4 from (4.5). Letting @’ = (—3%,1)9! we observe that
K = F(Q'; 1), where K is the constant defined in (4.8).

We note that the optimal-profile energy is independent of the direction in which the transition between

the two phases A and B occurs. Indeed, since the energy functionals £ are invariant under the operation
Ty(x) = —y(—x), there holds (see, e.g., [20, Lemma 3.2] for details)

Flw; h) = inf { liminf € (y%, Do)+ i ly* = o5 122 (o) = o}, (4.13)

where y; is the function defined in (4.10). Some crucial properties of the function F are summarized in
the following proposition.

Proposition 4.6 (Properties of the optimal-profile energy function). The function F introduced in (4.12)
satisfies for all h > 0 and all open, bounded sets w C R with HI~1(dw) = 0:

(i) Flaw;ah) > a®" 1 F(w;h) for all 0 < a < 1.
(i) F(w;h) =H*"Hw) F(Q'; ), where Q' := (—3,3)471.
(iii) F(w;h) = F(w; 3) = KH*Hw).

We defer the proof of Proposition 4.6 to Subsection 4.4 below and now proceed with the proof of
Proposition 4.3.

Proof of Proposition 4.3. The proof follows the strategy in [18, Proof of Theorem 4.1]. If the liminf is
infinite, there is nothing to prove. Otherwise, we apply Lemma 4.1 to find that the limit y lies in Y(Q).
Without restriction, we can assume that y € Viq(Q2), see (4.2). As  has Lipschitz boundary, we can
decompose the jump set of Vy as

Joy = wix{at, 3 M wix {ai}) < +os,

where the sets w; C R%! are open, bounded, connected, and have Lipschitz boundary. Let § > 0. We
can find I € N such that

HE (gy) — 0 <3 M i x (o)) (4.14)

and corresponding h; > 0, ¢ = 1,...,I, such that a; ¢ (a; — hi, oy + h;) for all j € N, j # 4, ie., the
cylindrical sets a;eq + Dy, n, (see (4.11)) contain exactly one interface. The latter is possible since the
interfaces (w; x {a;});>s can only accumulate at 992, see [20, Proof of Proposition 3.1] for details, and
the lower part of Figure 1 for an illustration.



TWO-WELL RIGIDITY AND SHARP-INTERFACE LIMITS FOR SOLID-SOLID PHASE TRANSITIONS 21

Choose w] CC w; with Lipschitz boundary such that
H wn x {aid) < HO7H (W x fai}) +6/1 (4.15)
for i =1,...,I, and such that a;eq + D,y p; 1s compactly contained in Q (possibly passing to a smaller

h;). Now for any sequence {y°}. C H?(;R?) satisfying y° — y strongly in L'(Q;R?), by (4.12)(4.13),
Proposition 4.6, and the fact that the sets a;eq + D,y p; are pairwise disjoint we obtain

I
hmlnf5 Z hmlnfg (y°, aieq + Dyt ;) > Z Flw;; hy) = Kzizl HH (W),
where we used that y° converges (up to a translation) to y; or y, on each set ajeq + Dy p,- The result
follows from (4.14)-(4.15) and the arbitrariness of ¢. O

We now address the limsup inequality. We first describe the local structure of recovery sequences
around a single interface. To this end, recall the definition of the functions yg and y, introduced in (4.4)
and (4.10), respectively, and the structure of cylindrical sets in (4.11).

Proposition 4.7 (Local recovery sequences). Let d € N, d > 2. Let h > 0 and let w C R4 open,
bounded with Lipschitz boundary. Then there exist sequences {w} }c,{w=}e C H*(Dy n; RY) with

wE =y in HY(D, p;RY), (4.16)

such that
lin(l)gg(wg:,Dw’h) = KH" N (w), (4.17)
e—

and for e sufficiently small we have
ot JTicous ifwa > 3h/4,
* | BLoyg ifwa<—3h/4,

where {I{"_}c, {I;fs}e, as well as {Iy .} and {I,_}. are sequences of isometries which converge to the
identity as € — 0.

(4.18)

We emphasize that Proposition 4.7 means that for any sequence {e;}; converging to zero a local
recovery sequence can be constructed. The crucial point is that the sequence {wZX}. is rigid away from
the interface. This will allow us to appropriately glue together local recovery sequences around different
interfaces. We defer the proof of Proposition 4.7 to Subsection 4.5 below and continue with the proof of
the limsup inequality.

Proof of Theorem 4.4. Without loss of generality, we can assume that y € Viq(€2). For convenience of
the reader, we subdivide the proof of the theorem into three steps.

Step I: Reduction to a finite number of interfaces. Exploiting the star-shapeness of the domain (say, with
respect to the origin), one can replace y by a slightly rescaled version y, defined by y,(z) = py(z/p),
p > 1, where &(y,) — &(y) as p — 1. One can show that for each p > 1 the jump set Jyv,, consists
only of a finite number of subsets of hyperplanes that intersect 02 and are orthogonal to e;. We refer
to [20, Proof of Proposition 5.1] for the details of this rescaling. The geometrical intuition is that, since
infinitely many interfaces can only occur close to the boundary (see also Figure 1), a rescaling allows to
reduce the study to a finite number of interfaces. It suffices to construct recovery sequences for y, since
a recovery sequence for y can then be obtained by a diagonal argument. Thus, in the following it is not
restrictive to assume that Jv, consists only of a finite number of interfaces.

Step II: Local recovery sequence. In view of Step I, we can suppose that Jy, has the form Jy, =
U;Izl(wj x {a;}), where w; C R4~ are open, bounded, and with Lipschitz boundary. Let § > 0. As 0
has Lipschitz boundary and the J interfaces intersect 02, we can choose wg- DD wj open with Lipschitz
boundary and & > 0 such that the sets dw’; x (a; —h, a; + h) do not intersect 2, the different cylindrical
sets ajeq + Dw;,h = w} X (a; — h,a; + h) are pairwise disjoint, and one has

HH(Wh) < HH (wy) + 6/ (4.19)
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We write D; := ojeq + Dw;-,h for brevity. Note that on each D; N the function y coincides with yj or
Yo up to a translation. Thus, by Proposition 4.7 we can find {w7 }. or {w }. such that (4.17)—(4.18) are
satisfied and the sequence converges to y in Ll(Dj N Q;RY). For convenience, we denote this sequence
by {w!l}. € H*(Dj;R?) for j =1,...,J.

Step II1: Global recovery sequence. Using that €2 is star-shaped, we find that Q\U;]:1 D; consists of J+1
components which we denote by {B; }‘]Jrl Applying Proposition 4.7, one can select isometries {I7 3],1

and {Ig JJ;Lll, such that the functions y° : Q — R? defined by

y*=I/ow! on D;NQ, y*=1/oy on B;

&€

are in H2(;R?), and all isometries converge to the identity as e — 0. These isometries can be chosen
iteratively, and we refer to [19, Proof of Proposition 3.5] for details. Since w! converges to y in L'(D; N
;R?) and all isometries converge to the identity, we obtain y° — y in L!(Q; R?). The construction also
implies that on U;I;rll Bj there holds Vy° € SO(d){A, B} and V?y® = 0. Therefore, by Proposition 4.7
and (4.19) we deduce

limsup & (y°) < limsup Z =K Z HI(

e—0 e—0

<K ijl HI N w;) + K6 = KH Y (Jvy,) + K0.
Letting § — 0 and using a standard diagonal argument we obtain the thesis. O

4.4. Properties of optimal-profile energy. In this subsection we prove Proposition 4.6. Additionally,
we show in Proposition 4.8 that a sequence of optimal profiles in (4.12) can be found independently of
the specific choice of the sequence {e;};. As a byproduct, we also get that the energy of optimal-profile
sequences (i.e., sequences of deformations whose energies asymptotically converge to the value of the
optimal-profile energy) concentrates near the interface, see Corollary 4.10.

Proof of Proposition 4.6. We first observe that for all h > 0

(a) F(z' +w;h) = F(w;h) forall 2’ € R

(b) F(wi;h) < Flwe;7) fw) Cweand h <7,

(¢) FwiUwash) > Flwish)+ Flwash)  if wg Nwe = 0. (4.20)
These elementary properties follow from the fact that £ is nonnegative and invariant under translations,

and the observation that sequences in (4.12) on D,,, r are still admissible on D, n, whenever wy C ws
and h < T.

As a preparation for the proof of (i), we perform a standard rescaling argument for a configuration
y € H?(aD, n;RY) with 0 < o < 1. We define § € H?(D,, n;R?) by g(z) = y(az)/a, and observe
that Vg(z) = Vy(az) and V3g(z) = aV3y(az) for all x € D, j,. The fact that the sequence {ne 4} is
increasing as € — 0 (see (4.5)) implies n?/ag’d > an? ;. Thus, we obtain by (2.1)

1
Em(yaDuy) > — [ W(Vy)de + ac? / V22 da + o / (IV2yP? — (02,9%) de
ag OtDw,h OtDw,h OéDw,h
- ) dz + o2 / V2 dr + a2, / (V25 — |02,91%) de
Dw,h Dw,h,
= a7 E (G, Do p)- (4.21)

We now prove (i). Let 0 < a < 1. By (4.12), for a given § > 0, we can choose sequences {¢;}; and
{y=}i € H*(aD, n; RY) with [|y* — yoll21(ap,, ) — 0 and

liminf & . (v, Dy n) < F(aw;ah) + 6. (4.22)
1—> 00
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Let {5 }i C H*(Dy,n; R?) be the rescaled functions defined before (4.21). Note that |7 —yollL1(p,, ) =
0, which follows from a scaling argument and the fact that the function gy defined by %o (z) := yo(az)/a
coincides with yo. The definition of F, (4.21), and (4.22) imply

§ + Flaw;ah) > liminf € ., (y*, aDy n) > ol hmmfé' (7, Dyp) > 2" F(w; h).
1—> 00

Since ¢ > 0 was arbitrary, (i) follows.

The proof of properties (ii) and (iii) is similar to the one in [18, Lemma 4.3]. We present the main
steps here for convenience of the reader. We show (ii). We use a covering theorem (see, e.g., [28, Remark
1.148(ii)]) to decompose w = |J;cy(a; +6;Q") U Ny into pairwise disjoint sets a; + 6;Q’, for a; € R*~! and
0 < 6; <1, where H™1(Nog) =0, Q' = (— 1, %)d_l, and

Z“’l 5971 = 1 (w). (4.23)
Then (4.20) and (i) imply for all I € N

Z fth>Z F(5,Q';6:h) >Z STLF(Q'; h).

Letting I — oo and using (4.23) we conclude that F(w;h) > H4" Y (w) F(Q'; h). The reverse inequality
follows by interchanging the roles of w and @’ in the above argument, see [18, Lemma 4.3] for details.

We finally prove (iii). The second identity in (iii) follows from (ii) and the fact that K = F(Q'; 3),
see (4.8). We show the first identity. To this end, it suffices to prove that

F(Q'57)=F(Q';y7) forall 7 >0 and for all y € N. (4.24)

Indeed, by (4.20)(b) we get F(Q';7) < F(Q';3) < F(Q';~7) for all 0 < 7 < 1 and v € N such that

y7 > 5. This along with (4.24) then implies F(Q';7) = F(Q'; 3) for all 0 < 7 < 3. Using (4.24) once
more, we get F(Q';h) = F(Q'; %) for all b > 0. The statement follows with (i).

Let us now show (4.24). We decompose vQ’ into the union

Q' = U @i+ Q) U N

consisting of pairwise disjoint hypercubes, where H41(Ny) = 0. By (i) (with w = vQ’, h = 7, and
a=1/v) we find F(Q';7) > v~ 4D F(vQ’;y7). Thus, using (4.20) we compute

FQim) 2 v FQAm) 2 4 Y Flat Qi) 2 F@sa) 2 F@Q),
This concludes the proof of the proposition. O

We now show that a sequence of optimal profiles can be chosen independently of the particular choice
of {e;};. To this end, similar to the function F defined in (4.12), we introduce the function G, given by

G(w; h) = inf { limjélpgg(ye,Dw’h) : 51_{1(1) ly® — yOHLl(Dw,h) = 0}
€

for every w ¢ R4"! and h > 0.

Proposition 4.8 (F = G). We have F(w;h) = G(w; h) for allw C R4~ open, bounded with HI~! (0w) =
0 and all h > 0.

For the proof of Proposition 4.8 we need the following technical lemma. Recall K = |A — B| and the
constant ¢; from H4. Recall also the definition of E. , in (2.1).

Lemma 4.9 (Zooming to the interface). Let {e;}; be an infinitesimal sequence and let ., > 51'_% for every
i € N. Let Q' C RI¥! be a cube. Let Q C R? be the cube whose orthogonal projection on R4~ x {0} is Q'.
Let {hi}; CRy. For everyi €N, let y' € H*(QU Do s R?) with E., . (y', QU Dgr ) < M < +00,
and assume that

h VY = Vil g, , ) = O (4.25)
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Then there exists ¢ = ¢(M, k,c1, Q") € (0,1) such that for every bounded sequence {;}; C Ry with
7i < chy, Tile, /€ — 00, Ti/53+% — 00 (4.26)
we find a sequence {a;}; C R with ajeq + Dor -, C Do p,, and a sequence of isometries {I;}; such that
the maps {v'}; C H*(Dgr »,;; R?), defined by
vi(x) = I 0y (z + aieq)  for every x € Do 1., (4.27)
satisfy
| Vol — Vy0||%2(DQ/=Ti) — 0. (4.28)

Assumption (4.25) means that asymptotically a big portion of Dgs », N{zq > 0} and Do/ 5, N{zq < 0},
respectively, is contained in the A and B-phase region, respectively. The lemma states that one may find
cylindrical sets inside Do p, with (much) smaller heights (satisfying suitable assumptions, cf. (4.26)) such
that a similar property holds on these cylindrical sets, see (4.28) and Figure 4. Loosely speaking, the
result shows that the interface between the A and B-phase regions becomes asymptotically flat, where
the nonflatness can be quantified in terms of the sequence {r;},.

~N_ B __— 4
M_\

A
B

FIGURE 4. The interface between the A and B-phase regions becomes asymptotically flat.

For the proof of Proposition 4.8, we will need this lemma only for 7; ~ 1 and 7., = 7., 4. However,
we prefer to present this more general version since this will be instrumental in the companion work [23].
We also remark that the assumption 7;7., /e; — 0o on 7; is sharp in order to obtain the above result.

We postpone the proof of the lemma and proceed with the proof of Proposition 4.8.

Proof of Proposition 4.8. For convenience of the reader, we subdivide the proof into three steps. In Step
I we show how the problem can be reduced to the case in which w is a cube. In Step II and III we
then address this special setting. Here, we will use Lemma 4.9 and also some arguments inspired by [20,
Proposition 5.5].

Step I: Reduction to a cube. We first observe that the essential point is to prove
F(Q';h) =G(Q;h) for all cubes @' € R and all h > 0. (4.29)

Once this is established, we may conclude as follows. Given w C R?~! open, bounded, with H4~1(dw) = 0,
we select a cube @' C R?~! containing w. Suppose by contradiction that the statement was wrong, i.e.,
§ = 1(G(w;h) — F(w;h)) > 0. Let {e;}; be a sequence such that for any {v®'}; C H?*(Dy »;RY) with
|vsi — y0||L1(Dwyh) — 0 one has

liminf &, (v°%, Dy, n) > G(w; h). (4.30)

71— 00

In view of (4.29), for this specific sequence {e;};, we can find a sequence of functions {y}; C
H?(Dg ;; R?) such that ||y — Yollz1(pg ) — 0 and

limsup&., (y*",Dor.p) < G(Q';h) +6 = F(Q';h) + 4. (4.31)

i—00
Using (4.12), Proposition 4.6(ii), (4.30), and the equality 20 = G(w; h) — F(w; h) we derive
liminf &, (y", Do/ p) > liminf &, (y*", Do/ i \ Dw.p) + liminf &, (v, Dyy.p) > F(Q' \ w; h) + G(w; h)
1—> 00 1—> 00 1—> 00
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= F(Q \w;h) + F(w;h) + 20 = F(Q'; h) + 26.
This, however, contradicts (4.31).
Step II: Construction of an admissible sequence on increasing cylindrical sets. It remains to prove (4.29).

To this end, let {¢;}; be a sequence converging to zero such that (4.30) holds (for w = Q'). Let § > 0.
Choose {&;}; and {7 }; C H*(Dg' n; R?) such that || — Yollz1(pg ) — 0 and

limsup &, (77, Doy ) < F(Q'sh) + . (4.32)
Jj—o0
By Lemma 4.1 we may also assume that |75 — y0||H1(DQ, ) — 0. After passing to a subsequence, we
may also suppose that {¢;}; is monotone. For each i, we let j(i) > ¢ be the smallest index such that
Ej(iy < €i/i. We now rescale §°i() using (4.21): letting c; = (£;(3)/2;)?, we find §' € H?(a; "Dor p; RY)
such that
af [V§' = Vyo

||2LQ(QF1DQ%) =0 (4.33)

and

af ' (i 07 ' Do) < E sare, (T, Dor i) = &z, (779, Doy ).

We can (almost) cover a; 'Dgj by |a; ']4~! pairwise disjoint translated copies of Do p,, where we

define h; = a; 'h. This implies that for every i € N we can find z; € R¥~ x {0} such that by a De Giorgi
argument there holds

. (1+9) (1+06) o
(i) &, (¥ 2+ Do) < o, a1 (Lo ap)d—1 e, (U7, Dor 1),

() V5 = Vool220cpg,, ) < C6 10l IVE = Vo2,

557: (gia Oéi_lDQ/7h) S

0 Dy ) (4.34)
By the definition of a; there holds ;' > 2, thus we get a;|a; '] — 1. This along with (4.32) and
(4.34)(1) yields

limsup &, (7%, 2 + Dor.n,) < (14 0)(F(Q';h) + ). (4.35)

i—00

Moreover, by (4.33), (4.34)(ii), and h; = o; 'h we obtain h; '| V7’ — Vyol|2. 0.

(zi+Dgry,)
Step III: Construction of an admissible sequence on a fixed cylindrical set. The goal is now to choose a
cylindrical set of height h inside z; + Dg p, such that §* converges to yo on this cylindrical set. After
a translation it is not restrictive to assume that z; = 0 in the following. Recall that h; = o Lh > hi2.
We apply Lemma 4.9 for {7'};, {hi};, and 7; = h. (Note that (4.26) clearly holds for i sufficiently large
in view of h; — oo and (4.5). Similarly, we find Dgr p, D Q for i large enough.) We find a sequence of
functions v* € H?(Dg/ p; R?) with

(1) lim sup 861' (Uiv DQ’,h) < limsup 561' (gi7DQ’,hi)7 (11) h_levi - VZUOH%F(DQ, n) —0. (436)
By (4.35), (4.36)(i), and Lemma 4.1 we find a (non-relabeled) subsequence and a map v € Y(Dg/ 5) such
that, up to translations, v — v in H'(Dgs 5;R?). Due to (4.36)(ii), the limit v can be identified with
Yo. As the limit is independent of the particular subsequence, we then get that ||v® — yo| Li(Dgr,) — 0
for the whole sequence {¢;};. Thus, {v'}; is an admissible sequence in (4.30) (for w = Q') and we find
by (4.35)—(4.36)

G(Q'sh) <limsup&., (v', Dorp) < (1+6)(F(Q'sh) +9).
i—00

Since § > 0 was arbitrary, we conclude that G(Q'; h) < F(Q';h). As G(Q';h) > F(Q'; h) trivially holds,
the proof of (4.29) is completed. O

We proceed with a consequence of Proposition 4.6 and Proposition 4.8, namely that the energy of
optimal-profile sequences concentrates near the interface.
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Corollary 4.10 (Concentration of the energy near the interface). Let w C R9™1 open, bounded with
HI=YOw) = 0 and let h > 0. Let {e;}; be an infinitesimal sequence. Then there ewists {y*}; C
H?(D,, 1;RY) such that

lliglo 567‘, (ysiva,h) = K,Hdil(w)a 557: (yEia Duhh \ Dw,h/4) — Ov ”ysl - yOHHl(Dw,h) — 0.

Proof. Using Lemma 4.1, Proposition 4.6, and Proposition 4.8 we let {yi }; C H2(D,, »; R?) be a sequence
with

i £ (7 Do) = Flw. ) = KRN @), v~ wollan o, — 0.
By Proposition 4.6 we also get liminf; o0 &, (¥, Dy psa) > KHY'(w). This in turn implies
gsi (y8'i7Dw,h \ Dw,h/4) — 0. O

Remark 4.11. Using Lemma 4.9 one can also show the following generalization, whose proof is deferred
to [23]: for each sequence {7;}; satisfying
1
7 < h/4, TiNe;.d/€i — 00, TZ-/&:ZH"’ — 00,
there exists {y°}; C H?(D,, »;R%) such that

lim &, (y™, Dup) = KRN W), E(y™, Dun \ Duyr) =0, 7' IVY™ = VipollZap, . ) = 0.

w47

This means that the energy is concentrated in a 7;-neighborhood around w x {0}.
To conclude the proof of Proposition 4.8, we need to show Lemma 4.9.

Proof of Lemma 4.9. We proceed in two steps. We first define the cylindrical sets and then find suitable
isometries such that the functions defined in (4.27) satisfy (4.28). For brevity, let Q; = QU Dg/ p,,. Let
{7:}: be a sequence satisfying (4.26) (for a constant ¢ € (0,1) to be specified below).

Step I: Definition of the cylindrical sets. In view of (4.26), we can choose {\;}; C (0,1/4) such that
Ai =0, e, Aifeg — oo (4.37)

We use Proposition 3.7 for y* € H?(€;;R?) to find a corresponding set T; with properties (3.10)'. Recall
that T; corresponds to the A-phase regions and ; \ T; to the B-phase regions of the function y*. Let

A={te (=hih): HTHQ x ) NTy) > (1 - M)HTH(D)],
b=t (=hih): HTH(Q x tH\T;) > (1= M)HTH(Q)]. (4.38)
Note that for ¢ sufficiently large (i.e., A; small) the relative isoperimetric inequality on Q' x {¢} in
dimension d — 1, cf. [27, Theorem 2, Section 5.6.2], shows that, if H4=2((Q' x {t})NO*T;) < \HI~H(Q),
then ¢t € T4 UTE. Indeed, by the relative isoperimetric inequality we get
min {HIN(Q x {t}) N T), HIH((Q x {th) \ Th) } < COHI(Q))+=.
(The theorem in the reference above is stated and proved in a ball, but the argument only relies on
Poincaré inequalities, and thus easily extends to bounded Lipschitz domains.) By (4.37), this in turn
implies
min {H*H((Q x {t}) N Ty), HH((Q x {tH\ T1)} < NHH(Q')
for i large enough, and gives the claim. Thus, by (3.10)(iv) and E, ,,_ (y%,Q;) < M we obtain
H ((—hi hi) \ (TAUTE)) < eMemz (AWHTHQ) (4.39)
By the coarea formula, cf. (3.17), we get for H'-a.e. t4 € T4, tp € T}
IO TN (O x (tast) = [ (v, 0} dH

*T;N(Q' X (ta,ts))

- / HO((= + (tastp)ea) N DTN (Q % (ta,15))) dH ™ (2),
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where 74 = R x {0}. In view of (4.38) and A; < 1, it follows that
1
/ HO((z + (tastp)ea) NO*T; N (Q X (ta,tp))) dH(2) > 5HdH(Q’). (4.40)
T
Define the indicator function v : (—hs, h;) — {A, B} by o(t) = A if sup{t' < t,t' € TAUTA} € Ti and
1 (t) = B else. By using (4.40) it is elementary to see that ¢ jumps at most
N; = |2H YO T N Q) /HATH Q)| +1 (4.41)
times. Using (3.10)(ii), we note that
N; < 2eM (H7H(Q) ™t + 1.

Hence, we have that N := sup; N; < 400 only depends on the constant ¢ from Proposition 3.7, M, and
Q’. We now show that

HYTA) > hi/2 and HYTE) > hi/2 (4.42)
for all i sufficiently large. In fact, we observe that lim; oo h; "H'((—hi, hi) \ (T4 U TE)) = 0 by (4.37),
7; < h;, and (4.39). Using assumption (4.25), choose iy € N such that H'((—h, hi) \ (TAUTE)) < % an
; 1—-p8)2%k%
IVy' = Volliz(p,, ) < (176)# Y(Q)h; (4.43)

for all ¢ > ig, where /3 is given in Proposition 3.7 and x = |B — A|. Now assume by contradiction that,
e.g., H'(TS) < hi/2 for some i > ig. We then get H'(T4) > 2h;. By (4.38) and A; < § this implies

LUT; N {xy < 0}) > ihi(l —M)HTHQ) > %hmd—l(g').

By (3.10)(i) and (4.4) we also have ||Vy® — Vy0||2L2(Tm{md<0}) > (1 - B)2k2LHT; N {zq < 0}). The
previous two estimates contradict (4.43).

In view of (4.41)—(4.42), we find ¢ € (0,1) (only depending on N and thus only depending on
M,k,c1,Q') and «; € (—hy, h;) such that (possibly after a rotation by 7 corresponding to the trans-
formation y — —y(—x)) we have

(ai—chi,ai—i-chi)ﬂfi C {tZ Oéi}, (Oéi —chi,ai—&—chi)ﬂTé C {tS Oéi}. (444)
(The idea is to choose «; as one of the jump points of ¢.) Suppose now that {r;}; satisfies (4.26) for
this constant ¢, i.e., 7; < ch;. We define D; := Q' x (o — 74, 4 + 7;) = avieq + Do/ -,. By (4.38), (4.39),
(4.44), and 7; < ch; we get
7 LM {z € Dy g > ) \T) <7t (H((<has ha) \ (TR U TE)) + 7 M) HOH(Q)
< Cei(ne,mihi) H+ NHTHQ) =0 (4.45)
as ¢ — 0o, where in the last step we used \; — 0 and (4.37). In a similar fashion, we find

Lz e D xg <o} NTi) — 0. (4.46)

Step II: Construction of the maps v'. Since Q; contains a cube and {7;}; is a bounded sequence, we
observe that D; can be covered with a bounded number of cubes contained in ;. Suppose first that
there exists one cube Q; C R with D; cc Q; C ;. We apply Theorem 3.1 (for p = ‘%1 < %),
Remark 3.2(ii), and Remark 3.8 to find R; € SO(d) such that

. . 1 3
IVy' — RiAll LoD,y + VY = RiBll o1y < Cei + Clei/ne,) + Clef /né) < Cey (4.47)

_1
where in the last step we used 7., > ¢, ?, and where C' depends on M. This estimate remains true if more
than one cube is needed to cover D; since the difference of the corresponding rotations can be controlled,
cf. the proof of Lemma 3.3. We now prove (4.28) for isometries I; whose derivative is given by RI.
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Let E; = D; N {|Vy'| < L}, where L > +/d is sufficiently large such that dist(F, SO(d){A, B}) >
|F — RM|/2 for all F € M%*4 with |F| > L, R € SO(d), and M € {A, B}. Using H4. we observe that

IVy" = RiAlZ2(po\gyy + IVY' = RiBl 2o\ 5,y < C/D W (Vy')dz < Cef, (4.48)

where C' depends on ¢;. We now consider the behavior on E;. First, we calculate by (4.47) and the
definition of F;

/ |RiTVyi—A|2dx§/ |Vyi—Ri|2d:c+/ \Vy' — R;|* dx
{z€E;: z4>a;} E;NT; {z€E;: xa>ai \T;

< (2L)2—P/ IVy' — Ri|Pdz + (2L)*L({z € D; + 4 > i} \ Th)
D,NT;
<O+ (202 LY{x € Dy xq > i} \ Ty).
The fact that ¥ /7; — 0 (recall p = %41 and see (4.26)) and (4.45) now imply
ot / |RI'Vy' — A*dx — 0. (4.49)
{z€E;: v4>a;}
In a similar fashion, using (4.46) instead of (4.45), we obtain
ot / |RTVy' — B|*>dx — 0. (4.50)
{z€E;: zq4<oa;}

Combining (4.48)—(4.50) and using that €Z/7; — 0, we conclude the proof of (4.28), when we define v*
as in (4.27) with an isometry with derivative R’ . O

4.5. Local construction of recovery sequences. This subsection is devoted to the proof of Proposi-
tion 4.7. Let A > 0 and w C R?~! open, bounded with Lipschitz boundary. Our goal is to suitably modify
functions with optimal-profile energy, see (4.8), such that they have the structure given in (4.18). As a
preparation, we introduce the following notion for y € H?(D,, »; R?), where D, , denotes the cylindrical
set defined in (4.11): for e, > 0 and for 0 < 7 < h/4 we define the (e, n)-closeness of y to the limiting
map yg by

Oen(y;w, by T) i= Ee y(y, Dup \ Dwo,r) + (‘Cd(DwA‘r))_l”Vy - Vygll%Q(D

where yi = yo is the map defined in (4.4).

(4.51)

w.dr)?

In the following, we will use that by Corollary 4.10, for given w C R?~1 h > 0, and {¢;}; converging to
zero, there exists a sequence {y*i}; C H?(Dy, n; R?) of deformations attaining the optimal-profile energy
K (see (4.8)) such that

Ocime. o (YT 5w, h h/4) =0 as i — oo,

More generally, the existence of such a sequence is still guaranteed when 7 = h/4 is replaced by a sequence
{m:}: with 7;me, a/e; — 0o and Ti/agﬂ/d — 00, see Remark 4.11. Although we only need the case 7 = h/4
and 1 = 7., 4 for the proof of Proposition 4.7, we formulate the definition of (e,n)-closeness and some

statements below in a more general way as this will be needed in the companion paper [23].

The proof strategy for Proposition 4.7 is as follows: relying on the quantitative rigidity estimate in
Theorem 3.1, we first show in Proposition 4.12 and Corollary 4.14 that it is possible to find two (d — 1)-
dimensional slices on which the energy of y and the LP-distance of Vy from suitable rotations of Vyg' can
be quantified in terms of 0. ,(y; w, h, 7). In Lemma 4.20, for each of the slices identified above we construct
a transition to a rigid movement, where the energy can again be quantified in terms of d. ,(y;w, h, 7).
The latter construction relies on suitable extensions and gluing of functions. These auxiliary estimates
are given in Lemma 4.18 and Lemma 4.19.

We emphasize that the main novelties of our approach are the estimates in Proposition 4.12 and
Corollary 4.14 which build upon the rigidity estimates of Section 3. For the construction of the transitions
we follow closely the argumentation in [20, Section 5]. However, we will work out the main points of
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the arguments in order to (a) detail the adaptions necessary with respect to [19, 20] due to anisotropic
surface energies and to (b) provide a self-contained presentation.

We begin by collecting the main properties of (d—1)-dimensional slices. Recall py in (4.7), k = |A—B],
and ¢y in H4.

Proposition 4.12 (Properties of (d — 1)-dimensional slices). Letd € N, d > 2. Let h > 0,0< 7 < h/4,
and let w,& C R4 be Lipschitz domains such that w CC &. Then there exist €9 = £o(w,©, h, K, c1,T) €
(0,1) and C = C(w,®, h, k,c1) > 0 with the following properties:

For all 0 < € < &g, for every n with n.q < n < 1, and for each y € H*(Dg p;RY) with b, (y; &, h, 7) <
(k/64)% we can find two rotations RT, R~ € SO(d) and two constants s* € (1,27), s~ € (=27, —7) such
that

C
(i) / |Vy — RT AP dH! +/ \Vy — R™BIP dHY™ < = (.., (y; 0, h, 7))P/2 6P for all 1 < p < py,
T+ - T
(11) ”Vy - A”%ﬁ(s*ed-l-Dwyez) + ||vy - BH%Z(s*ed+Dw162) < 082(5577](@/;(2), h,T)v
_ _ C .
i) [Pt e [ (9P G aH < S i),
r+ur- r+ur- T

. Ce? R
(iv) E., (y, steq+ Dw7€2) +E., (y, s eq+ Dw}gz) < Tég,n(y;w, h,T),

(V) |R+ - Id|2 + |R_ - Id|2 < 066,77(?;;(2}7 th)a

where we set TF = w x {sT} for brevity.

{za = s}

FIGURE 5. The slice {zq = s} (in green) is contained in the A-phase region (in white)
except for a small set lying in the B-phase region (in blue).

Proof. For notational convenience, we write 0(y) instead of d. ,(y;w, h, 7). Without restriction, we only
select the rotation RT € SO(d) and the constant s* € (7,27), and establish the corresponding properties
(i)=(v). The selection of R~, s~ is analogous. For convenience of the reader we subdivide the proof into
three steps. We first discuss some consequences of the two-well rigidity estimate (Step I) and identify a
proportion of (d — 1)-dimensional slices which are contained in the A-phase region except for a small set
(Step II), see Figure 5. Finally, in Step III we select sT by means of a De Giorgi argument and show
properties (1)—(v).
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Step I: Consequences of the two-well rigidity estimate. Recall the definition of r(p,d) in (3.1) and note
that r(p,d) > 1/2 for d > 2 and p < 2. We first observe that for all 1 < p < p, there holds

15 Ve r(p,d) 12(€ Ve \7(P.d) 1/2 Ve \r(.d) 1/2 Tr(pp,g;
(0w + 5a0w) T S COW (L4 ) S 2060 A (5n) T <200 e

e,d

< C(8(y)) % (4.52)

for C = C(k). Here, in the first inequality we used d(y) < (k/64)% and r(p,d) > 1/2. In the second

one, we used 7.4 < n < 1. In the third, we exploited that the definition of 7. 4 in (4.5)~(4.6) implies

e/ 77?, 4= g2/m(pa-d) " Finally, the fact that 7(p, d) is decreasing in p implies the fourth inequality.

For notational convenience, we define F,, ; = w x (7, h) and Fy, » = & x (7, h). We now apply Theorem
3.1 for p = pg on Fy .. (Note that for d = 2 we can apply version (a) since Fy, ; is a rectangle and thus
simply connected.) In view of (4.51)—(4.52), Proposition 3.7(iv), and Remark 3.8, we find a rotation
R* € SO(d) and a set of finite perimeter ' C Fy, , such that

(i) IIVy — RTAllo(r, .oy + VY = BT Bl Lo(r, 1) < Co(d(y))/%e  for alll < p < pq,
h

(i) / HIZ2(RID x (1)) N 0T N Fa,) dt < C8(y)e/n < Co(d(y)) Tiel/re (4.53)
—h

for Cp = Co(w,w, h,k,c1,pq) > 0. Here, (i) follows first for p = pg and then for p < pg by Hoélder’s
inequality. Note that the constant Cy is independent of 7 < h/4 since all sets Fy, , are uniformly Lipschitz
equivalent to w x (0,h), see Remark 3.2(iii). In the second inequality of (ii) we used d(y) < (k/64)2,
1 > N 4, and the definitions of 7. 4 and rq in (4.5). (See (4.52) for a similar computation.)

Step II: Slices of the phase region T. We now show that, for ¢ sufficiently small, at least for one-
half of the s € (7,27) the set w x {s} ‘mostly lies in 77, see Figure 5. More precisely, there exist
g0 = eo(w, @, h,k,c1,7) € (0,1) and C = C(w,d, h, k,c1) > 0 such that for all £ < gy and at least for
one-half of the s € (7,27) there holds

H (w x {s))\T) < Cr1(y)er, (4.54)
where pg is defined in (4.7). To see this, we first observe by (4.53)(ii) that there exists S C (7,27) with
L'(S) > 37 such that for all s € S there holds

HE2(0*T N (w x {s})) < 4771 Co(8(y)) Tie'/re.

Using (d — 2)pg < (d — 1)/rq, see (4.6)—(4.7), we find some ) € (0,1) sufficiently small depending on 7
and d such that

HI2(0"T N (w x {s})) < 477 Co(3(y)) e/ < Colro(y)e") 1,
for all s € S and € < ). By applying the relative isoperimetric inequality in dimension d — 1, cf. [27,
Theorem 2, Section 5.6.2], we deduce that all s € S satisfy
min {H* ! ((w x {s})NT), H (wx {sh)\T)} < CT15(y)e (4.55)

for some C' = C(w,®, h,k,c1) > 0. (Note that the theorem in the reference above is stated and proved
in a ball, but that the argument only relies on Poincaré inequalities, and thus easily extends to bounded
Lipschitz domains.) Define ¢y = g¢(w, @, h, k,¢1,7) > 0 by

THIH (W) , hﬂ_}’

—min{ 2o 4.56
0 mm{m(az? +Co) 02 (4.56)
where Cp is the constant from (4.53).

We now show that for at least one-half of the s € (7,27) property (4.54) holds for the constants C' and
€o. Suppose by contradiction that the statement was wrong. In view of (4.55), we get that for at least
one-fourth of the s € (,27) there holds

HTHT N (w x {s})) < Cr1o(y)ere.
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Then, setting G, ; := w X (7, 27), we obtain by (4.51), Holder’s inequality, and (4.53)(i) for p =1
T _ =~ -
(M w) = CT71o(y)em)|A = RY Bl < A= R Bl \1)
<|IVy - Alrc...) +1IVy = R"Blloic.,.\1)
< 8 () () + Cold(w)) /2
< (TH (w)/8 + Coe)|A — B,
where in the last inequality we used that 6(y) < (k/64)%, and the fact that |A — B| = k. As |[A— RTB| >
|A — B, this implies
TH (W) /8 < C6(y)ePe /4 + Coe < (Cr? + Cp)e.
This, however, contradicts the choice of gy in (4.56) and € < gg. Thus, (4.54) holds.

Step III: Selection of sT and proof of the statement. In view of (4.51), (4.53)(i), and (4.54), we can use
a De Giorgi argument to select s* € (7,27) such that

(i) HITHTTNT) < O 1a(y)e”,

@ [ Gy ReApant e [ vy ROBPan < O ),
r+nT DH\T

(iil) (LYDyar)) / |Vy — AP dH* ! + E.,,(y, T1) < Cr15(y),
T+
(iv) (LYDwar)) VY — Allf2(cteqsn, o) T Ben(y:57ea+ Doy e2) < CT71e%(y) (4.57)

for all 1 < p < pg and € < &g, where I'" := w x {s*}. Here, we have also used that 27 < h/2 and
e2 < h/2 (see (4.56)) to guarantee that s*e;+ Dy, .2 C D, ;. We emphasize that the constants C' and C
are independent of 7.

Properties (ii)—(iv) of the statement are immediate from (4.57)(iii)—(iv) and definition (2.1). We now
show item (i) of the statement. First, in view of (4.57)(ii), the integral on I'" NT is controlled and we
therefore only need to consider the integral on 't \ T'. By (4.57)(i),(ii) we get

/ |Vy — RTAPP aH4! < 2r~1 / |Vy — RTBPdH* 1 + 277 1A - BPHHTT\T)
r+\T r+\T

< 2”*10(5(31) P/2gpr—1 4 2”*16'/#’5(3/)5”7*1

)
for all 1 < p < pg. This along with d(y) < C(6(y))?/? and (4.57)(ii) shows (i). We finally observe that
(v) holds. This follows by combining property (i) of the statement with (4.57)(iii) and noting €9 < 7, see
(4.56). O

Remark 4.13 (Amount of “good” slices). By the proof of Proposition 4.12 it follows that the statement of
the proposition holds for slices in sets S* C (7,27) and S~ C (=27, —7), respectively, with £'(S*) > cr,
where 0 < ¢ < 1 is a suitable ratio.

Based on Proposition 4.12(i), one can also derive an H'/?-estimate on the (d — 1)-dimensional slices.

Corollary 4.14 (H1/2—estimate). Consider the setting of Proposition 4.12. Then, there exist t+,t~ € R?
such that
ly(ess7) = B AC, )T = 05120000 + 9 57) = BB, 57)T =7 Bpujage) < C20e (i, o)
(4.58)

for a constant C' = C(w, @, h, k,c1,7) > 0.

Proof. We only provide the estimate on w x {s¥}. By Proposition 4.12(i) and by a (d — 1)-dimensional
Poincaré inequality we find t* € R? such that there holds

Ce(dcn(y;w, h, T))1/2

+ + T _ o+
Hy(vs )_R A(-,S ) —1 ”Wl”’d(w) < 1/pa
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By the definition of py (see (4.7)) and by classical Besov embeddings (see, e.g., [44, Theorem 14.32 and
Remark 14.35] and [45, Theorem 7.1, Proposition 2.3]), we observe that the H'/2-norm can be controlled
in terms of the W'Pd-norm. This concludes the proof. (]

Remark 4.15 (The role of the quantitative rigidity estimate). The quantitative estimate in terms of €
provided by (4.58) is the fundamental ingredient to construct transitions to rigid movements in Lemma
4.20 below. Its derivation relies on the rigidity result of Section 3, a careful choice of (d — 1)-dimensional
slices, and an embedding into H'/2. Let us emphasize that other quantitative two-well rigidity estimates
(see Subsection 3.1) cannot be used in the proof of Proposition 4.12: applying (3.3) would lead to e
instead of €2 on the right hand side of (4.58). Although (3.4) would give a correct scaling in terms of ¢,
no embedding into H'/? would be possible since only the weak L'-norm of the derivative is controlled.

Remark 4.16 (The assumption n < é) Let us mention that Proposition 4.12 holds true also without
the assumption n < % It will only be crucial in the construction of transitions, see Lemma 4.20 below.
However, we prefer to formulate the proposition with this slightly stronger assumption since 1, ¢ <n < %
is the interesting regime. In fact, if n > %, the proof is much simpler and no rigidity estimates are needed:
property (i) in Proposition 4.12 can simply be derived by using property (iii) and a Poincaré inequality.

Remark 4.17 (Sharpness of the argument). Alternatively, an H 1/2_estimate on the traces could have
been obtained without Besov embeddings by working directly with p = 2 in Proposition 4.12. In this
case, however, 7. 4 in (4.5) has to be chosen larger. We have preferred to perform the estimates for p < pq
in order to obtain a sharpest definition of 7. 4 which leads to a sufficient H 1/2_control of the traces of the
deformations.

The next lemmas address suitable H?-extensions of functions. We point out that the proof arguments
follow closely [20, Lemma 5.3, Lemma 5.4]. We work out the main points of the proof for convenience of
the reader. In the following, we will frequently write ' = (x1,...,x4—1) for brevity.

Lemma 4.18 (Extension of functions defined on (d— 1)-dimensional slices). Let w C R4~ open, bounded
with Lipschitz boundary. Let €,1,0 > 0. Let u € H?*(w;RY) be such that
1
By + 7Pl < 0 (4.59)

Then, for any T > 0 there exists z € H*(w x (0,00); R?) such that z(z',0) = u(z’) for all 2’ € w, z is
constant on w X (1,00) and

1
—2/ |Vz|2dx+7]2/ |V22)? dx < CO (4.60)
€% Jwx(0,00) wX(0,00)

for some constant C = C(w,7) > 0. In a similar fashion, an extension to w x (—oo,0) can be constructed.

Proof. We extend u from w to a cube in R~! such that (4.59) still holds up to multiplying § with a
constant depending on w. (For an extension operator in H'/? we refer to [25, Theorem 5.4].) Without loss
of generality, after scaling we can assume that the cube is the unit cube in R?*~! and 7 = 1. Periodically
extending v to R%~! and using a Fourier representation of u, we have

.
u(a') = E Uge® ",
ae2nZd—1
where the Fourier coefficients {u, }o satisfy

> (@ + n2\al4) lua|? < CO (4.61)
ae2rZd—1 €
for a constant C only depending on w. Let ¢ : [0,400) — R be a smooth cut-off function satisfying
0<% <1,9%(0) =1, and ¢(t) =0 for t > 1. Setting

s
d(@wa) =0+ Y uae™ (lafwa),
a€2nrZ4—1, a#0
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it is immediate to see that z(z,0) = u(z’) for all ' € w and that z(z', z4) = ug for 4 > 1. Using (4.61)
we calculate

/]l
2
V2l wx 000y S D / laf*ual® (W(|lalza) + ¢/ (Jalza)) dea < C Y |ofjual® < CE0,
aeanzi-1 70 ac2nzZd—1
a#0

where C' depends on |||« and [|%)’||eo, and similarly

IV 2 2 wx 0oy SO D laPlual> <O Y7 Jal*ual* < €O,
ae2nZ4—1 ae2nZd—1
where C depends additionally on ||)"||. This shows property (4.60). O

For convenience, in the next lemmas we use the following notation: for D C R? e, > 0, and
u € H?(D;R?) we define

1
EZ,(u,D) = E—Q/D |Vul? dm—f—eZ/D |V2u|2dx+n2/D <|V2u\2 - |8§du|2) dx. (4.62)

Lemma 4.19 (H2-extension). Let h,7 > 0 with 7 < h/4 and let w C R~ open, bounded with Lipschitz
boundary. Let n,e,0 > 0 with e <71 and e <. Let u € H*(Dy, 5;RY) and 0 < s < 27 be such that

S ) 2+ P, )y + B 0 (3,54 €2)) < 0. (4.63)
Then there exists a map v € H?(wx(0,00); RY) such thatv = u onwx (0, s), v is constant on wx (s+7,00),
and
EZ, (v,wx (s,00)) < C0
for a constant C = C(w,7) > 0. If (4.63) holds for some —217 < s < 0, one can construct a map

v € H?(w x (—00,0);RY) in a similar fashion.

Proof. Let 2 € H?(wx (0, 00)) be the function obtained by Lemma 4.18 applied on u(-, s) € H?(w; R?) and
define z = 2(- — seq) € H?(w x (s,00)). We note that z is constant on w x (s + 7, 00), that 2(-,s) = u(-, s)
on w, and that
Ef, (z,wx (s,00)) = EZ, (2,w x (0,00)) < C(1+&*n~?)0 < C, (4.64)

where in the last step we have used that ¢ < 7.

Let ¢ : R — R be a smooth cut-off function with 0 < ¢ < 1, ¥(t) = 0 for t < s, and ¥(t) = 1 for
t > s+ €2, and satisfying [|¢|| po®) + €2[|Y)' || Lo () + €*|¢"]| Lo r) < C. We define the map

v(2',2q) = 2(2', wa)Y(xa) + u(@', 24)(1 = P(2a))

on w x (0,00). Clearly, v coincides with z on w x (s + &2, 00) and with u on w x (0, s). Since £2 < 7 and 2
is constant on w X (s + 7,00), we get that also v is constant on w x (s + 7,00). Additionally, there holds

Vo(a',2q) = Va(2', zq) + (Vu(a', zq) — Va(a',2q))(1 — (za)) + (0, (2(2', za) — u(z’, zq)) ¥ (xq)),
and
aigjv(x’,xd) = 8i2jz(x’7xd)w(33d) + 8i2ju(x',33d)(1 —P(q)),
Ofu(a’ wa) = 0pgz(x', wa)yp(za) + Ofgu(a’, za) (1 — ¢ (xa)) + (Bi2(2, 24) — Ou(a’, x4)) ' (2a),
Ogqv(a’,wa) = 032(x", wa)(xa) + OFqu(x’, xa) (1 — ¢ (xa)) + 2(Daz(2, x4) — dau(a’, x4)) V' (xa)
+ (2(2,wa) — u(@’, 24)) " (a),

for i, € {1,...,d —1}. We set FS := w x (s,s + &2) for brevity. Using the one-dimensional Poincaré
inequality in the es-direction for each 2/, and exploiting the fact that u(-,s) = z(,s) and d;u(-,s) =
0;z(+,8) for every i = 1,...,d — 1, we obtain

/FE |z — ul|? de < Ce* /FE 1042 — Oqu|? dz < CeG(E:m(ij) + EZ, (2, F3)),
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/ 10z — Oiu|* dx < 054/ 050z — Osqu|? dz < Celn~2 (EL,(u, F3) + EZ (2, F3)),
Fg Fg
foralli e {1,...,d—1}. After some elementary, but tedious computations, using (4.63)—(4.64) and € <,
we get

E:, (v, F3) <CE;, (2, F;) + CEZ, (u, F) < CO.

The statement now follows from (4.64) and the fact that v = z on w x (s + &2, 00). O

The following lemma deals with the transition between a (d—1)-dimensional slice and a rigid movement.
Recall the definitions of the constants ¢; and ¢y in H4. and H5., respectively.

Lemma 4.20 (Transition to a rigid movement). Let d € N, d > 2. Let h,7,e,7 > 0 and w CC & C
R~ satisfy the assumptions of Proposition 4.12. Assume that the elastic energy density W satisfies
assumptions H1.-H5. Let y € H?(Dg p;RY) with 6. ,(y; &, h,7) < (k/64)% and let RT, R~ € SO(d),
st € (1,27), s~ € (=271,—7) be the associated rotations and constants provided by Proposition 4.12.
Then there exist a map yi € H*(w x (0,00); R?) and a constant by € R? such that

(i) yj‘r‘:y on wx (0,s1), yf(x):R"rAm—i—bﬂ for all x € w x (st +7,00),
(11) ||Vyﬁ - R+A||i2(w><(s+,oo)) S 05258777(:% (L'a h7 7'),
(i) B, (yd,w x (s7,00)) < C6e y(y; 0, b, T) (4.65)

where C = C(w, @, h,7,k,c1) > 0. Analogously, there exist a map vB € H?(w x (—o00,0);R?) and a
constant b2 € RY for which (4.65) holds with B, s~, and R~ in place of A, s, and R, respectively.

Proof. We only show the construction of the map yﬁ, the proof strategy for proving the existence of
yB is analogous. As in the proof of Proposition 4.12, we write §(y) instead of d.,(y; @, h, 7) for brevity.
All constants in the following may depend on w, w, h, 7, ¢1, and k. For convenience of the reader, we

subdivide the proof into two steps.

Step I: Transition to a constant function. Using Proposition 4.12(i) for p = 1 and Corollary 4.14 we have
V(™) = RY A0 + Iy 57) = BFAC, )T = 720700 < C20(y). (4.66)

By a (d — 1)-dimensional Poincaré inequality on w, we find M+ € R%*? such that by Proposition 4.12(iii)
there holds
d—1 d

||Vy(7 S+) - M+H%2(w) < CZ Z ||az2]y(a S+)||%2(w) < 077_25(9) (467)

i=1 j=1
Moreover, by Proposition 4.12(ii),(v) we also find
IVy = R Al[T2 (o (s+ 5+ 1e2y) < ClIVY — AH%P(ered-i-Dw,Ez) + CLY Dy 2)|[RTA— AP
< C%5(y). (4.68)

Using (4.66)—(4.67) and the triangle inequality, we derive |[RTA — M*|? < C(e2 + n=2)d(y). Thus,
defining u(z) := y(z) — R™ Az — t* for z € D, ), we obtain by (4.66)—(4.67), Proposition 4.12(iii), and
the assumption € < 1/

s s /2(y < CE%0(y), s )20y < Cn20(y).
Recalling (4.62), by Proposition 4.12(iv) and (4.68) we deduce that
B (u,w % (st, 57 +2)) < Co(y).

Observe that e < e < g9 < 7, see (4.56), and € < 7, see (4.5). Applying Lemma 4.19 to the function
u € H?(Dy p;RY) and s € (0,27), we obtain a map v € H?(w x (0,00); R?) such that

v=u onwx (0,s"), v is constant on w x (s + 7, 00), (4.69)

and
EZ, (v, F7) < Co(y), (4.70)
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where for brevity we set Ff := w x (sT,00).

Step II: Transition to a rigid movement. We define y4(z) := v(z) + RT Az +t* for € w x (0,00).
Property (4.65)(i) follows from (4.69) and the fact that u(z) := y(z) — RT Az — t* for z € D, 5. By
(4.70) we obtain

IVys — RTA|
This yields (4.65)(ii). By H5. and (4.70) we derive the estimate

2L2(Fj) = ||VU||2LQ(FJ) < C’€2E§’n(v,Fj) < Ce5(y).

- W(Vyi)de < C/F+ dist 2(Vy4, SO(d){A, B}) dx < C||Vy? - R+A||iQ(Fw+) <Ce¥(y)  (4.1)

on the nonlinear elastic energy. Similarly, as V2yﬁ = V3v, by (4.70) we get
e’ /F+ V2P da o+ op? /F+ (V222 = 10302 ?) da < B (v, F) < C3(y). (4.72)
Combining (4.71)724.72) gives (4.65)(111; and concludes the proof of the lemma. O
We are now finally in the position to prove Proposition 4.7.

Proof of Proposition 4.7. We perform the construction for yj. The strategy for y, is analogous. Let
h > 0 and let w C R?"! open, bounded with Lipschitz boundary. Let p > 0 and choose a Lipschitz
domain & DD w with H41(& \ w) < p. We first observe that by Corollary 4.10 there exists a sequence
{y*}. € H?(Dg p; RY) such that

: € ~ _ d—1(~ . € N N _ : I —
lim &%, Dop) = KHT (@), Tim E (Y%, Do \ Donsa) = 0, I {ly® =yl a1y ) = 0. (4.73)

In view of Corollary 4.10, the existence of a sequence {y®'}; satisfying (4.73) is guaranteed for every
{ei}: with ¢; — 0. Hence, in what follows, for notational simplicity we directly work with the continuous
parameter €.

Fix 7 = h/4. Recalling the (g, n)-closeness in (4.51) and applying (4.73), we find that
65’775@ (yg;d)vth) —0 (474)

as € — 0. Without loss of generality, we can assume that € < ey, where ¢y is the constant from
Proposition 4.12. Moreover, by (4.74) we may assume that 6. ,,_,(y%; @, h,7) < (k/64)%. We also observe
that 7.4 < 1/e by (4.5). We now apply Proposition 4.12 on {y°}.. Let {RI }., {RZ }. C SO(d) and let
{sF}c € (7,27), {s- }e C (=271, —7) be the associated sequences of rotations and constants. Additionally,
let yf’e and yf’e be the functions provided by Lemma 4.20, and associated to y°.

Let now w} € H%(D,, n;RY) be defined as
Y2 () ifag <o,
wi(z) = qy(z) ifs; <wxa < st
yﬁ’e(x) if 24 > s7.
Using 7 = h/4, |sT],[s7| < 27 = h/2, (4.4), and (4.65)(i), we get that wl = I;"_ oy on {z4 > 3h} and
wh =1 oyd on {zq < —3h}, where I} and I, are isometries. This shows (4.18).
By Proposition 4.12(v), (4.65)(ii), (4.73), and (4.74) we also get lim._,o ||[Vw — Vy(')"HQLQ(DW ) =0
Using wl € H?(D, ;RY) and again (4.73), this yields w} — yd in HY(D, »;R?), i.e., (4.16) holds.

Combining (4.16) and (4.18) we also see that the isometries Ilf . and I;f . converge to the identity as
e —0.

It remains to prove (4.17). The inequality lim inf. 0 &-(w}, Dy, 1) > KHY 1 (w) is clear by Proposition
4.6. We prove the reverse inequality. By (4.65)(iii) we obtain
56(“’2_7Dw,h) < gs(yEaDw,Tr) _’_56@?,5,&} X (—00,8-)) + 5E(yf’€,w X (82_700»
S ng(yea DUAJ,h) + Céa,na,d(ys; dj7 h7 T)'
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Using (4.73)-(4.74) and H? (0 \ w) < p we find
limsup & (wl, Dy, ) < KHH @) < KHTHw) + Kp.

e—0

Property (4.17) then follows by letting p — 0 and using a diagonal argument. ([l

Remark 4.21 (Independence of the two constructions above and below the interface). Notice that the
constructions of the maps wZ in the sets {zq > 3h/4} and {xy < —3h/4}, respectively, are independent
from each other.
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