A variational approach to double-porosity problems
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1 Introduction

In this paper we outline an approach by I'-convergence to some problems related to ‘double-porosity’
homogenization. Various such models have been discussed in the mathematical literature, the first
rigorous result for a linear double-porosity model having been obtained by ARBOGAST, DOUGLAS and
HORNUNG in [7]. The two-scale convergence approach to double-porosity problems was developed by
ALLAIRE in [4]. Successively, a random model and nonlinear models have been studied by BOURGEAT,
MIkeLIC and PIATNITSKI in [9] and by PANKRATOV and PIATNITSKI in [21], respectively. Other
double-porosity type problems have been considered in [8, 17, 22, 23, 10, 26] and [24].

In our framework, the homogenization process involves the analysis of energies defined on some
(mutually disconnected) highly oscillating connected sets (hard components), in whose complement
(soft component) an energy density satisfying weaker coerciveness conditions is considered. To be
more precise, we fix N > 1 and 1-periodic Lipschitz open connected sets E1,...,Ey C R™ with
dist (E;, Ej) > 0 if ¢ # j. If n = 2 the connectedness condition can be satisfied only if N = 1; note
that even this case will give non-trivial results. We also set Fyp = R™ \ (E; U---U Ey); note that we
do not make any connectedness assumption on Eg, which may be composed only of isolated bounded
components if NV = 1. For each j =0,..., N we consider energy densities f; : R® x M™*" — R and
‘low order terms’ g; : R" x R™ — RT. We suppose that g;, f; are Borel functions and 1-periodic in
the first variable. For the sake of simplicity of presentation we suppose that there exists p > 1 such
that all f; satisfy a p-growth condition, each f; is quasiconvex and fy is positively homogeneous of
degree p. In this way, given an open set () C R"™, we consider the energy

al x x
F.(u) = Z/Qman (f](g,Du) +gj<g,u>>dx

L R P0) () 1)

defined on W1?(; R™). Let us note here that, due to the presence of a microstructure in the geometry
of the sets E;, the oscillating behaviour of f; and g; is of secondary importance. Indeed, even the
following simple type of energies

N
F.(u) = Z/ |Du\2d;z:+/
j=1 QﬁEEj Q

e2|Du|* dx + )\/ lu|? da (1.2)
Q
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exhibits a double-porosity phenomenon. We will show that the energies (1.1) T'-converge as e — 0,
and have as their I'-limit a multi-phase system of the form

Fo(ul,...,uN):i/ﬂ(fgom(puj)wj(uj)) dx—i—/ﬂgo(ul,...,uN)dx (1.3)

defined on (W1P(Q;R™))N. We emphasize that the I-limit is computed with respect to a particular
choice of convergence. Namely, we say that u. — (ug,...,un) if

N
liH(I) E / |ue — uj|P dx = 0.
€= j=1 QNeE;

It should be noted that even in the case N = 1 this I'-limit is not equivalent to that performed with
respect to the strong convergence in LP(2); hence, in particular, the lower-order term on € Ey, not being
a continuous perturbation with respect to the introduced topology, gives a non-trivial contribution
to ¢. The fact that the I'-limit depends crucially on the choice of the reference convergence is an
interesting feature of the functionals under considerations. An alternative choice of the convergence
with respect to which the I'-limit is computed, could be the weak LP-convergence. However, in that
case the I'-limit is a non-local functional whose form seems to bear less information about the limit
process. The computation of the I'-limit with respect to strong and weak LP-convergences as well as
multivariate LP convergence of all N + 1 phases including the soft one, and their comparison with the
result above is contained in Section 7 of the paper. In the same section we also compute the I'-limit
of energies of the form
FMu) = F.(u) — / h-udz,
Q

where h € L¥' (Q;R™) and p/ is the conjugate exponent of p (]% + z% =1).

The asymptotic result above needs some words of explanation. It is convenient to reason in terms
of minimum problems. Consider fixed boundary data ¢1,...,¢xy € WHP(Q;R™) and for every ¢ > 0
let u. be a solution of

min{F;(u) :u=¢; oneE;NON,j=1,...,N} (1.4)

Then for j = 1,..., N the suitably defined W!-extension of the restriction of u. to e E; N converges
(upon subsequences, locally weakly in W (£; R™)) to a function u; (see ACERBI et al.[1]). The result
above implies that (u,...,ux) is a minimum point of

min{Fy(u1,...,un) 1 u; =¢; on 9Q,5=1,...,N}. (1.5)

The form of the limit Fy highlights a decoupling process. The energy densities f}zom and g; are
given by the independent process of homogenization (see e.g. BRAIDES and CHIADO PIAT [13] and
BRAIDES and GARRONI [15]) on each ¢E};, respectively. The contribution of u. on eEj is ‘integrated
out’ and appears in the limit through the form of ¢ (note that no LP compactness of this part can be
deduced from the energy estimates; in fact, in general, u. is not compact in L”(2)). In the simplest
case when all functions are convex, the latter function is defined by

p(z1,...,2N8) = min{/ (fo(vaU) + go(y,v)) dy :v € WHP((0,1)";R™),
Eon(0,1)"
v=z;on E;N(0,1)", j=1,...,N, vis 1—periodic}. (1.6)

Note that ¢ may contain different types of contributions. One type is given by the interaction
between the different phases E;. Consider a simple case when m = 1, N = 2, fo(y,£) = [¢[* and



go(y,u) = 0. In this situation, a translation and positive-homogeneity argument easily shows that
_ 2. 2 5. 1,2 n
©(z1,22) = |21 — 29 mm{/ |Dv|* dy : v € WH=((0,1)™),
Eon(0,1)™

v=0on F1N(0,1)",v=10n E;N(0,1)", vis l—periodic}. (1.7)

Another type of contribution is due to the presence of the zero-order term gq, as illustrated by the
following example: we consider m = N = 1, fo(y,€) = [£]? and go(y,u) = Au|?. In this case, we have
only one limit phase, so that no interaction between phases is possible, but the function ¢ is non
trivial:

o(z) = |z|2min{/ (IDof? + AP dy =0 € WH2((0,1)"),
Eon(0,1)™
v=1on EyN(0,1)" vis 1—periodic}. (1.8)
The introduction of the parameter A allows us to highlight that in (1.8) ¢ can be considered as

a transition-layer effect. Suppose for simplicity that EoN(0,1)" = E CC (0,1)™. In this case it is well
known (from [19, 20, 11, 3] for example) that

. . |DU|2 2 . 1,2 n _
)\Er}rloomln{/E< A + Vvl )dy.vGW ((0,1)™), v=1o0n 8E}

:,anl(aE)7 (1.9)

hence ¢(z) behaves as VAH" 1(OE)|z|? for large values of . In the case of the evolution version
of double-porosity model related to problem (1.2), the presence of the above term ¢(z) of sublinear
growth in A is responsible for the appearence of a nonlocal integral operator in the homogenized
evolution equation.

In the last section of the paper we consider energies with other scalings. Namely, we assume that
the scaling factor of the soft phase does not match the growth conditions. In this case the energy
functional takes the form

Fw = Y[ (5(E D) +a ()i
=1 /QneE; € €
# o, (0o 2) - an(G0))

with ¢ # p. We show that for 0 < ¢ < p the I'-limit of F? with respect to the convergence u. —
(u1,...,un) if finite only if vy = -+ = uyn, and it coincides with that computed with respect to the
strong LP convergence, while for ¢ > p the phases are asymptotically decoupled, the contribution of
the soft phase being reduced to a constant.

2 Notation and preliminaries

We use standard notation for Lebesgue and Sobolev spaces. By M™*" we denote the space of m x n
matrices. The Lebesgue measure of a set E is denoted by |E|. The Hausdorff (n — 1)-dimensional
measure in R™ is denoted by H"~!. By [t] we denote the integer part of t € R. The average of a function
f on a non-empty set A is denoted by f, fdx = |A|~! [, fdx. If T > 0, a function f defined on R™ is
said to be T-periodic if f(z + Te;) = f(x) for all z and 4, {e;} being the standard orthonormal basis
of R™. The space W;’p((O,T)”;Rm) is the space of T-periodic Wé’f(R";Rm)—functions. The symbol
C denotes a generic strictly positive constant.

We recall the definition of I'-convergence of a sequence of functionals Gy, defined on Wli)’cp(Q; RM),

with respect to the Ll _(Q;RM)-convergence. We say that (Gj) I'-converges to Gy on VVI}D’CP(Q;RM)
as k — oo, if for all u € W5 (Q; RM)

ocC



(1) (T-liminf inequality) for all sequences (uy) of functions in Wli’cp(Q; RM) that converge to u in

LL (9 RM), we have

loc

Go(u) < limkinf Gr(uk);

(ii) (I'-limsup inequality) there exists a sequence (uy) in WI})’CP(Q; RM) converging to win L. (; RM)
such that
Go(u) > limsup G (uy).
k

We will say that a family (G.) I'-converges to Gy if for all sequences (gf) of positive numbers
converging to 0 (i) and (ii) above are satisfied with G, in place of Gj. For a simplified introduction
to I-convergence we refer to [12] (for a comprehensive study see [16]), while a detailed analysis of
some of its applications to homogenization theory can be found in [14]. We will use the following
I'-convergence result proved in [13] (see also [1, 15, 14]).

Theorem 2.1 Let E be a 1-periodic connected set in R™ with Lipschitz boundary, and let f : R™ x
MM*xn R be a Borel function, 1-periodic in the first variable and satisfying a growth condition of
order p > 1. Let Q C R™ be a bounded open set, and let H. : Wﬁ)’f(Q;RM) — R be defined by

H (u) = /QmEf<§,Du) dz.

Then H. I'-converge on Wlf)’Cp(Q;RM), with respect to the L (€ RM)-convergence to the functional
Hyom given by

Hhom(u):/ﬁfhom<Du) d.’l?,

where from satisfies the formula

. . 1 . 1, n.
from(§) = lim_inf{ /<0,T)nm; Jlw. Dv+ & dy:ve Wi )N (@21

and a growth condition of order p, so that the domain of Hyom is WHP(;RM). Moreover, recovery
sequences for u € WHP(Q; RM) can be chosen converging weakly in WP (Q; RM)

We will widely use the following extension result (see [1], [14] Theorem B2).

Theorem 2.2 Let p > 1; let E be a periodic connected open subset of R™ with Lipschitz bound-
ary. Given ¢ > 0 there ewists a linear and continuous extension operator T. : WLP(Q N eE;R™) —
Wl’p(Q;Rm) and two constants ko, k1 > 0 such that, letting

loc

Q(r) ={z € Q: dist (z,00) > r},

we have
T.u = uw inQnNek
/ [TeulP dz < kl/ |u|P dx
Q(eko) QNeE
/ DT de < kl/ \Dul? do (2.2)
Q(eko) QNeE

for allu € WHP(QNeE;R™). The constants k; are independent of ¢ and .



3 Statement of the main result

Let N > 1. We fix N periodic connected open subsets of R" with Lipschitz boundary, that we denote
by E1,...,En. We assume that E; N E; = for ¢ # j and set

N
EO:R”\UEj.

j=1

Then we consider Borel functions fi : Fx x M™*" — Rand g; : Ex X R™ - R, k=0,...,N,
and suppose that they possess the following properties:

(i) (periodicity) fi(-,€) and gk(+, z) are 1-periodic;

(ii) (p-growth condition) there exist p > 1 and constants cg, c1,c2 > 0 such that

co(llP — 1) < fr(y,§) < ea(l€P +1) (3.1)
—c2 < gr(y, 2) < er([z]” + 1); (3.2)

(iii) (Lipschitz continuity)
98 (Y, 2) = gu(y, )| < oL+ [P+ [P e = 27). (3.3)

We define the energies

N x x
= 2 Joy (B(E00) 405 (20)) o

 fp CoE0) () o

for u € WHP(Q; R™).
Let the extension operators 77 corresponding to 2N E; be defined as in Theorem 2.2. We define
the extension operator T : WL2(Q;R™) — (W,22(Q; R™ )N by

loc

(Tou); =T? <u|Qm€Ej>.

We consider the convergence on WP (€2; R™) defined as the L (£;R™) convergence of these exten-
sions. Namely, we will write that

ue — (u1,...,uy) if Teue — (u1,...,uy) in (LIIOC(Q;R"‘))N. (3.5)

Note that by Theorem 2.2 F. are equicoercive on bounded sets of L' with respect to this convergence.
Note also that the limit function in (3.5) and the results below do not depend on the particular choice
of the extension operators, as it happens in the case of homogenization of Neumann boundary-value
problems in perforated domains (see, for instance, [1]). An alternative equivalent definition of the
topology is given in Remark 3.4

We study the I'-convergence of the energies F,. with respect to the convergence in (3.5). Before
stating our main result, we introduce some notation. Let f{ . g;,¢ : R™ - R (j=1,...,N) be
the functions defined by

fﬁom(g) = lim inf{% /(0 - fily,Dv+&)dy:v e W&7P((07T)H;Rm)} (3.6)

T—4oc0

(this is a good definition by (2.1) in Theorem 2.1),

(0,1)"NE;



and

L 1
o(z1,...,2n) = lim 1nf{—n/E o (fo(y, Dv) + go(y,v)) dy :
0M(0,7)"

T—4oc0

ve Wl’p((O,T)n;Rm)7 v =z; on Eja j: 1,...,N}- (38)

The existence of the limit in the definition of the function ¢ will be proved in Proposition 4.1.
Note that by Theorem 2.1, if we set

Fi(u) = /Q - fj(g,Du>dx (3.9)

on WhP(Q; R™), then FJ I-converge on W1P(€; R™) (with respect to the Ll  convergence) to

loc loc

Flom(u) = / Flom(Du) da. (3.10)
Q
The main result of this work is the following theorem.

Theorem 3.1 Suppose in addition to hypotheses (1)—(iil) above, that fo(z,-) is positively homogeneous
of degree p and that |0Q)] = 0. Then the functionals F. defined by (3.4) T'-converge with respect to the
convergence (3.5) to the functional Fy with domain (WP (;R™))N defined by

N .
Fo(uy,...,uy) = jz_;/ﬂ(f}jlom(Duj)—|—§j(uj))dx—|—/g<p(u1,...,uN)da:,

with fi. ., §; and ¢ given by (3.6)—(3.8). Namely,

(i) (coerciveness) from any sequence (uc) that is bounded in L _(Q;R™) and satisfies sup, F-(uc) <
+00, one can extract a subsequence (not relabelled) such that Tous converges in (L (5 R™)N to
some (uy,...,uy) € (WLP(Q;R™)V;

(i) (liminf inequality) for all (u1,...,uyx) € (WLP(Q;R™NY and ue — (uy,...,un) we have
FO(ula s 7uN) < llml(I)lng(Ug),
£—
(iii) (limsup inequality) for all (ui,...,uyx) € (WLP(Q;R™)N there exists ue — (ug,...,un)
such that we have
Fo(u,...,un) > limsup F.(ue).
e—0
Corollary 3.2 (convergence of minimum problems) Let Q have a Lipschitz boundary, and let
@; € WP (Q;R™) be given, for j =1,...,N. We can consider the minimum problems
me = min{FE(u) ru=¢; onecE;NON, j=1,... ,N}, (3.11)
where the boundary condition means that the function

_Ju onQNekE;
YT ¢ on (R™\Q)NeE;

P

belongs to Wlic (eE;;R™). Then the values m. converge to

m:min{FO(ul,...,uN):uj:(bj on 082, j:l,...,N}

and from every sequence of minimizers {uz} for me we can extract a subsequence (not relabelled) such
that ue — (u1,...,un), where (ui,...,uyn) is a minimizer for m.



PROOF. The proof of the corollary follows immediately from Theorem 3.1 and the equi-coerciveness of
F. thanks to the properties of I'-convergence, once we notice two facts. First, the boundary condition
is ‘closed’ under our convergence provided that F.(u.) < C, ie., if ue — (u1,...,un) and u. = ¢;
on eE; N0Q, for every j =1,...,N, and if F.(u.) < C, then u; = ¢; on 99, for every j =1,...,N
(see [13] Section 4). Second, for each function (uy,...,uy) with u; = ¢; on 9Q it is possible to find
a recovery sequence ue — (uq,...,uy) satisfying the boundary conditions in (3.11) by modifying a
recovery sequence for the limsup inequality (see e.g. [14] Section 11.3).

Remark 3.3 (simplified formulae) (1) If Ey is composed of bounded disconnected components,
i.e. if Fg = Z™ + E where E is bounded and such that (i + E)N(j + E) = 0 for i # j, then necessarily
N =1 and we have

o) = int{ [ (folu D)+ golu0)) dy s v € WHP((0,15R™), v == on O}, (3.12)
E
(2) In the convex case formulae (3.6) and (3.8) simplify to periodic cell problems:
Bon@ =t [ pyDu+ g0 e W01 (313)
E;n(0,1)"
and
peaw) = wf{ [ (ol Do)+ goly ) dy
EoN(0,1)™
v e WEP((0,1)";R™), v=2z on Ej, j=1,.. N} (3.14)

(see Remark 4.3 below).

Remark 3.4 (alternative definition of convergence) The convergence u. — (ui,...,uy) can

be equivalently defined by
N
lim / |ue — u;|P dx = 0.
Eéo; QﬂEEj !

Note that in this way we do not have to suppose that E; is Lipschitz, but only connected (see, for
instance, [25]).

3.1 Some generalizations

We briefly describe a number of generalizations of our result, with references to the technical points
that can be easily reworked.

The non-positively homogeneous case. The hypothesis that fj is positively homogeneous of de-
gree p can be removed at the expense of heavier notation and the necessity of passing to a subsequence.
Consider for example the homogeneous case of fo(y,&) = fo(£); we then introduce the functions

£
he() = Qo (2),
where @ denotes the operation of quasiconvezification (see e.g. [14] Section 6.2). Upon extracting a
subsequence we may define

ho(§) = tim=tQfo (£).

€j

In this case the function ¢ is characterized by

L 1
o(z1,...,2y) = lim 1nf{—n / (ho(Dv) + go(y,v)) dy :
T—+o00 Eon(0,T)"
v € WYP((0,T)";R™), v = z; on Ej}. (3.15)



For details on this procedure we refer to the analogue definition in the framework of perforated domains
in the nonlinear vector case (see [5]).

The locally periodic case. We can take into account a locally periodic dependence on x in our
energy densities by considering F. of the form

N
R = S [ (e 00) s (s D)) o

 fy, (e 00) (o 2] 019

If locally uniform continuity conditions are satisfied, of the form

i@y, = f;(@ 5,0 < wlla—a'(L+][E)
l9i(z,y,2) — gi (2,9, 2)] < w(lz—a')(1+]z"), (3.17)

where w is a continuous function with w(0) = 0, and if f;(z,-,-), g;(z,-,-) satisfy hypotheses (i)—(iii)
for all x, then Theorem 3.1 still holds with Fy of the form

N
Fo(uy,...,uy) = Z/(fﬂom(x,Duj)+§j(x,uj))dx+/cp(x,ul,...,uN)dx.
=ie Q

The definitions of the energy densities fﬂom, J;, ¢ are the same as before, the variable x acting as a
parameter.

The proof of this generalization is easily obtained by locally ‘freezing’ the variable = (see e.g. [14]
Exercise 14.6 for details). Note that the continuity in the variable z in (3.17) is not easily removed.
We can nevertheless consider the particular case g(x,y,2) = g(y, z) — h(z) - z, where we add the term
h(z) - z being measurable in 2. This situation is considered in detail in Section 7.4.

4 Definition of the limit energy densities

We now turn to the characterization of ¢. For all T' > 0 let

i 1
priaa) = itz [ (ol D)+ ol 0)) dy
(0,T)"NEy
v e WHP((0,T);R™), v=z on Ej,j=1,... ,N}. (4.1)
Proposition 4.1 For all zq,...,zN there exists the limit
@(Zlv' "aZN) = TEIEOOQOT(ZM"WZN)'

Moreover, for any u € W;’p((o, 1)™R™) such that w = z; on Ej for allj =1,...,N, we have

g1
e(z1,..,2n) = nglmlnf{ﬁ/(O’T)nmEo(fo(%Dv)+go(y7v))dy-
N
v e WHP((0,T)R™), v=uon | JE;U a(o,T)"}. (4.2)
j=1



PROOF. Let 0 < T < S. For all v € Wh?((0,5)"; R™) with v = z; on E; we clearly have

1
on /(0 - (fo(y, Dv) + go(y,v)) dy
s 7Lm 0

1

- n

i€Zm:0<[T+1](i;4+1)<S

1 S n
> —|—=—| T" ;
e Sn I:T+1:| @T(zh 7ZN)7

/ (fo(y, Dv) + go(y,v)) dy
GIT+1]+(0,1)")NEo

hence, by the arbitrariness of v

™7 S 1n
@S(Zlv"'azN) Z §|:T—“r1:| @T(Zl,"sz)?

from which we deduce, by letting S — +00, that

T n
lim inf >(—) ),
liminfps(a,....en) 2 (77 ) erla,... 2n)
and finally, by letting 7' — 400, that
liminf pg(z1,...,2n) > limsup pr(z1,...,2N8);
S—+o00 T—+oco

that is the first characterization of .
Let {u’} be a sequence of test functions such that

/ (oly, DUT) + goly, uT)) dy < T"(or(1s ., 2) + o(1)),
(O,T)"'ﬂE'o

where o(1) tends to zero as T — co. We then have

. 1
lim == / (fo(y, Du™) + go(y,u")) dy = 0 (4.3)
T=too T J((o,mym\ (1,710 Eo
(otherwise we obtain a contradiction by considering v(z) = u?(z + (1,...,1)) as a test function in

or—2(z1,...,2n)). Now, let u € W;’p((o,l)”;Rm) be such that v = z; on Ej; let ¢ be a smooth
cut-off function such that ¢7 =1 on (1,7 — 1)*, ¢T =0 on (0, T)" and |D¢T| < 2. We then define

vl = ¢Tu” + (1 — ¢7)u and get
0 def . 1
or(z1,...,28) = lnf{ﬁ (fo(y, Dv) + go(y,v)) dy :
(0,T)"NEo

N
v=u on U E; U@(O,T)"}

j=1

1
< o (foly, Dv") + go(y,v")) dy
(O,T)”ﬂEo
1
< = (foly, Dv™) + go(y,v™)) dy
((0,7)™\(1,T—=1)")NEo
+or—a(z1,...,2n) +0(1)
1
< = c(1+[Du P + [Dul? + [u” [P + |ul?) dy

" J((0,ry"\(1,7-1)")"Eo
+SOT—2(ZI7 L) ZN) + 0(1)7



where o(1) vanishes as T' — +o0. Letting T — 400 we deduce by (4.3), (3.1) and by the Poincaré
inequality, that

limsup ¢9(21, ..., 28) < @(21,..., 2xn).
T—+o00
Since we trivially have ©%(21,...,2x) > ¢or(21,. .., 2n) the equality in (4.2) is proved. O

Note that in the statement and proof above we can replace the 1-periodicity of u by an equi-
integrability condition for |u|? and |Du|P. Namely, the following statement holds, with the same proof
as that of the previous proposition.

Proposition 4.2 Let {vr} be a sequence of Wlif functions such that vr = z; on E; and such that
T‘"||?)T||€V1,p((07T)'n\(17T_1)n) converges to 0 as T — oo, and assume that {ur} is a sequence of test
functions that satisfies the bounds

/ (Foly, Du™) + ol u™)) dy < TMpr(zn, ., 2n) + 1
((),T)nﬂEo

and the boundary conditions uT = z; on E;, and uT = vr on 9(0,T)". We then have
1
lim —

(foly, Du) + go(y,u™))dy = 0.
T—+o0 T /((O,T)n\u,T—l)n)nEo

Remark 4.3 (the convex case) If fy(y, ) and go(y-) are convex then we can reduce to the cell-
problem formula

o(z1,...,28) = inf{/(o - (fo(y, Dv) + go(y,v)) dy :
,1)"NEg
v € WLP((0, 1) R™), v =z on Ej}. (4.4)

In fact, regardless to the convexity assumption, from Proposition 4.1 we immediately obtain that ¢
can be equivalently expressed by

g1
R L /( o, o0 D0) % 000, 0))
v € WEP((0, K);R™), v =z on Ej} (4.5)

(K € N). The proof of formula (4.4) may be then obtained from (4.5) following standard convexity
arguments (see e.g. [14] Section 14.3).

Example 4.4 Let fo(§) = [P and N = m = 1. Let us suppose that Ey = E+Z" with (E+i)N(E+
j) =0 for i # j and go(z) = A|z|P. Then for large values of A and fixed z the function ¢(z) behaves

as eA/?" where p/ = 527 In fact, by Remark 3.3(1) we can write

A~ —

o(z) = palz) = |2|P inf{/ (|DvP + Av|Pdy : v € WHP(E), v =1 on aE}. (4.6)
E
It is well-known that the functionals defined on W1P(E) by
1
/ (77P71|D11|p + —|v|q) dy ifv=1on0dF
Ay (v) = E N
+00 otherwise

[-converge as 7 — 0 in L'(E) to the trivial functional

CH" YOE) ifv=0ae inFE

400 otherwise,
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where C' = (¢ +p')~! (see e.g. [11] for details) and in particular

lin%) min A, = min A = CH" " (0F).
n—

By taking = A™'/? and ¢ = p we easily see that

/ —1
lim ('0)‘—(2))\*1/17 = lim minA, = b H" L (OF).
A—+oo |2|P n—0+ p?

5 Proof of the lower bound

Upon a relaxation argument (see [2]) it is not restrictive to suppose that fy is quasiconvex and in
particular that it satisfies the local Lipschitz condition

oy, &) = foly, ) < c(1 + [P~ + €77 H)[€ — €| (5.1)

(see [14] Section 4.3)
We now choose a sequence ue — (u1,...,uy) with sup, Fr(u:) < +oo. Note that for all j =

1,..., N we have
x
lim g»(—,vg) dac:/g-(v)dx
e—0 QNeE; ! € Q !

whenever v. — v in LP(£;R™). Hence, since T/u. converges to u; locally weakly in W1P(Q;R™),
thanks to the convergence in (3.9) and (3.10) we obtain

lim inf /QmsEj (fj (E, Dug) +y9; (g, u6>) dz > /Q(fg"m(Duj) + g, (uj)) dx. (5.2)

e—0 9

It remains to estimate the contribution on 2 N eFEy. To this end we choose K € N; let kg be defined
by Theorem 2.2 and set

IK = {i € Z" : eKi + (—cko, (K + ko))" C Q}.
For all i € IX and j =1,..., N we denote Q% = eKi + (0,eK)",

. 1
-
ume - Kn5n|Ej N (0’ 1)n| Q;(ﬁsEj

U d, (5.3)

and then define w’ _ on eKi + (—eko,e(K + ko))" N E; by setting

%

wh _(r) = u.(x) — (.

Jre
Applying Theorem 2.2 with E = E; and e Ki + (—eko,e(K + ko))" in place of Q one can extend w
to eKi + (—eko,e(K + ko))™ in such a way that

[ wtdrar <o) [ e i [? do
Q% eKi+(—eko,e(K+ko))"NeE;
and
/ _ \Dwie\p dx < C(K)/ | Du.|? dz. (5.4)
Q% eKi+(—eko,e(K+ko))"NeE;

Upon enlarging e Ki + (—eko, (K + ko))" NeE; to a connected set (whose shape does not depend on

i) we can use Poincaré’s inequality and (5.4) to get

/ |w; JPdr < Epc(K)/ |Du|? de. (5.5)
Qi 7 eKit(—cko,e(K+ko))"NeE;

11



Let now ¢; be smooth functions with ¢; =1 on E; and 0 on Ej; if i # j, and set

N X
=% (g)w}e
j=1

Then, by means of (5.4) and (5.5), we have

N
/ wiPde < ePe(K) > / |Du.|? d.
Qi j=1 7 eKit+(—cko,e(K+ko))"NeE;

and
N

/_ \Dwi|P da gc(K)Z/ \Du? da.

=1 eKi+(—eko,e(K+ko))"NeE;

By (5.1), (3.3) and Holder’s inequality we then obtain

‘ Z /l z—:pfo ,Dus - Dw;) — spfo(g, Dus)

GIK ﬂEEO

x X
+gO(_ Ue —W )790(_ us))dz‘
N¢
< oK) 5P|Q|+ep/ |Du8|p+ep2/ Duip)
- Qi{

/P

<(er /Q " \Dw8|p) < o(K)e. (5.6)

As a consequence of (5.6) we obtain

-1)/p

(0(Z D) o0 (Sove) ) o

<€pfo(§7Du6 — Dwé) —|—go(E Ue — W )) dx

ie1k 7 QxNeEo

icIK KDEEQ
> lirerj(r)lf E e"K"pk (ull,s, . 7U§V,5)7 (5.7)
el

where in the last inequality we have used the definition of ¢k (after a suitable change of variables)

and the fact that u. —w} . =} _ on Q% NekE;.

We now remark that

lim Z 5"K”¢K(uis,...,uﬁvs> = / er(u1,...,uN)dz. (5.8)
E_)Oz’eIK 7 7 @

Indeed, by the growth conditions on fy and go, v — @k (v) is a continuous operator in LP, so that it
suffices to show that the piecewise constant functions uX defined by

ufg(a:) = u;E on Q% (5.9)

converge locally in LP(2) to u;. This is easily seen by applying Poincaré’s inequality and using the
LP convergence of T u. to u;.
Summing up the inequalities in (5.2), (5.7) and (5.8) we obtain

N
limi(r)lng(uE) > Z/(fgom(Duj)+§j(uj))dx+/ or(u1,...,uy)dz.
B — Ja Q

The liminf inequality is now obtained by taking the limit as K — 400 and using Proposition 4.1
together with Fatou’s Lemma. O
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6 Proof of the upper bound

We first remark that it suffices to restrict to the case when the target function U = (uy,...,uy) is
linear. The case of a piecewise linear U can be obtained by a localization argument (see the proof of
Proposition 4.3 in [6] for a direct construction) and the general case is obtained by density (see [12]
Remark 1.29).

We fix &;,...,&y. For all n > 0 we will construct a recovery sequence u. — (&1, ...,Enx) such
that
Fo(&iz, ..., énx) > limsup Fr(us) — 7,

e—0
which implies the limsup inequality.
For every j=1,...,N and § > 0, let K € N and u]K € W[}’p((O,K)”;Rm) be such that

[ 5 DU £ &) dy < K (R (6) +9), (0.1
(0,K)"NE

3.10). Upon extending uf* outside (0, K)™ we can suppose that the support of v is contained in
J J
( ,K —1)" and its intersection with Ej; is connected. For all ¢ € Z" let =5 be the center of the cube

Q; =iKe+ (0,eK)"

and let v{ be such that v§ = ;x5 in F;, j=1,...,N, and
/ (foly, Dv7) + go(y,vi)) dy < K"pk (&125, ..., &nvaf) + 1,
(0,K)"NE,

by (4.1).

For each j = 1,..., N, denote by ¢; a smooth 1-periodic cut-off functions with ¢; = 1 on Ej;
and 0 on E; if i # j, and by ¢ a K-periodic function with ¢* =1 on (1, K —1)" and 0 on 9(0, K)".
The function w, is defined piecewisely on each @5 by

e = () (A7) BB e () v ote-a0))
- ) e 2 -

Jj=1

Note that
N T
= Z¢] (g>§]l‘, fOI' €T € an,
j=1

so that u. € W,"P(R™; R™). By construction u. — (&1, ...,En ) in the sense of (3.5).

loc

We have by (6.2) and Proposition 4.2

/fu — v (M)’ dx

g

P
uf( (g)‘ de+ (eK)PT™ 4" K" + 0(1)5"K”), (6.3)

where 0(1) — 0 as K — 0, and also

— i\ P
/ DuE—va(&)‘ dx

3
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(>,

o Kn

P
uf( (g)‘ dr +e"K™ + E”_I’K"_l)

)+ glo—ap)| do

+Z/ ‘Du +§] (6.4)
‘We now denote
K={icZ": ciK +(0,eK)"NQ # ().
By proceeding similarly as in (5.6), we have
limsup/ <5pfo(£7 Du€> + go(g,ug)) dx
e—=0 JOneE, € €
< Z limsup/ <5pf()<E,DuE> —|—go(E u5)> dx
icgk 70 JQineEo <
T x—eakK T r—eakK
— li Pr(Z Dos( - d
> maw [ (n(E o () w2t ()
< limsup Z e"K o (&5, ..., Enas) + o(1)
e—0 .
ieJK
- / o€z, Ena)dz + o(1) (6.5)
Q

where o(1) tends to zero, as K — +o0. Finally, since u. = euf* (x/e) + &; on eEj, by (6.1) we have

limsup/ (fj(E,D%) + gj (E,u8)> dx
QNeE; € €

e—0
< Ul + [ 30) o (6.
Summing up the inequalities in (6.5) and (6.6) we finally obtain

hmsup FE(U'E) < FO(flxa s ang)

e—0

as desired. O

7 Comparison with other types of convergence

In this section we compute the I'-limits of the functionals F. with respect to other convergences.
First, we describe such a I'-limit with respect to the strong convergence in LP(€; R™). It should be
noted that this result cannot be applied to the study of convergence of energies in minimum problems
since no compactness argument applies; but the form of the I'-limit highlights the difference with the
approach of the previous sections and provides an upper estimate for the I'-limit in Theorem 3.1 when
N =1.

Subsequently, we treat the I'-limit with respect to the weak convergence of all (N + 1) phases
of u. so that the soft phase is also taken into account; this may be an alternate way of dealing with
the asymptotic behaviour of energies in minimum problems since coerciveness properties with respect
to the weak topology of Li. (€;R™) are easily available. To state the convergence result we first
generalize the approach of the preceding sections by also considering the behaviour of the soft phase.
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In this way we obtain an integral I'-limit defined on N 4+ 1 phases. It must be remarked that the
derivatives of the ‘limit soft phase’ ug do not appear in the I'-limit so that this variable can be easily
minimized out to re-obtain the previous result. Note however that this (N + 1)-phase formulation can
be useful; for example, if integral constraints of the form fQ ue dr = C are added. Finally, we obtain
the T'-convergence result with respect to the weak L (Q;R™)-convergence by averaging on the N +1

loc
phases, thus obtaining a functional in a non-local form.

7.1 Strong convergence in LP({2;R™)

We now compute the I'-limit of F. with respect to the strong LP-convergence; i.e., when we consider
ue — u strongly in LP(Q;R™) in the definition of the T'-liminf and I'-limsup inequalities. In the
notation introduced in (3.5), in this case we also have u. — (u,...,u);ie,u; =uforalj=1,...,N.
We introduce the function gy as

go(2) = / 90(y, 2)dy, (7.1)
(0,1)"NEy
for every z € R™. As for g;, j =1,..., N, if u, — u strongly in L?(Q;R™), then
. X ~
lim go(—,%)dfﬂ = / Go(u)dz. (7.2)
=0 JoneE, € Q

With this observation in mind, the following proposition can be easily proven.

Proposition 7.1 (strong LP-convergence) Under the hypotheses in Theorem 3.1, the T-limit of
(F.) with respect to the strong convergence in LP(Q;R™) is given by

F§(0) = [ frow(Du)do+ [ g*(wdn, uwe WHP(@R"), (7.3)
Q Q
where
N N
From(® =D Row®).  ¢°(x) =) _0;(2). (74)
Jj=1 j=0
PROOF. Since ue — w implies u. — (u, ..., u), then the I'-lim inf inequality follows as in the proof of

Theorem 3.1, remarking in addition that (7.2) holds.
As for the I'-limsup inequality, we construct an optimal sequence u. — u as follows. Let ®;,
j=0,...,N, be 1-periodic C*°-functions such that 0 < ®; <1,

N
_ (I)jzl inEj,
Z@j(y)_l’ and {<I>j=0 in By, fori #j,ie{l,...,N},

for j=1,...,N.Forall j=1,...,N let (ul) be a recovery sequence for Jo fgom(Du)dx, converging
to u weakly in WLP(Q;R™) | and let u? = u. Then we set

N
ue(x) = Z D, (g)ug(z)
§=0

The T'-limsup inequality follows, upon remarking that, taking into account that Z;VZO D®jul =
Zszl D®;(ul — u?) since Z;‘\’:O D®; =0, we have

€

N
5p/ fo(f,DUa)dx < CZ(&”/ |Dug|pdx+/ |ug—u\”dx+gp|g|)
QneEo € = Q Q

+csp/(1 +|Dul) de,
Q

so that this term is negligible in the limit.
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7.2 'Weak convergence of N+1 phases

We can introduce an additional variable to describe the limit behaviour of sequences u. on the soft
phase eFy. Since we do not have strong-LP coerciveness properties on this phase, we have to consider
weak LP limits.

Definition 7.2 (weak convergence of phases) Let (u.) be a family in L (Q;R™); we say that
ue — (ug,u1,...,un) (ase —0) if

ueXer; — uj|E; N (0,1)"]

weakly in LE _(Q;R™) for all j =0,1,...,N.

loc
Remark 7.3 If u. — (ug,u1,...,uy) and uc — (v1,...,vn) in the sense of (3.5), then u; = v; for
j=1,...,N. In fact, '
ueXer; = (T2ue)Xer; — v;|E; N (0,1)"
by weak-strong convergence, so that u; = v;. Note that {u.} is compact with respect to both topolo-
gies, upon requiring a boundedness assumption on F.(uc).

In order to describe the effect of the additional variable ug on the shape of the T'-limit (computed
with respect to this new convergence) we introduce the energy density

D(20,21---,2N) :TliIJIrl Or(z0,21...,2N), (7.5)
where
. 1
Br(ao,aneaw) = wi{gm [ (fola Do)+ gnl))dy
Eon(0,T)"
v=z;on E;N(0,T7)", j=1,...,N, de:zo}. (7.6)
EoN(0,T)™

The existence of the limit in (7.5) can be proved as in Proposition 4.1.

Remark 7.4 Following the reasonings of Section 4, we can prove some properties of ®. Namely, for
(20,21, ..., 2n) € RV and a function u € I/V#lﬁ’p((()7 1)™;R™) such that u = z; on Ej for j =1,..., N,
we define

. 1
WhGon o) = wt{gn [ (ol Do) + oy o))dy
Eon(0,T)"
v=z;on E;N(0,T)", j=1,2...,N; (7.7)
N
v=1u on U E;u0(0,7)", ][ vdr = zo}. (7.8)
Pt Eon(0,T)"

We then have
(i) ® = ®°, where ®° = limz_, ;o PY;

(ii) by the fact that we take u in Proposition 4.1 independent of zy, it can be easily seen that
the mapping zg — ®%(29,21,...,2n) is convex for each zi,...,zy; moreover, (z1,...,2y)
®°(z9, 21,...,2n) is locally Lipschitz-continuous. In particular, by the growth condition on ®°
it follows that the functional

I(ug,u1,...,uy) = / % (ug, uy, ..., un)de
Q

is lower semicontinuous with respect to the weak convergence for uy and the strong convergence
for uy,...,un in L (Q;R™) (see [18]);

loc
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(iii) if go satisfies a growth condition from below of the type go(z) > 9 (z), with ¥ convex and

¥(2)

lim inf = +o00, (7.9)
|z|—+o00 |Z|
then we have
@T(Zo,zh...,ZN) Z IEoﬁ(O,l)n| ’lp(z’o) (710)

Since &7 are equi-locally Lipschitz-continuous, they converge locally uniformly to ®. By the growth
condition and the convexity of ®, we also have

lim @7 (z0,21,...,2N8) = ®(20,21,...,2N), (7.11)
T—4+o00
where ®7 indicates the convex envelope of ®7 with respect to the variable zp, at fixed z1,...,2n.

Theorem 7.5 (I'-limit on N+1 phases) Let F. satisfy the hypotheses of Theorem 3.1, and suppose
in addition that go satisfies the growth condition of Remark 7.4(iil). Then the functionals F. T'-converge
with respect to the convergence introduced in Definition 7.2 (in the sense explained in Theorem 3.1)
to the functional Fy defined on LP(;R™) x (WP(Q;R™))N by

N
Fo(uo,ul,...,uN):;/ﬂ(fﬁom(Duj)+§j(uj))dx+/Q@(uo,uh...,uN)dx. (7.12)

PrROOF. The proof of the I'-liminf inequality follows as in Section 5, noting that in the last inequality
of (5.7) we obtain a term of the form

E e"K @K(u078,u175,...,uN78)
ielX

where ués are defined as in (5.3). After defining ufg as in (5.9), we obtain
N .
liminf £z (us) > Z/Q(fﬂom(Duj) + ?lj(uj)) dx
j=1
E—
N .
Z/ (f}jlom(Du’j) +§j(uj)) da
oo
+ llmlélf/ (I);(*(uéf@ ufg? cee 7u% a)dx
E—> Q
N .
Z/ (f}]lom(Duj> +§j(uj)) da
j=17%

+/ (I);(*(U(),’Lbl,...,uN)dl', (713)
Q

+ lim i(I)lf/ @K(ué;, ufs, ... ,uﬁs)dx
o ,

v

Y

since [, @5 (uo, u1, ..., uy)dz is lower semicontinuous with respect to the LP-weak (in ug)x (LP)"N-
strong (in w1, ..., ux) convergence (see [18]) and ufs — uj,forj=0,...,N. We can then let K — 400
and conclude the proof by (7.11).

As for the proof of the I'-limsup inequality, it follows exactly that of Section 6, upon remarking
that it suffices to deal with the case where the target function U = (ug,u1,...,uy) is constant in the
first component and linear in the others. If U = (2¢,& - @,...,&xn - x), then the construction can be
repeated word for word, taking care of choosing v§ satisfying Jchn(o, K)n vidx = zp.
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7.3 Weak convergence in L} (;R™).

loc

At this point, we can easily describe the I'-limit of F. with respect to the weak LP-convergence. In
this case, the limit is a non-local functional.
We suppose that
go(y, 2) > c(|z]P = 1) (7.14)

for all y, 2z, so that the definition of I'-limit in the weak topology of LP can be expressed through the
I-liminf and T'-limsup inequality in the same way as for the strong topology (see [16]).

Theorem 7.6 (I-limit with respect to the LP-weak convergence) Under the hypotheses of The-
orem 3.1, and the additional assumption (7.14) the functionals F. T'-converge with respect to the weak

convergence in L} (S;R™) to the functional F§'(u) given by

N
Fo(u) = mf{ﬁo(uo,ul,...,w) ST IE N (0,1)" uy = u}
§=0

PROOF. To prove the T-liminf inequality, let u. — u. We can suppose (up to extracting a subsequence)
that there exists the limit lim._,¢ F(u.), and that ue — (ug,u1,...,un) with Z;-V:O |E;N(0,1)"|u; =
u; in fact, for every v € C5°(92; R™)

/Qu-vdx = ;g% ug-vdngii%z:/ﬂuaxsEj-vdx

Q =0

N
= Z/uﬂEJ—ﬁ(O,l)"\-vdm
7=079

By Theorem 7.5 we then obtain
lirr(l)FE(ua) > Fo(ug,ut, ..., un) > Fy (u).

P

e (1 R™) and n > 0, we can choose ug, u1, ..., un

To prove the I'-limsup inequality, given u € L
such that Z;-VZO |E; N (0,1)"|u; = u and
Fol(ug,ur,...,un) < F3(u) +n.
By Theorem 7.5, there exists ue — (ug,u1,...,uyn) (and hence u. — u) such that
F.(us) — Fo(ug,u1, ..., un),

from which the conclusion easily follows. O

7.4 Energies with additional forcing terms

The T'-limit computed with respect to weak convergences is helpful when studying the functionals
with additional inhomogeneous terms that are continuous with respect to the LP-norm. Namely, we
can describe the I'-limit of energies of the form

h'LL: u) — - Uuar
FP(u) = F.(u) /Qh dz,

where h € L¥ (Q;R™). In fact, the last term is continuous with respect to the convergence u. —
(ug,...,un) in the sense that
N
lim h~u5d:c:Z|Ejﬁ(0,l)"\/h~ujda:,
Q Q

e—0
=0
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so that the I'-limit is given by

Fél(uo, ce UN)

N
ZL(fﬂom(DUj) + g5 (uj) — h-ui|E; 0 (0, 1)”|>d$
j=1

+/ (<I>(u0,u1, ) — B ug| By 0 (0, 1)n|) da. (7.15)
Q

It is interesting to note that we can also recover the I'-limit with respect to the convergence
e — (u1,...,uy) by minimizing out the dependence on wg in the last integral. For simplicity we deal
with the convex case only. With fixed (uq,...,uy) we have

min/ ((D(uo,ul, coyun) = huglEg N (0, 1)”|> dx
o

Uo

. /erg&%((b(z,ul,...,ujv)—h(a:)~z|Eoﬂ(O,1) ) da

/ U(h,u,...,uy)dz,
Q
where

\I](tazl,“';ZN)

= min { min foly, Dv) + go(y,v))dy :
minfmin{ [ (. D0) 4 90,0)

v € WL ((0.1)"R™), v=2; on Ej, ][ o = 2f ¢z}
EoNn(0,1)"

= min min{/ (foly, Dv) + go(y,v) —t-v)dy :
z€R™ Eon(0,1)"

veW#”((O,l)”;Rm), v=2z; onkj, ][ vdx:z}
EoN(0,1)"

= min{/ (foly, Dv) + go(y,v) —t - v)dy :
EoN(0,1)™

vE W;i;&’p((O7 ™ R™), v=2z; on Ej}.

Note that the definition of W(t, z1,...,2y) coincides with that of ¢ in Theorem 3.1 (or more
precisely with that in Remark 3.3(2)) when go(y, v) is replaced by go(y,v) —t-v (t € R™ fixed). This
observation shows that the functional given by

N
ZA(fﬁom(Duj)+§j(uj) —h-uj|Ejm(0,1)"|>d$+/ W(h,u,. .. uy)de
j=1

Q

is indeed the T-limit of (F*) with respect to the convergence ue — (u1,...,uy). In fact, a lower bound
is proven above by pointwise minimization, while an upper bound can be proven by approximation:
if h(x) = t is constant then we can directly apply Theorem 3.1; if it is piecewise constant then
we can construct recovery sequences by reasoning locally, while in the general case we proceed by
approximation of h with piecewise constant functions.

8 Limits with other scalings

In this section we study the I'-limit of F in the case when the scaling factor of the soft phase does
not match the growth conditions. Namely, fixed ¢ > 0 we consider the energies

N X X
Fiuw) = ;/Qw(fj(g’m)*gﬂ'(g’“))dl’
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with ¢ being different from p. The computation of the I-limit £ of those energies with respect to the
convergence ue — (uq,...,uy) can be reduced to the case p = ¢ by some comparison arguments.
We note the two cases:

(a) 0 < ¢ < p. In this case we obtain

Fé’(ul,...,uN)—{FS(“) ifuy = ... =un(=wu)

400 otherwise;

i.e., Fy is equivalent to the limit in the strong LP-convergence. Note that from the equiboundedness
of the energies F.(u.) we cannot directly deduce that (u.) is strongly-LP compact.

If w is affine then the limsup inequality is immediately obtained by constructing a recovery
sequence as for F'*(u): if u = &-x, for a fixed > 0 consider K € Nand v!,... vV € W#p(((), K)™R™)

such that f(o,K)"mEj fi(y, Dvi)dy < K™(f (&) +n). We set

N
ue(x) = ZE(I)]' (g)M(g) + &,

with ®; as in the proof of Theorem 7.1. Then u. — £ -z and limsup,_, o+ F2(u.) < F*(£-x)+ Nn, so
that the I-limsup inequality is proved by the arbitrariness of 7. As usually, the passage from affine to
piecewise-affine, and then to arbitrary u, is standard.

As for the liminf inequality, for a fixed A > 0 we can use the inequality F¢(u) > G2(u), valid for
small enough e, where

e = Y[ (H(EDu) +ar(E o))
: =1/ neE; \e I\

o, 0 20) () -

We then obtain a bound from below given by the functional

N
Golur,...,uy) = Z/(fﬁom(Duj) +gi(ug)) de + [ Mua, ... un) da
=Je Q
with
. 1
YA, ) = sup lnf{ﬁ/ (Mo(y, Dv) + go(y,v)) dy :
KeN\{0} Eon(0,K)™

v e WEP((0,K)R™), v =z on Ej, j=1,.. .,N} (8.3)

(note that instead of passage to the limit in (8.3) we have equivalently written a supremum). We can

then take the limit (that is a supremum as well) as A — 400 and (by the Monotone Convergence
Theorem) obtain the lower bound

N
sngé‘(ul,...,uN) = Z/(fﬂom(Duj)—l—gj(uj))dx—i—/¢°°(u1,...,uN)dx,
/e Q
where

. 1
Y>P(z1,...,2N) = supsuplnf{—n / (Afo(y, Dv) + go(y,v)) dy :
A K Eon(0,K)"
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v E W;p((O,K)”;Rm), v=zjonkE; j= 1,...,N}
. 1
= supsuplnf{ﬁ/ (Mo(y, Dv) + go(y,v)) dy
K A Eon(0,K)n
UGW;”’((O,K)”;R"‘), v =z; on Ej, jzl,...,N}
K

1
= supinf{—/ 9o(y,v)dy : Dv =0,
" JEon(0,K)"

’UEW;Z)((O,KYL;RWL), v=zjonEj j= 1,...,N}.

This last minimum problem is trivial, since either there is no possible test function or (in the case

z1 =...=zn(= z)) the only test function is the constant v = z. Hence,
00 _ go(z) le]_::ZN(: Z)
VE(a - an) = { +o00  otherwise,

and we recover the desired inequality;

(b) ¢ > p (decoupled phases). In this case the contribution of the soft phase reduces to a constant,
and the I'-limit is given by

N
Fi(un, . un) =3 /Q (o (D) + 35 (3)) da + Col€Y,
j=1

where

Co = / min go(y, s) dy.
Eon(0,1)"

S

In this case the lower bound is trivial, since
e fo(y,2) + go(y, u) > mingo(y, s)

for all z, u. To construct a recovery sequence for (uq,...,uy), with fixed > 0 we can choose a smooth
1-periodic function ug with

/ 9o(y,uo(y)) dy < Co +n,
EoN(0,1)n

set u? = ug(z/¢) and let (ul) be a recovery sequence for [, fﬁom(Duj)dx converging to u; weakly in
WhP(Q;R™). Choose ®; as in the proof of Proposition 7.1 with the additional property that

N

limsupZ/ (1 + [ul]P + [u2P) dz < . (8.4)
e—0t 51 Jane(Bon{®;>0})
We then define N
ue(w) = > (2 )ul(a),

§=0

and estimate
lim sup F (ue)
e—0

AN

Z/{z(fﬁom(Duj) + g;(uj)) dzx

riman [ (0235 (0w, (2)ot +0,(2) )

j=0
(S 3 n()) )
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The first term in the limsup on the right-hand side is estimated by

Z/ W\P +Dulf) d,
(lﬂeEo

and hence vanishes as € — 0. As for the second term, we can write

N
frog oG EBC)) o= [ w(Zw(Z)) s
N N
+;/QHE(EN%>O})( (f,;@( ) l) —go(g,ug))dx.

The last sum can be estimated by ¢n thanks to (8.4), thus we obtain

lim sup F (ue) < Z/ fhom Duj) + gj(u;)) dz + |2 Co + cn,

e—0

and the desired inequality is proved.
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