ENERGY CONSERVATION FOR INHOMOGENEOUS INCOMPRESSIBLE
AND COMPRESSIBLE EULER EQUATIONS

QUOC-HUNG NGUYEN, PHUOC-TAI NGUYEN, AND BAO QUOC TANG

ABSTRACT. We study the conservation of energy for inhomogeneous incompressible and compress-
ible Euler equations in a torus or a bounded domain. We provided sufficient conditions for a weak
solution to conserve the energy. The spatial regularity for the density is only required to have
the order of 2/3 and when the density is constant, we recover the existing results for classical
incompressible Euler equation.
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1. INTRODUCTION AND MAIN RESULTS

Let Q be either T¢ or a bounded and connected domain in R? with C? boundary 992, with d > 2.
This paper studies the conservation of energy for weak solutions to inhomogeneous incompressible
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Euler equation

(0104 V- (ou) = 0, in Q x (0,7),
Oi(ou) + V- (u®u)+ VP =0, inQx(0,7T),
V-u=0, in Q x (0,7), (E)
u(z, t) - n(z) =0, on 99 x (0,T),
(ou)(,0) = go(w)uo (), in ©Q,
\g(x,O) = 00(7), in €,
as well as the compressible isentropic Euler equation
(Oi0+ V- (ou) =0, in Q x (0,7),
di(ou) +V - (ou®@u) +Vo' =0, inQx(0,T),
u(z,t) - n(z) =0, on 99 x (0,T), (Ec)
(ou)(z,0) = go(x)uo(x), in Q,
Lo(2,0) = 00(x), in €2,

where v > 1, T > 0, and n(x) denotes the outward unit normal vector field to the boundary
9Q. Note that the boundary condition u - n = 0 is neglected when Q = T?. In system (E),
0:0x(0,T) — R, is the scalar density of a fluid, u: Q x (0,7) — R? denotes its velocity and
P :Qx(0,T) — R stands for the scalar pressure.

In his celebrated paper [Ons49] Onsager conjectured that there is dissipation of energy for
homogeneous Euler equation (namely o = 1 in (E)) for weak solutions with low regularity. More
precisely, if the weak solution is in C* for o > 1/3 then the energy is conserved while the energy
is dissipated if v < 1/3. The first landmark result concerning the loss (or gain) of energy is due
to Scheffer [Sch93] in which he proved the existence of a weak solution having compact support
both in time and space. This was later also recovered by Shnirelman [Shn97] for the torus T
This direction of research has been greatly pushed forward by a series of works of De Lellis and
Székelyhidi in e.g. [DS12, DS13, DS14, BDIS15]. The Onsager’s conjecture has been recently
settled by Isett in [Isel8a, Isel8]. The other direction, i.e. the conservation of energy, was first
proved by Constant-E-Titi [CET94] for the torus T2. The case of bounded domains is studied
only recently in [BT18, BT'W] in the context of Hélder spaces and in [DN18, NN18] in the context
of Besov spaces.

Much less works concerning the inhomogeneous incompressible Euler equation (E) and the
compressible equation (Ec) have been published in the literature and so far only the case of a
bounded domain with periodic boundary condition, namely T¢, has been treated (see the recent
papers [L5S16, FGGW17, CY]). More precisely, in [FGGW17], Feireisl et al. provided sufficient
conditions in terms of Besov regularity both in time and space of the density o, the velocity u
and the momentum m = pu to guarantee the conservation of the energy. Their method relies on
the idea in [CET94] and requires also regularity conditions on the pressure. Recently, by using
a different approach, Chen and Yu [CY] obtained the energy conservation, under a different set
of regularity conditions, without any integrability assumption on the pressure. It is worth noting
that the aforementioned papers only deal with the case of the torus T¢.

In this paper, we provide modest sufficient conditions for a weak solution to conserve the energy
for both inhomogeneous incompressible Euler equation (E) and compressible Euler equation (Ec).
Our techniques are suitable to deal with both the case of a torus or a bounded domain. We need
first the definition of a weak solution for (E) (a weak solution for (Ec) can be defined in the same
way so we omit it here).
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Definition 1.1. A triple (o, u, P) is called a weak solution to (E) if

(i)
T
/ /(Q@tcp + ouVp)dzdt =0
o Ja

for every test function ¢ € C§°(Q2 x (0,T)).
(i)

T
/ /(Qu-6t¢+gu®u:V¢+Pv-w)dmdt:()
0o Jo

for every test vector field ¢ € C&(Q2 x (0,T))%.
(111) o(-,t) = 0o in D' () ast — 0, i.e.
iy [ oo pla)ds = [ an(o)oo)ds (1)
0 0
for every test function p € C§°(£2).
(iv) (ou)(-,t) — ooug in D'(2) ast — 0, i.e.
i [ (ew),1)0(@)do = [ (ovun) @) (o)d 2)

t—0 Q Q
for every test vector field 1 € C5°(2)4.

To state the main results, we introduce, for >0, 0 > 0 and p > 1, in the case of the torus T
the quantity’

1fllypr gay = sup AIPIFC 4+ R) = £l acray,
<

and in the case of a bounded domain €2 the quantity

1Fllyzegey = sup [RZPIF(+ ) = f() o),

|h|<d
for any K CC Q2 with d(K,0) > 26. For T' > 0 we denote by

T 1/q
sz = ([ 1 OFgtt)  for1<a<

1 oo o080 (ray) = s sup 1 O)llyer(pay;

and similarly for ||f||Lq(07T;V§,p(K)) with K CC Q.
Our main results read as follows.

Theorem 1.1 (Conservation of energy for (E) in a torus). Let (o, u, P) be a weak solution to (E)
in the case Q = T¢ and assume that

0<o0,0 € LT x(0,T), ueL*Tx(0,T)), PecL(Tx(0,T)), (3)
||Q||LOO(O’T;V§J,OO(W)) + ||11||L3(07T;V§),3(W)) < 00, hrgljélp ||u||L3(07T;V§,3(Td)) =0, (4)

for some &g > 0. Then the energy for (E) conserves for all time, i.e.

/Q (olul?)(z, t)dz = / (olwol?)(x)dx Vi€ (0.T). (5)

Q

IClearly here is a slight abuse of notation since the definition is not a norm but only a seminorm.
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Remark 1.2. Our results in Theorem 1.1 improve that of [CY]| where the authors assumed in
particular o € LP(0,T; W'(T%)) and u € L9(0,T; B>>(T%)) with 1—1) +% <1 and o > 5. Here
we are able to reduce the spatial reqularity of the density o to the order % and keep the original
order % of the velocity. When ||uHL3(O,T;V5“’3(Td)) < 00 for some o > %, the limit condition in (4) is
automatically satisfied. When o = const we recover (and slightly improved) the classical result for
homogeneous Euler equation (see e.g. [CETI4]).

It’s remarked that [CY] also studies the case where o only belongs to L>((0,T) x T%), but as

a consequence they need to compensate that by assuming Besov reqularity for the velocity both in
time and space u € Bg"’o(O,T; Bg"oo(Td)) with 2+ 3 > 1 and o + 28 > 1.

When 2 is a bounded, connected domain with smooth boundary, we need additonally some
behavior of u and P near the boundary. In the sequel, Q, := {z € Q : d(x,0Q) > r} for any r > 0
and f, fdx = ﬁ [, fdx for any Borel set E C R%. Since 2 is a bounded, connected domain

with C? boundary, we find 7y > 0 and a unique C}-vector function n : Q\Q,, — S9! such that
the following holds true: for any r € [0,79), = € Q,\2,, there exists a unique z, € 0%, such that
d(xz,00Q,) = |r — x,| and n(z) is the outward unit normal vector field to the boundary 052, at z,.

Theorem 1.3 (Conservation of energy for (E) in a bounded domain). Let Q C R? be a bounded
domain with C* boundary 0. Let (9,u, P) be a weak solution to (E). Assume that

0<o0,0'eL®Qx(0,T), uel*Qx(0,T)), PeL2(Qx(0,T)), (6)
H@HLOO(OVT;V&%,M T ||uHL3(07T;V§,3(Q%)) <oo, limsuplluf 45 =0 ¥5>0, (7)

and

(/OT ]é\gg IU(x,t)!?’dxdt)g (/OT ]é\QE lu(z, t) -n(x)]Sda:dt)é —o(l) as e£—0, (8
( /0 ) ]{2 N IP(ar,t)|3d:cdt) - < /0 ' ]{2 IR n(a:)|3dxdt>é “o(l) as e—0. (9)

Then the energy for (E) conserves for all time, i.e.

/Q (olul?)(z, t)dz = / (coluo?)(@)dz Vit € (0.7). (10)

Remark 1.4.

e Note that for the case of bounded domain, we only require the density and velocity belong
locally to a Besov space.

e When o = const we recover (and slightly improved) the recent results in [NN18] with the
remark that the integrability of the pressure P in (6) is only needed in the inhomogeneous
incompressible case (or compressible case). See Remark 2.1.

e Conditions (8) and (9) can be replaced by the following conditions

limsup/ ][ u(zx,t)| d:cdt—i—hmsup/ ][ ]P(m,t)|%d:cdt < 00
e—0 Q\ Qe e—0 O\ Qe

T
lim inf / ][ (2, 1) - n(2)*dadt — 0.
e—0 0 Q\Q.

and
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o Putu(x,t) =u(x,t) n(z) for any v € Q\Q,,. If the function
h:ec— h(€) = HﬁHLQS((Q\QE)X(O’T))
satisfies h(e) < Ce?/? for every e € (0,1q) with some C > 0, then conditions (8) and (9)
are fulfilled.

We now turn to the energy conservation for the isentropic compressible Euler equation (Fc)
(with v > 1). Put
2

Theorem 1.5 (Conservation of energy for (Ec) in a torus). Let (o,u, P) be a weak solution to
(Ec) in the case Q = T?. Assume that

0<o,0'€L™®Tx(0,T), ueL¥T?x(0,T)), (11)
el o.ravgy ey + ||“||L3<0,T;v§0’3(1rd>) =% hr?félp||u||L3(0Tv% (o) 0 (12)
for some 6 > 0, and
limsup [|o[| oo (o, rppeee(rayy =0 if v > 2. (13)
0—0

Then the energy for (Ec) conserves for all time, i.e.

[ (Gt + £ do - [ (Labulyo) + 290 ar im0 s

Remark 1.6. We remark that the spatial reqularity of the density o > 1/3 and the equality holds
iff v > 2, and in that case we need the asymptotic behavior (13). If v < 2, and consequently
a > 1/3, then the condition (13) is automatically satisfied.

Theorem 1.7 (Conservation of energy for (Ec) in a bounded domain). Let Q C R? be a bounded
domain with C* boundary 0. Let (9,u, P) be a weak solution to (Ec). Assume that

0<0,0'e€L™®Qx(0,T), ueclL*Qx(0,T)), (15)
=0 Y6>0, (16)

oo ))& B 1 3
el oy ==@agy + 10l hag <00 Timsupliull oo oa o
limsup ||| L (o,ve(,5)) = 0 V6 >0, if v > 2, (17)

e—0

(/OT ]{ms |u(1:,t)|3dmdt>§ (/T ]{ME (. ) - n(x)|f’>dgcdt)é —o(l) as e—0, (18)

/ ][ u(z,t)-n(x)|dedt =0(1) as e —0. (19)
O\Q.

Then the energy for (E) conserves for all time, i.e.
r,t 1 )7
/ (5<@|u|2><x,t> + L o= [ (Gl + 29 Yo we o). @)

The paper is organized as follows: The proofs of Theorems 1.1, 1.3, 1.5 and 1.7 will be presented
in the next four Sections respectively. In the Appendix, we collect some useful estimates which
will be used in the proofs.

Notation:
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e For convenience, we simply write || f||» for || f| 2o ((0,1)x0) With © = T or a bounded domain
and 1 < p < 0.

e We denote by C' a generic constant, whose value can change from line to line or even the
same line. Sometimes we write C'(\) to emphasize the dependence on A > 0.

2. PROOF OF THEOREM 1.1
In this section we write T? instead of . By smoothing (E), we obtain
0i0° + V- (ou)* =0 (21)

and
O(ou)* +V - (pu®@u)*+ VP =0. (22)

for any 0 < e < 1.
Multiplying (22) by (0°)~!(ou)® then integrating on (7,t) x T¢, for 0 < 7 <t < T, we get

/ / (ou)°0;(ou) da:ds—i—/ / (ou)°V-(pu®u)® dwds—i—/ / (ou)*V Pdxds = 0. (23)
Td 0° Td 0° Td 0°

Denote by (A), (B) and (C) the terms on the left-hand side of (23) respectively. We will estimate
their convergence separately. Let M be a constant such that

1
ol|zee +[[0 " ||z + HQH 0TV3 =gy < M, for some &y > 0.

2.1. Estimate of (A). We rewrite (A) as

//T < v ’2)d o __/ /T ou)” — o"u|(ou)* *dads
//Td o°u®)|(ou)*|*dads (24)

+(A3).

The term (AS) will be cancelled with the term (B2) when estimating (B). We will study the limit
of (A2) since (A1) is the desired term. By integration by parts and Hélder’s inequality,

<3 [ v (L2 )

For any § € (¢,dp), by Lemma A.2, we estimate

1((ou)” — 0™u®)(s)[| p3(ra) < C(M)ffgl\U(S)Hvé,s(Td),

) = o ud)(s) ey ds.
L3 (T9)

_2
< OO0 (o) e + I s o) o, )
s

L3 (T4)

) |
(2] < conlal e (Tl Talloslal )

Therefore, by assumption (4),
lim sup lim sup lim sup | (A2)| = 0. (25)

6—0 e—0 7—0
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/Tt/w(gu)s@uev, (@;)g s

2.2. Estimate of (B). By integration by parts we have
/ / (ou )7 — (ou)”  u')
Td

It can be checked by using Lemmas A.2 that

T Hu(swLa(Td)) lu@)l|

v (1) v
and (o)
ou)® _2
5 < C(M)e 3 | ||u(s + ||u(s . 27
20, <000 (I ims + 1O ) )
Thus, by Holder’s inequality,
g 3 € 3 (Qu)E
B <0 [ Henowr - (o ul,y,, [v- L0 as
0 0 L3(’]I‘d) (28)
<C(M 7 2 :
<O (Il l? g VIl o
Therefore, by (4),
lim sup lim sup lim sup |(B1)| = 0. (29)

6—0 e—0 7—0

2.3. Estimate (A3) 4 (B2) = 0. It remains to estimate the terms (A3) and (B2). We will prove
here that they in fact cancel each other. Indeed, using integration by parts we have

Qu Qu

(B2)

V(ou)*u® + (pu)*Vu|dzds

[((ou)® ® uf]dxds =

Td Td

2
:__// \(gu)EIQV‘—deds+/ @V-ugdms
2 r Td Td
! €12 1
— |(Qu) | —E — —V dxds
T Td Y Q

1 [t |(ou)?|? . o
[ e - -

(30)

2.4. Estimate of (C). Using the divergence free condition”, we estimate

_ /Tt /T é((gu)s W)V Peduds. (31)

From Holder’s inequality and Lemma A.2 we get

T
(C)] < C(IIQ_IHLOO)/O 1(ew)” = 0| o) [VE gyl

T
—1 2 L —1
< Clle M) [ <Flel g 3l g = 1P g g
Ju

3

| oo P
< (e =)l iozivd oy P11

2 o0
Leo(0,T5v58 " (T?))

2We observe that the divergence free is only used here to treat the term involving the pressure. This observation
will become helpful when treating compressible Euler equation in the next sections.
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By the assumption (4) we have

lim sup lim sup lim sup |(C)| = 0.
0—0 e—0 T—0

Remark 2.1. We remark here that the integrability of the pressure P in (3) is only needed in the
inhomogeneous or compressible equations since obviously if 0 = const then (C') = 0.

2.5. Conclusion. From the previous estimates we have,

/t/ ) Fg|(gu)€\2} dds

Thanks to (21) and (22), one has (o), 8;0° € L3 (0, T, L°(T%)) Thus,

1
limsuplimsup‘/ —|(ou)*[*(x t)dw—/ —|(ou)* ?(x, 7)dx
e—0 =0 a 0°
By (1) and (2), o(+,7) — 0o and (ou)(-,7) — goug in D'(Q), so for every z € T?,

Qa(xﬂ-) - Qé(l]), (Qu)g(xﬂ_) - (Qouo)a(‘r)v

as 7 — 0. Thanks to dominated convergence theorem, it yields

lim sup lim sup =0.

e—0 T—0

=0.

. 1 15
fimsup | [ ~I(ew? (o, )~ [ I(ouuo)(a)da| 0.
e—0 Td O° Td Qo
Thus, by the standard property of convolution, we derive (5). The proof is complete. U

3. PROOF OF THEOREM 1.3

The proof of Theorem 1.3 is similar to that of Theorem 1.1, except that we have to take care
of the boundary layer when taking integration by parts. Recalling the smooth version of (E) as
00"+ V- -(ou)=0 in Qo (32)
and
O(ou)*+ V- -(ouu)*+VP =0 in Q.. (33)
Take 0 < & < £1/10 < 2/10 < 50/100 Note that if e2 — 0 then ¢,6; — 0. Multiplying (33) by
)~(ou)® then integarting on (7,t) x Q.,, with 0 < 7 <t < T, yield

QE
/ / (ou)°0;(ou)°dxds +/ / (ou)°V - (pu ® u)°dxds +/ / )°V Pedzds = 0.
Qey Q

(34)
For 3 > 0 small, we integrate (34) with respect to €5 on (1,61 + £3) to get

€1+€3 €1+€3
/ / (ou)°0;(ou)°drdsdes + —/ / / V- (ou ® u)°drdsde,
Qcy Q

e1+tes3
/ / (ou)*V Pedxdsdes = 0.
(35)

Denote by (D), (E) and (F') the three terms on the left hand side of (35), which will be estimated
separately in the following subsections. Let M., be a constant such that

el + lle™ Ml + llell < M.,

OTVE;’Z< c1/2))

It’s worth mentioning that in the following, we let successively 7 — 0, ¢ — 0, then ¢y — 0.
Therefore, at some estimates, after letting ¢ — 0, constants depending on M., (usually denoted
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by C(M.,)) vanishe for each €; > 0, therefore we then will be able to send £y — 0 without
encountering any issue.

3.1. Estimate of (D). The term (D) is rewritten as

€1+es
/ // ( >d£€d$d€2
253 Q
e1tes )
S —— — o*u®||(pu)®|*dxdsds
253 // ou)® — ouc]|(ow)* Pdzdsds, a5

81+63
5% / /Q

—: (D1) +

(0°u®)|(ou)*|*dzdsde,

We will only estimate (D2) since (D3) will be estimated together with (£3) later and (D1) is a
desired term. Using integration by parts we have

(D2) < 5 i/ / / o) o) = w] - n() e O) e
- /+/ / (ou)® — oIV (K(QQ)) * )dxdsde2
(D21 (D22).

The term (D22) can be estimated similarly to (A2) as

(D22) //Q (ou) —Qu]v(‘(("”)’dxds

°)?

(37)
<COLl s [nuuis E ||u||Ls||u||L3(OyT;V§,3(QEI))] .
+ +
Therefore, by using (7),
lim sup lim sup(D22) = 0. (38)

e—0 T—0

For (D21) we use the coarea formula: for any 0 <7 <7y <1, and g € L*(Q,,\Qs,),

/97-1\97-2 g(x)dx = /T;Q /891, g(0)dH(0)dv, (39)

and the fact that 3 ~ £4(Q.,\Q¢,1-,) to get

/ f£1\951+53

Since g, 07! € L>(Q x (0,T)),u € L3(2 x (0,T)), we have

(D21) < C

S| (ou)*P[(ou)® — o*uf] - n(x)dxds| .

lim sup lim sup(D21) = 0. (40)

e—0 T—0
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3.2. Estimate of (F). Using integration by parts we have

1 £1+€3 t 1
= / / / —(ou)*(ou® u)“n(0)dH(0)dsde,
€3 Je T Joq., 9

€1tes3 t 5
— / / (ou®@u)°V - (o) dxdsdes
€1 T Qeg QE
e1+es t € 41
. (B1) - i/ / / (eu®uy — (ouyF ®u )V - 2 drdsde, (41)
Qe

o
e1tes
// ou)® @ u°V (Q ) ———dxdsdes

= (El)

By the coarea formula (39), we have

1 /[t 1
(E1) = —/ / —(ou)*(ou ® u)°n(z)dzds.
€3 Jr Jao\0uy ey O

Therefore, letting successively 7 — 0, ¢ — 0 and &; — 0 and then using the fact g3 ~ L4(Q\.,)
and Holder’s inequality, we obtain

C oy |07 p) T
lim sup lim sup(E1) < Ulellz=, o1l )/ / lu*|u - n|dzds
€ 0 JO\Q,

€1,e—0 7—0
2
T 3 T
Clelles llo~ o) (/ ][ rurBd:cds) (/ f \u~n\3dxds)
0 JO\Qey 0 JOQ,

Thus, by assumption (8), we derive

ol

lim sup lim sup lim sup |(E1)| = 0.

e3—0 e1,e—0 7—0

By proceeding as in estimating (B1) we derive

t €
[(E2)] SC/ / |(ou ®u)® — (pu)® V~@ dxds
T JQey 0
T
(ou)®
< C/ [(eu®u)” = (ou)* @ u’f|, 5 HV- ds 42
0 L2(0e) o s 42)
< C(M. ] 2 ) :
<o) <||u||L3 I b, ) 108
Therefore, by assumption (4), it follows that
lim sup lim sup |(E2)| = 0. (43)

e—0 7—0
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3.3. Estimate of (F). By using the divergence free condition® we can split (F) as

e1+tes €1+e€s3
(F) = / / ((ou)® — 0°u®)VPdxdsdes + —/ / / u"VPdzrdsde,
Q. Q.

€1+53 44
=: (F1) / // Peut - n(0)dH 1 (0)dsde, (44)
53 e,
=: (F1) +

The term (F'1) is estimated similarly to the term (C) in the case Q = T?, thus by Lemma A.1 2),

we obtain
(F1)] < / /
<(C

— o°u’||VP?|dxds

(45)
P| s.
< COm e, QTyi,mmi))nun ot 1P,
4 2 2
Hence, by assumption (4),
lim sup lim sup |(F'1)| = 0. (46)
e—0 7—0

For the term (F'2) we use the coarea formula (39) to obtain

1 t
(F2) = —/ / Peu® - n(x)dxds.
€3 Jr Qe \Qeq 45

Letting successively 7 — 0, ¢ — 0 and ; — 0 and then using the fact e3 &~ £4(Q\Q,) and Holder

inequality, we obtain
/ / P(z,s)u(z,s) - n(x)dzds
€3 O\ Qe

<0( [ me .9} M> ( [ ]g\ﬂ n@)pm)?

By the assumption (9) we obtain

lim sup lim sup |(£2)|

£1,e—0 T7—0

lim sup lim sup lim sup |(F2)| = 0. (47)

e3—0 €1,e—0 7—0

3Again, the divergence free condition is only used here to deal with the pressure. This allows us to reuse other
estimates in the case of compressible Euler equation.
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3.4. Estimate of (D3) + (E3) = o(1). Using integration by parts we compute (similarly to
(A3) + (B2) = 0)

1 e1+es3 t 5
(E3) =—— / / (ou)* - (ow) -n(0)dHIL(0)dsde,
€3 €1 T J Oy QE

€1+e€3 t
L
€1+63
. (B31) / / /
53 Qe
e1+e3 i1
:E31 +——/ // gu 0)dH* " (0)dsde
(@) (B)dsde s
€1+e€s3
- —— // (ou)*|?V - —dxdsdeg
253 0.,
€1+es3
— // %V-usd:cdsdeg
€1 Q

=: (E31) + (E32) +——/€1+€3/ /BQ é) )dxdsdeg
= (E31) + (E32) — (D3

Therefore, it remains only to estimate (E31) and (E32). By using a similar argument as in esti-
mating (E1), together with the coarea formula, Holder’s inequality and the fact e3 ~ L3(Q\Q,),
we obtain

ou)® ® uldrdsde,

- (ou)*u® + (pu)°V - u’|drdsde,y

lim sup lim sup (|(£31)| + [(E32)])

e1,e—0 T—0

T 5 T 3
< C(llollzes, o~ =) (/ ][ |u|3dxds> (/ ][ lu- n|3dxds>
0 JNQ., 0 JO\Qey

By assumption (8), we deduce
lim sup lim sup lim sup (|(E£31)| + |(E32)]) = 0. (49)

e3—0 £1,e—0 7—0
Combining (48) and (49) leads to
lim sup lim sup lim sup |(D3) + (E3)| = 0.

e3—0 e1,e—0 7—0

Finally, by collecting the above estimates, we get

lim sup lim sup lim sup |(D1)| = 0.

e3—0 €1,e—0 7—0

3.5. Conclusion. From the estimate of (D ) and (F') we have

€1+es3 2
/ // 8t(gu|>ddsd5
€3 Q.

Arguing similarly to the case of torus = T¢ we obtain finally the results of Theorem 1.3,

/Q (olul?)(z, t)dz = / (eolwol?)(@)dz Vi € (0.7).

lim sup lim sup lim sup |— =0.

e3—0 e,e1—0 T—0
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4. PROOF OF THEOREM 1.5

As proof of Theorem 1.1, we have for any 0 <7 <t < T,

/ / (ou)°0;(ou)°dxds —1—/ / (ou)°V - (ou ® u)°dxds —|—/ / (ou)°V (o) dxds = 0.
Td O° Td 0° Td 0°

(50)
Let M be a constant such that

lellzes + llo™ Iz + llell + llell e orvg e (ray < M.
0

OTVB‘ *(T4))

In view of the proof of Theorem 1.1 (recalling that the free divergence condition in the incompress-
ible case is used only to deal with the pressure term, which will be estimated separately here), we

have
)d dt—l—/ / (ou)°V(0")*dxds
Td 0°

lim sup lim sup lim sup ’ / / (
0—0 e—0 T—0 Td
! 1 ! 1
=/ / —E(Qu)ev(ge)”ddeﬂL/ / —(ou)*V [(0")° — (¢°)"] dxds
r Jra 0 r J1d O

By integration by parts

v [ ! 1

— 2 [ v sty tsts = [ v S| 10 - @ dss

Y= k JTd T JTd %
=: (G1) + (G2)

Since 0,0° + V - (ou)® =0,

—0 (51)

/ 0,0°(0°)" tdwds = —/ 0(0°) " dxds.
Td Td

To deal with (G2), we use the following estimate: for any a > 0,0 > —a
[(a +b)" — (a” +~va"'b)| < C|b]” + C(a + b)"?|b|*. (52)

We write
(0" (x,8) — (6°)(x, 5) = /Td oz =y, s) we(y)dy — (/T

By applying (52) with a = o(z,s), b= o(x —y,s) — o(z,s) and a = g(x, s), b = [L.(o(x — vy,
o(z, s))w:(y)dy and Holder’s inequality we get

oz —y, 8)%((7;)6@)V :

d

[(@") (2, 8) = (&) (2,9)[ < C » lo(z —y,s) — oz, )] we(y)dy

+C | ol —y,s)*|o(z—y,s) — oz, s)]w.(y)dy

Td
y—2
0 ([ ato=wopatitn) [ 1ot~ .9) - o))y
T
(53)
Note that, for any p > 1 and any 6 € (e, dp),
lo(x — vy, s) — o(z, s)|Pw-(y)dy < | o||” (O.Tv2 (1)) for a.e. s € (0,7). (54)

Td
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By applying (54) to the terms on the right-hand side of (53) with p =« and p = 2 successively,
we obtain

[(0") = (0°) [ o (rax (o) < C(M)eomintr2) = C’(M)eg.

Hence,
2 1
(G2)] < C(M)es ||V - —(ou)®
Y L(T%(0,T))
2 (44, 2
< 00N (el lelmorg o+l g ) 69
Therefore, by assumption (12), (13)
lim sup lim sup |(G2)| = 0. (56)

6—0 e—0

4.1. Conclusion. From the previous estimates we have

/ /T o {——E PR+ ig_)ﬂ dads

By proceeding as in Section 4.1 with additional argument concerning the term p”, we derive the
energy conservation (14). O

lim sup lim sup = 0.

e—0 7—0

5. PROOF OF THEOREM 1.7

The proof of Theorem 1.7 is similar to that of Theorem 1.5, except that we have to take care
of the boundary layer when taking integration by parts. Take 0 < & < €1/10 < e3/10 < d,/100,
as proof of Theorem 1.3, we have

€1+e€3 £1+te€3
/ / (ou)°0;(ou)°drdsdes + —/ / / V - (ou ® u)°drdsdey
e1tes
/ / 0" ) dxdsdes = 0.

(57)
Let M, be a constant such that

lollzo + lo™ |z~ + ||Q|| + el ryee@., ) < Mz -
4

(0 Tvglw(ﬂsl/z»

In view of the proof of Theorem 1.3, we have

e1tes
—— / / / ( )da:dsdag
Qe,
€1+€3
/ / 0") dxdsdes
Qe,

By integration by parts and the coarea formula (39) we have

€1t+e3
/ / / 0°) dxdsdes
63 Qe

€1+e€s3
L / / v. E(guf ((0) — (¢°)") dadsde,
€1 T 962

lim sup lim sup lim sup
e3—0 €1,e—0 7—0

=0.
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//Q \Q E ou)*((0")* — (¢°)")n(z)dzds
B o 81+s;{3)

By using (9), 0,07 ! € L°°(Q X (O,T)) and g3 ~ L4(Q\(.,) we obtain easily
lim sup lim sup lim sup |(H3)| = 0.

e3—0 €1,e—0 7—0

Using the integration by parts, together with the coarea formula (see (39)) and the fact that
010° + V- (ou)® =0, we get

€1+€3
(Hl)=— ——— // (0°)" 'dwdsde,

Y= 1 €3
/ / (ou)® - n(0°)" 'drdsde,
_ 1 £3 QEl\Q51+€3

€1+€3
= / / 0y (0°)"dxds + (H11).
Y= v—1 53

By assumption (19) and ¢ € L>®(Q x (0, T)) and the fact that g3 ~ LI(Q\Q.,), we assert
lim sup lim sup lim sup |(H11)| = 0.

e3—0 £1,e—0 7—0

Using an argument similar to the one leading to (55), we can show that

2

wl

-1+«
(H2)| < C(M¢,)e (6 lallzellell o o rve ey ) + €7 Sl Oy (021)))- (58)

This, combined with the assumptions (16) and (17), yields
lim sup lim sup |(H2)| = 0.

e—0 70
Therefore, we conclude
€1tes3 <Q5)fy
lim sup lim sup lim sup | ——— / / [ ou)|* + —1 dxds| = 0.
e3—0  e1,e0 70 7—183 Q., y—1
This gives the energy conservation (20). The proof is complete. U

APPENDIX A. APPENDIX

In this section, we collect some lemmata and estimates which are used for the proofs of the
main results.
For a function f : @ — R we denote by f® = f x w. the smoothing version of f, where
we(7) = (1/e?)w(z/e) is a standard mollifier in R<.
Lemma A.1. Let Q C R? be a bounded domain with C? boundary OS).
1) Let € (0,1) and 1 < p < oo. Then for any function f : Q — R and small 0 < e < g,
there holds
IV Sl < CIVOll e L vy, (59)

IV felloies) < ClIVWll, 2 e™ P fll 0 ). (60)
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2) Let 1,02 € (0,1), p > 1,p1,p2 > 1 such that% = p%—l—piz and 6, > 0,6, > 0,0 >

max{dy,d2}. Then for any functions g1,g92 : & — R and small 0 < & < w, there
holds

102)° — Gigilley < Ol a1 vy l92lyzs ey (1)
1 So

3) Let B € (0,1) and p > 1. Then for any functions g1, g2 : 2 — R and small § € (0, 1), there
holds

lonllysoiag < € (Ionlimop lolhzoay, + il o lolisap ) . (62
2 2

for any 0 <e < d/4.

Proof. 1) Since [, Vw.(y)dy = 0, it follows that, for a.e. z € Qj,

VE@I =] [ =) - ) Vatn] < | 1=~ f(x)\wy)’l’ 9w, 2

This yields (59) and (60).
2) It is not hard to see that
(9192)" () = gi(x)g5(x)] < /Rd 191(2 = y) = 91(2)|g2(= — y) = g2()|w:(y)dy
+191(2) — g1(@)l|g5(x) — g2(2)].

Thus, using Holder’s inequality, we get (61).
3) For every x € Qs and h € R? such that |h| < §/2, we have

o)+ ) — (Fo)@) < |F @+ Wllgle +h) — g(@)| + [+ B) — £ lg(a)]
Clearly, this gives (62). O
Lemma A.2.
1) Let B € (0,1) and 1 < p < co. Then for any function f: T — R and e > 0, there holds
IV fell Lo (ray < CHVWHL%g_IHfHLP(Tdy
IVl znray < CIVOl, 2 e PN fllyeo pay.

2) Let 1,082 € (0,1) and p > 1,p1,ps > 1 such that % = pil + piQ. Then for any functions
g1,92 : T = R and ¢ > 0, there holds

(919 — G368l ooy < O 2l e g sy 9l
3) Let B € (0,1) and p > 1. Then for any functions gi,g> : T* — R and € > 0, there holds
92z mey < € (gl llgalyso ey + 1191 lhoe oy g2 Loy ) -

Proof. The proof is similar to that of Lemma A.1 and we omit it. O
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