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Gradient estimates for perturbed Ornstein—Uhlenbeck semigroups
on infinite-dimensional convex domains

L. ANGIULI, S. FERRARI AND D. PALLARA

Abstract. Let X be a separable Hilbert space endowed with a non-degenerate centred Gaussian measure
y, and let 11 be the maximum eigenvalue of the covariance operator associated with y. The associated
Cameron—Martin space is denoted by H. For a sufficiently regular convex function U : X — R and
a convex set 2 C X, we set v = e*Uy and we consider the semigroup (T (t));>( generated by the
self-adjoint operator defined via the quadratic form

0. 9) fQ (Do Dy ) prdv,

where ¢, ¥ belong to DL2(Q, v), the Sobolev space defined as the domain of the closure in L2(Q,v) of
Dy, the gradient operator along the directions of H. A suitable approximation procedure allows us to prove
some pointwise gradient estimates for (T (¢));>0. In particular, we show that

—1
DT flhy <e PP {(To)| Dy f15), t>0, vae.inQ,

forany p € [1,400)and f € plr (€2, v). We deduce some relevant consequences of the previous estimate,
such as the logarithmic Sobolev inequality and the Poincaré inequality in €2 for the measure v and some
improving summability properties for (T (#));>0. In addition, we prove that if f belongs to L7 (2, v) for
some p € (1, 00), then

P
IDuTo®) fIh < Kpt 2To)If1P, >0, v-ae.inQ,

where K, is a positive constant depending only on p. Finally, we investigate on the asymptotic behaviour
of the semigroup (T (¢));>0 as ¢ goes to infinity.

Introduction

This paper is a contribution to the study of infinite-dimensional elliptic and parabolic
partial differential equations. The basic data are an abstract Wiener space (X, H, y)
and a quadratic form which defines a self-adjoint operator. This is a recent field of
research, which finds its main motivation in stochastic analysis and its different appli-
cations to mathematical finance, statistical mechanics, hydrodynamics and quantum
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mechanics. The simplest (still, quite challenging) case is that of a Hilbert space X
endowed with a Gaussian measure y and the Dirichlet form

(9, ¥) > /X<DH<P» Dgy)g dy,

that defines an Ornstein—Uhlenbeck operator L which in turn generates the associated
Ornstein—Uhlenbeck semigroup. Here Dy denotes the gradient along the directions
of Cameron—Martin space H. Much has been done on this subject, see [11,21,26,27,
33,34], relying on the available explicit Mehler’s formula for the semigroup. In this
case, the related stochastic differential equation is the Langevin one, i.e.

dX (1) = =X (1) dr +dW (1),

where W# (t) is a cylindrical Brownian motion. It is natural to look for generalisations
of the available results, going in two directions: one is that of replacing y with a more
general measure, the other is that of considering integration on a domain Q2 C X.
One of the main properties of Gaussian measures is that they factor according to
the orthogonal decompositions of H, and this allows to get explicit formulas when
integrating on the whole space X and to perform finite-dimensional approximations
with increasing sequences of subspaces. Moreover, integrating on a domain requires
to deal with boundary conditions (or suitable classes of test functions) that have to
be assigned in order to correctly define an operator and the generated semigroup.
Introducing a different measure makes the finite-dimensional approximation much
more delicate and prevents to get explicit formulas even if the problem is studied in the
whole space. Restricting to a domain, beside involving boundary conditions that have
to be understood, makes still more difficult the infinite-dimensional approximation,
and in fact, to the best of our knowledge, the only case treated in the literature is that
of convex domains, see [1,6-8,12,14,18,20,31].

In this paper, we consider a log-concave weighted Gaussian measure v = ¢~Yy on
a separable Hilbert space X. Here y = N(0, Q) is the Gaussian measure with zero-
mean and covariance operator Qo := —QA™! where Q is a self-adjoint bounded
non-negative and non-degenerate operatoron X, A : D(A) € X — X is aself-adjoint
operator such that (Ax, x) < —a)|x|2 (w > 0) and Q« is a trace-class operator with
non-negative eigenvalues (1;);en. The function U : X — R s convex and sufficiently
regular. (Precise hypotheses are stated in Sect. 1.) We consider the quadratic form

Do, ) = /Q<DH¢, D) g dv, )

which gives rise to the Kolmogorov operator (formally defined in a variational way
through Dg)

+00
L =Te(Dy) = Y 4 'xDi — (DuU. Di)
i=1
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and to the stochastic differential equation

dX (1) = —(X(t) + DU(X (1)) dt + QL2 dW¥ () + boundary terms,  (2)
[we do not enter into the details of boundary terms because we shall not come back
to the stochastic side, see [6,7] for a precise formulation of Eq. (2)]. The domain we
assign to the quadratic form corresponds heuristically to Neumann boundary condi-
tions for L on 0€2, and L generates a strongly continuous semigroup (7q(¢));>0 (simply
denoted by Tq(¢)) in L? (2, v) for 1 < p < oo. In order to study this semigroup, we
proceed with a double approximation. We approximate U via Moreau—Yosida-type
operators and penalise the characteristic function of €2 in order to state the prob-
lem in the whole space, eventually getting the restriction to €2 when the penalisation
converges to xq. It is here that the convexity assumption on €2 is essential. Indeed,
in infinite dimension there is no available procedure to mimic the standard domain
decomposition and partition of unity arguments which are classical in finite dimen-
sion. Once the (approximate) problem has been formulated in the whole space, we
perform a finite-dimensional approximation which provides a quite regular family of
semigroups converging to T (¢) f in a suitable sense and to which the results of the
finite-dimensional case can be applied.

As we don’t know any smoothing property of Tq(¢) [it is not even known whether
Tq(t) maps Cp(2) in Cp(2)], we exploit the smoothing properties of the approxi-
mating semigroups. Indeed, the smoothness of the approximants is the crucial tool
for many computations in this paper. Among the results that follow, one of the most
relevant is the pointwise gradient estimate

IDuTa() fIE < e P (To|Du fI%). >0, v-ae. inQ, 3)

which holds true for any p € [1, 400) and f smooth enough, A; being the maxi-
mum eigenvalue of the covariance operator Q. Besides its own interest, estimate
(3) represents the key tool in the investigation of many qualitative properties of Tq ()
and the related invariant measure v. In the finite-dimensional case, gradient estimates
similar to (3) are usually obtained by using the Bernstein method, which relies upon
a variant of the classical maximum principle (see [29] and the reference therein) that
does not have a counterpart in the infinite-dimensional case, or by using stochas-
tic techniques, such as the Bismut—Elworthy-Li formula (see [15,21] and reference
therein) and coupling methods (see, for example, [16,17,40]). On the other hand, in
infinite-dimensional Wiener spaces some partial results are also available. In the case
of a Gaussian measure y and 2 = X, the classical Mehler’s representation formula

rfe = [ (ex VT )ay o,
X

gives Dy T(t)f = e 'T(t)(Dy f), where the equality has to be meant componen-
twise (see [11, Proposition 1.5.6]). Again for the Gaussian measure y on a convex
subset €2, in [12, Theorem 3.1] it is proved that |DgT () f|lg < e 'T@)|Dy flu
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for any smooth function f. In this case, the idea consists in approximating the par-
abolic problem with a sequence of finite-dimensional parabolic problems and using
the factorisation of the Gaussian measure. Clearly, this approach does not work in
our case since our measure in general does not decompose as a product of measures
on orthogonal subspaces. Finally, the case of a weighted Gaussian measure is also
considered in [21] where a version of (3) is proved when €2 = X and the H-derivative
is replaced by the Fréchet one. We point out that, in this latter case, the proof of the
gradient estimate is based on purely stochastic techniques.

Hence, taking into account the existing literature, estimate (3) represents a gener-
alisation of all the above results and the purely analytical proof we proposed, inspired
by an idea due to Bakry and Emery (see [5,39]), is a novelty in the proofs of gradient
estimates.

As announced, the pointwise gradient estimate (3) has several interesting conse-
quences. First of all, it yields that the semigroup T (¢) is smoothing, in the sense that
it is bounded from L? (2, v) into D7 (Q, v), for any p € (1, 00) and t > 0 as the
estimate

_1
IDETQ@®) fllLr@vmy < Cpt 21 f lLrq,v)s

reveals. Due to the fact that the Sobolev embedding theorems fail to hold when we
replace the Lebesgue measure with another general measure (as the Gaussian one),
despite T () maps L?(£2, v) into DLP(, v), a natural basic question is whether the
semigroup Tq(?) is hypercontractive, i.e. if, given any f € LY(Q2,v), g € [1, o0),
the function Tq(¢) f belongs to LP (2, v) for some p > ¢. To give a positive answer,
the starting point is the proof of a logarithmic Sobolev inequality for the measure
v which, as in the case of Gaussian measures, implies that the semigroup Tq(?) is
hypercontractive in the L”-spaces related to the measure v. This last result and more
improving summability properties were already known in the finite-dimensional set-
ting for evolution operators associated with non-autonomous elliptic operator (see
[3,4]). We also show a Poincaré inequality in L? (€2, v) for p € [2, 0co) that together
with the hypercontractivity estimate |To(?) fllLr@,v =< ¢pg.ell fllLe,v) which
holds forany t > 0, f € L9(2, v) and some p > ¢, allows us to study the asymptotic
behaviour of Tq(t) f as t — +oo for f € LP(2,v), p > 1, and to relate it to the
behaviour of the derivative | Dy Tq(t) f| as t — +o00. These estimates are drawn in
a more or less standard way: we have presented sketches of proofs (or even complete
proofs) for the convenience of the reader.

Further consequences can be deduced, but these will be hopefully matter of other
works.

Notations

For any k > 0 and n € N, we denote by C*(R") the space of continuous functions
with continuous derivative up to the [k]th order (here [k] denotes the integer part of
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k) such that the [k]-th derivative is (k — [k])-Holder continuous, if & ¢ N. We use
the subscript “b” to denote the space of all functions in C¥(R") which are bounded
together with all their derivatives up to the [k]th order. C }]ﬁ (R™) is endowed with the
norm

Ity = D ID“flloo + D [D* fle-pua:

|| <[k] lor|=[k]

where ||-|| 5, denotes the sup-norm and, for any « € (0, 1), [-], is the ¢-Holder semi-
norm. We use the subscript “loc” to denote the space of all f € C*I(R") such that
the derivatives of order [k] are (k — [k])-Holder continuous in any compact subset of
R”. For any interval J and , 8 > 0, we denote by C*#(J x R") the usual parabolic
Holder space. The subscripts “b” and “loc” have the same meanings as above.

We also consider functions defined in infinite-dimensional spaces. X denotes a
separable Hilbert space endowed with its norm | - | and inner product (-, -), while
L(X) denotes the space of bounded linear operators from X to itself, endowed with
its operator norm |-l ¢ (x)-

We define Cp(X) to be the space of all functions f : X — R which are continuous
and bounded in X. For any k € N, we denote by Cé‘ (X) the space of functions
f : X — R which have bounded and continuous Fréchet derivatives up to the order
k with norm

k
I flleg o = D 1D/ flloe.

j=0

where D/ denotes the jth Fréchet derivative operator. Moreover, if f : X — R is
Lipschitz continuous, we set [ fILip = SUP, yex vy (1f ) = fFDlIx =y 7).

For any f : [0, +00) x X — R, once an orthonormal Hilbert basis (v;);en has
been fixed, we use the symbols D; f, D; f to denote, respectively, the time derivative
of f and the directional derivative of f in the direction of v;. We use the same notation
in R" where D; f denotes the directional derivative of f along the i-th vector of the
canonical basis of R”. Analogous meaning is given to the symbols D;; f and D;j f.

For any finite Radon measure i on X and 1 < p < oo, the set L” (X, u) consists
of all measurable functions f : X — R such that ||f||£,,(XyM) = fx | f1Pdu < 400,
while L*°(X, n) is the space of all p-essentially bounded functions with norm
| flloo = esssup,cy|f(x)]. In a similar way, we define the spaces L” (X, u; X) and
LP(X, w; Hy) where H; is the space of Hilbert—Schmidt operators and the measur-
ability is meant in Bochner’s sense. With p’ we denote the conjugate exponent of p,
i.e. 1/p + 1/p’ = 1, with the standard convention that 1" = oo.

1. Assumptions and preliminary results

We start this section by listing the hypotheses we assume throughout the paper.
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HYPOTHESES 1.1. Let assume that
(1) Q € L(X) is a self-adjoint and non-negative operator with Ker Q = {0},
(ii) A: D(A) € X — X isa self-adjoint operator satisfying (Ax, x) < —w|x|? for
every x € D(A) and some positive w;
(iii) Qe = e'AQ foranyt > 0;
(iv) Tr(—QA™ 1) < +o0.

Under Hypotheses 1.1, we can consider the Gaussian measure y with mean zero,
covariance operator Qo = —QA~! and an orthonormal basis (vi)ren of X such
that

OcoVk = Ak, k€N, (1.1

where (Mx)ren is the decreasing sequence of eigenvalues of Q.
The Cameron—Martin space (H, | - |g), where

=:x€X

and | - | is the norm induced by the inner product (4, k) gy = ( h, Qo' k),
h,k € H, is a Hilbert space which is densely embedded in X. Note that, as H =
Y 2X the sequence (ex)ken, Where ex = +/Arvy for any k € N, is an orthonormal
basis of H.
We need to recall the definition of Lipschitz continuous function along the Cameron—
Martin space H. If Y is a Banach space with norm ||-||y, a function F : X — Y is
said to be H-Lipschitz continuous if there exists a positive constant C such that

ZA (x, vg) <+OO,

71/2 —1/2;

IF(x+h) — Fx)lly < Clhly, (1.2)

forevery h € H and y-a.e. x € X (see[11, Section 4.5 and Section 5.11] for the basic
properties of H-Lipschitz continuous functions). In particular, we point out that, by
[11, Corollary 4.5.4], there exists a Borel modification of F such that (1.2) is satisfied
for any x € X. Henceforth we always refer to such modification. We denote with
[F]n-Lip the best constant C appearing in (1.2).

Now, we introduce a notion of derivative weaker than the classical Fréchet one. We
say that f : X — R is H-differentiable at xo € X if there exists £ € H such that

Jfxo+h) = f(xo) + (€, h)y +o(lhln), as|hly — 0.

Insuchacase, weset Dy f(xp) := £ and D; f(x0) := (Dg f (x0), ;) g foranyi € N.
The derivative Dy f (x¢) is called the Malliavin derivative of f at xo. In a similar way,
we say that f is twice H-differentiable at xq if f is H-differentiable near xy and there
exists B € H; such that

fxo+h) = f(xo) + (Du f(x0), )y + 5 (3h hyu +o(lhly), as|hlg — 0.
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In such a case, we set D%{f(xo) := B and D;; f(xo) 1= (D%{f(xo)ej, ej)y for any
i, j € N. Werecall thatif f is twice H-differentiable at xo, then D;; f (xo) = D; f (xo)
forevery i, j € N.

REMARK 1.2. If a function f : X — R is (resp. twice) Fréchet differentiable at
Xo, then itis (resp. twice) H -differentiable at xo and it holds Dy f (x9) = Qo Df (x0),

(resp. D2, f (x0) = QN> D2 f (x0) QD).

For any k € NU {oo}, we denote by F Cﬁ (X), the space of cylindrical C’lj functions,
i.e. the setof functions f : X — Rsuchthat f(x) = ¢((x, k1), ..., (x, hy)) for some
¢ € CL‘(RN), hi,....,hy € Hand N € N. By ffC{j(X, H), we denote H-valued
cylindrical C Ib‘ functions with finite rank.

The Sobolev spaces in the sense of Malliavin D7 (X, y) and D>? (X, y) with p €
[1, o0) are defined as the completions of the smooth cylindrical functions F CEO(X )
in the norms

P
I lprrix,y) == (”f”Lp(X ») +/ |DHf|€1dV> ;

1

1 llpzney) = (uqu.,,(X ” / 1D} 15, dy)

This is equivalent to consider the domain of the closure of the gradient operator, defined
on smooth cylindrical functions, in L” (X, y).

We define a weighted Gaussian measure considering a function U : X — R that
satisfies the following

HYPOTHESIS 1.3. U is a convex function which belongs to C3(X)n DYa(x, y)
forall g € [1, 00).

The convexity of the function U guarantees that U is bounded from below by a
linear function; therefore, it decreases at most linearly, and by Fernique’s theorem
(see [11, Theorem 2.8.5]) e~V belongs to L' (X, y). Then, we can consider the finite
log-concave measure

Notice that ¥ and v are equivalent measures, hence saying that a statement holds
y-a.e. is the same as saying that it holds v-a.e. Moreover, the fact that U belongs
to D9 (X, y) for any ¢ € [1,00) allows us to conclude that the operator Dy :
EFC;(X) — LP(X,v; H) is closable in L”(X,v), p € (1,00) and we may define
the space Dl*l’(X ,V), p > 1, as the domain of its closure (still denoted by D). In
a similar way, we can define D*P (X, v), p € (1, 00) (for more details, see [13,23]).
The Gaussian integration by parts formula [, D; fdy = f [y {(x, vi) fdy, which

holds true for any f € FC g (X) and i € N, yields that

1
/ WDigodlwl—/ gaD,w/xdv:/ (waiUdv—l——/(x,v,-)(pl//dv, i eN,
X X X VA Jx 13
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for any ¢, ¥ € ?Cg(X), hence by density for any ¢, € D7 (X, v), p € (1, 00).
In what follows, €2 denotes an open convex subset of X. In this case, the spaces

D'P (2, v) and D>P(2,v), p € (1, c0) can be defined in a similar way as in the

whole space, thanks to the following result (proved in [2] in the Gaussian case).

PROPOSITION 1.4. Let us assume that Hypotheses 1.1 and 1.3 are satisfied and
let p € (1, 00) and 2 be an open subset of X. Then the operators Dy : FCp°(2) —
LP(Q2,v; H) and

(Dy, D%i) tFCP(Q) x FC°(Q) — LP(Q2,v; H) x LP(Q,v; Hy)  (1.4)

are closable in LP (2, v) and LP (2, v) x LP (2, v), respectively. Here FC;°(S2) is
the space of the restriction to Q2 of the functions in FC;° (X).

Proof. We just prove that the operator Dy : FC°(2) — LP(Q, v; H) is closable in
LP (L2, v), since the proof that the operator defined in (1.4) is closable in L? (2, v) X
LP (€2, v) is quite similar. By the linearity of the operator Dy it is enough to prove
that if (fi)ken € FC,°(L2) is such that

lim fr=0 inL?(Q,v);

k— o0
lim Dyfi=® inLP(Q,v; H),
k— o0
then ® = 0 v-a.e in Q2.

By Lusin’s theorem and standard arguments following from [35], the space Lip,.(£2)
of the bounded Lipschitz functions u# defined on X with bounded support such
that dist(suppu, 2¢) > 0 is dense in L”(€2,v). So it is enough to prove that
Jo (@, €;) yudv = 0, forevery i € Nand u € Lip.(92).

To this aim, let us fix u € Lip,.(£2) and observe that, by the Holder inequality,
Hypothesis 1.3 and the fact that e~V € L7(X, y) for every g € [1, 00), we get

lim / fiDiudv < [ulLipv()1Y7 lim || fillzr@,v) =0 (1.5)
k—+o00 Jo k— 400
and
lim fiuD;Udv < |lulloo I D; Ul IIG*UIII/”/ lim | fillLr(@,v) =0;
koo Jo o - ILra(Xoy) L4 (X.y) k—>+o00 (€)=

(1.6)
for every i € N and ¢ € (1, 00). Moreover, Fernique’s theorem and the quoted
hypotheses imply that

lim / fkuwdv
k—-+o0 Jo A
1

llull oo / ' Ya g1y .
< —= x, v;)|P9d e P lim p =0.
=7 Uy [{x, v;)] Y Il I Il fillLe(,v)

L7 (X.¥) k> +o0
(1.7)
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Now, we claim that [, (P, ;) yudv = limg— o0 [y UD; fxdv, where U is the null
extension of u out of 2. Indeed, again by using the hypotheses listed above we get

k—+00

lim | u(D;fi — (P, e;)y)dv
Q

, 1/p
< Jlullso[v()1"7 lim (/ |D,-fk—<d>,e,->H|f’dv> =0.
k——+00 Q

To conclude, let us observe that i is Lipschitz continuous on X, so by the integration
by parts formula (1.3) and (1.5)—(1.7) we deduce

/(¢,ei)Hudv= lim uD; frdv
Q k—+o00 Jx

— lim fk(—Diﬁ—i- aDU + i Ui))dv
X

k——+o00 \/)L_z
: (x, vi)
=1 —D; D;U —— |dv =0.
ko too ka( A uBU T A
This proves the claim. O

The spaces Dl’p(Q, v; H), p € (1, 00), are defined in a similar way, replacing smooth
cylindrical functions with H-valued smooth cylindrical functions. We recall that if
F € DVP(Q, v; H), then Dy F belongs to H.

In the sequel, we consider boundary Cauchy problems defined in €2 and we will need
some continuity properties of the distance function along H, dg : X — [0, +00],

defined by
do(x) = | MRl TR € HO Q= X)), H N =x) #6;
FHT | oo, HN(Q—x) =0,

for any x € X. In the following proposition, we recall some results about the function
dg (see [11, Theorems 2.8.5 & 5.11.2] and [14, Section 3]).

PROPOSITION 1.5. Let Q C X be an open convex set. Then dsz2 is H-differentiable
and its Malliavin derivative is H-Lipschitz with H-Lipschitz constant less than or
equal to 2, i.e.

|Dudg(x +h) — Dpdg ()| < 2|kl

for any h € H and for v-a.e x € X. Moreover, D%{dé exists v-a.e. in X and dé
belongs to D*P (X, v) for every p € [1, 00).
In order to prove our results, we need further regularity of the second-order Malliavin

derivative of the distance function along H. More precisely, we assume that

HYPOTHESIS 1.6. Q2 is an open convex subset of X such that v(02) = 0 and
D%{dé is H-continuous y-a.e. in X; i.e. for y-a.e. x € X

Jim D3%d3(x +h) = D}d3(x).
H—)
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REMARK 1.7. We point out that there is a rather large class of subsets of X
satisfying Hypothesis 1.6. For instance, by [24,28], if 32 is (locally) a C2-embedding
in X of an open subset of a hyperplane in X and v(d2) = 0, then Hypothesis 1.6 is
satisfied. Easy examples are:

(i) every open ball and open ellipsoid of X;
(ii) every open hyperplane of X;
(iii) every set of the form 2 = {x € X | G(x) < 0}, where G : X — R is convex,
belongs to C2(X) and Dy G is nonzero at every point of 32 (check [28, Theorem
1(@)D.

An important tool in our analysis is the Moreau—Yosida approximants of U along
H. We recall the main properties of this approximation, and we refer to [9, Section
12.4] for the classical theory and to [1,13, 14] for the case considered here.

PROPOSITION 1.8. Let f : X — R U {+o00} be a proper convex and lower
semicontinuous function and denote by dom(f) = {x € X | f(x) < 400}. For any
e > 0and x € X, let us consider

ﬁuyzmﬂfu+hy+%m@

heH} (1.8)

Then, the following properties hold true:

(1) fe(x) < f(x) forany e > 0and x € X. Moreover, f¢(x) converges monotoni-

cally to f(x) foranyx € X, as e — 07,

(i) fe is H-differentiable in X and Dy f. is H-Lipschitz continuous in X;

(iii) f. belongs to D>P(X,y), whenever f € LP(X,y) for some 1 € [1, 00);

(iv) ifx € dom(f)and f belongs to DLP(X, y) forsome p € [1, 00), then Dy fe(x)
converges to Dy f(x) as e — 07

W) iff e CX(X)ND*r(X, y) forsome p € [1, 00) and f is twice H -differentiable
at every point x € dom(f), then D%_I fe(x) exists and converges to D12'-1 f(x) as
e — 07, for any x € dom(f). Furthermore D%{fg is H-continuous in X, i.e.
limyp, 0 Dlzqfs(x +h) = D,%fs(x)for any x € X.

Further notation We now introduce some notations which will be largely used in
the paper. For any i,n € N and x € X, we define x; := +/A;(x, v;) and by II,
the projection IT, : X — R”", I1,x := (xq,..., x,). The function X, denotes the
embedding £, : R" — H, £,§ = Y |_, &ex, for any § € R". Moreover, if
P, : X — H is defined by P,x := ZL] xje; for any x € X and n € N, then the
conditional expectation of f, [E, f defined as follows

En f (x) IZ/Xf(an + U = P)y)dy (), [feLP(X,y), pell 00,

enjoys some good continuity properties (see [11, Corollary 3.5.2 and Proposition 5.4.5]
for a proof of the following result).
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PROPOSITION 1.9. Assume that Hypotheses 1.1 hold true and let 1 < p < +00,
k € Nand f € D*P(X, y). Then B, f belongs to D*P(X, y) and converges to f in
DF-P (X, y) and pointwise y-a.e. in X, as n tends to +00. Moreover ||E,, f || phr(X,y) =
||f||Dk,p(X,y) and

E,Dif 1<i<mn;
0 i >n.

DiE, f = {

We conclude this section by recalling the main properties of the semigroup generated
by the operator Lg, in LZ(Q, v) defined as

D(Lg) = {u € D]’Q(Q, v) | there exists v, € LZ(Q, v) such that

/ (Dyu, D) ydv = —/ vu@dv for every ¢ € ?C,‘,’O(Q)} , (1.9
Q Q

with Lou := v, ifu € D(Lg).
PROPOSITION 1.10. Under Hypotheses 1.1, 1.3 and 1.6, the following properties
hold true.

() Forany ) > Oand f € L*(Q2, v), the equation \u — Lqu = f in Q has a weak
solution u € DV2(Q, v), i.e. for every ¢ € DV2(2, v) it holds

A/ ugodv—i—/ (DHu,DHgo)Hdv:/ fodv.
Q Q Q

Moreover, u € D2'2(SZ, v) and the equation \u — Lou = f, . > 0, holds
v-a.e. in Q2. Denoting by R(A, Lg) the resolvent operator of Lg, the following
estimates hold:

112 12,
IRG Lo) flli2i@u < =502 IDHRO. L) fll 2@ < ——a.
(1.10)
and
2
| D3RO LIf |, e = V2 I (L.11)

Consequently, Lo generates a bounded self-adjoint analytic semigroup Tq(t)
in L($2, v).

(i) Tq(t) can be extended to a positivity preserving contraction semigroup (still
denoted by Tq(t)) in LP (2, v) for every 1 < p < 400 andt > 0. In addition,
it is strongly continuous in L? (2, v) for any p € [1, 400).

(i) If f € Cp(2) has positive infimum in 2, then Tq(t) f has a positive v-essential
infimum, for any t > Q.

(iv) For any convex function ¢ : R — R,

o(Tat)f) <Tot)(@po f), v-aein, t>0, feCp). (1.12)



L. ANGIULI ET AL. J. Evol. Equ.

(v) Forany p € (1, 400)

Ta(0)(f8) < Ta®O|fI)/P(To@)|gl”)?  v-aeinQ, t >0, f,geCh).
(1.13)
(vi) Forany p € [1,00), f € LP(2,v) and g € L>®(2, v) it holds

/ fTa(t)gdy = f gTq(t) fdv, t > 0.
Q Q

Proof. (i) Inequalities (1.10) and (1.11) are proved in [14, Theorem 1.3], while the
last statement follows from the standard theory of semigroups.
(i1) It is a consequence of [36, Theorem 2.14 and Corollary 2.18]. Indeed by these
results, it is enough to prove the following two Beurling—Deny conditions:
(1) ifu € D2(Q,v), then |u| € D'3(Q, v) and [, Dy lull},dv < [, |Dyul?dv.
(2) if0 <u € DV2(Q, v), then u A 1 := min {u, 1} belongs to D"2(2, v) and

/ |Dp (u A 1|3, dv 5/ |Dpul3dv. (1.14)
Q Q

Statement (1) follows from the fact that if u# belongs to D'2(2, v), then there exists
a sequence (u,)peN S FJFCA(Q) converging to u in DY2(2, v). It can be proved that
the sequence i, = ,/u,% + n—! converges to |u| in Dl'z(Q, V) as n — 400, namely
|u| belongs to D'2(§2, v). In addition, Dy |u| = sign(u)Dyu and [ | Dy |ul|};dv =
fQ IDHMI%{dv (see [19, Lemma 2.7] for further details).

To prove (2), as above we can consider a sequence (#,),en S FC ll (£2) converging to
u in DI’Z(Q, V), as n goes to infinity. Then, the sequence

~ 1 ) 1
Uy = —u, +1—/(u, — )=+ -1,
2 n

converges tou A lasn — o0, thatisu A 1l € Dl’z(Q, v). Further,
1 .
Dy nl)= 5(1 —sign(u — 1))Dyu

and (1.14) holds true (see [ 12, Proposition 1.1] for more details). The strong continuity
follows from [36].

(iii) It follows immediately using the positivity of 7 (¢) and observing that 7' (t)c = ¢
for any ¢ € R. Indeed f > c implies T'(¢) f > c.

(iv)—(v) Due to [32, Theorem 4.3.5], there is a Markov process (Y, M, (X;)r>o0,
(Py)xex) such that To()f(x) = Ei(f(X;)) for v-ae x € X, where E;
denotes the expected value with respect to the probability measure P,. We sum-
marise here some of the main properties of the Markov process (Y, M, (X;):>0,
(Py)yex) for the convenience of the reader:

e (Y, M) is a measurable space;
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e there exists a filtration (M, );>0 on (Y, M) such that (X;);>0 is a (M;);>0-adapted
stochastic process;
e P, x € X, are probability measures on (Y, M);
e itholds Py [X4, € AIM;] = Px,[X; € A]forall Borelset A C X,anys,t >0
and for P,-a.e. x € X.
We remark that in [32, Chapter 4, Section 4(b)] the authors study exactly the case we
are in. The claims are easy consequences of the Jensen and Holder inequalities.
(vi) Since ?C‘b’O(Q) isdensein LP (2, v) forevery p € [1, 00), there exists a sequence
(fi)nen C ?CZ?O(Q) such that lim,,—, 1 & || fu — fllLr(@,v). By the self-adjointness of
Tq in L?(, v), we get

/ faTa(t)gdy = f gTq(t) fudv, t>0.
Q Q
By (ii) Ta(t)g € L°°(R2, v), so letting n go to infinity we get the claim. U

If @ = X, the operator in (1.9), denoted by L, acts on smooth cylindrical functions ¢
as follows

o0
Lo :=Tr(Dy@) — Y A7 ' (x.e;)Di¢ — (DyU. Dyg)y. v-aeinX, (1.15)
i=1

and it is symmetrised by the measure v, indeed

/XI/fLwdv = —/X (Dug, DY) ydv, @, ¥ € FCLX). (1.16)

From now on, we assume that Hypotheses 1.1, 1.3 and 1.6 hold true.

2. An approximation result

The main goal of this section is Theorem 2.8 which states that forany f € L?(2, v)
the function Tq(¢) f can be approximated in a suitable way by smooth enough func-
tions written in terms of semigroups depending on two parameters n and ¢. These
parameters take into account that the approximation procedure first reduces the prob-
lem from an infinite-dimensional setting to a finite-dimensional one, and then, by using
a penalisation argument, it allows to solve the problem in the domain €2 throughout
the solution of a suitable problem in the whole space.

In view of these facts, we first recall some results about parabolic and elliptic
problems with unbounded coefficients in finite dimension.

2.1. Parabolic and elliptic equations in R"
In this subsection, we consider a convex function ¢ € C2+*(R") forsome« € (0, 1)

with bounded second derivatives and a second-order differential operator L4 acting
on smooth functions v as follows

Lv(€) = Av(§) + (BE, Du(§)) — (D¢ (§), Dv(£)), & eR",
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where B is a constant symmetric matrix such that (B, £) < —pB|&|? for any & € R”
and some 8 > 0.

It is known (see [29, Chapter 1] and the reference therein) that for any ¢ € Cp(R")
there exists a unique bounded classical solution v of problem

{D,v(t,é) =Lyv(t, &) t>0, § eR; @1

v(0,8) = ¢(§), £ eR"

Namely v belongs to Cp ([0, +00) x R") N Cllota/z’ﬂa((o, +00) x R™) and solves

the Cauchy problem (2.1). The uniqueness of v is a consequence of the convexity of
¢ and of the existence of a Lyapunov function, i.e. a positive function g € C?(R")
such that limg| 4 o g(§) = +00 and

(Lpg)(€) —2g(6) <0, & eR", 2.2)

for some A > 0. Indeed, taking g(§) = Iélz,é € R", we have

(Lpg)(E) =2n +2(BE, &) — 2(Dg (&), &)
<2n —2B|E|* —2(D¢ (&) — D(0), £) — 2(D¢(0), £)
<2n —2B|E1* +2|Dp(0)||E],

where we have used that (D¢ (§) — D¢ (0), &) > 0 for every & € R” so, clearly, we
can find X such that inequality (2.2) is satisfied.

In this way, we can consider the semigroup Ty (¢) associated with Ly in Cp,(R™)
and write v(t, &) = (Tp(1)p)(§) forany r > 0 and & € R". It turns out that Ty (f) is a
positivity-preserving contractive semigroup in Cjp(R").

To pass from finite to infinite dimension, we prove and exploit suitable uniform gra-
dient estimates independent of the dimension. More precisely, we prove a dimension-
free uniform estimate for the gradient of Ty (¢)¢, ¢ € C; (R™). Such kind of estimates
has already been proved for semigroups associated with more general operators (see
[29, Chapter 5] and the reference therein). However, since in all these estimates are not
emphasised how and if the constants appearing depend on the dimension, we provide
a sketch of the proofs (essentially based on the Bernstein method and the classical
maximum principle) that allows us to verify that the constants are dimension-free.

PROPOSITION 2.1. The estimate
leolloo

N

holds true for any t > 0, & € R" and ¢ € Cp(R"). Here B is the positive constant
which bounds from below the quadratic form associated with —B.

|D: Ty ()@ (8)] = 2.3)

Proof. It suffices to prove the claim for functions ¢ € C 3*“ (R™), i.e. the space of the
functions in C2T¥(R") with compact support. Indeed, if ¢ € C;(R") we can consider
asequence (¢, ), eN converging to ¢ locally uniformly as m goes to infinity and use the
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fact that, up to a subsequence, Ty (1)@, converges to Ty (1)@ in Cllo’c2 (0, 400) x R™),
as m goes to infinity (see [29]). Moreover, taking advantage of the interior Schauder
estimates (see [25]), we reduce ourselves to proving the claim for the solution vg of the
homogeneous Neumann—Cauchy problem associated with the equation D;v = Lgv
in (0, T] x Bg, where By is the open ball centred at the origin with radius R large
enough such that the support of ¢ is contained in Bg. Indeed, once (2.3) is proved
for vg, recalling that vg converges to Ty (¢)¢ in Cllo’cz((O, 4+00) x R") as R — 400,
we conclude. Therefore, let ¢ € C Cz“"" (R™) and vg be as specified above. Then, the
function

2R (1, E) = [ug(t, €)% + Bt| Devr(@, )]° 1 >0, & € By

satisfies zg (0, -) = ¢ in Bg, (Dgvg, v) < 0 (v is the unit normal vector) on (0, T'] x
d Br and solves the equation
2
Dizgp — szZR =B - 1)|D§UR| + ('BngR, DSUR>
— (D¢ Devg, Dsvg) — Bt| Divg|* <0,
in (0, T]x Bg (in the lastinequality we have used the convexity of ¢ and the assumption
on the matrix B). The classical maximum principle applied to the function zg — [|¢ ||

yields the claim in (0, 7] x Bpg. The arbitrariness of T allows us to extend the claim
in the whole (0, +00) x Bg. O

The contractivity of Ty (¢) in C,(R") and estimate (2.3) yield some dimension-free
uniform estimates for the solution (and its gradient) of the elliptic equation

MW —Lyv=9¢eCiRY), r>0. (2.4)

PROPOSITION 2.2. For any A > 0, there exists a unique bounded classical solu-
tion v of problem (2.4). Moreover, v satisfies

1 T
(@) IIUIImSXH(PIloo, @) 1Dvflec = ﬁ”‘p”oo' (2.5

In addition, if ¢ € C3(R"), then v belongs to Cg’ (R™).

Proof. Existence and estimates (2.5) are immediate consequences of the fact that

+00
v(E) = /0 M (Ty()e) ()i & € R,

(see [10, Propositions 3.2 & 3.4] and [37, Proposition 3.6]) and estimate (2.3).
Concerning the last statement, we prove that the third-order derivatives of v are

bounded. Indeed, the classical theory of elliptic equations guarantees that v belongs
to C3 (R™). Moreover, [30, Theorem 1] yields that u# belongs to C,f“" (R™) for every
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0 <6 < Tand vl 2+ ®n = Clell c? ®m) for some positive constant C independent
of ¢. Thus, we can differentiate (2.4) and obtain

ADjv—LgDjv = Djp + (D*¢Dv); + (BDv);, (2.6)

for any j = 1, ..., n. Thus, taking into account that the right-hand side of (2.6) is
a-Holder continuous and bounded we can apply again [30, Theorem 1] to deduce that
Djve C,er”‘ (R™) forevery j = 1, ..., n. In particular, v belongs to Cg (R™). O

2.2. Back to the infinite dimension

Here we apply the results of the previous subsection with B = diag
(—Al_l, o, —A;l) and f = Al_l (see (1.1) for the definition of (X;);cn). Moreover,
we focus on the term (Dy U, Dy )y in the operator L in (1.15). We introduce some
functions that, in some sense, reduce U from infinite dimension to finite dimension
and that contain a penalisation term which allows us to localise the problem in 2.
More precisely, we define &, : X — R and ¢, : R” — R, respectively, by

@ (x) = Up(x) + %dé(x),
¢s,n($) = (EnCDE)(EnS) xeX, E S Rn’ neN, >0,

where U, is the Moreau—Yosida approximation of U along H [see (1.8)] and %, :
R" — X is the embedding function defined in Sect. 1.

In order to apply the finite-dimensional results obtained in Sect. 2.1, we need also to
regularise the function ¢, ;. To do this, we consider ¢¢ , , : R" — R, the convolution
of ¢, , with a standard mollifier p,).

First, we state some properties of the functions just introduced. In the following
statement, we show that the function ¢, , , belongs to C§+°‘ (R™) for any o € (0, 1).

LEMMA 2.3. Foreverye,n > Oandn € N, the function ¢, belongs to Cgo (R™).

Proof. Clearly, ¢¢ , , belongs to C*°(IR"). Let us show that qubg,n,,] is bounded in
R". Propositions 1.5 and 1.8(ii) guarantee that ®, is H-differentiable and Dy ®,
is H-Lipschitz continuous in X. The same holds true in R” for the functions ¢ .
Rademacher’s theorem yields that D¢y , is differentiable £"-a.e. and D2¢g, n is L-
essentially bounded. This implies that D%, n,y are bounded in R". With similar argu-
ments, it follows that ¢, , , € C°(R™). O

LEMMA 2.4. Let ¢ > 0. There exists an infinitesimal sequence (1,)neN Such that

lim Dy ®,, , =Dy, (2.7)
n——+00
. 2 2
Jim Dy, = Dy .. (2.8)

where O, y, (xX) = Gg n y, (I1yx) for any x € X. The limits in (2.7) and (2.8) are
taken in L*(X, ve; H) and L*(X, vg; H), respectively, and v, is the measure e Pe V.
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Proof. Throughout this proof, for any n € N and x,y € X we set [',(x,y) =
P,x + (I — P,)y. We start by proving that (2.7) holds true for every infinitesimal
sequence (1), ),eN- To this aim, let (1,),en be an infinitesimal sequence. Then

2
/;( (}DHCDS — Dy e n g, ’Hdvs 52‘/;( Dy ®¢ — DHEncpsﬁi
2

+ |DHE,®s — Dy Pe n i, |H>dve
1 1
—p'®, P 2p P

<2( | e P Tedy IDp®s — Dy @y dy
X X

2
+ 2/X |DHE,®e — Dy P n.p, |7y dve. (2.9)
Since ngé is H-Lipschitz continuous in X, the function ®, belongs to Dl X,y)

for g € [1, 00). Thus, Proposition 1.9 yields that the second line in (2.9) vanishes as
n goes to infinity. Now

/ |DHEn®£ - DHq)s,n,nn
X

_ /X ;( /X D;®, (T (x, 1))y ()

2
- /X (/ D@ (T, (x,y) — nn(Ené))p(s)dé)dy(y)> dve (x)

2
Hdvg

= /}(/n (/X [D®e (T (x,y) — D@ (Tp(x, y) — ﬂn(En(E))I%dy(y)>
p(§)dEdve (x)

< [D el LipVe (X /}R JEPpE)dE < [Dy®eTy1ipve(X)mn,  (2.10)

and the right-hand side of (2.10) vanishes as n — +o0.

Now we prove (2.8). Propositions 1.5 and 1.8(iii) guarantee that &, belong to
D>P(X,y) for any p € [l,00) and by Proposition 1.9 we immediately get that
D%(IEHCDS converges to D%idr'g in L2(X, ve; Hp) as n — +o0.

In view of this fact, arguing as in (2.9), it remains to prove the existence of a
vanishing sequence (17, ),en such that (D%En o, — D%{ D¢ 1,5, Jnen is infinitesimal in
L?(X, ve; Hy) as n goes to infinity.

We start by showing that for any n € N the function DIZL, D, 5,y converges to
D%]IE,,CDS in L2(X, v,; H>) as n — 0. To this aim, we can argue as in (2.10) and
deduce that

/ |D} By ®c — D}y Do .y l5¢,dve
X

< /X | ( /X DL @, (Ta(x, ¥) — DY, (T, y)—n@ns))@chy(y))
p(E)dEdv, (1),
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By Hypotheses 1.3, 1.6 and Proposition 1.8(v), the function D%, @, is H-continuous.
This guarantees that the integrand function vanishes as n — 0. Moreover, as D%, D,
is y-essentially bounded in X, we can estimate the integrand function by a constant
independent of 1 and apply the dominated convergence theorem to conclude.

Now, a diagonal argument yields an infinitesimal sequence satisfying (2.8) (and (2.7),
too). We start by letting 1y be such that

H D§E1¢£ — D%{cba,l,m

Lz(X,vg,ﬂ‘fz)

Proceeding by induction, for every n > 1, we take 7,41 in such a way that 1,11 < 7,
and
1

2 2
Dy E 1<I> — D7 1 < —.
H H-*=n+1%¢ H>en+1ny41 L2(X.ve.900) on

Thus,lete >0and7i € Nbesuchthat1 <2~ 'eand | D%, ®; — DLE, @, |,
< 5 forany n > n. Then for n > 7

(X,ve,H2)

| P} @: - D} @,

< H D% ®, — D%E,®,

L2(X,ve, 3(2) L2(X,ve,32)
+ | P} B0 — DY
H*™~n*¢ H *é&n,n, Lz(X,vg,ﬂ'CQ)
_ ¢ n €
- — =€
-2 2
So the proof is complete. 0

Now, let f € FC;°(X) and ¢ € Cp°(R"™) for some ng € N be such that f(x) =
¥ (IT,x) for any x € X. Proposition 2.2 and Lemma 2.3 allow us to consider vg  y,,,
(n > nyp), the unique solution of (2.4) with ¢ replaced by ¢ 5, and ¢ replaced by .

In order to come back to the infinite-dimensional setting, we define

D p(x) = ¢8,n,n,, (IMyx),  Veulx) = Ua,n,n,,(nnx)y xeX, e>0,n>ng

where (17,),¢N 18 the sequence of Lemma 2.4. Now we consider the operator L, defined
as

D(L;) = {u € D1'2(X, Ve) | there exists v, € LZ(X, Ve) such that

/ (Dyu, Dy)gdv, = —/ v, pdv, for every ¢ € 9C§°(§2)} ,
X X

with Lou := v, ifu € D(L,). We remark that L, acts on smooth cylindrical functions
@ as follows

+00
Leg =Tr(Dje) — Y 47 (x, ei) Dig — (Du®c, Dpo)h. (2.11)

i=1
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REMARK 2.5. Note that formulas (1.3) and (1.16) hold true also with v, L and U
replaced by v, L and @, respectively. The same arguments listed after Hypothesis 1.3
allow us to define the spaces DK-P (X, v,) for any e > 0, p € (1,00) and k = 1, 2.
Moreover, if (T¢(t));>0 is the analytic semigroup generated by the operator L. in
L2(X, v,), then all the properties listed in Proposition 1.10 for Tq(¢) hold true for
T (1), too.

PROPOSITION 2.6. The function V , belongs to IC g (X) and solves
MWen —LeVen = f +(Du®e — Du®en. DgVen)y = fu. A>0. (2.12)

Moreover, f, converges to f in L*(X,ve) and Dy f, converges to Dy f in
LI(X, Ve, H), as n goes to infinity.

Proof. The fact that V., belongs to Sng’(X ) follows from Proposition 2.2 and
Lemma 2.3. In order to obtain (2.12), we recall that v, 5, (§) = Ve ,(Z,§) for
any & € R”. So we have

+00
WVen(Z€) = Te(Dy Ven(5n8)) + Y 27 & DiVe n(nf)

i=1

+ (Du®en(Z0E), DuVen (b)), = ¥(5).

Now adding and subtracting L.V, ,(2,£) [see (2.11)] and letting § = IT,x, we get
(2.12). Observe that by Proposition 2.2 we also get the following estimate

A
[DVeul o = S5 1f oo = K. (2.13)

Using (2.12) and (2.13), we get

/}; [fn — f|2dvs = /X |<DHCD8 — Dp®;pn, D Vs,n)|2dvs
< K2/ |Di®: — DD |5ydve.
X

and by (2.7) we obtain that f; converges to f in L2(X , V).

In order to prove the last part of the claim we first estimate DIZL, Ve.n. Differentiating
(2.12) along e, multiplying the result by D;V; , and then summing up from 1 to n,
yield

n n
2 _
ADyVenly =Y DiVeuLe(DjVeu) + Y 27 (DiVeu)® + (DF®eDiy Ve, D Veu)y
j=1 i=1

= (D f. Dy Ven)y +((DF®e — Dj®e) D Ve DiVen)y
+ <D%-1V£,nDHV£,nv Dy ®, — DH(Ds,n>H-
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Since A; > 0 for every i € N, by the convexity of ®, we get

n
—= > DjVenLe(DjVen) <(Du f. Dt Vean)y
j=1

+ (D} Ve Dt Ve Di®e = Di®en)
+((D} @ = D} ®en) Dit Ve, DitVen) . (214)
Thus, integrating (2.14) with respect to v, and using that
| (i Dt dve == [ ploudve, we DLy, g € TN

we deduce

2 2
[ [3vea) v = K0 CONDUS I+ oK [ |DRVe]) v
X Ho X Ho

1 2
+ —K/ |Dy®e — Dy ®e | dve
4o X

) 1/2
dv .
) 8)

2 1 2
dve < Kve(X) 1Dy flloo + —KZ/ |D®, — D, |, dve
FHy 2 X

5 12
+K2(/ ’D2<D5 D, dv5> .
X T3,

Thanks to (2.7) and (2.8), there is a constant C = C(K,g) > 0 such that
||D%1, Venllp2(x.v,:9¢,) < C for every n € N. To complete the proof, we show that
Dy f, convergesto Dy f in LI(X, ve; H). We have

+ K2</ ‘D%{d)g — D% ®,,
X

for every o > 0. Choosing 0 = (2K)~ Y, we have

1 2
3 )y [Pives

/ |Dy fu — Dy fldve = f |Du(Du®: — Du®en, DuVen)y|, dve
X X

= (\(D%ﬂe—Dz@s,n)DHve,n
X H

>dvg
H

2 2
<K|Dy®. — DHq)e,nH[}(x,vs;&cz)

+ | D} Ven (D ®: = Dy ®en)

+ ID3 Vel 2(x,0,:90) 1 DEPe — Di ®e nll 12 0x,0,: -
So, being || D%i VenllL2(x.1,:9¢,) bounded, the claim follows from (2.7) and (2.8). [

Proposition 2.6 and the Lumer—Phillips theorem yield that the resolvent set of L,
in L2(X , Vg) contains the half-line (0, 4+ 00). In addition, from [13, Theorem 5.10],
we get the following approximation result.
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PROPOSITION 2.7. Forany ¢ > Qand f € L2(X, V), there exists a sequence

(f)nen in DV2(X, vp) such that R(x, L,) f, belongs to H’CS(X) for everyn € N
and

hm ”R(}\,, Lg)fn — R()\,, LE)f||D2'2(X,Ug) = 0, A > O,
n——+00

where R(A, L) is the resolvent operator of L. [see (2.11)]. In addition,

1
IRCA Le) fllz2(x v < X”f”[)(x,vg),

1
IDHRO- Lo iz = =1, 2.15)
and
2
PTICRYY E RV TRt 2.16)

Now, we are ready to prove the main theorem of this section.

THEOREM 2.8. The following statements hold true.

(i) Foranye > 0and f € L*(X, v,), it holds that
lim (| Te(0) f — T () fl p22(x.0,) = O, t >0,
n——400

where (f;)neN is the sequence defined in Proposition 2.7. Furthermore, Te(t) f,
belongs to ?C;(X). In addition, if f € DY2(X, v,) then Dy fn converges to
Dy f in LY(X, ve; H), as n goes to infinity.

(i1) For any f e LZ(Q V) there exists an infinitesimal sequence (&n)nenN such that
T, (1) f weakly converges to Tq(t) f in D%2(Q, v), where f is any L2-extension
of f to X.

Proof. The analyticity of the semigroups Tq(r) and Ty (¢) in L2(R2, v) and L*(X, v,),

respectively, and the decay estimates (1.10), (1.11), (2.15) and (2.16) (and Remark 2.5)
allow us to write the following representation formulas

. 1 .
DLT. () f = 2—/ e D} R(h, L) fd, >0, fel’X,v), (2.17)
Tl Js

) 1 )
D}, Tot) f = 2—/ "D R(A, L) fdr, t>0, feL*Q,v),
Tl Jor

for any j = 0, 1,2, where o (resp. ¢’) is a smooth (unbounded) curve in C which
leaves on the left a sector containing the spectrum of L. (resp. Lg).
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(i) For any j =0, 1, 2, we have

/ D} Te(t) fu — DY Te(0) f Pidvg
X

1
4712 X

2
dv,
J

/ e“(D{;,R(A, Le) fudd — D} R(, Le)f)dk

K(o, 1) ATy J 2
< — e | Dy R(A, L) fu — Dy R(A, Le) f17dveda, (2.13)
47'[2 oJX J

where | - |; denotes the norm in R, H, J(;, respectively, and K (o, 1) = fa eMda.
We conclude observing that, by the dominated convergence theorem and the results in
Proposition 2.7, the right-hand side of (2.18) vanishes as n goes to infinity. The further-
more part is consequence of Proposition 2.7 and the integral representation formula
(2.17). Finally, the last assertion is an immediate consequence of Proposition 2.6.
(ii) Since U (x) > ®.(x) for any x € €2, by using (2.15) and (2.16) we immediately
deduce that for any vanishing sequence (s,) and for any f € L?(2, v) the sequence
(R(A, Lsn)f) is bounded in D*%(Q2, v). A compactness argument yields that there
exists a subsequence of (g,) [still denoted by (g,)] such that R(A, Lg,) f~ weakly
converges to an element u € D>?(, v), as n goes to infinity. From [14, Theorem
5.3], it follows that u = R(X, Lg) f. Now, the proof proceeds as in (i). Indeed, for
any f, g € L%(2, v) we have

f (T, () Pgdv = —— / / M (RO, L) P)gdrdv
Q 27i Jo Jo
_ 1
T 2mi

/ o / (RO, Lo,) )gdvd.,
o Q

Now, arguing as in (i), by the dominated convergence theorem we deduce

lim / (To (1) gy = —— / f M (R(h, La)) f)gdrdy = / (Ta () fgdv.
n—+oo Jq 27wi Jo Jo Q

In a similar fashion, it is possible to prove that Dy T, () f weakly converges to
DuTo(t)f in L*(Q, v; H) and that D% T, () f weakly converges to D%, To(t) f in
L2(2, v; H»). O

3. Pointwise gradient estimates

In this section, we prove some pointwise gradient estimates for T (¢). As already
observed in Introduction, these estimates are interesting since, firstly, they represent a
generalisation to what it is known in the literature and, secondly, they allow to deduce
many properties of To(#) and of the associated invariant measure v, as the results in
Sect. 4 show.
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THEOREM 3.1. Forany p € [1,+00) and f € DVP (2, v)
p —pATl p :
[DyTo(t) fly <e P "(Ta®)|Dy fly), t>0, v-ae. inQ. 3.

Proof. First we prove the claim with p = 1 and f € FC;°(2). Next we address to
the general case.

Let f € FC(X) € DV3(X,v)(S D'2(X, v,), forany ¢ > 0) and g a bounded,
continuous and positive function. To overcome the lack of regularity of the function
| Dy Tq(t) f|y atits zeros, wereplaceitby n, (| Dy Tg(t)f@) where n, : [0, +00) —
[0, +00) is the concave and smooth function defined by 1, (§) := /o + & — /o for
any £ > 0 and 0 > 0. Note that . is Lipschitz continuous in [0, +00) and satisfies

1
Do) = VE,  (DEn, &) = 310 (8). (i) N, (E) +261,(6) =20, (3.2)

forany £ > 0and o > 0.

To proceed further, we need to control the third-order spatial derivatives of Tq(¢) f.
Since we are not able to do that directly on Tq(¢) f, we replace it by the double
indexed approximating sequence (7, (f) fu)n keN Where the sequences (gx)ren and
(fu)nen are as in Theorem 2.8. More precisely, ¢ vanishes as k goes to infinity,
(Te, (1) fn) € FC3(X) and Dy f,, converges to Dy f in LY(X, v,; H) as n — +00.
Hence, forany t > 0, 7, s € [0, ] and k, n € N we define

W = Dyt (O, Gls) = GH(s) = f Mo (Wi T, () g v
X

where, to simplify the notation, we have set uy, , := Ty, (-) f,, for any k, n € N. Recall
that v, = efq)gky is the invariant measure associated with T, (#) and that by the
definition of the operator L., we get

/Xl/flLauﬂzdvsk = —/X(DHI/M, Dyir) pdve,, (3.3)

with ¥y € DV2(X, v,) and Y2 € D(Lg) = D*?(X, vg,) (see [13, Theorem 6.2]
for the characterisation of the domain of D(L,)). Theorem 2.8 guarantees that, for
every ¢t > 0, the function ug, , (¢, -) belongs to J Cg(X ) and, as consequence, that G
is differentiable in (0, ¢). Thus, taking into account that

&k, &k N

d , d )
ana(wH = 1o (W, )a|DHusk,n(t — )|y

e\n

= =20, (WA Dptey n(t — ), Dy (Leyttgy n(t — ) n

and using (3.3) twice, we deduce
G'(s)=— Z/X Ny (Wi (D gy n(t — ), Dy (Legutg n(t — ) g Tey (5)gdve,

- /X Ny (W Dy Ty (s)g, Dgw;®!') grdvg,
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-2 fX Ny Wi Dpug, n(t — ), Dy (Legtegn(t — ) g1 Tey () gdve,
/X (D (Wi T, (5)8), Drwi®y') gdvg,

+/ o (wE Te, (5)g| Dy wit ! 2, dvg,

/ Ny (Wi (Dt n(t — 5), DLyt n(t — 9))) pr Tey (5)gdve,
+ /X M (WS Ty ()8 Ly (g )dvey + /X ny (W) Ty (5)g| Dy w13 dve,
=2 f Ny (Wit Te, ()8
<1Lek(w8k $) = (Dyug, n(t —5), Dy (Leyutey n(t — s>)>H>dvgk

+ f nl WM Ty ()8 D™ 2 dvey (3.4)

Now, a straightforward computation and Hypothesis 1.1 yield that

1
ELé‘k(w.sk’n) - (DHué‘k,nv DH(Lskusk,n)>H

+00
= |Djjucenlie, + O A7 (Dittey n)* + (Dj; ey Ditiey n, Dirtieyn) i
i=1

2 2 -1 2 2
> |D[-1uak,n|j—(2 +)\1 |DHM8k,n|H + (DHCDekDHMak,m DHMak,n>H-

In addition, it is easy to prove that

Eks n|

|Dpw: F, —4|DH”5k nDH”sA n|j—(2 <4|DH”5k n|j—(2w€k’n- (3.5)

Thus, using (3.4) and (3.5), taking into account the convexity of €2 and U and the fact
that n7 < 0in (0, +00) we deduce that

G'(s) 2 / [, ) + 20 Wiy Ty ()81 Dty (1 — ) 3, dvey
w27 [ i T s,

Ef\l_lf No (Wi Ty () gdve, = A7 ' G(s),
X

where in the last inequality we have used also (3.2)(ii)—(iii). Integrating the previous
estimate with respect to s in (0, ¢), we get G(0) < e_kl_lt G (1), and letting 0 — 0 we
deduce

—1
f |Ditte, n ()| mgdve, <1 f Dot foluTe(Dgdve,.  (3.6)
X X
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Proposition 1.10(vi), Remark 2.5 and formula (3.6) imply

-1
/ |DHuek,n(t)|Hng€k fe_kl t/(Tek(t)|Dan|H)ngek- 3.7
X X

Since formula (3.7) holds true for every positive, bounded and continuous func-
tion g and the measures v, and v are equivalent, we get [Dyug ,(t)|lg <
ef)‘lfltTSk ®)|DH fulH, v-a.e. in X for every k, n € N and r > 0. From Theorem 2.8,
up to subsequences, we get that |[Dyug, ,(¢t)|g and Ty, ()| Dy fulg pointwise con-
verge v-a.e.in 2 to |DyTq(t) f|lg and Tq(t)|Dy f|H, respectively, as k, n — +o0.
This yields (3.1) with p = 1 and f € FC;°(£2). Formula (1.12) allows to extend the
previous estimate to any p € (1, 00).

Finally, let f € DVP (€2, v) and let (gn)nen C FC°(R2) be a sequence converging to
fin DLP (2, v) and pointwise v-a.e. in Q. Formula (3.1) with f replaced by g,, — gm
and the invariance of v with respect to T (¢) give that the sequence (D gy Tq(£)g1)neN 1S
a Cauchy sequence in L? (<2, v; H). Since Tq(t)g, converges to T (t) f in L? (2, v)
and the operator Dy is closable in L? (€2, v), we obtain that Dy T (f) g, converges to
DyTq(t)fin LP (2, v; H). Writing (3.1) with f replaced by g, and lettingn — 400
yield the claim in the general case. g

COROLLARY 3.2. Forany p € (1,4+00) and f € DYP(X,v), it holds that
tli%1+ I1DuTa®) fllLr@.viay = 1Du fllLr@.v: -
Proof. By the strong continuity of Tq () and the lower semicontinuity of the L”-norm
of the gradient, we have

IDu fllLr@va) < 1itm(i)r+1f 1DaTa() fllLr@.v;H)-
—

Hence, by (3.1)

/ Dy f17dv < liminf/ \DuTa(t) £I5dv < lim sup/ |DTo(t) £17,dv
Q =0t Jo Q

t—0t

< tim 1 [ TaiDy i = [ 1Du sl
Q Q

t—07t
and the proof is complete. 0

Now we prove a pointwise gradient-function estimate for T (¢) f whenever f €
LP(2,v) and p € (1, 00). The proof is similar to [29, Theorem 6.2.2]; however, it
cannot be directly adapted to T (7) f in view of the possible lack of regularity of its
derivatives. To overcome this difficulty and the additional complications due to the
infinite-dimensional setting, we use again the approximants in Theorem 2.8.

THEOREM 3.3. Forp € (1,400), f € LP(2,v) andt > 0 there exists a positive
constant K, depending only on p, such that

IDuTa() [} < Kyt~ 2 To®)|fIP, v-ae. in Q. (3.8)
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As a consequence, we get

i
.
DT fllLr@.vm < Kpt 21 fllLr.v)- (3.9

Proof. We remark that (3.9) is an easy consequence of (3.8), so it is enough to prove
(3.8). We divide the proof in two steps. In the first step, we prove thatif f € FC°(X),
then forevery ¢, s > O and p € (1, 2] there exists K, > 0, depending only on p, such
that

IDyTe(s) fulh < Kps 2 Te(s) ful?, ve-ae.in X, (3.10)

(see Theorem 2.8). In the second step, we prove (3.8) for any p € (1,00) and f €
LP(2,v).

Step I Let us differentiate the function
Gon(t) = Ti(s = t)<(|Ts(r>fn|2 o) - 61’/2), 0<t<s,
where ¢,8 > 0 and p € (1, 2]. Setting ¢ 5., (1) == |T:(t) f,|* + 8, we have
Gh D) = = LeTols = D ($e5. (1) = 6772)
+ Tl = D p(6e5.00) " @) LT 0) 1))
=To(s = 0] = Lo ((#e5.0 )" = 6772)
+ T f) (Le To 0 fi) (.50 0) 272 (3.11)

By Theorem 2.8, the function (4)8)3,,, (t))p/2 —§p/2 belongs to EFC; (X), hence from
the definition of L, (see (2.11)) we get

Le((9e.50®)" = 872) = p(9e,5.00) "2 (T0) fi) (Lo To() fi)
+ p(#e5.00) " IDHTO ful}y

+ p(p = 2)(be.5.0 )2 (T@) )P DH T () oy
(3.12)

Combining (3.11) and (3.12), we get
Gp 00 = = pTots = 0((Be.5.0 ) " IDH T 1) 11y )
+ 2 = PTes = O (B0 ®) " 2T LIDHT. O il ).

Since the semigroup (7 (¢));>0 is positivity preserving (see Proposition 1.10(ii) and
Remark 2.5), we get

G}, = p( = PTe(s = 0(($e5n®0) " 2P IDHT.O fil}). B13)
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Now integrating (3.13) from O to s with respect to ¢, we get

Te(s><(|fn|2 o) - W) (I +8)" s
§ 5 (r=2)/2 5
<p=p) [ o= (11042 +8)" " IDan 0 £l o

Using again that (7¢(¢));>0 is positivity preserving, from the previous inequality we
get

4 (r—2)/2 /2
rir-n [ Ts<s—r>((|Ts(r)fn|2+a)P |DHTs<t>fn|%,>drs(|Tg<s>fn|2+s)’) :

(3.14)
By the semigroup property, (3.1), (1.12), (1.13), Remark 2.5 and the Young inequality,
we get for every n > 0

IDuT.(s) fully =D Te(s — OTe () fully

—1
<e P OO (s — O DuT(0) full

rQ2=p)

_ _ rQ2=p)
se‘l’*ll“‘”n(sfr)<(¢g,a,n<r)) TDET(0) fully (be.s.n (D)) )

< (1,6 0 (@ran0) 10T 0 1))

2

1
(765 = D(@esn)*)
<e D LT 5 - 0)(($esn®) DT fully)
—piit =0 (1 = PN 212 (6 /2
+e O (1= DY 0T s~ (1T 0 £l +577)
=e M D LT 6 = 090 0) DT £y )

+e MO (1= DT - (T OILIP +677) (3.15)

Multiplying (3.15) by e” A=) , integrating from 0 to s with respect to ¢, and recalling
(3.14) we get

-1
el =) _ n2/p

DT () fully < =
pry! M =0 (p — 1)

+ (1= 2)r 0D (ol ful? +6772).

(1T nP+9)""

Letting § — 0% and applying (1.12), we obtain

-1

ePr =1 _ n*/'p p B

———— IDu T fuly < (—2(p 5t (1= %) 2>s)T8<s>|fn|f’
PM -
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whence
-1
ep)‘l (s—1) — l nz/p p
- p w7 _ PN 2/(p-2)
T PTG < ggg{z(p TR U Ca s}Tg(s>|fn|P

_P
=1 cps' TITL(8)| ful .

for some positive constant ¢, depending only on p. Setting ¢ = 0, and recalling that

the function s/ (eP*1'S — 1) is bounded from above, we get (3.10).

Step 2If p € (2, 00) it suffices to write [Dy To(s) fulhy = (D T.(s) fal3)P/* and to
apply (3.10) with p = 2. Then, using (1.13) together with Remark 2.5, we get (3.10)
for every p € (1, 00). Due to the properties listed in Theorem 2.8, letting n — 400
and ¢ — 0, up to a subsequence we get (3.8) for every f € FC;°(X). Moreover,
integrating it on €2 and using that v is the invariant measure associated with T(t), we
get

/ |DuTa(s) f1hdv < K,,s*%/ | £]Pdv. (3.16)
Q Q

for any f € ?Cgo(Q) and p € (1, 00). Finally, we extend estimate (3.16) to any
f € LP(R2, v) arguing by approximation as in the last part of the proof of Theorem 3.1.
To this aim, let f € L”(£2, v) and let (g,,),eN be a sequence of functions in ?CZO(SZ)
converging to f in LP (2, v). Then, for every n, k € N

_r
/ [DpTa(s)gn — DHTQ(S)gk|[1;dV < Kps 2 / |gn — gk|Pdv.
Q Q

So the sequence (DyTq(s)gn)nen is a Cauchy sequence in L? (€2, v; H). The clos-
ability of the operator Dy : FCp°(Q) — LP(R,v) in LP(2,v) and the fact
that for any s > 0 the sequence (Tq(s)gn)neN converges to Tq(s)f we get that
lim,— 400 DuTa(s)gn = Dy Tqo(s) f in LP (2, v; H). Hence, writing (3.16) with f
replaced by g, and letting n — 400, we conclude. O

The pointwise gradient estimate (3.1) implies that || Dy T (7) f1l 1r @, v; i) Vanishes
ast — +ooand f € DP(, v). Actually using (3.8), we get the same result when
f belongs to LP (L2, v).

COROLLARY 3.4. Let p € (1,00) andt > 1. For every f € L? (2, v)
—1
IDaTa®) fllLr@.vm) < Cpe_)‘l t”f”LP(Q,V)a

-1
where C), = K ;/ PerM and K p 1S the positive constant in Theorem 3.3.

Proof. By (3.1), (3.9), the semigroup property and the fact that v is invariant with
respect to Tq(t) we get
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f|DHTQ<t)f|I;,dv=/ D Talt — DTa(1) f17dv
Q Q
() P
<o /T9<r—1>|DHTg<1>f|Hdv
Q
< e Ph =D / |DuTa(1) f14,dv
Q
< Kpe Ph 6D / To(1)| f7dv
Q
< Kpe PH 0=D f /1P dv,
Q

forany ¢t > 1, f € LP(2, v). This concludes the proof. 0

4. Logarithmic Sobolev inequality and other consequences

Logarithmic Sobolev inequalities are important tools in the study of Gaussian
Sobolev spaces since they represent the counterpart of the Sobolev embeddings which
in general fail to hold when the Lebesgue measure is replaced by other measures, as
for example the Gaussian one. In infinite dimension, such inequalities are known for
the Gaussian measure on the whole space (see [11, Theorem 5.5.1]) and on convex
domains (see [12, Proposition 3.5]). In the weighted Gaussian case, the inequality is
known in the whole space (see [21, Proposition 11.2.19]), for Fréchet differentiable
functions. In this section, we use the pointwise gradient estimates (3.1) and (3.8) to
prove logarithmic Sobolev inequalities for weighted Gaussian measures on convex
domains generalising all the above results. We also collect some consequences of the
logarithmic Sobolev inequality (4.4). To simplify the notation we set, if f € L! (X, ve)
and g € L'(X,v)

1 1
me(f) = US(X)/devs, me(g) = m/gzgdv- 4.1

First of all, we study the asymptotic behaviour of the semigroup (7% (¢));>0.

LEMMA 4.1. Foranye > Oand f € FCL(X)

tligrnoo T.(t) f(x) =ms(f), ve-ae.x € X. 4.2)

In addition, if f < 1 and has a positive infimum, then

</ fdvs> log (m¢(f))
X

Ve (X)me (f) log (me(f)). (4.3)

lim / (To(1) f) log (T, (1) f )dve
t—400 X
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Proof. First of all note that since the function (0, 1] 5 x — x |log x| has a maximum,
formula (4.3) can be obtained by (4.2) and the dominated convergence theorem. The
proof of (4.2) is divided in three steps.

Step I Letus show that there exists a sequence (f;)ren S [0, +00), suchthats;, — 400
as k — +ooand T, (tx) f — g. weakly in L?(X, vg) for some g € L%(X, v;), as k
goes to infinity. To do this, it is sufficient to consider a sequence (#,),cN tending to
+00 as n — +o0 and to recall that 7, (z,) is a contraction in L2(X, vy).

Step 2 Here we claim that g, is H-invariant, i.e. g.(x + h) = g¢(x) for y-ae.x € X
and for every h € H. For any ¢ € Cp(X), we have

/X [ge(x + h) — g ()] (x)dve (x)

< | [ Taete 41 = 160006+ o ) 1)
+| [ @ ne+m - @w e +nlewnw| )
| [ I+ = (00 £ 0o 0 (1)
| [ @ i@ = 060 N eJodn (1)
+ /X (T 0 £)() — g ()@ (x)dve () (I5)

where ( f,)nen is the sequence in Theorem 2.8. The regularity of 7 () f,, and (3.7)
allow us to estimate (/3) as follows

!
() = ‘[x (/0 (DuT: (1) fu(x +Sh),h>HdS><p(X)dva(X)

—1 1
<e M % hlgllels /0 / (Te (@)1 D ful 1) (x + sh)dve (x)ds
X
—1 1
<e™M ”‘IthII(pIIOO/O / |Dp fu(x + sh)| dve (x)ds
X

—1 1
<eH tk|h|H||(p||oo(/(; /|DHf(x+sh)|Hdvg(x)ds+M)
b'¢

-1
<e™ %l g lelle Ve (X) I Dp fllo + M),

for some positive M, where in the second to last line we took into account that
I Dr full L1 (x v, 1y cONVerges to | Dy fllp1(x .y asn — +00. Now, foreveryn > 0
we can choose k large enough such that (/1) + (13) + (Is) < n/2 and n such that
(I2) + (14) < n/2. This proves the claim.

Step 3 In this step, we complete the proof. By [11, Theorem 2.5.2], a H-invariant
function coincides y-a.e. in X (hence v-a.e. in X as well) with a constant function,



Gradient estimates on infinite dimensional convex domains

i.e. there exists ¢ € R such that g, (x) = c for y-a.e. x € X. We get

= T t) fdve =
c vg(X) l)e(X) k—im e (fk) fdve = me(f)
where in the last equality we used the invariance of v, with respect to 7, (). Since our
arguments are independent of the sequence (f)xen, we get (4.2). O

REMARK 4.2. In view of the method used in the proof, the results in Lemma 4.1
cannot be easily extended to the semigroup Tq(¢). However, as we prove in Proposi-
tion 4.7, the asymptotic behaviour of T (¢) as t — 400 can be obtained also with a
precise decay estimate.

Now we are ready to prove that the measure v satisfies a logarithmic Sobolev
inequality in 2. The idea of the proof is to apply the Deuschel and Stroock method
(see [22]) to the measure v, and then taking the limit as ¢ — 0.

PROPOSITION 4.3. For p € [1,00) and f € ?Cé (R2), the following inequality
holds:

fglfl”loglfl”dv < v @ma(lf1P) log (ma(£17))

pZA
I/Ifl” 2Dy fxipeoydv.  (44)

Proof. We split the proof in two parts. In the first part, we prove the claim when f
satisfies some additional hypotheses, and in the second part we show (4.4) in its full
generality.

Step 1 Here we prove (4.4) with v and €2 replaced by v, and X, and f in FC g (X) such
that there exists a positive constant ¢ with ¢ < f < 1. To this aim, we consider the
function

Fe(r) = / (Te(0) fP) log(Te () fP)dve, 12 0.
b

which is well defined thanks to Proposition 1.10(ii)—(iii) and Remark 2.5.

Our aim is to find a bound from below for the derivative of F.. Indeed, we show
that F/(t) > cje™% fx fp’leHflildvg, for some positive constants ¢} and ¢;. We
start by observing that

Fl() = / (LeTo () £7) log(To(6) £7)dve + / LeTo(0) f7dvs
X X

= _/;((DHTa(t)fpv Dy 1og(T: (1) f7)) ydve

[ 12T
x T fr

&
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where we used that f x Lewdve = 0 for any ¢ € D(L,), the definition of L, and the
integration by parts formula. By (1.13) and Remark 2.5, we have T (¢)|Dy fP |y <

1/2
1Dy £P13 / Y .
T:(t) 7P (Te(t) fP)"/<. Hence, by using (3.1) we deduce

2
—efwilt/ (Tg(t)lDpr|H)2dvg > —elelil'/ T (1) —lDpr|H dv,
X T.(t) fP X fr

-1
=—e P 1p? / P72 Dy f13dve.
X

F(1)

v

Integrating from 0 to +oc and using (4.3), we get

2
/ fPlog fPdve < (/ fpdvg) log (me(f7)) + p_)”l/ FP72Dy f13dve.
X X 2 x

Finally letting ¢ — 0 and recalling that v, weakly* converges to xqv, we get the
claim.

Step 2 Now, for any f € ?Cé(Q) and n € N, let consider the sequence (f;;)neN
defined by f, = (1 + || flloo) ™'V f2 + n~1. Step 1 yields that

/ fi log(fi)dv < (/ fnpdV> log (ma(f)) / S Dy ful3ydv.
4.5)
Observing that there exists a positive constant ¢, , such that ¢, , < f,f’ < 1 for any
n € N and using the fact that the function x + x|log x| is bounded in (0, 1], by the
dominated convergence theorem the left-hand side of (4.5) converges to

(a+ ||f||oo>*1’/ﬂ|f|f’log [(1 4 1/ lla0) "1 £ 17 ]dv

and the first term in the right-hand side of (4.5) converges to

p
((1 +1flloe) " /Q |f|”dv) log (%)

Since |Dy fuln < (1 + ||f||oo)’1|DHf|H for every n € N, by the monotone con-
vergence theorem if p € [1, 2), and by Lebesgue’s dominated convergence theorem
otherwise, we obtain

lim /Q £ 21D ful2ydv = (14 [ Fllay) ™" /Q 1721 D £ Py i oy

n——+00
So the statement follows letting n to infinity in (4.5). 0

As it is well known the logarithmic Sobolev inequality has several interesting con-
sequences. Among them, we point out the following, related to our setting: once a
log-Sobolev inequality with respect to the measure v has been proved, a summability
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improving property of Tq(¢) follows. Indeed, we are able to show that Tq(¢) maps
L9(2, v) into L? (€2, v) for some p > ¢. The technique used to prove this property
is quite standard. However, for the sake of completeness, we provide a proof of it.

PROPOSITION 4.4. Lett > 0 and p,q € (1,400) be such that p < (q —
—1
De* 1 + 1. Then, the operator Tq(t) maps L1(2,v) in LP(2, v) and

1T () g < DEI7 71 Fllaqus >0, feLlR,v).  46)

Proof. Let f € ?Cg (£2), with a positive global infimum, and let p(t) := (¢ —

l)eZAflt + 1. For s > 0, we set

1 26) 1/p(s) 1 1/p(s)
G(s) .= (m,/g(TQ(S)f) dv) = (U(Q) F(S))

and we prove that G is a non-increasing function in (0, +-00). Before starting we want
to recall that T (s) maps S"Cg (Q) into DV2(2, v) N L®(K2, v), due to the definition
of the operator T (s) and Proposition 1.10(ii). This guarantees that all the integrals
we are going to write are well defined and finite. So, using (1.9), we get

F'(s) = p'(s) /Q (Ta(s) £)P) log(Ta(s) £)dv — p(s)(p(s) — 1)
x fQ (Ta(s) £)PO 2Dy Ta(s) f13dv. (4.7)

Now we setu(s) := Tq(s) f, and we differentiate the function G. Taking into account
4.7), we get

p/
G =Gl-=1 p S
( 2 og(mqu?)) + v o urdy

x(p’/ u? logudv — p(p — 1)/ up2|DHu|%1dv>>
Q Q

p/
(o)t )

Glp—-1)

o\ p—2 2
fg dy Qu |Dyulgdy.

Since p'(s) = 2Af1(q — l)eﬂl_ls > 0, we can apply (4.4) to get

P/ ()1
2

G'(s) < (G(s))“l’@( —(p(s) — 1)) /Q (Ta) HPO 2Dy To(s) f13dv = 0.

This proves that G is a decreasing function, which means that G(0) > G (¢) for every
t > 0,1i.e.

11
||TS2(t)f||Lp(t)(Q,v) < [v(2)]r® 4 ||f||Lq(Q,U)-
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So we get (4.6) for a function f € FC g (€2) with positive global infimum. Indeed, if
p<p@)
p=p
1Te@) fliLr@,vy < [VED] P02 [ To@) fllLro @,
p)=p 11 11
< ()] ror [w(€)]PO a | fllLa@.y = EDI? | fllLa@.)-

Arguing as in the second step of the proof of Proposition 4.3, we obtain (4.6) for a
general f € ?C;(Q). The density of the space ?C,l (2) in L9(£2, v) allows us to
conclude the proof. 0

From the logarithmic Sobolev inequality follows the asymptotic behaviour of
To(t) f as t goes to infinity, whenever f belongs to L%(£2, v). This can be done
thanks to the Poincaré inequality.

PROPOSITION 4.5. Let p € [2,00) and f € DVP(Q2, v). Then

I f —ma(ND vy < KIDHflLr v H) (4.3)

where K is a positive constant depending only on p, A1 and v(R2). Furthermore, if

1/2
p=2then K =A/".

Proof. We divide the proof in two steps. In the first step, we prove (4.8) for p = 2,
while in the second step we prove the claim for p € (2, 00).

Step 1 We use an idea of [38] (see also [4, Theorem 5.2]). Let f € ?C}]) (R2),n > 0and
consider the function f;, = 1 +n(f —mgq(f)). Recalling that (1 + £)? log(1 + £)?2 =
26 4382+ 0(E%) as & — 0, we get

/Q 2 log fdv — ( fg f,%dv) log (ma(f) = 21 fQ (f = ma(f)2dv + o).
By (4.4), with p = 2 and f replaced by f;, we get

2n2/9(f—mg(f>>2dv+o<n2)sm/ﬁ|Dan|i,dv=2xm2f9|DHf|%,dv.

Letting n — 0%, we get (4.8) for a function f belonging to FC g (€2). Then by the
density of f}'Cg(Q) in DI’Z(Q, V), we get

/ (f — ma(F)2dv < 1y / Dufldv. feD Q). (49
Q Q

Step 2 Now let assume that p € (2, 00).If g € D'P(2, v), then |g|?/? € DV2(2, v).
This can be seen by approximating g by a sequence of functions in FC g (£2), which is
dense in D17 (2, v). Applying (4.9), with f replaced by |g|?/2, we get

|g|Pdv——(/ |g|1’/2dv) 5—/ 1gl”?|Dpgl3dv  (4.10)
/Q v(2) \Ja 4 Ja "
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Applying the Young inequality to the right-hand side of (4.10), for every n > 0 we

have
A — NP/ p=2)
/|g|Pdvs 1p(p — 2 /|g|"dv
Q Q

4

Ap %
+W/;2|DHg|Hdv+m</ |g|P/“dv ) .

Choosing 7 > 0 such that n?/(?=2 <4/ p(p—2))and K (p,n) :=1— (A1 p(p —
2)nP/(P=2)) /4, we deduce

K(p, n)[ g1y < 5 p/Z/ |DHg|Hdv+@</ Iglp/zdv> . @11

Now we proceed by induction. If p € (2, 4), then

p/4
/ glPdv < ( / |g|2dv) ()] P/
Q Q

and so by (4.11), for every p € (2, 4]

K( )/| |Pdy < p /|D |”dv+; /| 1>dv "
P JQ 8= e Jo ST oz Jo ¢ |

If we let g = f — mq(f) for a function f € D7 (2, v), we get
Kpon) [ 1f =ma(piras

r/2
=< 277p/2/ |DHf|pdv+W</ |f —mq(f)l dl)> .
By (4.9), we get

K(p. n)/ f = ma(f)Pdv

p/2
- 2;717/2/ D flpydv (Q)](p2 4)/2p)

which proves the statement when p € (2,4]. Now let p € (4,8]. For any f €
DLP(Q, v) we apply (4.11) to the function g = f — mq(f), and since p/2 € (2, 4],
we can use (4.12) with p/2 instead of p, to get the thesis for p € (4, 8]. Iterating the
above procedure, we conclude the proof. 0

/ Dy f|1Pdv, (4.12)

A standard consequence of the Poincaré inequality is the convergence of Tq(¢) f to
mq(f) (see (4.1)) in L%(Q,v), as the following exponential decay estimate shows.

COROLLARY 4.6. If f € L*(Q2, v), then
-1
1T f — ma(Hll 2w < € 1 l20- (4.13)
As a consequence for every f € L*(2, v), it holds

lim Tq(t)f =mq(f), v-a.e. in 2.
t——+00
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Proof. Let G(s) = fQ (Ta(s) f — mg(f))zdv. Using (1.9) and (4.8), we get
d
G =1 / (Ta(s) f — ma(f)dv =2 / (Ta(s) f)(LaTa(s) f)dv
S JQ Q
2
= —2/ |DHTQ(S)f|%1dV < _k_/ (Ta(s)f —ma(Ta(s) £))*dv
Q 1JQ
2 5 2
- ——f (Ta(s) f — ma(f)2dv = ——G(s).
A Ja A
Thus, G(t) < e~2*1 ' G(0), which means

/Q (Ta() f — ma(f)*dv

IA

i /Q (F = ma(f)2dv

-1 1 2 1 2
— —2Al t 2d _2_< d ) _( d )
¢ [/Qf =2 (o) + o (e
-2 240
<e 'Lf v

This concludes the proof. 0

Once the Poincaré inequality, with p = 2, the gradient estimate (3.9) and a hyper-
contractivity type estimate like (4.6) are available, we can establish a relationship
between the asymptotic behaviour of Tq(¢) f and that of | Dy Tq(¢) f|y ast — 400,
whenever f € LP(2,v), p € (1,00). More precisely, arguing as in [4, Theorem
5.3] we can prove the following result, that extends the decay estimate (4.13) to any
p € (1, 00). We skip the proof due to its length and the fact that it does not present
any substantial difference with the one contained in [4, Theorem 5.3]

PROPOSITION 4.7. For any p € (1, 00), consider the sets
Ap={w € R[3Mp0 > 050 1Ta f = ma(Dlr@ < Mpwe” 1f lr@,
t>0,feLWQJ”;
By = {0 € R|IN,0 > 05 1D Ta® f I r@uim) = Npoe™ I Flr@n
z>1,feL%Q»ﬁ.

Then the sets A, and B, are independent of p and they coincide. In particular, by
Corollary 3.4, for any p € (1, 00) there exists a positive constant K, ;.,, depending
only on p and )y, such that for every t > 0 and f € LP (2, v), the inequality

—1
IT() f = ma(Hllr@.w = Kpae I lrg.n
holds. As a consequence, for every p € (1,00) and f € LP($2,v)

lim Tq@)f =mq(f), v-ae. inS.
t—+00
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