A DECOMPOSITION BY NON-NEGATIVE FUNCTIONS IN THE
SOBOLEV SPACE !

AUGUSTO C. PONCE AND DANIEL SPECTOR

ABSTRACT. We show how a strong capacitary inequality can be used to
give a decomposition of any function in the Sobolev space W*'!(R?) as
the difference of two non-negative functions in the same space with con-
trol of their norms.

1. INTRODUCTION

In this paper we are interested in the following problem in the study of
weakly differentiable functions:

Question. Given u in the Sobolev space W*?(R?) for k € N, and p > 1, is it
possible to find non-negative functions u® and u® in the same space such
that u = u® — u® almost everywhere in R? with control of the W norms
of u® and u® ?

An affirmative answer to this question has the practical consequence
of enabling the qualification of arguments in W*?(R?) with the statement
“without loss of generality we assume that u is non-negative, since u can
be decomposed into positive and negative parts...”, which is useful, for
example, in the proofs of various Hardy and Sobolev inequalities. This is
standard in the first-order case for any p > 1, while with a little thought
one can give a simple solution in the higher-order case for any p > 1. The
main contribution of this work is the following theorem which gives such
a decomposition when p = 1:

Theorem 1.1. Let k € N,. For every u € W*1(R?), there exist non-negative
functions u®,u® € Wk(RY) such that

u = U@ — Ue TUZth "U®||Wk,1(Rd) + Huenwk,l(Rd) S CHUHWk,l(Rd),

for some constant C' > 0 depending on k and d.
In the case of W1P(R%), one can achieve such a decomposition for any

p > 1, in the same manner as in LP(R?%) and Cy(RY), via the classical de-
composition of u as the difference between its positive and negative parts:

(1.1) u" :=max{u,0} and wu” :=max{—wu,0}.

However such a choice is not suitable for higher order derivatives. For ex-

ample, when u € W2P(R?) it may happen that the distributions D?u* and
1
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D?u~ are merely finite measures with singular parts. This is not a simple
matter of the lack of smoothness of the chosen truncation, as Dahlberg [3}5]
has shown that if for a smooth function H : R — R one has

H(u) € W*P(RY)

for all u € W2P(R?) with 1 < p < d/2, then necessarily H(t) = ct for
some ¢ € R. Such a conclusion propagates to W"?(R?) for any k > 3 and
1<p<d/k.

As an alternative to composition, there is for 1 < p < oo a convenient
approach which relies on the characterization of W*?(R%) via Bessel po-
tentials: One has u € W*P(R?) if and only if u = g * f for some f € LP(R?)
with

HfHLP(Rd) ~ ||u||kaP(Rd)'

Since g, > 0, one can take the decomposition

u=gp*fT—gpxf,

for which one has the desired control of the norms.

There is no such an equivalence for p = 1, and in this regime one requires
a replacement for harmonic analysis techniques with more geometric ideas.
In particular, our proof of relies on a strong capacitary inequal-
ity which has its roots on the Boxing inequality of Gustin [7]. The reader
is perhaps more familiar with weak-type capacitary inequalities involving
the Hardy-Littlewood maximal function, for example,

C
(12) cappy1,1 ({MU > t}) S ?Hunwl,l(Rd),

for every t > 0 and u € W11 (R9). This inequality has been pioneered by
Federer and Ziemer [6] and is a powerful tool for establishing fine proper-
ties of functions, see [15].

To express a strong-type analogue which is convenient for our purposes,
we rely on the Choquet integral with respect to the W*! capacity, defined
in analogy with Cavalieri’s principle for measures as

/Rd |o] d capyyra ::/0 capyra ({|p| > t}) dt.

Then the strong capacitary inequality we use to prove is our

Theorem 1.2. Let k € N,.. For every ¢ € C2°(R?), we have

| teldeaps < Cllglhyns s

for some constant C' > 0 depending on k and d.
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Such inequalities have been initiated in the first-order case by Maz'ya
[9] and later pursued for any order and p > 1 in [1,]10] (see also Theo-
rem 1.1.2 in [11] for k£ < d). Our result completes the picture in the regime

p = 1, as in fact we prove a more general result than which
includes the scale of fractional Sobolev spaces W<! for any o > 0, defined

in terms of the Gagliardo semi-norm. Since is directly argued

from such an inequality, we obtain a decomposition that is also valid on the
Wl scale, see below. In contrast to (1.2)), one cannot replace
¢ in the left-hand side with the maximal function My. Nonetheless, as
we show in one does have a strong-type inequality with a local
variant of the maximal function, which contains both and the
inequality (1.2). Let us finally remark that is most interesting
in the range 0 < o < d, as we explain below that all the Sobolev capacities
are equivalent for o > d.

The plan of the paper is as follows. In we show how recent
work of the authors [13] on the Boxing inequality of Gustin implies a non-
homogeneous form of this inequality that involves the Choquet integral
with respect to the Hausdorff outer measures Hg_a for0 < a < d and
0 < 6 < oo. In this range of o such an estimate is equivalent to the strong
capacitary inequality in We then argue the case a > d from
the observation that all capacities are equivalent to H?, see|[Proposition 2.4}
In we show how the strong capacitary inequality implies
and its fractional counterpart. In we prove the local

maximal-function counterpart of the strong capacitary inequality for func-
tions in W®!(R?) that implies both and [Theorem 1.2| In [Section 5|
we rely on a lemma of Harvey and Polking’s [8] to show that when u is
bounded, the functions «® and ©° can inherit the same property.

2. NON-HOMOGENEOUS BOXING INEQUALITY

Let & € N and denote by W*1(R9) the space of weakly differentiable
functions u € L'(R?) such that Diu € LY(RYRY) fori € {1,...,k}. We
define the norm of u by

k
HUHWk»l(Rd) = Z HDZUHLl(Rd)a
i=0

where D% := u. Next, for a > 0 non-integer, write @ = k + 6 where k € N
and 0 < 0 < 1. We say that u € W!(R?%) whenever u € W*!(R?) and

[ullyor(ray = |lullws ey + [Dku}W&l(Rd)

is finite, where

k _ | D*u(a) — DFu(y)|
[Dulyyo.1(ray = /]Rd /]Rd P dzdy
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is the Gagliardo semi-norm of order # of D*u.
We rely on the following non-homogeneous version of Gustin’s Boxing
inequality:

Proposition 2.1. Let 0 < a < dand 0 < § < oo. For every ¢ € C(RY), we
have

| el = < Cliglyen s
for some constant C' > 0 depending on o, d and 6.

For every 0 < § < oo, Hg_o‘ is the Hausdorff outer measure defined for
every A C R? by

HI(A) = inf{zrf—a tAc | Br(x), ri < 5}

i=1 i=1

and the Choquet integral of || with respect to H4~* is

[ teland = [T i el > i
Rd 0

In this definition one can replace the sets {|¢| > t} by {|p| > t} without
changing the value of the integral.

We prove [Proposition 2.1j using the following strong form of the Boxing
inequality for the Hausforff content H« :

(2.1) / lp|dHE > < C'plwan(ray, forevery p € C>(RY).
0
The homogeneous semi-norm in the right-hand side is

[QO]WQJ(]RUZ) = HDk(/’HLl(Rd)’

when o = k € Nand

[@W&»I(Rd) = [Dkﬂwm(n@d)’

when o ¢ Nand o = k+ 0 with £ € Nand 0 < 6 < 1. We refer the reader
to [2,/13] for the proof of when o < d. The case a = d is straightfor-
ward: From the facts that H9, (#) = 0 and HJ (A) = 1 for every nonempty
bounded subset A C R? one has

S 0 H@D”LOO(Rd) 0
/0 ol dHY, = /0 HO (gl > 1) dt = ]| e

and then (2.1) with a = d is equivalent to the classical inequality

(2.2) lpll oo (rty < C' D%l 11 ay-

We deduce [Proposition 2.1|for a < d using the next
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Lemma 2.2. Let (Q;)jen be a family of closed cubes in R with disjoint interiors
obtained by translation of a fixed cube as Q; = Q + c;j, and let (j : RY — R be
defined by (;(x) = ((x — ¢;) for some ¢ € C°(2Q)). Given o > 0, there exists a
constant C" > 0 depending on «, d and the side length of Q such that

oo

Z [ugjllwan gy < C"|ullyar ey, for every u € WHR?).
=0

o0 .
Proof of | The estimate of the terms _ || D*(ug;)| 11 re) with i €
=0

‘77
{0,...,k} is straightforward due to the local character of the L! norm. We

o0
thus assume that o« = k+0 with 0 < § < 1 and estimate [Dk(UCj)]WG,l(Rd).
j=0
By the explicit formula of D¥(u(;), it suffices to estimate the Gagliardo
seminorm of the functions Du ® Dk_icj. To simplify the notation we per-

form the estimates using f := D'u and g; := D¥~‘(;. We then have

Dus D iGlyosgen < [ ls@l( [ =T ay) o

+/Rd \f(y)\(/Rd ‘g]| - |9+(d z dx) dy.

Since g; is supported in 2Q); and the number of overlaps of these cubes is
uniformly bounded by some constant depending on the dimension d, we
have

Z lgj(z)| < Oy, forevery z € RY.

For the second term, take y € R? and let J, C N be the set of indices j
such that y € 4Q;. The number of elements in J, is bounded from above
independently of y. By the uniform boundedness of (g;) en and (Dg;)jen,
we then get

Z / lg; (= 9 d W) dz < Oy, foreveryy € R%
a y\ *
JEJy R

Denoting by 1 > 0 the side length of Q, for j € N\ J, we have d(y,2Q;) >
and also g;(y) = 0. Thus,

l9(2) = 9;(y)
Z / J’x — ’9+d ’ dz < ||gj||L°° R4) Z /

x —
JEN\J, jEN\J, ¥ 29 |

< 03/ L@_ﬁ_d < 047
R4\ By, (y) [z —y

‘0+d

for every y € R%. Hence,

o0

[D'u @ D*~*(jlyroagay < Cu[flwon may+(CotCa)|[ fll 11 may < Csllulla gay,
=0
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o0
which implies the estimate of ) [Dk(qu)]We,l(Rd). O
j=0
Proof of| Let Q be the cube centered at the origin with diam-
eter /2. We cover R? using a countable collection of closed cubes (Q;)jen
with disjoint interiors of the form Q; = Q + ¢;. By subadditivity of #{ ©,
for every subset A C R? we have

(2.3) Hy “(A) <D HTUANQ)) =D HLU(ANQ)),
j=0 3=0

where the equality follows from the fact that each set A N Q); has diameter
less than 6. Let ¢ € C2°(2Q) be such that ¢ = 1 on @, and consider the
function ¢; : R? — R defined by ¢;(z) = ((z — ¢;). Observe that for every
¢ € C*(RY) and j € N we have

{lel =2 1} N Q; C Llwgs| = t}-

Applying the homogeneous Boxing inequality to ¢(;, we have

2.4 | HE oG] = 1t < CleGhweneo
A combination of (2.3) with A = {|p| > t} and (2.4) then gives

[e.e]

|7 H e 2 dt<2/ HE (o0 = 1t < 'S (Gl s
7=0
By [Cemma 22 we get
7 el 2 1)t < Callolnn o, :

One deduces from [Proposition 2.1jand a straightforward adaptation of
the proof of Theorem 2.1 in [13] the following:

Corollary 2.3. For every 0 < a < dand 0 < § < oo, we have
capyyan ~ HI.

Given a > 0, the Sobolev capacity capyy«.1 is defined for every compact
set K C Riby

capya1 (K) = inf{Hgona,l(Rd) cpe CPMRY), ¢ >0inR? ¢ >1on K}
It is then extended to the class of open sets w C R? as the supremum
capyyaa (w) :=sup {capyaa (K) : K C w compact}.

The equivalence in[Corollary 2.3]has been proved by Carlsson and Maz’ya
for o € Nand o < d, see Lemma 3 in [4]. On balls B,(z) C R%, such a re-
sult can be easily obtained from a scaling argument. Indeed, when oo < d a
separate analysis in the regimes » < 1 and r > 1 yields

(2.5) capyye1 (Br(x)) ~ max {rd_a, rd},
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which is the same behavior as for Hg’a(Br(:c)). In the range o > d, one
uses the classical inequality (2.2) to get
(2.6) capyyan (By(z)) ~ max {1,7%}.

While the W! capacity strongly depends on « for @ < d, we here ob-
serve that all W! capacities are equivalent for o > d:

Proposition 2.4. For every o > dand 0 < § < oo, we have

capyyan ~ HY.

N
Proof. Given a compactsubset K C R? and a finite covering K C |J B, (z;)
=1

with r; < 6, by subadditivbity of the capacity and (2.6), -

N N
capyyaa (K) < cappyan (B, (z:)) <> Crmax {1,r{} < Cmax {1,067} N.
=1 =1

Minimizing the right-hand side with respect to the number of balls N, we
get
capyyaa (K) < Cpmax {1,069} HY(K).
Applying|Corollary 2.3 with « = d, we get the reverse inequality
HI(K) < Oy capyar (K) < Oy capyyoa (K). O

Using |Propositions 2.1{and we now prove the strong capacitary in-
equality for the W1 norm, which includes|[Theorem 1.2lwhen « is integer:
Theorem 2.5. Let a > 0. For every ¢ € C2°(RY), we have

[ teldeames < Cllelhyesa,

for some constant C' > 0 depending on o and d.

Proof. The case of order a < d is contained in [Proposition 2.1l and the
straightforward inequality capy a1 < C'HE ®. When a > d, one applies
[Proposition 2.4/and [Proposition 2.1{with order d to get

/ capyen ({lo] > 1)) dt < Cy / HO({]g| > 1)) dt
0 0
< Coflpllwarmay < Coll@llwen may- g
3. PROOF OF [THEOREN L]

We establish the following theorem that includes for integer
orders:

Theorem 3.1. Let a > 0. For every u € W*(R?), there exist non-negative
functions u®, u® € WL (RY) such that

u = "U,EB — U@ '(/Ulth ||’LL®HWQ,1(R4) + ||ueHWQ,1(Rd) S CHUHW{),l(Rd),

for some constant C' > 0 depending on o and d.
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Let us begin with an analogous property for smooth functions:

Proposition 3.2. Let a > 0. For every ¢ € C°(R?), there exists 1) € C°(R?)
such that || < 1 in R? with
[Yllwerway < C'llellwar ray,
for some constant C' > 0 depending on « and d.
For o < 2 this proposition can be proved by regularization of |p|. In
contrast, our argument works for every order o > 0 and ultimately relies on

the Hahn-Banach theorem through the strong form of the Boxing inequality
(see e.g. the proof of Lemma 4.6 in [13]]).

Proof of| We assume that ¢ # 0. By the monotonicity of the

capacity,
o ) ) fe's)

6D > P aamwer (el 22 < [ capwes ({lel 2 1)) .

j=—00 0
Let J € Z be an integer such that

ol <27 inRY
For every integer j < J, take a non-negative function v; € C°(R%) such
that ¢; > 1in {|¢| > 27} and
19 llwet ey < 2capas ({lo] > 273).

Let m be an integer to be explicitly chosen below, depending on ¢, and let
¢ € C*(R%) besuch that 0 < ¢ < 1inR%and ¢ = 1in supp ¢.
We claim that the function

J—1
P i=2T¢+ Y 20y,
j=m
satisfies
(32) ¥ > gl inR%

We first observe that ¢ > 2™ in supp . We thus have to prove on the
set {|¢| > 2™}. To this end, given z € R such that 2™ < |p(z)| < 27, take
i € Zwithm < i < J - 1such that 2° < |p(z)| < 271, Since all functions
1 are non-negative and 1;(z) > 1, we have

J—1
S 2y () = 2 () > 27 > fo(a)].
j=m

That is,

J—1
ol < Y 2y in {27 < [gf < 273,

j=m
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and so also in the larger set {2™ < |¢| < 27} = {|¢| > 2™} by continuity
of ¢. Hence, holds in supp ¢ and then, by nonnegativity of 1), this
pointwise inequality holds in the entire space R%.

We now claim that

(3.3) [¥]lwarmay < 2™ ICllwargay +8C |¢llwar gray,

where C’ > 0 is the constant in Indeed, by the choice of v;
and (3.1),
J—1
[l wemay < 27(|C et (ray + Z 24l won ma)

j=m
J—1 ‘ '
< 2" [Cllweanr gy + D 27+ capyas ({le] = 27})

j=m
< 2C ey + 8 /0 capyes ({lo] > 1) dt.

Estimate (3.3) thus follows from the strong capacitary inequality.
To conclude the proof, it now suffices to choose m € Z such that 2([(][yya.1 (ray <

||l a1 (ra), which is possible since  is independent of m. O

Proof of | Given u € W*!(R?), by density of C2°(R9) in this
o0

space we can write u as a strongly convergent series u = ©j, where
=0

¢; € C°(RY) and

o0
Z lejllwer mey < 2[|ullyarway-
=0

Take ¢; € C°(RY) such that ;| < v; inR% and 5l wermay < Cill@jllwer (may

(o]
as in [Proposition 3.2} The function u® = ZO 1j is non-negative in R? and
J:

satisfies
[u® [l wau ey < C1 Z o llwetgay < 2C1 [|ullyar ey
=0
In particular, u® belongs to W!(R%). The conclusion readily follows with
u® := u® — u, which is non-negative by the choice of u®. O

Remark 3.3. The proof of Theorem 3.1|shows that for every u € W1 (R%)

one has
lul <U almost everywhere in R?,
o0
where U := ) 1); is the nondecreasing limit of a sequence of non-negative
j=0
functions in C2°(RY) and satisfies the estimate

Ul weor(ray < Cllullyar ray,
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with a constant C' > 0 depending on a and d. Such a construction can
be interpreted as a regularized replacement of the absolute-value function
that is adapted to the space W (R?).

4. MAXIMAL STRONG CAPACITARY INEQUALITY

We now give an improvement of the strong capacitary inequality that
involves the maximal operator and implies the weak capacitary inequality

(1.2):

Proposition 4.1. Let o > 0 and 0 < § < oo. For every u € W*(RY), we have

Msud capyan < C”uHWa,1(Rd),
R4
for some constant C' > 0 depending on o, d and 6.

Here, Msu : R? — [0, +-00] denotes the local maximal function

Msu(x) == Sup{][ |u]:0<r§5}.
By ()

IProposition 4.1|relies on the inequality

(4.1) MudHL® < C'[ulyyer(gay,

R4
for every u € W*!(R?) and 0 < o < d, which is proved in [13] using the
Boxing inequality and D. Adams’ maximal estimate for the Choquet
integral [2,12]

MudHL> < 0" / lu| dHL .

R4 R4

Observe that for o = d this inequality is equivalent to the straightforward

[Mul|pooray < [Jull oo (ay-

Proof of [Proposition 4.1, We first assume that o < d. As in the statement of
Lemma 2.2} we cover R? with cubes Q); centered at c; that are obtained by
translation from a fixed cube @ and we assume that each ); has side length
45. Let ¢ € C°(2Q) be such that ¢ = 1 on 2@, and consider the function
¢j : R? — R defined by (;(x) = ((z — ¢;). Observe that if z € Q;, then
Bs(z) C %Qj. Thus, for every t > 0,

{Msu >t} NQ; C {M(u;) > t}.
Applying with A = {Msu > t} and using the subadditivity and

monotonicity of H& ¢, we get

HE(Msu > t}) <Y HE(Meu >t} N0Q;) < Y HL“({M(ug;) > t}).
j=0

J=0



A DECOMPOSITION IN THE SOBOLEV SPACE Wk:! 11

We now integrate this estimate with respect to ¢ over (0,00). By (4.1) ap-
plied to each function u¢; we thus have

/Rd Mgud?—lgl_a < Clz ||qu||W0‘v1(]Rd)'

J=0

The conclusion follows for a < d since Hg_“ ~ capyya,1 (by Corollary 2.3)

and the series in the right-hand side is bounded from above by ||ul|yy .1 (ra)

(by [Cemma 22).

When o > d, it suffices to apply [Proposition 2.4/ and the inequality at
order d to get

Miud capya,r < Cz/ MiudHg < Csllullyargay < Csllullyo ra)-
Rd
O

Rd

The counterpart of [Proposition 4.1|for the usual Hardy-Littlewood max-
imal function Mu = Myu is false due to the same obstruction as for the
strong L' maximal inequality: Any ¢ € C°(R?) such that (0) # 0 satisfies

4.2) My d capyra,1 = +00.
R4

To this end, we may assume that ¢(0) = 1. Since M(x) is bounded from
below by Cy /|x|? for large values of |z, for 0 < ¢ < 1/2 one has

{MSO > t} 2 Be/tl/d(o)a
for some € > 0. On the other hand, for every r > 0 and x € RY,
(4.3) capyya (Br(z)) > | B, (z)] = war?,

where w, is the volume of the unit ball. By monotonicity of the capacity,

one deduces that
!

M,

capyya1 ({Mp > t}) > capyyai (B, jp1/4(0)) =

which implies by integration with respect to ¢.
Although|Proposition 4.1|fails for Mu, one does have a weak form of the

)

o+ |

capacitary inequality:

Proposition 4.2. Let a > 0. For every u € WL(R%) and t > 0, we have

/

capyyas ((Mu > 1) € < ulyas o).
for some constant C' > 0 depending on o and d.
Proof. Givent > 0, observe that
(4.4) {Mu >t} C {Mju>t}UA,,

where
Ay = {Mu > tand Myu < t}.
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By [Proposition 4.1)and the Chebyshev inequality we have

C
capya1 ({Miu > t}) < ?HuHWm(Rd).
By and the subadditivity of the capacity, the proof is thus complete
once we prove that

C
(45) Cappya,1 (At) < 71||u||L1(le)'

The argument is based on the usual weak L' inequality for the maximal
function. Indeed, using Wiener’s covering lemma one finds sequences
(zn)nen in Ay and (ry,)nen in the interval (1, 00) such that the balls B, (z,,)
are disjoint, A; C |J Bsy, (zy) and

neN
t< ][ lu.
By, ($n)

By or (2.6), depending on «, and the fact that r,, > 1,
capyya (Bsr, (25)) < Ca (5r)".

By countable subadditivity of the capacity and additivity of the integral,
we thus have

[e.9] o0 C
capyya,1 (Ay) < anpWa,l (Bsy, (zn)) < Cs Zrﬁ < 74 / lul,

n=0 n=0 U By, (zn)
neN

which implies and completes the proof. O

5. DECOMPOSITION WITH L* BOUNDS

We now show how one can obtain a decomposition in W*!(R?) that
inherits L* bounds:

Proposition 5.1. If, in addition to the assumptions of Theorems [1.1] or we
have u € L>(R?), then the functions u® and u® can be chosen with the additional
property that they also belong to L>°(R?) and

[ oo ray + 14 oo ey < Clul| oo ray,
for some constant C' > 0 depending on o and d.

We rely on a clever construction of Harvey and Polking’s (see Lemma 1
in [8]) that yields almost minimizers of the weel capacity, with uniform
bounds. Let us first illustrate this tool to get an improvement of
tion 3.2
Proposition 5.2. For every o € C2°(RYN), one can find 1» € C°(RY) satisfying,
in addition to the conclusion of|

|91l oo (may < 8l oo (mey-
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To prove|Proposition 5.2l we need the following

Lemma 5.3. Let o > 0. For every compact subset K C R? and every ¢ > 0, there
exists ¢ € Cso(Rd) suchthat 0 < ¢ < 1inR% p=1lina neighborhood of K,
and

[l ray < C” capyaa (K) + ¢,

for some constant C" > 0 depending on o and d.

Proof of| We first assume that a < d. Take a finite family (Q;) <qo,...

M
of dyadic closed cubes with disjoint interiors such that K C int( U Qj>,

j=0
where K C R? is a non-empty compact subset. By Lemma 1 in [8], there
exist functions (¢;)jeqo,..., ary With ¢; € CSO(%Q]-) such that

M M
(5.1) 0<p;<1inR%, D ¢;=1in|]JQ;

j=0 j=0
and, for any i € N, the pointwise estimate holds

; C
(5.2) |Dip;| < = inRY,
"j
where r; > 0 is the side length of @); and the constant C'; > 0 depends on ¢
and d, but not on the number M + 1 of cubes. Since ¢; is supported in %Qj,
one has in particular

(5.3) 1D 05| 1 (ay < Co T;l_i-
For every 0 < ¢ < 1, we then have by interpolation

(5:4) [Di%’]we’l(Rd) < CsHD"stHiT(QRd)IIDM%!!%I(R@ < Cy T?_i_e.

To conclude the proof of the lemma, let § > 0 and assume that each side
length r; is such that r; < 6. Hence, whether « is integer or not, it follows

M
from (5.3) and (5.4) that ¢ := > ¢; verifies
j=0

M
(55) ||g0HWa,1(Rd) < (O T?ia.
=0

By the definition of the dyadic Hausdorff outer measure ’;qg*a (see [14]),
M A~

(5.6) riT <HIK) + e

J=0

Hence, by estimates (5.5) and (5.6)) and the equivalence between ﬁg—a and
HEe,

el ey < Ca(ﬁg_o‘(K) + ¢) < Cr7capypan (K) + Cge,
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which proves the lemma for o < d. When o > d, one has from that
lollwe ey < Cs67(M +1).
Then, by minimization of the right-hand side with respect to )M,
lellwan ray < Co HY(K).

The conclusion thus follows in this case using|Proposition 2.4} O

Proof of We rely on the construction from the proof of[Propo-]
By the previous lemma, we can pick each 1; with the additional

property that 0 < ; < 2 in R%. Therefore, taking J as the smallest integer
such that |p| < 27 in R?, we get

J-1 J—-1

0< w _ QmC + Z 2j+1'¢}j < Z 2j+2 _ 2J+2 < 8”(.,0||L<>0(Rd),
j=m Jj=—00
which gives the L*° bound for . O

In the proof of [Proposition 5.1| we need the following counterpart of

emma J.3(on open sets:

Lemma 5.4. Let 0 < « < d. For every open subset w C R, there exists v €
WL (RY) such that 0 < v < 1inR% v = 1in w, and

[v[lyar ey < C” capyya (w).

Proof of| Let 0 < § < oo and let (Q;), en be a sequence of closed
dyadic cubes with disjoint interiors and side lengths r; < § such that w C

int( U Qj> and

jEN
(5.7) > it <2HT(w).
=0

We rely on Harvey and Polking’s lemma to construct a sequence of func-
tions (p;)jen with ¢; € C2°(3Q;) that verifies properties (5.1)-(5.4) for ev-
ery j,M € N. Some care is needed here because their lemma involves
finitely many cubes, even though the constants in the estimates do not de-
pend on the number of cubes. To deal with countably many cubes one may
proceed as follows. Since ioo r?_‘" < 00, the sequence of positive numbers
(rj)jen converges to zero. %Ne can thus relabel the cubes if necessary so that
(rj)jen is non-increasing. Once the side lengths r; are arranged in this way
and we have chosen the functions ¢y, . .., ;, the next function ¢;1 is cho-
sen in their proof without modification of the previous ones and for every
j € Nwe have

d—
lejllwer ey < Crri™ .
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Hence, the series v := 3" ¢, converges normally in W*!(R¢) and in partic-
j=0
ular v € W*1(R%). The conclusion follows from (5.7) and the equivalence

between ﬁg_o‘(w) and capyya,1(w). O

In the regime o ¢ N, is a straightforward consequence of
Indeed, one takes a non-decreasing sequence of compact sub-

sets (K;)jen Whose capacities converge to capyya,1(w). For each j € N, by
Lemma 5.3|there exists p; € C°(R?) with ¢; = 1 on K; and

lsllwensca < O capyyes (KG) + o
Fora = k+ 0 with kK € Nand 0 < 6 < 1, by compactness one can extract a
sequence (;,);en that converges to some function v in W*1(R%). One has
v = 1 in w, while Fatou’s lemma implies that D*v € W%!(R9). By lower
semicontinuity of the norm, v satisfies the required estimate. The adapta-
tion of this argument to the case o = k € N, is trickier since it yields a
function v whose distribution D*v could be no better than a finite measure
in R

Proof of| Let u € (Wl N L*>)(R?), which we assume in the

first part of the proof to have compact support in some cube @ C R%. Given
n > 0 to be explicitly chosen later on, take ¢ € C°(R?) such that

(5.8) I — ullwar@mey <n and  ||@f poo(ray < ||l Lo (ray-

For instance, ¢ can be a convolution of u with a smooth mollifier.
We begin by analyzing the case where o < d. Given € > 0, we have

(5.9) lu — ¢| < e almost everywhere in R? \ w,

where w is the open set {Mi(¢ — u) > ¢}. Letv € W*(RY) be as in
We then have

lu — | < e+ 2[|ul|po@v almost everywhere in RY.

We now let 1y € C2°(R%) with || < ¢ in R given by |[Proposition 5.2} Then,

lul <ol +u—¢| <P+ e+ 2[|ullpe(q)v.
In addition,

[¥llwer ey < Cillelwaerrey < Crllullwes gy + 1)

and, by choice of v and the maximal strong capacitary inequality
tion 4.1),
Can

Co
[0l gy < C" capyan (w) < ?H@ — Ul o (ray < -
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Take some fixed non-negative function ¢ € C2°(2Q)) such that0 < ( <1
in R? and ¢ = 1 on Q with uniform bounds on the derivatives depending
on the side length of () and on the dimension d. Since u is supported on @),

(5.10) ful < (4 + € + 2l[ull L ()0)¢ =: w.
This function w belongs to (W*! N L*°)(R%), has compact support in 2Q,
and satisfies

[wllwer ey < Cs([¥llwar ey + €+ l[ull oo 0]l we)
n
< Ci (lullwenaey + 1+ e+ llullz=e)2)

and
Wl poo ey < 10[|ul oo () + €.

We now first choose € > 0 with

e < min {[Jullyya gay, [ull L) }s

and then n > 0 so that
n
1+ el ey T < Nl oy

This concludes the proof when u is compactly supported in a cube ) and
a<d.

When o > d, the function v is continuous and, for any given ¢ > 0, we
can chose 1 > 0 sufficiently small so that implies || — ul| oo (ray < €
Thus, holds in this case with w = (. The previous computation with
v = 0 thus gives w € (W®! N L>)(R?) supported in 2Q) such that is
satisfied and

lwliweiga < Ca(lulwar ey +n+e) and |Jwlpo @) < 8lluflr=(o) +e.

The conclusion for o > d then follows from a suitable choice of € and then
7. The proof is thus complete for any o > 0 when u is supported in a cube.

For an arbitrary function u € (W®!NL>)(R%), we now decompose R as
a countable union of closed cubes (Q;);cy with disjoint interiors and ver-
tices given by all integer components. Take a sequence of functions ((;) en

o0
such that (; is supported in 2Q; and 3° ¢; = 1in R? obtained by translation
7=0

[e.°]

of a single function ¢. We then write v = ) u(;. By [Lemma 2.2

J=0

Z [udillwet ey < Csllullyar gay-
j=0
We then apply the first part of the proof to each function u(; to obtain a
function w; € (W N L*°)(R?) supported in 2Q;. Since the cubes 2Q);
overlap a finite number of times, the function u® := >~ w; also belongs to
=0
(WL L) (R?). To complete the proof, it suffices to take u® := u® —u. O
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