Existence of periodic orbits near heteroclinic connections
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Abstract

We consider a potential W : R™ — R with two different global minima a_,a
and, under a symmetry assumption, we use a variational approach to show that the
Hamiltonian system

(0.1) i = W(u),

has a family of T-periodic solutions u” which, along a sequence T; — +oo, converges
locally to a heteroclinic solution that connects a_ to a;. We then focus on the elliptic
system

(0.2) Au=W,(u), u:R?* = R™,

that we interpret as an infinite dimensional analogous of (0.1), where z plays the role
of time and W is replaced by the action functional Jr(u) = [5(5luy|? + W(u))dy.
We assume that Jr has two different global minimizers @_, @4 : R — R™ in the set
of maps that connect a_ to ay. We work in a symmetric context and prove, via a
minimization procedure, that (0.2) has a family of solutions u” : R? — R™, which
is L-periodic in x, converges to a4+ as y — Foo and, along a sequence L; — 00,
converges locally to a heteroclinic solution that connects u_ to u.
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1 Introduction

The dynamics of the Newton equation
1
(L.1) =W ), W)= (1 -

includes a heteroclinic solution u : R — R that connects —1 to 1:

lim wf(t) = +1,

t—+oo

and a family of T-periodic solutions u” that, along a sequence T; — +o00, converges to ul

lim o?(t) =uf (¢
im (1) = (o),
uniformly in compact intervals.

Each map ¢t — u” () satisfies

T T
T T
- — = — 4 R
u<4 t> u<4 t),te ,
T

and therefore oscillates twice for period on the same trajectory with extremes at uT(iZ)
where the speed ﬂT(i%) vanishes and for this reason is called a brake orbit. There is a
large literature on brake orbits [19], [17], [8], [22].

We can ask whether a similar picture holds true in the vector case where W : R™ — R,
m > 1 satisfies

(1.2) 0=W(as) < W(u), u+#ax,

for some a_ # a4 € R™, or even in the infinite dimensional case where the potential
W is replaced by a functional J : H — R, where H is a suitable function space, with
two distinct global minima u+ € H that correspond to the zeros a4 of W in the finite
dimensional case.

If we assume that W is of class C? and that a4 are non degenerate in the sense that
the Hessian matrix W, (a+) is positive definite, the existence of a family of T-periodic
brake maps that, as T" — 400, converges to a heteroclinic connection between a_ and a4
can be established by direct minimization of the action functional

ty

1. u u
Sy ) (w) = /t“ <§|U\2 + W(U)>d<9» —00 <t <ty < +o0,
1

on a suitable set of admissible maps u € H'((t% t4);R™). Indeed the non degeneracy
of ay implies that, for small § > 0, the boundary of the set {u € R™ : W(u) < d} is
partitioned into two compact connected subsets I'_ and I'; that satisfy the condition

(1.3) Wu(u) #0, uely.

Then Theorem 5.5 in [6] or Corollary 1.5 in [12] yields the existence of a brake orbit u° that
oscillates between I'_ and 'y and whose period Ty diverges to +00 as § — 0*. Moreover
1% has constant mechanical energy —é:

(1.4) %WP W) = -5
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and is a minimizer of the action functional in the class of maps that satisfy (1.4).

This fixed mechanical energy approach has been extended to the infinite dimensional
setting where J : H — R is assumed to be the action functional defined in (1.9) by Alessio
in [2] under the assumption that W is invariant under the reflection that exchanges a4
with a_ and by Alessio and Montecchiari in [3] in full generality without requiring the
above mentioned symmetry. In the infinite dimensional setting the analogous of the set
{W(u) <6} is theset WO = {u € H : J(u)—J(dx) <J} and § > 0 is a regular value only
in a dense set and therefore in [2] the existence of a periodic brake orbit is guaranteed
only for a dense set of values of the mechanical energy —4. This limitation is removed in
[3] by a delicate analysis of the properties of the set W?°.

In this paper we take a different point of view and instead of minimizing with § > 0
fixed, that is, with fixed mechanical energy, we minimize on a set of T-periodic maps with
fixed T > 0. This avoids any analysis of set W (u) < & (or of the set W? in the infinite
dimensional case), but, on the other hand, requires to restrict the minimization to a class
of symmetric maps. Indeed, we can not expect that u’ is a minimizer in the class of maps
of period T = Tjs. Indeed, returning to the case m = 1, we note that, as a solution of
(1.1), uT is a critical point of the action functional

(1.5) Jo,r)(u) == /OT (%M? + W(u))dt,

in the set of H! T-periodic maps but is not a minimizer. In fact it is well known [9], [13],
[7] that, in the dynamics of the scalar parabolic equation

wr = uy — W'(u), u(t+T)=u(t),

nearest layers attract each other and therefore, for large T, u” has Morse index 1 in the
context of periodic perturbations.

To mode out this instability we assume that W is invariant under a reflection v : R™ —
R™, that is,

(1.6) W(yu) = W(u), ueR™.
In the finite dimensional case we assume that + exchanges a_ with a4:
(1.7) a+ = yas,
and we restrict ourselves to equivariant maps:
u(—t) =yu(t), teR.

We show that, under these restrictions and minimal assumptions on W, the existence of
periodic solutions to

o aW(u>)T ,

(1.8) = W),  Walu) = <au1(u), -

Oupm,

can be established by minimizing Jio 1) on a suitable set of T-periodic maps.
In the infinite dimensional case, as in [2] and [3], our choice for the functional that
replaces W is the action functional

(1.9) Jr(u) = /R (%|u'|2 + W(u))ds, u e a+ HY(R;R™),
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Figure 1: The symmetry of W: finite dimension (left); infinite dimension (right)

where W satisfies (1.2) and u is a smooth map such that lim,_, 1 1(s) = ax with
exponential convergence. We assume that (1.6) holds with « a reflection that, in analogy
with the finite dimensional case, satisfies

(1.10) U+ (s) =yux(s), s €R,

with %_ and @, distinct global minimizers of Jg on @ + H'(R;R™). This is the only
symmetry assumption that we require for W. Note in particular that we do not require
that W be invariant under the reflection that exchange a4 with a+. The maps u_ and @
represent two distinct orbits that connect a_ to a:

1.11 lim @ =aq.

(1.11) im i (s) = ax
We assume that u_ and @4 are unique modulo translation. Note that (1.11) and (1.10)

imply that a4+ = 7ya4, that is a4 belong to the plane =, fixed by 7, see Figure 1. We
restrict ourselves to symmetric maps and replace the dynamical equation (1.8) with

i = ViaJgr(u) = —u" + Wy (u).
This is actually an elliptic system which, after setting x = ¢ and y = s takes the form

We prove that for all L > Ly, for some Lo > 0, there is a classical solution u” : R? — R™
of (1.12) which is equivariant:

ol

U _ll)y) :f}/uL("];’y)’

L-periodic in « € R and such that, along a subsequence L; — 400, converges locally to
a heteroclinic solution that connects %_ and 4. That is, to a map u : R2 — R™ that
satisfies (1.12) and



. H o
(1 13) ygr:l?oou (-T,y) = G,
imuf(2,y) = ax(y).

We remark that, in the proof of this convergence result, there is an extra difficulty which
is not present in the finite dimensional case: %4_ and @4 are not isolated but any translate
u_(-—r)or uy(-—r), r € R, is again a global minimizer of Jg. Therefore for each x
there is a @ € {tu_, 44} and a translation h(x) that determines the point @(- — h(z)) in the
manifolds generated by %_ and %, which is the closest to the fiber u”(x,-) of u*. The map
h depends on L and to prove convergence to a heteroclinic solution one needs to control
h and show that can be bounded by a quantity that does not depend on L and that, for
L; — 400, converges to a limit map h* : R — R with a definite limit for z — +oo.

The paper is organized as follows. After stating our main results, that is Theorem 1.1
in Section 1.1 and Theorem 1.2 in Section 1.2, we prove Theorem 1.1 and Theorem 1.2 in
Sections 2 and 3 respectively. The approach used in Section 3 was initiated in [11] and is
based on the use of two Hamiltonian identities [14] that allow for a special representation
formula for the energy (see Lemma 3.4) . We include an Appendix where we present an
elementary proof of a property of the functional Jg.

1.1 The finite dimensional case

We assume that W : R™ — R is a continuous function that satisfies (1.2), (1.6) and
(1.7). We also assume that there is a non-negative function o : [0,4+00) — R such that
f0+oo o(r)dr = 400 and!

(1.14) VW(z) >0o(z]), z€R™.

Remark 1. The assumptions on W imply (see for example [15], [23] and [12]) the existence
of a Lipschitz continuous map uf : R — R™ that satisfies

i ult) = o

1
(1.15) §mﬁ—w%o:m
u(—t) = yu(t), teR.
We refer to a map with these properties as a heteroclinic connection between a_ and a..

Define

(1.16) AT = {u e HA(R;R™), u(% +t) - u(% - t), u(—t) = yult), te R},

and observe that there exists % € AT and a constant Cy > 0 independent of T' > 4 such
that

(1.17) Jo,) (1) < Co.

'This condition was first introduced in [15]



Indeed the map % can be defined by

(1) = glas +a_+tas —a), tel-11]
i) = ay, te [1%_

=41

1.

Since we are interested in periodic orbits near u!’ we restrict our search to orbits lying in

a large ball. Fix M as the solution of the equation
M
(1.18) Co = \/i/ o(s)ds.
2(la+|Vl]a-1)

We determine T-periodic maps near heteroclinic solutions by minimizing the action func-
tional (1.5) on the set AT N {||ul|p=~ < 2M}.

Theorem 1.1. Assume that W : R™ — R is a continuous function that satisfies (1.2),
(1.6), (1.7) and (1.14). Then, there exists Ty such that for each T' > Ty there exists a T-
periodic minimizer ul of the functional (1.5) in AT N {||ul|p~ < 2M}, which is Lipschitz
continuous and satisfies

(i) Jor)(u’) < Co, [uT]|Lee < M,

(i) u” (—t) = yu’ (1),
(iii) 31072 = W) = —W(ul(£L)), ae.

For each 0 < g < qo, for some qo > 0, there is a 74 > 0 such that for each T' > 47,

T
(1.19) e R L !

and therefore

T
lim o <i—> —ay.
T—1>r—ir-loo “ 4 e

Moreover, there is a sequence T — +oo and a heteroclinic connection between a_ and a4
uf R — R™ such that
lim Wi () = uf (1),
J—+o0
uniformly in compacts.
If W is of class C', then u” is a classical T-periodic solution of (1.8).

Note that, if ay is nondegenerate in the sense that the Hessian matrix Wy, (at) is
positive definite or, more generally, if

Wa(w) - (u—ax) > plu—axl?, for |u—ax| <ro,
for some p > 0, rg > 0, then (1.19) can be strengthened to
T
Wl (0) —asl < Ce, ve [0, 7],
where ¢, C' are positive constants independent of T". This follows by
d2

ST () — a2 20T (T —ay) = 20T T - ay) 2 20T — a2,

and a comparison argument.



Remark 2. Depending on the behavior of W in a neighborhood of a4 it may happen that
the map u'’ connects a_ and ay in a finite time, that is, 379 < 400 : u((—79, 7)) N
{a_,a } = 0, uf(£7) = ax. We do not exclude this case. A sufficient condition for
T0 = 400, is

W(w) < clu—axl?,

for u in a neighborhood of a4.
Note that, if 79 < 400, one can immediately construct a T-periodic map u’ (T = 47p)
that satisfies (1.15), by setting

T T T
T H

T = a1 f ( 7)'
U < t) U (4 t), or te (0, 5

1.2 The infinite dimensional case

We assume that W : R™ — R is of class C?, that (1.2), (1.6) and (1.10) hold with w4 as
before. Moreover we assume

h; liminf}, 4o W(u) > 0 and there is M > 0 such that

(1.20) W(su) > W(u), for|ul=DM, s> 1.

hy ay are non degenerate in the sense that the Hessian matrix Wy, (a+ ) is definite positive.

For eachr € R a(-—7), u € {u_, u4}, is a solution of (1.8). Therefore differentiating

=11

(1.8) with respect to r yields @ = W, (a)u’ that shows that 0 is an eigenvalue of
the operator T : H?(R;R™) — L?(R;R™) defined by

Tv = —v" + Wy (a)v, 4=,

and @' is a corresponding eigenvector.

We also assume
hs The maps @4 are non degenerate in the sense that 0 is a simple eigenvalue of T

The above assumptions ensure the existence of a heteroclinic connection between u_
and @4. This was proved by Schatzman in [18] without restricting to equivariant maps
(see also [11] and [16]). The first existence result for a heteroclinic that connects u_ to a4
was given in [1] under the assumption that W is symmetric with respect to the reflection
that exchanges a4 with ax but without requiring (1.10).

Remark 3. It is well known that the non-degeneracy of a+ implies

’ﬂ(y)_a"r’ SKeikya y>07 ’ﬂ(y)_a—’ SKekya y<0)

(1'21) / " k
@ (y)], 7" (y)] < Ke W, y e R,

for some constants £ > 0, K > 0.
Under the above assumptions we prove the following:
Theorem 1.2. There is Ly > 0 and positive constants k, K, k', K' such that for each

L > Ly there exists a classical solution u” : R?2 — R™ of (1.12), with the following
properties:



(i) [u*(z,y) —a_| < Ke¥, z€R, y <0,
|ul(z,y) —ar| < Ke ™™, z€R, y>0.
(ii) u is L-periodic in v € R: u*(x + L,y) = u*(z,y), (x,y) € R2
(iii) ul is a brake orbit: ul(% + x,y) = vk (£ — 2,y),
(iv) ul is equivariant u*(—x,y) = yu®(z,y)

(v) u" satisfies the identities:

%Hualf;(xv ')H%Q(R;Rm) - JR(UL(I', )) = —JR(UL(%’ )),
<U£(.’L’, ')7 Ui’(% ')>L2(R;Rm) = O, r € R.

(vi) u minimizes
1
() = / <7]Vu|2 + W(u))dxdy
(0,L)xR ‘2

on the set of the HL (R*; R™) maps that satisfy (ii)—(iv) and limy_ 1o u(z,y) = ax.
(vii) minyeg [[u”(x,) — @y (- = 7)||p2@mm) < K'e ¥, 2 €[0,%].

L

In particular, as L — +oo, uL(Z, -) converges to the manifold of the translates of

TUy.
Moreover, there exist n € R, a sequence Lj — +o00 and a heteroclinic solution uf R? —
R™ connecting t— to uy that satisfy

lim uLj(x,y—??) :UH(x7y>7 (%,y) €R27

Jj—+oo
uniformly in C? in any strip of the form (—1,1) x R, for [ > 0.

Note that a by product of this theorem is a new proof of the existence of a heteroclinic

solution uf in the class of equivariant maps.

2 The proof of Theorem 1.1

From (1.17) we can restrict ourselves to consider maps in the subset
(2.1) ATy ar = {u € AT O {Jlulle < 2M) 2 Jo)(w) < G},
where M is given by (1.18).

Step 1.  w€ AEO,M = |lul|lpe < M.

Define

2.2 Win(s) = min Wi(u),
( ) ( ) lu—a+|>s, |u|<2M ( )

Since u € AT implies u(0) = yu(0) we have

1
|u(0) —ay| > §|a+ —a_|.



Therefore, given p € (0,%|aJr —a_|), for u € Aa),M, there are t, € (0, %) and
a € {a_, a4} such that, for T' > 4t,,, it results

|U(t) - aﬂ:| > p, for ¢ € [Oatp)v

(2.3)
|u(ty) —al = p.
Note, in passing, that since u € AT implies u(% —t) = u(% + t) we also have
T
(2.4) ‘u(§ —tp> —a‘ =p.

Let ¢ be such that |u(t)| = ||u||L~, then we have

M
\/5/ o(s)ds =Co > Jiy, 1) (u)
2(lat|Vla-])

l[ull Loo

7
z/t 2W (u(t))|a(t)|dt > V2 o(s)ds

lal+p

that proves the claim.

It follows that the constraint ||u|/r~ < 2M imposed in the definition of the admissible
set is inactive for any u € Agm M-

Next we prove a key lemma which is a refinement of Lemma 3.4 in [4] based on an
idea from [10], [20].

Lemma 2.1. Assume that u € H'((o, ); R™), (o, B) C R a bounded interval, satisfies
J(a’g)(u) < C/,
lull e < M’

for some C',M' > 0. Let qo = 3|ay —a_|. Given q € (0,qo), there is ¢'(q) € (0,q) such
that, if

ults) —ay] < dq). i = 1,2
|u(t*) —ay| > q, for some t* € (t1,t2),

for some a < t; < to < B, then there exists v which coincides with u outside (t1,t2) and
is such that

[v(t) —ay| < q, for te [t ta],
J(tl,tz)(v) < J(tl,tz)(u)'

Proof. For t,t' € R, we have

t t' 1

@5) ot~ (@) < | [ fidas| < - e13( [ 1alas)” < VGl ¢
¢ t

Define the intervals (71, 72) C (71, 72) by setting

71 = max{t > t; : |u(s) —ay| < gq, for s <t},
7 = max{t < 71 : |u(t) —ay| < q'},

To = min{t < to : |u(s) —ay| <gq, for s>t},
To = min{t > 7o : [u(t) —ay| < ('}

9
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Figure 2: The construction of the map v in Lemma 2.1

From (2.5) we have

g¢—d = lu(R) = ar| = [u(n) = as| < [u(R) = u(m)| < V/Colr — 72,

and therefore )
>
TL—T1 > Co (q Q)

and similarly for 7 — 7. Next we set d, o = C—O(q — ¢')? and, see Figure 2, define v:
u, for t¢& (m,72),

B ay, for te(m+ 5qq ) 5q7q’)7
V=9 uln) = (uln) —aq)§ T}a for € (11,7 +dq,¢),
q,q

u(r) — (u(r2) — a+)g2q:f, for t € (10 — 0g,q, T2).

For each s € (0, qo] define
W(s) = max W(u).

lu—ay|<s

We observe that |u(7;) —ay| = ¢/, i = 1,2 and estimate

1 ¢7
Jir1,m2) (V) = gy 45, ) (V) + (ry—s, ma) (V) < 2<2 5. T Whlg ))

0,9’
J(7'1 ,T2) (u) > J(n 1) (u) + J(7~'2,7’2) (U)

>/ﬁwmwmwﬁ+/m¢ﬁwwwﬁ
2/q vV 2Wp,(s)ds.

where Wy, (s) is defined as in (2.2) with M’ instead of 2.
Since g ¢ < g—z is a decreasing function of ¢’ € (0,¢) and Wj(¢') is infinitesimal with
¢’ we can fix a ¢’ = ¢’(q) so small that

1
q +(5q q/WM / \/2 dS

2 6q ¢
The proof is complete. O
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Step 2. From Step 1 and Lemma 2.1 it follows that, if in (2.3) and (2.4) we take p = ¢/(q)
and set 7, = ty/(), then, for T' > 47,, in the minimization process we can restrict ourselves
to the maps u € AEO,M that satisfy

T
’U(t) _a+| <q7 te |:TQ7§_TQ]7
T
lu(t) —a_| <gq, t € |:§+Tq,T—7'q:|.

Step 3. The existence of a minimizer u’ € .Agm s 18 quite standard. From Step 1 and (2.5)
Agm s is an equibounded and equicontinuous family of maps. Therefore from Ascoli-Arzela
theorem there exists a minimizing sequence {u;}; C Ago’ u that converges uniformly to a
map u?l € Ago,M' This and J(o 1y (u;) < Co imply that {u;}; is bounded in H'((0,T); R™)
and therefore, by passing to a subsequence if necessary, that u; converges weakly in H 1
to u”. From the lower semicontinuity of the norm we have lim inf; 400 fOT |uj|2dt >
fOT |uT|?dt while uniform convergence implies lim;_, o fOT W (uj(t))dt > fOT W (u(t))dt.

Step 4. The minimizer u” is Lipschitz continuous and satisfies conservation of energy. Let
to < t1 < ta < t3 be numbers such that t3 — tg < T. Given a small number ¢ € R let
¢ : R — R be the T-periodic piecewise-linear map that satisfies ¢(tg) = to, ¢(t1 + &) = t1,
o(ta + &) = ta, d(t3) = t3 and let 1) be the inverse of ¢. Set

ve(t) = u' (4(t))

and
(&) = Jor)(ve) = Jo.r) (u")-
The minimality of u” implies that f’(0) = 0. A simple computation yields

o= (3l - IR e - W) Jar
1 _

- /to (2(t1 - ti +§) [ () + 3] f tOW(UT(T)))dT

], (=gt - g Jan

and we obtain
0= f(0)
L [ oo - [ o

=
tl — tO to 2 t3 - t2 to

This shows that there exists C' € R independent of ¢ such that

lim —— /t, (llﬂdT(Tﬂ2 - W(uT(T))>dT =C
sttt —t J, \2 '
Therefore we have ]
5yuT(zt)y? ~W'@®)=C

for each Lebesgue point ¢ € R. From u(% —t) = u(£ +t) it follows that (%) = 0, which
implies C' = W (uT(£7)).

11



Step 5. If W is of class C*, then u’ is a classical solution of (1.8). Since u’ is a minimizer,

if w: (t1,t2) = R™ is a smooth map that satisfies w(t;) =0, i = 1,2 we have

d

0= aJ(tl,w)(UT + Aw)[r=0
(2.6) s 2 ¢
- / (@7 - + Wy (uT) - w)dt = / (uT — [ w, (uT(s))ds> bt
ty t1 t1

Since this is valid for all 0 < t; < to < T and w : (t1,t2) — R™ is an arbitrary smooth
map with zero average (2.6) implies

t
al = | Wy(u”(s))ds + const.
t1

The continuity of u” and of W, implies that the right hand side of this equation is a map
of class C!. It follows that we can differentiate and obtain

i’ =W, (ul), te(0,T).

The proof of Theorem 1.1 is complete.

3 The proof of Theorem 1.2

In analogy with the finite dimensional case we define
AL - {u < Hﬁ)C(R%Rm) : U(CU + L, ) = U(IL‘, ')7 lim u(xay) = a4,
y—+o0
L L
o(Z ) =u(E ). ww) = o))

We will show that the solution of (1.12) in Theorem 1.2 can be determined as a minimizer
of the energy

(31) Towpa@= [ (3IVuP +W(w))dsdy

(0,L)xR
on A"
We can assume
(3.2) ol e o) < M,
where M is the constant in h; and
(3.3) Jo,0)xr(u) < Co + coL,

where Cy > 0 is a constant independent of L > 4 and
(3.4) co = Jr(Ux).
To prove (3.2) set ups = 0 if w = 0 and ups = min{|u|, M }u/|u| otherwise and note that

(1.20) implies
W (uar) < W(u),

12



while
|Vup| < |Vu|, a.e

because the mapping u — wujs is a projection. It follows
Jo,0)xr(w) — J0,0)xr(Unm)
1
= [ (W) = W) + 5(VuP = [Fun?))dady > o
{lul>M} 2

that proves the claim. To prove (3.3) we define a map @ € A" that satisfies (3.3) by
setting:

iz, ) = %(m b +a(ay —a)), we|-1,1],

Ly

w(z,) =14, €[l 5

Remark 4. From (3.3) and the minimality of @4 it follows that

// lug|?dzdy < Cy+ oL — //\uy]2+W( ))dmdy<Co

Since a4+ are non degenerate zeros of W > 0, there exist positive constants +v,I" and
ro > 0 such that

Wau(as +2)¢ - ¢ > 2*[¢17, ¢ € R™, |2] < r,

3.5 1 1
(3.5) 572|Z\2 <Wl(atr+2) < §F2|Z\2, |z| < ro.

For a map v : R — R"™ we simply denote the norms ||v|| z2,rm) and ||[v[| g1 ryrm) With [|v]|
and ||v]|; respectively.

One of the difficulties with the minimization on A% is the fact that J(0,0)xR 1S trans-
lation invariant on A%. This corresponds to a loss of compactness. We show in the next
lemma that we can restrict ourselves to a subset of AL of maps u that, aside from a
bounded interval independent of u, remain near to a_ and a,. This restores compactness.

Lemma 3.1. There is d, > 0 such that in the minimization of the functional (3.1) on
AL we can restrict ourselves to the subset of maps that satisfy

Julz,y) - a| < T—O, forz € R,y < —dy,
(3.6)

luz,y) —ai| < 2, forz € R, y > dr,
with ro as in (3.5)
Proof. Set § = %log %, then from (1.21) it follows

. a(y) —a-| < 7, fory < -7, a € {u, s},
3.7
u(y) —ay| < %O, fory > 47, @ e {a_,u,}.
Given u € AL, define

X, = {x €10, L] : lulz, ) — ax(- — )|l > 87“—(] re R}.
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If u satisfies (3.3), then Lemma 3.6 or Proposition A.1 implies

C
| Xo| < —%.
€ ro_

82

Therefore for all L > ec?i there exist = € [0, L], 7 € R and @ € {t_, a4} such that
8v2
_ o 7o

(3.8) [u(z,) —a(-=7m)lh < —=

Since we have J (u,) = J(u) for u,(z,y) = u(z,y+7),r € R, (3.8), we can identify u,
with u. Then (3.8) implies, via [|v]|pe < ﬁ”v”l, the estimate
_ _ T0
(39) ||U(£U, ) - UHLOO(R,R"”) < g
Consider now the set

Yy = {y eR:|u(zy,y) —u(@,y)| > %, for some z, € (:Z‘,JE—I—L)}.

For y € Yy it results
_ 1 Ty 2 %
< u(eyoy) = u(w.p)| < [o, 2l ([ uso,) i)
x

1 z+L %
<2 futepPar),

0]

|

so that ) L
T
01y, < L// s (2, ) Pdz < 2LCy.
64 R Jz

It follows Lo
Yo < 128752,
”

0
therefore there exists an increasing sequence {y;} € R\ Y such that
Yo = ¥, yjiyj71>|Y70’7j:1727"'
T
lu(z,y;) — ay| < 50, forx € [z,7 + L].

This follows from (3.7) and (3.9). From the proof of the cut-off lemma in [5] we infer that,
if the measure of the set

{(0.9) € .3+ L] % lg1,05] s [ulw,y) — | > 2}

is positive, then there exists a map v : R X [y, yj+1] — R™ which is L-periodic in z € R,
coincides with u on the boundary of the strip R x (y;,yj+1) and satisfies

(3.10) T, (vj) < T, (u),

where Q; = (Z,Z+ L) X (yj,yj+1), j = 1,2,.... From this we see that to each map u € AL
that satisfies (3.3) but not

r
lu(z,y) —aq| < 50, forx € R, y > 5+ |Yo|.

we can associate a map v that satisfies this inequality and (3.10). This and a similar
argument concerning the other inequality in (3.6) establish the lemma with df = § +
|Yol. O
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With Lemma 3.1 at hand the existence of a minimizer u* € AL follows by standard
variational arguments. The minimizer u” satisfies (3.2). From this, the assumed smooth-
ness of W and elliptic theory it follows

(3.11) HuL||C2,B(R2;Rm) <CF,

for some constants C* > 0, 3 € (0,1) independent of L and u” is a classical solution of
(1.12). Moreover, from the fact that u” satisfies (3.6) and a comparison argument we
obtain

lu(z,y) —a_| < Ke *W=d) for z e R, y < —dy,

(3.12)
lu(z,y) —ay| < Ke PW=d0) for z e R, y > dy.

and, for o = (a1, ), oy = 1,2, |of = 1,2

|Duk (2, )] < Ke PWI=0) | for y| > dy.
3.1 Basic lemmas

To show that the minimizer u” has the properties listed in Theorem 1.2, in particular (i),
(vii) and (viii), we need point-wise estimates on u” that do not depend on L. For example
to prove (i) we need to show that d, in (3.12) can be taken independent of L. For (vii) and
(viii) a detailed analysis of the behavior of the trace u”(z,-) as a function of x € (0, L) is
necessary. To complete this program we use several ingredients: a decomposition of u”(z, )
that we discuss next; two Hamiltonian identities that, together with the decomposition of
u’(x,-), allow a representation of the energy Jo, L)XR(uL ) with a one dimensional integral
in z (see Lemma 3.3 and Lemma 3.4) and an analysis of the behavior of the effective
potential Jg (i +v) — Jr(), @ € {ti_, 41} as a function of v € H*(R; R™) that we present
in Lemma 3.5 and in Lemma 3.6.

Let 4 : R — R™ be a smooth map with the same asymptotic behavior as uy. Set
HO(R;R™) = L?(R;R™) and let H'(R;R™) be the standard Sobolev space. For j = 0,1
let (-,-); be the inner product in H/(R;R™) and || - ||; the associated norm. If there is no
risk of confusion, for j = 0 we simply write (-,-) and || - || instead of (-,-)¢ and || - ||p. Set

H) =1+ HI(R;R™),
Define

4 = Tglgi lu—ax(-—r)|j, uweH.

Note that for large |r| we have

_ 1
lu =@ =r)lly 2 5la —a-|VIr].

This and the fact that ||u — @4 (- — r)||; is continuous in 7 imply the existence of h; € R
and u; € {u_,uy} such that
qj = llu—a;(- — hy)l;-

q}‘ is a continuous function of u € #? and a standard argument implies that

(3.13) (u—u;(- = hy), wj(- — hy)); = 0.
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Note that @; remains equal to some fixed @ € {t_, @} while u changes continuously in
the subset of H? where

1
@ < 3 ity —a (=),
We quote from Section 2 in [1§]
Lemma 3.2. There exists ¢ > 0 such that qf < q implies that u; and hj are uniquely

determined. Moreover h; is a function of class C3~7 of u € H’ and

Nw = — <w7a,('_hj)>j
(3.14) (Duh) @13 = (u—a(- — hy), @"(- — hy));

There are constants C, C >0 such that, for qf < ¢,

ho — h1| < Cqf,
(3.15) | _| v
lu = a(- = ho)llx < Cqf.
In the following we drop the subscript 0 and write simply ¢, || - ||, etc. instead of gy,
Il - lo, etc.

From Lemma 3.2 and (3.13) it follows that u € H can be decomposed in the form

(=) +o(-— h),

(3.16) (0.1 0.

bl

for some h € R and u € {u_,uy} and that, provided ¢* < ¢, h € R and @ are uniquely
determined. Note that from (3.16) we have

v(s) = u(s + h) —u(s)

and
[v]] = ¢".

In particular the decomposition (3.16) applies to the minimizer u” € AL:

ul(z,) = a(- — W (x)) + v*(z, — B (x)),
(3.17) I .,
v (z,-),u’) =0,
_ _ — . L o uL(x7~) L _ U,L(:E,-)
for some u € {u_,u+}. Given z € R we set ¢”(z) = ¢ and g () = ¢ and

recall that
g" (@) = [v"(z, )| = llu"(z, ) — a(- — K" (2))].

In general h'(x) is not uniquely determined if ¢”(z) is not sufficiently small. In the
following, if there is no risk of confusion, we drop the superscript L and write simply ¢(z),
v(z,y), h(x), etc.. instead of ¢~ (x), v¥(x,y), h¥(z), etc..

From the minimality of « = u” and its smoothness properties established in (3.11) and
(3.12) it follows that u! satisfies two Hamiltonian identities. This is the content of the
following lemma, where ¢ is defined in (3.4).

16



L

Lemma 3.3. Set u = u”. Then there exist constants w and & such that, for x € R, it

results
1 2 1 2
(3.18) Sl y)Pdy = | (Wlu@,y) + 5@ y))dy - co - w
R 2 R 2
and
(3.19) / uz(2,y) - uy(z,y)dy =@,  for x €R.
R

(3.20) R

Proof. The identities (3.18) and (3.19) are well known, see for instance [18] or [11]. To
prove (3.20) we observe that u(% —x,y) = u(% + z,y) implies ux(%,y) =0. O

Lemma 3.4. The constant ¢ in Lemma 3.2 can be chosen such that, if
(3.21) 0<q(z)<qx)<q zel,

for some interval I C R, then, for x € I the maps h(x) = hE(z), v(z,y) = vl (z,y) u €
{a_,uy} in the decomposition (3.17) are uniquely determined and are smooth functions
of v € I. With v(x,-) = v¥(z,-) defined by v(z,-) = q(x)v(z,-), it results

o @)y (@) @) ). )
(3.22) i T N | ER PN RToS DA P T

and

UplX, - 2 vz, - 2_<Ux(:1:,-),vy(x,-)>2
s, P = o, )| = TR

— ()2 4 2w (. M2 — Az (va(a, ), vy(, ))?
= @) + @) )| — @) T

(3.23)

Moreover the map

4 <V€E(xv ')a Vy($a )>2

I -
1@ + pry (2, )2

(0,9()] 2 p = f(p,2) Vo (@, )* = p?|lvalz, )|* — p

is non-negative and non-decreasing for each fived x € I.

Proof. From (3.17) with u = u”, v = v we obtain
a(w,) = =W (@) (W (- = h(@)) + vy @, = h(@))) + vala, - = b)),
(@, ) = (- = h(2)) + v, (@, — h(2)).

and therefore Lemma 3.3 and (3.17) that implies

(Vg(m,-), @)y =0, xel,

17



yield

(3.24) 0= (ualw, ) uy(z,)) = —H' (@)@ + vy (2, )2 + (vl ), vy (z, ).

@’

c

From assumption (3.21) and (3.15) we have [|v,(z,-)|| < [[v|l1 < Cqi(x) < Cgand § <
implies

[\~

1, _ 3,
Il <@ + vy (@, )l < S 1]

Therefore (3.24) can be solved for h'(x) and the first expression of A'(z) in (3.22) is estab-
lished. For the other expression we observe that (vy,v,) = (guV + qua, qvy) = ¢*(Va, vy)
that follows from (v(z,-—7),v(z,-—7r)) = 1, for r € R which implies (vy(z,-),v(z,-)) = 0.
A similar computation that also uses (3.22) yields (3.23).

It remains to prove the monotonicity of p — f(p, x)||v.(x,-)
0 otherwise there is nothing to be proved. We have

2. We can assume ||v;| >

plvy(z, )l < q(@)lvy(, )l = llvy (2, ) < Caq,

and therefore

(e, vy)? (o V) (@ + pry, vy)
Dyf(p,-) = 2p — 4p3 1l 4 Mlve]
b f (D) D — =p @+ puy || | 4 pry ||
~ 2 = — 3
ng(1_2 _(CQ)~_2_ _(CQ)~_3)_
(@l -Cq? (@]l - Cq)

This proves D, f(p,-) > 0 for § < ”311—(;“ The proof is complete. O

Next we list some properties of the effective potential Jr(u) — ¢ that depend on the
decomposition (3.16) of u. Define

W) = Jr(a+v) — Jr(a).

where v is as in (3.16) and u € H!. If we set v = qu, with ¢ = |[v]| # 0, W can be
considered as a function of ¢ € R and v € H(R;R™), ||v| = 1. We have (see [11])

Lemma 3.5. Assume that |v'| < C for some C' > 0. Then
2
(3.25) HUHLOO(R;Rm) < Chlvlf3,

for some Cy > 0. The constant ¢ > 0 in Lemma 3.2 can be chosen such that the effective
potential W(qu) is increasing in q for q € [0,q| and there is pn > 0 such that

82
and
1
W(gv) = Sug*(1+ V%), a € (0,4
=

1 _
W) 2 Sulloll, ol € (0.4)
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Lemma 3.5 describes the properties of the effective potential W in a neighborhood of
one of the connections u+. We also need a lower bound for the effective potential away
from a neighborhood of the connections. We have the following result, see Corollary 3.2
n [18]) or Proposition A.1 in the Appendix, where we give an elementary proof.

Lemma 3.6. For each p > 0 there exists e, > 0 such that, if u € H' satisfies

a1 va

then
Jr(u) —co > ep.

Moreover e, is continuous in p and for p < ||v|j1, ||v]1 small, it results
(3.27) ep < Jr(@+v) —co < CHl}, ve H' (R;R™), w € {a_, a4},
with C' > 0 a constant.

Set u = ul and let
p € (0,9),

be a number to be chosen later. From (3.27) there is p* < p such that e, < e,. Let
Sp« C [0, L] be the complement of the set

Sy ={x € [0,L] : Jp(u(z,-)) —co > epe}.

From (3.3) we have

~ L
epr | Sp+| < /0 (JR(u(x, ) — co>da: < Cy,

which implies
C Co
AR

|Spe| < —
v p* ep*

For z € Sy« we have Jr(u(z,-))—co < ey < e, and therefore Lemma 3.6 implies g1 () < p.
It follows ¢(z) < ¢1(z) < ¢ and Lemma 3.4 implies the uniqueness of the decomposition
(3.17). On the other hand Lemma 3.5 yields

2 2e
, < = N =) <=L R

(3.28) log(a ) < (Jr(u(z ) — ) < 2, €5,
We fix p so that

2 R

[t u+¢3
With this choice of p we have
(3.29) o (,-)[|* < TP, @ € Sy

! (1+ f 2)2

We also have
(3.30) Jowe, )2 < 4(JTa(u(z, ) — o), @€ Sy
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To see this, note that from (3.18) and w > 0 it follows

(3.31) %\Ium(% P < Jr(ulz,-) —co, z€[0,L],

and that from (3.23) and (3.29) it follows
lva (2, )I* < 2llua (e, )|?, = € Spe.
From (3.22), (3.28), (3.29) and (3.30) we obtain

a2 [ el < S [ (it ) eo)d < LG

Lemma 3.7. There is a constant Cp, > 0 independent of L such that

|h(z) — h(z')| < Ch, z,2" € Sp.

Proof. S'p* is the union of a countable family of intervals S’p* = Uj(aj, B5). Therefore, for
cach z, 2’ € Sy« we have

o) = @) < [ Ha)lde+ Y 05 - hlas)]

P

Since we have already estimated the first term, see (3.32), to complete the proof it remains

to evaluate the sum on the right hand side of this inequality. Set A = 8‘170 and let

In=1{j:B;j—a; <A} and I, = {j : B; — a; > A\}. Note that I contains at most ec—f)\
P

intervals. For j € Iy and x € (a;, B;) we have

T 1
ul9) = w5, <l = sl ([ Jualsg)Ps)
aj

=2
lu(, ) = ulay, )| < 22Co < .
From this and «; € Sp+, that implies

q(aj) = [luleg, ) = al- = hay))[ <p <

)

N |

we conclude that

q(z) < flu(z,-) —a(- = h(y)|| < lJulz, ) —ulay, )| +q(a;) < q

This and Lemma 3.2 imply that, for « € (o, §;), with j € I, u = u” can be decomposed

as in (3.17) and that h'(z) = (Dyh)uz(z, ). Therefore from (3.14) and assuming as we
- < @]
can q < 3=

2”11‘,,“ we have

U (xa' .
W (@)] < 2””uH)” e (a5 B), € Iy
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It follows

S h(8;) — hlay)| < / W (2)|d < W o, ) de
Ujer, (a;,85) Ujer, (o,8;

JEIN

< |gp*

Assume now j € I, and observe that there is a number 3 > 0 such that, if 7 > 2§ and
y € ly,r—gylorifr<—-2yandy € [r+7g,—yl, it results for sg,sg € {—, +}

v

_ _ 1
(3.33) g y) — sy — )] = 5lay —a_].

Consider first the indices j € I such that |h(3;) — h(a;)| < 45. We have

Co 3202
ep A eprq?”

> 1(B5) = hlay)| <4y

FEIN|R(B;)—h(0;)|<47

Let (, 8) be one of the intervals (a;, 8;) corresponding to j € I with |h(8;)—h(a;)| >
4y. If r > 4y the interval (g, —g) (if r < —4y the interval (r + g, —y)) has measure larger

then @ This and the assumptions on («, ) imply that there exist y°, 4! € (a, 8), that
satisfy y* — y° = |h(B;) — h(a;)|/2 and are such that

1
(3.34) (B, y) —ula,y)l 2 7lay —a-|, for ye (v°,y").
This, provided p > 0 is sufficiently small, follows from (3.33). Indeed we have

\u(ﬁ, y) - 'LL(O[, y)’ > |asg(,5) (y - h(/B)) - asg(a) (y - h(a))’
— [u(B,y) = tsg(z)(y — h(B))| — [u(er, y) — Usg(a) (y — h())]

> Slas — a-| = o(8,y — h(B)] o0,y — he)
+4(8)3)

1
> — \a+—a |—201 3 1|a+—a | for ye(yovyl)a

wiN
@l

21\a+—a_r—cl<< )

where we denoted by gy (,) the map @ € {u_,u4} corresponding to x € Se,. and we used
(3.25) based on
’Uy(l‘ay” S 07

that follows from (3.11) and (1.21). Integrating (3.34) in (y°, y') yields
‘a+8a—’|h(5) —h(a)| < /0 lu(B,y) — u(a, y)|dy </ / |ug|dzdy

< 58— h@t - ([ [ s

< h(B) — h(@)[}(8 - a)ECE.
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It follows |h(8) — h(a)| < =34 (3 — a) and in turn

lay—a_|?

> |h(B;) — h(a;)]

FEDL|R(B;) =h(ay)[>47

6400 6400 &
< — i—a) < ————— |5
— |a+_a7|2 ) Z (/8] a])— ‘a+_a7|2| p
JEIN|h(Bj)—h(oy) >4y
The proof is complete. O

With Lemma 3.7 at hand we can show that dz, in (3.6) can be taken independent of L
and that u = u” converges to a+ as y — Foo uniformly in z € R.

Next we prove that the restriction z, 2’ € Sp« in Lemma 3.7 can be removed. We have
indeed

Lemma 3.8. There is a constant Cy, > 0 independent of L such that

|h(z) — h(z")| < Cp, z,2" €0, L].

Proof. Assuming that p > 0 is sufficiently small, from (3.25) we have
(3.35) [u(@,9) ~ gy — h@)| < C'pS < L we Spy R,

where 7 is defined in (3.5). By Lemma (3.7) there exist h4, h— such that 255, := hy —h_
is bounded independently of L and

gy (4 = h@)) = as| < 2y 2 ho, @ € S,
Ty (9 = h@)) —a-| < 2, y<ho, @ € Spe.
The first relation and (3.35) imply
(3.36) lu(z,y) —aq] < %0, y>hy, x €Sy
Now define Y C R by setting
Y ={y > hy : 3z, €0, L] such that |u(xy,y) — at| > %O},

From (3.36) it follows that y € Y implies that z, belongs to Sy« and therefore to one of
the intervals, say («, 3), that compose Sp«. From (3.36) with x = «a it follows |u(zy,y) —
u(a,y)| > 3 for y € Y, and therefore we have

Ty B8 1
D [Muatelde <15 —alt( [ futepPds)’, yev,

and in turn

7 -
‘Y’E < |Sp*

)

IB ~
/ / lug (z,y) |Pdzdy < 2C)|Sp=
Sp* 6%
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and we see that the measure of Y is bounded independently of L. Then there exists an
increasing sequence y; — o0 such that

y1 < hy + 2],
lu(z,y;) —ay| < %, xe(0,L], j=1,....
This and the cut-off lemma in [5] imply
[u(e,y) —ar| < 5y y = he+2|Y], @ € 0,L]
A similar argument yields
lu(z,y) —a_| < %0 y<h_—2Y], z€l0,L].

The lemma follows from these relations and the fact that hy —h_ and |Y| do not depend
on L.
O

L

Corollary 3.9. We can assume that the minimizer u” satisfies

|uL(x7y) - CL+| < Ke_ky7 Yy > 0, xz € R?

3.37

( ) ]uL($,y)—a_|§Keky, y <0, zeR.
and

(3.38) |Dut (z,y)| < Ke ®¥l yeR, zeR,

for a = (a1,a09), |a] = 1,2, with constants k, K > 0 independent of L.

Proof. Using again the translation invariance of the energy 7, by identifying u(x,y) with
us, (z,y) = u(z,y + 0p), we can assume that the minimizer u satisfy

[u(e.y) —ay| < 3y y= 0 +20Y] @ € [0, L
fu(e.y) —a-| < 3, y <~ —2|Y], 2 € 0,L].

These inequalities and a standard argument, based on the non-degeneracy of a4, a—_, imply
(3.37). Inequality (3.38) follows from (3.37) and elliptic regularity. The proof is complete.
O

Remark 5. From (3.37) it follows that we have |h(z)| < Cp, for x € [0,L] with Cj,
independent of L. Note that this is true in spite of the fact that h(z), if ¢(z) is large, may
be discontinuous.

The bound on h(z) together with (3.37), (3.38) and (1.21) imply that

(3.39) v(,y) = u(e, y + h(z)) — Usga) (y),

and its first and second derivative with respect to y satisfy exponential estimates of the
form

(3.40) \D;v(az, y)| < Ke "W yeR, zeR, i=0,1,2
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with constants k, K > 0 independent of L. From this and the identity ||v,||> + (v, vy,) = 0
it follows

(3.41) oy (2, )| < Cog(a)?,

with Cy > 0 independent of L. This inequality implies that in each interval where ¢(z) <
q*, for some ¢* > 0, we can use the expressions of h'(z) and ||uy(z,-)| in Lemma 3.4 and
we have the monotonicity of the function p — f(p, ).

3.2 Conclusion of the proof of Theorem 1.2

As before we set u = u”. Since u € A* we have in particular u(0,y) = yu(0,y) that means
u(0,y) € m,, my the plane fixed by . From this and 4_ = v, u_ # u, it follows

. _ 1. _
0(0) = inf [u(0,) —ax(=r)l = Sy -]

We assume that the constant ¢* introduced above satisfies ¢* < %[y — @ and set
p = ¢*/2. Then, provided L is sufficiently large, there exists x,, > 0 such that

q(x) >p, xze€l0,z),

(3.42) a1(z,) = p.

Indeed, from Lemma 3.6 and (3.3) it follows zye, < [7 (Jr(u(z, ) — co))dz < Cj, so that

G

(3.43) xp < 1 =
€p

From (3.42), (3.43) and the symmetry u(£ — 2, y) = u(£ 42, y) with z = £ — 2, we obtain

) = aly — 1) < 0lay) =p = /2,

(3'44) ﬂSg(wp) = 7sg(%fzp)’
L
h(zp) = h(E — Tp)-

We now show, see Lemma 3.10 below, that the minimality of u = u” and (3.44) imply

L
qr) <p ,x € [%75 — zp).

In the proof of this fact, for x in certain intervals, we use test maps of the form

(3.45) i(z,y) = uly — h(z)) + 4(@)v(z,y - h(z))

for suitable choices of the functions ¢ = G(x) and h = h(z). We always take (
g(z) < p. Note that in (3.45) the direction vector v(z,-) is the one associated to v(x
q(z)v(x,-) with v(z,-) defined in the decomposition (3.17) of w.

From (3.45) it follows

x)

)

Il IA

(3.46) /R o Pdy = (B + duy I — 20 P ) + (@)% + @ vall*
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q(z)

WA Wa

p o L/4 L/2 -,

Figure 3: The maps z — ¢(z) and  — §(z) in Lemma 3.10, ¢(z*) < 2p

We choose the value of i’ that minimizes (3.46) that is
P 2 (va, vy)
[0 + quy|*’

then we get

R N R N <V$7Vy>2
lie*dy = (§)* + @ |lvel® — ' =
/]R ‘ ’ @ + Guy||?

Therefore the energy density of the test map 4 is given by

1. 1

[ SlasPay+ [ v+ iy
(3.47) Rl K o )?
— —( (a2 22 2 4 TPy, ~

Note that, since we do not change the direction vector v(z, ), this expression is completely
determined once we fix the function ¢.

Lemma 3.10. If u = u” satisfies (3.44), then

L
q(x) <p, xz€ [mma —acp]

Proof. Assume instead that ¢(z*) > p for some z* € (:cp,% — z,). We can assume that
q(z*) = max,cr, L_, 1 q(x). We show that this implies the existence of a competing map
72

@ with less energy than u. Consider first the case where ¢(z*) € (p,2p]. In this case we
set & = 4 with 4 defined in (3.45) and, see Figure 3,

() =
i)

q(z), if q(z) <p,
2p —q(x), if q(z) € (p,2p].

Q>

(3.48)

With this definition we have

(3.49) w(zp) = u(xpy) = u(— - xp> = ﬂ<£ - :cp).



2p

q(x)

~N N
ya e

Y\ WV
4()

x Zpat LA L)2 -z,

Figure 4: The maps z — ¢(z) and z — §(z) in Lemma 3.10, g(z*) > 2p

To see this we note that max L }q(as) = ¢q(z*) < ¢" implies that sg(x) is constant

z€lrp, 5 —Tp

in [z, £ — 2] therefore from (3.39) and u(z,y) = u(% — 2,y) it follows
L L
vx(ﬁvy) = _Ux<§ - x,y) Uy(xa y) = Uy(§ - fCa?J),
and by consequence
~ ~, (L
/ _ gt
h(x)=—h (2 :L'),
which yields
L
~rL 27 Tp L
h(§ - x,,) = h(zp) + / B (z)dz = h(z,) = h(5 - xp).
Tp

This and g(zp) = ¢(% — z,) imply (3.49). It remains to show that the energy of @ is
strictly less than the energy of u. By comparing (3.47) with the analogous expression of
the energy of u and observing that (¢')? = (¢’)? and §(z) < q(x) with strict inequality
near x* we see that this is indeed the case.

Assume now that g(z*) > 2p, see Figure 4. Let Z,, € (z, L

1) be the number

Zp = max{z >z, : ¢(s) < 2p, s € (xp, 2]}

Note that from @ Ugg (L _y 3 and the symmetry of u it follows that sg(x) is equal to
2

Sg(xp) = sg
a constant, say +, in [xp, Tp] U [% — Tp, % — Tp).

We define the competing map @ as follows. In the interval [z, Z,] we set & = @ with
g exactly as in (3.48) and

h(x) = h(xp) + / W(s)dz, x€ |z, Ep).
Tp
In the interval (Z,, & — %,) we take

Wz, y) =y (y — h(ip)).

Finally in the interval [£ — #,, £ — 2,] we set again @ = @ with § as in (3.48) but with

~ ~ T . L L
h(fL’) = h(jp) +/ h/(S)d,fL" xT 6 5 - i‘py 5 - -'L'p .
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With these definitions @ is a continuous piece-wise smooth map that satisfies (3.49) and,
as in the case q(z*) < 2p, one checks that @ has energy strictly less than w. The proof is
complete. O

Next we show that the statement of Lemma 3.10 can be upgraded to exponential decay.
We have indeed

Lemma 3.11. There exists a positive constants c*, C* independent of L > Lqy such that

. L
o, )| < €™, w e o, ﬂ.

Proof. We show that, under the standing assumption that 2p = ¢* > 0 is sufficiently small,
for L > 4x), it results

L
(3.50) q(x) < \/ipe*%\/ﬁ("”*xp), T € {:cp, Z},

where y > 0 is the constant in (3.26). Then the lemma follows from (3.50) and (3.40) that
implies ¢(z) = ||v(z, )| < % To prove (3.50) we proceed as in the proof of Lemma 3.5
n [11]. We first establish the inequality

d? L
(3.51) & @) = ot )P, @ e [T — )

We begin by the elementary inequality
d? d? _
Sl P = e, ) - — b)) P

> 2 (ulw) = = b)) ) = 4 = @),

12

(3.52)

From
d2

— (ul@.) == (@)
= Ugo(, ) — @ (- = h(2)) (W (2))* + @\ (- = h(2))h" (),
and (3.52), using also (3.22) (and (¢, ) = (¢(- — ), ¢ (- —1))), it follows

d2
T3 llo(@ )P 2 2(use(, ), v(e, - — h(2)))
(Vg () ), vy (2, -))?

1% + vy ()1

—2<Q_LZ_,U(ZL‘, )> =211 + 215.

Since u is a solution of (1.12) and @4 solves (1.8) we have
t () = W(u(w, ) = Wit (- = h(a))) = (u(z, ) = e (- =h(w)) .

Then, recalling the definition of the operator 7" and that v(z,-) = u(z,- + h(z)) — a4, we
obtain

I = (Wy(ay +o(z,-)) = Wa(ay) = vyy(, ), 0(z,))

(3.53) (Wt + v(z, ) = Wa(ity) — W (@)0(@, ), 0(x, ) + (To(z, ), v(x, ).
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Now we observe that a standard computation yields

Ta(u(z,-) — co = %(Tv(x,-),v(x,~)> +/wa(:c,y)dy,
where )
fw =W(uy +v) — W(ag) — Wy(ug)v — §Wuu(ﬂ+)v -,

From (3.41), ¢(x) = ||v(z,-)|| < p and (3.25) it follows, with Cy > 0 a suitable constant,

2
[fw (@, 9)| < Owlo(e,y)]® < CrCwllv(z, ) |13 v(e, ),

and therefore

(3.54) (To(x,),v(z, ") > 2(Jr(u(,")) = o) = Cllo(z,)||3.

Introducing this estimate into (3.53) and observing that the other term in the right hand
side of (3.53) can also be estimated by a constant times ||v(z, )||§ we finally obtain

I 2 2(Jp(u(z, ) - co) = Cllu(z, )5

To estimate Iy we note that from (3.41) and (3.23), provided ¢* = 2p is sufficiently small,

we get
L

o, P < 2 (2, )2 < AR (u(e, ) = o), @ € [z, 5 — ),

where we have also used (3.31). This and (3.41) imply
[Io| < Cp(Jr(u(w,-)) = co),

for some constant C' > 0 and we obtain
1 9 L
(i +12) > (2 = Cp)(Jr(u(x, ) = co) = Spllo(z, )", = € [% 5 %’p}

and (3.51) is established.
From (3.51) and the comparison principle we have

(3.55) o, )P < ola), =€ [z, 5 — )

where
5 cosh/u(x — L)

cosh /iu(zp — £)

o(x
is the solution of the problem
¢ = pp, x € [Ty, 5 — 1y,

o(zp) = (5 — xp) = p?.

Then (3.50) follows from (3.55) and

o) < 2pPe VEE=2) 4 e [xp, %}

This concludes the proof. ]
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To finish the proof of Theorem 1.2 it remains to show that there is a sequence w7,
L; — 400, that converges to a heteroclinic connection between suitable translates of
4. Indeed, once this is established, a suitable translation n in the y direction yields the
sequence ui (x,y —n) and the heteroclinic u in Theorem 1.2. From (3.11) it follows that
there exists a subsequence, still denoted by L;, and a classical solution u> : R2 — R™ of

(1.12) such that we have

(3.56) lim wi(z,y) = u®(x,y),

J—>+oo
in the C2 sense in compacts. Moreover u™ satisfies the exponential estimates (3.37) and
(3.38). This implies that the convergence in (3.56) is in the C? sense in any set of the
form [, A] x R. Set u; = ul and denote by h; and v; the functions determined by the
decomposition (3.17) of u;:

uj(z,y) = ut(y — hj(w)) +vj(z,y — hi(x)),

(3.57) i) — 0

On the basis of Remark 5, v; and its first and second derivatives satisfy (3.40). There-
fore (3.41) shows that, under the standing assumption of ¢* > 0 small, we can control the
size of ||(vj)y(z,-)|| and, proceeding as in the derivation of (3.30), we obtain from (3.22)

1 L;
B@)] < Cll@ale, ) < CUR () = a)?, @ € [, 2]
On the other hand from (3.54) and (3.41) we get

Ja(u(,)) = e < C[lvy(, )2 + (@, )P + [[o(z,)[13) < Cllo(z, )]

and we conclude
L .

(3.58) By@)| < Cllu(a, )|} < Cem V), g e 1, ]
where we have also used (3.50).

This and the fact that, as we have seen in Remark 5, h;(x) is bounded independently
of 7, imply that by passing to a subsequence if necessary, we can assume that there is a
Lipschitz continuous and bounded map h* : [l),, +00) — R such that

lim hj(z) = h™
]Hlinoo h‘](x) h ($), T e [lp,+00),
uniformly in compacts. It follows that we can pass to the limit in (3.57) and obtain in
particular that there exists the limit v* : [l,, +00) x R — R™ of
li ; =0v>®
im (2, y) = v (2, y),

and the convergence is in L? and in L* in sets of the form [l,,{] xR. The functions h°> and

v> coincide with the functions determined by the decomposition (3.17) of u>. Moreover
from (3.50) and (3.58) we have that ¢*°(z) = ||[v*>°(z, -)|| and h*>° satisfy

¢®(x) < C*e % x>0,
h*>(z) < Ce 1VElE—l) 2> lp.
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The first of these estimates shows that , for 2 — 400, u>(z,-) converges in the L? sense
to the manifold of the translates of %,. The estimate for h> shows that there exists
n = lim;_ 100 h°°(z) and therefore that actually, for = — oo, u®(x,-) converges, to a
specific element of that manifold. This, taking also into account the symmetry properties
of 4> implies that indeed u* is a heteroclinic solution of (1.12) that connects translates
of .

This concludes the proof of Theorem 1.2.

A Appendix

We present an elementary proof of Lemma 3.6, that we restate as PropositionA.1.

Proposition A.1. Assume that W : R™ — R is of class C3, a+ are non degenerate, and
u€H =ua+ H(R;R™).
Then, for each p > 0 there is e, > 0 such that

(A.1) lu—as(-—7)1 >q' >p, 7€ER.
implies
Jr(u) —co > ep.
Moreover e, is continuous in p and for p < ||[v||1 small it results
ep < Jr(@+v) —co < CHv|l3, ve HY(R;R™), a € {a_,u,},
with C1 > 0 a constant.

Proof. 1f u satisfies (A.1) and has Jgr(u) > 2¢o we can take e, = ¢o. It follows that in the
proof we can assume

(A.Q) JR(U> < 2¢g.
Note also that v € H! implies
(A.3) sgrfoou(s) =a..
and set
2
— i v
(A.4) qo = mln{ro, O },

where 79 and «y are the constants in (3.5) and
Cw = max{|Wyuu(ax + 2)| : 2| < 3ro}.
Given ¢ € (0, go) define

Ji(g)= min J(v),
veV(q)

VI (a) = {v € Hip((0,7);R™) 1 0(0) = 2, |2 — ay| = ¢, lim v(s) = ai},

J(¢)= min J
(9) duin (v),

V7(g) = {v € HL((0,7°)R™) : [0(0) — ay| = g, Jim v(s) =a},

Jo(q) = min J
0(q) in (v),

Vo(q) = {v € H'((0,7");R™) : [0(0) — at| = qo, [v(7") — ay| =g}
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Observe that there exists a positive functions v : (0, gg) — R that converges to zero with
q and satisfies

I (q) < ¥(q).

Note also that Jr(ut) = co and the minimality of uy imply J~(q) + ¥(q) > ¢p and
therefore we have

(A.5) co — () < J (q).
For u € H' define

s (p) = max{s: |u(t) —a_| < p, for t<s},

u,—f—(

s“T(p) =min{s : |u(t) —ay| < p, for t> s}.

Since ¥(q) — 0 as ¢ — 0 while lim,,0 Jo(¢) = Jo, Jo a positive constant, we can fix
q = q(qo) in such a way that

(A.6) 2Jo(q(q0)) — ¥(q(q0)) > Jo-

We claim that in this proposition it suffices to consider only maps that satisfy the condition

260
Wm(Q(qO)) ,

where Wi, (t) = minge(q_ q,},2(>¢ W(a + 2). To see this set

(A7) 5" (go) — s (qo) <

U, —

= ma,x{s : ‘U(S) - CL—| = Q(QO)}7
=min{s : |u(s) —ay| = q(qo)},

5
st

and observe that the definition of 5% implies |u(s) — a+| > q(q), for s € (3%, 5%F). It
follows

(A.8) (5% = 5“7 )Win(a(9)) < 2co.
Assume first that

lu(s) —a—| < qo, for se€ (—o0,5“7),

A9
(8.9 lu(s) —ay| < qo, for s€ (8“7, +00).

In this case we have
597 < 8" (qo) < 8" T (qo) < 3%,

that together with (A.8) implies (A.7). Now assume that (A.9) does not hold and there
exists s* € (5“1, 400) such that |u(s*) — ay| = g (or s* € (—o0,5%) such that
lu(s*) — a—| = qp). For definiteness we consider the first eventuality, the other possi-
bility is discussed in a similar way. To estimate the energy of u we focus on the intervals
(—OO, §u7+)v (§u7+7 Su7+(Q(q0)))’ and (Su’—i_(Q(qO))v +OO). We have ‘](—0075“’*)(”) =>J” (Q(qo))
and since s* € (5%, 5"(q(qo))) we also have Jizu+ gut(q(g0))) (¥) > 2J0(q(qo)). This,
(A.5) and (A.6) imply

Jr(U) 2 J( oo zuty (1) + J(gut sut (q(q0))) (W) = T (q(q0)) +2J0(q(q0))
> co — ¥(q(qo)) + 2Jo(q(q0)) > co + Jo.

31



This completes the proof of the claim. Indeed this computation shows that, if s* with the
above properties exists, then we can take e, = Jo.

Since Jr is translation invariant we can also restrict ourselves to the set of the maps
that satisfy

€0

Win(a(q0))

and assume that also a4 satisfy (A.10). We remark that the set of maps that satisfy (A.2)
and (A.7) is equibounded and equicontinuous. Indeed (A.2) implies

(A.10) —s""(a(q0)) = 5" " (a(q0)) <

1
u(s1) — u(s2)| < v2cols1 — 592,
which together with (A.7) yield

2¢q 7
u(s)| < My :=|a—_|+ 3q0 + 20(](7) .
e ! Y2\ (atao))
We first prove the proposition with (A.1) replaced by
(A.11) |lu—tus(-=7)[|>q¢">p, reR.

Assume the proposition is false. Then there is a sequence {u;} C H' that satisfies
(A.3) and

li N =
; J?MJR(UJ) co,

|luj —as(-—7)|| >p, reR.

Since the sequence {u;} is equibounded and equicontinuous there is a subsequence, still
labeled {u;} and a continuous map @ : R — R™ such that

lim_uy(s) = a(s),

uniformly in compact sets. From fR |u;]2 < 4cp and the fact that u; is uniformly bounded,
by passing to a further subsequence if necessary, we have that u; converges to @ weakly
in H' (R;R™). A standard argument then shows that

loc
Jr (Z_L) = ¢y,

and therefore, by the assumption that 74+ and their translates are the only minimizers of
Jr, we conclude that @ coincides either with 4_(- — r) or with a4 (- — ) with |r| < Ao
where \g is determined by the condition that u satisfies (A.10).

Since \g is fixed, from (1.21) it follows that we can assume |u(s) — a;| < Ke % for
s > 0. Fix a number [ > Ay such that

K
(A.12) Ke ™ <qy, and —e™M< %,
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and observe that u restricted to the interval [/, (] is a minimizer of J_;; (u) in the class
of u that satisfy u(+l) = w(+£l). From this observation it follows

(A.13) Jpy(ug) = Jpy (@) — Clé;,

where C' > 0 is a constant and §; = maxy |u;(£l) — a(%l)].
From the properties of u and (1.21) we have

(A14)  Juy(s) — a(s)] < huy(s) — ay] + [a(s) — as| < qo + Ke ' < 2gp, for s> 1.

We estimate the differences Ji_oo 1y (u5) — J(—oo,—1) (1) and J( yo0)(uj) — J(1 4o0) (1) We
have with u; = 4 + v;

+oo
J(Z,Jroo)(uj) — '](l,+oo) ('11) = /l (7],/ . U;- + %‘03‘2 + W('EL + Uj) — W(ﬂ))dS
+oo
= —u'(l) -v;(l) + /l ( —a" v+ é|v§»|2 +W(u+v;) — W(a))ds
+oo
(A15) =~/ () v;(1) + /l (%\U;F + W (a+ v;) — W(a) — Wa(a) - vj>d8

400 1
> —2goKe ™ —|—/ (§(|U;|2 + Wuu(@)vj - v5)
l

W+ vy) — W () — W) - v — %Wuu(a)uj ) ds

Set I(v;) = W(t+v;) — W () — Wy (@) - v; — W (@)v; - v;. Then we have
11 gl
I(vj) = / / / PZUWumL(ﬂ + potvj)(vj,vj,v5)drdodp
0 Jo JO

1 11
= / / / P2oWyuulay + (@ — ay) + potv;)(vj, vj,v;)drdodp.
o Jo Jo
It follows |I(v;)| < 2goCyw|v;|*. This and (A.15) imply
J(1,400) (U5) = J(1,400) (1)

_ 001 o0
> ~2q0Ke™ [ (ol e P)ds — 2mC [ oy
l l
2 o)
Y —kl 1 2 2
>_ 1 K - |2d
> - LK +47[rwrs

2 o0
p 1 4 2
> A2 4 o 1“d
= 732 47/1 lv;]“ds,

where we have used (A.4) and (A.12). From this, the analogous estimate valid in the
interval (—oo, —1), and (A.13) we obtain

0= lim (J]R(ﬂ + Uj) — Co)

J—+o0

2 -l 00
. p 1, 2 2
jhm ( Cloj —~ 16 + = / |vj| ds—l—/l |vj| ds

Since v; converges to 0 uniformly in [—[,[], for j large we have

[ 2
/ ;> < &
» 2
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and therefore from (A.11)
-l 00 pQ
/ lv;|*ds +/ lvj[2ds > .
oo I 2
This and (A.16) imply

0= lim (Jr(u+ ’Uj) —¢cp)

j—+oo
2
. p 21’
> 1 (—m&— 27)_ b
= oo J 16+78 716

This contradiction concludes the proof of the proposition when (A.1) is replaced by
(A.11). To complete the proof we note that it suffices to consider the case p < 2(2 +
V2) /o =: 2po. Indeed (A.2) implies ||u/|| < 2,/¢o that together with [|@,| < v/2¢o yields

+

(A.17) |u' — @\ (- —7)|| <po, T ER.

It follows that p > 2po implies ||u — @/.(- — r)|| > po and the existence of e, follows from
the first part of the proof.
Set
CY = max{|Wyu(u+(s) + 2)| : s €R, |2 < 2po},

and define p = p(p) by
- p

p(p) = :
2(1+CY))

We distinguish the following alternatives:
a) |lu—ag(-—r)|]| >p, for reR,

b) there exists 7 € R and @ € {a_, u} such that

(A.18) |lu—a(-—7)| <p.

In case a) the proposition is true from the first part of the proof with e, = ep.
Case b). From (A.1) and (A.18) it follows

(A.19) o —a'(- =7)|* > p* = 5.

For simplicity we write u instead of u(- — 7) and set v = u — 4. Note that from (A.17),
(A.18) and p < py it follows

IM@P§2/1!M@WN$WSS%WMU\SM%

We compute

(A.20) ()—%—%MW //“ (i 0) — W, (@) )udrds.

Since
(A.21) ‘/‘ (@ + Tv) vmxa»vdﬂ;g%cﬁwm%

we have from (A.19) and (A.20)

Lo o0 1 o 15,

—(p* — — —C! = —p°.

5 (0" —p7) = 50w = p

This concludes the first part of the lemma. The last statement is a consequence of the

fact that Jg(u) is continuous in H! and of (A.20) and (A.21). O

J(u) —co >
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