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Abstract. We study the equilibrium problem of a mechanical system con-
sisting by two Kirchhoff rods linked in an arbitrary way and also forming knots,
constrained not to touch themselves by means of electrical repulsion and tied
by a soap film, as a model to describe the interaction between an electrically
charged protein and a biomembrane. We prove the existence of a solution with
minimum total energy, which may be quite irregular, by using techniques of the
Calculus of Variations.

1 Introduction
The existence of knotted proteins is widely known (see for instance [19]). In ad-
dition, they may also form links with other proteins or molecules. Such proteins
are in general extremely complicated and made up by repeated subunits, so that
a sort of “macroscopic modeling” as a filament is reasonable. Of course, since
everything is immersed in a biological fluid, it is natural to take into account
the action of a liquid film spanning the filament.

Figure 1: A schematic representation of a knotted protein linked to
another one.
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Therefore, we consider flexible filaments of the form of a closed loop spanned
by a liquid film and we model our filament as a Kirchhoff rod (see for instance
Antman [3] Ch. 8). Moreover, in order to consider somewhat more complicated
shapes, as the ones exhibited by proteins, we consider two thin elastic three-
dimensional closed rods linked in a simple but nontrivial way: we impose that
the midline of each rod has to have linking number equal to one with the other
one: this implies that they form what is called a link (see Fig. 2).

This is not simply a generalization of the so-called Plateau problem, a centuries-
old mathematical problem investigated by the Belgian physicist Joseph Plateau
[22], but it is also a generalization of the Kirchhoff-Plateau problem with a sin-
gle component, studied by Fried et al. in [14], and with several Kirchhoff rods,
studied by Bevilacqua et al. in [4].

Figure 2: Geometry of the problem.

Since we want to give a more realistic, physical and biological background to
take into account processes like the adsorption of a protein by a biomembrane
[18], we introuduce an additional repulsional energy between the two rods. This
idea is linked to the fact that the amino acids can link together by peptide
bonds, but some of them, because of their chemical structure, can repel (see for
instance Alberts [7] Ch. 3).

In order to consider a repulsion between the two loops, we would like to
introduce an electrical potential energy on the surface on the loops. However,
since a Kirchhoff rod can be entirely described only by one variable, the midline,
the problem could be greatly simplified. Indeed, since the loops are longer than
broad, putting the charges on the midline or on the surface may make a very
little difference in a first approximation. The full problem with charges on a
surface will be investigated in a future paper. Hence, the major achievement
with respect to [4] is the introduction of a contribution into the energy functional
of the system: we take into account the elastic and the potential energy for the
link, the repulsion between the two loops and the surface tension energy of the
film.

The most delicate point is the treatment of the definition of spanning surface.
We use an approach presented by DeLellis et al. in [11]: they formulate the
Plateau problem in a particular notion of spanning and make use of Hausdorff
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topology for the convergence of surfaces [10], [12], [24]. Hence, this approach
has the advantage of considering also non-rectifiable, not fixed boundaries set in
a particular configuration, which is exactly what we need. Hence, by using the
Direct Method of the Calculus of Variations, we are able to prove the existence
of the minimum, i.e. the solution of our problem.

2 Formulation of the problem
We consider two continuous bodies whose reference configurations are two right
cylinders of lengths L1, L2. The arc-length parameter s of the axis of each
cylinder identifies a material (cross) section A(s), which consists of all points
on a plane perpendicular to the axis at s ( see ([3], Ch. 8). We describe each rod
by three vector-valued functions [0, Li] → R3 given by s ↦ (ri(s),ui(s),vi(s))
(i = 1,2).

Now we fix a point O in the euclidean space E3 and describe the position
in space of each point of the ith rod. Setting Gi(s) −O = ri(s) (the so-called
midline), where Gi(s) is the center of mass of the cross-sections and considering
ui and vi as applied vectors in Gi(s), a generic point Pi of the rod in space is
given by the knowledge of the vector

pi(s, ζ1, ζ2) = Pi −O = ri(s) + ζ1ui(s) + ζ2vi(s), (1)

where (s, ζ1, ζ2) ∈ Ωi ∶= {(s, ζ1, ζ2)∣ s ∈ [0, Li], (ζ1, ζ2) ∈ Ai(s)}. More precisely,
ζ1 and ζ2 are not completely free: there exists an R > 0, the maximum thick-
ness, which has to be small compared to the length Li, such that ∣ζ1∣ < R and
∣ζ2∣ < R for any (s, ζ1, ζ2), i.e. we require that our body is “longer than broad”.
We also assume that the rod is unshearable, so that u and v are orthogonal to
the midline, and that this line is inextensible. Hence, our rods are exactly two
Kirchhoff rods, a special case of Cosserat rods.

Given the function Ai(s), by three scalar parameters with a physical mean-
ing, we can determine completely the position of the midline of each rod: k′i
and k′′i are the flexural densities and ω the twist density. The vectors ri,ui,vi
satisfy the system of ordinary differential equations

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ṙi(s) =wi(s),
u̇i(s) = −ω(s)wi(s) − k′i(s)vi,
v̇i(s) = k′i(s)ui(s) + k′′i (s)wi(s);

(2)

where i = 1,2 and w = u × v is tangent to the midline.
We now suppose that the first one is “clamped” by assigning an initial value

to its system, i.e.
(r1(0),u1(0),v1(0)) = (r̂1, û1, v̂1). (3)

Since clearly
ẇ1(s) = −ω1(s)u1(s) − k′′1 (s)v1(s)

the triple (u1,v1,w1) satisfies a non-autonomous linear system and therefore,
by classical results [17], if the densites k′1, k

′′
1 and ω belong to Lp([0, L1];R)

for some p ∈ (1,∞), then the initial-value problem has a unique solution, with
r1 ∈W 2,p([0, L1];R3) and u1,v1 ∈W 1,p([0, L1];R3).
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It is easy to verify that if (û1, v̂1, ŵ1) is orthonormal, so is (u1(s),v1(s),w1(s))
for every s ∈ [0, L1]. For every (û1, v̂1, ŵ1) ∈ (R3)3 we then set

z1 = (k′1, k′′1 , ω1) ∈ V1 ∶= Lp([0, L1];R3).

As for the second rod, since we do not know a priori its position in space, we
need some information also on the orientation of one of its orthonormal frames.
Therefore we seek a solution of the form

z2 = (k′2, k′′2 , ω2, r̂2, û2, v̂2, ŵ2) ∈ V2 ∶= Lp([0, L2];R3) ×R3 ×R3 ×R3 ×R3

where û2, v̂2, ŵ2 are orthonormal and r̂2 gives their application point. We also
set z = (z1,z2).

Now the system (2)2,3 and (3), together with the knowledge of r̂2, fully fixes
the position in space of the second midline.

Obviously, since we want to deal with closed loops, we have to impose the
closure of the midlines, i.e.

ri(0) = ri(Li) (i = 1,2) (4)

and, since we do not want interpenetration, we need to have also continuity of
the tangent vectors, so that for i = 1,2

wi(0) =wi(Li). (5)

However, since the loops are three-dimensional, the simple determination of
the midlines does not completely fix their shape. Indeed, the same midline may
correspond to different bodies if the cross-sections Ai(s) are rotated around the
midline before being glued, and the final rotation angle depends on the shape of
the cross-section. Hence, we introduce two definitions will be useful also later
on.

Definition 1. Let ηi ∶ [a, b] → R3, with i = 1,2, be two continuous curves
with ηi(a) = ηi(b). η1 and η2 are said to be isotopic, η1 ≃ η2, if there are
open neighborhoods N1 of η1([a, b]), N2 of η2([a, b]) and a continuous mapping
Φ ∶ N1 × [0,1]↦ R3 such that Φ(N1, τ) is homeomorphic to N1 for all τ ∈ [0,1],
Φ(⋅,0) is the identity, Φ(N1,1) = N2 and Φ(η1([a, b]),1) = η2([a, b]).

Definition 2. Let η1, η2 be two absolutely continuous disjoint closed curves in
E3. The number

L(η1, η2) =
1

4π
∫

b

a
∫

b

a

η1(s) − η2(t)
∣η1(s) − η2(t)∣3

⋅ (η′1(s) × η′2(t))dsdt

is called the linking number between η1 and η2.

The first one defines the knot type, since the isotopy class is stable with
respect to diffeomorphism, while the second one introduces the integer L (see
[21]), which is invariant in the isotopy class of the two curves. By imposing that
every midline and a sufficiently close nearby curve preserve this number, the
position of every cross section is completely defined1 and thus also the shape of
the loops, which we will indicate by Λ[z] (see Fig. 4.)

1Up to a set of L1-zero measure which is irrelevant.
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Finally, we want to impose that the two loops form a link: we suppose that
they are linked with a given linking number L12 ∈ Z. As they are closed sets,
they admit disjoint neigbourhoods, which we can suppose tubular without loss
of generality ([20] pp. 199–223). By a further shrinking to the diameter of A(s)
we have that both rods are disjoint and linked one each other with the given
linking number.

At this point, the shape of the two solids is assigned once we know z1,z2.
However, since we are describing a physical problem, we have to avoid local and
global interpenetration. To do this, we first introduce the elastic, potential and
electrical energy stored in the loops.

The elastic energy is supposed to be of the classical form (see for instance
[9], Ch. 2)

Eeli[zi] ∶= ∫
Li

0
fi(zi(s), s)ds (6)

where fi(⋅, s) are continuous and convex for any s ∈ [0, Li] and fi(a, ⋅) is mea-
surable for any a ∈ R3. Since we are going to apply the Direct Method of the
Calculus of Variations, we suppose that there exist positive constants Ci,Di

such that
fi(a, s) ≥ Ci∣a∣p +Di ∀(a, s) ∈ R3 × [0, Li]. (7)

In view of this, the total elastic energy

Eel[z] = Eel1[z1] +Eel2[z2] ∶= ∫
I
f(z(ξ), ξ)dξ,

where I = [0, L1] × [0, L2], z = (z1,z2) and ξ is a vector variable, is easily seen
to be coercive on V ∶= V1 × V2.

As for the potential energy of the weight, it is given for each loop by

Egi[zi] = −∫
Li

0
ρi(s)g ⋅ (Gi(s) −O)ds

where ρi > 0 stand for the mass of each section of the rod and g denotes the
acceleration of gravity.

Moreover, since we want to avoid the possibility for the two loops to touch
themselves, we introduce a kind of electrical potential energy which, physically,
encodes the repulsion between the two rods.

Erep[r] ∶= ∫
L1

0
∫

L2

0

c

h(∥r1(s1) − r2(s2)∥)
ds1 ds2, (8)

where r = (r1,r2), s1 ∈ [0, L1], s2 ∈ [0, L2], c is a constant and h is an increasing
nonnegative and continuous function. A possible choice for h is represented in
Fig. 3. Notice that with this choice we are introducing a positively unbounded
energy, which may be infinite if the midlines are sufficiently close (this happens
if the set where ∥r1 − r2∥ < ε is large enough). However, notice also that we
cannot take ε too large otherwise we do not get any linked rods with finite
repulsion energy. Since we are only assuming that h is increasing, nonnegative
and continuous for r > ε we will also assume that ε is small enough so that the
rods have finite repulsion energy.
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Figure 3: A possible choice of h

We also set (2)

Eloop[z] = Eel1[z1] +Eg1[z1] +Eel2[z2] +Eg2[z2] +Erep[r]

and look for sufficient conditions for the local and global non-interpenetration
of our configuration.

As for the first, we only need to introduce the natural growth conditions on
the elastic energy as

fi(zi(s), s)→ +∞ as gi(k′i(s), k′′i (s), s)→ 1, (i = 1,2), (9)

such as the elastic energy approaches infinity under complete compression (re-
member thay fi may depend on gi) and where gi are two functions related to our
geometry, see for instance [3], Theorem 6.2, p.276, which satisfy the inequality

gi(k′i(s), k′′i (s), s) ≤ 1 for a.e. s ∈ [0, Li], (i = 1,2). (10)

As for the global injectivity, we must distinguish each loop and their union.
First of all, Ciarlet and Nečas [8] proved that if the following condition holds,

∫
Ωi

det
∂pi(s, ζ1, ζ2)
∂(s, ζ1, ζ2)

d(s, ζ1, ζ2) ≤ L 3(pi[zi](Ωi)), (11)

then the global injectivity is true. Moreover, in our case it can be rewritten as

∫
Ωi

(1 − ζ1k′i(s) − ζ2k′′i (s))d(s, ζ1, ζ2) ≤ L 3(pi[zi](Ωi)). (12)

Hence, assuming (12) true, one has the global injectivity of the functions pi on
each rod. At this point, for the union of the two, we notice that by the introduc-
tion of the repulsive component in the loop energy, i.e. Erep, with an appropriate
choice of ε, we ensure not only the possibility of non-interpenetration between
the two rods but also we avoid the contact.

So, we can prove the
2 In principle, r does not belong to z, but, once the tangent vectors are known, also r can

be reconstructed.
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Theorem 1. Let z = (z1,z2) ∈ V = V1 ×V2 satifies (10), fi with i = 1,2 satisfies
(9) and Eloop[z] < +∞.
Then the mapping (s, ζ1, ζ2) ↦ p[z](s, ζ1, ζ2) = (p1,p2)[z1,z2](s, ζ1, ζ2) is lo-
cally injective and open on int Ω. Moreover, if zi satisies (12), the mapping
(s, ζ1, ζ2)↦ p[z](s, ζ1, ζ2) is globally injective on int Ω.

Proof. On a hand, for the first statements, the proof is exactly a little modifi-
cation of the one presented in [14]. On the other one, for the second result, the
proof is similar to the one of Theorem 2 in [4]. However, by the introduction
of the new energy contribution, we don’t have to consider configurations which
allow contact between the two rods.

Finally, the energy stored in a film that will deform the link is defined as

Efilm(S) = 2σH 2(S), (13)

where H d represents the d-dimensional Hausdorff measure. When a soap film is
in stable equilibrium, as in eq. (13), any small change in its area, S, will produce
a corresponding change in its energy E, providing σ remains constant. As Efilm

is minimized when the film is in stable equilibrium, S will be minimized.
Anyway, we still cannot provide the final expression for the energy since we

have not yet specified how the film is attached to each loop. To formulate the
idea of a solution we have to give a good definition of the terms surface, area and
contact, which we will call span. To this end, we give some recalls of topology.

Definition 3. Let H = ⋃j∈J Hj be a closed compact 3-dimensional submanifold
of E3 consisting of connected components Hj . We say that a circle γ embedded
in E3∖H is a simple link of H if there exists i ∈ J such that the linking numbers
L(γ,Hj) verify

∣L(γ,Hi)∣ = 1, L(γ,Hj) = 0 j ≠ i.

Clearly, a simple link “winds around” only one component3 of H (see figure
4).

Definition 4. We say that a compact subset K ⊆ E3 spans H if every simple
link of H intersects K.

This idea is crucial: we need spanning sets (in simple cases, surfaces) crossing
every simple link: in this way it is impossibile for K to be “detached” from H.
However, in our problem H is not given a priori since H = Λ[z], i.e. it depends
on the considered configuration, we need a still more general definition.

Now let H be an arbitrary closed subset of E3 and consider the family

CH = {γ ∶ S1 → E3 ∖H ∶ γ is a smooth embedding of S1 into E3}.

A set C ⊆ CH is said to be closed by homotopy (with respect to H) if it contains
all elements belonging to the same homotopy class.

3Precisely, the definition of the linking number between a closed subset and a curve is
exactly the one given before (Definition 2) by considering the compactification of the E3 (for
more details see [25], pp.132-136).
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Definition 5. Given C ⊆ CH closed by homotopy, we say that a relatively
closed subset K ⊂ E3 ∖H is a C-spanning set of H if

K ∩ γ ≠ ∅ ∀γ ∈ C.
We denote by F (H,C) the family of all C-spanning sets of H.

Notice that the set spanned by the surface can be any closed set in E3, so
we can consider H = Λ[z] with finite cross-section, as in our case and not only
a line as in the Plateau’s problem. Nevertheless, the spanning surface depends
only on the choice of the homotopy class and not to the configuration z. Hence,
we give the following

Definition 6. We call a set DΛ[z] ⊆ CΛ[z] a DΛ[z]-spanning set of Λ[z] if it
contains all the smooth embeddings γ which are not homotopic to a constant
and which have linking number one with both rods. For the sake of brevity, we
will write D in place of DΛ[z].

Finally, we denote F (Λ[z],D) the family of D-spanning sets of Λ[z] with
linking number one with both components (see Fig 4).

H
K

H

1

1

3

2

2

°

°

°

¤[ ]z

Figure 4: γi (i = 1,2) are simple links for Hi while γ3 ∈ F (Λ[w]).
Even ifK is notD-spanning for the whole system, notice how γ1∩K ≠

∅.

We are now in position to define the energy functional for our problem. We
set

EKP[z] ∶= Eloop[z] + inf{Efilm(S) ∶ S is a D-spanning set of Λ[z]}, (14)

where z ∈ V and verifies all the above-mentioned constraints. Precisely, the inf
in the equation (14) is necessary since we want to eliminate the dependence on
the spanning surface S and writing everything in the terms of the configuration
z only.

At this point a first important result holds.

Theorem 2. Let two circumferences ηi ∶ [0, Li]→ E3 and M ∈ R and n1, n2 ∈ Z
three constants be given. Then, the set

UM,ni,ηi ∶= {z = (z1,z2, r̂2, û2, v̂2) ∈ V = V1 × V2 ∶ Eloop[z] <M ;

(4), (5) and (12) hold L(zi) = ni;
L12 = 1 and (r1[z1],r2[z2]) ≃ (η1, η2)}

(15)
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is weakly closed in V .

Proof. For the proof, one can refer to [4].

3 Main results
Now we want to prove the existence of a solution to the Kirchhoff-Plateau
problem, i.e. the existence of a minimizer of EKP given by (14) in the class
UM,ni,ηi . As a first step we find a minimizer of each of its two terms.

3.1 Energy minimizer for the bounding loop
For the first term in (14), the functional Eloop, we use a quite straightforward
application of the Direct Method of the Calculus of Variations. Recalling that
its expression is

Eloop[z] ∶ V → R ∪ {+∞}
z↦ Eloop[z] = Eel[z] +Eg[z] +Erep[r] =

= ∫
I
f(z(ξ), ξ)dξ +Eg[z] +Erep[r],

in order to verify if we can apply this method to Eloop, we follow the following
steps.

First, we need to show that Eloop is bounded from below and proper, i.e.
Eloop ≠ +∞. Now, Eel and Eg are proper by definition. Concerning Erep, we
assume that there is z ∈ V such that L12 = 1 and Erep[z] < +∞. As for the
boundedness, we can focus only on Eel, because Eg is always bounded from
below, since the midline is bounded and Erep is bounded from below by zero by
the definition. Therefore, by (7) we immediately obtain

Eeli[z] ≥ Ci ∫
Li

0
∣zi∣p ds +DiLi ≥DiLi > −∞. (16)

Hence, Eloop is bounded from below.
Next, consider a sequence {zk}k∈N such that

lim
k

Eloop[zk] = inf
z∈V

Eloop[z] =m,

hence, it exists k̄ such that ∀k ≥ k̄

Eloop[zk] ≤m + 1.

Precisely, Eel and Eg depend on zi, i.e. the configuration, while Erep is an energy
functional which depends on r = (r1,r2). Now, by the fact that a Kirchhoff rod
is completely described by its midline, from {zk}, we can extract a subsequence
associated to the midline in order to minimize Eloop which, for sake of brevity,
we will always indicate by {zk}. Now, we notice that this sequence is bounded:
on a hand for the elastic and the potential component, this follows easily from
the boudedness of the clamping parameters and by coercitivity, since

∫
Li

0
∣zik ∣p dx ≤

1

Ci
∫

Li

0
fi(zik(s), s)ds −

DiLi
Ci

≤ 1

Ci
(m + 1) − DiLi

Ci
≤ A,
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where A > 0 is a constant. So, since V and W 2,p([0, L1] × [0, L2]) are reflexive
spaces (see for instance [6] Ch. 4), {zk} admits a weakly convergent subsequence,
i.e. up to subsequences one has

∃z ∈ V ∶ zk ⇀ z.

Now we show that Eloop[z] is weakly-lower semicontinuous (WLSC) in V .
For Eel and Eg, this follows immediately from the hypotheses made on fi and by
noticing that Eg is a linear functional. For the repulsive part, we immediately
get from Fatou’s lemma

Erep[r] = ∫
L1

0
∫

L2

0
lim inf

j

c

h(∥rj1(s1) − rj2(s2)∥)
ds1 ds2

≤ lim inf
j

∫
L1

0
∫

L2

0

c

h(∥rj1(s1) − rj2(s2)∥)
ds1 ds2

= lim inf
j

Erep[rj] = lim
k

Erep[rk] ≤m.

So, we obtain that the energy associated to the bounding loop is WLSC. More-
over, combing this previous result with the one of Theorem 2, we can state that
if there is at least one admissible

z = (z1,z2) ∈ UM,ni,ηi

with M ∈ R, ni ∈ N and ηi ∶ [0, Li]→ E3, then the variational problem described
above has a minimizer, i.e. there exists a minimizer z ∈ UM,ni,ηi for the loop
energy functional. Precisely, this statement is very easy to prove by using the
fact that the constraints introduced are WLSC.

3.2 Area-minimizing spanning surface
Up to now, we only proved the existence of an energy-minimizing configuration
for the bounding loop in the absence of the liquid film. To show the existence
of an area-minimizing spanning surface for the link, we use a result proved
by DeLellis. However, before introducing this important result, we have to
emphasize some aspects.
We are dealing with approximating surfaces, so we need to specify the notion
of convergence of surfaces. We do this following Fried et al. [14]

Definition 7. Let A,B be two nonempty subsets of a metric space (M,dM).
The Hausdorff distance between A and B is defined by

dH(A,B) ∶= max{sup
a∈A

inf
b∈B

dM(a, b), sup
b∈B

inf
a∈A

dM(a, b)}.

Moreover, the set K(M) of nonempty compact subsets of M is a metric space
and the topology induced by dH on all closed nonempty subsets of M does not
depend on dM and it is said Hausdorff topology.

Hence, by noting that Λ[zk], the closed subset in R3 occupied by the whole
link, changes along the minimizing sequence, we have to consider sequences of
nonempty closed sets which possibly converge to a closed set, which might be
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our minimal link. This idea is the correct one: (K(M), dH) is not only a metric
space, but it is also compact with the distance dH , so if we take a bounded
sequence in (K(M), dH), we can always extract a convergent sequence, using
Blaschke’s theorem [5]. So, it is reasonable to consider as an assumption of next
theorem, which we introduce without proof because it is exactly the same of
Theorem 6 in [4], the existence of a sequence of subsets Λk which converge to
something in the Hausdorff topology, denoted by Λk

HÐ→ Λ.

Theorem 3. Let Λk a sequence of closed non empty subsets of E3 converging
in the Hausdorff topology to a closed set Λ ≠ ∅. Assume that

i) ∀k ∈ N, Sk ∈ F (Λk[z],D), where F (Λk[z],D) is a good class4;

ii) Sk is a countably H 2-rectifiable set;

iii) H 2(Sk) = inf{H 2(S) ∶ S ∈ F (Λk[z],D)} < +∞.

Then the sequence of measures µk ∶= H 2 ⌞ Sk is a bounded sequence, µk
∗Ð⇀ µ,

up to subsequences, and

µ ≥ H 2 ⌞ S∞, where S∞ = (suptµ) ∖Λ,

it is a H 2-rectifiable set and it is an (M ,0,∞)-minimal set in R3 ∖Λ[z] in the
sense of Almgren5.

However, this is still not enough. Up to now, we proved in a separate way
that the two functionals, the one associated with the elastic link and the other
with the film, admit global minimizers. In order to write the solution of our
problem, i.e. making a balance of the two contributions, we have to rewrite the
above result in terms of the configurations of our system. This follows immedi-
ately if we can find a link between the smooth embedding γ and the sequence of
surfaces {Sk}. For example, as in [4], if the intersection between the sequence
of surfaces {Sk}, or large k, and a neighborhood of γ is not a point but a set
with positive measure, we can state that the surface S∞ belongs to F (Λ[z],D),
which is the area minimal set (Theorem 3). This result is fundamental in order
to rewrite everything in terms of the configuration z only.

Now, in order to conclude, we have only to prove the existence of a minimum.
This follows now easily by combining the fact that Eloop is WLSC as we proved
above and also that the functional

z↦ inf{H 2(S) ∶ S ∈ F (Λ[z],D)}

is WLSC, by using the result of Theorem 8 in [4].
4For a precise definition of good class see [11]. In our case the first one is just a family of

subsets in which we can control their measures. Namely, it exists a selected and well-defined
competitors L with finite 2-dimensional Hausdorff measure which control the measure of each
element of the class.

5For a precise definition (M ,0,∞)-minimal set in the sense of Almgren, see [2]. In our
case it is a property of regularity on the subset S∞ = (suptµ) ∖Λ.
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