ABSENCE OF BUBBLING PHENOMENA FOR NON CONVEX ANISOTROPIC
NEARLY UMBILICAL AND QUASI EINSTEIN HYPERSURFACES

ANTONIO DE ROSA AND STEFANO GIOFFRE

ABSTRACT. We prove that, for every closed (not necessarily convex) hypersurface ¥ in R**! and every
p > n, the LP-norm of the trace-free part of the anisotropic second fundamental form controls from
above the W% P-closeness of 3 to the Wulff shape. In the isotropic setting, we provide a simpler proof.
This result is sharp since in the subcritical regime p < n, the lack of convexity assumptions may lead
in general to bubbling phenomena. Moreover, we obtain a stability theorem for quasi Einstein (not
necessarily convex) hypersurfaces and we improve the quantitative estimates in the convex setting.

1. INTRODUCTION

The umbilical theorem, [30, Lemma 1, p. 8], is a rigidity result which states that: given a closed,
connected and smooth hypersurface ¥ of R**!, if ¥ is umbilical, i.e. the trace free part of the second
fundamental form is constantly equal to 0, then ¥ is homothetic to a sphere. The stability of this result
has been addressed in [4, 5], 20, 3T, B3] [34], B5], and produced important applications in the foliation of
asymptotically flat three-manifolds by surfaces of prescribed mean curvature (see [25] 26}, 28]).

The umbilical theorem holds also in the anisotropic setting: in [21I] it is shown that the only smooth
closed hypersurface with anisotropic second fundamental form which is a constant multiple of the
identity is the Wulff shape, see also [I5] for the low-regularity case of finite perimeter sets. In [I3]
Theorem 1.2], the authors have recently proved qualitative and quantitative stability for the anisotropic
rigidity result. Namely, given p € (1, +00) and ¥ a closed hypersurface in R"*! which is the boundary
of a convex, open set, then the W?2P-closeness of ¥ to the Wulff shape is controlled by the LP-norm of
the trace-free part of the anisotropic second fundamental form. For n > 3, the convexity assumption
on the hypersurface ¥ is a necessary condition in order to avoid bubbling phenomena, as observed
with a counterexample in [I3, Appendix A]. In this respect, in the recent paper [7], it is proven that
if ¥ is a closed hypersurface (not necessarily convex) with anisotropic mean curvature L?-close to a
constant, then ¥ is L!-close to a finite union of Wulff shapes, extending the seminal work [2].

The aim of this paper is to show that in the supercritical regime p > n, the convexity assumption on
Y can be dropped. This problem was open also for the area funtional. In Section [3| we provide a simpler
proof in the isotropic case, while in Section [4] we give the general proof for the anisotropic setting.
Moreover, in Section [5| we prove a similar theorem for non convex, quasi Einstein hypersurfaces. If
n > 3 and ¥ is an Einstein closed hypersurface in R"*!, it is well-known that it must be a round
sphere. We prove that if an hypersurface is quasi Einstein in an LP-sense, then it is W2 P-close to a
sphere with a quantitative estimate.

Nearly umbilical hypersurfaces. In order to state our main results, we introduce some notation.
We consider a smooth anisotropic function defined on the n-sphere:

F:S" — (0, c0).

For every closed smooth hypersurface ¥ in R**!, we define its anisotropic surface energy as
F(X) = / F(vy)dV,
b

where vy, will denote throughout the paper the outer normal vector field associated to X. In particular,
the isotropic surface energy Vol,,(X) corresponds to the energy F(X) associated to the function F' = 1.
An increasing interest has been recently devoted to anisotropic energy functionals [3] 9} 10, [1T} 12} [14].

In [38], J. Taylor has proved that the isoperimetrical shape, i.e. the solution of the variation problem

inf{F(X): X=0U, |U=m}, withm >0 fixed

is homothetic to a closed, convex hypersurface W called Wulff shape. This hypersurface is explicitely
defined by the equation
W:={F"=1},
1
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where F* : R"*1 s [0, +00) is the gauge function defined below:

F*(z) := sup {<ZE,’U> s vl F <v> < 1}.

veRn+1 |U|
We recall that the differential of the gauge function satisfies the following property, see [29, p. 8]:
(1.1) dF*|, [c] = (vw(2), ¢), VzeW.

Denoting by D?F |$ the intrinsic Hessian of F' on S™ at the point x, we define the map Ap : x €
S™ +— Ap|, valued in the space of symmetric matrices as follows

Afp|, 2] = D2F’ [2] + F(z)z for every z € S", z € T,,S".

Throughout the paper, we will assume that F is an elliptic integrand, i.e. D*F ‘m is positive definite at
every x € S™.
For any smooth closed hypersurface X, we can define the anisotropic second fundamental form Sp as

SF|m3Ta:E—>Ta:E; SF’x = AF’ )Odyg‘x,

vs(z
and the trace free part of Sg as

. H
SpemSe- 100 with Hp o (50,

where g := d|z and ¢ is the flat metric on R see [24].
Then the anisotropic rigidity result proved in [2I, Theorem 1.2] can be stated as follows:

Theorem 1.1. Let n > 2 and X be a closed, oriented hypersurface with Sp = 0, then X is homothetic
to the Wulff shape.

Theorem turns out to be stable with respect to the W2P-norm, under the assumption of convexity
of the surface 3, as proved in [I3] Theorem 1.2]. Convexity is deeply used in [I3]; for instance it
directly implies the existence of a parametrization of ¥ on W. Moreover it is a necessary assumption
for general p, as showed with the couterexample [I3| Appendix A]. In Section {4] of this paper, we show
how to drop the convexity assumption in [I3, Theorem 1.2] for p > n, proving the following:

Theorem 1.2. Let n > 2, X be a closed hypersurface in R"! and p > n be given. We assume that
there exists cy > 0 such that X satisfies the conditions

(1.2) Vol,(X) = Vol,(W),  [|SFllrex) < co
There exist 6o, Co > 0 depending only on n, p, cg and W such that, if
(1.3) 1S5 Le(sy < o,

then there exist a parametrization ¥: W — ¥ and a vector ¢ = ¢(X) satisfying
(1.4) [ — Id —cllwz2. 0wy < CollSell o).

The strategy to remove the convexity assumption in Theorem [I.2]is the following. First we want
to obtain a graph parametrization of ¥ on W with small C'-norm, Proposition Since a priori %
is not convex, we do not have a priori a parametrization of ¥ on W. To solve this obstruction, we
implement a compactness theorem for immersions in WP, Proposition The pinching condition
is inherited by the limit immersion, thanks to the lower semicontinuity of || Sg||zr with respect to
the W2P-weak convergence, Lemma Hence, we obtain a map from W to ¥ satisfying a C''-bound.
However, to produce the desired graph parametrization, we need to show that the projection map from
Y onto W is a diffeomorphism, via a tilt-estimate of the normal. This provides Proposition [£.4] from
which we can conclude the proof of Theorem [I.2] via a centering argument.

In Section [3] we provide an easier proof of Theorem [I.2)in the isotropic case F' = 1, which generalizes
the main result in [20] to not necessarily convex hypersurfaces. In this isotropic setting, the Wulff shape
is the round sphere S”, Sr becomes the classical second fundamental form h, and we can give a simpler
proof, which does not involve abstract compactness arguments, but simple topological considerations.

Theorem 1.3. Let n > 2, X be a closed hypersurface in R and let p > n be given. We assume that
there exists cy > 0 such that X satisfies the conditions

(1.5) Vol (2) = Vol,(S™),  [|hllLe(s) < co-
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There exist positive numbers &g, Cy > 0 depending only on n, p, co with the following property: if
Al e sy < do

then there exists a vector ¢ = ¢(X) such that ¥ — ¢ is a graph over the sphere, namely there ezists a
parametrization

VS — %, P(z) =/ @y,

and f satisfies the estimate

(1.6) £ w2y < CllAlLo(s)-

Quasi Einstein hypersurfaces. The second main result of this paper concerns quantitative stability
estimates for quasi Einstein hypersurfaces. In this respect, we need further notation. Let X be a closed
hypersurface in R"*! and let us denote with Ric and R respectively the Ricci tensor and the scalar
curvature. We say that Y is an Einstein manifold if the trace-free part of the Ricci tensor

. 1
Ric := Ric——Ryg
n

is identically 0. In the ’30s Thomas (see [37]) and Fialkov (see [16]) independently proved that an
Einstein hypersurface ¥ in R®*! with positive scalar curvature is isometric to the round sphere:

Theorem 1.4 ([16], [37]). Let X be a closed, connected hypersurface in R™*1 such that
Ric = 0
at every point. Then X is a round sphere.

The stability properties of this result in the convex setting have been studied in [I9]. The assumption
for the validity of the main result in [19] is the control 0 < h < Ag on the second fundametal form
h of 3, which is clearly sub-optimal. Indeed, the bound from below on h implies the convexity of X
(see [3T, Prop. 3.2] for instance), while the bound from above implies a posteriori a W% ° bound on
the closeness to the sphere. Since the main result in [I9] provides just a W2 bound, this hypothesis
appears abundant. One of the aims of this paper is to weaken the assumption on h, allowing us to
prove in Section [f the following theorems:

Theorem 1.5. Let n > 3, ¥ be a closed hypersurface in R" T with induced metric g and let 1 < p < 0o
be given. We assume that 3 satisfies the conditions

(1.7) Vol,(¥) = Vol,,(S"), Ag < h for some A > 0.
There exist 69, Cy > 0 depending only on n, p, A with the following property: if

then there exists a parametrization ¢: S — ¥ and a vector ¢ = ¢(X) such that

ROiCHLp(z) <

(1.8) 1 = Td —¢|l 2. () < Co Hf{’ic“m@) .

Theorem 1.6. Let n > 3, ¥ be a closed hypersurface in R™1 and let p > n be given. We assume that
there exists cg > 0 such that X satisfies the conditions

(1.9) Vol,, () = Vol,,(S"),  ||Allzr(n) < co-

Then for every q € (n, p) there exist 0y, Cop > 0 depending only on n, p, q, co with the following
property: if

(1.10) |IRic| 1o (s < o,

then there exist a parametrization ¢ : S" — ¥ and a vector ¢ = ¢(X) such that
° [0}

(1.11) 1 = 1d —cly2, o (gmy < Co HRchLp(Z),

where « is defined as:

a(p, q) = {1’ ynsaspl

p/lg—1, ifp/2<q<p.
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In Theorem [1.5| we remove the assumption on the upper bound on h, but we strengthen the convexity,
with a uniform bound from below on h. In Theorem [I.6] instead, we completely remove any convexity
assumption, obtaining the slightly weaker estimate (1.11])). We conjecture that the exponent « in the

inequality ((1.11)) is not optimal.
The assumptions ((1.2)), (1.5) and (1.10)) are often referred to as pinching condition in the literature.

2. NOTATION, PRELIMINARIES AND STRATEGY OF THE PROOF

Notation. Throughout the paper, we will use the following notation:

Vol,, n-dimensional Hausdorff measure;
(") Euclidean scalar product in R"+1;
(-, )2 scalar product in L?;
dap Hausdorff distance;
S standard sphere in R**1;
w Wulff shape;
)y closed, n-dimensional hypersurface in R**1;
Us outer normal vector field associated to X;
) standard metric in R**1;
o standard metric on S™;
g restriction of § to X;
h second fundamental form for W or ¥ depending on the context;
h trace-free part of the second fundamental of ¥;
H classical mean curvature;
BY(x) geodesic ball in 3 centred in z, of radius r;
Riem Riemann tensor associated to the metric g;
Ric Ricci tensor associated to the metric g;
R scalar curvature associated to the metric g;
BE(x) | ball in R* centred in x, of radius r (when x = 0, we write B¥);
0 usual derivative in R*+1;
D Levi-Civita connection associated to S™;
\% Levi-Civita connection associated to X or to W.

Preliminary results. Important tools we will use are the graph parametrizations:

Definition 2.1. Let X be a closed hypersurface in R"', and ¢ € ¥ a given point. We say that ©q 1S a
graph parametrization around q with width R > 0 if @4 has the following form:

(2.1) 0q: Bl — I, gu(2) = g+ @, (u(jz)) ,

where ®,: R" — R" js @ matriz in the orthogonal group O(n+ 1) chosen so that ®4[R" x {0}] =
T,%, (I)q[en—i-l] =vs(q).

Graph parametrizations have great importance in the non-convex case, in view of Lemma proved
in [31, Lemma 1.7], and Remark which justifies the need of the assumption p > n:

Lemma 2.2. [31, Lemma 1.7] Let n > 2 be given. Let ¥ be a closed hypersurface in R"*1. Assume
there exist L, R > 0 with the following property. For every q € 3 there exists a graph parametrization
g around q with width R > 0 (as in ), such that ug is an L-Lipschitz function.

Then, for every 0 < p < R, the geodesic ball Bg(q) satisfies the inclusion

(2.2) 4 <IB%7Z+1L p) C BY(q) C ¢4 (B]) .

In particular, for every q € ¥ the geodesic ball B%(q) is contained in the chart, and 3 can be covered
with N such geodesic balls, where N is a natural number depending on n, L, R.

Remark 2.3. As shown in [31), Section 2.1-2.3], if ¥ satisfies (1.5)) with p > n, then we can find
positive constants L and R depending on co, n and p such that: for every q € ¥ there exists a graph
parametrization pq around q with width R > 0, such that ug is an L-Lipschitz function. In particular
Lemma applies. This control can be realized also in the anisotropic case. Indeed condition
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implies condition (1.5), as shown in [I3, Proposition 3.3]. Although [13, Proposition 3.3] is stated

requiring the convexity assumption, one can easily check in its proof that the lower bound estimate
1Plle(s) < ClSFl r(x)

works also in the non convex setting. The convexity assumption is just needed in the proof of the upper

bound ||Sp| rosy < C(1+ 1SF ro(s))-

Throughout all the paper, we shall use only the parametrizations provided by Remark by means
of and will denote them by ¢,. We will use the ¢, to obtain local estimates and Lemma to
make them global. Since we will now work with graph parametrizations, we will use the following
lemma, which is stated in [31, Lemma 1.3]:

Lemma 2.4. Let ¢4 be a graph parametrization for . Then the following formulas hold:

(2.3) Gij = 5ij + 8iuq8juq,

- - .0
2.4 U= - —L 1
(24) g L+ [Ougl?”

(2.5) = ;q)q (‘i”f)

Vs
v/ 1+ [0ug|?
. J
(2.6) hi = o, _ O
v/ 1+ |Ougl|?

The proof of Lemma [2.4]in [31] is actually made with the graph parametrisation ¢(x) = (x, u(z)),
i.e. with ¢ =0, ®, = Id. However, it can be noted that the action of the isometries does not change
the obtained expressions, because the translations disappear with derivatives and the rotations satisfy
(@[v], ®[w]) = (v, w).

To prove the main results, we will need an oscillation estimate. This is given by the following
proposition, whose proof is postponed to Appendix [0]

Proposition 2.5. Letn > 2, n < p < oo and ¢y > 0 be given, and let ¥ be a closed hypersurface in
R with fived volume V. Let F be an elliptic integrand. Assume ¥ satisfies

Il zr(s) < co-
Then the following estimate is satisfied:

Igleiﬂg}HSF — M| 1o(sy < C(n, p, co, F)||SE| os)-

3. THE ISOTROPIC CASE

In this section we prove Theorem We define for a closed hypersurface . a radial parametrization
to be as follows:

(3.1) P: " — %, Y(z) = e/ @z,

Moreover we define the barycenter of ¥ as

b(E) = ][E 2 dV,(2).

The main ingredient for the proof of Theorem is the following proposition:

Proposition 3.1. Let n > 2 and p > n. For every € > 0 there exists 0 < dg = do(n, p, co, €) with the
following property.
Let X be a closed hypersurface in R satisfying (L.5). If

Al Le (=) < do,
then, up to translation, the radial parametrization ¥: S* — ¥ as in (3.1)) is well defined, and the
logarithmic radius f satisfies

[ fllcrsny < e.

Proposition [3.1] is the cornerstone of the section, because it builds the radial parametrization and
gives a qualitative estimate of it.
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Proof of Proposition We split the proof of Proposition [3.1]in two parts. In the first part we
achieve a C%-closeness, in the second part we show how to use this result to build the parametrization.
We start with a preliminary lemma:

Lemma 3.2. For every e > 0 there exists 0 < dg = do(n, p, co, €) with the following property.
Let X be a closed hypersurface in R™Y satisfying (1.5)). If ||h — Xog||Lr < 8o for some Mg # 0, then
for every q € ¥, for every graph parametrization ¢, around q, we have the following estimate:

u,) =35 (1= 312 - 1)

Proof. By contradiction, let (X¥)ecn be a sequence of closed hypersurfaces satisfying (1.5)) and limy||h* —
/\OQkHLp(gk) = 0. Let (¢")ren be a sequence of points ¢¥ € ¥ such that the associated graph

parametrizations satisfy
uF () = Ag! <\/1 — A3l ]2 - 1)HC1 > g0 > 0.

We show how this is not possible, using an idea of [31, Cor. 1.2]. Firstly, we can assume w.l.o.g. that
every ¢* is equal to Ao L1 and P, = Id. Since every YF satisfies (1.5), by Remark we consider
the graph parametrizations ¥ associated to ¢*. The properties of ¥ combined with (1.5) grant us:

<e.

Cl

Sl}ipllukﬂwmmg) < c(n, p, cp) < +o0.

Let us set vF i= —2u" Then, from (2.6)) and the contradiction hypothesis, we obtain

VIHouR 2
lim/|9v* — Ao Tdl| o a,) = h}gn”(‘)(vk = 207l o) = 0.

Setting ¢* = f v*, we get from Sobolev inequalities
. k_ k
lll£n||v — " = Mozllwre@n) = 0.

¥ is clearly bounded and v¥(0) = 0 for every &k € N and n < p, we also obtain the

Now, since ¢

convergence
. k N
h’gnHv — )\OxHWI,p(B%) = 0.

Let us define the function -

VI=Tfa®
The function ¢ is smooth and has bounded derivatives in the ball B} with p < % Moreover it satisfies
the equality

¢ B} — R, £(z) =

1 k
(v*) = Ou — oub.
VI 10uRP 1= [9ub2/(1 -+ [ou )
We obtain:
)\o.T
lim|&(v%) — £(Ao2) [wr.p(ay) = [Ou* — ===
k R \/W WLP(B"I’L%)

:11;11”(9(11]“—)\61\/1—)\%|x\2)H =0.

Wt r(BY)

With the same argument as before, we observe that u* is converging in W2P? to Ao L/1— A3|z|2, and
this is the desired contradiction. (Il

Remark 3.3. We remark that in Lemma|3.4 we do not claim that Aoy has to be equal to 1. The problem
of finding the “right” Ao will be solved in the second part, when we will build the parametrization. The
requirement of Ao being not 0 is instead necessary, however as shown in [31, Remark 1.9] a closed
hypersurface X must satisfy the lower bound

(3-2) 1Bllzo(s) = C(n, p, Voln(X)).
Since in our case Vol,(X) = Vol,(S™), we avoid such degenerate cases.

Next we show how Lemma leads to a C'l-closeness to the sphere.
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Corollary 3.4. For every € > 0 there exists 0 < dg = do(n, p, co, €) such that, under the hypothesis of
Lemma

(3.3) e (2, S‘”AOH) <e, and (qu - <q>l‘ <e Vgex.

Proof. Let 3, 0 < ¢ and 0 < §p be given as in Lemma [3.2l We choose a point ¢ € ¥, then rotate and
translate ¥ so that ¢ = — A 1en+1, T,X = R" x {0}. Hence the parametrization has the simpler form
©q(r) = =Xy teny1 + (2, ug(z)) and parametrizes a portion of the sphere SP\g -1+ For every ¢ € ¢q (B%),
we consider Z € B% such that § = ¢4(Z). Then the following inequalities easily hold:

1
‘q— (5, At 1—)\3\Z|2) ;% — <(z /\51\/1—)\3\2|2)>

Now we apply Lemma For every parametrisation ¢, we can find a geodesic ball BJ (¢) with
p = p(n, p, cp) and satisfying condition (2.2)), namely

©q (18”1 ) C BY(q) C ¢y (B}).

+LP

<e, <e

Via Lemma we can easily obtain a covering of N geodesic balls BY(q1), ... B%(qn), where N <
No(n, p, co) such that Lemma holds for ¢4, , ... ¢@qy. By a simple induction we easily find a constant
c(n, p, co) such that for every ¢ € &

(3.4) ‘q - )\0|_1q‘ < ce, ‘qu - <q>l‘ < ce.

[
This proves the C%-closeness. O

We finish the proof of Proposition by proving that > can be parametrized on the sphere as in
(3.1) and that Ay = 1. We define the projection
a4
lqi

We start by proving that p is a local diffeomorphism. The map is clearly differentiable, and a straight
computation proves that the differential of p at ¢ € 3 is given by

dpl, : ToX — Ty S", dpl, [v] = Aol (v— <v q> q) .
! ne 4] "lal/ lal
It is easy to see that ker dp|, = {tq |t € R }. We want to prove that the differential dpl|, has maximal
rank at every ¢, and this will prove that p is a local diffeomorphism. In order to achieve this goal,
we just need to show that for every g € 3, ¢ does not belong to 7,3, and this is exactly what
implies. Hence p is a local diffeomorphism. Let us show that it is a global one. Indeed, we consider the
multiplicity function

p: X — S -1, p(q) = Ao

n: S" — N, n(z) = Z L.
plg)==
The function 7 is well-defined, and since p is a local diffeomorphism, it is continuous, thus necessarily
constant, say n = ). Then it is a Q-covering, but since S™ is simply connected, we must have Q) = 1,
and hence p is a diffeomorphism. Let us define ¢ := p~!. By construction, we find that 1 (z) = ef@ g
as in , and tells us that f has small C''-norm. This concludes the construction.
Finally we can conclude the proof of the proposition. Let us argue by compactness and consider
a sequence of closed hypersurfaces (X¥)en satisfying (L.5), and T2l rr(sk) — 0, where h* is the
trace-free part of the second fundamental form of *. From Proposition applied with F' =1, we
are able to find a sequence (Ak)keN such that, for every k € N,

|B¥ — X 1d|| 1o sy < C(n, p, co)|RF || Loy — 0.

The sequence (A\¥)en is clearly bounded. Up to extraction of a subsequence we can assume A\¥ — g
which has to be non-zero because of . We show the equality |[\g| = 1 as an application of the
area formula. Indeed, combining Lemma and Corollary we obtain that, up to translations, the
hypersurfaces ¥ are radially parametrized by a map

Presh o — D ) = @a, with [|ffler <
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Then, we have:
_ VOln(E) _ -1 nfk k12 _ -1 k
L= o = f TRV = ol (14 0 (1))
Aol™
For k — oo we obtain that |\g| = 1. The conclusion of the proposition follows by showing that \g = 1,

thus implying that every subsequence of (\¥)rcn converges to 1 and hence the whole sequence. Firstly,
we notice that every nA*¥ must be close to the average of the mean curvature H*. Indeed,

|HF — n)F| <][ Hk—n)\k‘ :f
Sk ¥k

Now we show that H* must be close to n and conclude. This follows by a simple estimate.

=% k
H¥ :][ ne("_l)fk —][ div L e(n—l)fk 1+ ‘vfk‘Q
" " 1+ |V fhp2
k k k k
N ”7[ ne(m=17" +][ (-1 f* (m —DIVITE | VAV VS ])

[1+ |V fk|2 1+ |V fF2

Since every ©¥ satisfies (1.5]), we easily obtain that the sequence (f*)ren is uniformly W?2P-bounded,
and thus

<h‘k - )‘kgka gk>‘ < C(?’L, b, CO)H;LkHLP(Zk) \L 0.

[HF —n| < C(n, p, o) ¥l L0,

This shows that A\g must be equal to 1, and all the computations we have made do not actually depend
on the chosen subsequence.

Conclusion. Insofar we have found a qualitative convergence. We will now make it quantitative.
Indeed, with the very same proof of [20, Proposition 2.3|, we are able to show the following result.
Notice that the convexity assumption in [20, Proposition 2.3] is actually never used in its proof.

Proposition 3.5. Let ¥ be a closed hypersurface in R"* satisfying (1.5). Then for every € > 0 there
exists 0 < 0 = (g, m, p, co) wit the following property: if

1l < 6,

then X admits a radial parametrization and its radius [ satisfies the following inequality

1f = esllwrem < C (Ihlo) + Vel Fllwzssn))
where C'= C(n, p, cp), and we have denoted

0r(2) == (z,v¢), where vp = ! ][ zf(z)dV.
Sn

n—+1

In order to prove Theorem we just have to show that we can center X so that vy = 0. This can
be done by proving that we can center the hypersurface so that b(X) = 0.

Since X is not convex, it can be a priori impossible to translate it and keep a radial parametrization.
However, this is not a problem, and it is done by looking carefully at the proof of Lemma In the
proof of Lemma we chose a random point ¢* € ¥* and fix it to be —Age,41, then we perform our
analysis. In order to center X better, we just improve the proof in Lemma by choosing better ¢”.
Indeed, let again (X¥)ren be a sequence of hypersurfaces satisfying and limy|| 2| rr(zk) = 0. We

apply a translation so that b(X*¥) = 0 for every k, and choose ¢* so that

k|2 2
= ma .
q"] q€§|Q|

It is easy to see that for such choice we have the equality Tjx ¥F = (¢F)+. The study we made above
also grants us the limit:
n]?quhk —1d| zo(sry = 0.

We follow again the same argument of Lemma choosing this time ¢* as first point for the covering
argument, and obtain that the sequence (X¥)gcy is converging to a sphere S"(c) with center c. Since
the barycenter condition b(Zk) = 0 passes to the limit, we also obtain that this sphere must satisfy
b(S™(c)) = 0, therefore implying ¢ = 0. Now we repeat the same argument, and obtain the following
improved version of Proposition [3.1}
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Proposition 3.6. For every 0 < e there exists 0 < §g = do(n, p, co, €) with the following property.
If ¥ is a closed hypersurface satisfying (1.5) and ||h||1»(x) < do, then there exists a vector ¢ € R+
such that b(X — ¢) = 0 and the radial parametrization

P: S"— Y —¢, Y(x) = ef @)y
is well defined. Moreover, | f|c1x) <e.

Via this proposition and the discussion above, we obtain Theorem

4. THE ANISOTROPIC CASE

We define the parametrization ¢ we will use in the proof of Theorem [I.2l Let ¥ be a closed
hypersurface in R™*! which is contained in the tubular neighborhood B.(W) associated to W, that is
the set

B.W):={zeR"™ | z=2+ pry(z), Yz eW,0<p<e}.
We refer the reader to [22, Chapter 5] for the proof of the following properties on the tubular
neighborhoods. We recall that there exits € > 0 sufficiently small such that, for every r < e, B.(W)
is an open, bounded set with smooth boundary diffeomorphic to W. We say that ¥ admits a radial
parametrization if there exists a diffeomorphism

(4.1) V: W — 2, () = x4+ ulz)vy(x), for some u € C°(W).
The function u shall be called the radius of X.
In order to further exploit radial parametrizations, we need the following notation:
Definition 4.1. For every ¢ € R™"!, we define
(42) Pc: W — R) @c(y) = <Ca VW(y)>
We fix the vectors { w; }?:Jrll C R™"L such that the associated functions ¢, are an orthonormal frame in
L? for the vector space { ¢, Yeemnt1- For every function u: W — R, we define the vector v, € R+

n+1
Vy 1= Z(u, O, ) [2W;.-
i=1

A useful tool about radial parametrizations is the following theorem (see [I3, Theorem 5.1]), which
allows us to pass from a qualitative closedness to a quantitative one:

Theorem 4.2. Letn > 2, p > n and let X be a closed, radially parametrized hypersurface in R,
satisfying (1.2)) and having radius u verifying

[ullco <&, [[Vulgo < C(n, F)Ve.
Then there exists a constant C = C(n, p, F') > 0 such that

inf[lu = @ellwpom) < C (1802l Loy + VElulwzron))

ceRn+1

Although it is stated in [I3, Theorem 5.1] under the convexity hypothesis, the proof makes no other
use of it rather than allowing Proposition (Theorem 3.1 in [13]). As we discussed in Remark
we can just replace the convexity assumption with the hypothesis when p > n. The use of the
linear projections ¢, defined in appears natural in view of [I3, Theorem 5.4], which characterizes
these functions as the only elements of the kernel of the anisotropic stability operator.

The cornerstone of the proof is the following proposition:

Proposition 4.3. Letn € N, n <p, 0 < A, V, R positive constants. Let § be the set of all couples
(M, f) with the following properties:
e M is an n-dimensional, compact manifold (without boundary).
o f € W2%P(M, R"™) is an immersion with
[R( ey <A, Volpo(M) <V, f(M) C Bp.
Then for every sequence f;: M; — R™ in § there exist a subsequence f; , a mapping f: M — R" in

S, and a sequence of diffeomorphisms ¢: M — M;, such that f;op; converges weakly in W2P(M, R")
to f.
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Proposition is part of a series of compactness theorems on immersions started in [27], where
the author proves the result for immersed surfaces in R?, and then continued in [§] for immersed
hypersurfaces, and in [I] for the general case. The proposition we want to prove is the following:

Proposition 4.4. Let ¥ be a closed hypersurface in Rt satisfying (1.2)). For every 0 < e sufficiently
small there exists a 0 < § = (e, n, p, co, W) with the following property. If ¥ satisfies (1.3), then it
admits an anisotropic radial parametrization as in (4.1). Moreover the radius u satisfies the estimate

(4.3) [uller < e.

We will see in the conclusion how the qualitative C'-closeness will bring the desired quantitative
one.

Proof of Proposition |4 The proof of Proposition uses strongly the compactness result of
Proposition [£.3] Firstly, we prove the following two lemmas.

Lemma 4.5. Let ¢: M — R be a sequence of immersions of a closed manifold. Assume oy,
satisfies (1.2), and oy, converges to an immersion g, weakly in WP . Then we have the inequality

15 (wo)ll Lo (ary < N inf[[Se(er)ll o (ar
Lemma 4.6. Let (X¥)ren be a sequence of hypersurfaces satisfying ., and such that we have

also hmkHSFHLp sty = 0. Then there exist a non relabeled subsequence (SF)ren and parametrizations
nk: W — SF such that ny, converges weakly in WP to the identity map Id: W — W.

Let us prove the lemmas and then show how they imply Proposition [£.4}
Proof of Lemma[].5. We introduce the map
U: S — R U(x) := grad, F(z) + F(x)z.
From [30] we know that the map ¥ parametrizes the Wulff shape. It is immediate to show the equality

(4.4) SF = AFOdl/:d(\Ifolj).
Indeed, the differential of ¥ has the following form:
0 0 0 ;0
v A F FId+F— = (Ap)] —
a {819@] g (81800 1)+ OF W+ F55 = (Ar)i 555,

=D;(DF)
where we have denoted by D the Levi-Civita connection compatible with the canonical metric on the

round sphere. Taking the composition we obtain (4.4)). Let now (v}),cy be the sequence of outer
normals associated to ¢y, i.e. the sequence of mappings vi: M — S™ such that

(vi(q), derl, [v]) =0, Vv € TyM,

and with orientation fixed so every vy, is the outer normal for ¢ (M) = X*. We claim that the sequence
(Vk)gey is bounded in WHP(M, R™1). Firstly, since S = Ap o h¥, we obtain

-1
19¥ oy = [[(Ar) T SE]|, ) < eF) 0 = C(F, o),
and thus ([1.2]) implies ((1.5)). Now we show how the LP-boundedness of the second fundamental forms

gives us the LP-boundedness of the differential of the normals. The key is the following proposition,
proved in [8, Thm. 6.3].

Proposition 4.7. Let 2 < p, and ¢: B}, — R"L (x) = (2, £(z)) be a graph parametrisation, with
& smooth function. Then the following estimate holds:

(4.5) 10%€]| Lo @n) < (1+ lo¢lo) 7

Estimate (4.5 allows us to conclude. Indeed, since our hypersurfaces satisfy ((1.2), then by Remark
we can apply Lemma Plugging (4.5)) we can easily find a radius R depending on n, p, ¢y such
that the estimate

vkl o 525 gy < C (0 by c0) | |[Lo < C(n, py co, F)||ISE| 1o

(Br*(9)

holds for every point ¢ € M. Then we make this estimate global via Lemma and obtain:
HdeHLP < C(na b, Co, W)HS}?HLP
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Therefore our sequence (V) is bounded in WP, Since n < p, every weak W1 P-limit point vy is
also a strong C% ®-limit point, and satisfies

wo(@) =1, (w(q), deol, [v]) =0, for every ¢ € M and v € T, M.

This shows that 14 is the outer normal associated to the immersion ¢g, and moreover dvy — dvg. In
order to complete the proof, we simply consider equality (4.4)): since the map ¥ is smooth, we obtain
that W oy, converges to W o vy weakly in WP, and the result follows from classical Sobolev theory. [

With the help of Lemma [£.5 we prove Lemma

Proof of Lemma[{.6 Let us argue by contradiction, and assume there exists a sequence of closed
hypersurfaces (X¥)gen satisfying (1.2, limk||§’§||Lp(Ek) =0, all enclosed in a ball B);"!, and such that
the conclusion of the proposition does not hold.

We apply Proposition and find a non-relabeled subsequence (X)en, a closed manifold M,
parametrizations ¢y : M — 3 converging weakly in WP to an immersion ¢g. From , Remark
and Proposition we find the existence of a bounded sequence (A\*)ey such that

I1S% = N 1d]| sy < ClISE sy 4 0.

Up to subsequences, we assume \*¥ = \g for every k € N. Then A\g must be different from 0 because of
the estimate

||SF||LP(E) > C(?’L, p, F)HhHLP(E) > C(TL, b, F7 VOln(E)) = C(”v b, F)

Since Sp = d(V o vy,), we apply Lemma to the sequence W o vy, — Aoz, and obtain that the limit
immersion g satisfies the equality
Sp =X 1d

weakly. From it we easily infer

(4.6) h(po) = Xo(Ap) .

Now we take the trace in (4.6)), and obtain that in every graph parametrisation around every point
q € X, the function u, that parametrizes the immersion is Lipschitz and satisfies an equality of the

following type:

v/ 1+ |Oug|?

for a certain smooth function f. This tells us that the function wu, is smooth. Since then holds
classically, u, is also convex, and we obtain that ¢ is a smooth immersion and g := ¢o(M) is a
smooth, convex hypersurface of R*!. Since ¥y is diffeomorphic to a round sphere, the same argument
used to build the parametrization in the proof of [3.1|tells us that ¢ is actually an embedding. From [30]
and the volume condition in (L.2), we conclude that A\g = 1 and ¢o(M) must be a Wulff shape W + ¢
for some vector ¢ € R™*!. Up to translation, we assume ¢ = 0. Now we easily define n*: W — XF,
n* = o ©o 1 and obtain that n* converges to the identity map Id: W — W weakly in W?2?. U

The results obtained give us a priori only a qualitative C'-closeness. Insofar we have proved the
following result:

Corollary 4.8. Let ¥ C R™! be a closed hypersurface satisfying conditions (1.2)). Then for every
e > 0 there exists do(n, p, W, co) > 0 with the following property. If ¥ satisfies (1.3)), then there exists
a map n: W — X such that

(4.7) ”77 — IdHCLO‘(W) <e.

We show how (4.7)) yields the desired graph parametrization. Let ¥ be a closed hypersurface that
satisfies the assumptions of Corollary Let B:(W) be the tubular neighbourhood associated to W.
We denote by P the natural projection over the Wulff shape, that is

P:B.W)— W, P:q=xz+ pry(r) — x.

The map P is Lipschitz and smooth. Moreover, it can be proved that for every g € B.W, the differential
dP)| q" Rt T P(q)VV is surjective and satisfies the property

(4.8) dP|,[:] =0 & z = vw(P(q)), A €R.
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See [22, Ch. 5] for the details. Since ¥ satisfies Corollary [4.8/and hence estimate (4.7), then ¥ C B.(W)
and we can set p := Pl|s,. Therefore, p is a smooth, Lipschitz map from ¥ to W and satisfies

(4.9) sup [¢ — p(q)| <e.
qeX
We claim that p also satisfies:
(4.10) Sup vs(q) —vw(p())| < Cn, W)e.
q€

If the claim is true, then p is a local diffeomorphism: indeed, since vy (p(q)) ¢ T, for every ¢ € 3, by
dp| q has maximal rank at every point ¢ € ¥. Hence p is a local diffeomorphism, and since the
Waulff shape is diffeomorphic to the sphere, the same argument made in the isotropic case proves it is a
global diffeomorphism. Then the inverse ¢ (z) = = + u(z)vw(x) is the desired radial parametrization
and from inequalities and we obtain that v is small in the C''-norm.

Now we prove the claim. Let ¢ € ¥ be fixed, and let z € W be given so that ¢ = n(z). From
we know that

lg—p(9)| <e,
and from we know that
(4.11) lg—z2 <&, |vs(g) —vw(2)| <e.
Patching the inequalities together, we get

Ip(q) — 2| < 2e.

Since the Wulff shape is convex, necessarily z must belong to a graph parametrisation ) : B — W
centered in p(q), provided that £ > 0 is sufficiently small. By convexity, we easily notice that

lvw(p(q)) — vw(2)] < c(n, W)e.
Patching this inequality with (4.11) we obtain the claim, and we conclude the proof of Proposition

Conclusion. Recalling Definition and combining Proposition Theoremand [13, Proposition
7.1], we obtain the following result.

Proposition 4.9. Under the hypothesis of Proposition[{.4 we have the additional estimate:

(4.12) lu = @ullwerow) < C(ISEO) o) + ellullwerow))-
where C' = C(n, p, W).
We end the section by getting rid of the function ¢,, in estimate (4.12]), that is, proving the following:

Proposition 4.10. Let ¥ be a closed hypersurface in R* satisfying and , so that the
estimates of Propositions [{.4] and[{.9 hold for a radial anisotropic parametrization 1. There exist
go > 0, Cy > 0 depending only on W with the following property. If holds with € < g¢, then there
exists ¢ = c¢(X) € R™ ! such that ¥ — ¢ still admits a radial parametrization

Ve: W — X —¢, ¢c(x) =2+ uc(x)vw(z),
and u. satisfies:

[uellcr < Coe,
(Ue, pw)rz =0  for every ¢, defined as in (4.2)).

Proof. We divide the proof into three main steps.
Step 1. For any positive constant Cy there exist positive numbers e, Co depending only on W, C1 with
the following property. For every c € IBBEFEI, the hypersurface ¥ := 3 — ¢ is still a graph over W, and
its radius u. satisfies

[ucllcrowy < Coe.
We consider ¢ so small that Y. is still in the 2e-tubular neighborhood of W. Again, we argue by
proving that the projection map

Pe: e — W, peiq=1x+urw(x) — x

is a diffeomorphism. Following the same strategy of the proof of Proposition [£.4] we just need to show
that vy (pe(q)) ¢ TyX. for every g € X.. Let then g € ¥, be given. By the very definition of ., we
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have that ¢ := ¢ — ¢ € 3. Moreover, since X is a graph over W with radius u, there exists x € VW such
that ¢ = z + u(x)vw(z). By the computation made in [I3, App. B], we deduce

(4.13) lvs(q) —vw(x)] < C(W)e.
Since X, = ¥ + ¢, we know that vs(q) = v, (§+ ¢) = vs.(¢). On the other hand,
(4.14) lvw(pe(q)) —vw(z)| <e.

Combining (4.13)) with (4.14)), we deduce that

s (@) = vw(pe(@)| = [vs(@) = vw(pe(@))] < |vs(q) — vw(@)] + [pw(@) — rw(pc(9))] é Ce.

This shows that for ¢ sufficiently small, vy (p.(q)) ¢ T2, and thus we can conclude as in the proof
of Theorem [£.41
Step 2. We consider the map

n
D: IBBEFEI — R ®(e) = Z(uc, Ouw; ) [2W;
i=1

where ., w; are defined in Definition (4.1). Then there exists a constant Cs depending on Cy such
that the following estimate holds:

(4.15) |®(c) — ®(0) — ¢| < Cse?.
Indeed, for every ¢ such that |¢| < Cy e we find
dyp(X — e, W) < dgp(X — ¢, ) + dup (X, W) < (C1 + 1)e.
Arguing as in the Step 1, it is easy to see that also the function u, satisfies the estimates
(4.16) lucler < Cln, W,

We start the linearisation with the following simple consideration: for every z € W there exists
T = z.(2) € W so that

Ye(2) = Y(ze(2)) — ¢
We expand this equality and find
(4.17) 2 u(2) v (2) = 2ol2) + ule(2)rwlae(2) — c.
Using the C%-smallness of u and u., we can easily see that z. = x.(z) satisfies the relation
|ze(2) — 2| < C(n, W)e.
This approximation, combined with , gives an estimate of u close to z:

(4.18) lu(z(2)) —u(z)| < C(n, W)e2.
We evaluate F'* in the point in :
Pzt uo) mw(2) = F*(@el2) + ulze() vwlae(2) — ¢) |

“luc(2) dF* L (DR =ltu(ee(2)) dF*|, (o low (we(2))]— dF*|, . [ +R

where
IR| < C(n, W)e2.
Plugging in the previous equality the gauge property (1.1)), we obtain

[uc(2)(pw(2), v (2)) — wlze(2)) (v (@e), vw(@e)) + (e, vw(ae))| < Cln, W)e?,

which by (4.18) reads
(4.19) luc(z) —u(z) + (¢, vw(z))| < C(n, W)az.
(2)
=pc(z

Integrating over W and using (4.19)), we conclude the proof of Step 2.
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Step 3. Conclusion. In order to obtain the thesis, we will prove the following claim (the proof of Claim
is postponed right after this proof):

Claim Let G be a continuous map G: BIT — R*™ 1 which satisfies the estimate

1
(4.20) |G(z) —a—2|<e VaxecB! with |a| < 10

Then G must have 0 in its image if € is sufficiently small.

This claim gives us the thesis since we can always reduce to this case by choosing a C; big enough
(depending only on n and W) and via a proper rescaling. Indeed, we can define

~ Ciec)
d: B — R 2(Ciee)
1 (€)= T2
and observe that
- ®(0) 1 @13 C(n, W)e
P(c) — —c| = —|®(C C < 7
(c) Cre Cle| (Crec) = @(0) — Crec| < cr
Moreover,
[200)]_ . C(n, W) _ 1
Cie — 1 - 10
if we choose the proper C1(n, W). Therefore, by the claim, we can find ¢ € B?H such that ®(¢) = 0,
i.e. ®(Cie¢) =0, and we have finished. O

Proof of Claim. We argue by contradiction, and assume that 0 is not in the image of G. Therefore,
the rescaled map

G 1
= —: Byt —§"
Gl
is well defined. Now, we know that G satisfies (4.20]). Thus, we obtain:
(4.21) IG(z)]? =|a+ x> +|G(z) —a—z]* +2(a+z, G(x) —a—z) =1+ |a]* + 2(a, z) + R,
where |R| < C(n, W)e. From (4.21)) we have:

79 121
(4.22) 00~ C(n, W)e < |G(2)]* < T C(n, W)e.
We use inequalities (4.20) (4.21)) and (|4.22|) to infer the following estimate:
G
@) 1= | G ~ 7| = g €@ - 6@l
= G]ICE) —a— 2+ a+a(l— [G@D] € gilal +Ce+ 1= [G@)

= \/7910 Ce ( + \{; + Cf) \/17; \/ze (1 + C\[) ? +COVe

where the constant C' depends only on n and W. Therefore, for every 0 < £ < 1 sufficiently small, we
obtain

(4.23) |€(z) — x| < 2 for every x € S".

Therefore the map £ := {|g. defined as the restriction of ¢ to the sphere is well defined. The thesis
follows by a simple application of topological degree theory, which can be found in [22] Ch.5]: since
¢ is the restriction of a map on the sphere, it must have degree equal to 0, but easily implies
that £ is homotopic to the identity, and therefore it must have degree equal to 1, giving the desired
contradiction. O

Proof of Theorem [I.3. We observe that Proposition implies that u,. satisfies an improved version

of (4.12), that is:
lellwe. ooy < C(I8R(2)|zoe) + elluellwerow))-
This in particular concludes the proof of Theorem [T.2} O
5. QUASI EINSTEIN HYPERSURFACES

In this section we focus on the proof of Theorem [I.5] and Theorem [I.6] We first recall the geometric
quantities involved:
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Geometric quantities. We fix the sign convention for the main geometric quantities we are going to
study in this section. We define
R(X,Y)Z:=V3 xZ - VxyZ
The Riemann curvature is the 4-covariant tensor given by lowering one index in the previous expression.
Riem(X, Y, Z, W) = (R(X, Y)Z, W)
The Ricci curvature is the 2-covariant tensor given by taking the (1, 3)-trace of the Riemann curvature:
Ric; := gP Riem;pjq -
Finally, the scalar curvature is given by taking the trace of the Ricci curvature:
R=g" Ric;; .
We recall the following well known corollary of the differential Bianchi identity (see [I7, p. 184]), which
relates the derivatives of the Ricci curvature with the derivatives of the scalar curvature.

Lemma 5.1. Let (M, g) be an n-dimensional Riemannian manifold, with n > 3. The following
equation holds:

1
div Ric = §VR

Moreover, we recall the Gauss equation for hypersurfaces in a Euclidean space (see [I7, Thm 5.5]):

Theorem 5.2. Let ¥ be a hypersurface in R"1. Then the following equation holds:
) 1

(5.1) Rlemijkl = §(h O h)z'jkl = hp, hjl — hy hjk-

Contracting the indices in (5.1) we obtain

Ric;j = Hhij — h¥hy;.
We now proceed to give the idea of the proof of Theorem [1.5 and Theorem The strategy we

would like to use is basically the same as the one used for Theorem that is:
Let us consider a sequence of hypersurfaces (Xj),cy satisfying either (1.7) or (1.9, and

. o k
h}gnHRlc zr(s,) = 0.

Firstly, we estimate the diameter of ¥j and consider a (not relabeled) subsequence ¥ that converges
in the Hausdorff distance to a subset £y C R™t!. If ¥ were a smooth manifold, and if the decay of
the traceless Ricci tensor passed to the limit, than ¥ would be a smooth, closed Einstein manifold
in R"*!, which is necessarily the round sphere. Then, performing a fine analysis of the g, we would
obtain than every graph parametrisation of ¥; must converge to the graph parametrisation of the
sphere, and thus we could build the same proof made for Theorem [1.3

The problem here are the two ifs above, which need to be motivated. First of all, the set ¥y we
will find is a priori only a compact subset in R"*!; moreover, the Ricci operator is not elliptic when
viewed as a differential operator acting on the function which describes ¥ as a graph parametrisation.
Also if we consider the Gauss equation and consider the associated polynomial equation for the
eigenvalues of h, then the equality

Ric=(n—1)A

implies h = AId only when A > 0. Thus, we also need to prove the positivity of A in order to achieve
our result.

We split the proof of the qualitative closeness into two main propositions.

Proposition 5.3. Let ¢: B — R™! be a sequence of graph parametrizations, and let then
Graph(ug, B%) be their image. Assume that every uy, satisfies the following properties:

uk(O) = 0, 8uk(0) = 0,‘

[ugllw2» < co;

up — ug weakly in W»P;

the sequence of hypersurfaces (Graph(ug, BR)),cy satisfies

1i}£n|yRic’f —(n — 1)Xog*||zr = 0.

Then there exists a radius 0 < py = po(n, p, co) such that the function ug is smooth (actually analytic)

in B, , and the hypersurface Graph(ug, B}, ) is Einstein.
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Proposition 5.4. For every € > 0 there exists 0 < § = d(n, p, co, €) with the following property.
Let X be a closed hypersurface in R"Y satisfying either (1.7) or (1.9). If |[Ric —(n — 1)Aog|l» <6,
then Ao > 0, and for every q € ¥, the graph parametrisation 4 satisfies:

ug() — u&l(m - 1)

<e

o1

where p1g = v/ Ag.

Combining these two propositions, we obtain the C'-closeness, and then we show how to conclude,
proving an improved oscillation result:

Proposition 5.5. Let n > 2 be given, ad let ¥ be a closed hypersurface in R"* such that Vol, (%) =
Vol,,(S™). Assume X satisfies one of two following hypothesis:

a) X is convex, and ||h||rr(s) < co for some 1 < p < oc.
b) fo R=: R >0 and ||h||1r(x) < co for somen < p < occ.
Then the following inequality holds.

(52) < C(TL, b, CO)HIiiCHLP(E)'

Lr(S)

_ R
Riem —mg D g

5.1. Proof of the C'-closeness. We start by proving the first proposition.

Proof of Proposition[5.3. The proof uses the concept of harmonic coordinates. We recall the definition:
given a manifold (M, g) and an open set U C M a mapping y: U — R"*! is said to be a harmonic
chart if it is a diffeomorphism and if it satisfies the equation

Agy = 0.

The functions y', ... y™ are called harmonic coordinates. A detailed study on the topic can be found
in [23] Sec. 8.10, p.523] or [32, Ch. 10, Sec. 2.3]. Harmonic coordinates have several properties which

make them very suitable for our problem. Indeed, the following expression holds:
1 . - .
(5.3) - iAggij + Qij(g, 9g) = Ric]; for every indices i, j,
where g;; := g(aiyi, %), Qi; is a universal polynomial depending on g and its first derivatives Og.
The computations can be found in [32, Ch. 10, Sec. 2.3].
In the aforementioned references however, the authors work under stronger regularity assumptions

on the metric. In our case we ought to perform a finer study. We prove the following result.
Lemma 5.6. Let u: B — R be given so that u(0) = 0, 0u(0) = 0, [lullw2r@n) < co. Set

G, = Graph(u, B})) for 0 < p < R. Then there exist 0 < py = po(n, p, co) and a diffeomorphism
n: Gp, — R™ such that

Agn =0, [Inllw2rq,,) < co;
with Ay being the Laplace-Beltrami operator associate to the manifold G, .

Proof. By pull-back we work on the sequence ( B gk)keN’ with ¢* = 6 + Ouy, ® duy. We are going to
show the existence of a 0 < pg = (n, p, cp) < R such that the map 7: By, — R" defined by

Agn=0in B},
Moy, =
is a diffeomorphism and satisfies ||7||y2» < co. In order to simplify the proof, we will consider a

rescaled version the problem. Firstly, let us recall the expression in chart of the Laplace-Beltrami

operator:
1

— ) ij9.
(5.4) A, \/(m({)z<\/detgg aj).

Let n: B) — R™ be a map satisfying Agn = 0. We say that the map

n(pz)
p

Np: BY — R", ny(2) ==
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satisfies Ay 1, = 0, where Ay is the Laplace-Beltrami operator associated to the metric g,(2) := g(pz),
defined on the ball BY. Indeed, if we set a/ := \/det gg*/ and aﬁf = /det gpgf)j , then

0; (aj)jajnp) (2) = Biazj(z)ajnp(z) + a?(z)@?jnp(z)
= p(3:a" (p2)0m(p=) + " (p2)0m(p=)) = p0. (a0 (p2) = 0.
Moreover, since g = § + Ou ® Ju and u satisfies u(0) = |0u(0)| = 0 and ||ul|2,, < co, then we also have
}}_%HQ;) = 8llwrr@p) = 0.

We have reduced the problem to the following formulation:

Claim There exists 0 < g = €o(n, p) with the following property. If g is a metric on B} such that
lg — éllw1.» < €p, then there exists a diffeomorphism 7: B — R such that

Agn =0, [[n—Id|ly2» < €0
We now prove the Claim showing that the only solution 7 of the problem
{Agn =0,
Mop, =
is a diffeomorphism, provided that e¢ is sufficiently small. The solution 7 exists and it is smooth, since

the coeflicients are smooth. We prove that 7 satisfies the aforementioned a priori W2 P-estimate and is
a diffeomorphism in B;. From ([5.4) we get that our equation is of the divergence form:

8,-((1”@-77) = 0, where [|a¥ — 67|y, < €.

Since n < p, we have that the Sobolev closeness is also a C% ®-closeness, thus we obtain that for e
sufficiently small the matrix a = a¥ satisfies the bound

1
—0<a<2
2

in the sense of quadratic forms. This bound will be useful when we will deal with sequences of metrics
converging weakly, because it passes to the limit and triggers the classical elliptic theory for weak
solutions (see [I8]). Now we conclude:

[ — CUHWM(]B’;) < C(n, p)[[Ag(n — w)HLP(B?) = CHAQCUHLP(B?)v

and therefore
8yt = ——0(Vaet gg 0t = ———o( Vet gg")
Vdetg ’ Vdetg
= 0ig™ + tr(¢"0igpq) g™
From this computation we obtain
[n = zllwe2r@n) < Cn, p)llg = dllwrr@n < Ceo,

and for g sufficiently small we obtain the desired Claim. O

We use Lemma to prove Proposition Indeed, let ¢y, up and Graph(ug, B) be as in the
hypothesis of Proposition Using the pull-back, we work in (B%, gk). Since ur — ug weakly in
WP and n < p by hypothesis, we know that uj — ug strongly in C1 @, then duy ® Ouy, — Oug ® dug
strongly in C%<, and
(5.5) Dup @ ui, + Ouy @ O%uy — 0%uy @ dug + Oug @ g in LP.

B(Ou@dur) A(Buo®@dug)

From (5.5) we deduce g* — ¢° = & 4+ Oug ® dup in WHP. We consider then harmonic coordinates
Nk : By, — R™ built as in Lemma From the discussion made above, one can easily infer that n

converges weakly in W2 P to the vector valued function g which is of class W?? and weakly solves

the system
{Agono = 07

=z
Mo ‘ 81[%;10 )
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Let us now call

o 0 0 [ 0 }
k k

i = — - |, where — :=d 2P
g <37712 877%) o~ ot
Then every gfj solves system ([5.3]), namely

1 .

with Ricfj := RicF ( 8?72 ) 82,{)' Then, this equation passes to the limit in g?j =g’ ( 87673 ) 8?;3)’ which

solves the distributional equation

1
(5.6) - §Ag09?j +Qij(9°, 89°) = Mg

Following the computations leading to equation (/5.3 as made in [32), Sec. 2.3], we can easily notice
that the polynomial Q);; (g°, 9g°) is of class LP/2. Therefore we can apply the bootstrap technique to
deduce regularity. Indeed, every g?j is a W P-weak solution of the equation

L[v] = f,
where f is a LP/2-function. By the Morrey estimates, we know that every g% is actually in W2?/2,
and in particular
n(p/2) np

dg° € L®/Y", where (p/2)" = — (n/2) ~ 2 —p’

A straightforward computation shows

(p/2)" >p & >pep>n,

n
2n—p
and therefore every Q;;(¢%, 99°) € LP/2 for some p; = (p/2) > p. We proceed inductively until we
find Q;;(¢°, 99°) € LPN/2 for some py > 2n. In this case, we obtain that every g% € CH@. At this
point, we notice that Q;;(¢°, dg°) € C%“. From the Schauder estimates we infer that every g% cC?*e,

thus rendering a¥, Q;; € C*®. Inductively we obtain that ¢° is in Ck @ therefore it is smooth. It
can be also proved, that in this context, the metric is actually analytic, and hence we obtain our
desired regularity. We refer to [I8] for an overall synthesis on all the aforementioned estimates and
elliptic regularity results. Since ¢ is regular and satisfies , then the hypersurface Graph(ug, IB%ZO)

is Einstein and Ric = A\gg°. U
Now we deal with Proposition

Proof of Proposition[5.4. Again we need a useful lemma.
Lemma 5.7. If ¥ satisfies either (1.7)) or (L.9)), then there exists 0 < Dy = Doy(n, p, co) such that
diamg b)) < Do.

Proof. A smooth, closed hypersurface satisfying either or allows us to apply Lemma
(see Remark . Now we consider two points pg, ¢ € X, such that dg4(po, ¢) = diamg(X). Such points
clearly exist by compactness. By virtue of Lemma we are able to find Q geodesic balls BY, ... Bé,
with the following properties: pg € BY, ¢ € By, B/ N B, # @ and Q < N, where N = N(n, co, p)
is the natural number given by Lemma [2.2] Then, for every ¢ = 1,...,Q — 1 we choose a point
pi € BYnBY t1, and set pg = q. Naturally, since p;, pi+1 € BY, the following inequality holds:

dg(pi,qi) < 2R.

Then by triangle inequality, we find our desired bound.

Q-1

diamg () = dg(po, q) = dg(po, pQ) < D, dg(pi, pit1) < 2QR = D(n, p, co).
=0
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We now come to the proof of Proposition Let us argue by compactness, and let (Xj), .y be a
sequence of closed hypersurfaces satisfying either ((1.7) or (|1.9) and satisfying

1il£nHRic9’“ —(n = DAog"|lpr = 0.

Up to translations, we can assume b(Xy) = 0 for every k € N, where

B(S) = ][E rdV(x)

denotes again the barycentre of ¥;. Then, by Lemma the sequence (Xj),cy is a sequence of
compact sets, all enclosed in a ball. Hence, we can use the classical compactness theorem of Hausdorff
to extract a subsequence converging in the Hausdorff distance to a compact set g C R*T1. Let gg € 3o
be a point that attains the maximum distance from 0, i.e.

2 2
|qo] —lqg%gglql :

Let then (qx),cn be a sequence of points g, € 3, converging to qo, and ¢y be the associated graph
parametrizations with center ¢, and width R. Then, up to subsequences, ¢}, converges weakly in 2P
to a function ¢g: B% — R™ L. Since

©r(2) = g + Py (ui{zz)) ,

it is obvious that ®,, — ®g and u* — uy weakly in W2P. Hence ¢ is a graph parametrisation, and
©0(0) = qo, po(B%) C Xo. Moreover, since the isometries @, clearly alter neither the final result nor the
proof, we are therefore in the hypothesis of Proposition [5.3] and obtain that ug is actually smooth and
¢o(Bj,) = Graph(ug, B))) C ¥ is a smooth, Einstein manifold. The map o has another remarkable
property: it satisfies

p(0)[* = |go|* = max [p(z)|>.

zEB;}O
Deriving twice, we obtain the following equalities holding in 0:

(Dipo, £0(0)) =0,  *0(0) < 0= (9700, ©0(0)) + (Dipo, Djee0) <0,

=(q0) L =T =—|qo| 1A =9ij

from which we obtain the equality
(5.7) h|

Equality (5.7) holds just in one point, but it is enough: indeed, o(Bj) ) is smooth and Einstein, thus
at go we also have the estimate:

(n—1) (n—1)
ol 7=

1

(n —1)Aog = Ric > D2 o7

and hence Ao > 0. Since g parametrizes an Einstein hypersurface, the equality holds in the whole
ball B . Thanks to Theorem we obtain that h = g, where ug = v/Ap. This tells us that g

parametrizes a portion of a round sphere with radius j, ! Since oy converges weakly to ¢o in WP, we
obtain that also the associated function u* converge to ug* (\ /1 — p3lx]? — 1) weakly in W2P. Since

n < p the convergence is also strong in C1'®. The study we made insofar works not only for ¢q but for
every possible parametrization: let us go back to our sequence (Xj);cy of closed hypersurface. Now
we know that A\g > 0, and thus for every sequence g € X, for every i graph parametrisation with
center ¢, and width pg, we obtain that every weak limit must parametrize a portion of a sphere with

radius Sz_l with () = pg* (1 /1 — pd|z|? — 1) as parametrization, and the convergence is strong in
0
C'. This proves the proposition. O

Now we repeat the very same passages made in the proof of Theorem [I.3] and we easily obtain the
corollary:
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Corollary 5.8. For every 0 < € there exists 0 < 6 = d(n, p, co, €) with the following property.
Let ¥ be a closed hypersurface in R" ! satisfying either (1.7) or (1.9). If [Ric||zp(s) = 0, then there
exists a vector ¢ € R"! such that b(X — ¢) = 0, and the radial parametrization
Vi S — %, h(z) =@y
is well defined. Moreover ||f|lcr < e.

This concludes the study of the qualitative C'-closeness.

5.2. The oscillation argument: proof of Proposition |5 The proof of Proposition relies on
the following oscillation lemma, whose L?-version has been proved under weaker assumptlons in [6].

Lemma 5.9. Let ¥ be a closed, convex hypersurface in R . Assume % satisfies condition a) or
condition b) as in Proposition (5.5)). In the latter one, the positivity assumption of R is not required.
Then the following inequality holds.

HR _R‘ Lr(x)

We prove Lemma [5.9] in Appendix [6] From Lemma we wish to derive Proposition Since
the second fundamental form is a symmetric tensor, we know by the spectral theorem that it is
diagonalizable. Let A1, ...\, be its eigenvalues. Our idea to use equation in order to interpret
as a polynomial inequality involving the eigenvalues of h. Let us define indeed the polynomials

< C(n, p, co)|[Ric| 1(x).

(5.8) p(\) = i[h(A) O h(N) — k6 ® 8 =S (ks — k)2,
ij
2
(5.9) a(\) = [HORO) = AN = (n =1 ms\ ( (Z)\ ) (n—1) ) .
i 1#£]

Here v € R, and in general we choose it so that n(n — 1)k = R. Using this notation we can let
Proposition easily follow from the following lemma.

Lemma 5.10. Let 0 < s be given. Then there exist constants ci1, co, depending on n such that
p(N)
q(A)
From Lemma [5.10| we easily conclude by integrating the mequahty for the eigenvalues of h. Indeed,
if the mean of the scalar curvature R is positive, then from Lemmas and E 5.10| we obtain:
R
Riem ———
e 2n(n — 1)9 Oy

cq < < c9, for any X € R.

< C(n, p)|[Ric —(n — 1)rgll, < C(n, p, co)|[Riclp.
p

= HRiem—g gd g

The positivity of the quantity R is easily recovered also in case a): it is straightforward to prove
that closed, convex and smooth manifolds have positive mean of the scalar curvature. This quantity is
trivially non-negative since we have the formula

R=>) A\j,
1#]
and all the )\; are non-negative by convexity. Let us show that the quantity R is actually positive. We
consider the function
E:peX—s|p°
Let pg be a maximum for £, and ¢g: B — 3 be a graph parametrisation around po, i.e. ¢o(0) = po.
Since pg is the maximum of &, we notice that g satisfies

2 o 2
[p(0)]* = |pol® —ngg;!w( z)|".

Deriving twice, we obtain the following equalities holding in 0:
(D0, o(0)) =0, 9%p(0) < 0= (97,90, v0(0)) + (Dio, Djepo) <0,

=(po) Lt =Tpy = =—|po|~thyj =9ij

from which we obtain the equality
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Thus the function R =3, \;\; is non-negative and positive in a neighbourhood of pg, hence R > 0.
Let us prove Lemma @ and conclude.

Proof of Lemma[5.10. We first show that the polynomials p and ¢ defined by (5.8)) and (5.9) have the
same zeros. Let Z(p) :={p =0} and Z(q) := { ¢ = 0 } be the zero sets of p, ¢, respectively. We claim
that:

(5.10) Z(p) = Z(q) = { Ve, —/ke }, where e := iei.
i=1

We split the proof of Lemma into four main parts. In the first two parts we prove Claim ((5.10)
for p and ¢ respectively. In the third part we study the behaviour of the ratio p/q as |\| approaches co.
In the fourth part we study the behaviour of p/r as A — £y/ke. From this analysis the lemma will
easily follow.

Zeros of p. Let A = (A1, ... \,) be given so that p(\) = 0. Since p is a sum of squares, we get:

(5.11) Ai\j = K, for every i # j.
Since 0 < k we also know that \; # 0 for every i. Then, for every i # j # k we immediately find:
)\i)\j = )\J)\k = )‘j =\ =: t,

from which we deduce A = te for some t # 0. From (5.11)) we immediately deduce t?* = x and the
thesis.

Zeros of q. Let A\ = (A1, ... \,) be given so that g(\) = 0. Since ¢ is a sum of squares, we infer the
following system:

(5.12) H)\; — A2 = (n — 1)x, for every i,

P =

where we have set
n

H:=> Ai=(\e).

i=1
Notice that from ([5.12)) we have that A; # 0 for every i. Again, we claim that \; = \; for every i, j. If
the claim is true, system (5.12) for A = te is reduced to

(n—1)t* = (n—1)x,

and this proves our claim. Let us assume by contradiction that there exist two indices ¢, j such that

Ai # Aj. From (5.12)) we infer

(5.13) HXi =X =HXN =X = HX—Xj) =X = \) = H=X\+\j.
Substituting ((5.13) in , we obtain

(5.14) )\i)\j = (n — 1)/@,

(5.15) (N + X)) A — Ai = (n— 1)k, for every h # i, j.

Assume there exists A, # A;. From equalities (5.14)) and ([5.15]) we obtain:
Aidj = (X + 0) A — A = A (A — ) = A — M),

from which we easily infer A\, = A;. Therefore the coefficients A1, ... A\, of the point A can take at
most two different values. Call them a and b, and assume a appears k times and b appears n — k times
in the coordinates of A. From equality (5.13)) we have

(k—1Da+ (n—k—1)b=0.

If both £ — 1 and n — k — 1 are positive, then a and b must have different sign, and equation @ is
violated. If one of them is 0, say k — 1 = 0, then we must have b = 0, but again equation @ would
be violated. Hence all the values are equal, and we easily find the thesis. Notice how the estimate fails
when n = 2. In this case, equality is not useful, and the polynomials p and ¢ degenerate to

p(N) = a(N) = (Mide — 5)%,
and therefore Z(p) = Z(q) = { (z, y) € R? | zy = }.
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Boundedness at infinity. Now we show that the ratio p(A)/q()) is bounded from above and below when
|A| attains large values. A simple computation shows:
lim inf p—(A) = inf Z#] , lim sup p—()\) = Z#] tJ

= sup .
M=o g(A)  Aesn DY (Z#j )\j) oo 4(A)  xesn Y, A2 (Zi# )\j>2

Note that this case represents the study of the ratio p(\)/q(\) in the case k = 0. Let us do the
computation. Firstly, we claim that in this case the zero sets in the sphere of p and ¢ are finite and
satisfy

The claim is straightforward for p. For q, let us consider a point A € S™ so that g(\) = 0. Keeping the
notation used above, we have the equality:

(5.16) M(H — )\)? =0, for every i.

Since A € S”, then there must exist an index 4 such that A\; # 0. Therefore H = A; must hold. If \; =0
for all indices j # 7, then necessarily A = A\;e; and \; = %1, as claimed. If A\; # 0 for some j, then the
equality H = A; must hold and hence A\; = \;. We immediately deduce that the set { A1, ... A, } can
take only the values 0 and ¢ for some t # 0, and not all A; can be 0 because A € S". Let us assume
w.l.o.g. that A\ = --- =Xy =t and \yy1 =--- = A, = 0. From this we can write the equation (}5.16)
as

k(k — 1)t =0,
from which we infer £ = 1, and thus the claim.
We show now how the ratio p/q is bounded near the zeros of p and ¢q. By symmetry, it is enough
to consider the limit for A — e;. Now we write u := A — ey, so that we can study the limit as 4 — 0.
Denoting p(u) := p(e1 + u), G(p) := q(e1 + p), we easily obtain

2
) =2 s +0(ul®), dlw) = u (Zug) +O0(|ul),
7j=2

=2

where O(|u|¥) is a quantity which satisfies |O(|u|¥)| < C(n, k)|u|¥. Therefore we can rewrite the ratio
as

plp) 24 0(|pl)
q(p) 1T+ R(p) +O(|ul)’
where R satisfies
()
0 < R(p) = g < C(n),
Jj= 2’“‘]

from which we easily deduce the upper and lower bounds.

Boundedness near the zeros. We study now the behaviour of the ratio p(A)/q(\) when A approaches
the values ++/ke. Again, by symmetry it is enough to study the limit at \/ke. We write u := XA — \/ke,
and define again p(u) := p(v/ke1 + p), G(u) = q(\/rke1 + p). A straight computation for p shows:

i) = 3 (i + VE) (g + V) = 5)* =S (ol + ) + pag)”

i#] i#]
n n
=k (i + )+ O(ul’) = 830> 7+ 2pip; + 11 + O(|pl’) = 26(n — 2)|pl* + O(|ul?).
i#j i=1j=1
J#i

For ¢ we have a similar expression:

d(u)—i(uﬁfﬁj(uﬁx/ﬁ) n—l) Zn:( (n—l)erZuj)JrO(!u!Q))

i=1 j#i i=1 j#i

- Z( ((n = 2)psi + H(p) + O(luP))” = & 32((n — 2)pss + H)* + O(|u)

i=1 i=1
n—2)%k|ul* + (3n — 4)kH (1)* + O(|ul?),
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where again H(p) = >_; pt. From these computations we can easily deduce the lemma. Indeed,

pu) _ 240(u)
Q) ~ -2+ R(u)+ Oul)

where

(30— ) H(p)?

2 < (C(n),
CEDITE

and the lemma is proved. ]

0<R(p) =

5.3. Conclusion. Corollary is not enough to conclude the estimate, because the Ricci operator
seen as differential operator on f is not elliptic. We shall conclude the proof of Theorem and
Theorem [I.6] with an idea, that reduces it to an application of Theorem [I.3] First of all, let us show an

easy corollary of
Corollary 5.11. Under the hypothesis of Corollary[5.8, we have the inequality:
IR —n(n—1)| <C(n, p, co)e.

Proof. The proof has basically already been given in [I9, Lemma 3.7]. Indeed, although we lack the
convexity assumption, from the C'-closeness we are still able to obtain [I9, Equation (3.29)]

(5.17) R=n(n—1)=2(n—1)(Asf + f) + (Af)> = |V2f2+ R,
where R satisfies
R < Ce (If1+Vf]+IVf).

Since

/ R‘ < C(TL, b, 60)57

Sn

we integrate ((5.17) and obtain the corollary. O
Now we can complete the proof of Theorem and Theorem

Proof of Theorem[1.5. This will follow directly by the proof of Theorem [I.3] Indeed, in this case the
strict convexity is translated into an inequality between the traceless Ricci and the traceless second
fundamental form, that we would not normally have. Contracting the indices in , we have the
equation:

Ric) = Hhj — hih5.
Let then A1 < --- < A, be the eigenvalues of h. Then the Ricci tensor has eigenvalues A1, ... A, which
satisfy the following equality:

Aj=X> A Vi=1,...,n
J#k
By assumption , we know that A\; > A for every j =1,...,n, and this allows us to perform the
following estimate:

2
Ricl> =Y A — AP =" ( > /\k> i = NP> (n =220 I\ = AP = (n = 2)°A% AP,

i#j i#j \k#i,j i#j
from which we deduce
[hllzr sy < C(n, p, A)||Ricl|r(s)-

This shows how in the strictly convex case, having small LP-norm of the traceless Ricci tensor implies
having small LP-norm of the traceless second fundamental form.

We choose d sufficiently small so that the hypothesis of [1.3| holds, and thus we find a vector ¢ = ¢(X)
such that the associated radial parametrization 1: S™ — ¥ — ¢ satisfies

9 = 1d]ly2.p(gny < CllAllLe < C|[Ric]|Lo(s),
as desired. i
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Proof of Theorem[1.6, Let us write R = n(n — 1)k, and assume |k — 1| < 3.
We denote with A\; < ... < )\, the eigenvalues of h and we consider x := mﬁ. As proved in

Corollary we can choose § < dp so that x is between 1/2 and 2. Then, given Proposition we
rewrite inequality (5.2) in terms of the eigenvalues of h and obtain

(5.18) 1Ais — Al < CIRicllzs, Vi # J.
From (5.18]), we easily infer for every k =1,...,n
(5.19) 1M = Al < C[Ric] o
Now, for every 0 < A? < k, we define

Exn:={qeX: | A(q)]>A}.

We use the set £y and its complement in order to perform an estimate on the difference |A; — A;|.
Indeed, since A\; < --- < A\, < A for every g € Ef, we get the bounds

1 .
[ = A ER |7 < [Ny = 6l pogg ) < ClIRicl| Lo,
which hold for every i # j and 0 < A% < k. Thus we have found

1 .
(5.20) |Ex|? < |Ric|| .

_C
|k — A2
On the other hand, for any ¢, j =1, ...n — 1, i # j we find:

1 G c .
12 = Ajll o) = 1 1A = Ao,y = IRdCl e,

which gives us

C. .
(5.21) % = Ailley) < 5 IRicl 2o
Combining ([5.20) and (5.21)) we obtain
1 1 o
(5.22) %= Ml < € (§ + g ) IRl

This estimate holds for every i # j, i, j = 1, ...n — 1 and for every 0 < A? < k. Equation is
not sufficient to conclude, because it does not give an estimate on the quantity |\, — A;|. This is the
only quantity that prevents this proof to give a linear estimate in , forcing us to introduce the
exponent a. Indeed, to deal with |\, — A;|, we define

Eyn:={qeX||M_1(q)] > A}.
With the very same considerations used to deduce ((5.20]), we obtain

1 o
(5.23) E5|” < | Ric| s

C
Kk — A2
Now we fix ¢ € (n, p). Then, via Holder inequality we get

(5.24) A = Alagzs, < Cn, p. co)l[Ricl 3.
where « is defined as in Theorem Combining (5.23) with (5.24]), we obtain

1 .
(5:25) 0w = Mlo < € (=g +1) IRicl3>
Choosing A = \/g and plugging together (5.22)) and ([5.25)), we deduce

. C o -
1hllze < —=|IRic||2» < V2C|Ric| .
NG

We are thus under the assumptions of Theorem which provide a radial parametrization ¢: S — ¥,
¢ = e/ 1d, and a vector ¢ = ¢(X) such that holds. O



STABILITY FOR ANISOTROPIC NEARLY UMBILICAL AND QUASI EINSTEIN HYPERSURFACES 25

6. APPENDIX

Proof of Proposition and Lemma We recall the equations we are going to study.
(6.1) VHp = div Sp.

2 o
(6.2) VR = 7"2 div Ric,

These equations present clear similarities, since they are all variations of the equation
Vu =divf

in a closed manifold. In both cases, an immediate but naive covering argument may show the existence
of a number A such that

(6.3) [u = Moy < COM)|fll Lo (ar)-

The problem in such argument is that we do not only have to obtain an estimate, but also to keep an
eye on the constant C, which in our case has to depend only on general parameters. We are going
to show an improved estimate which is basically , but gives a better control on the bounding
constant. The technique we are going to use has been used and developed in [31], where the author
deals with the isotropic version of equation . Considered the massive use we are making of this
type of estimates and ideas throughout the paper, we have decided to report the proof. We split it
into the following steps.

e We show by direct computation in graph parametrisation how the two equations can be written
as particular cases of a more general lemma.

e We obtain a local estimate of our desired inequality, with the bounding constant depending on
determined parameters.

e We show how to make the local estimate global without losing the information on the bounding
constant.

Step 1: Unifying the equations. We recall that from Lemma if M = Graph(u, B") is a smooth
graph, then the following formulas hold:

(6.4) Gij = (51'3' + O;u 8ju
. - O'udiu
6.5 V=0 - —
(6:5) g 1+ [0uf?
(6.6) AV, = \/1+ |0ul? dz
(6.7) oIk =o"h;;, where v = Ou

V1+[oul?
We compute the divergence term of equations (6.1]), (6.2)) in graph parametrisation, and notice how
this does not depend on Christoffel symbols.

(6.1) Firstly, we need to prove that equation (6.1 holds. This follows from the computation below.
For notation simplicity, we drop the subscript F' from (Sr); = S; and (Ap); = A;- :

divy Sy = ViSi, = Vi(Ab| 1) = Vi(AL| YhE+ AL Vg
= DALl hiIhh + ALl Vbl = DpAL| hinL + ALl VPhy
= Vi (4| W) = ViHp.

Now we notice how also the last divergence term can be written as a flat divergence. We find
divg Sy = V;iSi = 0:S} + T0,Sp — T, SE = 9;5), + v'hip S} — vPhy S,
= 0;S}, + V' hip ALK — vPhy ALhl = 0,5}, + v' AP (hiphar — hprhyi)
= 0;S}, + v' hiphg(AP1 — A®) = 9,5}

(6.2) We compute the divergence term in equation (6.2)). Firstly we compute the divergence of the
Ricci tensor:

Vi Ricj, = 8; Ricj, +T'}, Ric, —I Ric}, = 9; Ric}, +v"hp Ric, —vPhg Ric),
= 0; Rick +v'hiy (HBY = BERT) — vPhy (HRL — hiht)
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= 9, Ricl, +H (vihiphi - Uphikh;) i (vphikhéhg - Uihiphghz) = 8; Ricl, .

:Uihiphz—yihpkhf:[) :Up(hikhéhg—hpqhghz):()

Now we write Roic;- = Ricé— —%5;, and notice that § is a symmetric tensor. The computation of
it is identical to the previous one, and we are done.

Lastly we write in graph chart V f = 0f, since at the first order the Levi-Civita coincides with the
classical derivations. These computations show how we have reduced the two problems to the following:

Lemma 6.1. Let M C R™""! be a closed hypersurface. Assume ¥ has fived volume V and satisfies the
assumptions of Lemma|2.4, i.e. admits two numbers L and R such that around every q € ¥ we can
find a chart defined on the ball B, which is the graph of a smooth, L-Lipschitz function ug. Assume
there are u: M — R, § € T(T*M @ T*M) that satisfy a differential relation which in every graph
parametrisation at every point admits the following form:

(6.8) ﬁku = Bzﬁg m IBTIL%.
Then there exists a A € R, such that the following estimate holds.
[w = Xlzeary < C(n, p, V, R, L)l 2o (ar)-

Notice that in both cases we are studying, the manifold M satisfies the assumptions of Lemma
as explained in Remark These will be crucial in the proof. In the next step, we prove Lemma [6.1

Step 2: Obtaining local estimates: Proof of Lemma[6.1. We begin by working in the graph, and observe
that u has to satisfy the equation:

A(;u = 6’661%,
where Ay is the flat laplacian. The estimate for this equation follows by applying the classic Calderon-

Zygmund theorem (See [31, Prop. 1.11] for a detailed proof in this particular case). We find a constant
Cyp := C(n, p) and a number A such that

(6.9) = Mlzogeg, ) < Collflzoep)

Estimate is almost what we want. It is indeed a local estimate, but it concerns all Euclidean
quantities. We show how to swap Euclidean measures with manifold metrics, and how to substitute
Fuclidean balls with geodesic balls.

The first follows easily from equation and Remark (2.3). Since Lip(u) < L, we obtain indeed

dz < /14 |0u|® dz = dV, < 1+ L2dz.

Thus the measures are equivalent, and the control constants depend only on L. The same constant L
controls the switch from the Euclidean metric § to the metric g.

Now Lemma [2:2] allows us to pass from Euclidean to geodesic balls and grants our privileged covering
of balls. In particular, we obtain the existence of a radius R such that

min|[u = M| zo(sy(g)) < C(n, p, V. Ly B)|Ifllzecary,  forevery 0<r < R.

Step 3: Making the estimate global. To make the estimate global, we follow the technique used in [31]
p. 6-7] and prove the following lemma.

Lemma 6.2. Let M be a closed manifold, with fixed volume Vol,,(M) =V . Suppose u € C*°(M) has
the following property. There is a radius p such that for every x € M the following local estimate is
satisfied:

(6.10) [ =A@ 2o (B2 (2)) < Py

where A\(x) is a real number depending on x, r < 2p and [ does not depend on x. Then there exists
A € R such that

= Alzeary < Cln, p, V)B.

Proof. We choose a finite covering of balls { (BY, A;) }jv: | which satisfies the following properties. Every

ball B? has radius 2p, estimate ([6.10)) holds with \;, and for every j, k there exists a ball of radius p
contained in BY N By.
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Therefore, given two balls BY and B whose intersection is non empty, we have:

1 1
[Aj — Ml = [Aj = Mell o (BonBe) = [Aj —u+u— el Lo (BInBY
’ Vol,(BY N BY)» W) oL BN By (BjNBy)
1 2p
< (I = Ml o gsonsg) + It = Mellogsonsg) ) <
Vol,,(Bj N B})» ! ! Vol,,(Bj N B})»

Using the properties of the covering we obtain
_1
Aj — Al < 2Voln(B§) v 3.

Define Apin := mini<j<p Aj and Apax := maxi<j<n Aj. Consider a path joining the ball in the cover
with Apin to the one with Apax. Since this path can cross at most N different balls, we obtain

_1
|)\max - )\min| < QNVOIn(Bg) pﬂ = C(na D, P) ﬁ

For every Amin < A < Apax we have

N N
’W—AMAW)SEJW—AMﬂW)SE]W—AW+%—AMQ$)
=1 i=1

N
_1
<D lu=Xjllznse) + 1A — Al Volu(B]) 77

j=1
N 1
< ZH” - Aj”Lﬁ(Bj?) + [Amax — Amin| VOln(B]g) v < Ca(n, p, p) B
j=1
and the proof of Lemma [6.2] is completed. O
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