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ABSTRACT. In this paper we prove uniqueness of blow-ups and CV'°%-regularity for the free-
boundary of minimizers of the Alt-Caffarelli functional at points where one blow-up has an isolated
singularity. We do this by establishing a (log-)epiperimetric inequality for the Weiss energy for
traces close to that of a cone with isolated singularity, whose free-boundary is graphical and
smooth over that of the cone in the sphere. With additional assumptions on the cone, we can
prove a classical epiperimetric inequality which can be applied to deduce a C*® regularity result.
We also show that these additional assumptions are satisfied by the De Silva-Jerison-type cones,
which are the only known examples of minimizing cones with isolated singularity. Our approach
draws a connection between epiperimetric inequalities and the Lojasiewicz inequality, and, to our
knowledge, provides the first regularity result at singular points of the Alt-Caffarelli functional.

1. INTRODUCTION

In this paper we prove a uniqueness of blow-up (with logarithmic decay) and regularity result for
the free-boundary of minimizers of the Alt-Caffarelli functional at points where one blow-up has
an isolated singularity. In the special case where one of the blowups is integrable through rotation
(which includes the only known cones with an isolated singularity), we also get a Holder rate
of convergence to the blowup. We do this by establishing a log-epiperimetric inequality for the
Weiss-monotonicity formula around such singularities (see below for relevant definitions). One
key tool here is the Lojasiewicz inequality. We remark that this is the first regularity result for
singular points of the Alt-Caffarelli functional that we are aware of. Before stating the theorem,
we need to introduce some notation. We shall denote by £ the Alt-Caffarelli functional:

E(u) = /D Vul? dz + |{u>0}nD|, weH'(D,R"), (1.1)

(here and throughout D C R? is a connected open set with Lipschitz regular boundary).

The functional in was first studied systematically by Alt and Caffarelli [1], who showed
that minimizers exist, and satisfy the following, overdetermined, boundary value problem in a
weak sense:

u >0, Au=0 in {u>0}ND, |[Vu|=1 on 9{u>0}ND. (1.2)

Furthermore, it was shown in [I] that the free boundary, d{u > 0}, is a set of locally finite
perimeter and that around H% '-almost every point xy € d{u > 0} N D, the free boundary can
be written as the graph of an analytic function.
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In [30], Weiss introduced the quantity, W (u, zo, ), (or W (u,r), when xo = 0, and W (u), when
zo = 0 and r = 1) which monotonically increases with r for every minimizer u,
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where 29 € 0{u > 0} N D and 0 < r < dist(z9,0D). A consequence of this monotonicity is that
every blow-up (see Section [2)) is a 1-homogenous globally defined minimizer to .

Non-flat 1-homogenous minimizers (and thus singular points) do not exist when d < 4 (for d = 2
this is due to [1], for d = 3 to [4], and for d = 4 to [19]). In contrast, De Silva and Jerison
[10] constructed a class of cones with isolated singularities at the origin which are minimizers in
dimensions d > 7. We refer to this class of cones as B; specifically,

;o (13)

B:= {bl,ﬂoz R? — R* 1-homogeneous minimizers of £ with {byp, >0} = CV’(;O},

where for given 6y € (0,7/2) and v € S~ we define the cone
x
_ V

wa:{xeRﬂ{m:’ﬂ <$m%ﬁ.

Notice that W restricted to the class B depends only on 6y, and we set W (b, g,) := Og,.

Rephrased in this notation, the aforementioned result of De Silva and Jerison [10] says that
the class B is non-empty in dimension d > 7, while the aforementioned results of [4], 19] show
that the class B is empty up to dimension 6. We note that the existence of (non-rotationally
symmetric) non-flat one-homogeneous minimizers in dimension d = 5,6 is unknown and is an
important open problem in the field. These results are related to analogous ones in the context
of minimal surfaces: the proof that B is empty for d < 6 is based on the result by Simons [25]
that there are no co-dimension one area-minimizing surfaces in dimension d < 7. On the other
hand, the cones in B are very similar to the Simons-type cones, which are area-minimizing in
dimensions d > 8 (see [2]).

Left open in the works of [30} 4}, 10, 19] is the question of whether or not blowups at singular
points are unique. A priori, it is possible that the free boundary around a singular point asymp-
totically approaches one singular cone at a certain set of small scales, but approaches a different
singular cone at a separate set of scales. The problem of “uniqueness for blowups” is a central
one in geometric analysis and free boundary problems (see, e.g. [24, [I5]). Our main theorem is
that if one blowup at z¢ € 9{u > 0} is a cone, b, with isolated singularity, then every blowup at
g is equal to b.

Theorem 1 (Regularity for isolated singularities). Let u € H'(D) be a minimizer of the Alt-
Caffarelli functional £ on a domain D C R and let zg € d{u > 0} N D be a singular point of the
free-boundary such that there exists a blow up b for u at xo with isolated singularity. Then b is
the unique blow up and, furthermore, there exists ro > 0 such that d{u > 0} N By, (x0) is a CH18
graph over 9{b > 0} N By, (x0).

If we have additional information on the blowup, b (namely that it is integrable through
rotations, see Definition [2.4)) we can improve the rate of convergence to the minimal cone.

Theorem 2 (Regularity for isolated and integrable singularities). Let u € H'(D) be a minimizer
of the Alt-Caffarelli functional & on a domain D C R? and let xg € d{u > 0} N D be a singular
point of the free-boundary such that there exists a blow up b, of u at xg, with isolated singularity
and which is integrable through rotation (see Definition . Then b is the unique blow up and
there exists To > 0 such that d{u > 0} N By, (x0) is a CY* graph over {b > 0} N By (z0).

We will prove that all the cones in the class B satisfy the above integrability condition, thus
leading to the following corollary.

Corollary 1.1 (Regularity for isolated singularities of De Silva-Jerison type). Let u € H'(D) be
a minimizer of the Alt-Caffarelli functional £ on a domain D C R and let zo € 0{u > 0}N D be
a singular point of the free-boundary such that for some v € S¥! and 6y € (0,7/2) the function
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by g, s a blow-up for u at xg. Then b, g, is the unique blow-up and furthermore there exists ro > 0
such that d{u > 0} N By (z0) is a C1* graph over 9C,, g, N By, (o).

We remark that there are no other known examples of one-homogeneous minimizers with
isolated singularity outside the elements of 5. Moreover, we know of no other theorem that shows
uniqueness of blowups at singular points for the Alt-Caffarelli functional. In fact, surprisingly
little is known about the structure and size of the singular set for minimizers to . Weiss [30]
proved dimension bounds via a dimension-reduction type argument. Later, the first author, with
Edelen [I1], established size estimates and proved that the singular set is rectifiable.

The main ingredient in the proofs of Theorem (1| and [2| is a (log-)epiperimetric inequality for
minimizers whose trace on 0B; has a free boundary which can be written as a smooth graph over
0, where Q, = {b > 0} N 9B;. We will often consider graphs on the sphere of the following
form: given a function (: 92, — R, we define the set on the sphere

graphyg, (¢) = { exp, (¢(2) v(2)) € 8771+ & € 00}, (1.4)
where v(z) € T,(0{b > 0} NS?1) is the unit normal in the sphere to d{b > 0} pointing outside
{b > 0}, and exp : TS 1 — §%1 is the exponential map
v
ol
Theorem 3 ((Log-)Epiperimetric inequality for traces with smooth free-boundary). Let b €
H(By) be a one-homogeneous minimizer of the Alt-Caffarelli functional € with an isolated singu-
larity at the origin. There exist constants € = e(d,b) > 0,y = ~(d,b) € [0,1) and 6y = do(d,b) > 0,
depending on b and on the dimension d, such that the following holds.

If c € HY(OB1,R}) is such that there exists ( € C**(08Y,) satisfying
dfc > 0} = graphog, (), with [[Cllgze < Callclzs <8, and o= bllzomy <0, (1)

then there exists a function h € H*(By,R,) such that h = ¢ on OBy and

W(h) — W(b) < (1 —e|W(z) - W(b)}”) (W (z) — W (b)), (1.6)

exp, (v) := cos(||v]|) x + sin(]|v||) for every v e T,S%71.

where z is the 1-homogeneous extension of ¢ to Bi.
In the case where b is integrable through rotations (see Definition , we can take v = 0 in

(11.6) above.

We wish to remark that using ideas taken from this work, we were also able to prove an
analogous (log-)epiperimetric inequality for multiplicity-one stationary cones, which we used to
deduce a uniqueness of the blow-up result for almost area minimizing currents. This is the
content of [12], where we also explore the relation between an epiperimetric inequality for, and
the integrability of, a cone.

1.1. Epiperimetric and logarithmic epiperimetric inequalities. Epiperimetric inequalities
(i.e. inequalities like, (1.6)) when v = 0) were first introduced by Reifenberg [23], who used one to
prove that minimal surfaces are smooth near flat points. Later Jean Taylor [28] [27] established an
epiperimetric inequality around singular points for dimension two size-minimizing surfaces in co-
dimension 1. A consequence of this theorem is a precise description of the structure of the singular
set of dimension two size-minimizing surfaces. Brian White [31] proved the same results for two-
dimensional area-minimizing currents. The proof in [31] is also remarkable in that it is done
directly, as opposed to the proofs by contradiction in [28, 27]. Our approach is partially inspired
by [31]. However, in the setting of area-minimizing surfaces the previously known epiperimetric
inequalities at singular points hold only in dimension two and are not logarithmic.

More recently, epiperimetric inequalities have been applied to free boundary problems. Weiss
[29] proved an epiperimetric inequality at regular points for the obstacle problem, thus giving
a different proof of the regularity of the free boundary there. Later, Focardi and Spadaro [14]
and Garofalo, Petrosyan and Smit Vega-Garcia [16] established similar epiperimetric inequalities
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for the thin obstacle problem (again at regular points and at singularities in dimension 2). All
of these results are proved by contradiction, whereas the proof of our Theorem [3| is done by
directly constructing the competitor, h. In some sense this difference is essential; in [29], Weiss
remarks that to prove an epiperimetric inequality for singular points in general dimension, one
must proceed directly. This has been shown to be true for the obstacle and thin-obstacle problems
by the second and third author in joint work with Maria Colombo (see [6] [0]).

The works of [6, [5] also introduced the concept of “Log-Epiperimetric” inequalities, where the
gain in depends on the distance between the 1-homogenous extension and the blow-up. It
was shown in [6l [5] that log-epiperimetric inequalities imply uniqueness of blowups and logarithmic
rates of convergence. In contrast to [0, [5], however, here we give a completely different and more
general proof of the inequality, which we expect to hold in many other situations, by drawing a
connection between log-epiperimetric inequalities and the Lojasiewicz inequality approach of L.
Simon [24]. Furthermore we only assume one blow-up to be of the right form, thus dealing with
the additional difficulty of showing that blow-ups at different scales have the same structure.

In [26] the second and third author proved a direct epiperimetric inequality for the Alt Caffarelli
functional at flat points in dimension d = 2 (this implies, in dimension two, the classical e-
regularity result of [I] and new regularity results for the two-phase and vectorial analogues of
(1.1)). While this paper is inspired by the ideas in [26], we face many additional complications
in higher dimensions, where there is no direct relationship between the area of a connected open
subset of the sphere and the first eigenvalue of that subset. In work in progress, we use many of
the ideas in this paper to extend the results of [26] and prove an epiperimetric inequality near
flat points in arbitrary dimensions. We also plan to apply the ideas here to prove a quantitative
Faber-Krahn inequality on the sphere (in the vein of [3]).

1.2. Sketch of the proof and plan of the paper. Before we introduce some additional termi-
nology and notation, let us briefly sketch the main ideas of the proof. Recall that the epiperimetric
inequality asks if, given a trace, ¢, on the sphere which is sufficiently close to a one-homogeneous
minimizer b, can one construct a h € H'(Bi), with h|pp, = ¢, whose energy is quantitatively
smaller than that of the one-homogenous extension of c.

The first step is to write ¢ as the sum of the Dirichlet eigenfunctions of {¢ > 0}. In the first part
of Section (3] we show how the epiperimetric inequality reduces to two separate estimates, one on
the first eigenfunction of {¢ > 0} and another on the higher modes. We can deal with the higher
modes by using a harmonic extension and cutoff argument. To address the first eigenfunction we
do an “internal variation” — smoothly changing the first eigenfunction of {¢ > 0} into the first
eigenfunction of the “closest” cone, b. This is the most technical part of the argument and it
requires a careful analysis of the Taylor-series expansion of the energy around b, to show that the
“internal variation” decreases W; we do this by writing 9{c > 0} (considered as a graph over the
cone {b > 0} N 9Bj) in terms of the eigenfunctions of the second variation of the Alt-Caffarelli
functional restricted to the sphere (see Lemma and associated definitions). It is here that we
use the assumption of integrability through rotations to ensure that we can disregard elements
in the kernel of the second variation.

When the cone is not integrable through rotations, we must address the kernel elements. In
this situation, we adapt the ideas of L. Simon [24], and apply the Lojasiewicz inequality. More
precisely, we do a Lyapunov-Schmidt reduction (see Appendix and then move the elements
in the kernel by a gradient flow. The fact that the gradient flow always gives a quantitative
improvement follows from the Lojasiewicz inequality [20)].

In Section 4| we apply the (log-)epiperimetric inequality to obtain our main Theorems |1| and
Some of this is standard; once one gets the (log-)epiperimetric inequality, the decay of W (r)
and thus the power-rate (or logarithmic rate) of convergence to the blowup follows by purely
elementary considerations. However, there is an additional difficulty that our (log-)epiperimetric
inequality, Theorem [3] applies only to minimizers whose free boundary restricted to the sphere
is a smooth graph over the cone, b. To apply the theorem to arbitrary minimizers which are
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close enough to a cone with isolated singularity, we employ a compactness argument and use the
e-regularity result of Alt-Caffarelli. In this argument we are inspired by Simon [24].

Finally, in Section [5 we finish the proof of Corollary by showing that b, g, € B is inte-
grable through rotations. First we produce, with spherical harmonics, an orthogonal basis of
H'Y2(8{b, 9, > 0} N By) and, using the symmetries of the cone, show that this is an eigenbasis
for the second variation, around b, g,, of the Alt-Caffarelli functional restricted to the sphere.
Integrability follows after explicitly computing some of the associated eigenvalues.

2. NOTATIONS AND PRELIMINARY RESULTS

2.1. Notations. It will be convenient to split the Weiss energy into two pieces, one without the
measure term and one with it, so we set

Wo(u) = /B \Vul? dz — /83 u? dHI1 and W (u) := Wo(u) + | B N {u > 0}|.
1 1

We will often work in spherical coordinates: a point z € R? can be written as (r, ), where r = |z|
and § € S9~! = 9B;. Given a function u: Q — R (almost always a minimizer), a point xo (almost
always in 0{u > 0}) and a radius > 0 we can define the rescaled function

u(rx + xo)
r

When z is clear from the context and r € {r;};cn we will write u; to mean Ur; zo-

Finally, let « be a minimizer to and zg € 0{u > 0}. Assume there is a sequence r; | 0 such

that u,; 2, — oo uniformly on compacta as j — oo. We then say that u is a blow-up of u at .

It follows by the convergence theorems of [I] and the work of [30] that us, is a one-homogenous,
globally-defined minimizer to (|1.1}).

Up o () = for 0 < r < dist(zg, 092). (2.1)

2.2. Eigenvalues and eigenfunction on a spherical set S. Let .S be an open subset of the
sphere 9B; € R%. On S we consider the family of eigenfunctions {(Z)f }i>1 and the corresponding
sequence of eigenvalues

0< A <A< <A<
counted with their multiplicity. Each function ¢; is a solution of the the PDE

*

—Nop,¢; =X¢5 in S, ¢7=0 on 95, /83 67 P anit =1, (2.2)
1

where H%! is the (d — 1)-dimensional Hausdorff measure, App, is the Laplace-Beltrami operator
on the unit sphere B;. Thus, every function ¢ € H&(S) can be expressed in a unique way in
Fourier series as

c(9) = quﬁf(@), where, for every j > 1, ¢j = / c(@)gbjs(ﬁ) dHEL(9).
j=1 o

The harmonic extension h. of ¢ to the cone
Cs:={(r,0) eR* x9By : r>0, 6 €S}, (2.3)
is the solution of the equation
—Ah.=0 in Cg, he=c¢ on S, he=0 on B;NICs,

and can be written explicitly in polar coordinates as
(o.9]
S
hc(rv 0) = Z eraj ¢JS(0)7
j=1

where for every j € N the homogeneity constant af > 0 is uniquely determined by the equation
S¢S S

In what follows we will often drop the index S and we simply use the notation ¢;, A; and «;.
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Remark 2.1. [The case of 1-homogeneous minimizers|] Let b be a 1-homogeneous minimizer of the
Alt-Caffarelli functional and let us denote its trace on 0B7, with a slight abuse of notation,
still by b. In polar coordinates b(r,0) = rb(f). Let Q := {b > 0} N dB; be the positivity set of b
on the unit sphere. Then, using , it is easy to see that €2 is a connected open set and there
is a constant xg > 0 such that

b=roolt, ANl=d—1 and A} >d—1, (2.4)

where gbsf is the normalized eigenfunction given by (2.2]) with S = Q. Moreover, on (the regular
part of) the boundary of the spherical set €2 the following extremality condition is satisfied:

Ko (9qu?($) =0,b(x) =—1 forevery z €99,
where v denotes the outward pointing normal to 9f).

Notice that if two smooth connected open sets are close in C, then their spectra are also close.
Thus )\25 remains strictly greater than d — 1 for spherical sets S that are close to 2. We give the
precise statement in the following remark.

Remark 2.2. Suppose that OS2 is smooth and that 95 is the graph of the function ¢ : 9Q) — R
with [|¢||c1.e < 0, where 6 > 0 is small enough depending only on the dimension and b. Then

A= (d=1)> (O =) + (A = (d = 1)) 2 7(d,)/2, (2.5)
where y(d,b) := A} — (d — 1) = A$ — A\ > 0 depends only on b and the dimension d.

2.3. Internal variations on spherical domains and integrability. Given a smooth domain
Q) C 0B, determined by a 1-homogeneous minimizer b as in Remark and a function, ¢ €
C?*2(99), we consider the functional

F(¢) = Kg M) +m(¢) — (k5 (d— 1) +m(0)),
where the various terms are defined in the following way:

® kg is the constant given by ;
o ()¢ is the domain in dB; whose boundary is the graph of ¢ over 9{) in the sense of ;
e \(¢) is the first Dirichlet-Laplacian eigenvalue of €2c and ¢ is the corresponding eigen-
function given by with S = Q¢;
e m(¢) := H Q) and in particular mg := HIL(Q).
Given two functions g, € C**(9), the first and the second variations of F are given by

2

SFQC = $| Flari)  amd  RFQA= S| Floti.

dt? li=o
The most important properties of the functional F are listed in the following lemma, which is
essential for the proof of Theorem

Lemma 2.3. Let g,( € C*%(09Q). With the above definitions the following holds.

(i) There is a constant C, depending only on d and b, such that if ; € C*>*(9Q), fori=1,...,n,
are such that ||g[|c2.a@0) < C and ||(illc2.ap0) < C, then the function (t1, ..., t,) — F(g+
o tiG) is analytic on ] — 2,2].

(i) The first variation vanishes at zero, that is §F(0)[¢] = 0, for every ¢ € C*(952).

d
(iii) The function t — ¢giic is differentiable in t €] — 2,2[ and the derivative pn t_0¢g+t< =:

0bg[C] € L*(0By) satisfies the estimate

18, I < C K Ry (2.6)

where C' depends only on d, b and ||g[|c2.a(aq)-
(i) 62F(g) is a quadratic form on H'?>(0Q) x H'*(d9Q).
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(v) There is a function w(t) : [0,1] — RT, satisfying lgfglw(t) =0, such that

27 (@), ¢] - EFO)IC ] < w(lgllcraon) 1120 1)
(vi) There exists an orthonormal basis (&); of H'/*(0R) such that & € C*>*(d%), fori € N, and
52}"(0)[&,5]-] = A\idij for every i,j € N, (2.8)

where \; — 00 is a non-decreasing sequence of eigenvalues. In particular, there is a constant
C = C(d,b) > 0 such that

(d—1) < dimker(62F(0)) < C < oo, (2.9)

where the lower bound depends on the fact that the infinitesimal generators of rotations of

O are in the kernel of 62F(0).

The proof of this Lemma is rather technical so we give it in Appendix [A]in order not to disrupt
the flow of the proof. We only remark here that (i) follows from [21], 22], (ii) and (iv) follow
by the general representation of the first two variations given in Subsection (iii) is proved

in Subsection (v) in Subsection and (vi) in Subsection Notice that (2.9)) leads
naturally to the definition of integrability through rotations.

Definition 2.4 (Integrability). Let b € H'(By) be a 1-homogeneous minimizer of £. We say
that b is integrable through rotation if

dimker(6°F(0)) =d -1 and EdHY2 =0, for every negative eigenfunction & of 62F(0),
o0N

that is, if all the eigenfunctions corresponding to the eigenvalue 0 are infinitesimal generators
of rotations of 2 = {b > 0} and if the constant perturbation is orthogonal in L*(0S) to all the
negative eigenfunctions.

This definition differs slightly from the usual one given in the context of minimal surfaces, in that
it requires orthogonality for the negative eigenfunctions that is, the eigenfunctions associated to
negative eigenvalues. This is due to the fact that F can be perturbed not only geometrically (i.e.
by changing the domain) but also by changing k¢ (the coefficient in front of the first eigenfunction

of the domain). We also notice that, by Subsection |A.1] / EdHI2 = S (0)[€].
o0N

We shall prove in Section [5] that the De Silva-Jerison cone is integrable through rotations by
explicitly finding the basis {¢;} and computing the associated eigenvalues.

3. PROOF OF THEOREM

This section is the core of the paper and deals with the proof of Theorem |3l We split it into
several parts. We first define the competitor and list several of its properties, from which Theorem
will follow. Then, in the subsequent subsections, we prove that these properties hold through
external and internal variations.

3.1. Definition of the competitor and its main properties. Given a function c € H'(S;R,),
on the set S = {c > 0} C B, we consider its decomposition in Fourier series over

c(0) =c101(0) + g(0), where g(0):= Z cjpi(0). (3.1)
j=2
In this notation, the one-homogeneous extension of ¢ in Bj is given by
z(r,0) = c1ré1(0) + rg(0). (3.2)
Our competitor h € H'(By;R,) will be defined as
h(r,0) = hi(r,0) + ¥,(r)hg(r,8), (3.3)

where
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Y, : By — Ry is the function defined by
AY,=0 in By, \B,, Y,=1 on B\ B, Y,=0 on B,. (3.4)

In particular, v, depends only on the variable r, ¢, = 1,(r).
The radius p € (0,1) depends only on the dimension d and is chosen in Proposition
hg : Bi — R is the harmonic extension of g to the cone Cg := {(r,0) : >0, 0 € S},

Ahyg=0 in Cg, hg=g on 0B, hg=0 on B;\Cs. (3.5)
h1 : B — R is defined by

hi(r,0) := {

aarg1(0) ifrep1],
pB(T/p’ 0) ifre [O7p] )

where h is the competitor from Proposition corresponding to the trace cy¢1.

(3.6)

The epiperimetric inequality (1.6 is then a consequence of the following two propositions. The
first deals with the terms corresponding to the higher eigenvalues, for which the energy can easily
be improved by taking the harmonic extension.

Proposition 3.1 (Homogeneity improvement of the higher modes: the external variation). Let
S C OBy be an open set and g € HE(S) be a function, expressed in Fourier series over S as

g(0) = chqbf(@), where k>1 s such that N >d—1.
j=k
Then, there are constants €9 > 0 and pg > 0, depending only on the dimension and the gap
/\,f — (d—1), such that for every 0 < e <egy and 0 < p < py we have
Wo(thphg) — (1 —)Wo(zg) <0, (3.7)
where z4(r,0) = rg(0), and 1, and hg satisfy (3.4) and (3.5)), respectively.

The second proposition deals with the projection of ¢ onto the first eigenfunction and is more
difficult. In this case, the energy term no longer dominates the measure term and the construction
of the competitor is more complicated.

Proposition 3.2 (Epiperimetric inequality for the first mode: the internal variation). Let b €
H'(B1,R,) be a one-homogeneous minimizer of the Alt-Caffarelli functional. There erists ¢ =
g(b,d) > 0,7 =~(b,d) € [0,1) and dy = do(b,d) > 0 such that the following holds. If

e {¢ >0} =S5 C 0By is a connected spherical set whose boundary is given as the (spherical)

graph of the function ¢ € C>*(0Q) satisfying (1.5)),
e c = ngbf : OB1 — R (a multiple of the first Dirichlet eigenfunction of S), extended by
zero on 0By \ S, where k € R satisfies 0 < k < 2k¢ (defined in (2.4)),

then there exists a function h € H*(By,R,) such that h = c on OBy and
W (k) = W(b) < (1= 21| W(z) - WE)[") (W(z) - W) (3.8)

where z is the 1-homogeneous extension of ¢ to By. Moreover, for every r € (0,1), h(r,-) is a
positive multiple of the first Dirichlet eigenfunction on the spherical set S, := {h(r,-) > 0} C 0B,.
Furthermore, if b is integrable through rotations, then we can take v =0 in (3.8).

3.2. Proof of Theorem We set for simplicity, in the notation of —,
z1(r, 0) := c1rd1(0) and 2¢(r,0) :==1rg(6).
Since the eigenfunctions {¢;},;>1 are orthogonal in L?(9B;) and H'(dBy), we get that
Wo(z1 + zg) = Wo(21) + Wo(z).
Moreover, since the set S = {c¢ > 0} is connected, we have that {¢; > 0} = {¢ > 0}. Thus
W(z) = W(z1 + z9) = W(z1) + Wo(zg).
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We notice that, for every r € (0,1), the functions hq(r,-) and hgy(r,-) are orthogonal in L?*(9By),
as well as in H'(0By). Indeed, hy(r,-) = 0 if 7 < pg, while for r € [pg, 1] the claim follows by
the Fourier decomposition of h, (see Subsection and the orthogonality of the eigenfunctions.
Thus,

Wo(h1 + ¥phg) = Wo(h1) + Wo(¥phyg).
Moreover, we have that

{h(r,:) >0} C S ={hi(r,-) >0} forevery r € [po,1],

{h(r,:) >0} = {hq(r,-) > 0} for every = €0, pol.
Thus,
W(h) = W(h1 + thphg) < W(h1) + Wo(¥phg) ,
and, for every 0 < e < gy (g9 being the constant from Proposition , we have
(W(h) — W(b)) —(1- e)(W(z) — W(b))
< (W(h1) + Wo(phg) = W (D)) = (1 =€) (W(21) + Wol(zg) — W (b))
=W(hy) = W(b)—(1— 5)(W(21) — W(b)) + Wo(Yphg) — (1 —€)Wo(zg)
< W(hy) = W(b) — (1 —e)(W(z1) — W (b)) + (e — 20) Wol(zg), (3.9)

where the last inequality follows by Proposition Note that, since by the gap )\g —(d-1) >
v(d,b), the constant g > 0 depends only on the dimension and the cone b. Also note that if
Wo(zg) > (W(z1) — W(b)), then we can let hy = 2z; and € = £9/2 and get the epiperimetric
inequality. Thus we can assume that Wy(z,) < (W(z1) — W (b)), so that

W(z) = W(b) <2(W(z1) — W(b)). (3.10)

In order to conclude the proof, we notice that

W(hl):/ |Vh1\2—/ hi+ |{h1 >0} N By
Bl 681

:/ \v21y2—/ zf+}{zl>0}m(31\3p)\+/ Vil + [{n > 0} N B,|
B1\B, 9B1 B,

1
— / |:/ (|V92:1|2 — (d — 1)2% + ]l{zl>0}):| Tdil dr
p 0B1
p
+/ Vi |? —d/ [/ z%] =V dr 4 |{hy > 0} 1 B,|
B 0 0B,

P

1
=(1- p”l)/O [/BB (|V9z1|2 —(d— 1)2% + ]l{zl>0})} ré1ar
1

+/ ‘Vh1|2—pd/ Z%—I—th >0}ﬂBp‘
dB1

= (1= p"W(z1) + p"W (h1,p) = (1 = pYW(z1) + p"W (R).
Let £ > 0. By Proposition [3.2] we then have
(W(h1) =W (b)) — (1 —=28)(W(z1) - W (D))
= (1= p)(W(z1) = W(0) + p*(W(h) = W(b)) — (1 = &)(W(z1) = W (b))
< (= pH)(W(21) — W(b)) + pd(l —e1|W (1) - W(b)l”) (W(z1) = W (b))
- (5 — pley|W(z) — W(b)w) (W(z1) — W(b)). (3.11)

Note, all the assumptions of Proposition are obviously satisfied except for the condition that
0 < ¢1 < 2. This follows from the hypothesis in Theorem [3|that ||c—b|| ;2 < & and the fact that
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b= ko ¢1 on OB (see (2.4))). Note that by (3.10) we can replace the term e1|W(z1) — W (b)|" by
the smaller 277e1|W (z) — W(b)|?. Setting p = py and

€ = min {50,p3277£1|W(z) - W(b)["},

and using the estimates (3.9) and (3.11]), we obtain the epiperimetric inequality (1.6)) with
€ = pg2_751, where €9, po,v and e1 are the constants from Proposition and Proposition

depending only on b and the dimension d. O

We prove Proposition in Subsection using a general argument from [26]. The proof of
Proposition [3.2] is more involved and is contained in Subsections and

3.3. Homogeneity improvement for the higher modes: proof of Proposition In
this subsection we prove Proposition [3.1, The proof will be a consequence of the following two
Lemmas from [26] of which we recall the statements below. The first lemma shows how the
harmonic extension of the high modes has smaller energy than the 1-homogeneous extension.

Lemma 3.3 (Harmonic extension [26, Lemma 2.5]). Let S C 0By be an open subset of the unit
sphere and g, hy and z, be as in Proposition . Then Wy(zg) > 0 and

-1
Wo(hg) — (1 —e)Wo(zg) <0 for every 0<e < Yk

_— 3.12
“d+op—1" ( )

where ai = a;j is the exponent from Subsection .

The second lemma shows that properly cutting-off the harmonic competitor near the origin pre-
serves the energy improvement. This is needed to preserve the orthogonality between h, and
hi.

Lemma 3.4 (Truncation of the harmonic extension [26, Lemma 2.6]). Let S C 0B; be an open
subset of the unit sphere and g, hy and z4 be as in Proposition . Let p > 0 and ¢ := 9, be
given by (3.4). Then, there is a dimensional constant Cy > 0 such that

2(ak—1)+d
| 4 Caon (2p)
ap —1

W0(1/’phg) < ( ) WD(hg)a (3-13)

where oy, = af 18 the homogeneity exponent corresponding to the eigenvalue )\f (see Subsection

p.3).

Proof of Proposition We only consider the case Wy(z4) > 0 since otherwise the statement
is trivial. Thus, it is sufficient to prove (3.7 for e = 9. By Lemma and Lemma we have

C 2 2(ak71)+d
1+ dak‘( p) > WO(hg)
ap —1

Cy g, (2pg)2en—1+d ap —1
< G~ < B
B (1 - ap —1 1 d+ ap —1 Wo(zg) < (1 —e0)Wo(zg),

W0(¢phg) < (

for some constants €y > 0 and pg > 0 depending only on the dimension and the gap apy—1 > 0. O

3.4. Internal variation and slicing. This subsection contains a preliminary result for the proof
of Proposition We treat it separately since it offers a new perspective on the epiperimetric
inequality. Suppose that u : By — R™ is a minimizer of the Alt-Caffarelli functional £ in By such
that 0 € 9{u > 0} and b is a blow-up of u at 0. By definition, u is the best choice for a test
function in the left-hand side in the epiperimetric inequality

W () = W(b) < (1—2)(W(z) = W(b)).

The Lipschitz continuity of u implies that using the coordinates (r,0) € R* x S¥1, the function
u can be written in the form u(r,6) = r¢,.(), for some ¢, € L?(0B;). Thus u can be identified
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with the flow r — ¢, € L?(0B1) and so, given a trace ¢ : 9B; — R, it is not restrictive to search
for a competitor h, written directly in the form h(r,0) = r¢,(0).

We introduce the following functional, which will be helpful in our analysis. For every function
c € H(0By) on the (d — 1)-dimensional sphere 0B; C R%, we define

E(c) == /BB (\WCF —(d - 1)(;2) dH + 1 ({e > 0} N OBy). (3.14)

Remark 3.5. We notice that for the one-homogeneous function z(r,0) = r c¢(f) we have
1
1
W(z) = / [/ (yvgcﬁ —(d—1)c + 1{c>0}) d?—tdl(e)} rtdr = ZE(c).
0 L/oB d

In particular, E(c) = dW(b) if ¢ is the trace of the one-homogeneous solution b on the cone

{b > 0} N 0B;. Moreover, if c is the first eigenfunction, ¢ = (15?4, for some domain € C 0B
whose boundary 9€). is the graph of ¢ over 0€2, then in the notation of Subsection we have

E(c) = A(¢) = (d = 1) + m(¢) = F(C) +m(0).
The following lemma relates the energy, W, of a function, u, to the energy, E, of its slices, ¢,.

Lemma 3.6 (Slicing lemma). Let v: Rt x 9By > (t,0) — v(0) be such that v(t,0) € H(]0,1] x
0By), vy € HY (OBy) for every t € RY and t + v; is Lipschitz continuous as a function with
values in L*(0B1). Let n:[0,1] — RT be Lipschitz continuous. We set

u(p,0) = poyp)(0)  and  z(p,0) = puya)(0).

Then, for every e > 0, we have
1
W(u) — (1— )W (2) = /O (Byry) — (1= ) B(oy0)) )" dr
1
[l @R [ ol ar
0 0By

Moreover, the same inequality holds with Wy and Eq in place of W and E.

(3.15)

Proof. We first calculate the energy of u.

Wo(u) = / |Vu|2d:v—/ u® df
0By

d—1 1 2 / 2
T Ovpiny)” + = (r|Vev,, df dr — v7y db
/ /831 Oty + 7 (1)0rv)* + 5 (11 Vavgr))?) 5, 1)
d—1 2 2 2
/ /83 o+ 7, ( <r>>+7"( (1)2100vny > + [V o] )de dr—/ 021 d8

0B;
/ d-1 / 221040y 2 + [V oy |2 — (d — 1)1}72](”> do dr,
0By
where in the last step we integrated by parts in r. Thus, we get

W(u) = W()(u) + ‘Bl N {u > 0}‘

1
[ (ool + 1Vul - @ i) as
1
+ Hd_l (831 N {Un(r) > O}):| ’I"d_1 dr.

Analogously, the energy of the one-homogeneous extension z is given by

1
W(z)—/o UaB (IVgnl? = (@ = 1)02)) d8 + 1= (OB 0 {ug >0})] 1. 0
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The identity suggests that in order to obtain the epiperimetric inequality we have
to construct a flow, ¢ — v, that decreases the energy 2E(v;) — W (b). To do this we will look at
the spectrum of the bilinear form that corresponds to the second variation of . On the other
hand, changing the initial trace ¢ = v, (1) has a cost due to the last term in . The balance
between this last term and the energy E will be the main subject of the following subsection.

3.5. Proof of Proposition Let K := ker(62F(0)), N := dim K and px, pyL be the L?(0Q)-
projections on K and K=, respectively. Let ¢ € C*%(9€) be given (as in (1.5)) and

N
¢=(¢T4¢t = Zuij—f—CL, where ¢t =pgr¢ and {u1,...,tn} is an orthonormal basis of K.
j=1

Moreover, slightly abusing the notation, we will write p° := Zjvzl it € K C H /2 (09), and also

MO = (/’L17 R 7IU'N) € RN? so that ’MO‘ = HCTHHl/?((?Q)'
Let T: K xR — K be the map of Lemmaand let ¢ := ¢+ — T (u0, 5% € K. Then we can
decompose ¢ = (1 + (2, where (1, (2 are defined by

Q=Y _p& and Q= pidi,
Ai>0 Ai<0
where (&;); is the orthonormal basis of K given by Lemma (so (&)ien U (Lj)év:l is an

orthonormal basis of H'/2(9€)) and ); is the eigenvalue of §2F(0) relative to &;.
Finally recall the function G : C%*(9Q) ® R — R defined in (B.1])

G(C,5) = (15 + 5°)(A(C) = (d = 1)) +m(C¢) — m(0).

Definition of the competitor. We will define the competitor h(r,0) in such a way that, for
each r > 0, the positivity set {h(r,:) > 0} C 0B; will be given by the spherical set €, , whose
boundary is the graph of g, : 9Q — R, where

9:(0) = 9(r,0) == m(r)C1(0) + 1) (0) + (u(ns(r) + X (u(ms(r), s(ns(r)) ) . (3.16)
where the function R 3 ¢ +— (u(t), s(t)) € RN @ R is defined through the gradient flow
’ ’ —VG(u(t),s(t))

w(t),s(t) =

0050 = 9600, s0) (3.17)

(1(0), 5(0)) = (u, 5%),
the function G: RY @ R — R is the analytic function of Lemma defined as G(u,s) :=
G+ Y (i, s),s) and s will be defined below. If [VG(u,s)| = 0, then we set (i/,s’) = 0. The

functions, 11, 2, 3, will be chosen later, with the properties that 1;(1) = 1 = 72(1) and n3(1) = 0,
so that

9(1) =G+ G+ (1 + () = ¢E = () + (¢ + 1) = ¢H+¢T =

For every r € (0,1), we denote the first Dirichlet eigenfunction, the first eigenvalue and the
measure of by

G = G17 . Agr) =AY and  m(g) = HIHQ,,).

We define the competitor A in polar coordinates as

h(’l", 9) = T‘HM%T (‘9)7 (3.18)

where k2 = 12 + s3(n3(r)), and s(t) is given by (3.17)), where s(0) = s” € R is chosen such that
kg + (s)3 = k2. Recall that the one-homogeneous extension z of the trace ¢ = kK ¢¢ = K g, is
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given by z(r,0) = rrgg, (#). We notice that, by the Slicing Lemma we have
1
(W(0) = (1= W) + W) = [ G0 stm(r)) = (1 =98]

b a1 9s(ns(r))’ 2 Lo i (3.19)
* 9 S/ r ! T T RoTr + /T o dr.
= jg r ['(ns(r)) P I3 ()] d %‘jﬁ 2 J£31|5¢%¢g( )|*do d

2
Ky

Setting for simplicity s = s(n3(r)), u = p(n3(r)) and g = g(r), we can write

g(g,s)—(l—s) (Ca ) (97 ) g(:UJ"i'T(:UHS)aS)+g(p’+T(:U’75)’S)
— (1=)(G(6 ") = G + ("), 5°) + G (1 + T(u", "), "))
= G(g,5) = G+ Tlpuy9),5) = (1= ) (GG ) = G+ T(, ), 5") )

—pL
+G(p,s) — (1—e)G(1°,s°) . (3.20)

=ET

We will estimate separately £+, ET and the two error terms in the right-hand side of ([3.19)).
Estimate of E*. For what concerns E+, we first notice that, by (3.16)),

9(r) = p(n3(r)) = T (ulns(r)), s(n3(r)) = m(r)Gu+ ma(r)Ge =: ¢(r) € K+
Using the identity
1 1
ﬂU=ﬂ®+f®HdA+A(L4ﬂﬂ@—AML for AeR,
for the function f(t) := G(pu+ Y(u,s) + tC, s) and A = §2F(0) [€,{] we get

(6(6:9)-0 1+ T(1.5).5)) = 38°FOI.

< sup [8°6(n+ T(.5) + t,5) = B FO|Kpn = St I (320
€l

where we used the fact that §2G(0,0) = §2F(0) and, by (B.4),
F'(0) = 6G (1 + L, 8),8)[(C,0)] = Prcr (G (1 + L1, 8),8)) [(C,0)] =

Moreover, since ﬁ (r) = m(r)¢1 + n2(r)¢2 and ¢; and (y are sums of orthogonal eigenfunctions of
§2F(0), we get that

S2F(0)[¢, ¢] = > F(0) G + 2o, mG + m2Ga] = nf 82 F(0)[C1, G1] + m3 02 F(0)[Ca, G2
Analogously, since ¢ = p0 + Y (12, s°) + ¢ we have
(6068 -G(1” + T, >§D—§Qﬂﬂmmcﬂ+ﬁmez@M
< sup |26 (0 + X(0. %)+ 16,8%) = FO)| [l = Sl (322)

Choosing 1 (r) = 1—(d+1)e(1 —r) and n3(r) = 1 we get that ||CA(7")||2 e < ||C1HHl/2 + ||C2||?1,1/2 =
IIC H}QLP »- Thus, combining the inequalities (3.21) and (3.22)), we get that there is a dimensional
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constant Cy > 0 such that for every ¢ < 1/4 we have
1 1 1
| Bt < 52 FO0G) [ R - -yt ar
0 0

1 2 ! 2 d—1 ! d—1 112
+ 3O F Ol [ 030) = (=Dt ar+ [+ 150 7 ar 1€

0

1
< Cye (— ( min }Ai) Il + < max Ai) ||<2\2> r [ 152D a1
0

{i|A:>0 {i|A;<0}
1
< (~Cae+ [ 4sil+ 152D 7 ) e
0
In order to bound S; and S2, we notice that the second variation of G is given by

2G(g,5)[(¢,0), (¢, 0)] = 6F(9)[¢, ¢ + 22 M(g)[¢,¢], forevery seR, g,¢ € C**(09).

Applying this formula to the second variation §2G (,u +T(u,s)+ i, s) in the directions (f ,0) and
(¢,0), then using (2.7) and the estimate 62A(g)[C, ] < C’HCHHI/2 (see Subsection , we get that

there is a modulus of continuity w such that
[S1] + [S2] < Cap(wlp + [Clcze) +w(” + [Clc2e) +5%).

Recall that ¢ = (1 + (2, where (5 is a finite linear combination of eigenfunctions of the operator
T (see Lemma [2.3) with coefficients which are bounded by ||¢[|41/2. In particular, there is a
constant Cg, depending only on the C?® norms of the eigenfunctions in the index of the cone
and in the kernel of 62F(0), such that

1Gllcze + lIGllc2e < lICllcze + [lto + Y(ko, s0) + Calloza + IG2llcze < Capll¢lloze.
Thus, we get
|51 + 12| < Cap (w(l[¢llc2a) + 5%).

so that, up to choosing the ||(||c2.« and s small enough, we have

1
/“ELWAdrg—c@wnqgm. (3.23)
0

Estimate of ET We can assume without loss of generality that G(u°,s’) > 0, otherwise set
p = p® and s = s°, and the conclusion holds for all sufficiently small ¢ depending only on b
and 6 > 0. By the LOJa51eV1cz inequality for the analytic function G (see [20]), there exist a
neighborhood U of (0,0) € RY x R and constants C,~ > 0, depending on b and the dimension d,
with v € (0, 1/2], such that

G, 8)|' ™7 < C|VG(p, s)], for every (u,s) € U. (3.24)
Therefore, as long as 0 < G(u(t), s(t)), we can use the flow (3.17)) to estimate,
td
). 5(0) ~ 6 50) = [ L G(u(r)s(r) dr = [ VGutr), () - 0 0). ')
(3.25)
/|VG ()| dr <0,

so that the function ¢ — G(u(t), s(t)) is non increasing to 0, and therefore there exists a first time
t1 > 0 such that

N[ D=

G, %) >0 if0<t<t
G0, s°) i1
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If n3(r) < t1 then using (3.25)) we get
n3(r)
G(u(ns(r)), s(ns(r) — (1 = e)G(u’,s°) = / IVG(p(r), s(7))ldr + e G(n, 5°)

n3(r)
<= [ 16 ) dr e Gl s0)

—~C|G(ulns(r), s(ns ()" ma(r) + 2 G, s°)
—CIG(N O mar) + 2 G, 5°)
~ (Cma(r) — G0, s >>G<u0 S (@)

where in the first inequality we used the Lojasiewicz inequality (3.24] , the second follows by the
monotonicity of g and the third by the assumption n3(r) < t;.

22€G(u0, sNY(1 —7r) , we have
Gl ) (1= G0, < = (5~ ) GlP,s)
—(0773(7“) —eG(u°, 80)7) G0, s°).

Therefore, for every r € [0, 1], we have the estimate

/01 ETrd=tqr :/01 (G(u(ng(r)), 3(773(7“))) —(1—2e)G(u°, 30)>rd_1dr

If n3(r) > t1, then choosing n3(r) :=

< —G(u° s~ 7/1 (Cns(r) — £G(,u0,80)7) rd=1 dr (3.27)
0

_ ' g SG°,s)

=— gG(uo,so)/O (d+1) = (d+2)r)ritdr = R rE

Estimating the two error terms in the right-hand side of (3.19)). For the radial term, we
notice that since s is 1-Lipschitz, for xg/2 < so < 2kg and ¢ and G (", s%) small enough, we have
RO

7 S " —m3(r) < s(nz(r)) < s +n3(r) < 4ro.

Using this estimate in the k direction we get

pdt1 9s(ns(r ))4 ’ 271 2 2 0 _0\2v
; T[S (m3(r)"[n5(r)]” dr < Cape” G, s7) 7. (3.28)
We now estimate the second term in the right-hand side of (3.19). By (3.16) we have
g'(r) = ,9(r,0) = 1 (1)G(8) + (1) (1 (ms(r)) + (1 (ns(r)), o (ms(r)) - VL (pama(r), 5 (7)) ) -
Since |1l zoo(a0) < Cap, || < 1 and VY| < Cyyp in a neighborhood of (0,0), we get
19" ()l z200) < Cap(lISallz2[ni(r)] + n5(r))
so, using Lemma (iii) and the definition of 13, we conclude that
1
[t [ Jsog f i dodr < Can (1l + G600 LP). (329
0 0B

Conclusion of the proof. In order to conclude the proof, we consider two cases.
Case 1: ||{]| 12 > C71G (U0, s°)1/? for some universal constant C' > 0 depending only on b and
d. In this scenario, let 73 = 0 and combine (3.19)), (3.20)), (3.23)), (3.28)) and (3.29) to get

W (R) =W (b) = (1—e)(W(2) =W (b)) < =CapellCll3:. +eG (1", %) < ( Cape + 1) IC11%2 < 0,

where we used the fact that 75 = 0 so that no error term come from the flow. Therefore, the
epiperimetric inequality holds for € > 0 small but universal.



16 MAX ENGELSTEIN, LUCA SPOLAOR, BOZHIDAR VELICHKOV

Case 2: Otherwise, we need to chose ¢ > 0 depending on G(u", s°) so that we can absorb the

errors in (3.29)), (3.28), into the gain (3.27). Letting ¢ = &1G (1", s°)1727 for some £; > 0 small
(but universal) and combining (3.23)), (3.27)), (3.28]) and (3.29)), we get

h x eGP, s°
W (h(r,0)) = (1 — )W (2) +eW () < —Cupe <1200 — d((d+1))
+ Cap (52”5”21/2(39) + %G (P, 80)%)
< —Caper G(u°,s°)*%7. (3.30)

Finally, writing W (z) — W (b) as in (3.20) and using the estimate (3.22), we obtain
1
1
W(z) — W(b) = / G(C,s°)r™ dr = (G(¢,5") = G(u” + T (1, 5%),8°) + G, 5")
0

<Cap (1012 + G0, 8)) < CarGlul, ).
so that
—e < —Cyper (W(z) — I/V(b))li?y
and the conclusion follows by replacing this in (3.30) with v/ =1 —2v € [0, 1).

3.6. Proof of Proposition the integrable case. Before starting with the proof of Propo-
sition [3.2] in the case when b is integrable, we need a preliminary Lemma, which will allow us
to kill rotations, that is to choose a parametrization for which the kernel of 62F(0) is trivial.
Throughout this subsection we assume that b is integrable through rotations (Definition .

Lemma 3.7 (Killing the linear part). There exists a dimensional constant § > 0 such that if
¢: 0Q — R satisfies ||C[|c2.a(a0) < 6, then there exists a rotation U of the coordinate azes such
that graphyq(¢) = graphU(am(f), where ¢ satisfies

(i) Hf”cz,a(U(aQ)) < C[¢llc2.a(aq), for a dimensional constant C';

(i) if & is such that 62F(0)[&;, ] = 0, then / C&dAH™2 = 0.
U(99)

Proof. Consider the family of functions defined by
Ri={u:00—=>R:u=a1&+ - +ag-18&-1, ai,...,aq-1 € R}

where &, i = 1,...,(d — 1), are the eigenfunctions of 62F(0) relative to the eigenvalue 0 with
[€ill2(a0) = 1. Since by Lemma rotations are always in the kernel of 62F(0), it follows that
the infinitesimal generators of rotations of 9€), are all and the only elements of R. For any u € R,
let U, be the rotation generated by u of magnitude Z?;ll |a;|. By the integrability of 0€2, there
is a neighborhood U of 0 in R such that, for any u € U, the functions (&)i=1,.. 4—1, defined by
graphyo (&) = graphy, (a0 (§}'), are a basis for the kernel of §2F(0).

We consider the functional ¥: C?%(9Q) x R — R?~1, defined in a neighborhood of (0,0), by

U(f,u):= LEVAH TR L LY dH?
(f, ) ( /U e /U o Foic )

where, as above, f, satisfies graphyo(f) = graphy, po)(fu). Notice that, since graphy(0) =
graphUtEI(aQ)(—tfi), we have with u = t&; that

(0, 1) = — ey
(0, 1€) (t/u(m)é s t/Uum)g 3 1>

so that, identifying R with R4~! using the basis (£;);, we compute ¥(0,0) = 0 and VR ¥(0,0) =
—Id. By the implicit function theorem, the conclusion immediately follows. O
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Proof of Proposition for integrable cones. We first notice that by Lemma we can assume
that u° = 0. Thus, in the notation of Subsection we are left with ¢ = ¢+ = f = (1 + (o.
The positivity set of our competitor will be determined by g(r,6) = 11(r)(1(0) + (2(0), while the
competitor itself is given by h(r,0) = rk,dg, (0), where

2

R=3mi)?, (P =r2-k,  m(r)=1-eall-7),

and a € R is given by a = sign(sp) JA(0)[¢] = sign(so) dA(0)[C1], since by the integrability assump-
tion 6A(0)[¢2] = 0. Note that k7 = w2, which means that h(r,6) satisfies the boundary condition

h(1,0) = kpc(0) = c(6). As above, the slicing lemma gives
1
(W (a(r0) = (1 =W () + W) - /0 (G (g5 (1) = (1 = ©)G(¢, )| ]

1 1
< 3(50)352a2/ rd+1773(r)2 dr —I—/ Hsz—H/ ‘5¢9T [g;]‘Q do dr.
0 0 9B,

(3.31)

For simplicity let g = g, and s = s%3(r)"/3. As in (3-20), we write:
g(gv 3)_(1_8)g(C7 50) = g(gv 0) - (1 - €)g(C7O) + (g(gv 5) - g(g70)) - (1 - 5)(g(C7 80) - g(Cv 0))1

—iEL BT

To estimate EL we proceed as for the term E+ above, so that by (3.23) with T = 0 we get
E* = G(g,0) - (1 - )G((,0) = F(g) — (1 - ) F(Q)
(6°F(0)[g, 9] = (1 = £)6°F(0)[¢, <]) + wllglloz.e) gl + w €l €I

() — (1 = 2)) 2F(O)[1, 1] + 28 F(0)[Ga, Go] + wlllCa oz + 1Galleza) 13-
2

IN IN
N =N =

Integrating in r, and choosing again 7;(r) =1 — (d + 1)e(1 — r), we get

1 ~
/ BLldr < —Cape [IC12 0 (3.32)
0

Moreover, again as in (3.29)) without the G term, we have
1 1
[t [ fosy g dsar = [kt [ oy ()] dbdr < Canlle (339
0 0B, 0 9By

To estimate ET we write
E" = (80)3<n3(7“) (AMg) = (d=1)) = (1 =e)(M¢) — (d - 1)))

< (%) (ms(r)OAO)lg] — (1 = )(OAO)[C]) + 1 sup (19°2t9)la 91| + [8°At)1¢. 1))
S )
< (8" (m (r)ms(r) — (1 = €))SAO) ] + CLs°PIC 110
(3.34)
where in the last line we used the continuity of 6\ and that the eigenfunctions of §2F(0) with
negative eigenvalues do not change A to first order. Now, by the definition of 71 and 73 we have

! B ca 2¢2%a ae 1 2
/0 (n () = (=N dr = G + ey ~ <d+1 Td+ 2> '

Since a = sign(sg) 0A(0)[(1], choosing € > 0 small enough depending only on d, we get

1 o~
/ ETr®™ dr < —Cyls"P(0A0)[¢1]) e + Ol PlIC 1 o- (3.35)
0
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Putting (3.31)), (3.32)), (3.33)), (3.35)) and together, we get that
(W (A(r.0) — (1~ YW () + W) <~ Cap (1< + IPOIO)[G1])?)
+e2Cap (16 + [P OAO)[G])?) + Cls*PIICIZe-

Letting € > 0 be small enough and then perhaps shrinking § > |ju — bH%g(aBl) > |sY]® so that
0 << g, we get the desired result. d

4. PROOF OF THEOREM [I]

Theorem [T] will follow by applying Theorem [3Jon dyadic annuli thanks to a suitable parametriza-
tion lemma. The Smooth Parametrization Lemma uses the strong convergence of minimizers
and the fundamental regularity result of Alt and Caffarelli [I], to show that if the trace of a
minimizer is sufficiently close to that of a cone with isolated singularity, then we can parametrize
the free boundary of the minimizer on an annulus over that of the cone. Then in Lemma we
show that the condition from Lemma remains uniform in the annuli away from the origin.
Theorem [3| can then be applied in the annulus to show that the closeness decades and so the
procedure can be iterated.

4.1. Smooth parametrization lemma. We start by proving our main parametrization lemma.

Lemma 4.1 (Smooth parametrization lemma). Let b be a 1-homogeneous minimizer of € with
isolated singularity in zero and let T > 0. For every € > 0, there exists 51 = 61(g,7,b) > 0 such
that if uw € H'(By) is a minimizer of € satisfying 0 € d{u > 0}

0,(0) := W(u,0) = W(b), |w = bllr20my) < 01 and W(u,1) —W(b) <d, (4.1)
then there exists a function ((0,7) € C*>*(d{b > 0}) (indeed analytic) such that
o{u > 0} N 9B, = graphg({(—,r)) and IC(=,7)||c2e <&, Yre(r,1—1). (4.2)

Proof. Suppose the claim is not true, then there are sequences of minimizers u; € H'(B;) and of
numbers §; — 0, such that 0 € {u; > 0},

@uj (0) = W(b) s ||U] — b||L2(8Bl) < 5]' and W(’LL]', 1) — W(b) < 5]' s (43)
but such that 0{u; > 0} N (Bi—- \ B;) does not satisfy (4.2)). The condition (4.3) implies that

/B \Vuj|* de < 6; + W (b) +/
1

w3+ 2wq < 365 + W(b) + 2/ b2 + 2wy < C(d,b).
0B,

0By

Therefore the sequence (u;); is uniformly bounded in H'(Bj) and so up to subsequences it

converges weakly in H'(B;1) N L?(0B;) to a function v € H'(Bj). Moreover, the minimality of

u; implies that the convergence is H'(Bj)-strong and |{u; > 0} N By| — [{v > 0} N By| (see for

instance [9, Theorem 9.1] or [I]). Then we have

[0 =bllL2op,) = lim [luj = bll298,) =0,  W(v,1) = W(b) = lim (W(u;,1) = W(b)) =0,

J—00 J]—00

and 0,(0) = W(b), so that v = b on By. Furthermore, by the uniform Lipschitz norm and

non-degeneracy of u;, it follows that 0{u; > 0} converges to d{b > 0} in the Hausdorff sense in

By _z (see for instance [8]), and so by Alt-Caffarelli improvement of flatness (see for instance [8,

Section 7]), we can conclude that for every j sufficiently large there exists an analytic function ¢j

such that 0{u; > 0} N (Bi—- \ B;) = graph((;). The same argument proves the smallness of the

C?® norm of the graph. Finally using the smallness of the C'® norm, a simple reparametrization

implies that, for every j big enough, 0{u; > 0} N(B1—; \ Br) = graphg((;) and ||(j||c2« — 0. O

Before proving the main theorem we also need a preliminary lemma about blow-up sequences
at comparable scales.
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Lemma 4.2 (Blow-ups at comparable scales). Let u € H'(B1,Ry) be a minimizer of £ such that
0 € 9{u > 0}. Then for every da > 0, there exists ro = ro(d2) > 0 such that for every 0 < r < rg
the following inequality holds

,
lup ~ wellzzomy < 8 for every p e [Lor] (4.4

r
Proof. Suppose, by contradiction, that there are sequences r,, | 0 and p,, € {gn, rn} such that
/ [tp, — Uy, |? > 03 for every m € N.
0B,

r L. . r
In particular, notice that 1 < < 8 for every n < N, so that 1 < liminf 2 < lim sup <y,
Pn n—oo Py n—oo Pn

Now let b € H'(R?) be a 1-homogeneous minimizer of € such that u,,(z) = % — b locally

uniformly in R?. Now since lim [y, — b]* = 0, we can compute
noree aBT"/Pn
o\ L
lim luy, —b> = lim <"> / lup, —b* =0, (4.5)
n—oo Jop, n—o0 \ Tp, Bro /o

where we used the 1-homogeneity of b. This means that b is the blow up associated to the sequence
Ty, and so by the triangular inequality

0 <62 < lim up, — tp, |* < lim <2/ |upnb|2+2/ |burn|2) =0,
n—oo 831 n—oo 8B1 8B1
which gives the desired contradiction. (|

4.2. Proof of Theorem We first recall the Weiss’ monotonicity formula

d d 1 _
d—W(up) = —[W(zp) = W(u,)] + / |- Vi, — up|* dH, (4.6)
p p p Jos,

where z, is the 1-homogeneous extension of the trace ¢, := u,|gp,. In particular, r — W (u,) is
increasing, lim,_,o W (u,) = W(b) and for every 0 < s < ¢t < 1, we have the estimate

t 2
/ lug — ug? dHIT < / (/ 1|;c -V, — uy dr) dH!
9B, 0By \Js T
t t
< / (/ rt dr> (/ - YV, — u,]? d’r) dH !
0B1 s s

t
< (log(t) — log(s))/ r_l/ |z - Vu, — u,|* dH dr
S 0B,

< tog(t/5) [ L 1W () = WO dr < lon(t/5) (W () ~ W) (47

dr
Moreover, if the logarithmic epiperimetric inequality
W (u,) = W(b) < (1—e[W(z) = WD) )(W(2p) — W(b)), (4.8)
holds for every p € [s,t], then we can estimate
d d 1 _
— (W (up) = W (b)) = = [W(z,) — W(b) — W(u,) + W(b)] + / |- Vu, — u,|? dHI™!
dp p P JoB,
de (W) =WEH)'™ 1 / 2 a1
> — + - x-Vu, —u,|*dH
o T—e(Wup) ~ WO * 5 Jog, V1!
d 1
> & (Wu,) — W)+ = / |- Vu, — up> dHL, (4.9)
p P JoB,
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which in particular gives that

d

i (= (Wlup) = W(B) 7 —ydelog(p)) 20, for every pe[s,1]. (4.10)

Thus, setting e(r) = W (u,) =W (b) and f(r) = ||u; —b||12(sB,), and using the triangular inequality
f(s) < f(t) + |lut — us||z2(am,), we obtain that if (4.8) holds on the interval [s, ], then

e(t) .
(1 + eydlog(t/s)e(t)7) '/

F(s) < log(t) e(t) + f(t)  and  e(s) < (4.11)

We next show that using Lemma Lemma and Theorem [3| we can iterate the above
estimate up to zero. Let 9 > 0,7 € (0,1) and € > 0 be the constants of Theorem |3, and let
91 = 61(d0,1/8,b) > 0 and 3 > 0 be the constants of Lemma and Lemma Thanks to the
assumption that b is a blow-up of u at 0, we can choose 0 < 3 < 01/2 and ro = r¢(d1,02,7) >0
in such a way that

1—

1—
(W (ury) = W (b)) 2 + 202 + |Jury — bll p20m,) = €(r0) 2+ 282 + f(ro) < o1 (4.12)
We will first show that
e(r)liTW + 9+ f(r) <o forall 0<r <r, (4.13)

which means that we can apply Theorem [3|to all u, for 0 < r < rg. Vacuously, (4.13)) is true for
ro so the assumption (4.1)) is satisfied with u = u,,. Thus, by Lemma there exists a function
¢ € C*({b > 0}) such that

OH{ury > 0} N (Brs \ Bijg) = graphg(¢)  and  [[¢[lcza < do.

It follows that the condition is satisfied for the trace c, := u,|ap, , for every p € [%0, %0], and
so we can apply Theorem [3{ and the minimality of u, to deduce that holds for p € [’”—0 T—O].
Thus, for every ro/8 < s <t < rp/2, we have log(t/s) < log(4) and by choosing e(rg) sufficiently
small we get

_l=y 1
(14 evydlog(t/s)e(t)™) 5 <1—Clog(t/s)e(t)”, where C = st (1—7).
Thus, (4.11) gives that

f(s)+ e(s)l_T” <log(t/s)e(t) + f(t) + e(lt)l‘T7 (1= Clog(t/s)e(t)")
< f(t) +e(t) 7T +log(tfs) (e(t) - ce(t)”%> < F(O) + ()T,

1—y

where for the last inequality we choose r¢ such that e(t)l%7 <e(rg) 2 < C. This proves (4.13)
for p € [ro/8,70/2]. But now it is clear that wu,, /4 satisfies the conditions (4.1, so we can run
the argument again and get that applies for all p € [r9/32,79/2]. Continuing to repeat the
argument we obtain that holds for all 0 < p < rg. In particular, applied to t = 1r(/2
and s = p < ro/4, we get that there is a constant C, depending on W (u,,) — W (b), such that

e(p) = W(u,) — W(b) < C(—log(p)) ™7 for every 0< p<ro/2. (4.14)

Now we are ready to conclude the proof of the theorem: to prove the uniqueness of blowup we
will prove that (u,), is a Cauchy sequence in L?(0Bj). Let 0 < s <t < ro/2. Let i < j be such
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that s € [2_2j+1,2_2j) and t € [2_2i+1,2_2i). Then, using (4.14]) and (4.7)), we calculate

j—1
lus — uell r2omy) <lts =ty llr2(0my) + 1ue — wysist lz20m) + D Ity aes1 — tiy o [lz2(98,)
k=i+1
@7 .
< e(s) + 2le( Z k(22"
k=i+1
E19 , =
< C2(—log(s)) M7 + C2(—log(t)) T+ C D 2hah
k=i+1
v€(0,1) -1

<02 <o log(t) T

Since (— log(t))wT 1 0 as ¢ ] 0 we have proven the uniqueness of blowups.

Finally, Lemma the decay of the L? norm and the Weiss’ boundary adjusted energy W (u,.)
imply that d{u > 0} N B, is a graph over d{b > 0} N B,. Moreover, again by Lemma we
have that d{u > 0} N B, is a C! graph over d{b > 0} N B, that is the graph over {b > 0} N By
associated to d{u, > 0} N By \ By converges to zero in C*' norm as r — 0. This convergence
can be improved to CH1°8 by a standard argument that we sketch for the readers’ convenience.
Indeed, since d{u, > 0} N By \ By/g is a smooth graph with controlled C?“ norm, the (log-)
epiperimetric inequality holds at a uniform scale at every point zo € d{u, > 0} N By/5 \ By4-
Thus, the oscillation of the normals |vy,, — vy, s|, where 29 € O{u, > 0} N By)p \ By and
Yo € O{us > 0} N By \ Byyy is controlled by a power of ro (for some 0 < 7y < 1) and the
L2-distance ||(tr)zg.ro — (us)yo.rollL2(9m,)- Now this last distance has a logarithmic decay due to
the logarithmic decay of |lu, — bl|z2(9p,) Proved above, which implies the Chl°8 convergence of
the graphs d{u, > 0} N By 5 \ By 4. O

The proof of Theorem the integrable case, follows similarly, but is simpler and mostly
standard so we will omit it. Let us just remark out that we must still take care to show that the
“closeness” assumptions of Theorem [3| are satisfied on all scales. However, this argument works
in essentially the same way in the integrable and non-integrable setting.

5. THE INDEX OF THE DE SILVA-JERISON CONE IN THE SPHERE

In this section we prove that the De Silva-Jerison cone C, g, satisfies the conditions of Definition
namely that the dimension of the kernel of §2F(0) is d — 1 and that each perturbation in
index(62F(0)) integrates to zero along O, 5 - This completes the proof of Corollary

To do so, we will produce an eigenbasis of deformations and show that, except for the deforma-
tions infinitesimally generated by rotations, each associated eigenvalue is non-zero. Furthermore,
the perturbation generated by a constant will be an element of the eigenbasis and we will check
that it is associated to a positive eigenvalue. This implies that all the other elements of the
eigenbasis (including those in the index) integrate to zero on OQbV’GO. We note that the positivity
of the constant perturbation requires a computational check, which we do explicitly for d = 7.
A more general argument verifies the inequality for d > 21 and one can check the numerics for
8 < d < 20 via the procedure outlined below for d = 7.

Throughout this section we will write the points of the sphere 9B; = S%~! in the spherical

coordinates (6, ¢), where ¢ € S¥=2 and 6 € [0, 7]. Thus, the trace of the De Silva-Jerison cone on
the sphere is simply given by Q, . = {(9, $) € ST g -0y << g + 90} :

v,0(

5.1. A basis of eigenfunctions. Let {¢;} be the eigenfunctions of the Laplace-Beltrami oper-
ator on S?~2 (i.e. the spherical harmonics in dimension d — 1). Then C]i is an orthogonal basis
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2 1/2
of L*(0,, , ) and H / (0, , ), where

G (m/2£00,0) =—i(p)  and (5 (1/2£00,0) = Fj(p). (5.1)
For j > 1, we define

+ _ + . + _ .+ + _
—Auy =(d—-1u; in Q,,, uj =—¢ on O, , / buj = 0. (5.2)
Qbu,@o
The case j = 1 is slightly more complicated, as the variation in the direction of C;r (which can

be geometrically interpreted as increasing the opening of the cone), changes the measure and the
first eigenvalue of the domain to first order. Therefore, we define

— Auf = (d—1)uf +7b in Q9,5 uf = ¢ on 0, / buf =0, (5.3)
Qp

v,00

—Auy =(d—1)u; in Db, 4, u; =—¢ on ('?Qbuﬁo, /Q bu; =0, (5.4)
bu,OO

where

o i HdiZ(aﬂby,Ho )

B ﬁg /Hd—Q(Sd—2) )

Recall from Appendix Subsection that solutions to (5.2)), (5.3)), (5.4)) exist and are unique.

In particular, we can write u;t explicitly for j > 1 (this formula also holds for u;) by separating

the variables as uf(@, ) = wj(go)fji(ﬁ), where f]i(ﬁ) are defined by

1 off Ad=2
0 (Sind_29 fj)Z(— Lo+ (d=1)) fi for g—90<9<ﬁ+90,

_m% W Sin29 5
+ ™ e+ T .
1 (5—90) =f; (§+00) =1,
d (5.5)
L0 (a0 (N _ ™ ™
_Sindgeag<sm GW = _sin20+(d_1) f; for 5—90<9<§+907
_ T T
_fj (5_90> :fj (54‘90) =1.
(5.6)

Above, and throughout, )\?*2 refers to the j-th eigenvalue of the Laplace-Beltrami operator on

S92, counted with multiplicity. Note that solutions to (5.5) and (5.6) are unique and in fact
minimize (under the respective boundary conditions) the functionals

/2460 42
Ji(f) = / F/(0))* + L5 £2(0) — (d — 1) f%(8) | sin?=2 6 dp.
7/2—00 sin“ 0
In order to show that the deformations (jc diagonalize 6°F(0) (and thus satisfy (2.8)) we recall
that by (A.14) we have
52 F(0)[61, 2] = —2(d — 2) tan(fp) /

£169 dHT2 +2 / & TE dH2. (5.7)
O, o

O, 5

Applying (5.7) to {f and C,:ft and integrating by parts we get

SPFO)E G = / w0t dH? — (d - 2) tan(6o) / CECE dHi?

O, . O, 4

= (u,uj) — (d — 2) tan(f) / GGy dHY,
0, 4

(5.8)
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where for simplicity we have set <u > = / (Vu;t VU — (d - D)u; uk) dHE 1
by ,00

We now claim that the family of functlons {C;—L}jeN is orthogonal with respect to §2F(0).
Indeed, as C;E are orthogonal in L2(8Qb ), by (5.8) it suffices to establish that the uj‘ are

orthogonal in H 1(Qbu,90)- Indeed, that < ,up ) = 0 is trivial; the u;r are even functions of 6

across the equator, whereas the u; are odd funct10ns of 6 across the equator (this can be seen in
, ,). Then <u;r, ug> =0 and <u;, u,;> = 0 follow from the separation of variables;
each is equal to a function in # times a function in ¢ and for k # j the functions in ¢ are orthogonal
in H!'(S?2). Since the integrals split, we get the desired orthogonality. Moreover, a standard
density argument gives that the family {Cj’t}jeN is complete that is, it generates H'/2 (aQby,e())-
5.2. Integrability through rotations: proof of Corollary [1.1} In order to prove the inte-
grability trough rotations of the De Silva-Jerison type cones, and so Corollary [I.1] it suffices to
estimate 62F(0 )[CjE Ci] and show that ¢;" is a positive direction, since it is the only one that
changes A at first order

We start by proving that there are d perturbations which correspond to negative eigenvalues
(i.e. that the De Silva-Jerison cone has index d in the sphere).

Proposition 5.1 (Index of De Silva-Jerison cone). The eigenvalues associated to the eigenfunc-
tions C;r, for2 < j <d, and (i are strictly negative.
Proof. To compute the energy of u , for 2 < j < d, note that

ul (0, 0) = ¥i(p) Ci:((gg), 2<j<d (5.9)

satisfies (5.2)) (to see this, recall that )\JS-d_Q = (d—2), for 2 < j < d, and that —Asin(f) =
d —1)sin(f) — =452 sin(6)). Plugging this into (5.8)), we get
sin?(0)

(52]-'(0)[(;', Q;r] =4 cos?2(0p) </Sd2 uj&,uj do — (d —2) tan(90)>

(5.10)

=4 cos?72(0y) (—tan(f) — (d — 2) tan(fy)) < 0, for 2<j <d.
To see that §2F(0)[¢;,¢; ] < 0, note that u] = — e é(sd = SCI(:IS((QO)) Then a simple computation
gives the result. O

To show that (] is a negative direction one could also use a more general principle, which will
simplify the rest of the proof. Note that (except for ()

SF0)[¢, ¢ = 2J;5(f;7) — 4(d — 2) cos™ > (6p) tan(b), (5.11)

By the definition of J; (and the fact that /\Sd_2 increases as j — 0o) for any function w € H*
we have that Jj1(w) > Jj(w) (with strict 1nequahty if /\j+1 > )\de) Since f;ﬁ minimizes J;
with the respective boundary conditions, we get Jj+1(fj+1) > Jj (f]—i-l) (f]i), which gives

2F0)[¢ +1aCJ+1] 52-7:(0)[4;_74;_]7 for all j > 2,
52]:( )[Cj+1’<_j+1] = (52}—(0)[@_’@'_]: forall j >1,

where the strict inequalities hold if and only if )\Jsi_lz > )\]S-d_2.
As a consequence of ((5.12)), the following proposition will conclude the proof of Corollary

(5.12)

Proposition 5.2 (Kernel of De Silva-Jerison cone). Let £ € {Cj'[}i,jeN- Then 82 F(0)[¢,€] = 0 if
and only if £ is a linear combination of ;- for 2 < j < d. Furthermore, S2F(0)[¢, ¢ >0
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Proof. We divide the proof of the Theorem in two steps dealing respectively with the dilation Cf
and the rotations Cj_, for 2 <5 <d.

Step 1. The dilation (;". Our first claim is that u;{ minimizes IVf|? = (d—1)f2dH!
Qbu,@o

S S
Taking the first variation of the energy, subject to the orthogonality constraint, such a min-
imizer must satisfy an equation of the form —Af = (d —1)f + kb, where k is some constant.
However, if there exists an f with the same boundary values as uf and which solves the above

equation for some k # 7, then it must be the case that f is either a super or sub solution of the
equation that u] solves, and thus must lie either below or above u] on all of D, ,, (we have a
maximum principle because both functions are orthogonal to b). However it is not possible that
both f > ul and f,u1 L b, a positive function. Similarly if f < ul Thus, given the boundary
values ¢}, the only solution is u] .

Consider the function

amongst all f equal to —Cf = on 8Qb,j190 and which are L? orthogonal to b in vaﬁo'

1
fzw(l*'cﬁbo),

where ¢g = b/ko, c = — be ; ¢o so that f is L? orthogonal to ¢ on Qby,eo- We have that
v,00

SFO)CE (] + E =2 / Wt P — (d— 1)(uf)? dHI2 — 4(d — 2) tan(B) cos®2(6) +

Qbu,eo

=2 [ (V4P - (@ = DR - a(d - 2)tan(Bo) cos ¥ (60)
Qp

Vig
Hdg(SdZ)/ ) [Vol* = (d— 1)(¢o)* dH'™
m(%d—l)f—(d—lmd1(%,%))—4@1 2) tan(6o) cos’*(f)
:m (2 1)) — 4(d — 2) tan(By) cos™(60),

(5.13)
where E > 0 is some error which reflects how far f is from minimizing.
To estimate E we first use that u] minimizes to get

E =2 / VIR~ (d— 1)(f)? dHi? 2 / VUt — (d— 1)(f)? dH?
Q Q

bu,@o bu,@o

= [ IV NP D - ) =2 a0y (1)

v,0q J

where a; = <uf — 1, ¢j> and ¢; is the j Dirichlet eigenfunction of €2y, , with eigenvalue A;.

Let us consider the Dirichlet eigenfunctions of 2, 6 by separation of variables we can write any
eigenfunction ¢; (6, ¢) = g;(0)1;(p) where 1; is a spherical harmonic on S92 and g;(7/2 — ) =
g;(m/2+6p) = 0. In order for ¢; £ 1,uf but for ¢; L ¢ it must be the case that 1), is constant
and g; is an even function with at least two interior zeroes. As such g; as two local critical points,
at /2 —n,m/2+n (for n < 6y) and 9pg; satisfies

—039(00g;(0)) — (d — 2) cot(6)Dg(Dpg;(0)) = (AJ’ - siin;(Z)> (D0g;(0)),

Dpgj(m/2 —1n) = 0gg;(m/2+n) =0,
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where )\; is the eigenvalue associated to ¢; = g;. But note that if (60 )wgd_Q is an eigenfunction
(d—2)
sin?(6)
but over Dirichlet boundary conditions on a larger integral. Thus the eigenvalue associated to

h(@)@!@di2 is smaller than A; (as \; is a Dirichlet eigenvalue, but not necessarily the first, associated

(and it is for some h), then h minimizes the energy associated to the equation L = —A +

to the same L on a smaller domain). The Rayleigh quotient of h(9)¢§d72 is simply the Rayleigh
quotient of h(#) times the Raleigh quotient of 1/)§d72 (the latter being equal to d —2). The former

Q
is bounded below by A, 0 — g — 1. Therefore, a; # 0= A\; > (d — 2)(d — 1). We claim that
i~ /HA-2(Sd-2) Aj — (d — 1)
Indeed < — f, ¢j> = <u1 ,¢j> — \/W [ ¢;. We also know that <uf,¢j> =0, forallj >0
as ¢; has zero Dirichlet data and is orthogonal to ¢g. Integrating by parts we get

(A= (d=1))(uy, d5) = -

for every j such that a; # 0.

T

- - 3V¢]

'Hd*Q(Sd*Q) 89%790

v R e
’Hd_Q(Sd—2) Qby,eo J Hd—2(gd—2) Qbu,eo J

Putting everything together we get the claim. Also note that the above argument implies that
uf L ¢; (&1L ¢;) aslong as j > 0. So

E:H“?Sdg) > </¢j>2m

{dla;#0} (5.14)
X >(d—2)(d—1) 3 2 3 :
PN B S (o) € i (1) )
Hd—2(S§d—2 </ J) Hd—2(S§d—2 v,00 ’
( ) {dla;#0} ( )
where we assume that d > 7 so that % < % Putting (5.13)) together with (5.14) yields
2(d—1 _
52?(0)[CT,C1+] > ’Hd(Q(Sd)Q) (202 — e 1(95,/’90)) — 4(d — 2) tan(p) cos?2(6p)
3 d-1 2
- Hd-2(Sd-2) (% (Qbu,eo) —C ) (5.15)
1

= e ((4d — 1) — (2d + I)Hd_l(QbVﬂOD — 4(d — 2) tan(6o) cos®2(6p).

The case d = 7. We will now verify that the right hand side of is positive when d = 7
via a numerical calculation. We use Mathematica, though, since these special functions are well
known, one could do this by hand. In order to minimize the effect of rounding errors by the
computer, we will round up negative terms and round down positive terms. As the calculation is
delicate, we will have to go to four places right of the decimal.

When d = 7, 0y ~ sin~*(.517331) ~ .54372 (see [10]), and we have

Hd—l(QbU’GO) /.5438
HI=2(S972) —.5438
4(d — 2) cos?%(6p) tan(fp) < 20 cos®(.5437) tan(.5438) < 5.5509
(2d + 1)”Hd’1(9bu,eo)
’Hd*Q(Sd*Z)
Now we calculate [ ¢g. Following [10],

cos(#)°df < .8650

+4(d — 2) tan(6p) cos®2(6) < 15 * .8650 + 5.5609 = 18.5359.
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where cg is the L? normalizing constant and @ is the associated Legendre function of the second
kind (when d is even we work with P}’ the associated Legendre function of the first kind). We
define these functions following the convention of Mathematica (which is the same convention
used in [10] and [13]), namely that,

d?QH(t aQu(t
(1= 280 oD (w0 =0
In the case d = 7, we can use Mathematica to calculate
2 -12 2 d—2 (gd—2 ST 2/, 2 .1699
[|(1—cos*(6)) " Q3(cos(f))]|72 < H (S )/_.5174 (QS(t)) dt < 34.6188 = ¢y > W

Then we have (using Mathematica again)

1699 % fHd—Q(Sti—2) /7r/2+90
> sin(0)°Q3(cos(6))do
o>t S [ 7 Qiteonto)

5173
>.1699 * \/Hd—2(Sd—2)/ (1 —t3)2Q3(t)dt > .8326 % 1/ HI-2(S4-2).

—.5173

Putting everything together we finally get

2
H;l_d%gdl_% (/ <z50> > 27(.685) >18.7170  and 62 F(0)[¢;", ¢;] > 18.7170 — 18.5359 > 0.

An asymptotic argument in higher dimension. Let us briefly sketch an asymptotic argu-
ment, which proves that the deformation corresponding to Cf is positive for all d > 21. This
completes the proof as 7 < d < 20 can be verified by hand in the manner outlined above. The
first key observation is that

62 < 0pVd < .65, Vd > 20. (5.16)
The proof of (5.16) is relatively straightforward: the lower bound follows from the fact that

2907{d_2(8d_2) > Hd_l(Qbu,eo) > %r),_[d—l(Scl—l)7

the Gamma function formulas for the surface area of the sphere and Sterling approximation.
The upper bound of ([5.16)) is a bit harder; the sharp isoperimetric inequality tells us that the
perimeter of Qbu,eo is larger than the half sphere’s perimeter. So we have

2cos?2(Hp)HI2(ST72) > HI72(S472).

Approximating cos by its Taylor series and doing some elementary estimates yields the result.
Now, from ([5.16)) it is easy to get

d—1 _ _
VAT () L VAHTUSTY) VAT, (5.17)
’Hd—2(gd—2) 2 fHd—2(Sd—2) 2 e ’
Furthermore, we can also estimate
Vdc? S 4 cos?@=4(6y)
HA—2(Sd-2) — 1.3
This is a little bit trickier, but it follows once one observes that
1 Hd_2(aQb 0, ) Hd_l(Qb 0, )
= —— | _Apy = — b’ d N whl 2_g-1.
c /¢0 d—l/ o (A= Dy an 2 _/|V¢0|

Plugging (5.17) and (5.16)) into (5.15) we find that §2F(0)[¢;", ] > 0 for all d > 20.
Step 2. Rotations and the kernel of §2F(0). In order to conclude the proof of Proposition
and to prove that (52.7-"(0)[§]-—, ¢; 1> 0for j > d, it suffices to show that

FFO0)¢¢1=0,2<j<d

1.3 > 2Vdby >

, Vd > 20. (5.18)
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There are two ways to see this; the first is to notice that u; for 2 < 5 < d corresponds to
deforming the cone by rotation and thus has zero eigenvalue. However, due to the symmetries of
the De Silva-Jerison cone, we can verify this fact explicitly in this scenario.

Using the commutator relation [0y, —A] = T(@Bg, we get that
sin

uj (0,¢) = —rotj(p)0sgo, 2 < j < d.
It is then easy to compute (after observing —dggpo(m/2 + 09) = —(d — 2) tan(6y)ppo(7/2 + 6p))
62 F(0) (¢l =4(d—2) cos?2(6y) (tan(fy) — tan(fy)) = 0, V2 < j < d.
As we stated above, invoking (5.12)), this proves that 62F(0) [(;+¢; 1> 0forall j > d and that
S2F(0)[¢ . ¢ ] < 0.
In the same manner, to prove that §27(0)] ;L, C;r] > ( for all j > d it suffices to prove that
S F(0)[C1>Cha] > 0.

To do so, we observe that the function

Ko

ug,(0,9) = —m@bdﬂ(w (9390 (0) + ¢0(0)) (5.19)
Sd*Q

satisfies (5.2), for j = d + 1. To see this, note that \j, ;" = 2(d — 1) and that
2(d—1) 2(d—1)
A= ((d—1) - 2292 g — 7
bo %0 <( ) sin2(0) ) bo o sin2(9)
We can then compute that

P EO GGl = 05200 |

Sd

®o-

B u:lr+18Vu:lr+1 do — (d—2) tan(90)>

= 4cos2(0y) ((d — 1) tan(fy) — (d — 2) tan(6y)) > 0.

(5.20)

APPENDIX A. PROOF OF LEMMA B3

We derive the first and second variation of the Alt-Caffarelli functional restricted to the sphere.
We show that the second variation is continuous at zero and that at zero it is diagonalizable. The
notation is the same as in Subsection 2.3 O

A.l. First and second variation of F. The following Lemma contains the explicit formulas
for the variations of F around a domain Q := {b > 0} N 9By C 0By, where b is a 1-homogeneous
minimizer of £ with isolated singularity, so that, by [1], 99 := 9{b > 0} N 9B is smooth; we
denote by v the exterior normal to 02 in the sphere. Keeping the notation from Subsection [2.3
b is given by ko¢g := b, where ¢q is the first eigenfunction on the spherical set 2

—A¢g=(d—1)¢y in Q, /gbgd%d_lzl, do=0 and koOypyg=—1 on ON.
Q

For every g € C*%(9Q), ¢ € C*%(9Q) and t € R we define the function ¥y, : 9Q — S~ given
through the spherical exponential map

U, i(x) :=exp, ((g(:z:) +t C(ﬂ;)) 1/(3:)) = cos (g(:L‘) + tC(:L‘))m + sin (g(a:) + tC(:L’))VaQ(x).

We notice that the exponential map R — 9Q 5 (s,z) — exp, (sv(z)) is a diffeomorphism in a
neighbourhood of 9. Then, for ||g||c2.0aq) and [|[¢]|c2.«(pn) small enough, the map
[—2,2] x 0 > (t,z) — Yy (x),

is injective and smooth (and also a diffeomorphism from | — 2,2[x{¢ # 0} onto the image of ¥)
and so, the derivative

Vg i(x) = C(x)&(x), where &(z):= cos (g(x) + tC(x)) Voo (x) — sin (g(:c) +t C(x)) x,
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defines a vector field X on the closed set W ([—2,2] x 012) such that
X(Wy(x)) =C((x)&(x), forevery xe€0Q, (A1)

which can be extended to the entire sphere by the Whitney’s extension Theorem. Moreover, the
map Wy, : 00 — 08y, is a diffeomorphism, where 0§, ; is the boundary of a spherical set € ;.
Setting, €1, := €0, we notice that the flow associated to this vector field X is an extension of
the map W, ;0 ‘Ilgl : 00y — 0B, that is we have

Vg (U, (7)) = X (Vgu (T, ()  and  Tyo(T,Y(2)=a for z €09,

In the next lemma we calculate the first and the second variations of F.

Lemma A.1. Let Q, ko and X be as above. Then, for every ¢,g € C>*(09Q), we have

OFl9)le] = /m (X - vg) dH? — /6  Dx0 0,09 HT,

CFQICC = [ divX (X)) dHTE 4 kg /8 (= Oxx®y — 20x),) 0, b9 dH' 2,
Qg Qg

where div denotes the divergence in S, vy is the outward unit normal to 08y, Haq, is the
scalar mean curvature of 08y, ¢4 is the first eigenfunction of 1y and qﬁ’g is the solution of

—Agf); = Agd)’g — gbg/ Ox¢gOu, g in g, ¢g=0 on 08y, / gZ); g = 0.
0y Q
Remark A.2. We notice that the function d)’g depends linearly on ¢. A more precise (but heavier)

notation would be ¢y = d¢(g)[C]-

Proof. Recall the following Hadamard formula, whose proof can be found in [I8, Section 5.2]
d
G seoaei@ = [ astaant e [t @) ) i), (42)
gt P

dt Qg Qg .t

where v; denotes the outward pointing normal to a domain €2, ; in the sphere. Applying this law
we see immediately that

d 4
@) = bmlg + )] = [
0.t
Then we can apply (A.2) again to get

2 = iv d-1
5 m(g)[c,d—/ggﬁt(d X)dH +/8

(X - vy) dHT2 = /Q divX dH? 1. (A.3)

divX (X -v,) dH? 2 = / divX (X - v,) dH?2
o
’ (A.4)

where we used the fact that X is autonomous to conclude that 9;(divX) = div(d;X) = 0. In
particular, when g = 0, we have that X = (v on 02 and so

sm)fc) = [ Can'?and  PmO)¢ = [ Hoctan' (A5)
o0N o0N

We now calculate the first and the second variation of the functional A : C%%(9§2) — R. We
first notice that by [I8, Theorem 5.7.4], the map ¢t — A(g + t¢) is C*° in a neighborhood of
zero and the first and the second derivatives have been computed in [I8, Theorem 5.7.1] and [18,
Section 5.9.6] for sets in R?. We also notice that the C? regularity condition from [I8] Section
5.9.6] can be replaced by C% as it was shown in [7] and [3]. Below, we formally derive the exact
expressions of d\ and 62\ on the sphere. For the sake of simplicity we set

b= bgric, u=Qe, M=AMg+t0), Y=V,
Using (|A.2]) once again and the fact that ¢y = 0 on 9€2;, we obtain

0=0, ¢%=2/ oot [ EX =2/ éal. (A.6)
Q Q Q4

Qg

o
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By definition of ¢; and ¥; we have

0= ¢¢(Ve(z)) = ¢¢(cos(g(z) + t¢(2)) z + sin(g(z) + t {(z)) v(z)) for every x € 99

so that differentiating we get for every x € 92

P (W) = ((sin(g +t¢) x — cos(g + t Q) v) - Dy (V) = —C& - Dy (Wy) (A7)
{(W;) = —¢*(sin(g + t¢) & — cos(g + t () v) - D*¢y(¥y) [sin(g + t¢) & — cos(g + () V]
+2¢(sin(g + t¢) x — cos(g + t ) v) - Dy (Vy)
— (*(cos(g +t¢)x +sin(g +t{)v) - Dy (Ty)
= —C?& - D?¢y(Wy) & — 20 & - D(y), (A.8)

where, we used that ¥, - D¢y(¥;) = 0. Differentiating formally the equation for ¢;, we obtain

—AP, =M@+ Npr in Qi
_AQZ)QI = >‘t ¢t + 2 >\t ¢t )\2/ th n Qt s

where \, = dA(g + t¢)[¢] and )\” = 5°Xg + t)[¢,¢]. Multiplying the first equation by ¢y,
integrating by parts and using and -, we get

KGONg +HOC] =5 | 40 bedHTE =G | GL(00) Oun(r) Ty A2
Q4 Q
=i [ <6 Do) 0 (00) Ty (A.9)
= —m%/ Ox Pt Oy, pr AH2,
o0
where 1y is the normal to 0€);. Using the definition of kg, for g = 0 and ¢ = 0 yields

KEON0)[¢] = —~KE /BQ C |0, do)? dHI? = —/mgcm“. (A.10)

In a similar way, multiplying the equation for ¢} by ¢, integrating by parts and using (A.6]) and

(A7), we get
K3 02 N(g + tQ)[¢, ¢ = K} /a . O D,y p A2 = / O (W1) Dy e (V) JUy dHI2,
By (A3) we get

1 62 A(g +10)[, ¢ = K /8 . | = P& D20u(W0) & — 26 - DOL(WL)| Dy 0u(Wy) JW 2
(A.11)

= 3 / (= Oxxéu — 20x}) Dy M2,
0
Evaluating the above expression at ¢ = 0 and ¢ = 0 and using the definition of kg, we conclude

K2 2A(0)[C, ] = /8 CHodH 4 2 /d 0 DL (A.12)

Combining (A.4), (A.5), (A.7), (A.10), (A.11) and (A.12), and setting u¢ := Ko¢y, we conclude
the proof of the lemma. O
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A.2. The first and the second variation in zero. Let ( € C*%(92). We first notice that, by
Lemma [A 1] equations (A.5), (A.10) and (A.12), we have

6F(0)[¢] =0, (A.13)
FF(0)[¢,¢) = 2/ ¢* Hog d%d—2+2/ ¢ T¢CdH2, (A.14)
o0 o0

where T': H'?(0Q) — H~'/?(9Q) is the Dirichlet to Neumann operator defined by T¢ = d,uc,
where u¢ is the solution of

—Au; = (d—l)uc—12</ gd’H“)b in Q

fo \Jon (A.15)

ue = —( on 9Q  and /bucd’Hdlzo.
Q

Remark A.3. In the notation of Lemma we have u¢ := Kogy).

In this subsection we prove by diagonalizing the bilinear form 62F(0). To this aim we
first notice that the linear operator T' is well defined. Indeed, the solution of is unique
since if there were two solutions uq and us, then the difference v := u; — us would be a solution
of the eigenvalue problem

—Av=(d—1)v in £, v=0 on 0N

Thus, v = C'b for some constant. Now, the orthogonality condition / vb = 0 implies that the

Q
constant is zero. The existence of a solution of ({A.15) now follows by the Fredholm alternative.
Therefore we can consider the linear operator

H'2(09Q) 3 ¢+ B(C) :=T¢ + (Hpq + A) ¢ € H™2(69)

where A := [|[Hpql||L~ + Cqo (Cq > 0 is a constant which depends only on §2; it is proportional to
the sum of the norm of the trace operator and to the bounds given by elliptic regularity for the
Laplacian on ). B is a self-adjoint, positive linear operator, with compact inverse. Indeed, it is
sufficient to notice that

/ T(Cl) ( dHI2 = / (Aucl Uy + VUCl . VUCQ) dHI2
o0 Q
= / (_(d - 1)“(1 U¢, + vu(l ) vu@) deiz )
Q

where in the last equality we used the orthogonality of u¢ and b. The theory of compact operators

now implies that there exists a sequence of positive eigenvalues (5\2)1 accumulating to co and of
eigenfunctions (¢;); which form an orthonormal basis of L?(92) satisfying

B& =\ & for every i € N.

In particular the sequence \; := A; — A and the functions (&)q, for i € N, satisfy . We also
note that elliptic regularity tells us that the eigenfunctions of T'4+ Hyq are as regular as Hyg;
since O is locally analytic, we can conclude that & € C%°.

To conclude the proof of it is enough to observe that if { is the infinitesimal generator
of a rotation of 92, then it must preserve F to second order, so that ¢ € ker(62F(0)) (one can
see this by taking the Taylor series expansion of F around zero, and writing the boundary of
a rotated copy of € as the graph of t¢ + O(t?) over 99). Since 9f) is a smooth codimension 1
submanifold, it is invariant for at most one rotation, so that there are (d — 1) nontrivial elements
in the kernel. The upper bound follows from the previous spectral analysis.
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A.3. Uniform bounds on ¢4;. Recall that ¢, ¢ satisfies the elliptic equation
(A = Agii)byrc =0 In Qe Borc=0 on Iy, /ﬂ B =1
g,t

The spherical domain €2, is C*® smooth and the C%® norm depends only on | g 2. Thus by
classical elliptic regularity /Schauder estimates (see [I7]), there is a universal constant C' such that

Iéllczng,) < Cllgllcza +1). (A.16)

A.4. Bounds on (é;. In this subsection we prove (2.6)), which in the notation of this section
reads as [|¢ || z2(0,) < Cll¢|L2(a0)- We first prove a bound on dA(g)[¢]. Recall that by (A.9)

N, = NG =~ [ 00, 01,0, aH .
89,
This, together with ({A.16)), implies that

XD < N16glIEn ISl 2/ HI2(09g) < C2 (gl Z2a + 1) IS 22, (A.17)
(€29)

where C' is the constant from (A.16]). Recall that by qb’g is a solution of the equation
(A=A, =Xy in Qg ¢, =-0x¢, on 0, /Q Pbg dHIT! = 0.
9
Thus, ¢; can be decomposed as
Gy = hg +1bg — qbg/ﬂ hgog, (A.18)
g
where hy and 9, are the solutions of the problems
Ahy =0 in g, hg = —0x¢y, on 0f.
(=A = Xg)thg = Aghg + A0y in Qg g =0 on 08y, /Q Ygbyg dH =0. (A.19)
9

Notice that A, is the lowest eigenvalue on (), and its eigenspace is one-dimensional and generated

by ¢4. Thus, the orthogonality /Q Yy¢y = 0 implies that there is some constant ¢; > 0 such that
g

cb/ (IVehg* + 5) dHH < / (\wgy? - /\91/1§> dH
Qg Qg
Thus, multiplying by 14 and integrating by parts in (A.19), we get
Cb||¢g||§11(99) < /Q @Z}g()‘ghg + )‘;ﬁbg) dx = Ag/Q ¢ghg de < >‘g||¢gHL2(Qg)thHLQ(ng
g g
which in turn gives
A
égll2,) < Wgllr2,) + 2llhgllL2,) < <C§ + 2> gl z2(0,)-
Now notice that by the maximum principle we have ||hg|| 1 (q,) < C/(|[1~(@q) and, by [7, Lemma

10], [[hgllz1(e,) < ClIClL1(a0)- Thus, by interpolation, we get [|hg|[z2(q,) < ClI¢l[2(q) and finally
we obtain ([2.6))
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A.5. Proof of (2.7). The continuity of 62F(g)[(, ¢] at zero follows by the continuity of §?X(g)[¢, (]
and 0%m(g)[¢, ¢]. We give the details for 62\ (the more complicated case) but the arguments for
§%m are in the same vein. By (A.11]) we have

PADICA=PAO = [ [ =6 Doy W,)le) — 208 - Doy (W] 01,0,(%,) T, dr

. / [ v Do) —2¢w D(b’o} o dH2,
o0
which in turn can be split into

Bl = [ =g D20y(B)IE) 00, 04(W0) T8, +- D6l Do ] a2
2 /asz {C S D¢;(\pg) 8”"%(\1]9) B Cyg(\Ilg) ’ D‘b;(wg) 859(159(\1’9)} g dH4?2

_ 2/@9 [C vg(Wy) - Dy (V) e, dg(Wy) JUy — Cv - Doy, 3V¢0] dH42.
We first notice that there is a universal constant C such that for every z € 9§ and g € C%(9Q)

& —vI<Clgl  and  |yy(¥,) —v| < C(IVg|+]gl).

Moreover, the uniform Schauder estimates on the boundary of €2, give that for some universal
modulus of continuity w we have

1D?¢g(¥g) — D?¢olloe) < w(llgllcza)  and  [[Dog(¥y) — Doyl o) < w(llglloz.a).
Thus, we get that
11| < €I 2 (a0 @ (llglloze).
In order to estimate the third integral I3, we notice that , a change of variables and an
integration by parts give

1
373 = = [ C[rnW2)- D, (99)3e,0,(8) 7%, = v- Dy 00 ar’=?
:/ yg(qu)-qu’g(wg)gz)’g(q;g)J\IJgde—?—/ v - Doy dly dHI2
o0 o0
— [ ongysyani=— [ oshshant = [ Ve Pantt— [ vePan.
89, o0 Q, Q

Using the decomposition (A.18) and the fact that hy is harmonic on €y, we get

/Q V2 dHi = /Q V|2 dHe ¢ / V(g — by (hgs 69)2 dH,

Qg
where (hg, ¢g) == / hgpg. Next we notice that by [3, Lemma A.2, eq. (A.20)] we have
Q

g
/ |th|2/ |Vho!|?
Q Q

g

g

< w(llgllcza) €Iz

Thus, it is sufficient to prove that

< w(llglloza) ICIIZ2,

/ V(1 = b (hgs d9))I* A" - / [V (0 — do(ho, ¢0))|” A~
Qg Q

which follows by a simple argument by contradiction, which we sketch for completeness. Indeed,
we notice that the functions |[|¢ HZQIQJJQ have uniformly bounded H'-norm and so are converg-
ing weakly in H' (and since they are solutions of a PDE they converge strongly in H!) to
||C||221w0 as ||g]lc2.e — 0. On the other hand, ”C”Z%hg have uniformly bounded L? norm and
converge weakly in L? to [|¢ szlho. Finally, the strong H' convergence of ¢, to ¢y gives that
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HC|]221¢g<hg, bg) — HCH221¢0<h07 ¢o) strongly in H'. This concludes the estimate of I5.

We now estimate I>. Since D¢, is parallel to v, on 02, we get that
Bo= =2 [ 06~ D, (80) 81, 0,(W) = Cry(B,) - Dol (W) 05, 0,(Wy)]| 9, ar'=
= =2 [ [ Do) 01, 04(0) = Cry (W) DW,) (€ - v,(8,))00y00(W)]| T =

- /8 o= (& (W) (W4)) - DO () By (V) T 2
We first notice that we have the pointwise estimates
|69 — (&g - vg(Tg)vg(Tg)| < C(IVgl +1g)  and  [9,04(Ty) < C,
and that §; — (& - v4(Vy))vg(¥,) is parallel to 0€2,. Then, on 0§, we define
2=((U,), V=@, and W=V — (V- y)y,
so we obtain

I = —2/@Q 2 (W - D)) Oy, g dHI™
= —2/ 2 (W - D(2V - Dgy)) 9y, by dH 2
a0,
= —2/ 22 (W - D(V - Doy)) Oy, g dH* 2 — W - D(2%) (V - D) Oy, g dH* 2
a9y a0y
= —2/ 22 (W - D(V - Déy)) Oy, g de—2+/ 22 div (W(V - D) Oy, g ) dH ™2
a0y My

:—/ 22 (W.D(V.D¢g))ayg¢gdﬁd2+/ 2 divW (V- D) Oy, ¢g) dH 2,
80y 80y

where for the second equality we used the boundary condition qﬁ’g(\llg) = —(&; - D¢y(¥,) and in
the fourth one we integrated by parts. Thus, we get that

1) < w(llgllczeon) /a et

which concludes the proof of Lemma [2.3]

B. LYAPUNOV-SCHMIDT REDUCTION FOR F

We prove the following lemma, inspired by [24]. We shall denote by K := ker(§?(F(0))) and
by N := dim K, its dimension (see Subsection . We introduce an auxiliary functional

G:C2 (O xR >R, G((,s) = (R +)ANQ) — (d— 1) +m(Q) —m(0),  (BI)

where k¢ is the constant from Subsection Thus, the variable s accounts for the possibility
that the coefficient s, from Proposition [3.2] in front of ¢; may not be equal to k. It is easy to
check that the first and the second variation of G are given by

g(ov 0) =0, 5g(07 0) [57 T] =0, 52g(0’ O)[(f, T)v (777 t)] = 52;(0) [57 77]' (B'2)

In particular, we have that ker 62G(0,0) = ker §2F(0) @ R. In the lemma below, we let Py and
Py. be the (L?(9Q) @ R)-projections on K @ R and K+ @ {0}, respectively.

Lemma B.1 (Lyapunov-Schmidt decomposition). There ezists a neighborhood U of 0 in C1* @R
and an analytic map Y: UN (K ®R) — K+ c C?>*(0) such that

Y(0,0)=0,  §Y(0,0)=0, (B.3)
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and moreover

{PKL (6G(C+T(C,5),8)) =0 (C.s) € (KOR)NU -

Pr (6G(C+Y((,8),8) = —=VG((,s) (¢,s)e (KaeR)NU,

where G(C,s) = G(C+ Y(C, s),s) for every (¢,s) € (K ®R)NU. Moreover, all the critical points
of G in U are given by

C:={(C+7((s),s) : ((,s) e (KBR)NU and VG((,s) =0}
which is an analytic submanifold of the N + 1-dimensional analytic manifold
M= {(C+T((s),5) : ((;s) e (KOR)NU} .
Proof. Consider the operator
N (¢, ) := Prei(0G(C,8)) + P (¢, 8) : L2(0Q) DR — L*(0Q) @R
and notice that A/(0,0) = 0, since §G(0,0) = 0. Moreover,

SN0,0)[(¢,5)] = o _ N1, t5) = (PFO)I6~,0) + Pr(C,5),

where we used that Px and 62F(0) are linear (and that 62F(0)[¢C, Px.¢] = §2F(0)[¢,¢]). In
particular SA(0,0) has trivial kernel on C%%(9Q) @ R by construction. By standard elliptic
theory and Schauder estimates, we conclude that the operator N'(0,0) = (62F(0) + Pk, 1) =
(T+ Hpq + Pk, 1) is an isomorphism of C>*@R to CY*®R, for every a € (0, 1), and therefore we
can apply the inverse function theorem to the C*% operator N': C>* @R — C* @ R, producing
U := N ~! which is a bijection from a neighborhood W of 0 in C*® @ R to a neighborhood U of
0in C** @ R.

Now the map we are looking for is simply given by T := Pg1o¥: K @R — K+ @ {0}. Indeed
notice that the first conclusion of is obvious since ¥(0,0) = ¥(N(0,0)) = (0,0), while the
second one follows from the more general observation that for every ¢ € K, s € R we have

Y (¢, 8)[(n,7)] = 0(Prr¥(C,8))[(n,7)] = Prer (6V((,s))[n,r] =0, for every n € K,r € R, (B.5)

by the linearity of Pr-. .
For what concerns (B.4) for every (¢,s) € C** @ R we have

Pr(¢r) + Pia(Gor) = (¢ r) = N(¥(C,7) = PrerdG(¥(C, 7)) + Pre(¥(¢, 7))
which implies, by applying Px and Py . respectively on both sides, that
Pg(Cr) = Pr(¥(¢r)  and  Pgu((r) = PrrdG(¥(C,r)).
In particular, using the first identity in the second one we get
Prei (1) = PradG(PV(C,r) + P ¥(C, 7)) = P dG(Pr¢ + Y(C,7),7),
so that, if ( € K NU,r € R, we conclude
Py i0G(C+Y(¢,7r),r)=0.

The second conclusion of (B.4]) follows by differentiating the function G((,r) as follows. Let
n € K, then we have

(VG(C,7), (n,8)) = 0G(C+ (¢, ), r)[n+ 6Y(C,7)[n, 5], ]
SG(C+Y(¢,m), )0, s] = P (G (¢ + Y (¢ r), 7)), s],
where the last equality follows from the first one in . O
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