HEAT AND ENTROPY FLOWS IN CARNOT GROUPS
LUIGI AMBROSIO AND GIORGIO STEFANI

ABSTRACT. We prove the correspondence between the solutions of the sub-elliptic heat
equation in a Carnot group G and the gradient flows of the relative entropy functional
in the Wasserstein space of probability measures on G. Our result completely answers a
question left open in a previous paper by N. Juillet, where the same correspondence was
proved for G = H", the n-dimensional Heisenberg group.

1. INTRODUCTION

Since the pioneering works [23,35] and the monograph [4], in the last twenty years there
has been an increasing interest in the study of the relation between evolution equations
and gradient flows of energy functionals in a large variety of different frameworks, see [5,
7,13-16,19,21,22,26,30, 33, 34, 38,40].

The prominent case in the literature is represented by the connection between the heat
equation and the relative entropy functional. It is well-known that the heat equation

{&gut = Aut in (O, —|—OO) X Rn’

up =u € L*(R™) on {0} x R, (HE)

can be seen as the gradient flow in L?(R") of the Dirichlet energy D(u) = [ |Vul? dx
accordingly to the general approach introduced in [11]. If the initial datum @ € L?(R")
is such that py = u.Z" € P5(R"), where

2 ®) = {ue P®): [ 1o du(a) < +oo},

then the solution (u)>o of (HE) induces a curve (u)i>0 C P2(R™), pup = ug L. If we
endow the set P5(R"™) with its usual Wasserstein distance W, then the curve (u)i>o is
locally absolutely continuous with locally integrable squared W-derivative in [0, +00). On
the one hand, since (u):>o satisfies (HE), the curve (u;):>o naturally solves in the weak
sense the continuity equation

{@,ut + div(vgp) =0 in (0, +00) x R™,

CE
fo = uL" on {0} x R™, (CE)

where the velocity vector field (v;);>¢ is given by vy = —Vu;/u;. On the other hand, the
relative entropy

Ent(u) :/ ulogu dz, for p=u L" € PyH(R"),

Date: October 29, 2019.

2010 Mathematics Subject Classification. 53C17, 28 A33, 35K05.

Key words and phrases. Carnot group, entropy, gradient flow, sub-elliptic heat equation.
1



HEAT AND ENTROPY FLOWS IN CARNOT GROUPS 2

computed along a curve (p;)i>0 C P2(R™) satistying (CE) for a given velocity field (v):>0
is such that

ﬁEnt(,ut) = —/ (logug + 1) div(vyuy) dx :/ <vt, > dpiy.

dt R n Ug
In analogy with the Hilbertian case, but using Otto’s calculus [35] in the interpretation of
the right hand side, one says that (u:):>o is a gradient flow of the entropy in (Z2(R"), W)
if and only if the curve ¢ — Ent(u;) has maximal dissipation rate. This happens if and
only if v; = —Vu;/uy, i.e. when (u;);>o satisfies (HE).

Although not fully rigorous, the argument presented above contains all the key tools
needed to establish the correspondence between the heat flow and the entropy flow in a
general metric measure space (X, d, m). Both the heat equation (HE) and the continuity
equation (CE) have been adequately understood in this general context. For (HE), one
relaxes the Dirichlet energy to the so-called Cheeger energy

Ch(u) = inf{liminf/ |Du,|* dm : u, — win L*(X,d,m), u, € Lip(X)},
noJx

where the local Lipschitz constant |Dul(x) = limsup % of u € Lip(X) plays the
Y= ’

same role of the absolute value of the gradient in R™. It can be shown that the naturally
associated Sobolev space W'%(X,d, m) is a Banach space (not Hilbertian in general) and
that the functional Ch is convex, so that (HE) can still be interpreted as its gradient
flow in the Hilbert space L?(X,d,m), see [5]. For (CE), one introduces an appropriate
space S*(X) of test functions in W'?(X, d, m) and says that (u;);so satisfies the continuity
equation with respect to a family of maps (L;);>o0: S*(X) — Rif t — [y f du; is absolutely
continuous for every f € S*(X) with & [y f du, = Ly(f) for a.e. t > 0, see [20].
The notion of gradient flow of the entropy functional

Ent,(u) = /X olog o dm, for p = om € Py (X),

in the Wasserstein space (Z%(X), W) can be rigorously defined by requiring the validity
of the following sharp energy dissipation inequality

1t 1t
Entu(pe) + 5 [ il dr+ 5 [ D" Enta[*(s,) dr < Enta(n,)
for all 0 < s <t, where t — |f1;| is the W-derivative of the curve (u;)i~0 C HPo(X) and

(=55

|ID™Enty,|(x) = lim sup max
V=l
is the so-called descending slope of the entropy. Note that this definition is consistent
with the standard one in Hilbert spaces, since v'(t) = —V E(u(t)) is equivalent to
() + 2 VB <~ Bu(t)
—|u — u ——FE(u
2 2 —dt
by combining the chain rule with Cauchy-Schwarz and Young’s inequalities.
As pointed out in [5,19], this abstract approach provides a complete equivalence between
the two gradient flows if the entropy is K -convex along geodesics in (P2(X), W) for some
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K € R, that is, if

Entm(,ut)§(1—t)Entm(u0)—|—tEntm(u1)—gt(l—t)W(uo,ul)z, tefo1], (K)

holds for a class of constant speed geodesics (fit)ejoq] C P2(X) sufficiently large to join
any pair of points in &5(X). The K-convexity (also known as displacement convezxity) of
the entropy heavily depends on the structure of (X, d, m) and encodes a precise information
about the ambient space: if X is a Riemannian manifold, then (K) is valid if and only
if the Ricci curvature satisfies Ric > K, see [37]. For this reason, if property (K) holds,
then (X,d, m) is called a space with generalized Ricci curvature bounded from below, or
simply a CD(K, oc0) space.

According to this general framework, the correspondence between heat flow and en-
tropy flow has been proved on Riemannian manifolds with Ricci curvature bounded from
below, see [14], and on compact Alexandrov spaces, see [21,22,33]. Alexandrov spaces are
considered as metric measure spaces with generalized sectional curvature bounded from
below (a condition stronger than (K), see [36]).

If (X,d, m) is not a CD(K, c0) space, then the picture is less clear. As stated in [5, The-
orem 8.5], the correspondence between heat flow and entropy flow still holds if the de-
scending slope |D~Ent,| of the entropy is an upper gradient of Ent,, and satisfies a precise
lower semicontinuity property, basically equivalent to the equality between |D~Ent,| and
the so-called Fisher information. These assumptions are weaker than (K) but not easy
to check for a given non-C' D(K, co) space.

In [24,25], it was proved that the Heisenberg group H" is a non-C'D(K, 00) space in
which nevertheless the correspondence between heat flow and gradient flow holds. The
Heisenberg group is the simplest non-commutative Carnot group. Carnot groups are one
of the most studied examples of Carnot—Carathéodory spaces, see [10,27,32] and the
references therein for an account on this subject. The proof of the correspondence of
the two flows in H" presented in [25] essentially splits into two parts. The first part
shows that a solution of the sub-elliptic heat equation O;u; + Agnu; = 0 corresponds to
a gradient flow of the entropy in the Wasserstein space (Z2(H"), Wgr) induced by the
Carnot-Carathéodory distance d... The direct computations needed are justified by some
precise estimates on the sub-elliptic heat kernel in H" given in [28,29]. The second part
proves that a gradient flow of the entropy in (Z%2(H"), Wyn) induces a sub-elliptic heat
diffusion in H". The argument is based on a clever regularization of the gradient flow
(1t)¢>0 based on the particular structure of the Lie algebra of H".

An open question arisen in [25, Remark 5.3] was to extend the correspondence of the
two flows to any Carnot group. The aim of the present work is to give a positive answer
to this problem. To prove that a solution of the sub-elliptic heat equation corresponds
to a gradient flow of the entropy, we essentially follow the same strategy of [25]. Since
the results of [28,29] are not known for a general Carnot group, we instead rely on the
weaker estimates given in [39] valid in any nilpotent Lie group. To show that a gradient
flow of the entropy induces a sub-elliptic heat diffusion, we regularize the gradient flow
(u¢)+>0 both in time and space via convolution with smooth kernels. This regularization
does not depend on the structure of the Lie algebra of the group, but nevertheless allows
us to preserve the key quantities involved, such as the continuity equation and the Fisher
information. In the presentation of the proofs, we also take advantage of a few results
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taken from the general setting of metric measures spaces developed in [5] and in the
references therein.

The paper is organized as follows. In Section 2 we collect the standard definitions
and well-known facts that are used throughout the work. The precise statement of our
main result is given in Theorem 2.4 at the end of this part. In Section 3 we extend
the technical results presented in [25, Sections 3 and 4] to any Carnot group with minor
modifications and we prove that Carnot groups are non-C'D(K, c0) spaces (see Propo-
sition 3.6), generalizing the analogous result obtained in [24]. Finally, in Section 4, we
prove the correspondence of the two flows.

2. PRELIMINARIES

2.1. AC curves, entropy and gradient flows. Let (X, d) be a metric space, let I C R
be a closed interval and let p € [1,+00]. We say that a curve v: I — X belongs to
ACP(I;(X,d)) if

t
A7) < [ gtr)dr  stel s<t, (2.1

for some g € LP(I). The space AC} .(I;(X,d)) is defined analogously. The case p = 1
corresponds to absolutely continuous curves and is simply denoted by AC(I;(X,d)). It
turns out that, if y € ACP(I; (X, d)), there is a minimal function g € LP(I) satisfying (2.1),

called metric derivative of the curve vy, which is given by

il = lim L0227

for a.e. t € 1.
s—t |3—t|

See [4, Theorem 1.1.2] for the simple proof. We call (X, d) a geodesic metric space if for
every z,y € X there exists a curve y: [0,1] — X such that v(0) = z, y(1) = y and
d(’Vsa’Yt) = |S_t‘d(70a71) vsat S [07 1]‘
Let R* = RU {—00,400} and let f: X — R* be a function. We define the effective
domain of f as
Dom(f) :={z € X : f(z) € R}.
Given x € Dom(f), we define the local Lipschitz constant of f at x by

. [f(y) — f(z)|
Df|(z) := limsup —=————.
[Df|(x) = Tim sup iz.y)
The descending slope and the ascending slope of f at x are respectively given by
- . [f(y) — f=)]” : [f(y) — f(@)]"
D x) = limsu , DT f|(x) := limsu .
D™ fl(x) = limsup L D fl(x) = lim sup

Here a* and a~ denote the positive and negative part of a € R respectively. When
z € Dom(f) is an isolated point of X, we set |[Df|(x) = |D™f|(z) = |D* f|(z) = 0. By
convention, we set |Df|(z) = D™ f|(x) = DT f|(x) = +oo for all x € X \ Dom(f).

Definition 2.1 (Gradient flow). Let E: X — R U {+o0o} be a function. We say that
a curve 7 € AC([0,+00); (X,d)) is a (metric) gradient flow of E starting from ~y €
Dom(FE) if the energy dissipation inequality (EDI)

1 st 1t
E(w)+ 5 [ Wl ar+3 [ ID"BPG) dr < E(y) (22)
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holds for all s,t > 0 with s <.

Note that, if (7)o is a gradient flow of E, then v € Dom(F) for all ¢ > 0 and
v € ACE ([0, 4+00); (X,d)) with ¢ +— |D™E|(y;) € L%.([0,+00)). Moreover, the function
t — E(7;) is non-increasing on [0, +00) and thus a.e. differentiable and locally integrable.

Remark 2.2. Asobserved in [5, Section 2.5], if the function ¢ — FE/(;) is locally absolutely
continuous on (0,+00), then (2.2) holds as an equality by the chain rule and Young’s
inequality. In this case, (2.2) is also equivalent to
iE(%) = —|%|* = =D EP* () for a.e. t > 0.
dt
2.2. Wasserstein space. We now briefly recall some properties of the Wasserstein space
needed for our purposes. For a more detailed introduction to this topic, we refer the
interested reader to [2, Section 3].

Let (X, d) be a Polish space, i.e. a complete and separable metric space. We denote by
Z(X) the set of probability Borel measures on X. The Wasserstein distance W between
p,v € P(X) is given by

W(u,v)* = inf{/XXXd(:L’,y)2 dr e T'(p, V)}, (2.3)

where
D(p,v) ={n € (X x X): (p1)gm =, (p2)pm =r}. (2.4)

Here p;: X x X — X, i = 1,2, are the the canonical projections on the components. As
usual, if p € Z(X)and T: X — Y is a y-measurable map with values in the topological
space Y, the push-forward measure Ty(u) € P(Y) is defined by Ty (u)(B) := p(T~*(B))
for every Borel set B C Y. The set I'(u, v) introduced in (2.4) is call the set of admissible
plans or couplings for the pair (u,v). For any Polish space (X,d), there exist optimal
couplings where the infimum in (2.3) is achieved.

The function W is a distance on the so-called Wasserstein space (P2(X), W), where

Py(X) = {,u € Z(X): /Xd(yc,aco)2 du(x) < 400 for some, and thus any, x, € X}.

The space (P5(X),W) is Polish. If (X,d) is geodesic, then (P5(X), W) is geodesic as
well. Moreover, AN w if and only if p,, — p and

/ d(x, 20)? dpn(z) — / d(x, z0)? du(x) for some zy € X.
X X
As usual, we write j,, — pif [y @ dpn, — [y @ dp for all ¢ € Cyp(X).

2.3. Relative entropy. Let (X, d, m) be a metric measure space, where (X, d) is a Polish
metric space and m is a non-negative, Borel and o-finite measure. We assume that the
space (X,d, m) satisfies the following structural assumption: there exist a point xy € X
and two constants ¢, co > 0 such that

m({z € X :d(z,x0) <7r}) < e’ (2.5)
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The relative entropy Enty: Po(X) — (—o00, +00] is defined as

/X(Qlogg dm if = pm € Py(X),

Entn (1) (2.6)

+00 otherwise.

According to our definition, x € Dom(Ent,) implies that @ € P5(X) and that the
effective domain Dom(Ent,,) is convex. As pointed out in [5, Section 7.1], the structural
assumption (2.5) guarantees that in fact Ent(u) > —oo for all u € P(X).

When m € Z(X), the entropy functional Ent, naturally extends to &(X), is lower
semicontinuous with respect to the weak convergence in &?(X) and positive by Jensen’s
inequality. In addition, if F': X — Y is a Borel map, then

Entp,m(Fup) < Enty(p) for all p € Z2(X), (2.7)

with equality if F' is injective, see [4, Lemma 9.4.5].

When m(X) = +o0, if we set n := e <4070 m for some zy € X, where ¢ > 0 is chosen
so that n(X) < 400 (note that the existence of such ¢ > 0 is guaranteed by (2.5)), then
we obtain the useful formula

Ent,(p) = Enty(p) — c/ d(x,z0)* du for all u € Py(X). (2.8)
X
This shows that Ent,, is lower semicontinuous in (Z(X), W).

2.4. Carnot groups. Let G be a Carnot group, i.e. a connected, simply connected and
nilpotent Lie group whose Lie algebra g of left-invariant vector fields has dimension n and
admits a stratification of step x,

with

Vi=[V,Viq] fori=1,... Kk, V1, V] ={0}.
We set m; = dim(V;) and h; = mqy + -+ +m; for i = 1,..., K, with hy = 0 and h, = n.
We fix an adapted basis of g, i.e. a basis X,..., X, such that

Xh, +1y--.,Xp, 1s a basis of V, 1=1,...,K.

Using exponential coordinates, we can identify G with R™ endowed with the group law
determined by the Campbell-Hausdorff formula (in particular, the identity e € G corre-
sponds to 0 € R" and 7! = —x for x € G). It is not restrictive to assume that X;(0) = e;

for any ¢ = 1, ..., n; therefore, by left-invariance, for any x € G we get

Xl(l') :dlxei, 1= 1,...,71, (29)
where [,: G — G is the left-translation by z € G, i.e. l,(y) = zy for any y € G. We
endow g with the left-invariant Riemannian metric (-, ) that makes the basis X;,..., X,
orthonormal. For any ¢ = 1,...,n, we define the gradient with respect to the layer V; as

h;
Vifi= > (XX eV
j=hi—1+1

We let HG C T'G be the horizontal tangent bundle of the group G, i.e. the left-invariant
sub-bundle of the tangent bundle TG such that H.G = {X(0) : X € V;}. We use the
distinguished notation Vg := Vy, for the horizontal gradient.
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For any i = 1,...,n, we define the degree d(i) € {1,...,k} of the basis vector field X;
as d(i) = j if and only if X; € V;. With this notion, the one-parameter family of group
dilations (dx)r>0: G — G is given by

(z)=ox(xy,...,2,) = ()\xl,...,)\d(i):ci,...,)\“xn) for all z € G. (2.10)

The Haar measure of the group G coincides with the n-dimensional Lebesgue mea-
sure .Z" and has the homogeneity property Z"(0\(E)) = A?.Z"(E), where the integer
Q = >% idim(V;) is the homogeneous dimension of the group.

We endow the group G with the canonical Carnot—Carathéodory structure induced
by HG. We say that a Lipschitz curve v: [0, 1] = G is a horizontal curve if 4(t) € Hy ;)G
for a.e. t € [0,1]. The Carnot-Carathéodory distance between x,y € G is then defined as

1
dec(,y) = inf{ | IE@lle de < is horizontal, (0) = =, (1) = y}.
0

By Chow—Rashevskii’s Theorem, the function d. is in fact a distance, which is also
left-invariant and homogeneous with respect to the dilations defined in (2.10), precisely
dec(z2,2y) = dec(z,y) and dec(0x(7),0x(y)) = Adec(z,y) for all z,y,z € G and A > 0.
The resulting metric space (G,d.) is a Polish geodesic space. We let Bg(z,7) be the
dec-ball centred at z € G of radius r > 0. Note that Z"(Bg(z,7)) = ¢,r?, where
cn = ZL"(Bg(0,1)). In particular, the metric measure space (G,dc,-Z") satisfies the
structural assumption (2.5).

Let us write x = (Z1, ..., %), where &; := (xp,_,41,...,2p,) fori=1,... k. As proved
in [18, Theorem 5.1], there exist suitable constants ¢; = 1, ¢,...,¢x € (0,1) depending
only on the group structure of G such that

doo(,0) 1= max{cﬂfﬂ%{/yﬁi L= 1,...,/{}, z € G, (2.11)
induces a left-invariant and homogeneous distance doo(z,y) = doo(y'2,0), 2,y € G,

which is equivalent to d..
Let 1 < p < +o00 and let 2 C R™ be an open set. The horizontal Sobolev space

WeP(Q) :={ue LP(Q): Xu e LP(Q), i=1,...,my} (2.12)

endowed with the norm

my
||U||Wévp(g) = |lull o) + D I1Xiull oo
i=1
is a reflexive Banach space, see [17, Proposition 1.1.2]. By [17, Theorem 1.2.3], the set
C=(Q) N WEP(Q) is dense in W5P(Q). By a standard cut-off argument, we get that
C®(R") is dense in W5”(R™).

2.5. Riemannian approximation. The metric space (G, d.) can be seen as the limit
in the pointed Gromov-Hausdorff sense as € — 0 of a family of Riemannian manifolds
{(G.,d:)}.., defined as follows, see [12, Theorem 2.12]. For any € > 0, we define the
Riemannian approximation (Gg,d.) of the Carnot group (G, d.) as the manifold R" en-
dowed with the Riemannian metric g.(-,-) = (-,-). that makes orthonormal the vector
fields e*D-1X;, i =1,...,n, i.e. such that

<Xi7 X]>5 = €2_d(i)_d(j)5ij, Z,] = 1, oy n.
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We let d. be the Riemannian distance induced by the metric g.. Note that d. is left-
invariant and satisfies d. < d. for all € > 0. For any € > 0, the e-Riemannian gradient is
defined as

K

Vof =Y U0 (X ) X, =Y vy, f.
=1

By (2.9), we get that
g.(z) = (dl,)" D. (dl,), z € G,

where D, is the diagonal block matrix given by
D, = diag(Ly,, e 2Ly, ..., e 20701, ... e 270, ),
As a consequence, the Riemannian volume element is given by
vol, = y/det g. dzy A -+ Adx, = "L

We remark that, for each € > 0, the n-dimensional Riemannian manifold (G., d.) has Ricci
curvature bounded from below. More precisely, there exists a constant K > 0, depending
only on the Carnot group G, such that

Ric. > —Ke?  foralle > 0. (2.13)

By scaling invariance, the proof of inequality (2.13) can be reduced to the case ¢ = 1,
which in turn is a direct consequence of [31, Lemma 1.1].

In the sequel, we will consider the metric measure space (G, d., £"), i.e. the Riemann-
ian manifold (G., d., vol.) with a rescaled volume measure. Both these two spaces satisfy
the structural assumption (2.5). Moreover, we have

Entyol, (1) = Ent(u) + log(s9™™) for all € > 0. (2.14)

Here and in the following, Ent denotes the entropy with respect to the reference mea-
sure 2.

2.6. Sub-elliptic heat equation. We let Ag = Y'Y X? be the so-called sub-Laplacian
operator. Since the horizontal vector fields Xi, ..., X}, satisfy Hormander’s condition,
by Hormander’s theorem the sub-elliptic heat operator 0, — Ag is hypoelliptic, meaning
that its fundamental solution h: (0,4+00) x G — (0,+00), hi(x) = h(t,z), the so-called
heat kernel, is smooth. In the following result, we collect some properties of the heat
kernel that will be used in the sequel. We refer the reader to [39, Chapter IV] and to the
references therein for the proof.

Theorem 2.3 (Properties of the heat kernel). The heat kernel h: (0, +00)xG — (0, +00)
satisfies the following properties:
(i) hy(x™1) = hy(x) for any (t,z) € (0,+00) x G;
(i1) hyz¢(0x(2)) = A"Chy(x) for any A > 0 and (t,z) € (0,+00) x G;
(iii) Jghy de =1 for anyt > 0;
(iv) there exists C' > 0, depending only on G, such that

dec(,0)?

he(x) < Ct~ 9% exp (— m

) V(t,x) € (0, +00) x G; (2.15)



HEAT AND ENTROPY FLOWS IN CARNOT GROUPS 9
(v) for any e > 0, there exists C. > 0 such that

dec(,0)?

hy(z) > C.t™ 9 exp (—m

) V(t,z) € (0,+00) x G; (2.16)
(vi) for every j,l € N and € > 0, there exists C.(j,1) > 0 such that

J+21 dcc 5 2
00X -+ Xyl < e 5 e (<20} viaa) € (0,400 x 6,

4(1+¢e)t

(2.17)
where X;, - X;, € V1.
Given g € L(G), the function

o(r) = (0xh)(@) = [y ) oly) dy,  (La)€ (0,400 x G, (215)

is smooth and is a solution of the heat diffusion problem
0y0r = Agor in (0,400) x G, (2.19)

2 = 0, on {0} x G.

The initial datum is assumed in the L'-sense, i.e. yné 0; = 0in L'(G). As a consequence of
H

the properties of the heat kernel, if p > 0 then the solution (o;);>0 in (2.18) is everywhere
positive and satisfies

[ o) de =l V>0,
In addition, if o.Z" € P5(G) then (01 L")i>0 C HPo(X). Indeed, by (2.15), we have

= / dec(,0)2 hy(z) do < 400 ¥t > 0.
G
Thus, by triangular inequality, we have

(dec(-, 002 % hy) () = /Gdcc(g;y—l,o)2 he(y) dy < 2dec(, 0)% + 20,

so that, for all t > 0, we get
/ dec(z,0)? 04(7) do = / (dec(+, 0)?xhy) () o() do < 2/ dec(z,0)? o(7) dx+2C,. (2.20)
G G G

2.7. Main result. We are now ready to state the main result of the paper. The proof is
given in Section 4 and deals with the two parts of the statement separately.

Theorem 2.4. Let (G,de, L") be a Carnot group and let oo € L'(G) be such that
po = 00" € Dom(Ent). If (0i)i>0 solves the sub-elliptic heat equation Opor = Ago:
with initial datum oo, then py = 0. L™ is a gradient flow of Ent in (P5(G),Wg) starting
from pyg.

Conversely, if (1t)i>0 is a gradient flow of Ent in (P2(G),Wg) starting from pg, then
pe = 0. L™ for allt > 0 and (0;)i>0 solves the sub-elliptic heat equation Opor = Aoy with
initial datum og.
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3. CONTINUITY EQUATION AND SLOPE OF THE ENTROPY

3.1. The Wasserstein space on the approximating Riemannian manifold. Let
(P5(G.),W.) be the Wasserstein space introduced in Section 2.2 relative to the metric
measure space (Gg,d., £™). As observed in Section 2.5, (G.,d.,£") is an n-dimensional
Riemannian manifold (with rescaled volume measure) whose Ricci curvature is bounded
from below. Here we collect some known results taken from [14,40] concerning the space
(P5(G.),W,). In the original statements, the canonical reference measure is the Rie-
mannian volume. Keeping in mind that vol. = £"~“.#" and the relation (2.14), in our
statements each quantity is rescaled accordingly. All time-dependent vector fields appear-
ing in the sequel are tacitly understood to be Borel measurable.
Let p € P5(G.) be given. We define the space

L0 = {€ € @G : [ g2 duu < +oo.

Here .7 (TG.) denotes the set of sections of the tangent bundle T'G.. Moreover, we define
the ‘tangent space’ of (P(G.),W.) at u as

2
Tan. (1) = (Vg - o € CX(RDT .
The ‘tangent space’ Tan.(p) was first introduced in [35]. We refer the reader to [4,
Chapter 12] and to [40, Chapters 13 and 15] for a detailed discussion on this space.
Let ¢ > 0 be fixed. Given I C R an open interval and a time-dependent vector field
v5: I x G, = TG, (t,x) — vi(z) € T,G., we say that a curve (u)ier C P2(G.) satisfies
the continuity equation

Oty + div(vip) =0 in I x G, (3.1)

in the sense of distributions if

[ i) dat) e < oc

and
/1 /G Dup(t, ) + (V5 (2), Ve(t,2)) dpe(z) dt =0 W € C(I x R™).

We can thus state the following result, see [14, Proposition 2.5] for the proof. Here and
in the sequel, the metric derivative in the Wasserstein space (Z2(G.),W,) of a curve
(1e)rer C P2(Ge) is denoted by 1.

Proposition 3.1 (Continuity equation in (Z5(G.), W,)). Let e > 0 be fized and let I C R
be an open interval. If (), € ACE(I; P5(G.)), then there exists a time-dependent vector
field v I x G, — TG, with t = [|Vf || 12() € Lipe(I) such that

vi € Tang () forae tel (3.2)

and the continuity equation (3.1) holds in the sense of distributions. The vector field v§
is uniquely determined in L*(u;) by (3.1) and (3.2) for a.e. t € I and we have

il L2 () = [F0ele for a.e. tel.

Conversely, if (put)ier C P2(G.) is a curve satisfying (3.1) for some (v§)we; such that
e (07|22 (u) € Live(D), then () € ACR (I3 (P2(Ge), We)) with

] < ||Uf||Lg(Mt) fora.e. t €1.
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We can interpret the time-dependent vector field (v ):c; given by Proposition 3.1 as the
‘tangent vector’ of the curve (u4)ier in (P2(G.), W,). As remarked in [14, Section 2], for
a.e. t € I the vector field v{ has minimal L?(j;)-norm among all time-dependent vector
fields satisfying (3.1). Moreover, this minimality is equivalent to (3.2).

In the following result and in the sequel, |DZEnt|(x) denotes the descending slope of
the entropy Ent at the point u € P5(G.) in the Wasserstein space (Z2(G.), W.).

Proposition 3.2. Let € > 0 be fized and let p = o L" € P5(G.). The following state-
ments are equivalent:

(i) D7 Ent| (1) < +o0;

(i) 0 € WbH(G.) and V.o = wp for some w® € L2(p).
In this case, w® € Tan.(u) and |DZEnt|(1) = ||w®||12(,). Moreover, for any v € P5(G.),
we have

Ent(v) > Ent(s) — [ 20 Welo 1) — £ W, ), (33)

where K > 0 is the constant appearing in (2.13).

The equivalence part in Proposition 3.2 is proved in [14, Proposition 4.3]. Inequal-
ity (3.3) is the so-called HWI inequality and follows from [40, Theorem 23.14], see [40, Re-
mark 23.16].

The quantity

: Vo0l
o) = ol = [, o 4%

appearing in Proposition 3.2 is the so-called Fisher information of p = o™ € P5(G.).
The inequality F.(0) < |D-Ent|(x) holds in the context of metric measure spaces, see [5,
Theorem 7.4]. The converse inequality does not hold in such a generality and heavily
depends on the lower semicontinuity of the descending slope |D_ Ent|, see [5, Theorem 7.6].

3.2. The Wasserstein space on the Carnot group. Let (%(G), Wg) be the Wasser-
stein space introduced in Section 2.2 relative to the metric measure space (G, de, -Z").
In this section, we discuss the counterparts of Proposition 3.1 and Proposition 3.2 in the
space (P5(G),Wg). All time-dependent vector fields appearing in the sequel are tacitly
understood to be Borel measurable.

Let p € Z25(G) be given. We define the space

Li(n) = {€ € #(HG) : [ I du < +oof.

Here . (HG) denotes the set of sections of the horizontal tangent bundle HG. Moreover,
we define the ‘tangent space’ of (P2(G),Wg) at u as

L2
Tang (1) = {Vep : ¢ € CF(RDT W,

Given I C R an open interval and a horizontal time-dependent vector field v®: I x G —
HG, (t,z) — v(x) € H,G, we say that a curve (u;)ie; C P5(G) satisfies the continuity
equation

Oy + div(viu,) =0  in I x G, (3.4)
in the sense of distributions if

/I[G [vf (@) |g dpe () dt < 400
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and
/I /G dup(t, ) + (vf (2), Vep(t, 2)) _ du(x)di =0 Vo€ CX(I x R").

The following result is the exact analogue of Proposition 3.1. Here and in the sequel, the
metric derivative in the Wasserstein space (Z22(G),Wg) of a curve (u:)ier C P2(G) is
denoted by |f|g-

Proposition 3.3 (Continuity equation in (P(G),Wg)). Let I C R be an open interval.
If () € ACE (I;(P2(G),Wg)), then there exists a horizontal time-dependent vector
field v®: I x G — HG with t = |[v7 || 2.,y € Lis.(I) such that

v® € Tang () forae tel (3.5)

and the continuity equation (3.4) holds in the sense of distributions. The vector field v®
is uniquely determined in L2 () by (3.4) and (3.5) for a.e. t € I and we have

HU;G“L(%;(M) = |fulc fora.e tel.

Conversely, if (t)ier C P2(G) is a curve satisfying (3.4) for some (vE);e; such that
t = 07 2 u) € Lie(D), then (ne)e € ACE (I3 (22(G), We)) with

(pt)

|,at|(G < ||U7(5G||Lé(m) fOT a.e tel.

As for Proposition 3.1, we can interpret the horizontal time-dependent vector field (v®);c;
given by Proposition 3.3 as the ‘tangent vector’ of the curve (pu)wer in (P2(G),Wg). An
easy adaptation of [14, Lemma 2.4] to the sub-Riemannian manifold (G, d.,-Z") again
shows that for a.e. t € I the vector field vF has minimal L2 (p;)-norm among all time-
dependent vector fields satisfying (3.4) and, moreover, that this minimality is equivalent
to (3.5).

Proposition 3.3 can be obtained applying the general results obtained in [20] to the
metric measure space (G, d., £"). Below we give a direct proof exploiting Proposition 3.1.
The argument is very similar to the one of [25, Proposition 3.1] and we only sketch it.

Proof. Tt (w;); € ACE.(I;(P2(G),Wg)), then also (1), € ACE.(I;(P2(G.),W.)) for

loc loc

every € > 0, since d. < de.. Let v°: [ X G, — TG, be the time-dependent vector field
given by Proposition 3.1. Note that

L2 dpe = 2 < Va2 forae.tel. (3.6)
Moreover
2 foralle >0, (3.7)

K
o112 = flof I + 3 e o™
=2

where v{""" denotes the projection of v on V;. Combining (3.6) and (3.7), we find a
sequence (gx)ren, with £, — 0, and a horizontal time-dependent vector field v¢: I x G —
HG such that vt — ¢® and v*»%i — 0 for alli =2,...,x as k — +oo locally in time
in the L2-norm on I x G naturally induced by the norm || - ||; and the measure du,dt. In
particular, ¢ — ||U§;HL%(M) € L} (I) and HU;GHL?;(M) < |fit|g for a.e. t € I. To prove (3.4),
fix a test function ¢ € C°(I x R™) and pass to the limit as ¢ — 0% in (3.1).

Conversely, if (ut)ier C Po(G) satisfies (3.4) for some horizontal time-dependent vector

field (vf)eer such that t — ||vf || 12u) € Libe(I), then we can apply Proposition 3.1 for
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e = 1. By the superposition principle stated in [9, Theorem 5.8] applied to the Riemannian
manifold (Gq,d;, . Z"), we find a probability measure v € #(C(I;(Gy,d;))), concentrated
on ACE .(I;(Gy,dy)), such that p;, = (e;)4v for all t € I and with the property that v-a.e.
curve v € C(I;(Gy,d,)) is an absolutely continuous integral curve of the vector field v®.
Here e;: C(I;(Gy,d;)) — G denotes the evaluation map at time t € I. Since v® is
horizontal, v-a.e. curve v € C(I;(Gy,d)) is horizontal. Therefore, for all s,t € I, s < t,
we have

dec N [l dr= [ 160D e dr

and we can thus estimate

vvéwt,us)s/m d(e.y) dlene)prizy) = [ dL(.9(5) dv(y)

Acz,
¢
=) [ [ WEGODIE drave) = =) [ [ 11 dudr
loc S G
This immediately gives |fi|c < HUFHL(%’;(M) for a.e. t € I, which in turn proves (3.5). O

To establish an analogue of Proposition 3.2, we need to prove the two inequalities
separately. For p = 0.£" € P5(G), the inequality Fg(p) < |DgEnt|(n) is stated in
Proposition 3.4 below. Here and in the sequel, |DgEnt|(1) denotes the descending slope
of the entropy Ent at the point u € P5(G) in the Wasserstein space (P5(G), Wg).

Proposition 3.4. Let u = 0" € P(G). If |DgEnt|(1) < 400, then o € WéjllOC(G) and
Vo = wCo for some horizontal vector field w® € L*(u) with HwGHLé(M) < |DgEnt|(u).

Proposition 3.4 can be obtained by applying [5, Theorem 7.4] to the metric measure space
(G, dee, Z™). Below we give a direct proof of this result which is closer in the spirit to the
one in the Riemannian setting, see [14, Lemma 4.2]. See also [25, Proposition 3.1].

Proof. Let V € C*(G; HG) be a smooth horizontal vector field with compact support.
Then there exists ¢ > 0 such that, for any ¢ € (=9, ), the flow map of the vector field V'
at time ¢, namely

Fi(x) = exp,(tV), z € G,
is a diffeomorphism and J; = det(DF}) is such that ¢! < J, <cfor some c>1. By

the change of variable formula, the measure p; := (F})xp is such that p, = 0,.£" with
Jyoy = 00 F; ! for t € (—6,9). Let us set H(r) = rlogr for r > 0. Then, for t € (—4,0),

Ent(u) :/ H(o:) do = / H <J ) Jy dz = Ent(p / olog(J) dx < +oc.
G G t
Note that Jy = 1, Jo = divV and that ¢ — J,J; ! is uniformly bounded for ¢ € (—0,9).
iEnt( de = [ —o J
On the other hand, we have
W2t 1) = WA((F) gt ) < | dE(Fi(a). ) dpx)

Thus we have
/ Qlog Jt -
dt =0 G Jt

—/ odivV dux.
G

=0 t=0
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o W2 (s, 1) &.(F(x),2)
Fi(z), x
lim su Welke, H) lim sup —<- 2227 g a::/VQd.
t—)Op |t’2 = Jg t—>0p ‘t|2 M() G” H(G 1Y
Hence
d : [Ent(p) — Ent(p)]™ We(p, 1) (
——Ent < limsu . o M < |DgEnt|( / Vla d )
g ENt(p) . n sup W (11 n |DgEnt|(u VI du
and thus
/levV dx| < |DgEnt|(p </ V|12 d,u>

By Riesz representation theorem, we conclude that there exists a horizontal vector field
w® € L4 (p) such that lwe |22 < [DgEnt|(1) and

—/ odivV dx:/<wG,V> dp forall V € C¥(G; HG).
G G G

This implies that Vgo = w®p and the proof is complete. 0
We call the quantity

VGQ||2
F — G2 :/ H—G d"gn
c(o) = l[w”llzz () Gn{o>0} O

appearing in Proposition 3.4 the horizontal Fisher information of up = o £" € P5(G).
On its effective domain, Fg is convex and sequentially lower semicontinuous with respect
to the weak topology of L*(G), see [5, Lemma 4.10].

Given pu = 02" € P5(G), it is not clear how to prove the inequality |DgEnt|*(u) <
Fs(0) under the mere condition |DgEnt|(u) < 400. Following [25, Proposition 3.4], in
Proposition 3.5 below we show that the condition |D-Ent|(x) < +o0o for some ¢ > 0 (and
thus any) implies that |DgEnt|?*(1) < Fg(o).

Proposition 3.5. Let p = 0.Z" € P5(G). If [IDZEnt|(pn) < +oo for some e > 0, then
also |DgEnt| (1) < +00 and moreover Fg(g) = |DgEnt|? ().

Proof. Since |DZEnt|(pn) < 400, we have Ent(u) < 4o00. Since d. < dec and so W, <
Wg, we also have |DgEnt|(n) < |DZEnt|(n). By Proposition 3.4, we conclude that
0o € WéjllOC(G) and Vgo = w®p for some horizontal vector field w® € L2 (u) with
||wG||L¢2;(u) < |DgEnt|(). We now prove the converse inequality. Since |DZEnt|(u) < 400,
by Proposition 3.2 we have F.(¢) = |DZEnt|?(u1) and

Ent(v) > Ent(n) — FY2(0) W (v, 1) — £5 W2 (1, ) (3.5)
for any v € Z5(G). Take e = Wg (v, 1)'/* and assume ¢ < 1. Since W, < Wg, from (3.8)
we get

Ent(v) > Ent(1) — FY2(0) We (v, 1) — 5 WA (v, 1)

= Ent(i) — FY/*(0) We (v, 1) — £ WP (v, ). (3.9)

We need to bound F.(g) from above in terms of Fg(0). To do so, observe that

k k
Veo=Vgo+Y V0, |Veol2 = | Veollg + Y2V Vy0l2.

i=2 =2
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2
&(p) foralli = 2, ... k. Recalling the inequality (1+7) < (1 + %)
for » > 0, we can estimate

L3 ))

k
F-(0) = Fa(o) + Z 201 || T

2 1 k v
—F 1 2(i—1) v, @
1~ relo ( - FG(@);6 =

2

k
<Felo) (1+ gy 214,

i—2
and thus

1/2 < 1/2 2(i—1) || Vv, @
P20 < P (14 g 3ot e
Inserting (3.10) into (3.9), we finally get

Ent(v) > Ent(s1) — F/*(0) W (v, 1) — C W/ (v, 1)

L ) . (3.10)

for some C' > 0 independent of . This immediately leads to |DgEnt|(u) < Fl/ (o). O

3.3. Carnot groups are non-C'D(K, o0) spaces. As stated in [5, Theorem 7.6], if the
metric measure space (X, d, m) is Polish and satisfies (2.5), then the properties
(i) |D"Ent*(1) = F(p) for all 4 = om € Dom(Ent);
(ii) |D~Ent| is sequentially lower semicontinuous with respect to convergence with mo-
ments in Z(X) on sublevels of Ent;

are equivalent. We do not know if property (ii) is true for the space (G, dec,-£") and this
is why in Proposition 3.5 we needed the additional assumption |D-Ent|(u) < +o0.

By [5, Theorem 9.3], property (ii) holds true if (X, d, m) is CD(K, co0) for some K € R.
As the following result shows, (non-commutative) Carnot groups are not C'D(K, c0), so
that the validity of property (ii) in these metric measure spaces is an open problem. Note
that Proposition 3.6 below was already known for the Heisenberg groups, see [24].

Proposition 3.6. If (G,d.,-£") is a non-commutative Carnot group, then the metric
measure space (G,dee, L") is not CD(K,00) for any K € R.

Proof. By contradiction, assume that (G, de, Z") is a CD(K, 00) space for some K € R.
Since the Dirichlet—Cheeger energy associate to the horizontal gradient is quadratic on
L*(G, £™) (see [6, Section 4.3] for a definition), by [3, Theorem 6.1] we deduce that
(G,dee, Z") is a (o-finite) RCD(K,o00) space. By [3, Theorem 7.2], we deduce that
(G, de, Z7) satisfies the BE(K, 00) property, that is,

IVe(PN)IE < e R(IVIG),  forallt >0, f € CE(R"). (3.11)

Here and in the rest of the proof, we set P,f := f % h; for short. Arguing similarly as
in the proof of [41, Theorem 1.1], it is possible to prove that (3.11) is equivalent to the
following reverse Poincaré inequality

P(f*) = (Pf)* 2 2L IV(Pf)|lg,  forallt >0, feC(R"), (3.12)

where Ik (t) := eK;(_l (t) :=t. Now, by [8, Propositions 2.5 and 2.6], there
exists a constant A € {i Q} (where @@ and m; are as in Section 2.4) such that the

2m1’ mq
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inequality
t
P(f*) = (Bf) 2 £ IV(BG,  forallt>0, feCFRY), (3.13)

holds true and, moreover, is sharp. Comparing (3.12) and (3.13), we thus must have that
A< #K(t) for all t > 0. Passing to the limit as t — 07, we get that A < %, so that
@ < my. This immediately implies that G is commutative, a contradiction. 0

4. PROOF OF THE MAIN RESULT

4.1. Heat diffusions are gradient flows of the entropy. In this section we prove the
first part of Theorem 2.4. The argument follows the strategy outlined in [25, Section 4.1].

The following technical lemma will be applied to horizontal vector fields in the proof of
Proposition 4.2 below. The proof is exactly the same of [25, Lemma 4.1] and we omit it.

Lemma 4.1. Let V: R" — R"™ be a vector field with locally Lipschitz coefficients such
that |V|gn € LY(R"™) and divV € LY(R"). Then [z, divV dz = 0.

Proposition 4.2 below states that the function ¢t — Ent(g,.£") is locally absolutely
continuous if (o;)i>0 solves the sub-elliptic heat equation (2.19) with initial datum gy €
LY(G) such that py = 00-L" € P5(G). By [5, Proposition 4.22], this result is true under
the stronger assumption that gy € L'(G) N L*(G). Here the point is to remove the L>-
integrability condition on the initial datum exploiting the estimates on the heat kernel
collected in Theorem 2.3, see also [25, Section 4.1.1].

Proposition 4.2 (Entropy dissipation). Let oo € LY(G) be such that uy = 00L" €
Dom(Ent). If (o1)i>0 solves the sub-elliptic heat equation Oyor = Agor with initial da-
tum 0o, then the map t — Ent(u,), p = 022", is locally absolutely continuous on (0, 400)

and it holds
IVeoll?

d
~ Ent :—/ reerle 4 e t>0. 4.1
g Ent) o0y o L forae (4.1)

Proof. Note that p; € P(G) for all ¢ > 0 by (2.20). Hence Ent(u;) > —oo for all ¢t > 0.
Since Cy := sup,g hi(z) < +oo for each fixed ¢t > 0 by (2.15), we get that g, < C} for all
t > 0. Thus Ent(y,;) < +oo for all ¢t > 0.

For each m € N, define

Zm(r) = min{m, max{1 + logr, —m}}, H,(r):= /Or Zm($) ds, r>0. (4.2)

Note that H,, is of class C'! on [0, +00) with H is globally Lipschitz and bounded. We
claim that

d
a/@Hm(Qt) dr = /sz(gt)Ath de  Vt>0, Vm e N. (4.3)
Indeed, we have |H,,(0;)] < mo, € L*(G) and, given [a,b] C (0,+00), by (2.17) the

function x +— sup;e(, ) [Acht(7)] is bounded. Thus

<m sup (go*|Ach|) <meo+ sup |Achy| € L(G).
te[a”b} te[a,b]

iHm(Qt)

sup dt

t€(a,b]
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Therefore (4.3) follows by differentiation under integral sign. We now claim that

_ Voo
sz(gt)Ath dx = — —=dr  Vt>0, VmeN. (4.4)

{emm—l<oi<em—1} 0Ot

Indeed, by Cauchy—Schwarz inequality, we have

Vea (@& _ [(00  IVhille) (x)]?
o() N (QO * he)(z)

- e [/ﬁw%”@ Vel ™) Yo ] w5)

< v (L antaor SRS 4y} ([ utory ) )

(00 * he)(x) h:(y)
2
< (go * W?;i”@) (x) for all x € G.
¢

Thus, by (2.16) and (2.17), we get

2 h, h;
[ Vet 4, < | 4« IVohE [ - [ [ehd I8 4o < 100 (09
{e=m—l<ps<em—1} G

Ot
This, together with (4.3), proves that
div(zm(0)Vear) = z,(01) | Veollg — zm(e)Acer € L(G). (4.7)
Thus (4.4) follows by integration by parts provided that
/Gdiv(zm(gt)v(ggt) dx = 0. (4.8)

To prove (4.8), we apply Lemma 4.1 to the vector field V' = z,,(0;)Vgo:. By (4.7), we
already know that divV € L'(G), so we just need to prove that |V|g:. € L'(G). Note
that

/ Vg dz < m/ 00 * |Vghy|gr dox = m/ |Vehi|rn dz,

G G G

so it is enough to prove that |[Vghy|g: € L*(G). But we have
IVehi(2)len < p(ry,...,20)[Vehi(2)lle, 7 €G,

where p: R" — [0,+00) is a function with polynomial growth, because the horizontal
vector fields Xi,..., X}, have polynomial coefficients. Since d.. is equivalent to du,
where do, was introduced in (2.11), by (2.17) we conclude that |Vgh;|gn € L*(G). This
completes the proof of (4.8).

Combining (4.3) and (4.4), we thus get

d v 2
—/Hm(gt)dx:—/ Veal 4, V¢t >0, Ym € N.
dt G {677"71<Qt<6m71} Qt

Note that
2
tis / IVearlle ¢ 11 (0, +00). (4.9)
G Ot
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Indeed, from (2.16) and (2.17) we deduce that
h 2
t— / [Vehellg dz € Li.(0, +00).
G h;

Recalling (4.5) and (4.6), this immediately implies (4.9). Therefore

t IVeoillZ
H(on) do = [ Halew) do== | " | o
/G (Qt1> v G (Qt()) v to J{emmTl<oi<em=1} Ot ’

for any to,t; € (0, +00) with ¢y < t; and m € N. We now pass to the limit as m — +oo.
Note that H,,(r) — rlogr as m — 400 and that for all m € N

rlogr < Hpy1(r) < Hp(r) for r € [0, 1] (4.10)
and
0< Hp(r)<l+rlogr  forre][l,+00). (4.11)
Thus
lim /Hm(gt) dx :/ o log oy dx
G G

m—+00
by the monotone convergence theorem on {9, < 1} and by the dominated convergence
theorem on {o; > 1}. Moreover

t1 \V4 2 a1 \Y 2
lim [ NVeorle gy -/ NVeorlle g
m—+00 J, e~m—l<pgi<em—1} Ot to JGN{o:>0} Ot
by the monotone convergence theorem. This concludes the proof. 0

We are now ready to prove the first part of Theorem 2.4. The argument follows the
strategy outlined in [25, Section 4.1]. See also the first part of the proof of [5, Theorem 8.5].

Theorem 4.3. Let gy € L'(G) be such that pg = 00-L™ € Dom(Ent). If (0;)¢>0 solves the
sub-elliptic heat equation 0;0; = Agoy with initial datum g, then py = 0,.Z" is a gradient
flow of Ent in (P2(G),Wg) starting from pig.

Proof. Note that (u¢)i~0 C P2(G), see the proof of Proposition 4.2. Moreover, (i;)i>o
satisfies (3.4) with v® = Vgo;/0; for t > 0. Note that t ||UQG’||L%(M) € L2.(0,+00)
by (2.16), (2.17), (4.5) and (4.6). By Proposition 3.3 we conclude that

\V4 2
fe]? < 1Veills dx for a.e. t > 0. (4.12)
L
GN{et>0}

Ot

By Proposition 4.2, the map ¢ — Ent(u,) is locally absolutely continuous on (0, +00) and
so, by the chain rule, we get

d
- EEnt(ut) < |DgEnt| (1) - |fulc for a.e. t > 0. (4.13)
Thus, if we prove that
_ Vioi?
D;Ent/|? = / u dx fora.e. t >0 4.14
DaEmfu) = [ (1.14)

then, combining this equality with (4.1), (4.12) and (4.13), we find that

. _ d _ :
|l = [DgEnt| (1), £E”t(ﬂt) = —|DgEnt|(1) - [fulc  forae. t >0,
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so that (u¢)i>0 is a gradient flow of Ent starting from g as observed in Remark 2.2.

We now prove (4.14). To do so, we apply Proposition 3.5. We need to check that
|IDZEnt|(p;) < 400 for some € > 0. To prove this, we apply Proposition 3.2. Since
d. < dc, we have puy € P5(G,) for all € > 0. Moreover

- Vil
Fo(or) =F v [ S 4.
(@) =Fole Z% Gnle>0} O
Since Fg (o) < 400, we just need to prove that
Vi 2
/ Vv, 0l dr < 100
GN{ot>0} Ot
for all i = 2,..., k. Indeed, arguing as in (4.5), by Cauchy—Schwarz inequality we have
9 2 2 2
IVv.edl < (ex[[Vyhille)” 1 [Q* (HVViht”G \/hj)] < o IVvihelig
Ot o*hy 0x*hy vhy
Therefore, by (2.16) and (2.17), we get

04|12 h;
[ Tl g IR IS
GN{o:>0} O G

This concludes the proof. 0

4.2. Gradient flows of the entropy are heat diffusions. In this section we prove
the second part of Theorem 2.4. Our argument is different from the one presented in [25,
Section 4.2]. However, as observed in [25, Remark 5.3], the techniques developed in [25,
Section 4.2] can be adapted in order to obtain a proof of Theorem 4.8 below for any
Carnot group G of step 2.

Let us start with the following remark. If (u;):>0 is a gradient flow of Ent in (Z2(G), Wg)
then, recalling Definition 2.1, we have that y; € Dom(Ent) for all ¢ > 0. By (2.6), this
means that p; = 0, 2™ for some probability density go; € L'(G) for all ¢ > 0. In addition,
t — |DgEnt| (1) € L2 ([0, +00)) and the function ¢ — Ent(s) is non-increasing, therefore
a.e. differentiable and locally integrable on [0, 4+00).

Lemma 4.4 below shows that it is enough to establish (4.15) in order to prove the second
part of Theorem 2.4. For the proof, see also the last paragraph of [25, Section 4.2].

Lemma 4.4. Let gy € LY(G) be such that py = 00" € Dom(Ent). Assume (p;)e>0 is a
gradient flow of Ent in (P(G),Wg) starting from pg, with p, = 0t L™ for allt > 0. Let
(V%) 10 and (WE)iso, wE = Vgoi/o:, be the horizontal time-dependent vector fields given
by Proposition 3.3 and Proposition 3.4 respectively. If it holds

— —Ent (1) / w;G’, U;G dut for a.e. t >0, (4.15)

then (01)i>0 solves the sub-elliptic heat equation Opor = Agor with initial datum .
Proof. From Definition 2.1 we get that

1 1
Ent(u) + 5 [ liwl2 dr+ 5 [ ID"Entf2 () dr < Ent(,)
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for all s,t > 0 with s < t. Therefore
d 1 1
—%Ent(ut) > §|/5Lt|é + §|D_Ent|é(,ut) for a.e. t > 0.
By Young’s inequality, Proposition 3.3 and Proposition 3.4, we thus get
d . _
— Entu) > lule - IDGEntl () > [0f 10 [0F 2y forac >0, (116)

Combining (4.15) and (4.16), by Cauchy-Schwarz inequality we conclude that v® =
—wP = —Vgoi/ /o in LE () for a.e. t > 0. This immediately implies that (g;)¢>o solves the
sub-elliptic heat equation 0;0; = Ago; with initial datum gy in the sense of distributions,
i.e.

/OJFOO/G&%(:E) + Ags(x) dpg dt + [tho(aj) dug(z) =0 Vo € C([0, +00) x R™).

By well-known results on hypoelliptic operators, this implies that (o;)¢>0 solves the sub-
elliptic heat equation 0;0; = Ago; with initial datum gq. O

To prove Theorem 4.8 below we need some preliminaries. The following two lemmas
are natural adaptations of [7, Lemma 2.14] to our setting.

Lemma 4.5. Let p € P(G) and 0 € LY(G) with o > 0. Let v € #(G;R™) be a
R™-valued Borel measure with finite total variation and such that |v| < p. Then

/ 14
G fu
In addition, if (ox)ren C LY(G), o > 0, weakly converges to the Dirac mass 0y and
v € L*(G, p), then

2
g *xV

2
’ dj. (4.17)

ox [ d$§/
o * I G

2
O xV

O *

lim
k—+o0 JG

2
O * JU d.:E:/G %’ dp. (4.18)

Proof. Inequality (4.17) follows from Jensen inequality and is proved in [7, Lemma 2.14].
We briefly recall the argument for the reader’s convenience. Consider the map ®: R™ x
R — [0, 400] given by

2
12 ift >0,

zt) =00 if (2,1) = (0,0),
+oo if eithert <0Qort=0, z#0.

Then & is convex, lower semicontinuous and positively 1-homogeneous. By Jensen’s
inequality we have

o ([ o) dv@) < [ o) dioa) (4.19)

for any Borel function v: G — R™"! and any positive and finite measure 9 on G. Fix
z € G and apply (4.19) with ¢ (y) = (g(y), 1) and d(y) = o(xy~)du(y) to obtain

v

2 st = ([ 2w oo auto), fLotes™) aut)
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< /G@ (g(y)J) o(zy™) du(y) :/G : 2(y)ff(xyl) du(y),

which immediately gives (4.17). The limit in (4.18) follows by the joint lower semiconti-
2
nuity of the functional (v, u) — Jg ‘i' du, see Theorem 2.34 and Example 2.36 in [1]. O

In Lemma 4.6 below and in the rest of the paper, we let f * g be the convolution of the
two functions f, g with respect to the time variable. We keep the notation f x g for the
convolution of f, g with respect to the space variable.

Lemma 4.6. Let py = 0" € P(G) for allt € R and let ¥ € L*(R), ¥ > 0. If the
horizontal time-dependent vector fieldv: Rx G — HG satisfies vy € L& () for a.e. t € R,
then
9 () (®)[* )
—_— < . .
/G Taalh | Pre®dr<is (/G lo.|12 dﬂ_> () forallteR.  (4.20)

In addition, if (9;);en C L' (G), 9; > 0, weakly converges to the Dirac mass &y, then
v * (0v.)(t)
W x 0.(t)
Proof. Inequality (4.20) follows from (4.19) in the same way of (4.17), so we omit the
details. For (4.21), set yy = ¥; x p.(t) and vf = ¥; * (v.p.)(t) for all t € R and j € N.

Then ||} ||g < pf and v — vy = vy, for a.e. t € R, so that

lim
J—=+00 JG

2
V% 0.(t) do = / o1& dpe for a.e. t € R. (4.21)
c G

9+ (e0)(0)|? Z Y
liminf [ ||[-2—="22| ;% o.(t) do = liminf [ |—|| dypl > / —I| duy
it Jo || ik 0(t) g i=+o0 Je || 1l || G| ||
for a.e. t € R by Theorem 2.34 and Example 2.36 in [1]. O

The following lemma is an elementary result relating weak convergence and convergence
of scalar products of vector fields. We prove it here for the reader’s convenience.

Lemma 4.7. For k € N, let uy, n € P(G) and let vy, wy,v,w: G — TG be Borel vector
fields. Assume that p, — w, vppr — v and wipy — wi as k — +oo. If

lim sup ; ez dps < /G |v||& du < +oo and lim sup ; |wil|g dux < +oo,

k——+o0 k——+o0

then
lim G<Uk7wk><(; dug = /G<v,w)G dp. (4.22)

k—+o0

Proof. By lower semicontinuity, we know that klirf Jo llvelld dus = fg ||v]|2 dp and
— 100

1"f/t 2 g >/t 2 du forallteR,
iminf | |[tve +willg dpx 2 | [ltv+wllg du - forall t €

Expanding the squares, we get
1"f2t/ W) d / 2d>>2t/, dy  forallt €R.
,ggjgo( ok wi)g due + | Nwellg dp ) 22t | (v, w)g dp - forall t €

Choosing t > 0, dividing both sides by ¢ and letting t — 400 gives the lim inf inequality
in (4.22). Choosing t < 0, a similar argument gives the lim sup inequality in (4.22). O



HEAT AND ENTROPY FLOWS IN CARNOT GROUPS 22

We are now ready to prove the second part of Theorem 2.4.

Theorem 4.8. Let oy € L'(G) be such that py = 00-L™ € Dom(Ent). If ()0 is a
gradient flow of Ent in (Po(G),Wg) starting from ug, then p, = 0,L™ for allt > 0
and (0¢)r>o0 solves the sub-elliptic heat equation O;or = Agor with initial datum go. In
particular, t — Ent(u;) is locally absolutely continuous on (0,400).

Proof. By Lemma 4.4, we just need to show that the map ¢ — Ent(yu,) satisfies (4.15). It
is not restrictive to extend (p)¢>o in time to the whole R by setting p; = o for all £ < 0.
So from now on we assume p; € ACZ (R; (£2(G),Wg)). The time-dependent vector field
(v®)>0 given by Proposition 3.3 extends to the whole R accordingly. Note that (u)scr is
a gradient flow of Ent in the following sense: for each h € R, (usys)i>0 is a gradient flow
on Ent starting from py,. By Definition 2.1, we get ¢ — |DgEnt|(1;) € L (R) , so that
t — Fg(o:) € Li,.(R) by Proposition 3.4.
We divide the proof in three main steps.

Step 1: smoothing in the time variable. Let ¥: R — R be a symmetric smooth mollifier
in R, i.e.

9 e C®(R), suppd C [-1,1], 0<d<1, / 9(t) dt = 1.
R
We set ¥,(t) := jU(jt) for all t € R and j € N. We define
W=, dl= (9 o) /19 s)osds  VtER, VjeN.

For any s,t € R, let my; € I'o(us, p1e) be an optimal coupling between jis and p;. An
easy computation shows that 77 € Z(G x G) given by

[GX(G plx.y) dri(z.y) = /Rﬂj(t - S)/ o(r,y) drsi(x,y) ds,

GxG

for any p: G x G — [0,400) Borel, is a coupling between uf and ;. Hence we get
We (i, 1) < [ 95(t = ) Wo (s p)* ds VLER, Vj €N,
R

Therefore lim;_, o W (17, 11,) = 0 for all ¢ € R. This implies that ] — y; as j — 400
and

lim / dec (2, 0)2 dyed () = / dec(,0)? dps(z) VWt eR. (4.23)

j—+o0

In particular, (1) C P(G), Ent(1]) > —oo for all j € N and
J
25

lim inf Ent (7)) > Ent(p) vVt € R. (4.24)
Jj—+oo
We claim that ‘
lim sup Ent(z7) < Ent(p) for a.e. t € R. (4.25)
Jj—+oo
Indeed, define the new reference measure v = e <%0 2" where ¢ > 0 is chosen so

that v € Z(G). Since the function H(r) := rlogr + (1 —r), for r > 0, is convex and
non-negative, by Jensen’s inequality we have

Ent, (1) = /@ﬁ (ec‘jgc("o) U * Q.(t)) dv = /G}:I (19j * (GCdgc("O)Q.) (t)) dv
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</19 w H (000 (t)dv =9, Ent, (u)(t)  VE€R, Vj €N,
Therefore limsup;_, | Ent, (1) < Ent,(u) for a.e. t € R. Thus (4.25) follows by (2.8)

and (4.23). Combining (4.24) and (4.25), we get
lim Ent(u]) = Ent() for a.e. t € R. (4.26)

Jj—+oo
Let (vf)ter be the horizontal time-dependent vector field relative to (i )ier given by
Proposition 3.3. Let (v]);er be the horizontal time-dependent vector field given by

— )(t
vl = M Vt € R. (4.27)
Ot
We claim that v/ € Lé(u{ ) for all ¢ € R. Indeed, applying Lemma 4.6, we get

LIt didd <0y« ([0 dn) () =0y <l fae) vie R

We also claim that (1);er solves 9yl 4+ div(vi ) = 0 in the sense of distributions for all
7 € N. Indeed, if p € C°(R x R"), then also ¢’/ :=9; x ¢ € C°(R x R™), so that

/ / O (t, ) VGgo (t,2),v (x)>G dud (x) dt =
= [0 ([ orples) + (Vo) v(a)) dun(a) ) (0
= / / Owp(t,z) + (Vgp(t, z),v(x)) g dpe(x) dt = 0 Vj e N.

By Proposition 3.3, we conclude that (i), € AC2 (R; (P2(G), Weg)) with || < 9 *
|f1.|2(t) for all t € R and j € N.

Finally, we claim that Fg(o]) < 9; * Fg(0.)(t) for all t € R and j € N. Indeed, arguing
as in (4.5), by Cauchy—Schwarz inequality we have

U * (X{g ~01/0- ”VG\/?‘G” (t) < ol V; * <HV(G§HGX{@>0}> (t),

IVeallg <

so that

rete) <o ([ V928 00} ) = 0, et 0

0.

Step 2: smoothing in the space variable. Let j € N be fixed. Let n: G — R be a
symmetric smooth mollifier in G, i.e. a function n € C°(R™) such that

suppn C By, 0<n<1, na')=n()VrecG, /Gn(x) dx = 1.
We set ny.(z) := k9 n(dx(x)) for all z € G and k € N. We define

' = ot ol () =k ol (x / m(zy olly) dy, = €G,
for all t € R and k£ € N. Note that
pif = [ )il mw)dy  VEER, VK EN, (4.28)
G

where [, (z) = yz, z,y € G, denotes the left-translation.
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Note that (17" )er € P5(G) for all k € N. Indeed, arguing as in (2.20), we have
2 Jsk _ L N)2 J
[ deew, 002 apt (@) = [ (dcl-0)% #mi) (&) dp ()
<2 [ dec(a,0)* dpf(2) + 2 [ dece, 0 mi(a)
G

for all t € R. In particular, Ent(,u{’k) > —oo for all t € R and k € N. Clearly p* — 1 as
k — +oo for each fixed t € R, so that

(4.29)

lim nf Ent(1)*) > Ent(])  VteR. (4.30)
—+00
Moreover, we claim that
lim sup Ent(z*) < Ent(y)) vVt € R. (4.31)
k—4o00

Indeed, let v € Z2(G) and H as in Step 1. Recalling (4.28), by Jensen’s inequality we get

Ent, (") < / Ent, (L)) i (y)dy. (4.32)

Define v, := (I,)4v and note that v, = e=¢%<(:¥) £" for all y € G. Thus by (2.7) we have
Ent, ((1,)44) = Ent,, _, (1) = Ent(y +c/ dec(ya, 0)2 dpd(z) Wy € G.

By the dominated convergence theorem we get that y +— Ent,((l,)4p!) is continuous and
therefore (4.31) follows by passing to the limit as k — +o0 in (4.32). Combining (4.30)
and (4.31), we get

lim Ent(ul*) = Ent(ul)  VteR. (4.33)
k——+o0

Let (v))icr be as in (4.27) and let (v)*),cr be the horizontal time-dependent vector
field given by

, 7,3
vt = m o) R, Vk € N. (4.34)
Qj,k

t
We claim that v?* € L2 &y ) for all t € R. Indeed, applying Lemma 4.5, we get

LlettIE dud* < [ 1edIE dud <1pdiE veeR, ke N, (4.35)

We also claim that (pl™);er solves 9™ + div(v?* ") = 0 in the sense of distributions
for all k € N. Indeed, if p € C®(R x R"), then also ©* := g, x 0 € CZ(R x R"), so that

/ / Out (t,2) + (Vegh(t,2) v () dpl* () dt =
= L ([ ot ) + (Teplt o) () dt) (@) do
= / / Op(t, ) VGgo(t x), vy (x)>(G dpd (z) dt = 0 Vk € N.

Here we have exploited a key property of the space (G, dc,-£"™) which cannot be expected
in a general metric measure space, that is, the continuity equation in (3.4) is preserved
under regularization in the space variable. By Proposition 3.3 and (4.35), we conclude
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that (47"); € ACR(R; (22(G), We)) with |/ |6 < [[0/* )| 2 iy < 107l 20y < lid] for
all t € R and k € N. | |
Finally, we claim that Fg(o/*) < Fg(o]) for all t € R and k € N. Indeed, arguing as

2
ik ([}Qi
< E)t7 nk X <“ HG {Q >(|}>

: I Veallc
VeI < {nk* (x{gz>o}vgi v
Ot
so that

' Veol||2 IVeol|?
Fa,k</*‘|“37f@j do= [ AESE dr —Fg
(o) < o ( ol Mei>op | {el>0}  of : &

Step 3: truncated entropy. Let j,k € N be fixed. For any m € N, consider the maps
Zmy Hin 2 [0,+00) — R defined in (4.2). We set Z,(r) = zp,(r) + m for all r > 0 and
m € N. Since g* € P (G) for all ¢ € R, differentiating under the integral sign we get

& [ Halei®) de = [ 200t 1ol dr
for all t € R. Fix ty,t; € R with 5 < t;. Then
. . t ) .
/Hm(gi’lk) dx—/ Hm(gi(’)k) dzp:/l/ Em(gi’k) O, 00" dudt. (4.36)
G G to JG

Let (a;)ien C C(to,t1) such that 0 < a; < 1 and a; — X(t4y) in L'(R) as i — +o0.
Let i € N be fixed and consider the function u, () = Z,, (07" () a;(t) for all (¢, 2) € RxR™.
We claim that there exists (¢")pen € C°(R™1) such that

lim //|ut h@))? + |[Veu(z) — Vel (@)|2 dedt =0.  (4.37)

h——4o00

Indeed, consider the direct product G* = R x G and note that G* is a Carnot group.
Recalling (2.12), we know that C°(R"*!) is dense in Wg*(R™!). Thus, to get (4.37) we
just need to prove that u € Wg2(R™1) (in fact, the L%integrability of dyu is not strictly
necessary in order to achieve (4.37)). We have ¢* 9,0"* € L>*°(R"*1), because

107*[| oo 1y < Nlkll oo ny,s 100" || oo nt1y < 11951 1 ey |70l oo ey
by Young’s inequality. Moreover, o**a;, 8;0"*a; € L'(R"1), because
10" vl pr gy = Nl 1wy, 10c0" i iy < 19 oyl

Therefore o**ay;, 00" a; € L*(R™1), which immediately gives u € L?(R"™). Now by
Step 2 we have that

/G ||V<GQZ’kH<?; dr < ||Qg’k||L°o(Rn)FG(Qg’k) < ||QZ’kHL°°(R”)FG(Q¥) Vit € R,
so that by Step 1 we get
Ve aillFa@niny < [l oo @myllad - 95 % Fe (o) |y

This prove that |Vgullg € L*(R™"!). The previous estimates easily imply that also
Oy € L*(R™1). This concludes the proof of (4.37).
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Since o*, 0;0"* € L>*°(R™H1), by (4.37) we get that
lim / Wl 0,07 ddt = / () / 5 (0%) 8,00 dwdt (4.38)
G

h—+o0

and
tim [ [ (Veut, o), dut*dt = [ ailt) [ Z.(a") (Vool vi*) duttdt (4.89)

h—4o00

for each fixed 7 € N. Since amg?’“ +div(v* ") = 0 in the sense of distributions by Step 2,

for each h € N we have

| [ttt drat =~ [ [ 0wt am*ar= [ [ (Veulvl*), dui*at

R JG

We can thus combine (4.38) and (4.39) to get
/ai(t)/ Em(gf’k)@gf’k dxdt:/ozi(t)/ Z;n(gik) <V@,Qt ,v§k> dud* dt. (4.40)
R G R G

Passing to the limit as i — +o00 in (4.40), we finally get that

t1 . .
/t /zm ") 8,0" drdt = / /~' GOl ,v§k> dpd* dt (4.41)
0

by the dominated convergence theorem. Combining (4.36) and (4.41), we get

. . t1 .
H,,(a") d —/Hm oy :/ / 7h RN gk e (4,42
[ Halel) do [ Haait) dn = [ oy )l e .42
for all to, ; € R with ¢y < t;, where wi* = VGg{’k/g{ in L2 (s ) for all t € R.

We can now conclude the proof. We pass to the limit as m — 400 in (4.36) and we get

. t1 .
Ent(,u{’lk) — Ent( uto /t / —w) ,v{k dp{’k dt (4.43)
0

for all to,t; € R with ¢y < t;. For the left-hand side of (4.36), recall (4.10) and (4.11) and
apply the monotone convergence theorem on {Q{k < 1} and the dominated convergence

theorem on {Q{k > 1}. For the right-hand side of (4.36), recall that ¢ — va’kHLg (i) €
G\t

L% .(R) and that t — ||w{’k||Lé(ugk = F?(o*) € L2 (R) by Step 2 and apply Cauchy—
Schwarz inequality and the dominated convergence theorem.
We pass to the limit as k — 400 in (4.43) and we get

t1
Ent(utl) Ent( ,uto // wt,vt> dped dt (4.44)

for all to,t; € R with t, < t;, where w] = Vgol/ol in L%(,ut) for all t € R. For
the left-hand side of (4.43), recall (4.33). For the right-hand side of (4.43), recall that

t— ||v§||L2 5 € L% .(R) and that t — ||wg||Lé(,ﬂk — |:1/2(g7) € Li.(R) by Step 1, so
that the conclusmn follows applying Lemma 4.5, Lemma 4.7, Cauchy—Schwarz inequality

and the dominated convergence theorem.
We finally pass to the limit as j — +oc in (4.44) and we get

t1
Ent(ue,) — Ent(pg,) = /t /G (~uf o) dpedt (4.45)
0
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for all tg,t; € R\ A with ¢y < t;, where 4 C R is the set of discontinuity points
of t — Ent(p) and w® = Vgoi/o; in L& (u;) for a.e. t € R by Proposition 3.4. For
the left-hand side of (4.44), recall (4.26). For the right-hand side of (4.44), recall that
t = [0f iz € Line(R) and that ¢ = [[wf]| 2 = Fi/?(0)) € L2 (R), so that the
conclusion follows applying Lemma 4.6, Lemma 4.7, Cauchy—Schwarz inequality and the
dominated convergence theorem. From (4.45) we immediately deduce (4.15) and we can
conclude the proof by Lemma 4.4. In particular, by Proposition 4.2 the map ¢ — Ent(p;)
is locally absolutely continuous on (0, +00). U
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