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Introduction






New Results in the Calculus of Variations

The words “Calculus of Variations” were first used by L. Euler in 1760 ([25]) after
he had been astonished by a letter from J. Lagrange, where a new method (based
on what we would call now variations) for the study of isoperimetric problems was
proposed ([30]). But the birth of the Calculus of Variations is attributed to Johann
Bernoulli when many years earlier, in 1696, he challenged mathematicians like Jakob
Bernoulli, I. Newton, E. Tschirnhaus, G. De I'Hopital and G. Liebniz with the
Brachistochrone problem ([45], [43], [47]):

“... If in a vertical plane two points A and B are given, then it is required
to specify the orbit AMB of the movable point M, along which it, starting
from A, and under the influence of its own weight, arrives at B in the
shortest possible time...”

The basic problem (P) of the Calculus of Variations consist in minimizing the
action functional

I(x):/ L(t, z(t),2'(t))dt,

where [a,b] C R is an interval of the real line, on a suitable set X of trajectories
r : [a,b] — RY satisfying the boundary conditions z(a) = A, x(b) = B. The
function L : [a,b] x RY x RY — R it is called the Lagrangian function.

The problem (P) arises three natural questions: does it exist a minimizer? Does a
minimizer gain reqularity? Does a minimizer satisfy necessary conditions? Certainly,
the answers are negative in general, without further assumptions.

With respect to the first question, the standard hypotheses on the Lagrangian
under which it is possible to prove an existence result, in the set X = ACla,b] of
the absolutely continuous trajectories, are: some lower semi-continuity of L in its
domain, the convezity in its last variable 2’ and a super-linear growth condition, i.e.
the requirement that there exists a function ¢ such that 0(s)/s converges to +o0o, as
s tends to o0, and L(t, z,2') > 0(|2'|).

This method of proof is called the Direct Method of the Calculus of Variations
and it was mainly developed by L. Tonelli (1915, [48]). Roughly speaking, what
one does in this method is the following: starting from a minimizing sequence for
the action Z, i.e. a sequence of trajectories {x, }, such that Z(x,) converges to the
infimum of Z, and, by using the fact that the super-linear growth condition implies
the weak precompactness of {x,},, one selects a subsequence that converges weakly
to a trajectory & in ACJa,b]. Since the convexity, together with some continuity,
ensures the weak lower semi-continuity of Z, one concludes that Z is a minimizer.

In section 4.1 we present an original existence theorem ([11]) in the case of
an autonomous Lagrangian, i.e. a Lagrangian which does not depend explicitly
on t, where a variant of the Direct Method can be applied under more general



growth assumptions that include the classical super-linear growth but also some
cases of Lagrangians with linear growth. For instance, for the Lagrangian defined
byL(z,2') = |2'| — /]2/], which has not super-linear growth, by this result it can
be proved that there exists a minimizer. We obtain also that this minimizer is
Lipschitz. Results on the existence of Lipschitz minimizer to autonomous problems,
under conditions of super-linear growth, were established in [5], [20] and, under
weaker regularity conditions on L, in [10].

Assuming the existence of a minimizer z, another task is to find appropriate
necessary conditions. A basic principle of analysis is that, giving a minimum point
belonging to the interior of the domain of a differential function, one obtains a
necessary condition for this point exploring its neighbourhood; one finds out that it
is a stationary point, i.e. the gradient of the function calculated on the point must
be zero. Is it possible to apply this principle in the Calculus of Variations? The
answer is positive, and it leads to the fundamental Fuler-Lagrange equation.

Fix an admissible variation, i.e. a smooth function 7 : [a,b] — RY equal to zero
at the boundary, consider the action Z evaluated on the trajectory & + en, where
€ is a real number, and consider the function obtained Z(Z + en) as a real valued
function of e. For this function the point 0 must be a stationary point. Whenever
it is possible to pass to the limit under the integral sign, one obtains the sought
Euler-Lagrange equation (E-L): for any variation 7,

b
/ (Vo L(t, (), 2 (0) 0/ (1) + (VaL(t, 2(8), &' (£)), (1))t = 0,
or, considering d/dt as a weak derivative,

%WL@, B(8),# (1) = VL L(t, #(1), #(1)).

L. Tonelli was able to prove the validity of the Euler-Lagrange equation with a
Lagrangian L belonging to C3, or belonging to C? provided that N = 1 and L/, is
strictly positive. Many efforts have been performed in order to weaken the regularity
assumptions on L ([5], [16], [19], [20], [33], [38], [40], [50]).

In [5], J. M. Ball and V. J. Mizel presented an example of Lagrangian such that
the integrability of V,L(-,z(-),2(-)) does not hold and, as a consequence, (E-L) is
not true along the minimizer. Hence, some condition on the term V,L(-, z(-),2/(-))
has to be imposed in order to ensure the validity of (E-L). In [16], [19], [38], [50],
under assumptions like the existence of an integrable function S(¢) such that, for
any y in a neighbourhood of the minimizer, |V, L(t,y, 2'(t))| is bounded by S(t), the
Euler-Lagrange equation is proved to be valid. This condition implies that, locally
along the minimizer, L(t,-,2'(t)) is Lipschitzian.

In section 6.2 we provide a result on the validity of (E-L) ([27]) that is satisfied
by Lagrangians that are Lipschitzian in x, but that applies as well to some non-
Lipschitzian cases. For instance, for the problem (P) with the (non-Lipschitzian)



Lagrangian L(t,x, ") = (2'+/]z] — 2/3)?, on the interval [0, 1] and with boundary
conditions x(0) = 0, (1) = 1, by this result it can be proved the validity of (E-L).

It would be easier to show the validity of the Euler-Lagrange equation if one
considers the problem (P) on Lipschitzian trajectories, i.e. X = Lip|a, b], instead
of absolutely continuous. In fact, in this case, it can be proved directly, from the
Lebesgue dominated convergence theorem, the validity of the (F — L) for a Lips-
chitzian minimizer, just requiring the Lagrangian to be C!.

The set X of the trajectories plays an important role in the problem (P), that
it is not only technical. A measure of the importance of the choice of X is given
by the Lavrentiev phenomenon (1926, [34]): a Lagrangian L exhibits the Lavrentiev
phenomenon if the infimum taken over the set of absolutely continuous trajectories
AC]a, b] is strictly lower than the infimum taken over the set of Lipschitzian trajec-
tories Lipla, b], with fixed boundary conditions. The occurrence of this phenomenon
prevents the possibility of computing the minimum, and the minimizer, by a stan-
dard finite-element scheme (anyway, in [4], [35], alternative numerical methods for
computing minimizer in this situation was presented) and, in case that the action
represents the energy of some physical system, it points out that the set of trajec-
tories is a fundamental part of the physical model. Furthermore, it says something
about the regularity of the minimizer (if this exists).

One of the surprising feature of this phenomenon is that it occurs for simple La-
grangians: L(t,z,2') = (2% —t)%2°, on the interval [0, 1], with boundary conditions
x(0) = 0, (1) = 1, exhibits the Lavrentiev phenomenon (B. Mania, 1934, [37]).
Moreover, in [29] it was given a physical action of a nonlinear elastic material where
the occurrence of the Lavrentiev phenomenon is the occurrence of a meaningful
physical event.

In the autonomous case, sufficient conditions to prevent the occurrence of this
phenomenon were given by several authors, by imposing enough growth conditions
2], [10], [20], or assuming some regularity conditions on the Lagrangian [1], [3].

In section 2.1 we prove a general approximation theorem for the action ([12]) that
implies the non non-occurrence of the Lavrentiev Phenomenon for autonomous and
a class of non-autonomous Lagrangians, without assuming any growth condition.

Besides the problem (P), one can consider the problem with a higher-order action
([16], [21]): minimize

/b Lt z(t), 2'(t), -, 2TV (t))dt,

on a suitable set X of trajectory satisfying the boundary conditions

z(a) = A, z(b) = B,
2'(a) = AW, 2'(b) = BW,

x(”)(a) — A(V)’ x(”)(b) — B(V)



The Lavrentiev phenomenon occurs as well in this case. In [17], it was given an
example of second-order action that presents a restricted Lavrentiev phenomenon in
which the gap occurs for a dense subset of the absolutely continuous non-negative
trajectories, and it was proved that even autonomous Lagrangian can exhibit it.
Some years later, A. V. Sarychev ([43]) provided a class of higher-order Lagrangians,
including autonomous cases, that exhibits the Lavrentiev phenomenon in the clas-
sical sense.

In section 2.2 we prove the non-occurrence of the Lavrentiev phenomenon for
a class of Lagrangians of the Calculus of Variations with higher-order derivatives
([26]).

Moreover, in section 2.3 we infer a necessary condition for the occurrence of the
Lavrentiev phenomenon for our class of actions: if the action Z assumes only finite
values in a neighbourhood of a minimizer, then Z does not exhibit the Lavrentiev
phenomenon ([26]). This result applies to the actions of Mania and Sarychev, for
instance, and to the examples of actions exhibiting the Lavrentiev phenomenon
proposed in [5], [6], [34], [36], [37], [39], [43]. This necessary condition is also related
to the repulsion property of the action of Mania ([5], [34]), i.e. the action Z evaluated
on the trajectories of an absolutely continuous minimizing sequence is divergent
to +o0.

A New Result in Minimum Time Control Theory

Around 1950, L. Pontriagin worked on an innovative minimum problem ([41]), that
of minimize

/ " Lt 2(8), u(t) ).

on the state functions z : [a,b] — R and the control functions u : [a,b] — U C RN
satisfying the differential equation

'(t) = f(t,2(), ult)),

with boundary conditions z(a) = A, x(b) = B. This is the basic problem (Q) of
the Optimal Control theory.

In the special case when f(t,z,u) = u, the differential equation becomes z’(t) =
u(t) and we recognize the problem of the Calculus of Variations with a variations:
it appears the new conditions that z’(t) belongs to the set U. Hence, two are the
novelties of the problem: the dynamics f and the set of controls U.

The Optimal Control theory contains problems of the Calculus of Variations and,
at the opposite extreme, Minimum Time Control problems, i.e. problems where the
Lagrangian L is identically 1.



In 1959 A. F. Filippov proved the first general theorem on the existence of
solutions to Minimum Time Control problems of the form z'(t) = f(xz(t),u(t)),
with u(t) belonging to U(z(t)), requiring that the set valued map U be upper semi-
continuous (with respect to the inclusion) and that the values F(z) = f(x,U(z)) be
compact and convex ([28]).

In section 4.2, we prove the existence of solutions to Minimum Time problems for
differential inclusions, under assumptions that do not require the convexity of the
images F'(x) = f(x,U(x)). Furthermore, we present a model for the Brachistochrone
problem and we show that our model (a non-convex control problem) satisfies the
assumptions required for the existence of solutions to Minimum Time problems.
The case of Brachistochrone as a Minimum Time Control problem has already been
amply treated in [46], [47].
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Chapter 1

Preliminaries

In section 1.1 we present some results in convex analysis involving the polar function
and the sub-gradient of a convex function that we will use in the proof of our new
results ([12]).

In section 1.2 we discuss the example of Mania ([37]) of a Lagrangian that exhibits
the Lavrentiev phenomenon. We show also the persistence of the Lavrentiev phe-
nomenon by perturbation and the repulsion property for the Lagrangian of Mania,
i.e. the action evaluated on the trajectories of an absolutely continuous minimizing
sequence is divergent to +oc.

1.1 Some results in Convex Analysis

The proofs of the new results in this Part II are based on some properties of the
polar function f*(p) of a convez function f: RY — R, i.e.

f(p) = sup [{p,§) — f(&)]-

EERN

We state these properties in the propositions below ([12]).
In what follows, the sub-gradient evaluated in £, of a convex function f, i.e. the

set {y € RV : f(-) — f(&) > (- — & )}, is denoted by 9f ()

Propositon 1.1. Let f be a convex function and p € 0f(€). Then f* is finite at p
and f*(p) = (&, p) — f(£).

Proof. See [42], page 218. O

Propositon 1.2. i) Let f, f, : RY — R be convexr and let f, converge pointwise
to f; let pp € Of,(€). Then the sequence {p,} admits a subsequence converging to

some p € Of(§).

11



12 Preliminaries

ii) Let L : C' x RN — R, where C is a closed subset of RY, be continuous and
such that L(x,-) is convex; let x,, — x € C and set f(§) = L(x,€), fu(§) = L(xn, §).
Then the same conclusion as in i) holds for p, € 0f, (&) = OcL(xn, &n).

Proof. We prove i) and ii) at once setting, in case i), &, = £ and noticing that, in
both cases, we have that, for every z, f,(§, + 2) — f(§ + 2).

The sequence {p,} cannot be unbounded; if it were, along a subsequence we
would have |p,| — oo; choose a further subsequence so that p,/|p,| — po, where
|po| = 1. We have

n—oo

a contradiction, since f is finite at £ + py. Hence the sequence {p,} is bounded and
we can select a subsequence converging to p,. If it were p, ¢ 0f(€) there would exist

¢ such that f(&) < f(&) + (p., & —&). Since

FE) = FE+ (€~ ©) = im fuley + (€ ~€)
> limsup|f,, (&) + <pnafl =& =f(&)+ <p*afl &)

n—oo

we would have a contradiction. O

Propositon 1.3. Let f : RY — R be convex. The map t — {{t,p) — f(&t) 1 p €
Of(&t)}, from [0, +00) to the closed convex subsets of R, is monotonically increasing.

Proof. a) Assume, in addition, that f is smooth; then we have V((£,Vf(&)) —
f(€)) = €ETH, where H is the Hessian matrix of f. Hence

d
S VA€ — F(€0) = 16" HE > 0,
so that to > t; implies

(Eta, V (&t2)) — f(Et2) = (€1, V[ (Et1)) — f(Etr).

b) In general, the map ¢(t) = f(&t), being convex, is differentiable for a.e. t.
Let t7 > t; and t; < t, be points where ¢ is differentiable. Approximate f by a
sequence { f,, } of convex smooth maps, converging pointwise to f. Set ¢, (t) = f.(&t):
in particular, applying the previous Proposition 1.2, we have that ¢! (¢) converges
to ¢'(t) both at ¢ and at ¢, . Applying point a) to f,, we obtain that

ty 9,(t3) = Galty) = O (1) — dulty)
so that, passing to the limit as n — oo,

ty ¢/ (ty) — o(ty) = t1¢'(t) — S(t]).
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By the monotonicity of the sub-differential of ¢, for every a; € 9¢(t1) and ay €
0¢(ta), we have

taay — B(t;) 2 13 ¢/ (t) — d(ty) = 1/ ¢/ () — G(t) = trar — 6(t])
and passing to the limit as t; — ¢y and ¢; — t;, by the continuity of ¢, one has
toag — P(ta) > t1ay — P(ty).
Since ([32], page 257), 0¢(t) = {(&,p) : p € f(Et)}, the claim is proved. O

Propositon 1.4. Let f : RY — R be convexr. Then the function f(£/(1+-))(1+-) is
convex in (—1,00). Moreover, given § there are 0,0 < 0 <1 and pg € 0f(&/(1469)),
such that

F(s5) aror= 10 = -arm.

Proof. a) Assume, in addition, that f is C?. Then, computing the derivatives, one
obtains

in (7 () €)= (25 e () = (77 ()

and

T (i (- Nara L e
(8% =
da? 1+« (1+a)3
where H is the Hessian matrix of f computed at £/(1 + «), so that the second
derivative is non-negative, and the map f(£/(1+ -))(1 + -) is convex.
b) In the general case, approximate the convex map f by a sequence of convex

differentiable maps f,, converging pointwise to f to obtain the required convexity
and to have:

r(555) 040 -0 =t s (155) a0 -5

n—oo

J— ] 5 5 f
=m0 {_<1+9n5’vf" (Tené) i <1+9n5)} |

c¢) Applying Proposition 2, let py € 0f(£/(1 4 00)) be the limit of a converging
subsequence of {V f,(£/(1 +6,0))}. We have

(is)ara-ro=0|-tSpn s (i) | - -oro.
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1.2 The Mania example

We present in this section the example due to B. Mania (1934, [37]) of a Lagrangian
that exhibits the Lavrentiev phenomenon (1926, [34]). In the next chapter we discuss
further this example in relation with the new results obtained ([12], [26]).

We recall that a Lagrangian L exhibits the Lavrentiev phenomenon if the infimum
taken over the set of absolutely continuous trajectories AC|a,b] is strictly lower
than the infimum taken over the set of Lipschitzian trajectories Lip|a, b], with fixed
boundary conditions.

Consider the problem of minimize the action

I(z) = / 23(t) — 127 (1),

on the trajectories x satisfying the boundary conditions x(0) = 0, z(1) = 1.

Theorem 1.5 (Manid, 1934). The Lagrangian L(t,x,£) = (2° — t)*¢ exhibits the
Lavrentiev phenomenon, i.e.
inf Z(x) < inf (),
z€AC,[0,1] x€Lip«[0,1]
where AC, [ ] {m € AC[O 1] : 2(0) = 0,z(1) = 1} and Lip.[0,1] = {z €

Proof. By definition, the Lagrangian L and the action Z have non-negative values.
By the fact that Z evaluated in 2(t) = v/t is zero, we have that & is a minimizer of
7 on AC,|0, 1].

Let x be any trajectory in Lip,[0, 1] and consider the function f(t) = v/t/2. By
the regularity of z, there exists a real number a in (0, 1) such that z(t) < f(t), for
any t in [0,al, and x(a) = f(a). Hence,

3 26 3 206 _ 11206
[2°() =767 = [f7(t) — 176 = Ht°¢7,

for any ¢ in [0, a], any £ in R. By the Holder inequality, we have

a 3 a 5/6 a 1/6 5/6 a 1/6
\/_ / t)dt < ( / t‘2/5dt> ( / th’G(t)dt> = %alm ( / th’6(t)dt) .
0 0 0

We conclude that, for any x in Lip.[0, 1],

- a 5 o 16 - 7235 S 7235
(@) 2 | [0) — e (it 2 e > i > 0.
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Perturbing the Lagrangian of Mania it is possible to construct Lagrangians that
exhibit the Lavrantiev phenomenon. This is true for a generic Lagrangian ([5], [16],
(34]):

Propositon 1.6. Let L be a Lagrangian that exhibits the Lavrentiev phenomenon.
Suppose that T > 0 and that there exists a minimizer & with Z(z) = 0.

Then, for any action P(x) = fab P(t,z,z") such that P > 0 and P(Z) is finite,
there exists € > 0 such that, for any € in [0, €], the Lagrangian L + €P exhibits the
Lavrentiev phenomenon.

Proof. Let ¢ be a positive constant such that Z(x) > ¢, for any Lipschitz trajectory
x. Setting ¢ = ¢/[2P(2)], we have, for any € in [0, €], Z(Z) + €P(Z) < ¢/2 and
Z(x) + €P(x) > ¢, for any Lipschitz trajectory xz. Hence, L + eP exhibits the
Lavrentiev phenomenon. O

Consider the Lagrangian P(t,z,¢) = |£|°/4. From the previous proposition it
follows that the problem of the Calculus of Variations with action

/0 (3(t) — 0P (8) + el (1)},

and boundary conditions z(0) = 0, (1) = 1, presents the Lavrentiev phenomenon.
This is significant because the Lagrangian in this problems is strictly convex in its
last variable and with super-linear growth.

The Lagrangian of Mania presents also another interesting phenomenon: the
repulsion property ([5], [34]).

Theorem 1.7. For any sequence of Lipschitz trajectories {x,}, such that x, tends
to &, as n tends to oo, almost everywhere on [0, 1], we have that I(x,) diverges to
00.

Proof. For any integer n, let a, in (0,1) be such that z,(t) < /t/2, for any ¢ in
0, ay], and z(a,) = Ya,/2. By the convergence of z,(t) to Z(t), for almost every ¢
in [0, 1], we have that a,, tends to 0.

Using the inequality obtained in the proof of Theorem 1.5, we have

I(z,) > /an[x3(t) — 122 (t)dt > T
=) ~ 8255204,

Hence, Z(z,) tends to oo, as n tends to oco. O
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Chapter 2

New Results

In section 2.1 we prove a general approximation theorem for the action ([12]) that
implies the non non-occurrence of the Lavrentiev Phenomenon for autonomous and
a class of non-autonomous Lagrangians, without assuming any growth condition.

In section 2.2 we prove the non-occurrence of the Lavrentiev phenomenon for
a class of Lagrangians of the Calculus of Variations with higher-order derivatives
([26]).

In section 2.3 we infer a necessary condition for the occurrence of the Lavrentiev
phenomenon for our class of actions: if the action Z assumes only finite values in a
neighbourhood of a minimizer, then Z does not exhibit the Lavrentiev phenomenon
([26]). This result applies to the actions of Mania and Sarychev, for instance, and
to the examples of actions exhibiting the Lavrentiev phenomenon proposed in [5],
6], [34], [36], [37], [39], [43]. This necessary condition is also related to the repulsion
property of the action of Mania ([5], [34]), i.e. the action evaluated on the trajectories
of an absolutely continuous minimizing sequence is divergent to +oc.

2.1 Non-occurrence of the Lavrentiev phenomenon

The purpose of this section is to prove a general theorem on reparameterizations
of an interval onto itself which states that, given an absolutely continuous function
x on an interval [a,b] and € > 0, under appropriate conditions on L and 1, there
exists a reparameterization s = s.(t) of [a,b] such that the composition x. = z o s,
is at once Lipschitzian and is such that

/ ZL 2o (t), ()i (¢, 2 (£))dt </ 2 (0)i(t, x(t))dt + €.

An application of our Theorem 2.1 is the non-occurence of the Lavrentiev Phe-
nomenon for a class of functionals of the Calculus of Variations.

17



18 New Results

We recall that in 1926 M. Lavrentiev [34] published an example of a functional
of the kind

/L(t,x(t),x’(t))dt, 2a) = A z(b) = B

whose infimum taken over the space of absolutely continuous functions was strictly
lower than the infimum taken over the space of Lipschitzian functions. The occur-
rence of this phenomenon prevents the possibility of computing the minimum, and
the minimizer, by a standard finite-element scheme (anyway, in [4], [35], alternative
numerical methods for computing minimizer in this situation was presented) and, in
case that the action represents the energy of some physical system, it points out that
the set of trajectories is a fundamental part of the physical model. Furthermore, it
says something about the regularity of the minimizer (if this exists).

One of the surprising feature of this phenomenon is that it occurs for simple La-
grangians: L(t,z,2') = (2° — t)?2'°, on the interval [0, 1], with boundary conditions
xz(0) = 0, (1) = 1, exhibits the Lavrentiev phenomenon (B. Manid, 1934, [37]).
Moreover, in [29] it was given a physical action of a nonlinear elastic material where
the occurrence of the Lavrentiev phenomenon is the occurrence of a meaningful
physical event.

In the autonomous case, sufficient conditions to prevent the occurrence of this
phenomenon were given by several authors, by imposing enough growth conditions
2], [10], [20], or assuming some regularity conditions on the Lagrangian [1], [3].

Our result applies to non-autonomous problems; it applies to multidimensional
rotationally invariant problems, where the measure is r?dr, and, even in the simple
autonomous case, it applies to problems with obstacles or with other constraints.

The following is our main theorem, a reparameterization theorem.

Theorem 2.1. Let z : [a,b] — RY be absolutely continuous and set C = {x(t) :
t € la,b]}. Let Ly,--+ , L, : C x RY — R be continuous and such that Li(xz,-) are
convez, and let 1, - 1y, : [a,b] X C' — [c,+00) be continuous, with ¢ > 0. Then:

b m
i) I(z) = / D Llw(t). ' ()t (1))t > —oo;

i) given any €_> 0, there exists a Lipschitzian function x., a reparameterization
of x, such that x(a) = z.(a), ©(b) = x(b) and Z(z.) < Z(x) + €.

Remark 2.2. The only technical assumption of theorem 2.1 is the hypothesis that
1; are bounded below by a positive constant. However, in the proof of Theorem
2.1, this assumption is used only to infer that fab L;(z(t), 2’ (t))dt are finite, provided
that Z is finite (point ¢) in the proof). The theorem holds under the following more

general assumption: ¢;(t,z) > 0 and fab Li(z(t),2'(t))dt < 400, for every i.

To verify how sharp our assumptions are, consider the following example of
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Mania ([37], [16] and [22]). Consider the problem of minimizing the functional

tAh—w@ﬂﬂf@Pﬁ,xm>=axusz

Then the infimum taken over the space of absolutely continuous functions (assumed
in 2(t) = V/t) is strictly lower than the infimum taken over the space of Lipschitzian
functions.

As a consequence, the result of Theorem 2.1 cannot hold for the functional of
Mania evaluated along x(t) = v/%.

Setting (¢, z) = [t—3)? and L(z, &) = £°, we see that ) > 0 (but not ¢» > ¢ > 0)

and that ) )
/[:r’(t)]Gdt:/ 1/(3%*)dt = +o0

Hence the assumption (¢, z) > 0 and fab L(x(s),2'(s))ds < 400 cannot possibly be
dropped.

Proof. 1) For every t € [a,b], L;i(x(t),2'(t)) > L;(x(t),0) + (po(t),2'(t)), where po(t)
is any selection from 0¢L;(x(t),0). Let E; = {t € [a,b] : [L;(z(t),2'(t))]” # 0}.
Hence,

[ 0.2 et a )] it <~ [ [LG0,0)+ Gu(e) 2 N ol

for any ¢. Since v; is bounded and, by Proposition 1.2 in section 1.1, py(t) is bounded,
the claim follows by Holder’s inequality.
ii) In case

b
t/h@@ﬁ@Wﬁw@W=+w

for some i, any parameterization t : [a, b] — [a, b] that would make z ot Lipschitzian,
is acceptable as x.. Hence from now on we shall assume, for every 4,

b
/ Li(z(t), 2" (£))i(t, x(t))dt < +oc.
We have also
o0 >/ Li((t), ' () [ £, 2(8))dt > c/ Li((t), /(1)) dt.

a) C ={xz(t) : t € [a,b]} is a compact subset of RY: consider the set

Vi=A{(z,p) : v € C,p € OcLi(x, ), [§| <1}
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By Proposition 1.2, arguing by contradiction, we obtain that V; is compact. Then,
miny, L} (z,p) is attained and is finite. Applying Proposition 1.3, we obtain that
Li(z,p) > miny, L} (z,p), any € C and any p € d¢L;(x,§), for any £ € RN, Set
n = min{miny, L}, -- ,miny, L* }.

Consider L;(x,€) = Li(z,€) + 1. Since 0cLi(x,€) = 0eLi(z, &), we have that
Lt(z,p) > 0, for any 1.

b) Set ¢; = [V |Li(x(s),2'(s))|ds, £ = max{y,--- ,£,}, and let ¥ be such that
[Vi(s,x)| < W, ¥(s,x) € [a,b] x C, for any i.

From the uniform continuity of (-, z(-)) on [a,b] X [a,b], we infer that we can
fix k € N such that V(sy,t1), (s2,t2) € [a,b] X [a,b], with |ss — 81| < (b — a)/2* and
[ty — t1] < (b—a)/2* we have

|¢i(82,$(1§2)) - 7#i(‘gl?x(tl))l S min {4;67 2m(|77| +€1)(b _ a) } ’

for any .
For j =0,---,28 —1set I; = [(b—a)j/2%, (b—a)(j +1)/2"], H; = ij |2 (s)|ds,
p=max{2"1H;/(b—a):j=0,---,28 =1} and

Y

2k’+1H.
TH], = {8 € Ij . |.’17/(8)‘ < J}

b—a
it follows that |Ty,| > (b — a)/2F. Set also T' = U?igl T, .

Since {(z(s),2'(s)) : s € T'} belongs to a compact set and Lq,--- , L,, are con-
tinuous, there exists a constant M, such that

Li(a(s), 24/(s))

_ ii<x<s>,x’<s>>\ <M

for all s € T', for any 1.
/
c) For every n € Nset SJ = {s € I; : |2/(s)] > n}, € = / (M - 1) ds
S n

2k—1
and €, = Z ¢/ . From the integrability of |2’|, we have that lim,_. €, = 0.
=0
d) Having defined €/, for all n such that ¢/ < (b — a)/28"2, choose ¥, C Ty,
such that |27 ] = 2¢/. This is possible from point c).
¢) Define the absolutely continuous functions t, by ¢,(s) = a+ [t/ (7)dr, where
1+ (“”'%—1) seS, ="ts
t = L g
n(5) 11 ses, =Un' s
1 , otherwise
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One verifies that, Vj = 0,--- ,2F — 1, the restriction of ¢, to I, is an invertible
map from [; onto itself (in particular, each ¢, is an invertible map from [a, b] onto
itself). It follows that |t,(s) — s| < (b—a)/2*.

e) We have

and, from the definition of ¢/,
b

/ L, (90(5)7

a

. w'(s) \ [2'(s)] 5 /
/Sn L; (x(s),n ( ) — Li(z(s),x (s))} Yi(tn(s), xz(s))ds+ .
D = Elafs)a'6) | alta(s), (o))

~ 1

L a(5), 209 5

=, 2

We wish to estimate the above integrals. Since X,, C T', we obtain
1

/ {L (x(s),22(s)) 3 L(a:(s),:z:'(s))] Yi(ta(s), z(s))ds < 2MWe,.

Moreover, for every s € .S,

hence

/. s (s ) - o, 6| (a9, ateis < o

T2 (s) n

f) The choice of k implies that

/ Li(a(s), 2'(s) i(tu(s), 2(s)) — (s, a(s)))ds < —.

We have obtained

[ 2 (560 2 ) 61— [ Loto), ()06 < 20015
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g) Fix n such that 2MWe,, < ¢/(4m).
Then, the conclusion of f) proves the Theorem; in fact, defining . = zos,, where

S, is the inverse of the function t,, we obtain, by the change of variable formula
[44], that

[ Lottt = [ L (e, G0 ) 66 )

so that
b b
/imm¢WWWMW—/Mmmmm@mww
% @ b
/HA%@@MD+M%@LﬁWﬁ—/UAM@@%D+M%@I@M&%
| L aioyita o)t — [ Lia(s).a () (s.a(o)ds +
Hence, Z(z.) — Z(z) < e.

Moreover, x. is Lipschitzian. In fact, consider the equality =/ (¢, (s)) = 2'(s)/t,,(s)
and fix s where t/ (s) exists; we obtain

=n ,s€S,
W] <uses
<n ,otherwise

dx,
dt

hence, at almost every s, the norm of the derivative of x. is bounded by n. This
completes the proof. O

The theorems below present some applications of Theorem 2.1 to prevent the
occurrence of the Lavrentiev phenomenon to different classes of Minimum Problems.

Denote by Lip|a,b] and by ACla,b], respectively, the space of all Lipschitzian
and absolutely continuous functions from [a,b] to RY. Let £ C RY and consider
the functional

1) = [ Lia(s),'(5)0(s,(s))ds.

Call inf(P)s the infimum of {Z(z) : z € Lip|a,b],z(t) € E,z(a) = A, z(b) = B}
and inf(P); the infimum of {Z(z) : x € ACla,b,z(t) € E,z(a) = A, z(b) = B}.

Theorem 2.3. Let L : E x RN — R be continuous and such that L(x,-) is convex
and let ¢ : [a,b] x E — [c,+00) be continuous, with ¢ > 0; then inf(P). = inf(P);.
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In the previous Theorem E can be any subset of RY such that the set of abso-
lutely continuous functions with values in E and satisfying the boundary conditions
is non-empty. In particular, z € E can describe a problem with an obstacle.

As an application to a problem with a constraint different from an obstacle, let
E =R?\{0} and call inf(P?),, the infimum of {Z(x) : z € Lipla,b], z(t) € E,x(a) =
z(b)} and having prescribed rotation number i(z) = k. Call inf(P"); the infimum of
the same problem but for z € AC|a, b).

Theorem 2.4. Let L : E x R?> — R be continuous and such that L(x,-) is convex
and let ¢ : [a,b) X E — [¢, +00) be continuous, with ¢ > 0; then inf(P"),, = inf(P?);.

Proof. As it is well known the rotation number ¢ is independent of the parameteri-
zation of x. L

Theorem 2.4 applies in particular to the case L(z,&) = [£]?/2 + 1/]z]|, the case
of the Newtonian potential generated by a body fixed at the origin. Gordon in [31]
proved that Keplerian orbits are minima to this problem with k£ = 1.

As a further application, we consider a vectorial case. Let L : E x RN —
R be a continuous function such that L(u,-) is convex (we shall assume that the
Lagrangian is independent of the integration variable). Suppose that L(u, -) has the
symmetry of being rotationally invariant, i.e. assuming that there exists a function
h:E x[0,00) — R such that L(u,§) = h(u, [£]).

Consider the functional

T(u) = /S L), Vula) s

where S[a,b] = {z € RP*! : a < |z| < b}. Denote by inf(P)s the infimum of
{Z(u) : v € Lip(S[a, b)), u(x) € E,u radial, u|pp(o,a) = A, ulopop = B} and inf(P),
the infimum of {Z(u) : u € W"'(S[a,b]),u(z) € E,u radial, u|gpo,a) = A, ulopop =
B}. Tt is our purpose to prove that inf(P), = inf(P);.

Observe that if w : [a,b] — E is such that u(z) = w(|z|) then

I(u) = CD/ L(w(r),w' (r))rPdr, w(a) = A,w(b) = B,

(DH1)/2

T((D +3)/2)( o

D+1)_

where Cp = a

Theorem 2.5. Let L: E x RY — R be continuous and such that L(u,-) is convex;
then inf(P)y = inf(P);.
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2.2 The case of higher-order action functionals

Besides the first-order case, the Lavrentiev phenomenon occurs as well in the case
with (v + 1)-order derivatives, Z(x) = fab L(t,x,2' -, z¥*V). For v = 1, in 1994
C. W. Cheng and V. J. Mizel [17] described a restricted Lavrentiev phenomenon in
which the gap occurs for a dense subset of the absolutely continuous non-negative
functions, and they proved that even autonomous Lagrangian L(x,z’, 2”") can exhibit
it. Some years later A. V. Sarychev [43] proved that a class of Lagrangians of the
form

Ly(z" )1 (z, 2") + La(2")

exhibits the Lavrentiev phenomenon provided that 1 (z,2') = ¢(kx — k|z/ — 1|F~1 —
(k—1)]a’—1|¥) for appropriate constants k, that Ly, Ly, ¢ satisfy certain growth con-
ditions, and that ¢(0) = 0. For example, L, (z") = |2"|7, La(z") = a|2z” 32, ¢1(-) =
()2, k = 3 and « > 0 sufficiently small yield a Lagrangian whose integral exhibits
the Lavrentiev phenomenon when the boundary values are z(0) = 0,z(1) = 5/3,
2'(0) =1,2'(1) = 2.

The Lagrangians proposed by Mania and Sarychev have the property that L,
evaluated along the minimizer x is not integrable (this is possible because there
exists at least one point ¢ in [a,b] such that i, evaluated along x in t is 0). A
condition avoiding the occurrence of this fact will turn out, in this section, to be
essential for the non-occurrence of the Lavrentiev phenomenon.

We prove the following general approximation theorem: let x : [a,b] — R be
a function in W¥*1! (independently on whether is a minimizer or not), then the
integrability of L; evaluated along x (or the assumption that v¢; > 0), for every
i, implies that, given € > 0, there exists a function x, in W*T5% with the same
boundary values of z in @ and in b, i.e. z.(a) = z(a), z.(b) = z(b), z.(a) = 2'(a),
(b)) = 2'(b), -, 2 (a) = 2)(a), 2 (b) = 2™ (b), such that

b m
Z LZ(,I‘S/), IEV-Fl))wi(t, Le, Z'/E, e 71,8/)) < / Z Lz(d;(y)’ LU(V—H))l/Ji(t, €, (L’/7 o 71;(1/))_’_6'
@ =1

We underline that an application of this result is the non-occurrence of the Lavren-
tiev phenomenon for a class of functionals of the Calculus of Variations with (v+1)-
order derivatives, v > 1. The case v = 0, m = 1 is covered in the previous section.
The case v = 0, m > 1 can be obtained modifying slightly the proof of the main
result of the previous section.

For § > 0, Ble,d] denotes the closed ball in RY centred in ¢ with radius §. For
a function x in C¥[a, b], with values in RY the closed d-tube along (z,--- ,2®))

T = {(t, 20, , 2) € [a, ] xRETIN - (0 ... 2)) € Blz(t), 8] x- - -x B[z (t), 0], € [a,b]}
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and the closed d-neighbourhood of the image Im(z™)) of z(*)
ls[z)] = {z € RY : dist(z, Im(z")) < 6}

are compact sets.
We recall that the space W”*1P(a, b) can be seen as the space of functions z in
C¥[a, b] such that z(*) is absolutely continuous with derivative in L?(a,b), p > 1.
The following approximation theorem is our main result:

Theorem 2.6. Let x be a function in WY (a,b), v > 1, and let the real-valued

functions Ly, -+, Ly, and 1y, ,¥m be continuous on Is[z™)] x RN and on T¥[z]
respectively, for some § > 0.
Assume that, for everyi in {1,--- m},

o L;(&,) is convex, for every € in ls[z®)],

e U is non-negative, and ;(t, x(t),2'(t),--- ,x®)(t)) > 0, for every t in [a,b].
Then:

b m
0 Z@) = [ Y0 L0, @)t n(0) 50, o) > —oc;
@ =1
(ii) given any € > 0, there exists a function x. in W*1*(a,b) such that
I(z.) <Z(x)+e,

and

7(a) = (@), @ (b) = 2 (b).
As a corollary we obtain the non-occurrence of the Lavrentiev phenomenon:

Theorem 2.7. Let Q,---,Q, be open sets in RY, v > 1, such that the set E =
{x € Wb i(a,b) - z(t) € Qo, -+, 2V (t) € Q,,Vt € [a,b]} is non-empty.
Let Ly, Ly : QX RY - R and 1y, -+, : [a,b] X Qo x -+ xQ, — (0, +00)
be continuous and such that L;(&, ") is convex, for any & in §,, any i in {1,--- ,m}.
Then, for every boundary values A, B € Qy, AD BO € Q... AV BW cQ,,
the infimum of

b m
T(e) = [ 30 L), 2 D0 alt) ' (0) a0

over the space E,p = {x € E : x(a) = A,x(b) = B, 2/(a) = AW, 2'(b) = BWY,
2V (a) = AW 2 (b) = B} is equal to the infimum of the same functional T
over the space E,j, N WYT1(q,b).
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Proof. Let {z,}, C E,; be a minimizing sequence for Z: by the fact that ¢, > 0, for
every 1, the theorem follows from Theorem 2.6 applied to any z,,, with e = 1/n. O

Setting m = 1, ¢ = 1 and L; = L, we obtain that a Lagrangian depending
only on ) and z(**Y satisfies the assumptions of Theorem 2.7. Hence, the integral
functional

b
JRZEEOREEON
does not exhibit the Lavrentiev phenomenon, for any boundary values

x(a) = A, z(b) = B,
2'(a) = AV, (b)) = BW,

This extends some previous results ([1], [6]), where functionals without boundary
conditions, or with boundary conditions only in a, have been considered.

We point out that the assumption v;(t, z(t),2'(t),---, 2" (t)) # 0, V¢ € [a,b],
in Theorem 2.6 will be used only to infer that f: Li(zW), 2+Y) is finite, provided
that Z(x) is finite (point (a) in the proof). The theorem holds under the weaker
assumption f: |Li(z™), 1)) < 400, for every i.

To verify how sharp our assumptions are, consider the following example of A.
V. Sarychev [43]: for v = 1, m = 1, minimize the functional

/0 2" (O] [Bx(t) — 32" (t) — 1] — 2|/ (t) — 1|,

with boundary conditions z(0) = 0, z(1) = 5/3, 2/(0) = 1, /(1) = 2. He proved
that the infimum taken over the space W2'(0, 1), assumed in Z(t) = (2/3)V/13 + t,
is strictly lower than the infimum taken over the space W2°°(0, 1).

The assumption f; |Li(2',2")| < 400 along Z is not verified. Indeed, setting
it 2, &) = [Bx — 3|€ — 1)* — 2|¢ — 1)?]? and Ly (&, w) = |w|”, we see that ¢; > 0
(but, for example, (0, 2(0),2'(0)) = 0) and that

/|a:” H)|7dt = /(\/_) dt =

Proof. of Theorem 2.6. In what follows, x denotes the matrix (z,---,2*~Y) and
x = 27V 5o that X' = 2™, x" = 2+ (similarly, z = (z,---,2"Y) and z =
2=1). The Lagrangian we consider takes the form

m

S L (0 X' ()t x(0). X (1),
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(In case v =1, x, X', X" coincide with x, 2’, " respectively.)

(i) For every t € [a,b], L;(X'(t),x"(t)) > L;(X'(t),0) + (po(t),x"(t)), where py(t) is
any selection from the sub-differential d,,L;(X'(t),0) of L; with respect to its second
variable. Set E; = {t € [a,b] : [L;(X'(t),x"(t))]” # 0}, so that

/ [La (X (8), " (8))i (8, x(2), X' (2))] " dlt < —/E'[Li(X’(t),0)+<po(t),X”(ﬂ)]%(t,X(t):X'(t))dt,

for any . Since v; is bounded and, by Proposition 1.2 in section 1.1, py(t) is bounded,
the claim follows by Holder’s inequality.

(11) Fix € > 0; set € = ¢/m. Without loss of generality, we shall assume € < 1,
and also § < 1.

In case fab L;(X(t),x"(t));(t,x(t), X' (t))dt = 00, for some 7, any Lipschitz func-
tion z. satisfying the boundary conditions is acceptable. Hence we can assume, for
every i,

b
/ Li(X'(£), X" () (¢, x(t), X (t) )dt < +o0.

The proof is in three steps. In Step (1) of the proof we introduce new functions L;
such that L- = L;+ const and such that their polar functions E;" (with respect to the
second variable) are non-negative. In Step (8) we define a variation z, in W!(a, b),
with the same boundary values of x in @ and in b, such that Z(z,) < Z(z) + €. In
order to define z,, in Step (2) we define a sequence of reparameterizations s, of
[a, b].

Step (1) We claim that there exists functions L; and a constant n such that
L;=L;+n and E;‘ > 0, for any 1.

In fact, consider the set

Vi={(&p) : £ € ls[2")],p € Dy Li(&,w), |w| < 1}

By Proposition 1.2, arguing by contradiction, we obtain that V; is compact. Let
Li(&,p) = supepn (p, w) — Li(€, w) be the polar function of L; with respect to its
second variable. Then, miny, L} is attained and is finite. Applying Proposition 1.3,
we obtain that L}(&,p) > miny, L}, for every & € Is[x™)], for every p € 9,L;(&,w)
and for every w € RY. Set 7 = min{miny, L},--- , miny, L* }.

Consider Li(é,w) = L;i(£,w) + 1. Since 0, Li(€,w) = Dy Li(€,w), we have that
L(€,p) > 0, for any i. (We denote Z; the functional f: Li;.)

(a) We set some constants, depending on € fixed, that we shall use in the following
steps.

By the condition on 1);, there exists a ¢ > 0 such that ¢;(t,x(t),x'(t)) > ¢, for
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every t in [a, b], and we obtain

o0 >/ Lo (£), %" (£)) sl x(£), X \dt+n/ ot x(8), X () dt
/yL (1) s, x(8), \dt>c/ Ei(<(8), %" ()]t

Set (; = fab |L; (X (s),X"(s))|ds, ¢ = max{ly,--- 6y}, and ¥ and L the maximum

value of |¢1], -, |tm| over T4[x] and of | Ly, - - - , | Ly| over ls[z®)] x B0, [x"(7)| + 0]
respectively. Denote o = max{1, (b —a)"}.
From the uniform continuity of q,--- 1, on T§[z], we infer that we can fix

h €N, 1/2" < §, such that whenever (t1,x1,&1), (t2, X, &) € T§[z] and

b—a 1
|t1 —t2| S T, |X1] X2]| < 2h’ \V/] € {0 - 1}7 |€1 _£2| S 2_h7
we have
€ €
i(T1, X1, — Y (ts, X2, < min = , ,
0 = it €] < min g
for any i.

Let 0 : R — [0, 1] be a C* increasing function with value 0 on (—o0,0] and 1 on
[1,+00). Observe that 1 < [|0U)]|, < ||[0UFY]|, for any j > 0. Set © = |||
There exists a point 7 in (a,b) which is a Lebesgue point for the functions
L ()X (D)1 (XK )+ s LK (), X))o (-, X(), X)) and &7, x'(7) in R,

By definition of Lebesgue point, there exists a positive number p less than

. 1 E
min { 20+ (v 4 2) (v + 1)vOa?’ 32f,\11}

such that, for any A=, A" in (0, p),

T4+t B B
/ |Li (X (£), X" (£))0bi(t, x(8), X' (£)) = Li (X' (7), X" () )i (7, %(7), X' (7)) |dt < (AT+A7)é

)\

for any ¢, and

T+)\+ 1
") = X"()dt < (AT + AT .
/ () =X ()t < (X 4 07) e

Fix t; = (b—a)v= /27, t§ = (b—a)v™ /27, where vy € N, v=,v" € {0,1,--- ,27},
v- <ot are such that 7 € (77,77) C (T — p, 7+ p).
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We define the absolutely continuous function z’ : [a, b] — RY by Z/(t) = ) (a) +
f(: 7", where

1
Z”(t) _ x(V+1) 7-) + porp— /_ [X// . X//(T)] ,t e [7__’ T+]

(1) , otherwise

, Z/(t) = X(t), for any ¢ in [a,77] U [7T,b]. For any ¢ in

(

(
By definition, z(t) = x"(t), z

) € B[O, |X"(7)| + 0/2] and

[77,7"], we have that z"(t

Tt 1

|Z/(t) — X,(t)| < 2/_ |X”(T) - X”| < (T+ - T_)2h+3(y + 1)1/@@'

T

Step (2) Our purpose is to show that there exists a sequence of reparameteriza-
tions s, of [a, b] into itself such that z’ o s, is Lipschitz continuous on [a, b].

From the uniform continuity of z, - - - , %) on [a, 77]U[7 T, b], we infer that we can
fix k € N, such that whenever |s; — s5| < (b—a)/2%, we have |29 (s;) — 20)(s5)] <
(77 —77)*2 for any j in {1,--- ,v}.

Forv=0,---,2" = 1set I, = [(b—a)v/2", (b—a)(v+1)/2%], H, = [, |2"(s)|ds,
p=max{2"1H,/(b—a):v=0,---,2F — 1} and

2L,
Ty, = {s el :|Z'(s)| < };

— b—-a

we have that |Ty,| > (b — a)/2".
k
Since {(Z/(s),2"(s)) : s € Ui;ﬁ Ty, } belongs to a compact set and Ly, -+, Ly,
are continuous, there exists a constant M, such that

LiZ(s) +€22(s) + w)5 — L (Z(5) +£,2/(5) + 5 ) \ <M,

N —

for any s € Ui:)l Ty, , any [¢] <0, any |w| < d, and for any 1.

For every n € N, set S? = {s € I, : |Z(s)| > n}. From the integrability of z” it
follows that fsﬁ(|z”(s)]/n — 1)ds converges to 0, as n goes to co. Hence, we can fix
a subset X, of T, such that [X}] =2 [q,(|2"(s)|/n — 1)ds.

We define the absolutely continuous functions ¢, by t,(s) = a + [ t/,, where

, L+ (2 (s)/n=1) s €S, =US' s
_ 2"—1 yw
th(s) =< 1-1/2 sex, = -
1 , otherwise

One verifies that ¢,, admits inverse function s, on the interval [a, b]. Furthermore,
for any v in {0,---,2% — 1}, the restriction of ¢, to I, maps I, onto itself. Hence,
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ta(s) — s| < (b—a)/2k, for any s in [a,b]. If n is greater than |x"(7)| + 6/2, the
restriction of ¢, to [77, 7] is the identity.

The function z’ o s,, is Lipschitz continuous on [a,b]. In fact, fix ¢ where s/ (t)
exists: we obtain

=n ,tes,

T(t)’ = [2"(sn()s ()] § <p st €D,
<n ,otherwise

Step (3) We construct a function z, : [a,b] — R, with the same boundary values
of z in @ and in b, such that z, belongs to W*T1%(a,b) and Z;(z,) < Z;(z) + /2.

Set f'(t) = 6((t —77)/(r" — 77)), for any ¢ in [a,b] (the function # as defined
in point (a)): then f’ is identically 0 on [a,77], it is identically 1 on [7,b], and
19 Do = 109]|o /(77 = 77)7, for any j > 0.

We define v absolutely continuous functions z,, 1, -, 2n0 : [a,b] — RY by

t

tvn(t) = 20V (a) + / 2050+ F(H)Dy 1.

a

t
Znw—2(t) = a:(”_Q)(a) +/ Znw—1 + ['(t)Dy_a,

2olt) = 2(a) + / 21+ /() Ds,

where, for any j in {0,--- v — 2},

b b
D; = 29 (b) — 29 (a) — / Zngtts  Dyop =2 V(b) — 2V (a) - / 7 os,.
Set z, = 2, 0. The derivatives of z, up to the order v + 1 are

2, (t) = 2pa (t) + f"(t) Do,
2n(t) = zn2(t) + " (t) Do + f"(t) D1,

V1) = zapa(t) + X050 FO(0D
zfx (1) =2 (sa(1)) + X3 S0 (1D,
2 (1) = 2 (5a (1), (8) + 0020 FTHA(0)D;.

We denote H’ the function Zj”;é f¥=I*Y D;. By the properties of ) and s,,, we
have that z, belongs to W**1>°(q, b), with HZ(VH lloo < n+ [[H"||oo (Where || - ||

is the essential supremum on (a,b)), and it has the same boundary values of x in a
and in b.
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(b) We claim that ||z — 20)||o < 1/2" and ||z o t,, — 20||oc < 1/2", for any
j in {0,--- , v}, eventually in n.
In fact, for any n greater than |x”(7)| 4+ §/2, we have

T Tt b
|D,_1| < / X' — X' 0 s,| —|—/ X' — 7| —I—/ X' — X' o s,]
a T Tf

< (=) [satrt )4 < (o

T+

1
22y + 1)vOa’

23 (v + 1)1/@04}
(1) = x(a) — / 2 6 5n— f/(#) Doy s

/b ’<t>—x<b>+/bz o 50— [1— F(] Do

/ /\x—z o s,|dt + (7 \Dny 1|+/ / X' — 2" 0 s,|dt

7)|Dy

|D1/—2| S dt

dt

- T) ot =T 2h+3(u + 1O« + (7 -

2
< + _ )3
s =7) 22(y + 1)vOa’

1
22(y +1)0’

D] Sy < (e

22y + 1O — v €40, v =1},

so that ||H||s < Z;’;é [f@=9+D| | oo (7F — 77 )3+ /[ 20421 +1)0)] < (7+ —77) /20 +2,
[H"||oo < 1/2"+2 and

1 1
<
203 (y + 1)vOa | — 2M2(v + 1)vOa’
|21 (t) — 2@~ D(@#)| < / |7 0s, —X|+ (b—a)|D,_1| < (1+b—a)|D,_|
¢ 2ce
< )
T 2M2(v + 1O«

Flsu0) X)) < (- [patrt )

. —j+1Da 1
() — 2 (¢ (v =3 <
’Z :.7( ) Z ( )‘ — 2h+2(y i 1)V@Oé — 2h+27

Vie{0,--,v—1}.

Hence, we can fix n such that M¥|%,| < €/8, Hzfzj) — 2| < 1/2*1 and
HZ7(1j) ot, — x(j)Hoo < Hzg') ot, —z 0 tploo + Hflf(j) ot, — x(j)Hoo <1/2",

for any j in {0,--- ,v}. The graph of the function (z,,z),) is included in Tj[z|, and
Z!(t) € B[O, |X"(7)| + 4], for any ¢ in [r~,7F]. (From what follows, it turns out that
zp 1s the sought variation x..)
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(¢) We show that Z;(z,) < Z;(z) + €/2, for any i.

Using the change of variable formula [44], we compute Z;(z,) — Z;(z) as the sum
of three appropriate terms:

/ab Li (z,(ta(5)), 20 (ta(5)) $i(ta(s), 2a(ta(5)), 2, (ta(5))t (5)ds — /ab Li(X (5),x"(5))ti(s, %(s), X (5))ds

= {L (23, (ta(5)). 21 (8a(3))) £(5) — Li(z,(ta(s)), 2" (5) +t;(S)H”(tn(8)))] Ditn(s); Zn(tn(5)), 2, (t(s)))ds
+/abiz-(2’ (tn(3)), 2" (s) + 15, ()H" (En () [i (80 (5), 20 (En(5)), 2, (t0(5))) — i, %(s), X (s))]ds

+ / L (200, 2(9) + (W (1)) Li(X (),X"(5)) ] (s, %(5), X ())dls = I} + 12 + I},

To estimate I}, it is enough to estimate its integrand over the sets S, and 3,
(because it is identically 0 elsewhere). Since ¥, C T and ||H"||oc < J, we obtain

that

Exﬂ@+memﬂﬂww+Wm@ml—3(ﬂﬁ+wam¢%$+ﬂ¥?@>SAL

[\]

for every s in ¥,,. By Proposition 3 and 4 in [12], for every s in S,,,

(tn(s)), n ($> + t%(S)H”(tn(s))) ‘Z”(S)‘ . [N/i<Z, (tn(s)),z”(s) + t;(S)HH(tn(S)))
|

|2"(s)] n

/
<- CZ@ ) LG 0(9)0) <0
where p € 0, L;(Z),(tn(s)),n(z"(s) + t,,(s)H"(tn(s)))/|Z"(s)|). Using the fact that 1;
is positive and bounded by ¥, we have I! < MU|%,| < €/8.

To estimate 2, we observe that

Li(Z, (ta(5)),2"(5) + ta(5)H" (ta(5))) = { éjgi%(g’j:'((j)))+ ) jitie[fv;{sj]

By the fact that [1i(ta(s), 2n(tn(s)), 2, (tn(s))) — 1hi(s,x(s), X'(s))| < €/[8(¢+ L+ 1)],
for any s in [a, b], and that 2’ +H" € B[0,|x"(7)| + 6] on [r~, 7], we have I? < €/8.

To estimate I?, it is enough to estimate the integrals over [t~ 77| (because it is
identically 0 elsewhere). Recalling that 7 is a Lebesgue point for L (X' (-), X" (-))¢s (-, x(-), X (),
we have

3 s/iL@@)<>+W%»M@x@mw»—&u%»wumMaﬂﬂxvmw+§
< 4pLV + E

)-plnﬂ N

oo
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Hence, I} + I? + I? < €/2, for any i.
Conclusion. We have obtained

l/L AN /L@ (Ot x(0). X (1)t

/ n () + it 2a(t), 2, (1))d [ i(X(8), X" (1) + mlei(t, x(2), X ())dt +

a

/‘xz@ 1))t (), 2, ()t ~ /14u>,w»wuwﬁx@mw+g<a

Hence, Z(z,) —Z(x) < Y -, €=¢.

So, setting z. = z,, we have proved the theorem. O

2.3 A necessary condition for the Lavrentiev phe-
nomenon

The content of this section is to show the following necessary condition: a functional

/ ), 2Nz, - 2,

with v > 0, exhibiting the Lavrentiev phenomenon takes the value +oo in any
neighbourhood of a minimizer Z; or equivalently if Z assumes only finite values in a
neighbourhood of Z, then Z does not exhibit the Lavrentiev phenomenon.

The corollary above applies to the functionals of Mania and Sarychev, for in-
stance, and to the examples of functionals exhibiting the Lavrentiev phenomenon
proposed in [5], [6], [34], [36], [37], [39], [43]. This necessary condition is also related
to the repulsion property of the action of Manid ([5], [34]), i.e. the action Z evaluated
on the trajectories of an absolutely continuous minimizing sequence is divergent to
00.

This is proved in the following corollary to Theorem 2.6 and of the main Theorem
of the previous section:

Corollary 2.8. Let ,---,8, be open sets in RN, v > 0, such that the set E =
{x € W"thi(a,b) : x(t) € Qp,--- , 2 (t) € Q,,Vt € [a,b]} is non-empty. Let
A BeQy, AV BD cQy,---, AW BW € Q, be given boundary values.
Let Ly, Ly : QxRN — R and g, -+ by : [a,b] x Qo x -+ xQ, — [0, +00)
be continuous and such that L;(&, ") is convex, for any & in Q,, any i in {1,--- ,m}.
Let

b m
:/gymM@MMWmemﬂmmemw

DO |
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be a functional exhibiting the Lavrentiev phenomenon, and let T be a minimum of T
over B,y = {x € E : 2(a) = A,z(b) = B, 2'(a) = AW 2/(b) = BV, ... 20)(a) =
AW 20 (p) = B®)}

Assume that, for any o > 0, there exists o5 > 0 such that o5 — 0, for 6 — 0, and
that 1; restricted to T¥[Z] may vanish only on the graph of (Z,7',---,2%)) or on
a as-neighbourhood of (a, A,--- , A®)) or on a os-neighbourhood of (b, B, --- , B"),
for any i in {1,--- ,m}.

Then, for any € > 0, there exists x. in E,p such that the graph of (xe,xL, - - ,xéy))
is included in TY[Z] and Z(x.) = 4o0.

Proof. Fix € > 0. From the theorem 2.6 and 2.1, it follows that f: |Li(z®), 21| =
+00, for at least one i in {1,--- ,m}.

Without loss of generality, we suppose that fa(ﬁb)/ | Li(z¥), 20 D)| = 400.
Let g : (—00,4+00) — [0, 1] be a C* increasing function with value 1 on [b, +00)
and 0 on (—o0, (a+b)3/4]. We define the integrable function zs,1 : [a,b] — RY by

0 ,t € [a, a+ 05)
D (t — o5) , otherwise

()= { ,
and v absolutely continuous functions s ;(t) = AW + fat xs5j+1 + g(t)Ds j, for any t
in [a,b], where D;; = BU) — AU — ff Ts 41, for any j in {0,--- ,v}.

Set x5 = x50. The derivatives of x5 up to the order v + 1 are

z5(t) = x51(t) + ¢'(t) Dspp,
x5 (t) = x52(t) + g"(t)Dso + g'(t) Ds 1,

. v+1 v v—7q
2 TV(E) = w1 (t) + 30 9TV (E) Dy

By definition, zs belongs to W**11(q,b), it has the same boundary values of T
in a and in b, and, for j in {v,v + 1}, for any ¢ in [a + 04, (a + b)3/4], we have
xgj )(t) = 7U)(t — 05). Furthermore, there exists constants cj, d;, independent on 6,
such that [Ds;| < ¢; [, [20*Y] and [|zs; — 2§l < d; [, |2¢*V]. Hence, for
aanin {07 7V}7

Ha—;(j) _x((sj)Hoo < (C]+||g (v+1) ||°°Zd>/b |—(u+1)"
s

By hypothesis, we can choose § > 0 such that (¢;+|[g" V|| > fb 05 1z < €
and o5 < (b—a)/4.
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Set W, = min{¢(t, x5(t), -~ .2l (t)) : t € [a+ o5, (a+ b)3/4]}: by hypothesis,
W; is positive. We have obtained that the graph of (xs, 25, - - ,x(y)) belongs to T”[Z]

)
and

L@ (1), 2Y V@)t w5(1), -2 (1)t

(a+b)3/4
> [ L@ - 0.2V o)t s, -1l 0
a+og

(a+b)/2
> \If/ |Li (2 (t), 2D (t))|dt = +oc.

From (i) in the proof of Theorem 2.6 and Theorem 1 in [12], we infer that Z(x5) =

+00.
So, setting . = x5, we have proved the corollary. O
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Chapter 3

Preliminaries

3.1 The Direct Method of the Calculus of Varia-
tions

The standard hypotheses on the Lagrangian under which it is possible to prove an
existence result, in the set X = AC|a, b] of the absolutely continuous trajectories,
are: some lower semi-continuity of L in its domain, the convexity in its last variable 2’
and a super-linear growth condition, i.e. the requirement that there exists a function
6 such that 6(s)/s converges to +00, as s tends to 400, and L(t,z,z") > 0(|2'|).

This method of proof is called the Direct Method of the Calculus of Variations
and it was mainly developed by L. Tonelli (1915, [48]). Roughly speaking, what
one does in this method is the following: starting from a minimizing sequence for
the action Z, i.e. a sequence of trajectories {z,}, such that Z(zx,) converges to the
infimum of Z, and, by using the fact that the super-linear growth condition implies
the weak precompactness of {x,},, one selects a subsequence that converges weakly
to a trajectory & in ACJa,b]. Since the convexity, together with some continuity,
ensures the weak lower semi-continuity of Z, one concludes that z is a minimizer.

This method is based on the two theorems stated below due to Mazur, De la
Vallee-Poussin, Dunford, Pettis, and Tonelli ([16], [22]):

Theorem 3.1. Let {£,},, be a sequence of RY -valued measurable functions belonging
to L(a,b).

Then, {&,}, is sequentially weakly precompact in L(a,b) if and only if there
exists a constant M and a function 6 : [0,00) — [0,00) such that 0(s)/s — oo, as
s — 00, and f50(|§n(t)|)dt < M, for any n.

Theorem 3.2 (Mazur lemma). Let {&,}, be a sequence of RN -valued measurable
functions weakly convergent to & in L'(a,b).
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40 Preliminaries

Then, for any integer n there exists a convex combination ay n, - ,nn 0f &1, -+, &y
such that
n
E ai,ngi - § - 07
=1 1

as n tends to oco.

In section 4.1 we present an original existence theorem ([11]) in the case of an
autonomous Lagrangian, i.e. a Lagrangian which does not depend explicitly on ¢,
where a variant of the Direct Method can be applied under more general growth
assumptions that include the classical super-linear growth but also some cases of
Lagrangians with linear growth. We drop the super-linear growth condition and
hence the fact that all the minimizing sequences of absolutely continuous trajecto-
ries admit a subsequence weakly convergent in L!. Instead, from any minimizing
sequence of absolutely continuous trajectories, we construct a minimizing sequence
of equi-Lipschitzian trajectories; therefore we apply theorems 3.2 and the following
(partially due to Ascoli-Arzela) to the obtained sequence ([16], [22]).

Theorem 3.3. Let {x,}, be a sequence of RN -valued measurable functions belonging
to Lip[a, b]. Suppose that there ezists a positive constant M such that ||z} ||.c < M.

Then, {x,}, is sequentially precompact in Cla,b], and {z}, is sequentially
weakly precompact in L'(a,b).

If follows also that this minimizer is Lipschitz. Results on the existence of Lip-
schitz minimizer to autonomous problems, under conditions of super-linear growth,
were established in [5], [20] and, under weaker regularity conditions on the La-
grangian, in [10].



Chapter 4

New Results

In section 4.1 we present an original existence theorem ([11]) in the case of an
autonomous Lagrangian, i.e. a Lagrangian which does not depend explicitly on ¢,
where a variant of the Direct Method can be applied under more general growth
assumptions that include the classical super-linear growth but also some cases of
Lagrangians with linear growth.

In section 4.2, we prove the existence of solutions to Minimum Time problems for
differential inclusions, under assumptions that do not require the convexity of the
images F'(z) = f(x,U(x)). Furthermore, we present a model for the Brachistochrone
problem and we show that our model (a non-convex control problem) satisfies the
assumptions required for the existence of solutions to Minimum Time problems.
The case of Brachistochrone as a Minimum Time Control problem has already been
amply treated in [46], [47].

4.1 Existence of Lipschitzian minimizers

The purpose of this section is to show that in the case of autonomous problems,
where the Lagrangian does not depend explicitly on the integration variable ¢, a
variant of the Direct Method can be applied under more general growth assumptions.
More precisely, we consider Problem (P), the problem of minimizing the integral

/a " La(s), 2'(s))ds

for x : [a,b] — RY absolutely continuous and satisfying z(a) = A, z(b) = B. Under
more general growth conditions, that include the classical super-linear growth but
also some cases of Lagrangians with linear growth, we show that, from any sequence
{Zn}nen, minimizing for the functional, one can derive another sequence {Z,}nen,
each function z, obtained from x, by reparameterizing the interval [a,b], that is
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again minimizing, and consists of equi-Lipschitzian functions. As a consequence,
in the case the Lagrangian L(z,&) is convex in &, one can prove the existence of
a solution to Problem (P), that, in particular, is a Lipschitzian function. A result
on the regularity (Lipschitzianity) of solutions to autonomous minimum problems,
under conditions of super-linear growth, was established in [20] and, under weaker
growth conditions, in [10].

The growth assumption we consider is expressed in terms of the polar of the
Lagrangian L with respect to & (for the properties of the polar see, e.g., [24]). The
same condition was already introduced in [15] to prove existence of solutions for
a rather special class of Lagrangians. The results we present apply to different
classes of Lagrangians, that can possibly be extended valued and either convex or
differentiable in £. Two simple examples of a convex everywhere defined Lagrangian
satisfying the assumptions of our main Theorem, in particular the growth condition,

are the maps, having linear growth, L(§) = |£] — /|| and
_ el =) 1€l =1
L(§) = { 1 ,otherwise

In what follows L(z,£) : RY x RY — R = RU {400} is an extended valued
function, continuous and bounded below, not identically +oco. L*(z,p) is the polar
of L with respect to its second variable [42], i.e.

L*(z,p) = sup (p. &) — L(a,£).
EERN

We denote by dom = {(z,£) € RN x RN : L(xz,¢) € R} its effective domain. Since
the assumptions on L for the case where dom = RY x R" are somewhat simpler than
the assumptions needed in the general case, we shall state separately the results for
the two cases. For each case, L, as a function of £, may be either convex or not; in
this second case, we shall need the extra assumption of differentiability of L with
respect to £. This assumption is not needed in the convex case, since, in this case,
the existence of a sub-differential is enough for the proof. Hence, we will provide
four different statements of the what is basically the same result; the proof will be
one proof for the four different Theorems. We first present the results for the simpler
case where dom = RY x RV,

Theorem 4.1 (Convex case). Assume that:
(1) dom=RY x RY and L(x,-) is conver, Vo € RY;
(2) for every selection p(x,-) € O¢L(x,-) we have
L*(z, p(x,§)) — 400

as |€| tends to +oo, uniformly in x.
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Then: given any minimizing sequence {T, }nen for the functional in (P), there ezists
a constant A and a sequence of reparameterizations s, of the interval [a,b] onto itself,
such that {Z,}n>n, = {Tn © Sp}n>n, @S again a minimizing sequence and each T, is
Lipschitzian with Lipschitz constant A.

The convex Lagrangian L(&) described in the Introduction is such that L*(p(€))
=In(|¢]) — 1 — +oc.

Theorem 4.2 (Differentiable case). Assume that:

(1) dom =RN x RN and Vz € RN, L(z,-) is differentiable;

(2) L*(x,VeL(x,§)) — 400 as |£]| tends to +oo, uniformly in x.
Then the conclusion of Theorem 4.1 holds.

The following are the analogous result in the more complex case where dom #
RY x RY. In this case it is not necessarily true that the functional in (P) is not
identically +oo.

Theorem 4.3 (Convex case). Assume that:

(1) L(x,-)is a conver extended valued map and (z,0) € dom whenever there exists

€ such that (x,€&) € dom;
(2) for every selection p(x,-) € O¢L(x,-) we have
L*(z, p(z,§)) — 400
as |€] tends to +oo, with (z,§) € dom, uniformly in x;

(3) for every M > 0, 3 > 0 such that L(z,§) > M, for every (z,§) € dom with
A((z,€), ddom) < 5;

(4) the functional in (P) is not identically 4+00.
Then the conclusion of Theorem 4.1 holds.
Theorem 4.4 (Differentiable case). Assume that:

(1) L(x,-)is differentiable and dom N ({x} x RY) is star shaped with respect to
(x,0) whenever there exists £ such that (z,£) € dom;

(2) L*(x,VeL(x,§)) — +00 as [£] tends to +oo, with (z,§) € dom, uniformly in
x;

(3) for every M > 0, 35 > 0 such that L(z,§) > M, for every (z,§) € dom with
d((x,£),0dom) < o;
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(4) the functional in (P) is not identically 4+00.
Then the conclusion of Theorem 4.1 holds.

Remark 4.5. Consider the case N = 1 and L independent on x. The growth
condition (2) in the statement of the Theorems above means that the Lagrangian
does not admit an oblique asymptote at infinite.

We shall need the following Proposition on the existence of a lower bound for
the Lagrangian L under the conditions stated in any of the theorems above.

Propositon 4.6. Let L satisfy assumptions (1) and (2) of any of the Theorems 4.1,
4.2, 4.8 or 4.4. Then there exist « > 0 and 3 € R such that L(z,§) > «o|&| + S,
V(z,§) € dom.

Proof. Set ¢ = inf{L(x,&)}; assumption (2) implies that there exists r > 0 such that
—L*(z,p(x,€)) < € —1, for every (z,§) € dom with |£| > r, where p(z,-) is either
VeL(x,-) or any selection from the sub-differential of L(z,-). We claim that we can
choose a =1/(2r) and f=0¢—1

Fix (z,€) € dom. When [£| < r, we have L(x,&) > ¢ > |£|/(2r) + ¢ — 1, and the
claim is true in this case.

Consider the case || > r. Set ¥(s) = s/(2r) + ¢ — 1; assumption (1) implies
that the convex function L(s) = L(x,s¢/|{|) is well defined for s € [r,|{]], hence
the selection pg(s) = (£/|€], p(z, s&/[€])) € OL(s) is increasing and we have pg(s) >
pc(r); moreover, from the inequality

§ § §
Lers) =S S hy<i-
(“m) <r|f\’p(‘“\f|>>§ L

we obtain pg(r) > 1/r > 1/(2r) = ¢/(s). From L(r) > ¢(r), we obtain L(s) > ¢(s),
for every s € [r, [£]]; setting s = ||, the claim is proved.

Now, assume the validity of (1), (2) of the Differentiable cases. Again, let » > 0
be such that for every (x,¢) € dom with || > r we have —L*(z, V¢L(z,€)) < ¢ —1.
As before, it follows that the Claim is true for (z,&) € dom, [¢| < r. Fix &, || > .
By assumption (1), £(s) is defined for s € [r, |¢|], and we infer

£ £ £
[ S ) (s> v, I S (—
(x’s|§|) <S|§|’ ¢ (x’8|§|>>< b

so that
L(s) —(s) = <x,s|§—|) - [% + 0 — 1]
< (sé—’, Vel (a:, sé—|>) + 2—Sr = s[L'(s) —Y'(s)].
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Assume that the set {s € (r,[£]] : L(s) — ¥(s) < 0} is non-empty, and let s
be its infimum. By continuity, £(sg) — ¥ (s9) = 0, so that sy > r. From the Mean
Value Theorem we infer the existence of s; € (r,s9) such that £'(s1) —¢'(s1) < 0,

that in turn implies £(s1) —%(s1) < 0, a contradiction to the definition of so. Hence
L(s) > (s), Vs € (r, [¢]], in particular for s = |]. O

Lemma 4.7. Let f : RY — R be convez, and such that dom contains the origin.
Then, for every & in the domain of f, the function f(/(1+))(1+-) from [0, +00)
to R is convex. Moreover, there exists a selection p(-) € Of(-) such that

f( : )(1+8)—f(§)§—sf*<p( ¢ )) Vs € [0, +00).

1+ s 1+ s

Proof. For the proof see Proposition 1.4. O

Proof. of Theorems 4.1—4.4. Set m be the infimum of the values of

/ " La(s)./(s))ds

for x as in Problem (P). Proposition 4.6 and the assumptions of Theorems 4.1-4.4
imply that m is finite. Let {x, },en be a minimizing sequence for Problem (P). By
Proposition 4.6 we obtain that there exists H > 0 such that ||z} |, < H so that, for
every n, for every s in [a, b], we have z,(s) € B0, A+ H].

Next point a) reaches a conclusion with an argument that differs in the cases
where L is or is not extended valued, so the argument is presented separately in the
two cases.

a) (Case dom = RY x R¥Y) For every n, consider the subset of [a, b] defined by

T)' ={s €la,b] : a},(s)| <4H/3(b—a)};

one verifies that the Lebesgue measure of any such set is larger or equal to (b—a)/4.

Fix § > 0. Since (z,(s), (1 +9)z! (s)) € B]0,A+ H| x B[0,4(1 4+ 6)H/3(b — a)],
and L is continuous, we infer that: there exists p € R such that, for every n € N
and s € T,

L(zn(s), (14 6)z,(s))

— L ! < pu.
s Laals). () <
a) (Case dom # RY x RY) Consider a real positive M. Assumption (3) im-
plies that there exists §(M) > 0 such that L(z,&) > M, V(z,§) € dom with
d((z,€),0dom) < 25(M).
Consider the subsets of [a, b]
JSMD) — L5 € [a,b] - d((zn(s), 2., (s)), ddom) > 25(M)};

n
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we have the inequality

b
/ L(x,(s),2,(s))ds :/Jé(M) L(:Bn(s),a:;(s))ds%—/ )L(a:n(s),xil(s))ds

(a,b]\Jo ™M
> 0010+ |[a, b] \ JEM|M = (b—a)M + |JSMD|(€ — M),

so that (b )M
lim inf |JSO)| > Y Z QM 7T
A

Since limys_ 1 oo[(b—a)M —m]/(M — ¢) = b— a, we can choose M > 0 such that

[(b—a)M —m]/(M — ) > (b—a)3/4.
Set § = 5(M ). We have obtained that there exists n; € N such that n > ny implies
[ Jo] > (b —a)3/4.

We have also obtained that the sets {(x,(s), (1+8)x/,(s)) : s € J’} are contained
in dom. Finally, consider the sets

L' ={s € [a,] : [a,(s)| < 4H/(b - a)};

the measure of each I is at least (b — a)3/4 so that, defining T4 = 17 N J?, we
obtain |TH| = [ITH N J°| > (b—a)/4, Yn > ny.

Since (z,(s), (1 + )z, (s)) belongs to B[0, A+ H] x B[0,4(1+ d)H/(b—a)] N
{(z,€) € dom : d((z,£),0dom) > 0}, a compact subset of dom and L is continuous
on dom, we infer that: there exists u € R such that, for every n € N and s € T,

Llan(s), (14 8)2,(5)) 15 — Laa(s), 24() < .

b) Consider a real positive v and set S = {s € [a,b] : |z/,(s)] > v}. From
|z, |l, < H, we easily obtain that both the measure of S}, and

.

converge to 0 as v — 400, uniformly with respect to n € N.

Consider first the Convex case; let p(x,-) € 0¢L(x,-) be the selection provided
by Lemma 4.7. By Assumption (2) of this case, there exists a map M : N — R,
lim,_, o M(v) = 400, such that

L*(z,p(z,§)) = M(v)
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for every (z,€) € dom N [RY x (B[0,v])¢]; in particular

L (wn(x), p(xn(s), 7,,(5))) =2 M(v)

for every n € Nand s € S7. Analogously, under assumption (2) of the Differentiable
case, there exists a map M : N — R, lim,_., ., M(v) = +00, such that

L*(z,VL(z,§)) > M(v)
for every (z,€) € dom N [RY x (B[0,v])¢]; in particular
L*(x(x), VL(2n(s), 2,(5))) = M(v)

for every n € N and s € §;,.

Hence, both in the Convex and in the Differentiable case, we have obtained that
there exists an integer 7 such that at once we have: v > 4H/(b—a), M(7) > (14+6)u
and €/ < (b—a)/[4(1+9)], Vn € N.

c) For every n > ny, there exists £ | a subset of TH | having measure (1 +6)e
Define the absolutely continuous functions t,,(s) = a + [/ (7)d7 by setting

v
n

1 [l o] sess
tn(s) = 1— 5 ,sext
1 , otherwise

each t,, is an invertible map from [a, b] onto itself.
d) From the definition of ¢, we have that

[ 2 (20 5 1 = [0 -

/Sz L (xn(S), V|2E2|> ’xégs)’d: — /5v Lz (s), 2" (s))ds+

- L(wn(s), (1 + )z, (s))

n

1 /
o 5ds - o L(z,(s),x,(s))ds.

We wish to estimate the above integrals. Since X2 C T we easily obtain

L B0 916~ (o)l (o)) ds < (14 00k

To conclude the estimate we have to consider separately the Convex and the Differ-
entiable case.
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e) (Convex case) The choice of p implies that

(s \ O o
L(xnuu'x()') L{za(s),2)(s)) <

[ (st (o))

for every s € S”.
e) (Differentiable case) The mean value Theorem implies that there exists «,(s) €
[0, |2, (s)| /v — 1] such that

ORGP
L (xn(s), iz (s)|> L(zy(s), 2, (s))

01 ) T (it ). 2R (a0 20
()] ( )|

8

1+ a(s)

for every s € SV.
f) Since both |vz),(s)/|z],(s)|| > 7 and |z],(s)|/(1 4+ axn(s)) > 7, by the definition
of M(7) we obtain

|- (e ey ) 5 s L), a4 (5)ds < ~ M (D),

14

hence our estimate becomes: n > n; implies that

[ 2 (5060 2 51 = [ Lo, 50l < -000) + (1490 <0

g) The conclusion of f) proves the Theorem; in fact, defining z,, = z,, o s,,, where
s, is the inverse of the function t,, we obtain, by the change of variable formula
[44], that {Z, }n>n, = {%n © Sy }n>n, 18 @ minimizing sequence, since
b b dz
[ v = [ 1 (w6, G006 ) fiod

_ /abL (xn(s),%> v (s)ds < /abL(xn(s>,x;(s>>ds.

Moreover, we claim that Z, are Lipschitzian functions, with the same Lipschitz
constant A = (1 +1/9)v. In fact, consider the equality z (t,(s)) = z},(s)/t,(s) and
fix s where t/ (s) exists; we obtain

pu =0 ,s €Sy
d—;(tn(S)) <(A+1/0)p ,sexl
<v , otherwise

hence, at almost every point ¢,(s), the norm of the derivative of Z,, is bounded by
A. This completes the proof. O
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4.2 An existence result for a class of Minimum
Time problems

Around 1696 Jakob Bernoulli raised the following question: find the path from an
initial point z° to a target point 2/ such that a body, subject to gravity only, starting
from 2° with initial velocity zero, would reach z/ in minimum time.

In 1959 [26] A. F. Filippov proved the first general theorem on the existence of
solutions to minimum time control problems of the form

2'(t) = fz(t),u(t));  ul(t) € Uz(t))

requiring that the set valued map x — U(z) be upper semi-continuous (with respect
to the inclusion) and that the values F'(z) = f(z,U(x)) be compact and convex.

In Theorem 4.9 of this section, we prove the existence of solutions to minimum
time problems for differential inclusions, under assumptions that do not require the
convexity of the images F(x) = f(z,U(z)). Furthermore, we present a model for
the problem raised by Bernoulli and we show that our model (a non-convex control
problem) satisfies the assumptions required by our Theorem 4.9 for the existence of
solutions to minimum time problems. The case of Brachistochrone as a minimum
time control problem has already been amply treated in [43, 47].

For a compact subset A C R, set coA be its convex hull. For basic results
relating to solutions to differential inclusions, measurable selections and properties
of set-valued maps we refer to any standard text on the subject.

Lemma 4.8. Let z : [0,t*] — RY be absolutely continuous; let X = {z(t) : t €
[0,t*]} and let F be defined on X. Assume that, for almost every t € [0,t*],

7'(t) € F(x(t))

and that there exists E C [0,t*] of positive measure such that 2'(t) =0 on E. Then

there exist T < t* and an absolutely continuous function T : [0,7*] — X, such that
z(0) = 2(0) = 2°, Z(7*) = x(t*) and

T(t) € F(2(1))
for almost every T € [0, 7*].

Proof. a) It follows from the assumptions that there exists a closed subset K of E of
positive measure. The complement of K consists of at most countably many open
non-overlapping intervals (a;, b;),7 € I. Since the intervals (a;, b;) are disjoint, we
must have that 7* =", (b; — a;) < t*. For each i € I, set
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If b, > b,,, we have that 7(b;) > 7(by,) + (b — Q).

Consider the intervals (7(b;), 7(b;) + ) they are disjoint, since in case we
had (7(by), 7(by) + by — a;) N (7(byy,), 7(b ) — am) # 0 with b, > by, we would
obtain 7(by,) + (b —am) > 7(b), a contradlctmn Set T' = Uyer(7(b;), 7(bi) +b; — a;);
since 7 < Y. ,(b; —a;) = 7, V7 € T, we have that 7" C [0,7*]. Moreover, the
measure of T equals 7%, in fact

m(T) = Z(bz —a;) =T1"
icl
b) Define the absolutely continuous function z : [0, 7%] — RN by i(r) = 20 +
fOT 7'(s)ds, where
32'(3) _ ;p’(S +a; — T(bz)) ,S € (T(bz),T(bz) =+ bZ — ai),i el )
0 ,s €0, 7\ T ;

we have z(0) = x°.
Fix 7 € T, there exists ¢ € I such that 7 € (7(b;), 7(b;) + b; — a;). Notice that

T € (1(b;), 7(b;) + b; — a;) if and only if 7 + a; — 7(b;) € (a;,b;). We have

(r)—a2" = /OT(bi) T (s)ds + /T 7' (s)ds

"(s+a; —7(bj))ds + /(Tb,) (s + a; — 7(b;))ds

/T(bj)+bj—a;

(b5)

b]' ’T—‘r(li—T(bi)
- Z / x'(s)ds—i—/ Z'(s)ds.

j:T(bj)+bj—aj ST(b,) J
/ Sas= Y /

J:b;<b;

Notice that

+b —a; <7(b

in fact, by the deﬁmtlon, 7(b;) + b; —a; < 7(b;) if and only if 7(b;) < 7(b;). Hence

T+a;—7(b;)
F(r) -2 = Z/ ds+/ 2'(s)ds

Jibj<b;

T4a;—7(b;)
= / 7' (8)X {0k} (5 )ds—l-/ 7'(s)ds
0 o

= z(t+a;, —7(b;)) — xo.
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The previous equality implies that = is a solution to the differential inclusion. In
fact we have that, almost everywhere in [0, 7*],

F(r)=2(t+a;,— 7)) € F(x(t +a; — 7(b;)) = F(z(7)).

c) Set B = sup{b;}. Then either the supremum is attained or it is not. In the
first case, for some ji, B =b;. and 7(b;.) + (b, —a;.) = 7*. From b) we have that
x(t) = 2(t — a;, +7(bs.)), Vt € [a;.,bj.]. Since 2'(t) = 0 on [B,t*], by continuity we
have that x(t*) = v(B) = x(b;.) = #(bj, —a;. +7(b;,)) = 2(7%).

In the second case, let {b;, } be an increasing sequence, converging to B. From

/a B o/(s)ds

Tk

(") = ()| =

< Z / 7'(s)ds
(a;,b5)

{jEI:bj>bjk71 }

it follows that z(a;, ) — z(t*), while from

Z bj_alj<B_bjk and T*:ij—aj:T(bjk)—f— Z bj—aj

{j€lb;>bj, } jel jel:b;>bj,

we obtain that 7(b;,) — 7*. By the previous point b) we have that Z(7(b;,)) = z(a;,)
and by continuity we infer that z(t*) = z(7%). O

In what follows we shall consider the following minimum time problem for solu-
tions to a differential inclusion: X and S are closed subset of RN, S C X, 2% € X
and F a set valued map. Consider the problem of reaching the target set S from z°,
satisfying the constraint z(t) € X, and x(.) is a solution to the differential inclusion

Z'(t) € F(xz(t)).

Theorem 4.9. Let X C RY be closed and let F' be an upper semi-continuous set-
valued map defined on X with compact non empty images, with the additional prop-
erty that, for every x € X, for every & € coF(x), with § # 0, there exists A > 1 such
that X € F(z). Assume that there exists t > 0 and a solution x to

7' (t) € coF (x(t)) x(0) = 2"

such that x(t) € X for every t € [0,1] and that x(t) € S. Then the minimum time
problem for

/() € F(x(t))

has a solution.
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Proof. a) Let t* = inf{t : A’(t)NS # (0}. Let (¢,) be decreasing to t* and let x,, be
solutions to the differential inclusion

2'(t) € coF (x(t))

such that z,(0) = 0 and z(t,) € S, z(t) € X for ¢t € [0,¢,]. A subsequence of this
sequence converges uniformly to z,. Clearly, x,(0) = 0, z.(t*) € S and z,(t) € X
for t € [0,¢*]. Tt is known that, under the assumptions of the Theorem, x, is again
a solution to

2'(t) € coF(z(t)).

Hence, z, is a solution to the convexified problem that reaches S in minimum time,
and t* is the value of the minimum time for the convexified problem.

b) Applying Lemma 4.8, we infer that z/,(t) # 0 for a.e. t € [0,t*]. In fact,
otherwise, we could define a different solution to the convexified differential inclusion,
defined on an interval [0, 7%] with 7" < ¢*, having the same initial and final point:
hence t* would not be the value of the minimum time for the convexified problem.

c¢) By the previous point and the assumption on F'(x), for almost every ¢ there
exists a non empty set A(t) such that A € A(¢) implies Ao/ (t) € F(x.(t)) and
A > 1. Reasoning as in [14], we obtain that A(.) is measurable on [0,¢*], hence, by
standard arguments, that there exists a measurable selection A(.) from A(.). Define
the absolutely continuous map s by s(0) = 0 and s'(t) = 1/A(t): s is an increasing
map and maps [0,¢*] onto [0, s*], where s* < t*. Let t = t(s) be its inverse and
consider the map Z(s) = z.(t(s)). We obtain in particular that z(0) = z,(0) and
that Z(s*) = x.(t(s*)) = z.(t*). We also have

dis@(s) — 2 (t(s))!'(s) = 2, (t(s))

= . (t(s)) M (t(s)) € F(x.(t(5))) = F(2(s)).
Hence we have obtained that Z is a solution to the original differential inclusion but
also a solution to the minimum time problem for I.. Since every solution to the
original problem is also a solution to the convexified problem, the infimum of the
times needed to reach S along the solutions to the original problem cannot be lesser
than the minimum time for the convexified problem. Hence Z is a solution to the
minimum time problem for the original differential inclusion. [

The following result is on the existence of solutions to initial value problems for
differential inclusions with non-convex right hand side.

Theorem 4.10. Let Q be open, 2° € Q and let F be as in Theorem 4.9. Assume
that there exists t* > 0 such that, on [0,t*], the Cauchy Problem

7' (t) € coF (x(t)) x(0) = 2"



4.2 An existence result for a class of Minimum Time problems 53

admits a solution x© # x°. Then the Cauchy Problem

2'(t) € F(z(t)) x(0) =2°
admits a solution on some interval [0, 7]

Proof. Since x # x°, there exists t! € [0,¢*] such that z(t') # 2°. Consider the
minimum time problem for the convexified inclusion, with target set S = {z(t!)}.
This problem has a solution with minimum time 7*, where 0 < 7* < t!. By Theorem
4.9, the original non-convexified problem has a solution on [0, 7*]. [

The scheme commonly used to attack the minimum time problem raised by
Bernoulli is to transform it into the problem of minimizing

[V,

then to apply necessary conditions to find candidates for the solution; finally to
show that the family of such candidates covers the plane, hence that there is one
that passes through the final point. This approach, besides being very indirect, is
somewhat unsatisfactory, mainly because the integrand is not defined at the initial
condition (0,0) and the necessary conditions are applied without a previous proof of
existence of solutions. Instead, Bernoulli’s problem can be stated as follows: in the
plane, an initial condition (£?,£9) is given; consider all the possible oriented rectifi-
able curves passing through it. Each such curve is defined by assigning (uy(.), uz(.)),
a unit vector describing the direction of its (oriented) tangent. In this way, the
parameter t is the arc-length parameterization of the curve.
The system of equations

ﬂ = u1&3
§o = uaé3 (B)
5:'; = —guz

where the maps u;(.) and uy(.) are measurable and u?(t) + u3(t) = 1 a.e., describes
the motion of a body in the plane, defined by the coordinates (& (t),&2(t)), with
(scalar) velocity & () = /(£}(t))? + (£4(¢))2, along a curve identified assigning the
direction of its tangent vector (ui(.), us(.)), subject to the gravity g.

Hence, the problem raised by Bernoulli can be stated as the following minimum
time control problem:

The Brachistochrone Minimum Time Problem: find a solution to the control
system

£ =wmés
fé = U283
§§ = —gu2
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(£1(0), &(0),£3(0)) = (£2,£9,0), subject to the constraint & > 0, with control set
U= {(ur,u2) : uf +uj = 1)},
that would reach the target set S = (5{ , 5{ ,RT), where fg < &), in minimum time.

Theorem 4.11. The Brachistochrone Minimum Time Problem admits a solution.

Proof. Let = (&,6,63), X = {&3 >0}, S = (&],&],R"); let f(x,u) be the right
hand side of (B) and set F'(z) = f(z,U). Then, as one can check, F'(z) satisfies the
assumptions of Theorem 4.9. Hence it is enough to show that there are solutions
z(t) issuing from z° = (0,0, 0) with &(¢) > 0 and such that, at some finite time ¢*,
at) =¢ &) =¢.

This is so in the case where fg < 0. In fact, in this case we have that, by choosing
the constant control

U — 1
! CIECIE
el
u
2 €2+

we obtain that

{ &i(t) = u1<_gu2%)
&a(t) = ua(—gus%)

12y (ed
so that & (t) = & and &) = & for t/ = \/g EPHE) W also obtain that

€]
&(t) > 0 on (0,t/) and that &(t/) = 4/ —Qggc.

Consider the case 55 = 0. We can assume 5{ = 0, otherwise t* = 0 is the solution
to the minimum time problem. In the case f{ > 0, consider the solution with the

constant control u; = \%,uQ = _\/LE on [0, @] At time t = \/m, we have
that 51(@) = %, fg(\/@) = —% and 53(\/275{) = \/E The solution
with constant control u; = \%, Uy = \% on the interval (\/25{/9,2\/2§f/g), with
initial conditions 51(@) = %, &(@) = —% and 63(\/@) = \/g?*f
is such that at ¢ = 24/2¢/ /g, &(21/2¢0 /g) = € and &(24/2¢/ /g) = 0. Hence
th = 2\/@ and &3(t) > 0 on (0,t/). O
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The Euler-Lagrange equation
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Chapter 5

Preliminaries

5.1 From the stationary points to the Euler-Lagrange
equation

A basic principle of analysis is that, giving a minimum point belonging to the interior
of the domain of a differential function, one obtains a necessary condition for this
point exploring its neighbourhood; one finds out that it is a stationary point, i.e.
the gradient of the function calculated on the point must be zero. It is possible to
apply this principle in the Calculus of Variations.

Let  be a minimizer to the basic problem of the Calculus of Variations consisting
in minimizing the action

I(z) = / Lit,a(t), ' (8))dt,

I
where I = [a,b] C R, on the set of those absolutely continuous functions x : I — RY
satisfying the boundary conditions z(a) = A, z(b) = B.

Fix an admissible variation, i.e. a smooth function 7 : [a,b] — R equal to zero
at the boundary, consider the action Z evaluated on the trajectory & + en, where € is
a real number, and consider the function obtained Z(z+€n) as a real valued function
of €. For this function the point 0 must be a stationary point. Whenever it is possible
to pass to the limit under the integral sign, one obtains the Euler-Lagrange equation
(E-L): for any variation 7,

/ (Vo L(t, 2(t), 2 (1), 0 (1)) + (VLL(t, 2(t),2(t)), n(t))]dt = 0,
or, considering d/dt as a weak derivative,
%Vx/L(t, 2(t), 2'(t)) = VL L(t, 2(t), 2'(t)).

57
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L. Tonelli was able to prove the validity of the Euler-Lagrange equation with a
Lagrangian L belonging to C3, or belonging to C? provided that N = 1 and L, is
strictly positive. Many efforts have been performed in order to weaken the regularity
assumptions on L ([5], [16], [19], [20], [33], [38], [40], [50]).

In [5], J. M. Ball and V. J. Mizel presented an example of Lagrangian such that
the integrability of V,L(-,z(-),2(-)) does not hold and, as a consequence, (E-L) is
not true along the minimizer. Hence, some condition on the term V,L(-, z(-),2Z/(+))
has to be imposed in order to ensure the validity of (E-L).

In [16], [19], [38], [50], under assumptions like the existence of an integrable func-
tion S(t) such that, for any y in a neighbourhood of the minimizer, |V, L(t,y, #'(t))]
is bounded by S(t), the Euler-Lagrange equation is proved to be valid. This condi-
tion implies that, locally along the minimizer, L(t, -, 2'(t)) is Lipschitzian. However,
there are simple and meaningful examples of variational problems where this Lip-
schitzianity condition is not verified. In section 6.1, we present an example of this
kind.

In section 6.2 we provide a result on the validity of (E-L) ([27]) that is satisfied
by Lagrangians that are Lipschitzian in z, but that applies as well to some non-
Lipschitzian cases as the example in section 6.1.
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New Results

In section 6.2 we provide a result on the validity of (E-L) ([27]) that is satisfied
by Lagrangians that are Lipschitzian in z, but that applies as well to some non-
Lipschitzian cases. For instance, for the problem (P) with the (non-Lipschitzian)
Lagrangian L(t,x, ") = (2'/]z] — 2/3)?, on the interval [0, 1] and with boundary
conditions x(0) = 0, z(1) = 1, by this result it can be proved the validity of (E-L).
This example is presented in section 6.1.

6.1 An example involving a non-Lipschitz Lagrangian

A result of F. H. Clarke ([19]) implies that the assumption of the existence of
an integrable function S(¢) such that, for y in a neighbourhood of the minimizer,
|V L(t,y,7'(t))| < S(t), is sufficient to establish the validity of the Euler-Lagrange
equation. This condition implies that, locally along the minimizer, L(t,-, 2'(t)) is
Lipschitzian of Lipschitz constant S(t). However, there are simple and meaningful
examples of variational problems where this Lipschitzianity condition is not verified.

Consider the Lagrangian defined by L(z,&) = (¢£+/]z| — 2/3)?, and the problem

(P) of minimizing
/01 [x’(t) {0) —grdt

over the absolutely continuous functions x with z(0) =0, (1) = 1.

One can easily verify that () = t2/3 is a minimizer for (P). Indeed, L(&(t),2'(t)) =
0 on [0, 1], and L is non negative everywhere. The Lagrangian L is non-Lipschitzian
locally along z. In this case, although L is not differentiable everywhere, L, (Z(t), Z'(t))
exists a.e. (it is a.e. zero) and it is integrable.

29
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6.2 The Euler-Lagrange equation for non-Lipschitz
Lagrangians

In this section we provide (under Caratheodory’s conditions) a result on the validity
of the Euler-Lagrange equation that is satisfied by Lagrangians that are Lipschitzian
in z, but that applies as well to the non-Lipschitzian cases as the example in the
previous section.

In the proof we first show that the fact that z is a minimizer implies the inte-
grability of V¢L(-,2(-),2'(-)). Then, using this result, we establish the validity of
(E-L) under Caratheodory’s condition.

Note that we do not assume any convexity hypothesis on the Lagrangian. More-
over, no growth condition whatsoever is assumed so that, as far as we know, relax-
ation theorems cannot be applied.

Consider the problem of minimizing the action

I(z) = /L(t,x(t),x’(t))dt,
I
where [ is the interval [a,b], on the set of those absolutely continuous functions
x : [ — RY satisfying the boundary conditions z(a) = A, x(b) = B. Let 2 be a (weak
local) minimizer yielding a finite value for the action Z, and set p = sup,¢(, ) [2(1)]-
Our results will depend on the following assumption:
ASSUMPTION A. i) L is differentiable in x along z, for a.e. t, and the map
V.L(-,Z(-),2'(+)) is integrable on I;
it) there exists a function S(t) integrable on I such that, for any y € B(0, u+1),

L(t,y, #'(t)) < L(t, 2(t), 2'(1)) + S(t)|y — &(t)].

Consider problem (P) as presented in the previous section. The Lagrangian L
and & satisfy the assumption A: L,(&(t),2/(t)) exists a.e. (identically zero, hence
integrable), S(t) = t=2/% verifies the inequality

L(y,#'(t)) < S(t)ly — 2(1)],

since

2 2\° Ay — 3 4
(5evin-3) Ly — ey < oy - 2.

3 3 = 9t2/3( /|y| —|—t1/3> — 0t2/3

In what follows, R denotes R U {4+o00}.
This is our first result on the term V¢L(-, z(-), Z'(+)):
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Theorem 6.1. Suppose that L : I x RN x RN — R is an extended valued function,
finite on its effective domain of the form domL = I x RN x G, where G C RY is an
open set, and that it satisfies Carathéodory’s conditions, i.e., L(-,x, &) is measurable
for fixed (x,€) and L(t,-,-) is continuous for almost every t. Moreover assume that
L is differentiable in & on domL and that VL satisfies Carathéodory’s conditions
on domL.

Suppose that assumption A holds. Then,

/I|V§L(t,§:(t),az’(t))|dt < +o00.

Proof. 1) By assumption, L(-,%(-),#'(-)) € L'(I), hence setting Sy = {t € I : ¥/(t) ¢
G}, we have m(Sp) = 0. Given € > 0, we can cover Sy by an open set Oy of measure
m(O1) < €/2. We have also that VL is a Carathéodory’s function and that z’ is
measurable in /. Hence, by the theorems of Scorza Dragoni and of Lusin, for the
given € > 0 there exists an open set Oy such that m(O;) < €/2 and at once 7’
is continuous in I \ Oy, and V¢L is continuous in (I'\ Oy) x RY x G. By taking
K. =1\ (01U O,), we have that K, is a closed set such that on it 2’ is continuous
with values in G, V¢L is continuous on K. x RY x G and m(I \ K.) <e. Forn > 1
set €, = (b—a)/2""" and K, = K, ; set also C,, = Uj_, K. Then C, are closed
sets, C,, C Ch41, 2’ is continuous on C),, with values in G, VL is continuous in
Cp, x RY x G and lim,,_, ..o m(I \ C,) = 0.

From these properties it follows that there exists k, > 0 such that, for all t € C,,,

IVeL(t,&(t), 3 ()| < kn.

There is no loss of generality in assuming k, > k,_;. Moreover, we have that
m(Cy) > (b—a)/2 and > 7, m(C, \ Cpq) < (b—a)/2.

For all n > 1, we set A, = C,, \ C,,_1. Hence we obtain that C,, = C; U, A,
and that [ = EUC} U,~1 A, where m(E) = 0.

2) Consider the function

ma:{o if VeL(t, 2(t),2'(t)) = 0,

Ve L(t,2(t),8 (1)) '
NeLtam oy Otherwise,

vn:/ 0(t)dt,

so that |v,| < m(A,). There exists a closed set B,, C C such that m(B,) = |v,].
Set

and

0 (t) = ~6(0)xa, (0) + 71, (1),

[on]
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We have that

/Ien’(t)dt = —/A 6(t)dt + v, = 0.

Hence, setting 6,,( f 0,/ (T)dr, we see that the functions 6,(t) are admissible
variations. Moreover we obtam

t
10,]]0 < Sup/ 10,/(7)|dr < /|en/<7)|d7 < om(A,).
tel Ja I

3) For tin A, we have |V L(t, 2(t), 2'(t))| < ky; fortin By, [VeL(t, 2(t), 2'(t))] <
k1 < k,. Recalling that A, C C,, we infer that, for all t € A,, U B,,,

|VeL(t, 2(t), 7' (1)] < k.

We wish to obtain an uniform bound for |V¢L| computed in a suitable neighbourhood
of the minimizer (#(-),#'(+)). Consider the set (A, UB,) x RY x G as a metric space
M,, with distance d((t,z,§), (', 2", &) =sup(jt = |, |x — 2’|, | = &'|). On M,,, VL
is continuous. Moreover, its subset

Gn = {(t,2(t),#'(t)) : t € A, UB,}
is compact and, on G,,, |V¢L| is bounded by k,. Hence there exists ¢, > 0 such that,
for (t,z,€&) € M, with d ((¢,,€), (t,2(t),2'(t))) < 6, we have |V L(t, x,€)| < k,+1.
4) For |A] < min{1/2m(A,),d,/2m(A,),d,}, consider the integrals

/Ii[L(t, (t) + N0, (1), &' (t) + N, (¢)) — L(t, z(t),2'(t))]dt =
/ %[L(t, () + N0,(1), 2" () + N0, (t)) — L(t, &(t) + N0, (1), 2'(¢))]dt+
ApUBy

/l ST 5(0) + M0,(0),3(0)) — L(t,2(0), (1))t

For every t € A,, U B, there exists ()(t) € (0, A) such that
%[L(t, Z(t) + N0, (1), 2" (t) + N0, (t)) — L(t, 2(t) + N0, (¢),2'(t))] =
(VeL(t, &(t) + Ay ( ) 2(1) + Q(0)0,(2)), 0, (1)) <
[VeL(t, () + An (L), 2(1) + ()6, ()]
and from the choice of A, |V¢L(t, z(¢ ) + N0, (1), 2'(t) + A (8)0),(t))] < Kk, + 1. Hence,

we can apply the Dominated Convergence Theorem to obtain that

lim LIL0E #(8) + M (8), #(8) + N0 (8)) — Lt, 2(£) + A6u (£), &' (£))]dt =

AHO A’IL UB7L A
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/A (VEL{ta(0).3(0). ()t

5) Set ft(s) = max{0, f(s)}, f~(s) = max{0, —f(s)}. Since

0<
by the Dominated Convergence Theorem,

}\lil(l) i %[L(t, 2(t) + N, (t),2'(t)) — L(t, 2(t), 2/ (t))] " dt =

/ili% i[L(t, 2(t) + N, (), 2'(t)) — L(t, 2(t), 2/ (1)) " dt.

By the Fatou’s Lemma,

lim inf /1 i[m,@(t) FN0L(1), 7(1)) — L(t, & (t), # ()] ~dt >

A—0

/I lim inf %[L(t, () + N (1), 2'(1)) — L(t, 2(t), &/ (t))]dt.

A—0
We have obtained that

lim sup /1 %[L(m B(8) + M (1), & (1)) — L(t, & (t), ' (t))]dt <

A—0

lim (%[L(t, B(8) + M (1), (1)) — Lt 2(t), &' ()] —

lim inf /1 %[L(t, B(t) + N0n (1), ' (£)) — L(t, &(t), 7' (t))]dt <

A—0

/I lim sup %[L(t, B(E) 4 N0 (1), 3 () — L(t, 2(8), (1)) dt

A—0
/1 (VL L(t, (1), 2 (1)), ()] dt.

6) Since Z is a minimizer, we have

0 < / (VL (0.30). )

[L(t, &(2) + A0n(t), (1)) — L(t, (1), #'(1))]" < S(1)[0a (1)),

63

“if;ljypf,xw (1) + M0,(0),()) — Lt 2(0) & (0)]
< (VeL(t, 2 dt+/ (VL(t,z(t ,0,(t))dt.
ApnUBp 1
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, for any t in A, it fol-

Since 0,(t) = —VeL(t,2(t),'(t))/[VeL(t, (1), 2'(t))]
t),2'(t))|xa,(t). Hence, we

(t
lows that —(VeL(t, &(t), 2'(1)), 0, () xa, (1) = [VeL(t, &(
obtain that (6.2.1) can be written as

/A VLt 2(8), /(1) |t <

1

(VL (ta(0,5 @) 0,00+ [ (9Lt (0. 2'(0), 6,0
On B,, |VeL(t,2(t), 2'(t))| is bounded by kq; from Holder’s inequality and the esti-

mate on ||6,||« obtained in 2) we have that there exists a constant C' (independent
of n) such that

/A Ve L(t,2(8), & (1)|dt < Cm(A,).

7) As m — 400, the sequence of functions (|V£ (t, 2(t), 2 (1)) Ixqum 2An}(t))m
converges monotonically to the function [V¢L(t, Z(t), 2'(t))|X{ups14,}(t). From the
estimate above and monotone convergence, we obtain

| 1ReLt a0, @)t = [ [FeL,5(0), 7 O) e < Ol Ay,
N\Cy
On (4, |VeL(t, 2(t),2'(t))| < k1. Hence
/|V§L(t,9“c(t),i’(t))|dt < +o00.
I

]

Corollary 6.2. Under the same assumptions as in Theorem 6.1, for every variation
n, n(a) =0, n(b) =0 and n’ € L*(I), we have

/IKV&L(L 2(t),2'(t)), 7' (8)) + (Vo L(t, £(t), 2'(t)), n(t))]dt = 0.

Proof. We shall prove that, for every n in AC(I) with bounded derivative, such that
n(a) = n(b) = 0, we have

/I (YLt #(2), 8(8)), 7 (8)) + (VaL(t, &(t), & (£)),n())dt > 0.

Fix n, let |n/(t)| < K for almost every ¢ in I.
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1) Define C,, and k, as in point 1) of the proof of Theorem 6.1. Set

Uy = / n'(t)dt.
N\Ch

We have that lim,, ., |v,| = 0. In particular, for n > v, there exists B,, C C} such
that m(B,) = |v,|. Set

0 forte I\ C,,

() () = < 7'(t) for t € C, \ By,
Lo 4 p/(t) fort € B,

vn|

We obtain

/In;(t)dt—/cn\Bn n/(t)dtJr/Bn [%m’(t)} dt = /nn’(t)dt+vn —/In’(t)dt—().

Hence, setting n,(t) = fj n.(T)dr, we have that the functions 7,(t) are variations
and that, for almost every ¢ in I, |}, (¢)| < (1+ K), so that ||7,]]cc < (1+K)(b—a).

2) As in point 3) of the proof of Theorem 6.1, there exists d, > 0 such that for
(t,x,€) € C,, xRN x G, with d ((t,z,€), (¢, 2(t), 2'(t))) < 0,, we have |V¢L(t,z,£)| <
kn, + 1.

3) For |A] < min{1/(1+ K)(b—a),6,/(1+ K)(b—a),d,/(1+ K)}, consider the

integrals

[ I8+ 0.0+ M (0) = L0500, /() =

/ %[L(t, () + M (8), 2 () + Al (8)) — L(t, Z(t) + Ana(t), 2'(t)))dt+

n

/I;[L(t, () + (1), 7' (t)) — L(t, 2(t), 2'(¢))]dt.

For almost every t € C,,, there exists ()(t) € (0, A) such that
1 N Y / A A1
L &) + Ana(t), (1) + Mg, (8)) — L(t, £(8) + Ma(2), 2°(8))] =

(VeL(t, () + M (t), 2'(2) + G (8),, (1)), 7, (1)) <
[VeL(t, () + Ao (1), 2'(2) + Cu(6)m, ()| (1 + K) < (K + 1)(1 + K).
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Hence, we can apply the Dominated Convergence Theorem to obtain that

lim f %[L(t, B(t) + Mg (2), () + Ay, (£)) — L(t, 2(8) + Mg (1), 2'(2))]dt =

[ywummjﬁ»m@wz[W@@ﬂmﬂmmwmw

4) Following the point 5) of Theorem 6.1, we obtain that

lim sup / %[L(t, B(8) + A (1), (1)) — L(t, &(t), #' ()] dt <

A—0 I

/ (VL Lt 2(8), & (8)), m (£))] .

I

5) Since & is a minimizer, we have

0< [(TLt,a(0).#O), o, (Ot rlimsup | SIEE 0N, () ~Li0,2(0), (1)t <

/[(VsL(t, 2(t),2'(t)), m,(t)) + (Vo L(t, £(t), 2'(t)), na(1))]dt.

I
6) Since

lim 7, (t) = 1'(t) and [VeL(t, &(t), '(2))|m, (0)] < [VeL(t, 2(t), 2'(1))|(1 + K),

n—-+4o0o

lim 7, (t) = n(t) and [V, L(t, £(t), 2'(1))| ()] < [V L(t, 2(2), 2'(1))|(14+K) (b—a),

n—-+o0o

by the dominated convergence we obtain

lim I<V5L(t7»’ff(t),lff’(f))777;(t)>dt=/I<V5L(f7ifi(t)7if’(t)),n’(t)>dt-

n—-+o00

and

lim [ (V,L(t, &(t), 7' (), na(t))dt = / (VL L(t, &(t), 7' (), n(t))dt.

n—-400 I I

It follows that

/[(VaL(tai"(t), #(1)),7' (1)) + (Vo L(t, 2(t), 2'(t)), n(t))]dt = 0.

1
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Even if the validity of the Euler-Lagrange equations already follows by the pre-
vious Corollary 6.2 and the DuBois-Reymond’s lemma ([8]), we give an alternative
proof in Corollary 6.4.

In the following theorem we prove an additional regularity result for the La-
grangian evaluated along the minimizer.

Theorem 6.3. Under the same assumptions as in Theorem 6.1, the map VeL(-, 2(-), Z'(+))
is in L°(1).

!

Proof. Using an iteration process, we shall prove that for every pin N, V L(-, (-), Z'(+))
is in L?(I). Since the L? are nested, this proves that Ve L(-, 2(-), /() € Ny>1LP(I).
At the same time, we shall prove that there exists a constant K > 0 such that, for
every 1 < p < +o0, ||VeL||, < K, thus proving that V¢L(-, Z(-), 2'(+)) is in L*®(1).

Suppose that

1) From Theorem 6.1, we know that V¢L(-, Z(-),#'(+)) is in L'(I). Starting the
iteration process, fix p € N and suppose that V¢L(-, z(-),2'(-)) € L*(I), to prove
that VeL(-,2(-),2/(+)) € LPY(I).

2) We can assume ||V¢L||, # 0. Define C,,, A,,, k;,, as in point 1) of the proof of
Theorem 6.1. For all n > 1, set

(b—a) o R
2([VeLlE / VeL(t,&(t), & (t))|VeL(t, &(1), &'(t)) [P~ dt.

Since
m(C) > (b= )2 nd 1] < ot [ IVeL.30).0)F < (6= /2

there exists a set B? C C such that m(B?) = |vP|, so that

AVLIE [ o I
(b_a)/B dt — /v5 (8, 2(1), 2 (0)| Ve L(t, 2(8), 2 (1)) P

P |Un|
Set
Y (4) — Y L AT -1 2[|VeL[[p op
(07)'(t) = =VeL(t, &(t), (1)) [VeL(t, &(t), ()" xa, (t) + WWXBN)

n

and 62(t) = fat(ég)’(T)dT. We obtain that ||0h]| < 2 [, [VeL(t,2(t),2'(t))[Pdt.
The variations 62 have bounded derivatives so we can apply Corollary 6.2 to obtain
that

/IKVsL(t (1), &' (1)), (07) (1)) + (Vo L(t, (1), &' (1)), 07 (1)) ]dt = 0.
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It follows that

[ vkt a8 )i -
An

2(|VeLllp S JUR.
b-a) /]9£<V5L<t’w<t>,x<t>>,vn/| o)t + / (VaL(t,2(t), & (1)), 05(t))dt <

ky /An |V§L(t,:2:(t),j:’(t))|pdt+2/ |\VeL(t, 2 |pdt/|V L(t L2 (t))|dt <
I OR IO

where ' is independent of n and p (suppose C' > 1). The sequence of maps
), &

(IVeL(t 2(t), 2 (6) 1" xup, 4, (1)),

converges monotomcally to |V§ (t, &(t), 2'(t)) P X{Upsr 4,3 (1), and each integral
S IVeL(t, &(t), ' (t))[P* xqum_, 4,3 (t)dt is bounded by the same constant

t
)
C;/An |V5L(t,£(t),j'(t))ypdt = (]/I\C1 |V§L(t’@<t>7£/(t))|pdt.

Hence, by the Monotone Convergence Theorem,

/ Ve L(t,3(), #(8)PHdt < C / IVeL(t, (t), & (8))Pdt < +oo.
\Cy

I\C;

On C, |VeL(t, &(t), 7' (t))| < ki, proving that V¢L(-,2(-),2'(-)) € LPT(I). More-
over, we have also obtained that

[ veLwao.ae)pa < cr [ VeLa. o),
I\C1

\C1

Yo+
([ metwawaopa)  <cs
NG

where S = max{1, f[\cl |VeL(t,2(t),2'(t))|dt}. Setting T = max{1, m(C})} we have
that, for all p € N,

so that

/(p+1)
IVelllpw < (W 0miCo+ [ IVeLGa@. 2@ <
\Cy

/(p+1) i
Fam(Cy)Y Y ( / VeL(t, &(t), iz’(f))!p“dt) <kT+CS =K.
I\Cl

]
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Corollary 6.4. Under the same conditions as in Theorem 6.1, for every variation
n, n(a) =0, n(b) =0 and ' € L*(I), we have

/[(VsL(t, 2(1), (1)), ' (1)) + (Vo L(t, 2(1), #'(t)), n(t))]dt = 0.

I
As a consequence, t — VL(t,z(t),2'(t)) is absolutely continuous.

Proof. We shall prove that, for every n in AC(I), such that n(a) = n(b) = 0, we
have

/[(VsL(t,i?(t), 2(1)),n' (1)) + (Vo L(t, £(t), 2'(1)), n(t))]dt = 0.

1

1) Fix n. Through the same steps as in point 1) of the proof of Theorem 6.1,
for every n € N we can define a closed set C,, such that on it 7’ is continuous, z’ is
continuous with values in G, V¢L is continuous in C,, x RV x G and lim,, oo m(I'\
Cy) = 0. In particular, it follows that there are constants k,, and ¢, > 0 such that,
for all t € C,,,

|VeL(t,2(t),2'(t))] < k, and |7'(t)] < cn.
Define v, B,, 7, and n, as in the proof of Corollary 6.2. Since, for all ¢ € I,

7, ()] < 1+ | (2)], it follows that [[n,[[; < (b —a) + [[7'|l. Moreover, [[n,[|e <
[l < (b= a) +[l'[]1.

2) As in point 3) of the proof of Theorem 6.1, there exists d,, > 0 such that for
(t,x,8) € C, xRN x G, with d ((t,z,€), (¢, 2(t), 2'(t))) < 0, we have |V¢L(t,z,£)| <
k, + 1.

3) For |A| < min{1/((b—a) + [[7'[l1), 0n/((b = @) + ||7'[[1), 0n/(cn + 1)}, consider
the integrals

[ U0+ M 0).5(0)+ i (6)) = Lt (0.0 e =

/Ii[L(t, () + A0 (), 2 (t) + M () — L(t, 2(t) + An,(t), 2 (¢))]dt+

/ %[L(t, B(8) + Aia(8), 2 (8)) — L(t, &(t), &(¢))dt =

1
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For every t € C,,, there exists (\(t) € (0,) such that
1 N A7 / N A1
L, &) + Ana(t), 2'(¢) + Ay, () — L(E, 2(2) + An,(t), 2'(2))] =

A
(VeL(t, &(t) + Ana(t), 2'(t) + Q)15 (1)), my, (1)) <
[VeL(t, &(t) + An(t), 2'(t) + Q@) (1)) en < (kn + L)
Hence, we can apply the Dominated Convergence Theorem to obtain that

tim [ L0 + X0a(0).3'(0) + M (0) = LU0, 0(0)+ M (1), /() =

/C (VeL(t, 2(t), &'(), i, (1)) dt = / (VeL(t, &(t), (1)), 1 (1)) .

4) Following the point 5) of Theorem 6.1, we obtain that

lim sup / %[L(t, 2(8) + A (1), (1)) — L(t, &(t), 7' ()] dt <

A—0 I

/ (VL L(t, 2(t), 2(£)), (1))t

I
and, since z is a minimizer, we have

0< /I<V§L(t,i(t),i’(t)),n%(t))%—limsup/%[L(t,i(t)+)\77n(t),i’(t))—L(t,:i“(t),fc’(t))]dt <

A—0 I

/[(VsL(t, 2(t),2'(t), m,(t)) + (Vo L(t, £(t), 2 (1)), na(1))]dt.

I
5) Finally we have:

lim 7, (t) = n'(t) and [VeL(t, &(t), 2'(2)) ||, (0)] < [[VeL (-, 2(), 2'(-)l|oo (1|7 ()],

n—-+4o0o

and
lim 7, (t) = n(t) and [V, L(¢, &(8), () [lna()] < Ve L(, 2(2), () [((0=a)+7[11),

so that, by dominated convergence, we obtain
lim [ (VeL(t,2(t),3'(1), m, (1)) dt = /(VgL(tﬂf(t),i'(t))m'(t))dt-

and

lim [ (V,L(t&(0), & (1)), na(t))dt = / (VL L(t, (), /(1)) () dt.

n——+o0o I
Hence, it follows that

/[(VgL(t,ﬁf(t% B(8), ' (1)) + (VaL(t, £(2), #'(t)), n(t))]dt = 0.

I
The absolute continuity of t — V¢L(t, 2(t), 2'(t)) is classical (e.g. [7]). O
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