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GRADIENT FLOW APPROACH TO AN EXPONENTIAL THIN FILM
EQUATION: GLOBAL EXISTENCE AND LATENT SINGULARITY

YUAN GAO, JIAN-GUO LIU, AND XIN YANG LU

ABSTRACT. In this work, we study a fourth order exponential equation, u; = Ae™2%, derived
from thin film growth on crystal surface in multiple space dimensions. We use the gradient
flow method in metric space to characterize the latent singularity in global strong solution,
which is intrinsic due to high degeneration. We define a suitable functional, which reveals where
the singularity happens, and then prove the variational inequality solution under very weak
assumptions for initial data. Moreover, the existence of global strong solution is established with
regular initial data.

1. INTRODUCTION

1.1. Background. Thin film growth on crystal surface includes kinetic processes by which
adatoms detach from above, diffuse on the substrate and then are absorbed at a new position.
These processes drive the morphological changes of crystal surface, which is related to various
nanoscale phenomena [11 22]. Below the roughing temperature, crystal surfaces consist of facets
and steps, which are interacting line defects. At the macroscopic scale, the evoluion of those
interacting line defects is generally formulated as nonlinear PDEs using macroscopic variables;
see [0, [7, 12] 18, 21), 24), 25]. Especially from rigorously mathematical level, [6] [10) [8, 9] 1l [17]
focus on the existence, long time behavior, singularity and self-similarity of solutions to various
dynamic models under different regimes.

Let us first review the continuum model with respect to the surface height profile u(¢,x).
Consider the general surface energy,

G(u) := /Q (B1|Vul + %|Vu]p)dx, (1)

where () is the “step locations area” we are concerned with. Then the chemical potential u,
defined as the change per atom in the surface energy, can be expressed as

W= oG =-V. (51& + 52|Vu|p_2Vu).
ou |Vul
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2 YUAN GAO, JIAN-GUO LIU, AND XIN YANG LU

Now by conservation of mass, we write down the evolution equation for surface height of a
solid film u(t, x):

u+V-J =0,
where
J =—-M(Vu)Vps

is the adatom flux by Fick’s law [I8], the mobility function M (Vu) is a functional of the gradients
in uw and ps is the local equilibrium density of adatoms. By the Gibbs-Thomson relation [14} 20,
18], which is connected to the theory of molecular capillarity, the corresponding local equilibrium

density of adatoms is given by
K

Ps = poekT7
where p° is a constant reference density, T is the temperature and k is the Bolzmann constant.
Notice those parameters can be absorbed in the scaling of the time or spatial variables. The
evolution equation for v can be rewritten as

w =V - (M(Vu)Vei). 2)

It should be pointed out that in past, the exponential of u/kT is typically linearized under the
hypothesis that |u| < kT'; see for instant |13} [15] 23] and most rigorous results in [6] 10} 8 9, 1], [17]
are established for linearized Gibbs-Thomson relation. This simplification, e ~ 1 4 u, yields the
linear Fick’s law for the flux J in terms of the chemical potential

J=-M(Vu)Vpu.

The resulting evolution equation is

g:f _v. (M(VU)V (‘;f)) , (3)

which is widely studied when the mobility function M (Vu) takes distinctive forms in different
limiting regimes. For example, in the diffusion-limited (DL) regime, where the dynamics is
dominated by the diffusion across the terraces and M is a constant M = 1, Giga and Kohn
[10] rigorously showed that with periodic boundary conditions on u, finite-time flattening occurs
for f1 # 0. A heuristic argument provided by Kohn [12] indicates that the flattening dynamics
is linear in time. While in the attachment-detachment-limited (ADL) case, i.e. the dominant
processes are the attachment and detachment of atoms at step edges and the mobility function
[12] takes the form M (Vu) = |Vu|™!, we refer readers to [12, [} 8, ] for analytical results.

Note that the simplifed version of PDE (3]), which linearizes the Gibbs-Thomson relation,
does not distinguish between convex and concave parts of surface profiles. However the convex
and concave parts of surface profiles actually have very different dynamic processes due to the
exponential effect, which is explained in Section [1.2] below; see also numerical simulations in [16].
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GRADIENT FLOW APPROACH TO AN EXPONENTIAL THIN FILM EQUATION 3

Now we consider the original exponential model in DL regime

Uy = V- (V€%>

_ A(;v.(\vmp—?vu)

with surface energy G := [, %\Vu]p dz, p > 1. The physical explanation of the p-Laplacian

(4)

)

surface energy can be found in [19]. From the atomistic scale of solid-on-solid (SOS) model, the
transitions between atomistic configurations are determined by the number of bonds that each
atom would be required to break in order to move. It worth noting for p = 1 [16] developed an
explicit solution to characterize the dynamics of facet position in one dimensional, which is also
verified by numerical simulation.

In this work, we focus on the case p = 2 for high dimensional and use the gradient flow
approach to study the strong solution with latent singularity to . We will see clearly the
different performs between convex and concave parts of the surface. Explicitly, given T > 0 and
an open, bounded, connected, spatial domain Q C R? with smooth boundary, we consider the
evolution problem

up = Ae A in Q x [0,7],
Vu-v=Ve .v=0 ondQ x[0,T], (5)
u(z,0) = u’(z) on €,

where v denotes the outer unit normal vector to d€2. The main results of this work is to prove
the existence of variational inequality solution to under weak assumptions for initial data and
also the existence of strong solution to under strong assumptions for initial data; see Theorem
[10] and Theorem [13] separately.

1.2. Formal observations. We first show some a-priori estimates to see the mathematical struc-

tures of .

On one hand, formally define the energy F'(u) := [, e~ A% dzx, so we can rewrite the original
equation as a gradient flow

oF _Au
up == Ae A (6)
and . 5
F 2
F(T — " dxdt = F(0
@+ [ [ 15 deat=F()
for any T' > 0.
Notice boundary condition Vu - v = 0. We have
/ Audz =0,
Q
which gives
_ [Aullpo
1AW * 1) = (A0) (110 = —5 2, (7)

2
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4 YUAN GAO, JIAN-GUO LIU, AND XIN YANG LU

where (Au)™ := max{0,Au} is the positive part of Au and (Au)” := —min{0, Au} is the
negative part of Au. Since

1(Aw) ™ = / (Au)~dz < / B dr < / e BUTHAYT 4y = F(u) < P(u?) < +oo,
Q Q Q

we know [[Aul|piq) < 2F(u’) < +oo. However, since L' is non-reflexive Banach space, the
uniform bound of L' norm for Au dose not prevent it being a Radon measure. In fact, from
F(u) = [q e~ 2% dz and @, we can see a positive singularity in Awu should be allowed for the
dynamic model; also see an example in [I7, p.6] for a stationary solution with singularity. We
will introduce the latent singularity in (Au)" officially in Section

On the other hand, since

d/ufdx:/ut(Ae_A")tdwz/Aut(e_A")tdw:/ —(Auy)?e A da < 0,
dt Jo Q Q Q

we have high order a-priori estimate

/ u? dx = / (Ae™ 22 dz < C(ug),
Q Q

where C(up) is a constant depending only on ug; see also [I7]. Notice that

1
/ |e_A“|2da:§/ |V€_Au|2d33§ */ |€_Au‘2dx+c/ ’Ae_Au’2d33- (8)

Then by [I7, Lemma 1], we have
/ |D%e2u2 4 < / (Ae™2)2 dz < C(up).
Q Q

This, together with , implies
le™ 2" | 20y < Ch(ug)-

Although these are formal observations for now, we will prove them rigorously later.

1.3. Overview of our method and related method. Although from formal observations in
Section the original problem can be recast as a standard gradient flow, the main difficulty is
how to characterize the latent singularity in (Au)* and choose a natural working space.

As we explained before, the possible existence of singular part for Aw is intrinsic, so the best
regularity we can expect for Au is Radon measure space. To get the uniform bound of [|[Aul| v¢(q),
we need to first construct an invariant ball, which is the indicator functional ) defined in , then
get rid of 1 after we obtain the variational inequality solution; see Theorem and Corollary
After we choose the working space M(2) for Au, we can define the energy functional ¢
rigorously in using Lebesgue decomposition. To avoid the extra technical difficulties brought
by non-reflexive Banach space, we first ignore the Banach space structure and use the gradient
flow approach in metric space introduced by [2]. We consider a curve of maximal slope of the
energy functional ¢ 4 v and try to gain the variational inequality solution defined in Definition
under weak assumptions for the initial data following [2, Theorem 4.0.4]. However, since the
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GRADIENT FLOW APPROACH TO AN EXPONENTIAL THIN FILM EQUATION 5

functional ¢ is defined only on the absolutely continuous part of Aw, it is not easy to verify
the lower semi-continuity and convexity of ¢, which is developed in Section and Section
Finally, when the initial data have enough regularities, we prove the variational inequality solution
has higher regularities and is also strong solution to defined in Definition

Recently, [17] also studies the same problem using the method of approximating solutions.
Their method based on carefully chosen regularization, which is delicate but the construction is
subtle to reveal the mathematical structure of our problem. Instead, our method using gradient
flow structure is natural and more general, which is flexible to wide classes of dynamic systems
with latent singularity. When proving the variational inequality solution to , we also provide
an additional understanding for the evolution of thin film growth, i.e., the solution u is a curve
of maximal slope of the well-defined energy functional ¢ + 1; see Definition [0

The rest of this work is devoted to first introduce the abstract setup of our problem in Section
and Section Then in Section and Section we prove the variational inequality
solution following [2], Theorem 4.0.4]. In Section [3| under more assumptions on initial data, we
finally obtain the strong solution to .

2. GRADIENT FLOW APPROACH AND VARIATIONAL INEQUALITY SOLUTION

2.1. Preliminaries. We first introduce the spaces we will work in. Since we are not expecting
classical solution to , the boundary condition in can not be recovered exactly. Instead, we
equip the boundary condition in the space H,V defined blow.

Let

H::{u€L2(Q):/Qudx:O},

endowed with the standard scalar product (u,v)y = [ uvdx.

Since L' is not reflexive Banach space and has no weak compactness, those a-priori estimates
in Section can not guarantee the W21 (Q)-regularity of solutions to . Hence we define the
space V as

V:={ue H; Vue L*Q), Auc M(Q), / pd(Au) = —/Vquodx for any ¢ € ()}, (9)
Q

where M is the space of finite signed Radon measures and Cy(£2) is all the bounded continuous
functions on 2. Endow V' with the norm

[vllg = Vvl L2(0) + |AV][ pme)-

Here || - || (@) denotes the total mass of the measure.
Next, since Au can be a Radon measure, we need to make those formal observations in Section
rigorous. For any u € M, from [4, p.42], we have the decomposition

o=y + gL (10)



100
101

102

103
104

105
106
107

108

109
110

111
112

113
114
115
116
117
118
119
120
121

122
123

6 YUAN GAO, JIAN-GUO LIU, AND XIN YANG LU

with respect to the Lebesgue measure, where ) € LY(2) is the absolutely continuous part of
w and g is the singular part, i.e., the support of p; has Lebesgue measure zero. Define the

function
(D) (D) . -
6 H — [0, od],  ow) = {f2¢ de duel (1)
400 otherwise,
where (Au)| denotes the absolutely continuous part of Au, (Au)~ := — min{0, Au} is the negative

part of Au. We call the singular part (Au)T latent singularity in solution w.

Remark 1. Although the singularity vanishes in the energy functional ¢, it is not a removable
singularity in the dynamics. Indeed, noticing the boundary condition, we can not recover a new
solution v by removing the singularity such that Av = (Au)ﬁ — (Au)™ and vy = Ae™AY. So the

singularity in solution (Au)ir actually have effect on us and we refer it as latent singularity.

In view of the a priori estimate on the mass of the measure Au, we introduce the indicator
function

0 ifueV, |Au <,
b H — {0,400},  1(u) = ‘ IAulae < (12)
400 otherwise.
Here C' is a fixed constant, which is determined by the initial datum later. From Section [1.2| we

know the bound for ||Aul|xq) is not artificial.

2.2. Euler schemes. Even if has a nice variational structure, and V has Banach space
structure, the non-reflexivity of V imposes extra technical difficulties. Instead of arguing with
maximal monotone operator like in [9], we try to use the result [2, Theorem 4.0.4] by Ambrosio,
Gigli and Savaré. After defining the energy functional rigorously, we take the counterintuitive
approach of ignoring the variational structure of and the Banach space structure of W21(Q).
In other words, we consider the gradient flow evolution in the metric space (H, dist), with distance
dist(u,v) := ||lu — v||g.

Let u’ € H be a given initial datum and 0 < 7 < 1 be a given parameter. We consider a
sequence {z]} which satisfies the following unconditional-stable backward Euler scheme

T . 1 T
2 € argmingcpy {<¢ + (@) + 52’ ~ wiﬂﬂl%{} n>1, 3)
CC(()T) =uY € H.

The existence and uniqueness of the sequence {z]} will proved later in Proposition |8 Thus we
are considering the gradient descent with respect to ¢ + ¢ in the space (H,dist).
Now for any 0 < 7 < 1 we define the operator

1
Tl i= axgmin,ep { (6 -+ w)(0) + 510 = ulfy |
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GRADIENT FLOW APPROACH TO AN EXPONENTIAL THIN FILM EQUATION 7

then the variational approximation obtained by Euler scheme ((13)) is
tp = (Tym)" [u"). (14)

The results for gradient flow in metric space [2, Theorem 4.0.4] establish the convergence of the
variational approximation u,, to variational inequality solution to , which is defined below.

V¢ H, we call u : [0,+00) — H a variational inequality

solution to if u(t) is a locally absolutely continuous curve such that lim;_ou(t) = u® in H
and

Definition 2. Given initial data u

5 () = vl < (¢ +9)(v) = (6 +¥)(u(t), forae t>0,YveD(G+v).  (15)

Before proving the existence of variational inequality solution to , we first study some
properties of the functional ¢ 4 ¢ in Section and Section

2.3. Weak-* lower semi-continuity for functional ¢ in V. For any p € M(Q), we denote
p < L% if p1 is absolutely continuous with respect to Lebesgue measure and denote ji := % as
the density of j. For notational simplification, denote ju| (resp. 1) as the absolutely continuous
part (resp. singular part) of p with respect to Lebesgue measure.

Let us first give the following proposition claiming weak-* lower semi-continuity for functional

¢ in I~/, which will be used in Lemma
Proposition 3. Let u,, u € V. If Aup,~Au in M(2), we have
liminf ¢(un) = ¢(u). (16)

Before proving Proposition [3, we first state some lemmas.

From now on, we identify p, < £ with its density i, := 32”3 and do not distinguish them for

brevity. Given N > 0 and a sequence of measures p, such that j, < £%, observe that
o, = min{ iy, N} + max{u,, N} — N. (17)

First we state a lemma about the limit of the truncated measure min{u,, N'}.

Lemma 4. Given a sequence of measures i, such that pu, < L%, we assume moreover that fi,~>
and sup,,_, o ¢(in) < +00. Then there exists a measure i j,m < L% such that N > K down,

and min{ft,, N} 0 3o wm-

Proof. Since pi,—, we know there exists Pdown € M(€2) such that min{uy,, N}i“down‘ From
N —min{pn, N} > 0 we have N — j1q5wn = 0. Moreover we claim j1qqwy < £%. Indeed, if Hdown
contained a negative singular measure, then sup,, ||tnl/2(q) = +00. However, since p, < N, this

+o00 > / e HPrdx > / ui dz — +o0.
{un<-1} {pn<-1}

Hence we have piqown < Le. O

forces
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8 YUAN GAO, JIAN-GUO LIU, AND XIN YANG LU

We also need the following useful Lemma to clarify the relation between p vy, and the weak-x
limit of w,.

Lemma 5. Given a sequence of measures i, such that pu, < L%, we assume moreover that fi,~
and sup,,_, o ¢(pin) < +00. Then for any N > 0, there exist {1 j,0m> Hup € M(S2), such that

max{ i, N}pup,  (frup)) > N, (19)
where pu (resp. ) ) is the absolutely continuous part (resp. singular part) of . Moreover,
/e_“H dr < / e~ Hdown dy. (20)
Q Q

Proof. From Lemma [ we know, upon subsequence, min{u,, N }iﬂdown for some measure
Hdown Satisfying pqoen < £4 and N > Pdown- By Lebesgue decomposition theorem, there
exist unique measures p < £4 and ) LL% such that u = p + pr. The decomposition then
gives

0 <ty — min{ ey, N} = max{j,, N} — N2y — Pdown:
Taking pup = p—pqown T, as the sequence max{p,, N} —N > 0, we obtain max{ i, N}iuup
and (¢t — pqown)| = Hup| — N > 0. Besides, since e "Il is decreasing with respect to p and

K 2 Hdown» We obtain . O
Now we can start to prove Proposition [3

Proof of Proposition[3 Assume Aup,>Au in M. Denote f,, := Au, and f := Au. Without loss
of generality we assume sup,,_,, o ¢(un) < 400 so f,, f~ < L% This implies immediately that
we only need to consider two cases: (i) there are some f,, are positive measures, i.e. f,; # 0,
and anigl < LY foi gy > 0and g1 + g2 = fyj; or (ii) all f, are absolutely continuous and
In) = fn may weakly-* converge to a singular measure.

For case (i), if we have fn”Lgl < L f,1 290 > 0and g1 + g2 = J|» then since eI is
decreasing with respect to f, we have Joe 9 dx > [ e fildz. On the other hand, we know
o(v) :== Joe U dx is lower-semicontinuous on L!(£2) with respect to the strong topology. Hence
by the convexity of p(v) := [qe ¥ dx on L}(Q) and [3, Corollary 3.9], we know ¢(v) is l.s.c on
L'() with respect to the weak topology. So fn”—*\gl < L% gives Jo) = g1 in L'(Q) and

lim inf ¢(uy,) = lim inf/ e fnldz > / e Idx > / e NIl de = ¢(u) (21)
n n Q Q Q

which ensure holds.
Now we only concern the case (ii): f,1 =0 and f,| = f, may weakly-* converge to a singular
measure. For any N > 0 large enough, denote ¢n(un) := [g e~ min{fn,N} qz. Then the truncated
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measures min{ f,,, N} satisfy

oxn = [ ) 0
Q

_ / e N g 4+ e N L ({ f > N}
{fn<N}

> / e ndr + e I dz = ¢(uy).
{fn<N} {fn>N}
The second equality also shows

on(un) — e NL{fy > N}) = / o~ min{fn,N} g,
{fn<N}

< / e frde = o (un).
Q
Hence we obtain

|3(un) — én (un)| < eV LU{fn > N}) < eV

From Lemma |5, we know the truncated sequence min{ f,,, N} satisfies

min{ f,, N}i\fdown’ Jdown < e / ¢ Jdown dz > / eI de.
Q Q

Since min{f, N} = fiown i L'(2), using the same argument with (21]), we obtain

liminf [ e~ ™0{fN} qg > / e~ Jdown dg > / el de = P(u).
n—+oo J Q Q

Combining this with , we obtain
lim inf ¢(u,) > lim inf v (un) — e[|
= lﬁﬂ{}f . e~ /N g — eV
> ¢(u) — e[,
and thus we complete the proof of Proposition [3| by the arbitrariness of N.

2.4. Convexity and lower semi continuity of functional ¢ + ¢ in H.

Lemma 6. The sum ¢+ : H — [0,+00] is proper, convex, lower semicontinuous in H and

satisfies coercivity defined in |2, (2.4.10)].

Proof. Clearly since u=0 € D(¢p+ 1), D(¢p+ ) = {¢p+ 1 < 400} is non empty, hence ¢ + 1 is

proper. Due to the positivity of ¢, v, coercivity [2], (2.4.10)] is trivial.

Convezity. Note that since both ¢, ¢ > 0, we have D(¢ + ) = D(¢) N D(¢). Given u,v € H,
t € (0,1), without loss of generality assume u,v € D(¢ + 1), otherwise convexity inequality is
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trivial. Thus (1 —¢)u + tv € D(¢), and the measure A[(1 — t)u + tv] has no negative singular
part, while its positive singular part satisfies

(A[(L = B+ )T = (1 )(Aw)T + t(Ao)T,
and its absolutely continuous part satisfies
(A[(1 = t)u +tv])) = (1 —t)(Au) + t(Av)).
Thus
S((1— tyu + tv) = /

o~ 1A= Au+AV]) g — / o~ 1A= (Aw) +t(A0))] 45
Q

Q
S/[(l—t)e’(A“)H + te~ AV dg
Q

= (1 =1)¢(u) + to(v),
hence ¢ + 1 is convex.
Lower semicontinuity. Consider a sequence u,, — u in H. We need to check
(6 +v)(u) < lim inf(6 + ) (u).

If u, ¢ D(¢ + 1) for all large n, then lower semicontinuity is trivial. Without loss of generality,
we can assume u, € D(¢ + ) for all n, and also

lim inf (6 + ) () = Hm( + 44) (u ).

Since u, € D(¢), we have [[Auy|[rq) < C, hence there exists v € M(S2) such that Auy, .
Since we also have u,, — u in H so v = Au and we know [|Au|| o) < C. Then 0 = ¥(uy,) = ¥(u)
and by Proposition [3, we have

lim inf 6 (1,) > ¢(u)

so the lower semicontinuity is proved. O

Lemma 7 (7~ l-convexity). For any u,vg,v1 € D(¢ + 1), there exists a curve v : [0,1] —
D(¢ + ) such that v(0) = vg, v(1) = vy and the functional

B(r,u50) = (6 -+ ¥)(0) + 5 — ol (26)
satisfies
O(r,uyv(t)) < (1 —)P(1,u;v0) + tP(T,u;v1) — %t(l —t)|lvo — v1|% (27)
for all T > 0.

We remark that is the so-called “7~!-convexity” [2, Assumption 4.0.1].
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Proof. Let v(t) := (1 — t)vg + tv1. The proof follows from the simple identity
11 = tyvo + tvr — wllfy = (1 = t)l|u — wvollf + tlu — vall7 — ¢(1 = #)]lvo — v ;-

The convexity of ¢ + ¢ then gives

(7, u;0(t) = (¢ + ) (1 — t)vo + tvr) + %Ilu = [(1 = t)vo + tur] |17

< (A=) + ) (vo) + (b + ) (v1)
1

1 1
o= )u = vl + 5t = wnllfy = o=t = Dlloo — 1l

1
=(1—=t)®(r,u;vg) + tP(1,u;v1) — Et(l —t)|lvo —v1||%,
and concludes the proof. O

After above properties for functional ¢ + 1, we state existence and uniqueness of the sequence
{27} chosen by Euler scheme (13).

Proposition 8. Given parameter 7 > 0, ug € H, then for any n > 1, there exists unique x],

satisfying .

Proof. Given n > 1, we will prove this proposition by the direct method in calculus of variation.
Let ®(7, xy—1;2) defined in and A := inf ey (7, x—1;2). Then there exist {z,,} C D(P)
such that ®(7,2p_1;2y,) = A as i — 400 and (7, x,_1;2y,) are uniformly bounded. Hence
upon a subsequence, there exists z, € H such that z,, — z, in H. This, together with the
uniform boundedness of ||Axy, || () shows that Az, v = Az, in M(Q). Then by Proposition
we have

A =lminf &(7,xp_1;2p,;) > (7, 2pn_1;T0) > A,

i——400
which gives the existence of z,, satisfying .
The uniqueness of x,, follows obviously by the convexity of ¢ and the strong convexity of || - || ;.
[l

2.5. Existence of variational inequality solution. After those preparations in Section [2.3
and Section in this section we apply the convergence result in |2 Theorem 4.0.4] to derive
that the discrete solution u,, obtained by Euler scheme |13|converges to the variational inequality
solution defined in Definition 2l Denote
max{¢(v) — ¢(w), 0}

dist(v, w)
the local slope. By Lemma [7|and [2, Theorem 2.4.9] for A\ = 0, the local slope coincides with the
global slope

|0¢|(v) := limsup
w—v

max{¢(v) — ¢(w), 0}

vw v —w|m

Lp(v) =

9
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12 YUAN GAO, JIAN-GUO LIU, AND XIN YANG LU

i.e.
06| (v) = tg(v). (28)
We point out that with Lemma |§| and [2, Theorem 1.2.5], we also know the global slope ¢4 is

a strong upper gradient for ¢. Hence for ¢4, we recall [2, Definition 1.3.2] for curves of maximal
slope.

Definition 9. Given a functional ¢ : D(¢) — R and the global slope 14, we say that a locally
absolutely continuous map u : (0,T) — H is a curve of mazimal slope for the functional ¢ with

respect to g if

(Slu(t))) < —%W _ %%(u)? for ae. t € (0,T). (29)

Now the hypotheses of [2, Theorem 4.0.4] are all satisfied: Lemma |§| gives convexity, lower
semicontinuity and coercivity of ¢ + 1 [2, (4.0.1)], while Lemma [7] gives 7~ !-convexity of ¢ + 1)
with A = 0 [2, Assumption 4.0.1]. Thus we have:

Theorem 10. Given u° € W”'HH}

(i) (convergence and error estimate) for any t > 0, t = nt, let u, in be the solution
obtained by Euler scheme (13), then there exists a local Lipschitz curve u(t) : [0, +o00) — H

such that
u, — u(t) in L*(Q) (30)
and if further u® € D(¢ + 1), we have the error estimate
Ju(t) = wnllzr < 51006 + )] (uo); (31)

(it) w : [0,400) — H is the unique variational inequality solution to (B)), i.e., u is unique
among all the locally absolutely continuous curves such that lim;_ou(t) = u® in H and

Sl = ol < G +0)@) — (6 +W)ult)), for ae. t> 0,0 € DG+V); (32
(#ii) u(t) is a locally Lipschitz curve of mazimal slope of ¢ for t > 0 in the sense
/ 1 1
(6 +9)(®) < ~ gl = Jpw)? (3)
(tv) moreover, we have the following regularities
(6 +0)u0) < (6 +9)0) + oo~} Vo€ D(6+u), (34)
0(¢ + )P (u(t)) < |3(¢+¢)|2(U)+tl2|lv*u0||%{ Vo € D(|0(¢ +v)]), (35)

o

06 +¥)l(u(t) <+,

I

(6+9)((®) — (G+v)@ < " (36)
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and t — ||u(t) — ul|g is non-increasing, where u is a minimum point for ¢ + 1 and

196 (v) = limsup L) = ¢(w))*

wW—v dist(v, w)

= 14(v)

is the local slope;
(v) (L?-contraction) let u®, v° € D(¢+¢)”‘HH and u(t), v(t) be solutions to the variational
inequality , then
lu(t) = v(®)llzr < u” = o]z (37)

Proof. Since from Lemma |§| and Lemma |7, we are under the hypotheses of [2, Theorem 4.0.4],
we apply it with energy functional ¢ + 1, and metric space (H,dist), dist(u,v) = ||[u — v||g to
obtain .

Therefore the convergence result (i) comes from [2, (4.0.11),(4.0.15)]. The variational inequality
follows from [2, (4.0.13)]. [2, Theorem 4.0.4 (ii)] shows the result (iii) and follows
Definition [9] of maximal slope.

Regularities and follow from [2, (4.0.12)]. Asymptotic behavior and monotonicity
of t — ||u(t) — u|lg follow from [2, Corollary 4.0.6], which requires the same hypotheses of [2
Theorem 4.0.4]. Finally, the contraction result (v) follows from [2], (4.0.14)]. O

3. STRONG SOLUTION

We will prove the variational inequality solution obtain in Theorem is actually a strong
solution in this section.
Now we assume u : [0, +00) — H is the unique solution of the variational inequality (32]), i.e.,

S llult) = ol® < (0 +¥)(v) = (6 +¥)(u(t), forae t>0,YveD(¢+v). (38

3.1. Regularity of variational inequality solution. First we state the variational inequality
solution has further regularities.

Corollary 11. Given T > 0 and initial datum u® € D(|06|), the solution obtained in Theorem
[10 has the following regularities

we L2(0,T; V) N 0, T): H),  u, € L¥([0,T); H),

(Au)~ < £ for a.e. t €0,T),

where (Au)™ := —min{0, Au} is the negative part of Au. Besides, we can rewrite the variational

inequality as
(ue(t), u(t) —v)m g < o(v) — @(u(t)) for a.e. t >0, Vv e D(¢). (39)
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Proof. First, we claim the functional 1) can be taken off. Indeed, from we have

(6+0)u(®) < 6+ 0)0) + lo—Of Vo e D(6). (10)
Then taking v = u° gives
(& +¥)(u(t) < (¢ +9)(u) < +oo, (41)
which also implies
o(u(t)) < p(u’) < +oo  for a.e. t € [0,T]. (42)

To make Section rigorous, notice u € V we have
/ pd(Au) = —/Vquo dz for any ¢ € Cp(9).
Q

Particularly, taking ¢ =1 gives [, d(Au) = 0, so we have

_ 1
1(Auw) ™ pmee) = (AW | mee) = 2 1Aullae)-
Since

(A0) ey = [ () do < [ @7 da< [ @I 4z — g(u) < o(uo)
we know
(Au)~ < £ for ae. t €[0,T), A a0y < 26(uo),

so we can choose C' := 2¢(up) + 1 in Definition and

P(u(t)) = 0= 0¢(u(t)). (43)
Noticing also that if v ¢ D(¢) (38]) still holds, we can rewrite as
%%Hu(t) _ 0|2 < 6(v) — d(u(t), for ae. t >0, Vo€ D(@).

Next, we need to show that u; € L>(0,T; L%(9)). From Theorem [10| we know that ¢ — u(t) is
locally Lipschitz in (0,7"), i.e. for any to > 0 there exists L = L(tp) > 0 such that

[u(to + ) — u(to)llr2() < L(to)e for all ¢ € [to, T).

The key point is to obtain a uniform bound for L(tg) for arbitrary top > 0. Since u(t) is the
variational solution satisfying , taking v = u(tg) in gives

S —llulto) = u(®)|720) < dlulto)) = d(u(t)) < (&, ulto) — u(t))rr m
for any £ € d¢(u(to)). In particular, by [2, Proposition 1.4.4], we have
109](u(to)) = min{[|{|| n/; £ € I (u(to))}-
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Hence taking ¢ as the elements of minimal dual norm in d¢(u(tp)) implies

3 llulto) — u(t) 32 0 < Blu(to)) — H(u(t)
< el ey o) — w(®)l oy
< 1061 (u(to)) ulto) — u(t) 2.

Furthermore, since t — [[u(to) — u(t)||12(q) is locally Lipschitz, hence differentiable for a.e. ¢, we
have

o) — u®)llzz(q) < [99[(ulto)) < |0¢](uo)  for ae. t>0, (44)

where we have used in the last inequality. Thus the function ¢ — |lu(to) — u(t)||r2(q) is
globally Lipschitz with Lipschitz constant less than |0¢|(ug), which is independent of ;. Hence
we know

[u(to) — u(to +€)ll2(q) < €l0d|(uo)
Thus for a.e. ¢t we have

U w e L2(Q),  [[v¥]l12) < 10¢](uo),

and the sequence of difference quotients (uf). is uniformly bounded in L?(§2). Consequently,
there exists v € L?(12), [vllz2() < 10¢|(uo), such that (upon subsequence)

() strongly in L?(Q)
as € = 0. Thus v = w(t), and
[wtll oo 0,702 (02)) < 109](w0)- (45)
Finally, from
5 ) = vliZaig) = (we(t), u(t) = v)m g,
we obtain . ]

3.2. Existence of strong solution. After establishing the regularity of variational inequality
solution in Section [3.I] we start to prove the variational inequality solution is also a strong
solution. We first clarify the definition of strong solution, which has a latent singularity.

Definition 12. Given u° € D(|04|), we call function
ue L=([0,T); V)N C[0,T); H), wu; € L=([0,T]; H)
a strong solution to if u satisfies
up = A(e™ AW (46)
for a.e. (t,h) € [0,T] x Q, where (Au)| is the absolutely continuous part of Au in the decompo-

sition .
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Let ¢ € C°(Q2) be given. We prove the sub-differential of functional ¢ is single-valued. The
idea of proof is to test with v := u £ e and then take limit as ¢ — 0. Let us state existence
result for strong solution as follows.

Theorem 13. Given T > 0, initial datum u° € D(|0¢|), then the variational inequality solution
u obtained in Theorem is also a strong solution to (9, i.e.,

up = A(e” AW (47)
for a.e. (t,h) € [0,T] x Q. Besides, we have
A(e™W) € 1[0, T 1)

and the dissipation inequality

=5 / —(Au)? gy < B(uO), (48)

where (Au)H is the absolutely continuous part of Au in the decomposition .

Proof. Step 1. Integrability results.
First from , we know
e~ B e LHQ). (49)
Since p € C°(2) we also know
e~ (Bu)=ebv ¢ L1(Q) (50)
for all sufficiently small €.
Step 2. Testing with v = u(t) £ ep.
Plugging v = u(t) + ep in gives

(ue(t), e0) + (u(t) + @) — P(u(t)) = 0. (51)
Direct computation shows that
—EA e~ (Au(t))
d(u(t) +ep) — /Q[e Dj—ede _ H}dm

_ /Qe (Au(t)) I z—:Anp(l . ez—:Anp) dz

/e (Au(t))) EA"D(&A@) dz
Q

| /\

This, together with , gives
(ue(t),ep) — / e~ (Ault))—eAy (5Agp> dz > 0. (52)
Q
To take limit in , we claim

lim [ e~ (AuOI—=A Ay dz = / e~ (B Ap de. (53)
e—=0JQ Q
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Proof of . First we have
e (Bu®)=eAv Ay o= (AUD)IAL  ace. on Q.
Then by we can see
/Qe_(A"(t))” AP Apdr < 4o00.

Thus by dominated convergence theorem we infer .

Now we can divide by € > 0 in and take the limit € — 0" to obtain

(ug(t), ) — lim [ e~ (Bu®)i—eA¢ AL 4y
e—0t JQ

= (u(t), o) — / e~ (AU Apdz > 0.
Q

Repeating the above arguments with v = u(t) — e gives
(ue(t), ) — / e~ (AuMIApdz < 0.
Q
Thus we finally have

/Q [ut(t)ga — e~ (Au®) A(p] dz =0 Vo € C°(Q). (54)

Therefore u(t) — Ae™ AU e Q) and |Ju(t) — Ae™(Aud)) |ceo (@) = 0. The only zero
element of C2°(Q)’ is the zero function. Thus u; = Ae™ A for a.e. (¢,z) € [0,T] x .
Finally, we turn to verify . Combining and , we have the dissipation law

1 1, ons 1
E(u(t) = 2 u®)l = L1ac- @O, < Lag o), (55)
where E(u(t)) = 3 [ [Ae_(A“(t))“]zd:E defined in (48). Hence the dissipation inequality
holds and we completes the proof of Theorem O
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