AN ISOPERIMETRIC PROBLEM WITH A COULOMBIC REPULSION AND
ATTRACTIVE TERM

DOMENICO ANGELO LA MANNA

ABSTRACT. We study an energy given by the sum of the perimeter of a set, a Coulomb repulsion
term of the set with itself and an attraction term of the set to a point charge. We prove that
there exists an optimal radius rg such that if » < rg the ball B, is a local minimizer with respect
to any other set with same measure. The global minimality of balls is also addressed.

1. INTRODUCTION

In this paper we study the minimizers under the volume constraint |E| = m of the functional

(L1) I(E) = P(E) + V(E) - KR(E),

1
V(E)_/E/Eibffmnfzdmdy

is a Coulombic repulsive potential of the set with itself and

(1.2) R(E) = /E m%dx

is a repulsive term of the set with a point charge. Here P(FE) stands for the standard Euclidean
perimeter in the De Giorgi sense and K > 0. In the three dimensional case this functional has
been studied by Lu and Otto in [13]. In that paper they prove that if m is sufficiently large then

where

the constrained minimum problem has no solutions. They also show that there exists a critical
value m, such that if m < m, the ball centered at the origin is the unique global minimizer. This
result is obtained using a quantitative version of the isoperimetric inequality with a Coulombic
term proved by Julin in [11] .

In case K = 0 functional (1.1) reduces to the Thomas-Fermi-Dirac-von Weizséicker model
and it has been studied for n = 2,3 in [7], [16], [14] and in any dimension in [11], [12] and [6]. In
particular, the latter paper shows that there exists a critical mass mg such that if m < mg balls are
local minimizers. Moreover, in [6] it is also proved that there exists a critical value 0 < m; < myg
such that if the volume is smaller than m;, balls are the unique global minimizers.

In this paper we extend the above mentioned results of [6] and [13] to the case K > 0 and
n > 3. Precisely, we prove that there exists a critical radius ro > 0 such that if » < rg the ball
B, centered at the origin is a local minimizer of the constrained minimum problem and that this
property fails when r > rg. As in [6], we show also the global minimality of balls B, when r < rq,
for some 0 < r; < rg. Note that both critical radii 71 and rg tend to infinity as K — oo and an
argument provided in the last section, see Lemma 6.3, shows that the ratio r¢/r; stays bounded
indipendently of K.

The paper is organized as follows. After a short section where we fix the notation and give
some preliminary results, in Section 3 we provide a Fuglede type estimate for the functional I, see
Theorem 3.1. Precisely, we prove that if » < rg the ball B, is a local minimizer with respect to
small C! variations.
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In Section 4, after calculating the second variation of I, we show that the radius ry provided
by Theorem 3.1 is indeed optimal since balls of radius r > ry are not local minimizers. Note that
while the formula of the second variation of V' can be obtained by more or less standard arguments,
see for instance [6], the calculations leading to the second variation of the attractive term turn out
to be more delicate due to the presence of a singularity in the integrand in (1.2).

In section 5 we pass from the local minimality of the ball B, with respect to small C! variations
to the full local minimality result. As usual in this framework, we follow a strategy first devised
by Cicalese and Leonardi in [5], see also [1], based on the regularity theory for quasi minimizers of
the perimeter. However, in our setting this approach turns out to be more complicated. Indeed,
the main difficulty comes from the fact that, differently from most cases studied in the literature,
see [5], [1], [10], [3], [6], [4], our functional is not translation invariant. Overcoming this difficulty
requires a delicate estimate of the behavior of the repulsive term R on sets which are C* close to
a ball centered at the origin.

2. NOTATION AND PRELIMINARY RESULTS

In the following we shall denote by B,.(z) the ball in R™ of radius r centered at x. If the center
is the origin we shall simply write B,, while the unit ball centered at 0 will be denoted by B. By
wy, we denote the Lebesgue measure of the unit ball in R”™.

We recall some basic definitions of the theory of sets of finite perimeter. If E is any measurable
subset of R™ and 2 C R" is an open set, the perimeter of E in €) is defined by setting

PEs) =su{ [ divids: g € RO, ol <1,
E

The perimeter of F in R™ is denoted by P(FE). We say that E has locally finite perimeter if
P(E;Q) < oo for all bounded open sets Q. It is well known, see [2, Ch. 3], that E is a set of
locally finite perimeter if and only its characteristic function X, has distributional derivative D,
which is a vector-valued measure in R™ with values in R™. Thus, from the above definition we have
immediately that P(E;Q) = [Dx|(Q2) for every open set .
From Besicovitch derivation theorem we have that for |Dx ,|-a.e. x € R™ there exists

— . Dxg (Br(7))
=y Y D, B, )
The set 0* E where (2.1) holds is called the reduced boundary of E, while the vector v (z) is the
generalized exterior normal at x. For all the properties of sets of finite perimeter used herein we
refer to the book [2].

A set E C R” is said to be nearly spherical if there exist a ball B;. and a Lipschitz function
w: St — (=1/2,1/2) such that

and |vg(z)| =1.

(2.2) E={y=re(14+u(z)): € B,},

where here and in the following we have tacitly assumed that the function wu, originally defined
only on the unit sphere, is extended to R™ \ {0} by setting u(z) = u(‘i—l)

For any measurable set E C R™ we define the Coulombic potential V(E) and the repulsive
term R(E) as follows

1 1
E) = —  dxd ) = —— dx.
V(®) /E/Ekc—yw—z vdy,  R(E) [Em"—? g

We are interested in minimizing the nonlocal energy given by

(2.3) I(E) = P(E) + V(E) — KR(E),
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where K is a positive constant that will be fixed throughout the paper.

Note that in order to avoid trivial statements, we shall assume throughout that the dimension
of the ambient space R™ is greater than or equal to 3, unless specified otherwise.

It is easily checked that if F is defined as in (2.2) then its measure and perimeter are given,
respectively, by the following formulas

(2.4) |E| = r" /B(l +u(x))" de = % /gn—l(l +ulz))" dH" L,
P(E) =r""1 /snfl(l +u(x))" 1+ m dH™

where D,u stands for the tangential gradient of v on S"~! and H"~1(-) stands for the Hausdorff
(n — 1)-dimensional measure.
Similarly, V(E) and R(E) can be also represented as

1+u DW1+U@D
dady = W// dad
// |x— Jo— g2 YT o1+ u()) —y(L+uly)—2
1+u(z) 14u(y ) pnflo.nfl
_ n+2/ A" 1/ M 1/ dp/ o
gn—1 gn—1 0 0 ( 2 2

lp— ol + polz —y|?)
RE) [ (tu@)? 1 I
= _A;|ﬂ“2 d—QAWKH—(»dH .

For any integer k > 0, let us denote by yx;, ¢ = 1,...,G(n, k), the spherical harmonics of order k,
i.e., the restrictions to S”~! of the homogeneous harmonic polynomials of degree k, normalized so
that ||yr,il|p2sn-1) = 1, forallk > 0and i € {1,...,G(n, k)}. The functions yy, ; are eigenfunctions
of the Laplace-Beltrami operator on S”~! and for all k and i

—Agn-1Yk,i = MeYk,i -
where A, = k(k +n — 2). Moreover if u € L?(S"~!) we have

oo G(n,k)
:Z Z akYii, where ay; ::/ u(z)yr,i(z) dH" .
k=0 i=1 Sn—l

Therefore, for a function u € H'(S"~1) we have that

oo G(n,k) oo G(n,k)
(2.5) [ullfoey =3 D ats D@y =2 Y. Aai,.
k=0 1i=1 k=1 1i=1

If s € (—1,1) and u € L?(S"~ 1), we set

: |u(@) —w@)P et 0 ne
S" n /S" 1/§n 1 ‘Jf—y‘" 1+29 dH, ™ dH, ™

Also these seminorms can be represented using the Fourier coefficients of u and suitable sequences
of eigenvalues. In particular, see formulas (7.12) and (7.5) in [6], we have

o G(n,k)

Ju(z) ~u(w)l?
(20 o= [ R e = 5T S

k=1 i=1
where the eigenvalues uy are given, for an integer k£ > 0, by the following expressions
4t <r<"22> Dl + 252)

@7 WS Ry \ T(R) TR
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It is easily checked that the above sequence is bounded and strictly increasing. Moreover, see [6,
Prop. 7.5],

V(B) 2n
2. = 2(n+2) =t == .
(2.8) = 2(n+ )P(B)’ P2 = oo
Finally, we recall the following useful estimate, proved in [6, Appendix C],
Ak — A1 > A2 — A1
Hi — M1 M2 — p1
Let us now define a function P : [0,00) — R setting for r > 0

Ak — A K(n—2
(2.10) P(r) = jnf{klrn3 g (”)}
k=2 g — p1 BE — M1

(2.9) Vk > 2.

Lemma 2.1. The function P defined in (2.10) is continuous. Moreover there exists ro > 0 such
that

(211) Plry) =0,
P(r) >0 for 0 <r <rg and P(r) <0 forr > ro.

Proof. Observe that from (2.8) and (2.7)

2(n—2)V(B) < — i < 2(n —2)P(B)

(2.12) 0B) -

vk > 2.

From this inequality we have that (Ap — A1)/(pur — p1) — o0 as k — oo, hence for any interval
a > 0 there exists k, > 2 such that
Ak — A K(n—-2
P(r) = inf {k Lypn=3 _pn 4 7(71 )
2<k<ka | i — M1 e — K1
This proves that P is continuous. Observe also that from (2.8), (2.9) and the second inequality in
(2.12)

} for all » € [0, a).

(n+1)P(B) ,_5 Kn
> N T/ NS N _ n IR
POz 5 —vE)” STk
hence P > 0 in a right neighborhood of the origin. Note also that P(r) — —oo as r — +o0.
Let us now set for any integer k£ > 2 and any 7 > 0

A — A K(n-2
(2.13) Py (r) = Sk Alyn=3 g g 7(71 )
HE — H1 HE — H1
It is easily checked that Py has exactly one zero ry > 0 and that Py(r) < 0 for r > ri. Therefore,

denoting by 79 > 0 the first zero of P and by ko > 2 an integer such that P(ro) = Py, (r0) = 0, we
have that P(r) < Py, (r) < 0 for all » > ry. Hence, the proof follows. O

3. NEARLY SPHERICAL SETS

In this section we prove the local minimality of balls B, with r < rg with respect to small
variations in C.

Theorem 3.1. Let o € (0,79/2), where rg is defined as in (2.11). There exist two positive constants
go and cg, depending only on n and o, with the following property. If E is a nearly spherical set as
in (2.2), with |E| = B, and barycenter at the origin, v € (0,19 — o) and |[u|w1.0@n-1) < €0, then

(3.1) I(B) ~ I(B,) > collul2a(an-r)-
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Proof. We are going to prove (3.1) by an argument similar to the one introduced by Fuglede in [8].
To this end, it is convenient to rephrase the assumption replacing E by the set

E;:{y=r(1+tu(x)): = € B},

with u € Wl’oo(Snil), ||u||W1,oo(Sn71) < 1/2,
|Et| = | By, / rdr =0,
E:

t € (0,2¢0), where the constant ¢g < 1/2 will be determined at the end of the proof. Thus, our
assertion (3.1) becomes

(3'2) I(Et) - I(Br> > 00t2||u||i2(5"*1)7

for a suitable constant ¢y > 0 depending only on n and o. In order to prove this inequality we
estimate the differences between various quantities appearing in the definition (2.3) of I. We start
by the perimeter term. In this case, see for instance the proof of Theorem 3.1 in [9], we have,
provided g is sufficiently small,

P(E,) — P(B,) _ 2
) PR D ([ et — - [ dawe) - el

Tnfl

for some constant C(n) depending only on n. The difference between the two potential terms is
estimated in [6, (5.20)] as follows

V(E)-V(B,) _ V(B), 2 2 3 2 2
. - 1 > 7 e — 2 — 1 - 2 1)
(3.4) 2 5 (20 D p gl — ) - O (Jullfs + [?)
Let us now estimate the remaining difference.
— 1 1
(3.5) w = 5/ (L +tu(@)? —1) dH" ™' = 5/ 2tu + t*u? dH"
r Sn—1 sn—1

t2
= t/ wdH" ! + —/ u? dH" L
sn—1 2 Jgn—

Using now the assumption |E;| = |B,.|, from (2.4), after expanding (1 + tu)™ we obtain

(3.6) n/ tudH 1 + M/ PudH T+ (”) tk/ uPdH T = 0.
Snfl 2 Sn—l k):3 k Sn—l

Inserting in (3.5) the expression of the integral of u on S"~! obtained from this identity, and
recalling that |u| < 1/2 and 0 <t < 2g¢ < 1, we get

R(E) — R(B,) _ n—2
- 2

r2

/ u?dH" ™ — C(n)t3||ul| .
S§n—1

Collecting this inequality, (3.3) and (3.4), we have

t27,.n71 2..n+2

(3.7) I(Ey) — 1(B) > — (IDyulZs — (n— 1)fJul2) + ¢ r2 (2(”+2)Z>Eg||“||%2 B [u]%%)
+ EE =2, oy (s + ).

We now write all the norms in the previous inequality in terms of the Fourier coefficients ay ; of
u. To this end, observe that from (3.6), using the fact that |u| < 1/2 and 0 < ¢ < 1, we have in
particular that

(3-8) |ao| < C(n)t]|ul|Z.
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From the condition that the barycenter of E; is at the origin we have

/ #(1+ u(@))" dH" = 0
Snfl
Therefore, arguing as in the proof of (3.6) we get

(3.9) sup ar| < C(n)tulz..

i=1,....,n

Finally, recalling that the eigenvalues py are all bounded, from (2.6) we get that

[u] _

Using this inequality, recalling (2.5), (2.6) and that Ay =n — 1 and p1 = 2(n+ 2)V(B)/P(B), see
(2.8), from the estimate (3.7) we get

< C(n)llul L2

1
2

oo G(k,n)
t2’f'2 B
I(E) = 1(B) 2 —~ > (e =202+ (1 — )™ + K(n = 2)) ai ; — C(n)t%||ul|7
k=2 i=1
o G 7%”)
272 At — A, K(n—2) .
> — — (7T”7‘3*7’n+7>a2470nt3u2.
5 322 2 (ke — 1) p— e — )i (n)t*||ullz-

From this estimate, using (3.8), (3.9) and recalling that Lemma 2.1, we readily obtain

oo G(k,n)

(n—=2)V(B)t*r? / (n+1)P(B) ,_3 3
I(Ey) —I(B) > nTe —C(n)t
oo G(k,n)
>c(n, o)ty > ap;— C)ulliz > c(n, o) ull72 — C(n, )t ||u]|72,,
k=2 =1

for some suitable constants ¢(n, o), C(n,o) depending only on n and o.
From the inequality above, taking ¢, hence ¢g, sufficiently small we get (3.2). This proves the
theorem. 0

Observe that there exists a constant C(n) depending only on n such that if E is a nearly
spherical set as in (2.2) then

[EAB, |
Cln)

S ||UHL2(S"*1) S C(n)|EABr|
In view of the above inequalities we may rewrite the previous theorem in the following equivalent
way.

Theorem 3.2. Let o € (0,7¢/2), whererq is as in (2.11). There exist two positive constants ey and
c1, depending only on n and o, such that if E is a nearly spherical set satisfying the assumptions
of Theorem 3.1, then

(3.10) I(E) — I(B,) > c1|EAB,|?.

4. SECOND VARIATION

In this section we will calculate the second variation of the functional I(E). The resulting
formula will be used to show that a ball B, with r > 0 is never a local minimizer for the functional
I with respect to L! variations.
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First, we fix some notation. Given a vector field X € C?(R",R"), the associated flow is defined
as the solution of the Cauchy problem

) %(I)(a:,t) = X(®(x,1))

®(z,0) = x.
In the following we shall always write ®; to denote the map ®(-,¢). Note that for any given X
there exists 6 > 0 such that for ¢t € [0, ], the map ®; is a diffeomorphism coinciding with the
identity map outside a compact set.
If E C R™ is measurable, we set E; := ®;(F). Denoting by J®; the n-dimensional jacobian
of D®;, the first and second derivatives J®; are given by

0 ) 0? . .
(42) aJ(Pth:O = leX, ﬁj¢t|t:0 = le((leX)X)

From this formulas we have in particular that if E is a sufficiently smooth open set then

d d?
—|Ey| = X -vg, dH" ! —|Ey| = X -vg,)divX dH"
B = [ X GEl= [0 an
If the flow is volume preserving, i.e., |E| = |E| for all t € [—4, d], then in particular we have that
for all t € [—6, 0]
(4.3) X -vp, dH" ' =0, / (X - vp,)divX dH"' = 0.
OFE; OE,

Finally, given a sufficiently smooth bounded open E and a vector field X we recall that the first
variation of the perimeter of E at X is defined by setting
d
SP(E)X] = = P(2,(E))
where ®; is the flow associated with X. The second variation of the perimeter of E at X is defined
by

|t:0’

P P(E)X] = T P(@,(5)

The first and second variations of the functionals R, V' and I are defined accordingly.

|t:0'

If E is a C? open set we denote by Hpg its scalar mean curvature of OF, i.e., the sum of
the principal curvatures of 0F. We denote by Byg the second fundamental form of OF and recall
that the square |Bpg|? of its euclidean norm is equal to the sum of the squares of the principal
curvatures of OF.

As we shall see below, the second variation of V' involves some nonlocal variants of Hygr and
|Bsg|?. To this end, if E is a bounded open set of class C2, we set for every x € OF

N 1
Hip(z) = 2/E 7|:r — dy.

The quantity Hjp plays the role of Hyg, while the analogue of |Byg|? is defined by setting for
r €0F

(4.4) C3p(@) = /8 i |VE|(;)__y|VnE WIE gyn-1.

We start by calculating the first and second variation of R.

Lemma 4.1. Let E C R™ be a bounded open set of class C?. Assume that X € C2(R™;R"™). Then

(4.5) SR(E)[X] = /6 X vp

E |2

"
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Moreover, if 0 € OF,
(4.6) 5*R(E)[X] = /aE <<X'”E)diVX SEPICSL/ S |E)|( )> dH" .

|x|n 2

Proof. Given X € C?(R"™;R"), let ®; be the associated flow defined as in (4.1). Let § > 0 be such
that the map @, is a diffeomorphism for all ¢t € [—4, §]. As above, we set E; = ®,(E) and denote
by 0; and 0y the first and second partial derivatives with respect to t, respectively.

In order to prove the formulas (4.5) and (4.6) we regularize R by setting for € > 0

/lxl” 21

Since @44 5(x) = P5(P4(x)), changing variable, we have
d d d JD,
%Rs(Et) = %Rs(Et+s)‘s=0 = % </Et |¢S|n—2 + Ef dI) |s=0

Dy J D, B, 4D, - 0, D,
= — dx — —2 . d .
(/E B2 e )/Et Gor2ra 7% )l

Therefore, recalling the first identity in (4.2), we have
d div.X (X - z)|z|n—? / X vg .
—R.(F) = ———— —(n—-2)—%—— | dx = ———dH" .
e = [ (prres -0 9e) - [, e

From this formula it follows that the functions R.(t) converge uniformly in [—§, d], together with

their first derivatives, as € — 0. Thus, (4.5) follows immediately letting ¢ — 0.
Let us differentiate R(F;) once again. Arguing as before we have

&2 P2 D TP, 1B, |" 40, - 0,P,

L RE) = L R(Ey) = L o, d

R = B,y = ([, s 2= S g o)
9? 1

Recalling the identities (4.2), we have

i i n—4 . .
Ti(t) = / div(XdivX) | o 2)/ 2" (X - )divX
Ey E,

el 4 (el o
XdivX n=4(x . ivX
(4.8) :/ div<dl;') dz — (n — 2)/ il (72 :”)dlzv
B z["2 +e e (=% +e)
X - ivX n=d(x . ivX
— / ( V?;)dlv dHn—l _ (’I’L _ 2) / |$‘ (72 J?)dle ,
om, |z["?+e g (=" +e)

where the last equality follows from the divergence theorem. Differentiating twice 1/(|®;|" 72 + ¢)
with respect to ¢, we have, using again the divergence theorem,

St) _ _/ "X A o[ HDX X, @) + (n = 4)|a" (X - 2)”
n—2 B (lz["=2 +¢)?
gy [ a2
2( 2)/Et (|$|n—2+€)3 d

(| X (X ) / |z|"4divX (X - z)
= [ div(H__ 22 g d
/Et ( (wrz+or )T o Qs
n—4 X X n—4 3: X X
:_/ =" 7;&)(2 x)dHn_1+/ || dl,vg ( Qx)d
oE, (|z["=2 +¢€) B, (z["2+¢)
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Then, from this last equality, (4.7) and (4.8), we have

d? (X -vg,)divX 1 / lz|" (X - vg)(X - ) 1
—R(E;) = ~ t  dH"T — -2 dH™" .
(Er) /aE a2 1 =2 | (et e

As before the validity of (4.6) follows by observing that since 0 ¢ JF also the second derivatives
of R.(E;) converge uniformly in a neighborhood of the origin as ¢ — 0. g

Let us now recall the first and second variation formulas for P and V. To this end, we shall
denote by div, the tangential divergence and by X, the tangential component of the vector field
X. For a proof of the next lemma we refer to [6, Sect. 6].

Lemma 4.2. Let E C R" be a bounded open set of class C? and X € C2(R™;R"). Then
(4.9) SP(E)[X]= | Hop(X - -vg)dH" 1,
OF

§’P(E)[X] = /aE (ID+(X - vg)> = |Bop|*(X - vp)?) dH" !

+ Hyp(divX(X -vg) — div,((X - vg)X,).

OF
Moreover,
(4.10)  OV(E)X]= | Hip(X - -vg)dH" 1,
OE
X - - X- 2
52V(E)[X] _ _/ / ‘ VE(:E) 72VE(y)| dH’rZL—l dH’ryL—l
oE JoE |z —y["

+/ C2u(X -vg)2dH™ ! +/ H}p(divX (X - vg) — div, (X - vg) X, ))dH" L.
oFE oE

Definition 4.3. We say that a set of locally finite perimeter £ C R is a constrained, strict L'-
local minimizer for the functional I if there exists > 0 such that whenever F is a set of locally
finite perimeter such that |F| = |E| and 0 < |[EAF| < ¢, then

I(F) > I(E).
Using (4.5), (4.9) and (4.10), it is easily checked that if E is a C?, bounded constrained local

minimizer for I, there exists A € R such that

K

x|

Conversely, any C? bounded open set satisfying (4.11) will be called a constrained critical set for
the functional I. Note that any ball B, centered at the origin trivially satisfies (4.11), hence it
is a constrained critical set for I. Moreover, if 0 € OF and the flow associated with X is volume
preserving, then, setting ¢ := X - vp,_, we have, recalling (4.3),

n—1 _ K(n—2 e
<|DT¢|2 _ 5 ¢2> dr}_[n, 1 4 (n71 ) / QZSQdH 1
T T 9B,

_ 2
(412) 7/ / |¢(1’) ¢(y2)| danl +?"CS2H_1 ¢2d7_[n71.
oB, Jom, v —y["~ aB,

821(B,)[X] = 0 I(B,)[¢] = /

OB,

Given a function ¢ € H'(9B,) with |, ap. @ =0, it is always possible to construct a sequence of
vector fields X; € C°(R™;R"), such that div X; = 0 in a ball B with R > r and such that
X;-vg — ¢ in H'(0B,), see for instance [1, Cor. 3.4]. Since the flows associated with the vector
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fields X are all volume preserving, from this approximation result and (4.12) it follows immediately
that for any function ¢ € H'(9B,) with faBT $=0

(4.13) 9*1(B,)[¢] > 0.

Next result shows that for r sufficiently large the ball B, is a never a constrained local minimizer
for I.

Theorem 4.4. Letrg > 0 be as in (2.11). Ifr > rq the ball B, is not a constrained local minimizer
of I.

Proof. Fix r > 0. From lemma 2.1 it follows that there exists k > 2 such that

A — A Kn—-2
(4.14) M= M ey K22
Pk — 1 P —
For every z € 0B, set ¢(x) = yp(x/r), where y, is the restriction to S"~! of a homoge-

neous harmonic polynomials of degree k, normalized so that |[yg|[z2(s»-1) = 1. Recalling that
| Drykll 2 (sn-1) = Ak, from (4.13) we have

2
(4.15)  O*I(B,)[#] = A\e — M) 3 + K(n / / [$a 3' dH™ +r"CE. .
a8, JoB, |fU - \"
On the other hand from (2.6) we have
_ 2
o, Jon, |z —yl Sn—1

From the definition (4.4), using again (2.6) and recalling that the first order normalized spherical
harmonic are the functions x;/,/w,, we have

513—3/| -1 -1 _ n—1 n—1
C2,_ . = / / =yl dH L dH? / / dHy !t dHy
ST i Jgner Janor Jx —ynm2 T Y Sn1§n1|x—y|”2

ST

Therefore, from the equality above, (4.15), (4.16) and (4.14) we get that
O*I(B,)[¢] = (A = A)r" ™ + K(n = 2) = (ux — pa)r™ < 0.

Hence, the result follows. O

5. L-LOCAL MINIMALITY

In this section we show the main result of the paper, i.e., the strict L'-local minimality of balls
centered at the origin with radius smaller than the radius ro defined in (2.11). This result will be
proved using Theorem 3.1, following a strategy first introduced in this framework in [5] and later
on improved in [1]. Our result goes as follows.

Theorem 5.1. Let n > 3, 0 € (0,79/2), where ro is defined as in (2.11). There exist 9,,
depending only on n, K,o, such that if E C R™ is a measurable set such that |EAB,| < § and
|E| = |By|, then

I(E) > I(B,) +7|EAB,*.

Before giving the proof, we recall some key definitions and results from the regularity theory
for sets of finite perimeter.
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Definition 5.2. Let n > 2, A,r > 0. We say that a set £ C R" of locally finite perimeter is a
(A, 7)-almost minimizer of the perimeter if for every ball B,(z) with ¢ < r and any set F' such that
EAF CC B,(x), then

P(E; B,(x)) < P(F;B,(x)) + A|[EAF].

Next result is an important application of the regularity estimates for almost minimizers of the
perimeter. For a proof, we refer to [15, Th. 26.6] and to [17]. To this end, we recall that a sequence
of measurable sets Ej, C R” is said to converge in measure in an open set {2 to a measurable set
E C R™if

lim |(ExAE)N Q| =0,

that is if the characteristic functions B, converge to X, in LY(Q).

Theorem 5.3. Let n > 2 and let E;, C R™ be a sequence of equibounded (A, r)-almost minimizers
converging in measure to an open set E of class C%. There exists hg such that, for h > hg, OE}, is
of class Cz and

OER = {z + Yp(z)vg(x): « € OE}.
Moreover, ¥y, — 0 in CH* for all o € (0, %)

We start with a simple lemma on the potential energy V.

Lemma 5.4. Let F, E C R"be measurable sets and |F| < co. Then

2
n

(5.1) V(F) - V(E) < wi|F F\ El.

Proof. Denote by r the radius of a ball with the same measure of F'. Note that for every measurable

set G with |G| = |B,|
1 1
/ Tz & S/ Tz -
G |zl B, ||
Thus we have

V(F)fV(E)§2/ dw/%dy:Q/ dx/ %dz
ne Jrlr—yl e Jor 2"

1
< 2|F\E|/ T dr = |F'\ E|nw,r.
B, |z
Hence, (5.1) follows. O

Let us now state another simple lemma which we be useful to treat the perimeter term and
the attraction term in the energy. In all the remaining part of this section we shall always assume
n > 3.

Lemma 5.5. Let o € (0,79/2), where rq is defined as in (2.11). There exists Ay, depending on
n, K,o, such that if A > Ay and r € [o,1¢], the ball B, is the unique minimizer of the functional
P(E) — KR(E) + A||E| — | B, ||

among all sets of finite measure.

Proof. Recall that for every set E of finite measure, we have
P(B,,) — KR(B,,) < P(E)— KR(E),
where B, is the ball with the same volume of E. Therefore, to prove the lemma it is enough to
show that if A is sufficiently large, then the function
_ Kng?
2

flo) :=ne"! +Alo" —r"|
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has a unique minimum in [0,00) at o = r. Indeed if 0 < o < r
f'(0) =n(n—1)0"2 — Knp— Ano" ™! <0,
provided A > (n —1)/r¢. Similarly, if o > r
f'(e) = n(n —1)0""* = Kno+ Ano"~! >0,
provided A > K/o" 2. Then the conclusion follows from the two previous estimates choosing

A > max{(n —1)/ro, K/o"2}. O

Lemma 5.6. There exists C1 > 0, depending only on n, such that, if n € (0,1) and E CR"™ is a
measurable set such that |E\ B,| < for some r > 0, then we can find r < rg < r+ Cinw such
that

(5.2) P(ENB,,) < P(E) -

Proof. For any ¢ > 0 we set u(g) := |E \ B,|. By the area formula v/(p) = —H""1(0B, N E) for
Ll-a.e. 0> 0. We set
2 1
(5.3) Cp = L
(nw,)
If u(r + Cyn#) = 0 then (5.2) trivially holds with rg = r + Cynw.
If w(r + Cln%) > 0 we argue by contradiction assuming that for every r < o <r + C’mvl’l
u(o)
0177%

Using the isoperimetric inequality we have that for all ¢ € (r, r+ Cln%)

3=

—2u/(p) — P(E\ B,) = P(ENB,) — P(E) > —

1 1 1 ufe) 1 L ooonm1 o u(o)
—u'(0) > =(nwy) " |E\ B,| = — =~ (nw — .
(0> 5ot B - 20— o e

Since u(p) < |E\ By| <, recalling the definition (5.3) of C;, we get

—u'(0) > Ciu(g)%1 forallr <o<r+ Cm%.
1

Integrating this inequality in (r, r+ Cln%) we obtain
u(r)% —u(r+ 0177%)% > 77717,
which contradicts the assumption n > |E'\ B,|. Hence the result follows. O

The following lemma will be used in the proof of Theorem 5.1.

2-n
Lemma 5.7. Let o € (0,79/2), where g is defined as in (2.11), and let Ay > 2nw,™ 12, Ay > Ao,
with Ag as in Lemma 5.5. There exists g > 0 such that if 0 <e < ey and r € [o,r9 — 0|, then the
minimum problem

min {I(E) + A1||EAB,| — e| + Ao||E| — |B,|| : |E| < o0}
as at least a solution F C Bgr, with R = rq + C1, where Cy is the constant in Lemma 5.6.
Proof. Given a set of finite perimeter and finite measure E, we define for € > 0
Je(E) :== I(E) + M||[EAB,| — €| + As||E| — | B, ||.
Let E} be a minimizing sequence for J. such that

1
JE(E}L) S inf Jg + E
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From this inequality, recalling Lemmas 5.4 and 5.5, we have,

1 1
Ja(Eh) < I(Br) + A1€ + E < I(Eh) + V(Br) - V(Eh) + A15 + A2‘|E}L| - |BV’H + E

2-n 1
< I(Ep) + nwn™ r2|BT\Eh| + A+ Ao |Er| — | By + W

2-n
Therefore, from this inequality, recalling that A; > 2nw,™ 73, we have

A 1
A ||EnAB,| —¢| < 71|BT \ Bl + Aie + 5,
hence

2
E AB,| < de + ——.
|ERAB| < de+

Assume now that ¢ < g9 < 1/5, with ¢y to be chosen. Set 1 := 5g9. For h so large that
4e +2/(hA1) < 7, denote by 75, := rg, € [r,r + C1n+] the radius provided by Lemma 5.6. Thus,
recalling (5.2), we estimate for h large
Ep\ B,
T(En0B,) < (PUED) ~ P B0) V() — KR(ED + KR\ B,) + MIIEAAB
N
+ Mi[|(Bn 0 By, )ABy| = [ExAB, || + Ag||Ep| — [Brl| + Az|En \ By, |

K 1
gJE(Eh)-i—(ﬂ-f—Al-FAQ—C

VB By, | < Je(En),
Th 17

1
provided we choose 7, hence ¢, sufficiently small. Thus also Ej, N B,, is a minimizing sequence for
Je. Since for h large the sets Ej, N By, C Bg are equibounded and have equibounded perimeters,
a standard argument shows that up to a not relabelled subsequence theyconverge in measure to a
set £ C Br who is an absolute minimizer for J.. O

In order to make the presentation clearer we split the proof of Theorem 5.1 in several lemmas.
We will argue by contradiction.

Let r¢ be defined as in (2.11). Given o € (0,79/2), we assume that there exists a sequence Ej,
of sets such that |Ey| = |B,, |, with rj, € [0, 79 — o] and

(5.4) lim |ELAB,| =0, I(E,) < I(B,,) + Co|ELAB,, |* forall heN,

for some Cy > 0 to be fixed later.

The idea of the proof is to replace the sets Ej; with a sequence of sets still satisfying (5.4),
possibly with a larger constant, and converging in C! to a ball B, with 0 < < rg. This convergence
will then contradict the quantitative estimate (3.10), provided Cj is sufficiently small.

To this end we consider the functionals

(5.5) Jo, (B) := I(E) + M||[EABy, | — en| + Ao|[E| = | By, ],

where ep, 1= |ERAB,, |, and Aq, Ay satisfy the assumptions of Lemma 5.7. Thanks to this lemma
we may conclude that for h sufficiently large the functional J., has an absolute minimizer F},
contained in Bg, where R is the radius provided by the lemma.

Next lemma shows that the above minimizers F} converge in measure to a ball.

Lemma 5.8. Let the sets Fy, be defined as above. Then, up to a subsequence, they converge in
measure to a ball B, with r € [o,19 — 0].

Proof. Recall that for h large the sets F}, are equibounded. Moreover, still assuming h sufficiently
large,
JEh (Fh) < JEh (BTh,) = I(Brh) + Aiep < Cv



14 DOMENICO ANGELO LA MANNA

for some C' > 0 independent of h. Thus, the Fj, have equibounded perimeters. Therefore, up to a
not relabeled subsequence, we may assume that they converge in measure to a set F,, C Br and
that r, = r € [o,r9 — o]. It is easily checked that F., is a minimizer of the functional

J(E) = 1(E) + M|EAB;| + As|[E| — [By|].
Let us now show that F,, = B,.. To this end we estimate, using Lemmas 5.5 and 5.4 ,

J(Foo) = P(Foo) + V(Foo) - KR(FOO) +A1|FOOABT| +A2HF<>0| - |BrH
) + V(Foo) - V(Br) + A1|FOOABT|

2—n

= J(B,
> J(B,) — nwn™ 13| By \ Foo| + A |Fao AB,|.
2—n

Then the conclusion follows by recalling that Ay > 2nw,"™ 7‘3. O

The next lemma provides a density estimate for F}. We give only a sketch of the proof since
it follows quite closely a standard argument in the regularity theory of sets of finite perimeter.

Lemma 5.9. There exist oo > 0 and ¥g > 0 such that if Fr, C Bgr is a minimizer of J., and
0 <0< o then for ally € 0*Fy,

|Fi, N B,(y)]
— <1 — 9.
B, (y)] 0

Proof. From the minimality of F}, we have that J., (Fy) < J., (Fr, UB,(y)) for all o € (0,1). From
this inequality we get that for £l-a.e. ¢ € (0,1)

(5.6)

P(Fiy; By(y)) < H""H(0B,(y) N Fn) + V(By(y) \ Fr) = V(Fu) + KR(Fp) = KR(B,(y) U Fr)
+ Mil[(Bo(y) U Fn)ABy, | = [FnABy, || + As[Bo(y) U Fi| — [Fal|
< H"THOB,(y) \ Fu) + C|Bo(y) \ Ful,

where the constant C' depends only on n, 7, A1 and As. Starting from this estimate, the conclusion
then follows arguing exactly as in [15, Th. 16.14]. O

Lemma 5.10. Let 0 € (0,79/2), A1, A2 and €, be as above and let F}, C Bg be a minimizer of
the functional J., defined in (5.5). There exist A,7 > 0 and a not relabelled subsequence Fy, such
that every Fy, is a (A, T)-almost minimizer of the perimeter.

Proof. Observe that by Lemma 5.8 it follows that, passing possibly to a subsequence, we may
assume that Fj, converge in measure to a ball B, with r € [0,79 — ¢]. We set g := min{c/2, 00},
where g¢ is the radius provided by Lemma 5.9. We claim that there exists hg such that

(5.7) |Bs \ F,| =0 for all h > hyg.

Indeed, if the above claim were not true we could find a subsequence Fj, such that |Bz\ Fj, | > 0
for all k. Since F}, converges in measure to B, and r > 2, we may also assume that |Bz N Fp, | >0
for all k. Therefore, by the relative isoperimetric inequality we get that P(Fy, ; B;) > 0. Hence, for
all k there exists y, € 0*F}, N B;. Passing possibly to another to a subsequence, we may assume
that yx — y € B;. By applying the estimate (5.6) we the get

| Ba(y)| = lim [Fy, N By(yr)| < (1= Do) lim [ By(yx)| = (1 = o)| Ba(y)l-

This contradiction proves (5.7).
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Let us now set ¥ = ¢/3. Let E C R" such that EAF, C B,(y), with o <7 and h > hy. If
ly| < 27/3, then, since B,(y) N Fy, = B,y(y) by (5.7), we have P(Fy; B,(y) = 0, hence, trivially

P(Fp; Bo(y)) < P(E; By(y))-
If instead |y| > 27/3, we are going to show that
P(Fp; By(y)) < P(E; Bo(y)) + A|[EAF|,
for some A > 0 that will be chosen below. From the minimality of Fj, we get, recalling (5.1),

P(Fy; By(y)) < P(E; By(y)) + V(E) = V(Fy) — KR(E) + KR(Fy)
+ AMi||FRAB,| — |ERbAB,| + A2l |Fy|| — |E|

1
< P(E;B,(y)) + —|E|*|E\ Fy| + K ——dz + (Ay + Ao)| FLAE].
Wn FAE 7]
Since |E| < |Fy| + |By| < C(n,r9) and F,AE C R™ \ By/3 from the above estimate we easily get
that

P(Fy; B,(y)) < P(E; By(y)) + C(n,ro, A1, Ao)| FR AE| 4+ C(n)7* "K|F,AE|,

for some postive constants C(n) and C(n,rp, A1, A2). From this inequality the conclusion imme-
diately follows by taking A sufficiently large. O

We are ready now to prove Theorem 5.1.

Proof of Theorem 5.1. Step 1. Given o € (0,r9/2), we argue by contradiction, assuming that

2-n
there exists a sequence of sets of finite perimeter E}, satisfying (5.4). Then, we take A1 > 2nw, " r3

and As > max{2Ag,4A;} and consider a sequence F}, of minimizers of the functionals (5.5), where
en = |ErAB;,|. Thanks to Lemma 5.7 and Lemma 5.8 we may assume, passing possibly to
a subsequence, that Fj, C Bp for all h and that they converge in measure to the ball B, for
some 1 € [0,79 — 0]. Then by Lemma 5.10 we may also assume that the Fj, are all (A,7)-almost
minimizers of the perimeter for some A,7 > 0. Therefore, Theorem 5.3 yields that the sequence F},
converges in C1* to B,.. In particular, denoting by 7, the radius of the ball such that |F},| = | B, |,
we may assume that 7, € [0/2,r9 — 0/2] for all h and that there exists a sequence v, € C*(S"™1)
converging in C! to 0 such that for all h

(5.8) Fy, ={y =rpz(1 +¢n(z)) : z € B}.
By the minimality of the F}, recalling Lemma 5.5 and Lemma 5.4 we have

(5.9) I(Fp) + M| FoABy, | = en| + As||[Fu| = |By, || < I(En) < I(By,) + Co| ExAB, |
< I(Fn) +V(By,) = V(Fp) + Aol |Fn| — | By, || + Coch,

2-n
< I(Fp) 4 nwn™ 14|By, \ Ful 4 Ao||Fu| — |Br, || + Coci,

A A
< I(Fy) + By, AF + Z21|F] — |By, | + Coch,
where the last inequality follows from the choice of A1 and As. From the above inequality we then

get easily that

A2 3 COQ
——||Fn| — |Br, || £ =|Br, AF —€}.
ent pp I Fl = Bl < 51By AR + e
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Note that in particular we have that for h large ), < 2|B,, AF}|. Therefore, passing possible to
another subsequence if needed, we may assume without loss of generality that for all h

En + QAT21||Fh\ — By, || < 2|By,, AFy| < 2|FRABy, | + 2| By, | — | By, ||
=2 |[FhABy, | 4 2||Fh| — By, ||.
Recalling that we have chosen As > 4A; from the above inequality we have that for all h
(5.10) en < 2|FR,ABy, |
Thus, using the second inequality in (5.9) we have that for all h
I(Fy) + M|[FRABy, | = en| + Asl|[Fr| = |By, || < I(By,) + Cochy
< I(Bg,) + C(n,0)[F — rp| + Coel,

for a positive constant C'(n, o) independent of h. Note however that there exists another constant
¢(n, o) still depending only on n and o, such that

c(n, 0)[rn — 7| < |[Fn| = [Br,

Therefore, choosing Ay > C(n,0)/c(n, o), and Ay accordingly, we have, recalling (5.10),

(5.11) I(Fy,) < I(By,) + 4Cy| F,AB;, |2
Let us now denote by x5, the barycenter of Fj and observe that
1
|zh|:7/xdx < = |z| de — 0 as h — oo.
|BFh | Fh |BTh ‘ Fh,AB?-h
We set Gy, := Fj, — xp,. Since zy, is converging to 0, from (5.8) we deduce that there exists a
sequence @5 € CH(S"™1) converging in C! to 0 such that for all h
(5.12) Gy = {y = FhZE(l + @h(x)) X E B}.

Step 2. We now estimate R(F}) — R(Gp). To this end we use Lemma 4.1 (note that 0 € 9G}),
observing that Fy = ®1(G}), where the flow is given by ®;(x) := x + txp. Thus, recalling (4.5)
and (4.6) we have

. -2 Th -V . Th X _
(5.13) R(Ey) — R(G) :/ T nl/_c;h AHn—! — n / (Th - va,, ,%)( h )dHn L
o, |7l 2 JoG,,

where Gp ¢, = Gp + tpap for some t;, € (0,1). Observe now that

‘ / (zh - VGh,th)(xh ) dH™ T — / (zh - VGh)(Ih - x) dH 1
E)Gh,,th 8Gh

|
= ’ / (zh - VGh(aj))<xh (&t bhz) o x) dH" !
oG

Therefore, from (5.13) we have

S C|!Eh|3.

(5.14) R(Fy) — R(G) :/ Th Yeh gyyn-t T 5 2/ @h - va)(@h L) jynt | o1 2).
BG}L

oc, |z["? |z|”
Recalling (5.12), we have that at the point y = 7,2(1 + ¢ (z)) with z € S~

z(1 +¢n(z)) — Drpn(x) _
V(1 +¢n(x))? + [Dron(x)[?

VGh(Z) =
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Thus, denoting by div, the tangential divergence on the sphere and using the divergence theorem,
we get

TV 1~ "
/ LT aH T =, / zh - (@(1+ @n(w)) = Dripn(x)) dH"™!
aGh ‘fL‘| Sn—l

= ;h/ (xh . CU)(ph d’Hn71 - ;h/ diVT(iL'thh) d'Hn71
sn—1 sn—1
=—(n— 2)?’h/ (zp - x)pp dH™ L.
Sn—1

Since Gy, has barycenter at the origin, arguing as in the proof of (3.9) we have that for h large

(5.15) ’ / Th YGn gaqn—1
IG,

‘xln—Q

= (n=2)r, < C)|znlllenllzagner)-

Zp - / zo(x) dH™ !
asn—1
Let us now estimate the second integral on the right hand side of (5.14). To this end we estimate

(0 ve)@n-2) oy [ (an @0+ en) — Do) @n-2)
/ach o ‘/g 1+ on(o) "

= /S (@ @+ o) = Drign)) (n - @) A" = C(n)ln ol o)
> /S e a2 dH" " = C(n)|znlPllnll g -1y = walzal® — C(n)|zn |l enl g sn-1)-
From this estimate and from (5.15) we finally obtain, recalling (5.14), that for h large

n—2
R(Fy) — R(Gn) < C(n)|anlllonl7zgn-1) — TUJn|96h|2 + Cn)lznl*llonll ar n-y
n—2

3 wnlzh)?.

< C)lanllenlzsgnry —

Therefore, for h large, we have

K(n-—-2
I(Gy) = I(Fy) + KR(Fy,) — KR(Gy) < I(Fy) + C()K |zp]llonlF2(n-1) — %wnmh\%
Therefore, using (5.11), from the above inequality we have for h large, recalling that xp — 0,
K(n—-2
1) < 1(B5,) +4Co| BBy, + O anllonfaggn 1) — e Do
2 2 2 K(n—2) 2
< I(Br,) + 8Co(|GrABg, | + |GRAFL|") + C(n)Klznlllonlza@n—) — — 5 wnlal
K(n—2
< I(B;,) +9Co|GLABz, |? + 8Co|GLAF,|? — %wnmﬁ
< I(By,) +9Co|GrABg, |2,
where the last inequality follows by observing that
K(n—2 K(n—2
8CO\GhAFh|2 — %wﬂxhﬁ < C’(n)8Co|xh|2 - (nf)wﬂxhp <0,

provided Cj is sufficiently small. In conclusion we have shown that for h large
I(Gy) < I(By,) + 9Co|GrABy, |?

and this inequality contradicts (3.10) if we assume also Cy < ¢1/9. O
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6. GLOBAL MINIMALITY

In this last section we prove the existence of a critical radius r; < r¢ such that if r < rq,
the ball centered at the origin with radius r is the unique global minimizer of I among all sets of
prescribed measure. We start with a simple lemma.

Lemma 6.1. Let n > 3. There exists a constant C(n) > 0 such that if E C R™ is a Borel set with
|E| = |B,| then

R(B,) — R(E)

EAB,|\?
(6.1) - ||) .

7/-774

> C(n) (

Proof. Since both quantities in (6.1) are scaling invariant we may assume r = 1. Thus, let £ be a
Borel set with |E| = |B| with |[EAB| > 0 and let us decompose it as E = (EN B) U (E \ B). Let
0 < o <1<rsuchthat |B,|=|B\ E|, |B,\ B|=|E\ B| and set
E*:= B, U(B,, \B).
Clearly, we have that
|EAB| = |E*AB|,  R(E*) > R(E).
At this point we can easily evaluate the left handside of (6.1)

2= (2 + ).

R(B) - R(E) > R(B) — R(E") =

Since r™ = 2 — o™, from the inequality above we have
nwn,

R(B) = R(E) = =2~ ¢" = (2= ¢")") = f (o).
The conclusion then follows by observing that

i 1 (@)

o1 (1 — )2 =c(n) > 0.

Before stating the main result of this section, let us define

©2) - (ijn)?

Theorem 6.2. Let n > 3. If r < ry, where r1 is defined as in (6.2), the ball centered at the
origin is the only gobal minimizer of I among all sets E C R™ with prescribed volume |E| = | B;|.
Moreover,

I(E) — I(B,) > d|EAB, 2,

for some positive constant ¢ depending only on n and r.

Proof. We start by observing that

(6.3) V(B,) - V(E) = /B /B ‘mdxdy— /E /E dedy
o[ [ ) ), / /n7<xB,. ) = X)), (@) = xpl@) , 0

o oyl

set for all x € R™

|z —y[n?

Then
—Au = Cn(XBT - XE))
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for some constant ¢(n) > 0. Therefore, integrating by parts,

65) / / (s, (v) = xB @) 0w, (2) = xp@) g0 / () Auly)dy = o / |Dul? da.
n n " R

o =yl

Combining (6.3), (6.5) and the fact that u is superharmonic in B,, we get

V(B,) - V(E) <2 / u(y)dy < 2| B,|u(0) = 2|B,| (R(B,) — R(E))

r

Thus using the isoperimetric inequality, the above lemma and that r < r; we can conclude that
I(E) - I(BT) > P(E) - P(Br) + (K - Z‘B’I‘D (R(BT) - R(E)) > c(n,r)(K - 2|BT‘)|EABT|2'
O

From definitions (2.11) and (6.2) it is clear that both 7y and 71 tend to co as K — oco. However
the ratio ro/r; stays bounded.

Lemma 6.3. Letn > 3. Then
2

. To nw %
limsup — < ( n ) .
Korpe 1 \V(B)

Proof. Let P, be defined as in (2.13) and denote by 3 > 7 the unique zero of Py. From the second
equation in (2.8), we have that
Py(r) = a(n)r" ™3 —r™ + M,
M1
where, using the first equation in (2.8), a, = (n + 1)P(B)/[2(n — 2)V(B)]. Recalling the first
equation in (2.8), (2.12) and the definition (6.2) of r1 we have at once that

K(n+2) nw2 \ =
— =T, where n:( ”) > 1.
L1 TnT1 Y V(B)
Fix now € > 0. Then
an(l4¢)"3
Pan( ) =t (05T — a1 <o,
1

provided 71, hence K, is large enough. Therefore we may conclude that for K sufficiently large
ro < 1o < Yp(l+e)r.

Hence, the result follows. O
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