ON ANISOTROPIC SOBOLEV SPACES

HOAI-MINH NGUYEN AND MARCO SQUASSINA

ABSTRACT. We investigate two types of characterizations for anisotropic Sobolev and BV spaces.
In particular, we establish anisotropic versions of the Bourgain-Brezis-Mironescu formula, including
the magnetic case both for Sobolev and BV functions.

1. INTRODUCTION AND RESULTS

1.1. Overview. Around 2001, J. Bourgain, H. Brezis and P. Mironescu, investigated (cf. [2,3,5])
the asymptotic behaviour of a class on nonlocal functionals on a domain Q C RY, including those
related to the norms of the fractional Sobolev spaces W*P(RV) as s , 1. In the case Q = R,
their later result can be formulated as follows: if p > 1 and u € WHP(RY), then

|u(z) — u(y)? /
1.1 lim (1 — dedy = K. VulPd
where
1
(1.2) K,n= / |w - x|Pdo,
P JsN-1

being w € SV~ any fixed vector. Here and in what follows, for a vector € R, |z| denotes its
Euclidean norm.

Given a convex, symmetric subset K C R containing the origin, let || - || be the norm in RY
which admits as unit ball the set K, i.e.,
(1.3) 2|k :==inf {A>0:2/X € K}.

It is rather natural to wonder what happens to formula (1.1) by replacing in the singular kernel
|z—y| with its anisotropic version ||z —y||x. In 2014, M. Ludwig [18,19] proved that, for a compactly
supported function u € W1P(RY), there holds

|u ( )|p /
1.4 lm 1-— dr dy = Vul|L. . dx
( ) 51/1 5 //RQN yHN-i-ps Y N H u” SK P

Here || - [|z;x is the norm associated with the convex set Z;K which is the polar L, moment
body of K (see (1.6) and (1.7)); such quantitities were involved in recent important applications
within convex geometry and probability theory, see e.g. [14,15,17] and the references therein. Thus,
changing the norm in the nonlocal functional produces anisotropic effects in the singular limit. The
norm

v = vllzy
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can be explicitly written and, in the particular case || - || = |- | (Euclidean case), then K = By, the
unit ball of RV, and the results are consistent with classical formulas, since || - || zze = {/Kpn|-|.

M. Ludwig’s proof of formula (1.4) relies on a reduction argument involving the one dimensional
version of the Bourgain-Brezis-Mironescu formula in the Euclidean setting jointly with the Blaschke-
Petkantschin geometric integration formula (cf. [27, Theorem 7.2.7]), namely

dzdy = «r(@,y)|z — y[N T doA (z)dA (y)dL,
L forwusar= [ el -t @ar ga

where 7! is the one dimensional Hausdorff measure on RY, Aff(N,1) is the affine Grassmannian
of lines in RY and dL denotes the integration with respect to a Haar measure on Aff(N,1).

Around 2006, motivated by an estimate for the topological degree raising in the framework
of Ginzburg-Landau equations [6], a new alternative characterization of the Sobolev spaces was
introduced (cf. [4,20,21]). As a result, for every u € W'P(RY) with p > 1, there holds

517
(1.5) lim // ————dzdy = K ,N/ |VulPdx,
=0 J J{ju(y)—u(z)|>s} |2 — y[N P P Jr

where K,  is the constant appearing in (1.2). It is thus natural to wonder if, replacing |z — y| in
the singular kernel with the corresponding anisotropic version ||z — y||x, produces in the limit the
same result as in formula (1.4).

The previous two characterizations were also considered for p = 1. BV functions are involved
in this case, see [2,4,12,20]. Other properties related to these characterizations can be found
in [8,9,11,22-24,26]. Both the characterizations (for the Euclidean norm) were recently extended
to the case of magnetic Sobolev and BV spaces [24,25,28]. More general nonlocal functionals have
been investigated in [7-11].

1.2. Anisotropic spaces. In this section, we introduce anisotropic magnetic Sobolev and BV
spaces. For this end, complex numbers and notations are involved. Let p > 1 and consider the
complex space (CV, |- |,) endowed with

2y := (R, o, Rew) P+ |(Sz1, - ., S2w) P) P,

where Ra and Ja denote the real and imaginary parts of a € C. Recall that |z| is the Fuclidean
norm of x € RY. Notice that |z|, = |z| for z € RY. Let || - | x be the norm as in (1.3). We set

N 1/p
g = < +p/ ]v-x!ﬁdm) , forvecCV.
P P Jk

The set Z; K c CV which is defined as

(1.6) 0]

(1.7) ZrK = {veCV: ||

zsx <1}

is called the (complex) polar L,-moment body of K. Denote LP(RY C) the Lebesgue space of
functions u : RY — C such that

1/p
ol = [ i) < o

For a locally bounded function 4 : RN — RN (magnetic potential), set

1/p
— s P
[U]Wj‘»f;{(RN) = </RN IV IA(J/‘)UHZZ;«deU) :
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Let WP (RN) be the space of u € LP(R",C) such that [u|;,1.» myy < 0o with the norm
AK WhE (RN)
AK

1/p
ol oy = (Bl + s )

Denote || - || z;x+ the dual norm of the norm || - || z; x on RN, namely for v € RY
N
0]z 1+ 2= sup { (v, whgn 1w €RY, |wllz;x <1}, with (v, w)gx = Y vjw;, Yo,w € RV,
j=1

For a complex function u € LL (RY), as in [25], we define
|Dula,k = C1aku+ C2,.4,Ku,

where

C1,A,Ku = sup { Rudivp — A - oSudzr, ¢ € Ccl (RN,RN) with || (z)]

TK*<1inRN},
RN !

C2,A K u = SUup {/ Sudive 4+ A - pRudz, ¢ € CHRY,RY) with le(z)llzpx+ < 1in RN} .
RN

We say that u € BV kg (RY) if u € LY(RY) and |Du|a x < co and in this case we formally set

(1.8) Dulac = [ IVu=iA(e)ul 71 da,
R

The space BVy, K(]RN ) is a Banach space [25] equipped the norm
u € BV x(RY).

1.3. Main results. The goal of this paper is to extend the two characterizations mentioned above
to anisotropic magnetic Sobolev and BV spaces. Our approach is in the spirit of the works on the
FEuclidean spaces. In particular, we make no use of the Blaschke-Petkantschin geometric integration
formula as in the work of M. Ludwig.

Let A:RY — RN be measurable and locally bounded. Set

U, (z,y) i= VAT u(y), 2,y eRY.

Motivated by the study of the interaction of particles in the presence of a magnetic field, see
e.g., [1,16] and references therein, Ichinose [16] considered the non-local functional

DA ) 2
Ny |u(z 2 u(y)|
H5(R™) 9u»—>//RZN ’x_ WIEEE dx dy,

for s € (0,1), and established that its gradient is the fractional Laplacian associated with the
magnetic field A via a probabilistic argument. As in the spirit of the previous results, the quantity
W, has been recently involved in the characterization of magnetic Sobolev and BV functions. In
this paper, we establish the following anisotropic magnetic version of (1.5).

Theorem 1.1. Let p > 1 and let A : RY — RYN be Lipschitz. Then, for every u € WA’p (RM),

p
I d = —1iA .
51{1%/]@ /RN e L, (2y)— Wu (,2)|p>6) dTAY = /R IV —iA(z)ullZ, g d
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If p =1, one can show (see Remark 2.1) that, for u € Wi’k(RN),

0
li ——1 dxdy > —iA
5{%/}1@ /RN [y el >0) d2dy 2 /RN [V —iA(z)ul

Nevertheless, such an inequality does not hold in general for v € BV4(RY) even in the case where
A =0 and K is the unit ball (see [11 Pathology 3]). In the case A =0, one has

6\0/sz /]RN |l — y”NH (z)|>0} AXCY = || |z K

for some positive constant 0 < C' < K 1. This inequality is a direct consequence of the correspond-
ing result in the Euclidean setting in [4].

ZdeIL'.

We next discuss the BBM formula for the anisotropic magnetic setting. Let (p,) be a sequence

of non-negative radial mollifiers such that
00 1
(1.9) lim pn(r)rN 1P dr =0, forall§ >0 and / pn(r)rN"tdr = 1.
n—+oo /s 0

Here is the anisotropic magnetic BBM formula.
Theorem 1.2. Let p > 1, let A : RN — RN be Lipschitz, and let {p,}nen be a sequence of
nonnegative radial mollifiers satisfying (1.9). Then, for u € WA’p (RM),

, Pu(z,y) — Vu(z, z)[P ,
lim // pn(||lz —yllKx)dxedy =p Vu —iA(x)ul?,. . dx.
n=—+o0 RN Hx yHZ;{ (H H ) RN H ( ) H pK

Furthermore, if p=1 and u € BVa kg (RY) the formula holds with the agreement (1.8).

Remark 1.3. Let (s,,) be a positive sequence converging to 0 and set, for n > 1,

_ p(l - Sn)
pn("r’) = m, r > 0.
Then (py,) satisfy (1.9). Applying Theorem 1.2, one rediscovers the results of M. Ludwig.

Remark 1.4. Theorems 1.1 and 1.2 provide the full solution of a problem arised by Giuseppe
Mingione on September 21th, 2016, at the end of the seminar “Another triumph for De Giorgi’s
Gamma convergence” by Haim Brezis at the conference “A Mathematical tribute to Ennio De
Giorgi’, held in Pisa from 19th to 23th September 2016.

The above results provide an extension of [2,4,12,18-20,24-26,28] to the anisotropic case.

2. PROOF OoF THEOREM 1.1

Set, for p > 1,
1K / / 671) dxd for u € L (RY).
0 RN JRN HIE yHN+p {|l1/ (xy) (xz)‘P>5} Y, loc
It is clear that, for u,v € WA:%(RN) and 0 <e <1,
(2.) 1K) < (1= I 5(0) + I (0 - 0),

Applying [24, Theorem 3.1], we have, for p > 1 and u € W}l’g{(RN),

0) < Copc [ | 190103 dn + (VA +1) [ Tulp ).
RN RN
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for some positive constant Cy i depending only on IV, p, and K. By the density of CHRY) in

Wj"p (RY), it hence suffices to consider the case u € C}(RY) which will be assumed from later on.
By a change of variables as above, we have

P
71 ulT —V,(z,x ) dxdy
/]RN /RN HCE—yHJI\(HP {19 (z,y) = Vu(z,2)]p >0}

e 1
= B — . dh do dz.
/RN /SNl/Ov HO’”%+phl+p {l\Pu(I7I+6hU) \Iiu( ” )|P>6} o ax

Using the fact

(2.2) lim |, (z, 2 + 0ho) — U, (x, )|

lim 5 P =|(Vu—iA(z)u) - olph,

as in the proof of [24, Lemma 3.3], we obtain

1 |(Vu —iA(x)u) - ofh
(2.3) / / " - = / / do dx.
5*>0 rN JRN ”x y||N+p {lqj ( 7y \Iju( ’ )|P>5} p JrN SN-1 ||0_HN+p

Since we have

1/llellx -olb
(2.4) (N +p) / v - y‘pdy— N +p) / / "U-O’|£tN—1+pdtd0':/ v ]‘dﬁ’p do,
SN-1.Jg sV-1 ok

the assertion follows.

Remark 2.1. In the case u € Wl’l(RN) by Fatou’s lemma, as in (2.3), one has, with p =1,

] |(Vu —iA(z)u) - 0|y
L K N 1 do dzx.
i 1 (w) 2 / /SN 1/ HU\|N+ph2 /RN /SN ' lollx* o

{|(Vu(z) (z)u(z))-ol1h>1}

This implies
)
_— dxdy > Vu—1iA « gedx.
5\(0/RN /RN P hes 1w, (2,9)— o (2,2)]1 >0} dTdy > /RN [Vu —iA(z)ul| z; kdz

3. PROOF OF THEOREM 1.2

3.1. Proof of Theorem 1.2 for p > 1. Using [24, Theorem 2.1] without loss of generality, one
might assume that v € C}(RY). Note that

U (z,y) — Uy, 2)|5
//]RzN | u )|ppn(Hx—yHK) dx dy

lz — yll%
\If p
/ / / [P, x”“’z @Dl ol b)Y L dh do da.
RN JsN-1 ‘UHth

Using (2.2), one then can check that, for p > 1 and u € C}(RY),

_ U, (x U, (z,z)}
lim / / Pul@, ) = Vul@ 2o ) 10— y) dedy
{lz—y|<1}

n—-+o0 2 =yl

—iA(x P 1
/ / (Y — i (p) W% 4y gy lim /pn(nauKh)hN—ldh.
RN JgN-1 o5 n—+o0 Jo




6 H.-M. NGUYEN AND M. SQUASSINA

Furthermore, observe that

\Ij x; _\Il [B,x p o L
//{l | 1}‘ ol ||yw)_yHZ( )‘ppn(llzv—yIIK)d-’chySCHUII’ZP/1 WP (|0 ||k k) dh
z—y|> K

Therefore for p>1 and u € CL(RY), on account of (1.9) we obtain

— Vy(z,2)[p [(Vu —iA(z)u) - ofp
lim // Loz —y dwdy—/ / L do dz.
N e ) N T

The conclusion now follows from (2.4).

3.2. Proof of Theorem 1.2 for p = 1. We first present some preliminary results. The first one
is the following

Lemma 3.1. Letu € Wj&((RN) Then

|Dula,k :/ [Vu —iA(x)ul z; k dz.
RN

Proof. The proof is quite standard and based on integration by parts after noting that
[Vu —iA(z)ullz:x = [VRu — A(z)Sul| z: ¢ + [[VSu + A(2)Rul| z:
since A(z) € RN for z € RY. The details are left to the reader. O
Lemma 3.2. Let u € BVA(RY) and (u,) C BVA(RN). Assume that
ngrfoo Uy = u in LY(RY).

Then
liminf |Duy|a x > |Dula k.
n—-+00

Proof. One can check that

lim inf Cl,A,K,un Z CLA,K,u and 11H1+11’lf CQ7A7K7un Z CQVA’K’U.

n—-+00 n—-+40o

The conclusion follows. 0
For r > 0, let B, denote the ball centered at the origin and of radius r. We have

Lemma 3.3. Let u € BVA(RY) and let (1,,) be a sequence of nonnegative mollifiers with supp 7, C
By, which is normalized by the condition f]RN Tm(x)dx = 1. Set up, = 7, * u. Assume that A is
Lipschitz. Then

lim |[Dup|arx = |Dulak.
m——+oo

Proof. The proof is quite standard, see e.g., [13] and also [25]. Let ¢ € C}(RY) be such that
(@) zi+ <1 in RY.
We have

(3.2) Rup,dive — A - oSuy, de = §Rud1vg0m — A opSudx
RN

/RN /RN Az —y)) - p(x = y)Tm(y)u(z) dz dy.
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Since
[om (@) zr s < sup [lo(¥)ll zrx- < 1,
Y
we have
(3.3) ‘ Rudivey, — A - o Su dx‘ < CrAKu
RN

Since supp 7, C By, one can check that

a4 | [ [ A@ = A=) oo = (i) dody| < CIT Al el /m.
A combination of (3.2), (3.3), and (3.4) yields

limsup C1 4 K u, < C1,4 K u-
m—-+oo

Similar, we obtain

limsup C2 A K u,m < C2,4,Ku
m—-+00

and the conclusion follows from Lemma 3.2. O

We are ready to give

Proof of Theorem 1.2 for p = 1. Let (7,,,) be a sequence of nonnegative mollifiers with supp 7,,, C
B/, which is normalized by the condition Sz Tm(x) dz = 1. Set wy, = u* Tp. As in the proof
of [24, Lemma 2.4], we have

U, (x,y) =, (x,x
// n )hpn(llx—yllx)dxdy
RQN

le =l
— U, (x,x
// @2 e - ylli) de dy
o Hw—yH

v [ [ ] ol - vlx)uty) dsdedy.

We have

) ) . :): -v, (r,x
lim lim //R2N ) n )hpn(llx—yllK)d:ndy

m—+o0 n—+00 Hx—y”K

m——+o0 RN

> lim [Vt —1A(T) U 7; i dx — 3.3/ IVe = 1d(z)ul 2z do
RN
and, since supp 7, C By /pm,

Lo L L oirm@enle = sty dzdo dy < 0.

It follows that

- v
lim inf // ulZ m)hpn(Ha: —y|lk) dxdy > / IVu — iA(x)ul| zxx dx.
n—too J Jgan ||93 —ylx RN '
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We also have, by Fatou’s lemma,

U, (z,y) — Vy(z, x
(35) //Rw‘ ) 2l )|1pn(||l’—y||K)d:Edy

e =l
-,
<timpuf [[ Penl0 0= S 0D 1oy iy
W20 | foan EEP

We next derive an upper bound for the RHS of (3.5). Let v € WA’,K(]RN) N C>®(RY). We have

—Uy(x,x
(3.6) // @)l (e — ylie) do dy
RQN

IIHJ —ylx

U, (z,z + ho T, x -
/N/N 1/ | )= Bl Nlpn(hHUHK)hN Ydhdo dx.
R S

[hal[x

Using the fact

Do) _ e300t - A(SY) + Sy ) 4(252) )

X ei("f*y)'A( w;y)v(y%

and applying the mean value theorem, we obtain

|, (2, y) — ¥y(z, z) 1
an [ (o =yl ) de dy

1 1
1
S// //’(W_M”)"”l(“thg) W1, (hl|o||x) dt dh do da
S Jo o ol

Allzoh
+C// //'”“h W L = —h" " pu(hlol|k) dt dh do da
RN JSN—1 ol x

w [ @]+ b)) m=aple = vl ded.

{lz—y|>1}

One can check that

1,1
: 1 _
(3.8) /]RN /SNl/o /0 [(Vv —i4v) - o]i(z + tho) ||UHKhN Lo (hl|lo|| k) dt dh do da

(S ) gy, [
< dodz | hN"1p,(h)dh,
—/RN /SN—l o o
and

A ooh
(3.9 / / //’”“h YWIVAlL=hy N1 o) dt dh do de
RN JsN—1 ol x

A
< Cx IV Al o]l s / WY p (1) dh,
0
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where A = max{||o||x : ¢ € S¥71}. A combination of (3.6), (3.7), (3.8), and (3.9) yields
(3.10)

— Uz, x A _ .
/ / @2 (e = ylli) de dy < / WY g () dh / Vo — iA(2)o] 22 do
]RQN 0 RN

\x—yH

A 00
+ oIV AL + Dlolls ([ 5% puydn [~ 200 an).

Using Lemma 3.3, we derive from (3.5) and (3.10) that
Uy (z,y) — Vyulx, )|
I EDN ) (e — ) do dy
R2N

2 =yl

A
< [t [ IV i@l g de
0 RN

A o0
+ VALl ([ B¥oumyan+ [ Y 2p, k) an),

which yields, by (1. 9)

. — U, (x,x .
imsp [[ 12 A2 (o gy drdy < [ 1V iAo
n——+oo R2N ’1’ — yH RN

The proof is complete. O
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