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ABSTRACT. We consider a class of nonlocal generalized perimeters which in-
cludes fractional perimeters and Riesz type potentials. We prove a general
isoperimetric inequality for such functionals, and we discuss some applications.
In particular we prove existence of an isoperimetric profile, under suitable as-
sumptions on the interaction kernel.

1. Introduction. In this paper we consider a family of geometric functionals,
which in particular contains the fractional isotropic and anisotropic perimeter. More
precisely, we define the following energy defined on measurable subsets E C RY:

per(B) = [ [ KGedaty =5 [ [ e —xe)lK @iy 1)

where the kernel K : RY — [0, +00) satisfies the following assumptions:
K(z) = K(-z) (2)
min(|z|, 1) K (z) € L}(RN). (3)

The functional (1) measures the interaction between points in E and in RN \ E,
weighted by the kernel K.
Note that it is not restrictive to assume (2) since Perg () = Perz(E) for every

E, where K (z) := (K (z) + K(—z))/2. Notice also that, if K € L'(RY), then for
every E with |E| < oo, we have

Perg (E) = |E|| K|/ L1~y — /E/EK(;E — y)dzdy. (4)
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In the first part of the paper we deal with isoperimetric inequalities for such
functionals. The main result is the following (see Corollary 3.4): if K(x) > uxp, ()
for some constants p > 0 and r > 0, then for all measurable sets E there holds

Pery (E) 2 min(g(|E]), g(|RY \ BI)),

where g(m) := Perg«(B,;,), with K* the symmetric decreasing rearrangment of K,
and B, the ball with volume m centered at 0. We discuss some property of the
function g and we provide a Poincaré type inequality (see Proposition 4.1).

We recall that, in the case of fractional perimeters, sharp quantitative isoperi-
metric inequality, uniform with respect to the fractional exponent bounded away
from 0, have been obtained in [9] (see also [11] for an anisotropic version), whereas
Poincaré type inequalities have been discussed in [13].

An interesting related question is understanding which conditions on K imply
the compact embedding of the functions with bounded energy Jg into LP spaces,
for some p > 1.

In the second part of the paper, we consider the isoperimetric problem

E:rlrglnszerK(E), (5)
for a fixed volume m > 0.

In the case of the fractional perimeter, the existence of isoperimetric sets solving
(5) has been studied in [2, 9] (see also [4] where a bulk term is added to the energy),
where it is shown that balls are the unique minimizers of the fractional perimeter
among sets with the same volume. In the general case, the same result holds if
the kernel K is a radially symmetric decreasing function, as a straightforward con-
sequence of the Riesz rearrangement inequality [14]. So, we focus on the case in
which K is not radially symmetric and decreasing. We provide an existence result
of minimizers of the relaxed problem associated to (5) under the additional assump-
tion that K € L'(R"™) (see Theorem 5.6). The proof is based on a concentration
compactness type argument. Finally, we show that if K has maximum at the origin
(in an appropriate sense, see condition (38)), then every minimizer of the relaxed
problem is actually the characteristic function of a compact set (see Theorem 5.7).

We are left with the open problem of extending the existence result to more
general interaction kernels satisfying only (3).

Another interesting problem is to consider kernels which are just Radon measures
on RY. In this case we don’t expect in general compactness of minimizers.

Notation. We denote by By, (z) the ball centered at x with volume m, that is, the
1

ball with radius r = m%w;ﬁ, and by B, for the ball centered at 0 with volume
m. We also denote by B(x,r) the ball of center x and radius r.

For every measurable set £ C RY, v denotes the characteristic function of F,
that is the function which is 1 on F and 0 outside.

We recall that given a set E with |E| < oo, its symmetric rearrangement E* is
the ball B)g that is the ball centered at 0 with volume |E|. Moreover the symmetric
decreasing rearrangement of a nonnegative measurable function h with level sets of
finite measure is defined as

+oo
W () = / Xinsiy- (2)dt.

Note that if h is radially symmetric and decreasing, then h = h*. Moreover, h €
LP(R™) if and only if h* € LP(R™) with [|h||rs®n) = [|R*||1s®n), for all p > 1.
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2. Generalized fractional perimeters. In this section we discuss some proper-
ties of the K perimeters.

Remark 2.1. Condition (3) implies that if E is a set with |E| < oo and HN~1(9F) <
00, then Perg (E) < oo (see [7, Remark 1.4]). Indeed

Perk (E) :/E/RN\EK(x—y)dxdy

:/ |(E+x)O(RN\E)|K(x)d;v§C/ (lz| A D) K (z)dx
RN RN
where C' is a constant which depends on F.

Proposition 2.2. The following properties hold:
1. Perg(E) = Perg (RN \ E) and

Perg(ENF)+ Perx(EUF) < Perg(E) + Perg(F). (6)

1

2. E — Perg(E) is lower semicontinuous with respect to the L;, .

-convergence.

Proof. We start by proving 1. The first equality is a direct consequence of the
definition of Perg. In order to prove (6), we observe that

/EUF/RN\(EUF)
R/ R S SRR A AR S
E JRN\E F JRN\F ENF JRN\(EUF) E JF\(ENF) F JE\(ENF)
d

an
/EmF /RN\(EmF)

Therefore

R/ RS S R A A
ENF JRN\(EUF) ENnF JE\(FNE) EnF JF\(FNE)

Perg(ENF)+ Perg(EUF) = Perg(E) + Perg (F)

— 2/ / K(z — y)dxdy,
E\(ENF) JF\(ENF)
which gives (6).

The proof of 2. is a consequence of Fatou lemma, observing that Perx(E) =
JenJan [XB(@) = xB(Y) K (2 - y)dzdy. O

2.1. Examples. A first class of examples is given by the kernels K (x) which sat-

isfies ) )
Ao < K(2) S Ay
s = 0 < A

for some s € (0,1) and 0 < A < A. This class includes the fractional perimeters,
and its inhomogeneous and anisotropic versions.
The fractional perimeter, which has been introduced in [13] and further developed

in [2], is defined as
1
Y | G S, .
g Jrv\p |z —ylN T



4 A. CESARONI, M. NOVAGA

for s € (0,1). It is also possible to substitute the kernel W with more general
heterogeneous, isotropic kernels of the type

a(z)

K@) = v

where a : RNV — (0, 400) is a measurable function such that 0 < A < a(x) < A. The
anisoptropic fractional perimeters have been defined in [11] as follows: let B C RY
be a convex set which is symmetric with respect to the origin and let |- |z the norm
in RN with unitary ball B, then we define

- dx dy. (8)
9= fes

Another class of examples, relevant for this paper, is given by the kernels K (x) €
LY(RY), for which the representation formula (4) holds.

2.2. Coarea formula. We introduce the following functional on functions u €

Il (RN):
/R ) /R ) WK (z — y)dady. )

loc
Note that Jx(xg) = Perg (E) for all measurable E C RV,
We provide a coarea formula, linking the functional Perg to Jk.

Proposition 2.3 (Coarea formula). The following formula holds

+oo
Tie(u) = /_ Pers ({u > s})ds. (10)

Proof. First of all we observe that, for every measurable function u,

+oo
() — u(y)| = / s} (2) — Xguse) (9)1ds.

— 00

Moreover for every s € R

|X{u>s}(m) - X{u>s}(y)| = X{u>s} (x)X]RN\{u>s} (y) + X{u>s} (y)XRN\{u>s}('T)‘

Therefore we get, recalling (2), and using Tonelli theorem,

2Jg(u) = / / Y)| K (z — y)dzdy
RNJRN
“+o0
Q/RN/RN/ X{u>s} (T) XM\ fuss) (¥) K (z — y)dsdzdy

+oo
2/ / / K(x — y)dxdyds
—oo J{u>s} JRN\{u>s}

“+o0
2 /_ Perke ({u > 5})ds
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3. Isoperimetric inequality. In this section we prove an isoperimetric inequality
for generalized nonlocal perimeters.

Proposition 3.1. For every measurable set E C RN such that |E| < oo, there
holds
P@T’K(E) Z PerK* (B‘E‘),
where K* is the symmetric decreasing rearrangement of K.
In particular, if K is radially symmetric and decreasing, then

Pe’I"K(E) > PerK(B|E|).
Moreover, equality holds if and only if E is a translated of B|gy.

Proof. First of all we consider the case in which K € L*(RY). Note that (xg)* =
XB - By Riesz rearrangement inequality [14], we get that

/E /EK(:B —y)dudy = /RN xe(2)(xp * K)(z)dx
: /JRN X8y () (X By * K7)(2)dz = / K*(z —y).

B / Big|
So, recalling (4) we get the conclusion.

Finally, if K = K*, we have that equality in the Riesz rearrangement inequality
holds if and only if xg is equal, up to translation, to its symmetric-decreasing
rearrangement, therefore if and only if E is equal, up to translation, to B|g.

Now if K ¢ L'(RY), we define K.(z) = K(z) A L. Then K. € L'(RY) and K.
converges to K monotonically increasing. Note that

1

Ke@) = [t (@)t

So as € — 0, also K — K* monotonically increasing. Therefore by the monotone
convergence theorem if F is a measurable set we get that

lim Perg_ (E) = Perg (F) lin% Perg«(F) = Perg«(FE).
e— €

e—0
By the previous argument we get Perg_(E) > Perg:(Bjg|). So, we conclude
sending € — 0. O
For every m > 0, we define
g(m) := Perg«(B,)
where we recall that B,, is the ball centered at 0 with volume m. We also set

g(400) = +o0.
We provide some estimates on the function g.

Lemma 3.2.
1. If K ¢ LY(RY), then

lim_ 9(7;”) =+ (11)
m—s
2. If K € L'(RN), then
. g(m)
gm) < [Kllm,— tim 2 (12)
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Proof. For x € RY and m > 0 we define

* 1 *
K@= [ K

K (z)dz = e / K*(z + y)dydx

We have

RN
1
= —/ K*(x)dxdy = K*(x)dx.
m RN RN

In particular K* € L*(RY) if and only if K, € L'(RY) and ||K*| 1 = || K} |02
We recall that || K*||p1 = || K||p1.
We then compute

Perg« (B / / —y)dzdy =m K} (z)dz,
RN\ B,, RN\B,,
which gives (11) and (12), sending m — 0. O

Proposition 3.3. Assume that the kernel K satisfies the following condition:
there exist p,m > 0 such that K(x) > p for all x € B(0,r). (13)
Let E be a measurable set such that Pery (E) < oo, then |E| < 0o or RV \ E| < .

Proof. Let {Q;}ien be a partition of R made of cubes of sidelength r/y/n, where
r is as in (13). Note that for all z,y € Q; we have K(x —y) > p.

Assume by contradiction that |E| = [RY \ E| = co. Then three possible cases
may verify: either there exists 6 > 0 such that limsup, |[E N Q;| < (1 — J)|Q;] or
limsup; |@; \ E| < (1 —6)|Q;] or there exist two subsequences @, ,Q;, such that
lim,, |Qin n E‘ = lim,, ‘Qj" \E| = |Qz|

Case 1: assume there exists 6 > 0 such that limsup, |F N Q;| < (1 —0)|Q;|]- So
there exists 79 > 0 such that for all i > 7o, |Q; \ E| > §/2|Q;|. Then we get

Pery (E) > Z/ K(z—y)dzdy > 3" 1QiNEIQ\E] > 257 1ENQ.
NE JQ\E 1>1%0 z>zo

This implies, recalling that Perg (E) < oo, that >, |E N Q4| < oo, which is in

contradiction with |E| =

Case 2: assume there exists § > 0 such that limsup; |[ENQ;| < (1 —9)|Q;]. Then
the argument is the same as in Case I, substituting F with RN \ E.

Case 3: assume that here exist two subsequences Q;, , @, such that lim,, |Q;, N
E| = lim, |Q;, \ E| = |Q;|. Therefore for 6 > 0 there exists 79 such that for all
Jnyin > 1o, we get |Q;, N E[,|Qj, \ E| > (1 —0)|Q;]. By continuity we get that
there exists a subsequence Q; such that |Q; N E|,|Q; \ E| > §|Q:l, So,

Perg (E >Z/ . Q\EK x — y)dxdy
>py 1QiNE|Qi\ E| = uo® ) |Qif* =
i i

giving a contradiction to Perg (E) < oo.
As a consequence, neither of the three cases can arise, which implies that either
|E| or |RN \ E| are finite.
O
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From Propositions 3.1 and 3.3 we immediately get the following result:

Corollary 3.4. Assume that K satisfies condition (13). Then, for all measurable
sets E there holds
Perg(E) > min(g(|E), g(RY \ E])).

4. Poincaré inequality.

Proposition 4.1. Assume that the kernel K satisfies (13) and that there exist
k> 1 and a constant C' depending on k, N such that
k

g(m)> = ¥m >0, (14)
Then, for all u € Ly, with Ji(u) < oo, there holds
l[u = m(u)l|pr@yy < CJk (u), (15)
where
m(u) = inf{s | {u(z) > s}| < o0} € R. (16)

Moreover if u € L*(RN), then m(u) = 0.

Proof. The argument is similar to the one in [1, Theorem 3.47]. First of all we
observe that, since Jx(u) < oo, by the coarea formula (10) the set S of s € R
such that Perg ({z |u(x) > s}) < oo is dense in R. So by Proposition 3.3 for every
s € 8, either [{u(x) > s}| < oo or [{u(z) < s}| < co. Note that if s > m(u), then
there exists t € (m(u), s) such that [{u(z) > t}| < oo and then |[{u(z) > s}| < .
Analogously, if s < m(u), then [{u(zx) < t}| < co. Moreover m(u) € R. Indeed,
if by contradiction this were not true, and e.g. m(u) = —oo (the other case being
similar), we would get that [{u(z) > t}| < oo for every ¢ € R. By the coarea formula

/ 7 Perkc({ulz) > 1))dt < %JK(U) Vn e N,

—n—1
so there exist > 0 and ¢,, € [-n — 1, —n] such that Perg ({u(z) > t,} <r. By the
isoperimetric inequality |[{u(z) > t,}| < (Cr)¥, but this is contradiction with the
fact that {u(z) > t,} — RN asn — +oo.
Finally, if v € L'(RY), m(u) = 0. Indeed, by Chebychev inequality for every
s > 0, we have that

1
o @) < =5} + o [ue) > s} < o lla@)] > s} < 5 [ fulde < o
We denote by u™ = max(u — m(u),0) the positive part of u — m(u). Then, by

definition of m(u), we get that [{z |u™(z) > s}| < oo for all s > 0.
After a change of variable, we get

+oo
uh)rde = z jut(z G
[ = [ @) > o
= o x |ut(x) > s}s" s, (17)
=k [ e @) > s}l

In [1, Lemma 3.48]) it is shown that, if f : (0, +00) — [0, 400) is decreasing and

k > 1, then
T T ) k
k/ f(s)s"tds < (/ f(s)kds) VT > 0.
0 0
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So, we apply this inequality to f(s) = [{z |[u*(z) > s}|. This gives, by recalling the
definition of m(u) and using isoperimetric inequality (14),

k/om o lut () > s)|s*~ds < (/Om o fut () > s}ids)k
k

< (c /0+°°JK<{x ) > shds) . (19

Therefore, putting together (17) and (18) and recalling the coarea formula (10), we

get
k
(/ (u+)kdx) < CJk(u).
RN
Repeating the same argument for the negative part of u—m(u), i.e. v~ = — min(u—
m(u),0), we conclude. Indeed, again by definition of m(u), we get that for all s > 0,
Hz Ju™(x) > s}| < o0. O

Remark 4.2. If u € L}(RY) assumption (13) is not needed, indeed for all s € R
with s # 0 either [{u(z) > s}| < oo or [{u(z) < s}| < +o0, so that it is not
necessary to use Proposition 3.3.

5. Existence of an isoperimetric profile. In this section we show the existence
of an isoperimetric profile, that is, a solution to Problem (5), under suitable as-
sumptions on the kernel K. First of all we will assume throughout this section that
K #0 and

K ¢ LY(RY). (19)

We observe that, if K = K*, then by Proposition 3.1 we know that the ball of
volume m is the unique minimizer of (5), up to translations.

In order to get existence of minimizers, we first consider a relaxed version of
the perimeter functional, obtained by extending it to general densities functions.
More precisely, we define the new energy as follows: given f : RY — [0, 1], with
f € LYRY), we let

Pr(f)= [ [ S@I = 101K = oy (20)

Note that Px(xg) = Perx(E) and the constraint 0 < f < 1 is inherited by the
original problem, naturally arising from the relaxation procedure.
Note that the previous energy can be written as

Prlf) = Il Kl = [ [ @K@= pdear. @)

The relaxed version of the isoperimetric problem (5) can be restated as follows.
Given m > 0, we consider

inf P 22
fén K(f)v ( )
where the set of admissible functions is defined as

A = {f e LY(RY,[0,1]), f(z)dx = m} .

RN
Notice also that
liminf Perg (E,,) = Pr(f)
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where the liminf is taken over all sequences E,, with |E,| = m, such that yz, — f
weakly* in L°°.

Due to (21), the minimization problem (22) is equivalent to the maximization
problem

sup / F(@) F@) K (x — y)dady. (23)
feEA, JRNJRN

We now show monotonicity and subadditivity of the energy in (23) with respect
to m.

Lemma 5.1.

i) If my > mg > 0 then

sup /RN/RN f@)f(y)K(x —y)dzdy > sup /]RN - f(@)f(y)K(z — y)dzdy.

FEAm, FEAm,
it) If Zi:l m; = m then
1
> oo [ [ A@R@K@-pdsdy< swp [ ] @i - ydody.
= ficAn, JryJRN feAm JRNJRN

Moreover, if the equality holds in the above inequality and if the supremum in
(23) is attained for all volumes m;’s, then m; = 0 for all i’s except one.

Proof. i) Let f € A, and let ¢ > 0. Let E C RY such that f(z) < 1—¢in F and
|E| = (m1 — m2)/e. We define

flz) = f(x) +exe(z) r e RN,

We have f € A, . Moreover, since K > 0,
/ F) () K (@ — y)dudy = / / J(@) f(y)K (x - y)dady
RNJRN RNJRN
K(z — y)dzd 2 K(x — y)dad
+46/RN/Ef(:v) (x —y)drdy + ¢ /E/E (x — y)dzdy
K(z — y)dxdy.
> [ 1@ @ - ey

1) We consider the case | = 2, as the case | > 2 can be treated analogously. Let
fi € A, and let € > 0 and R > 0 such that fRN\B(O R) fi(z)dx < e fori=1,2.
Note that

§2€HKHL1

/ fi@) Fi(w) K ( — y)dady - / / Fi() @)K (& — y)dady
RNJRN B(0,R) J B(0,R)

We fix zz € RN such that (f1(z)Xp(o,r)(®))(f2(z — TR)XB(zp,r)) = 0 for a.e. z,
and we let

f(z) = fl(x)XB(O,R) (z) + folx — UCR)XB(zR,R)-
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Then, f € A, for some m’ € [m — 2¢, m]. Hence, by item i), we get

sup /RN/RN 9(x)g(y) K (z — y)dzdy > sup. /RN/RN 9(x)g(y) K (z — y)dzdy

gEA, geA,,

> /R N /R @)K (@ —y)dedy = ; /B o) /B o fi(@) fi(y) K (z — y)dzdy

' /B(O.,R) /B(O,R) f1(@) fa(y) K (x — y + xg)dedy

2
= ;/}RN - fi@) fi(y)K(z — y)dedy — 4e || K|, (24)

from which we conclude by the arbitrariness of ¢.
Note that, since K # 0, we can always choose xg such that

/ / F@) fa(y)K (@ — y + z)dedy > 0
B(0,R) J B(0,R)

so that the last inequality in (24) is in fact a strict inequality. O

5.1. The potential function. Given a function f € A,,, we can define the po-
tential of f as

V(x) = - f(y)K(z —y)dy. (25)

In the following we give some properties of the potential V.

Proposition 5.2.

i) Ve C(RM)NLYRM)NL®(RY), with0 <V < ||K||z1 and ||V || g2 = m||K||L:.
i) lim|y) 10 V(z) = 0.
iti) There exists x € RY, density point of f, such that f(z) <1 and V(x) > 0.

Proof. i) By definition V€ L' N L, with 0 <V < ||K||z2 and ||V z1 = m| K||z1.
Observe that since f € L' and K € L*,

lim [fly—x—h)— fly—2)|K(y)dy=0 for every z.
h—0 RN

This implies that V' is continuous.
1) Let ¢ > 0 and let A, := {f > ¢}. We have

V)= [ K@ —y)dy<e|K|p+ / K(y)dy. (26)

RN r—Ac

For R > 0 we have

/ K(y)dy = / K(y)dy + / K(y)dy. (27)
z—A. z—(A.NB(0,R)) z—(A\B(0,R))

Since K € LY(RY) and limp_, |A: \ B(0, R)| = 0, for R sufficiently large we have

/ Ky)dy < <Kl
If(AE\B([)’R))
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which gives, recalling (27),
[ K
r—Ac

IA

/ K(y)dy + | K]l (28)
2—(A.NB(0,R))

A

< / K(y)dy + el Kl < 2¢ | K o1,
ly|>|z|-R

for = large enough (depending on R). The thesis now follows from (26), (28) and
the arbitrariness of e.

i#i) Since K # 0, there exist § > 0 and a bounded set A with |A| = k& > 0 such
that 0 ¢ A and K(z) > 6 for a.e. 2z € A. Let 9 € RV be a Lebesgue point of f
such that f(xz) > 0. Let yo € A be a point of density 1 in A, such that zq + yo is
a density point of f and we compute

V(mo+yo)Z/Af(xo—&—yo—z)K(z)dz25/Af(a:0+yo—z)dz>0.

If f(zo + yo) < 1, we are done, ¢ > V(xg + yo) > 0. If, on the other hand,
f(xzo 4+ yo) = 1 for all points yo which are points of density 1 of A and density
points for f(xzg+ ), then we consider y; € A be a point of density 1 in A, such that
To + Yo + y1 is a density point of f and we compute

V(mo—l—yo—l—yl)Z/f(xo—l—yo—l—yl—z)K(z)dzZé/f(xo+yo+y1—z)dz>0.
A A

Repeating this argument, we construct a sequence y,, € A of points of density 1 such
that zo+yo+- - -+yn is a density point of f, and such that V(zo+yo+---+yn) > 0.
Note that for some n > 0, we get that f(xo+yo + -+ yn) < 1. If it were not the
case, we would get

m = f(x)dmZZ/ N Af(x)dx:Z|A| = +00

RN n

which is impossible. 0
5.2. First and second variation. We now compute the first and second variation
of the energy in (22).
Lemma 5.3. Let f € A, be a minimizer of (22). Let S := {z |f(z) = 1} and
N = {z |f(z) = 0}.
i) For every v, ¢ € L*(RN,[0,1]) with [on ¢(z)dx = [pn (x)dz, and such that
Y=0 ae inS and p=0 a.e. in N, the following holds

[ 0@ ~ o)V @iz <o, (29)
R
it) There exists a constant ¢ > 0 such that
V(z)=c for everyxz € RN\ (NUS)
V(z)>c foreveryxeS (30)
V(z) <c for every x € N.
Proof. i) We argue as in [6, Lemma 1.2]. First observe that for every X, [on f +
At — ¢)dx = [zn fdx = m. Moreover, for all X € [0,1] and a.e. z € SUN, we get
that f(z) + A (z) — ¢(x)) € [0,1]. We consider two sequences . — ¢, ¢ — ¢

in L' such that [py ¢ede = [pn dodx = [;n ¢dz and such that ¢.(x) = 0 on the
set {z|f(z) > 1 — e} and ¢. = 0 on the set {x |f(z) < e}. So, choosing A > 0
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sufficiently small (depending on ¢) we can show that f + A(v. — ¢.) € A,,. By
minimality of f we get

TP+ AW — 62)) ~ Pr(f)) 2 0.

So, sending A — 0 and recalling that K is symmetric (2), we get

[ @ele) = 0ua) 1 =20 ) K @~ ) > 0

So, sending & — 0 and recalling that [,y (¢(z) — ¢(z))dz = 0, we conclude

0< [ (0@) = 91 26K (@~ y)da
= 1Kl [ ) = o@)de =2 [ ((e) = @)V (oo

RN
—=2 [ (0la) ~ )V (a)da.

i1) Choosing 1, ¢ in (29) such that ¥ = 0 = ¢ on S U N, we can exchange the
role of ¢ and ¢, and obtain that in R™ \ (N U S), V has to be constant. So, there
exists ¢ > 0 (by Proposition 5.2 ii4)) such that V(z) = cin RV \ (N U S).

Choosing ¢ in (29) such that ¢ = 0 a.e. in S UN, we get, since [pr(¢(x)
o(z))dz =0, fRN\(NuS)(w( z) — ¢(x))dr = —fS x)dzx. We compute

02 [ @ -s@WV@iss [ W - [ SUN)w(x)—qb(x))dx
/1/1 dx—|—c/RN\(SUN)(1/J(1: - da:—/ Y(x —c¢)dx

for all ¢ € L*(R™,[0,1]) such that ¥ = 0 a.e. in S and [,y (¥(2) — ¢(z))dz = 0.
This implies that V' < ¢ in N. With an analogous argument, exchanging the role
of ¢ and ¢, we get V(x) > cin S.

O

As immediate consequence of the first variation (30) and of the properties of the
potential V' we obtain that every minimizer of (22) has compact support.

Proposition 5.4. Every minimizer f € A,, of (22) has compact support.

Proof. By Proposition 5.2 lim|;| 4 V() = 0. Hence we can find R > 0 such that
0 < V(x) < cfor |z| > R, where ¢ > 0 is the constant appearing in (30). By (30)
this implies immediately that the support of f is contained in Bg(0). O

We now consider the second variation of the functional.

Lemma 5.5. Let f € A, be a minimizer of (22) and let S, N be as in Lemma
5.3. Then, for every & € LY(RN,[—1,1]) with [pn &(x)dz =0, and such that £ = 0
a.e. in N US, it holds

/ / E(@)EW) K (x — y)dzdy < 0. (31)
RN JRN
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Proof. We argue as in [6, Lemma 1.5]. Reasoning as in the proof of Lemma 5.3, item
i), we can assume that there exists a sequence £, — £ in L! such that f]RN & (z)dx =
0and & =0ae. in{z]| f(x) <eor f(zr) > 1—¢c}. So for A sufficiently small
[+ X € Ay, and by minimality we get

0 <Pr(f+Xe)—Pr(f)
~ ) (1Ko — 2V (@2))e(2)da — X2 / . (2)E () K (x — y)dady.

RN\ (NUS) RN JRN

Recalling (30) and the fact that fR ~ & (z)dz = 0, we conclude the desired inequality
by letting € — 0. 0

5.3. Existence of minimizers.

Theorem 5.6. For every m > 0 there exists at least one f € A,, which solves the
minimization problem (22).

Proof. The proof is similar to that in [6, Theorem 1.9] (see also [4]), and is based
on a concentration compactness argument.

Let f,, € A,, be a minimizing sequence, and recall that the energy can be written
as

Pl = mll Kl = [ [ @)K =)oy

We consider a partition of R in disjoint cubes: let Q = [0, 1]" and let Q* := 2+Q
for z € ZN. We fix € > 0 small and divide the cubes in two subsets:

I.,:={z¢ ZN | / fo(z)dz =:m, ., <€}, Acn = Uzer Q7
Qz
and

Jen =1z € zN | fa(x)dz =my, , > €}, E. . =U.,y. Q%
Qz

For z € I.,, and w € Z", recalling Riesz rearrangement inequality, we have

/ @) faly) K~ y)dedy < / / (x — y)dady

’mnz

/ / y)dydr < my, w/ K*(y)dy < mn,w/ K™ (y)dy,
B BE

) (32)

where the last inequality follows from the fact that z € I.,, and the previous
inequality from the fact that K* is symmetrically decreasing.
For R > 0, we compute

/ Ful@) o) K (& — y)dady
As,n RN

- ¥ / L @ K e sy

wWEZLN z€I¢ n,|z—w|>R

+ /z wan fn() ( fy)dacdy

weZN ZEIEn |z—w|<R
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By (32) the second addendum can be bounded as follows

> / o Fu(@) fa(y) K (& — y)dady

weZN z€I. n,|z—w|<R

< Y mu@R)Y /B K*(y)dy < m2R)Y /B K*(y)dy.

weZN

On the other hand the first addendum can be bounded as

> [ [ h@sKE -y

weZN z€I n,|z—w|>R Qv
= Zmzn/ Ky)dyém/ K(y)dy
2€Ic p ly|>R—VN ly|>R—vN

Collecting the two estimates, we get

/ Fu&) fu (W) K (2~ y)dady < m(2R)™ / K*(y)dy+m K(y)dy.
A JRN B. ly|>R—vVN (33)

Since K € L, hence also K* € L', we can choose R = R(e) in such a way that

e—0 e—0

lim R(e) = +o0 and lim R(E)N/ K*(y)dy = 0.
B.

With this choice of R, from (33) we get

[ ] @)K - ydedy < ) (34)
Acn JRN
where r(¢) — 0 as € — 0, uniformly in n. As a consequence, we obtain
Pt zmlKln - [ [ h@h @K@y -2, 6)
Es,n Es,n

Observe that, due to the fact that [,n f(z)dz = m, we have #J., < m/e.
Given w;,w; € J. ,, up to subsequence we get that |w; — wj| = ¢;; € NU {400}
as n — +o0o. We consider the following sets, for [ = 1,..., H., with H. < =

Ql, = U Q™. (36)

w'iEJE,n7 ci<+00

Note that by construction dist(Qé)n, Q’;n) — 400 if k # | as n — +00. Moreover,
always by construction, we get that

diam(QL ,,) < > (@ +2VN) <M.,

i€{l,...H. },c;i<oo
where M. does not depend on n.
Let f1¢:= faxou  and let z;, such that f}°(x;,) > 0. Up to subsequences we

can assume that f4(- 4z, ;) = fb¢ weakly* in L>, as n — +00. Observe that the
support of fLe(- 4+ x,,;) is contained in B(0, M.) for every n. Moreover, since the
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functional Pk is continuous with respect to the tight convergence (see for instance
[6]), we get that

lim i@+ 20) £ (y + @) K (2 — y)dady

RNJRN
=/ / Foe (@) o5 () K (¢ — y)dady.
RNJRN
Therefore

int Pic = lim Prc(f,) = mlKllp—tim [ [ fa(@)fuly) K(e—y)dody-2r(c)
m n n Ea, n
H.
=Kl = 3 i [ 855+ e fie ot on ) K o~ )dady — 20(2)
n JRNJRN

= ml Kl - Z PO R~ sty =200 37

We pass to a subsequence ex — 0 such that e is decreasing. So H.,, — H €
(0, +00]. Moreover, we can relabel the sequence in such a way that f,¢* and then
also their limit f“°* are monotone in sk By monotone convergence fir — f!
strongly in L'. Moreover if m; = fRN x)dzx, then Zz 1y =m < m. Again by
continuity of the functional with respect to the L!-convergence, from (37) and from
Lemma 5.1 we get that

sup [ [ f@ @K (@~ y)dady

fE€EAm

H
= lim T T —y)dr Ha)f! T —y)dx
=l @Kt <3 [0 0 - sy

RNJRN

H
<o [ [ @K@=ty <sw [ [ f@) @K @~ y)dody
250
<sw [ @5 wE( - y)dsdy
Ap JRNJRN

Therefore the previous are all equalities, and f! is a minimizer of Py in A,,, for
all I’s. In particular, recalling again Lemma 5.1, we get that H = 1, and f! is a
minimizer of Px in A,,. O

We finally show that, under a further condition on K, the isoperimetric problem
(5) admits a solution.
Theorem 5.7. Assume that for a.e. x € RN there exists £, > 0 such that for all
€< gy

/ IB(0,2) N B(2,8)|(K () — K(z + 2))dz > 0. (38)
B(0,2¢)

Then, for every m > 0 there exists a compact set E C RY such that |E| = m and
E solves the isoperimetric problem (5).

Proof. By Theorem 5.6 there exists at least one f € A,, which solves the mini-
mization problem (22). Moreover the support of f is compact due to Proposition
5.4.
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Assume by contradiction that f is not a characteristic function. Then there exist
Z # 7 Lebesgue points of f such that 0 < f(z), f(g) < 1. Let € < %|3‘v — y| and
define the function £(z) := Xp(z.) — XB(5,c)- Therefore, by the second variation
formula (31), for every € < 3|z — jj| we get

0> / E(y)E(@) K (x — y)dady
]RN RN

wh

- /B(o,e) /B<o,s>(K(x —y) — K@~y — (v —y))dody

:2/ |B(0,6) N B(z,e)[(K(2) — K(z —y + 2))dz,
B(0,2¢)

ich contradicts (38), and concludes the proof. O

Remark 5.8. A sufficient condition for (38) to hold is that

In

1]
2]
13
4
5
6]
17
g
9

[10]

[11]

[12

[13]

[14]
(15]

lim i(I)lf (K(z2) —K(z+x))>0 for a.e. z € RY. (39)
z—
particular this condition is always verified if K is positive definite, that is,

f]RNfRN d(x)p(y) K (z — y)dody > 0 Vo € LY(RY)
Jorfan $(@)0(y) K (z — y)dedy =0 iff ¢ =0,
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