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Abstract

We consider the relaxed area functional for vector valued maps and its exact value
on the triple junction function u : B1(O) — R?, a specific function which represents the
first example of map whose graph area shows nonlocal effects. This is a map taking only
three different values a, 3, € R? in three equal circular sectors of the unit radius ball
B1(0). We prove a conjecture due to G. Bellettini and M. Paolini asserting that the
recovery sequence provided in [5] (and the corresponding upper bound for the relaxed
area functional of the map u) is optimal. At the same time, we show by means of a
counterexample that such construction is not optimal if we consider different domains
than B;(O), which still contain the same discontinuity set of u in B1(O). Such domains
are obtained from B (O) erasing part of interior of the sectors where u is constant.
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1 Introduction

The analysis of polyconvex energies arises in many branches of calculus of variations, and
more specifically in problems coming from the mechanics of solids, like elasticity theory [2].
Particular attention has been given to energies with linear growth, and special issues concern
the property of lower-semicontinuity on the class of admissible states (see [1] and references
therein). A fundamental example of polyconvex function with linear growth is the area
functional, the functional which measure the area of the graph of a given map. This is
the simplest example of polyconvex energy related to a variable of a (physics, mechanics)
system, and already shows many particular features and issues which are surprising and row
against intuition.

The area functional is introduced as follows. Let {2 C R™ be an open set. The graph
of a smooth function v : Q@ — R¥ is defined as the subset G, of Q x RV given by

Gy = {(z,y) € AxRY 1y =v(z)}. (1.1)



The graph G, is a surface of dimension n embedded in R**¥  and then its area can be
computed, namely its n-dimensional Hausdorff measure. Considering the embedding ® :
x +— (z,v(x)), easy computation brings to the formula that, in the specific case N =1 is
given by

Av) = /9(1 +Vo?)bde, (1.2)

whereas, if, for example, n = N = 2, reads as
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Here J(v) stands for the Jacobian determinant of v, i.e.,
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J(U) T 8.131 8$2 81‘1 6302' (14)
It is easy to realize that such definition can be extended to all maps v € Whmin{nN}H(Q: RN),
More in general, one can try to define the area of the graph of still less regular maps,
proceeding by approximating them by regular functions (for the theory of polyconvexity
in WP see [16]). To this respect, one is led to define the area functional for any map
v e LY(QRY), given by

A(v) := inf{lim inf A(vy,)}, (1.5)

n—-+00

where the infimum is computed on all sequences of functions v,, € C*(Q; RY) such that v,, —
vin L' (;RY). However, in general, it is not true that the relaxed functional (1.5) coincides
with the original area functional (1.3) in W11 (€Q; RY), which is not lower-semicontinuous (see
[1]). Moreover, it might happen that the value of the lower semicontinuous envelope A(v) be
not finite for some function v € L' (Q; RN )\ Whmin{nN}(Q: RN). Therefore the first natural
question arising from definition (1.5) is to determine the exact domain D(A) C L'(Q;RY)
of the functional A. A second natural question is, of course, to determine the exact value
of it, namely a general formula like (1.2) or (1.3). This very challenging problem has been
completely solved in codimension 1, that is in the case the target space is R (N = 1) (see [8]).
In this case, the lower semicontinuous envelope of the area functional A : C1(Q;R) — R is
the functional

Alw) = {fQ VI [Vudz + |D%0|(Q) if v e BV(Q), L6)

400 otherwise,

where Vv represents the absolutely continuous (with respect to the Lebesgue measure £™)
part of the gradient Dv of v, and D®v its singular part. In other words, the area functional
has as natural domain BV (€2) the space of functions of bounded variations where it assumes
the general integral form (1.6). In particular, thanks to the good properties of the integral
form, it turns out that the area functional is subadditive if seen as function on sets. More
precisely, let us consider on any open set U C €) the area functional restricted to U, defined
as

Aw:U) = /U(l +|Vol?)E da. (1.7)

Then, for fixed v € BV(Q), we can look at A(v;-) as a function on Borel sets. As a
consequence of the expression (1.6) it turns out that A(v;-) is subadditive, namely

A(v; Uy UUz2) < A(v; Uy) + A(v; Ug)  for all Uy, Uy C Q. (1.8)

In higher dimension N > 2 all these good properties fail. First, it is only possible to prove

that
A(v: U) 2/ VI VoPdz + | D*|(U), (1.9)
U



and the inequality is strict in some cases. Furthermore an explicit example in [1] (which
consider a slight modification of an example in [2]) shows that the subadditivity property
does not hold true in general. In this example, first suggested by De Giorgi in [9], it is
exhibited a simple function u : Q C R? — R2, called triple junction function. The function
u takes only three values «, B, and 7, which are the vertices of an equilateral triangle of
side v/3 centered at the origin O of R2. The plane R? is divided in three sectors D4, DB,
and D¢, which have as boundaries three halflines with endpoint O and forming three equal
angles of 27/3. The function u then is defined by setting

u=aonD? w=pon DB w=~onD", (1.10)

thus showing three jumps on the halflines meeting in the triple junction O. In [1] it is proved
that for the function u : R? — {a, 3,7} the following happens:

(a) Let R > 0 be fixed and let Br(O) be the ball centered in O and with radius R. In
any open subdomain U C Br(O) such that O ¢ U the relaxed area functional A(u; U)
takes the form (1.9), and therefore its value is

A(w; U) = L2(U) + | D*u|(U).
Specifically, if p € (0, R) and U = Br(O) \ B,(O), then
A(u; U) = 7(R? — p*) + 3V3(R — p).

(b) The following two inequalities are provided

A(u; Br(0)) < £2(Br(0)) + 4V/3R, (1.11)
A(u; BR(0)) > £*(Br(0)) + 3V3R. (1.12)

(¢) If s> R>p>0, then
A(u; Br(0)) > A(u; B,(0)) + A(u; Bs(0) \ B, /2(0)). (1.13)

The estimate (1.11), proved in [1], is not optimal. In [5] this bound has been improved.
In order to give the precise value of the upper bound found in [5] we need some prelim-
inary. Let us define the rectangle R := (0,R) x (—v/3/2,v/3/2). Consider the function
¢ :(—v3/2,v/3/2) = RT defined as

(p(_ﬁ) = (p(ﬁ) =0, ¢(0)= %, ¢ is affine on (—?,0) and (0, ?) (1.14)

We will deal with the following minimal problem: we want to minimize the area of the graph
of continuous functions v : R — R belonging to the family

AL(R) :=={ve W' (R):v=0o0n (0,R) x {—v3/2,v3/2}, v(0,") = ¢(-)}.  (1.15)

If 7 is a minimizer for this minimum problem, the correspondent value of the area of the
graph is denoted by mpg, namely

mp = A0; R) = inf{A(v; R) : v € AL(R)}. (1.16)
Hence, in [5], the following inequality has been proved
A(u; Br(0)) < £L2(Br(0)) + 3mp. (1.17)

Furthermore Bellettini and Paolini [5] conjectured that such value is optimal, that is, for
any sequence of maps v, € C1(Br(0);R?) such that vy, — u strongly in L*(Br(0);R?) it
holds

lim inf A(vy; Br(0)) > L*(Br(0)) + 3mg. (1.18)



In the present paper we propose a proof of this conjecture. Actually, without lose of gener-
ality, we work in the specific case R = 1 and denote m; = m. Therefore we prove

A(u; B1(0)) = 7 + 3m. (1.19)

In order to show this result, we have to introduce some preliminary on currents and the
concept of Cartesian maps. We thus exploit some well-known cornerstone Theorems of
calculus with Cartesian currents, as their properties of closure and compactness. Then, the
proof of (1.19) is articulated in three sections. In the first one, Section 3, we introduce
the problem in the domain Q = B;(0), and start by taking a sequence v, € C'(Q2;R?)
approaching u, supposing it is optimal, namely

A(vg; Q) = A(u; Q).

Then we divide the domain in more sectors in order to detect the different behavior of the
approaching sequence {vy}. In particular we consider one small triangular sector containing
the junction point O, and three other main sectors each containing one of the lines forming
the jump set of u. We first look at the graphs of v in these sectors, treating them as
integral currents in € x R2. Choosing suitable maps from R* to R3, and considering the
push forward by them, we then reduce to consider integral currents in R?, which have the
advantage of being currents of codimension 1. This procedure of dimension reduction leads
to four integral currents S!, S2, S3, and T, which satisfy the following key inequality!

IS + |52 + |83 + |T| + £2() < A(u; Q). (1.20)

The currents S L §2, §37 and T show the following properties: they are supported in the
prism P :=[0,1) x T, where T is the closed triangle in R? with vertices o, 3, and v, T is
supported in {0} x T, the sum S14 824+ 834+ T is a closed current in (—00,1) x R2, and each
St shows a specific boundary a5 which, up to an error (see formula below), is supported
on the edges of the prism: more specifically, there are integral 1-currents N4, N2, and N¢,
such that, R

OS' = —N4 + NP — (Id x )4[[0, 1]] + (Id x v)s[[0, 1] + V*,

with (Id x a)y[[0, 1]] representing the graph of the constant map f = o on the segment
(0,1), and V! being a current supported on {0} x 7. Similar formulas hold for 52 and 53
(see Section 3 for details).

Afterward we are ready to state our main result, Theorem 3.7. This asserts that

|51+ 182 + |S%| + T > 3m, (1.21)
which, together with (1.20), will provide the lower bound
A(u; Q) > L2(Q) + 3m.

Combining this with the upper bound proved in [5], namely (1.17), we finally conclude
(1.19).

Let us spend some words on the optimal construction obtained in [5]. For the
recovery sequence therein the limit currents §17 §2, 53 will coincide with the minimal
surfaces providing the solution of problem (1.16). In particular the current V! (and similarly
V2 and V?3) turns out to be the graph of ¢ appearing in (1.14). Moreover in this case the
current 7 turn out to be null, as for the currents N4, NZ and N, which do not appear
for the optimal recovery sequence. In some sense, the presence of 7 and N4, NB, N¢ do
not provide better estimates for the area functional, and at optimality, they must vanish.

ITo be precise, we prove this inequality with £2(Q) replaced by £2(Q) — ¢, where ¢ > 0 is a small
parameter depending on the geometric construction; the inequality in (1.20) follows from the fact that we
can render € as small as we want optimizing the geometry of the construction, see Section 3 and Theorem
3.7.
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Figure 1: On the left it is represented the domain B;(O) and the sectors D4, DB, and
DY where the function u takes the values a, (3, and v respectively. The three segments
meeting at O are the jump sets of u. The picture on the right represents the thin domain
Uy, obtained from B;(O) by cutting part of the interior of the sectors where w is constant;
the jump set is still drawn in black, together with three small segments connecting O to AU,
which represent the set where the vertical currents G,, concentrate.

In order to prove Theorem 3.7 we need to get rid of the currents N4, NB and N,
appearing in the boundaries of S?. To this aim, we introduce a Steiner type symmetrization
technique in Section 4. This is the heaviest part of the paper, and the more technical. The
main idea relies into construct three symmetrization operators Sa, Sg, Sc, each symmetriz-
ing the currents S° and 7 with respect to one of the heights of the triangle 7', and with
the property of decreasing the masses of S?, T, and of their boundaries (see Lemma 4.23).
Then, applying repeatedly these operators, we are able to reduce to integral currents S*,
S2, 83, and T which still satisfy (1.20), but have now well-properties at the boundaries; in
particular the new currents N4, NB and N, are null. This brings us to Section 5, where
we finally prove Theorem 3.7. First we list some key features of the brand new currents S,
S2, 53 and T (see properties (i) and (ii) at the beginning of Section 5). Observing that such
properties are closed in the class of integral currents, we reduce our argument to a problem
of minimal surfaces. This problem consists of minimizing the mass |S*| + |S?| + |S®| + |T]|
among the class of integral currents satisfying properties (i) and (ii), which in particular
contain a fixed boundary condition for such currents (see problem (5.12)). Some additional
Lemmas bring us to deduce that the minimizers of this variational problem consists of three
currents S° (the currents 7 turns out to be zero) which can be identified with three Cartesian
currents on the rectangle R' = (0,1) x (—v/3/2,v/3/2). The boundaries of these Cartesian
currents are shown to satisfy the same Dirichlet boundary datum as in (1.15). From this it
easily turns out that the minimal mass of each S* must be m, and (1.21) is achieved.

At this last step it is evident how we use the good feature of the class of Cartesian
currents in codimension 1. In fact we strongly exploit the fact that every Cartesian currents
is approximable by graphs of smooth functions, which is a property that is true only if the
target space of these functions is R (i.e., one dimensional). We stress that at this point the
dimension reduction exploited in Section 3 becomes crucial.

In the following Section 6 we face the problem of studying the optimality of the
bound in (1.17) for different domains 2 still containing the triple junction. First let us
emphasize that part of the conjecture in [5] also asserts that the same bound holds in the
case that the lines meeting in O, boundaries of the regions D4, DE, and D¢, form angle not
necessary equal to 27/3. We do not treat this case directly, but a sharp inspection of the



proof we provide should show that it can be adapted to such a case, encouraging us to assert
that also for this more general geometry the conjecture is true (however we do not detail
this argument here and then are not in position to state a general result). On the one hand,
as a consequence of the lack of subadditivity, it is not possible to express the area functional
with an integral formula like (1.9). The example of the triple junction function and the
corresponding features described in (a) above shows that it is evident that the nonlocal
behavior of A(u;-) strongly depends on the presence of the junction point. In absence of it
the additivity comes back. Furthermore, the recovery sequence {v,} € C1(Q;R?) provided
in [5] such that
L(Br(0)) + 3mp = liminf A(vi; Br(0)),

shows the following feature: if we look at the graphs of v, as integral currents in Br(O) x R?,
they concentrate in the singular set J, x R2, J, being the union of the three radii with
endpoint the triple junction O (i.e. the jump set of u). In other words, if G,, € Da2(Bgr(0) x
R?) denotes the current carried by the graph of vy, then

gvk - Sv

with S a Cartesian current which writes as S = G, + V, where V € Dy(Br(0) x R?)
represents the vertical part originated by the concentration of G,, , and supported on the set
J, x R%. This phenomenon might lead to the following issue: if, let us say, u € SBV (Q2; R?)
and J, represents the jump set of u, and if vs are C*(£2;R?) functions providing

A(u; U) = liminf A(vg; U), (1.22)
k—o0
then is it true that the graphs G,, tends to a Cartesian current S = G, + V where the
vertical part V is concentrated to the set J, x R2? If this question had a positive answer,
we would be led to conjecture that A(u;-) writes as

A(w; U) = G| + At (u™,u™5 Jy), (1.23)

where A,,; is a nonlocal term whose value depends only on the jump set J,, and on the traces
of u on it, namely 4+ and «~. To my opinion this reasoning is misleading and the answer
to the previous demand is, in general, negative. To justify this assertion, we provide an
example in which the domain Uy, of the triple junction function u is a subdomain of B;(O)
obtained by biting part of the area where u is constant (namely the inner part of the sectors
D4, DB and D). This domain still contain the whole jump set .J,, of u in B;(0), and in
particular the junction point O, since it contains a neighborhood of it (see Figure 1, on the
right). Contrarily to what one might aspect, the area functional computed on this domain
is less then £2(Uy) + 3m, i.e.

A(u; Up) < L2(Uy) + 3m. (1.24)
This example prove the following assertions:

e The recovery sequence provided in [5] is not optimal for the domain U,, even if it
contains the same discontinuity set of v in By (O).

o A formula as (1.23) is false. Indeed, in the case Q = B;(O) it turns out from (1.19)
that A, (u™,u™;J,) = 3m. However inequality (1.24) gives rise to a different value of
Ani(ut,u=; J,), even if J, and the traces u* does not change.

We do not conjecture that the sequence v, of approximate functions we construct in Section
6 and such that

liminf A(vy; Up) < L2(Up) + 3m

k—o0

are optimal. At the same time, we believe that for this specific domain the graphs G,, of
an optimal sequence concentrate outside the set .J, x R2. At least, in the specific example



of Section 6, this graphs converge to a Cartesian current G, + V where the vertical part V'
is supported on a set K x R?, where K contains, besides of J,, three additional segments
connecting O to the boundary of Uy, lying on the bisectors of the halflines forming the triple
junction (see Figure 1 on the right, where the set K is emphasized). Similar examples of
this behavior have been provided in [7, Section 7], where the authors study the relaxed area
functional in the presence of a function w with a prescribed discontinuity on a curve. Our
construction of the approximating sequence vy, is similar to the one used in [7], where the
jump set of u is somehow prolonged on a path reaching the boundary. In our case, this path
is not fixed, but depends on k and at the limit as £k — oo becomes exactly the union of the
three lines in 1 connecting O to the boundary. What is crucial here is that on this set we
do not have uniform convergence of vy, to w.

Let us conclude this discussion emphasizing that the highly bad behavior of the
area functional becomes evident in the presence of junction points as for the map u. It is
possible that, when the jump set consists of a simple curve non self-intersecting, a formula as
(1.23) holds true. There are important contributions in this direction in the very interesting
papers [6, 7], where the authors study exactly this kind of singularities. More specifically
they prove a formula like (1.23) (with inequality < replacing the equality =) that in some
cases can be shown to be optimal (that is equality holds). The nonlocal term A,;(u™*,u™; J,)
is related to a problem of minimal surfaces (see Theorem 1.1 in [6]).

Under the light of these last observations we realize that the problem of a full
understanding of the relaxation of the area functional, and, more in general, of polyconvex
energies in codimension greater than 1, is still a challenging issue we are far from.

2 Preliminaries

k-forms. Let a be a multi-index, i.e., an ordered (increasing) subset of {1,2,...,n}. We
denote by || the cardinality (or length) of «, and we denote by @ the complementary set
of a, i.e., the multi-index given by the ordered set {1,2,...,n}\ a.

For all integers n > 0 and k > 0 with k& < n, we denote by AxR™ the space of
k-vectors and by A*R™ the space of k-covectors. Let € C R™ be an open set. The symbol
DF(Q) stands for the topological vector space of smooth and compactly supported k-forms
(that is the topological vector space of compactly supported and smooth maps on Q with
values in A¥R™). Any k-form w € D¥(2) can be written as sums of elementary forms,

namely
o= 3 pads®,
|| =k

where ¢, is a smooth compactly supported real function, and dxz® is the simple covector
defined as dz® = dax® A --- A dxk.

Assume U C R™ and V C RY be open sets and F' : U — V be a smooth map; then,
for any w € D¥(V) is defined a form F*w € D*(U) called pull-back of w by F; if w = ¢,dy®,
|a| = k, then

Ffw = (pq o F)dF,, (2.1)
with
dF, = dFy, NdFy, \--- NdF,,,
where OF
dF,, = zk: 63;(: dzy.
For a N x n matrix A with real entries and for multi-indices « and § with |a| = |8] = k <

min{n, N}, M?(A) denotes the determinant of the submatrix of A obtained by erasing the
i-th columns and the j-th rows, for all i € @ and j € 8. We denote by M (A) the n-vector



in A,R"™ given by

n

MA) =Y Y ola,a)MI(Aex Aeg,

where {e;}i<y is the canonical basis of R", {¢;};<n the canonical basis of RY, and o(a, @)
is the sign of the permutation (a, @) (see [11, pag. 230]). Accordingly, we set

min{n,N}

MA) =0+ Y [MEAP)

k=1 |a|=|Bl=k

Generalities on currents. The dual space of D¥((2), denoted by Dy (£2), is the space
of k-currents on Q. We define a weak convergence in Dy () setting 7; — 7T as currents if
for all w € D*¥(Q) we have T;(w) — T (w). For all currents 7 € Dy () the mass of T in
U C Q is the number |7 |y € [0, +00] defined by

[T|v = sup T (w).

weDF(U), |w|<1
The boundary 9T € Dy_1(R™) of a current T € Dy (R™) is defined as
OT (W) = T(dw) V¥ € DF-L(R™). (2.2)

A current T is said closed if it has null boundary, namely if 97 = 0 as current.

Given an oriented surface S of dimension & < n embedded in R"™, this defines a
current in D (R™), obtained as integration of k-forms over it (the “volume form” is given
by the orienting k-vector). We will often identify surfaces with currents and use the same
notation for both. Given a k-rectifiable set K (a countable union of subsets of Lipschitz
surfaces) and a summable real function 6 on it (with respect to the k-dimensional Hausdorff
measure) we can define a current K integrating k-forms over K as follows

K(w) = /K (), 70(x))dHF (), (2.3)

where (-, -) is the duality product between covectors and vectors. Here 7 : .S — Ap(R™) and
6 : S — R are such that 7(z) € T,,S is a simple unit k-vector for H*-a.e. z € S and 0 is
a H*-integrable function. The current K, denoted by K = {K, 7,0} is said rectifiable. If K
has rectifiable boundary and 6 is an integer-valued function, then K is said rectifiable with
integer multiplicity (or simply integer multiplicity current, i.m.c.). An integral current is an
integer multiplicity current with finite mass and finite boundary mass. We use the notation

N(T):=|T|+10T|.

An integral current 7 € Dy (R™) is said indecomposable if there exists no integral current
R such that R #£0 # 7 — R and

N(T)=N(R)+ N(T - R).

The very specific case in which the integer mutiplicity current K € D,,(R"™) is of the form
K ={K,7,0} with 6 =1 and 7 = e; A --- A ey, then K turns out to be the standard
integration over the set K and is denoted by

K = [K].

Moreover if K is a set of finite perimeter then the current [K] is integral.
The following theorem provides the decomposition of every integral current and the
structure of integer multiplicity indecomposable 1-currents (see [10, Section 4.2.25]).



Theorem 2.1. For every integral current T there exists a sequence of indecomposable in-
tegral currents T; such that

T=> T and N(T)=> N(T).

Suppose T is an indecomposable integer multiplicity 1-current on R™. Then there exists a
Lipschitz function : R — R™ with Lip(f) < 1 such that

FL(0,|TY) is injective and T = f¢[(0,|T])].
Moreover OT = 0 if and only if f(0) = f(|T|).

Assume U C R™ and V C R¥ be open sets and F' : U — V be a smooth map. The
push-forward of a current T € D (U) by F is defined as

ET(w) :=T(Fw) for we D¥V),

where Ffw is the standard pull-back of w and ¢ is any C* function that is equal to 1 on
spt7T N sptFiw. It turns out that FyT € Di(V) does not depend on ¢ and satisfies

OF,T = F,OT. (2.4)

We will also employ the following crucial fact, which actually is valid for every
dimension but, in our setting, will be used only in codimension 1.

Theorem 2.2. Letn > 1 be an integer. Let T € D, _1(R™) be an integral current such that
OT = 0. Then there exists an integral current S € Dy, (R™) such that 0S = T.

This is a standard result; in particular the current S can be the so-called cone over
T, see [14, Section 7.4.4]. Besides, S can be given by the isoperimetric inequality Theorem,
see [14, Theorem 7.9.1].

Cartesian currents and graphs. Let £ C R™ be an open set, and let u : Q — RY be
a smooth map. The graph of u is the set

Gy = {(2,y) € A xRY 1y = u(x)}.
This is the support of the current G, € D, (2 x RY) given by
Gy := (Id x u)4[€]. (2.5)

This turns out to be an integer multiplicity current whose mass is obtained as the result of

Gulemy = /Q M (Du)dz. (2.6)

Notice that this is exactly the area of the graph of u. In the specific case n = N = 2
this formula reads as (1.3), namely A(u; Q) = |Gylaxgr2. In order that G, be an integer
multiplicity current much less regularity of u is needed. Indeed it suffices that u is approxi-
mately differentiable a.e. in Q and that all the minors Mg (Du) (for all |a| = |3| = k, for all
k < min{n, N}) belong to L' (2). We denote the class of functions u € L'(Q; RY) satisfying
these conditions by A'(€; RY), namely

AN QRY) = {u e LNQ;RY) ¢ wis appr. diff. a.e. in Q,
and Mg (Du) € L'(Q) V |a| = |8] = k, k < min{n, N}}

The class of Cartesian maps is Cart(£2; R”Y) defined as

Cart(Q;RY) := {u € AYQ;RY) : |Gu| < 400, 8G, = 01in Q x RV}, (2.7)



Let 7 be an im.c. in D, (22 x RY). For all multi-indices a and 3 with |a| + [3] = n we
define
TP (W) := T (wapdz® A dy®),

the af-component of 7. The 700 component can be identified with a Radon measure on
Q. If the component 7% is a Radon measure with bounded variation it is well defined the
norm

[T = sup{T (¢(z, y)|yldy) : ¢ € CI(Q x RY), [p] < 1}.
We define the class of graphs as
graph(Q x RY) := {T € D,,(Q x RY) s.t. T is an i.m.c. with M(T) < oo,
[T < 00, M(AT) < 00, T >0, mT = [Q]}, (2.8)

where 7 : Q x RV — Q is the standard projection into the Q. A proper subclass of the
graphs is the class of Cartesian currents defined as follows:

cart(Q x RY) := {T € D,,(Q x RY) s.t. T is an i.m.c. with M(T) < oo,
1Tl < 00, 0TL(QxRN) =0, 7% >0, my7 = [Q]}. (2.9)

By the structure theorem for Cartesian currents (see [11, Section 4.2.3]) we can always
decompose a Cartesian current 7 as a graph plus a vertical part, namely

T=G,+S, (2.10)
where S is concentrated on a set g x RN, L(Qg) = 0, and satisfies
S(wapdz® Ady®) =0 if a # 0.

In codimension 1 every Cartesian current can be approximated by graphs of Cartesian maps:
if T € cart(Q x R) then there exists a sequence of smooth functions uy such that G,, — T.
Moreover if T = G, +8 then uy — u in L' (). This is a consequence of the approximability
of BV-functions with real values (see [11, Section 4.2.4]).

Slicing. We will need some elementary application of the technique of slicing. Very
often in the following of the paper this technique can be reduced to a generalized version of
Fubini integration Theorem. For this reason we do not go into details and we refer to [14]
(see also [10] and [11]) for a complete discussion.

Let S be an integral current in D (R3), k& > 1 and let z be one of the three coordinate
in R3. We denote by (S, t) the slice of S on the plane {z = ¢}. This is an integral current of
dimension k — 1 with some important features related to S. In particular (see [14, Lemma
7.6.3]), if S is supported on a rectifiable set (denoted by S), then (S,t) is supported on
SN{z =t}, and it holds

/OO (S, t)]dt < |S]. (2.11)

Moreover it holds true, for H'-a.e. t € R,
0(S,ty = —(98,t). (2.12)

2.1 Technical preliminaries

Lemma 2.3. Let D C R? be a bounded open set and vy, € C*(D;R?) be such that vy, — v = c,
a constant, in L*(D;R?). Assume that

| Dugllps + |[J(ve)|lr < C < +o0  for all k. (2.13)

10



Then, up to a subsequence, G,, — G, + S as currents, where S is the vertical part, and
Gy + S| = |Gy| + |S| = L*(D) + |9]. (2.14)

Moreover for all € > 0 sufficiently small there exists an open set A C D with |A.| < € such
that, for a not relabeled subsequence,

Gu L (Ac x R?) = G, L (A. x R?) + 8. (2.15a)

Let us write Gy, L (D x R2) = Z¥ + ZF where, for any w = wapdz® A dy® € D2(D x R?),

Zf(wagdxo‘ A dyﬁ) = / wag(z, vk(x)))Mg(ka)(x)dx,
A.ND

Zf(waﬁdxa A dyB) = / woéﬁ(a:,vk(gc))Mg(ka)(gc)d:)s7
AenD

and define I1 : D x R2 — R3 the map 11 : (21, 22, y1,12) — ( 23 + 23, y1,y2). Then

I,z —o. (2.15b)

Proof. By the theory of Cartesian currents we know that the weak limit of the currents G,,
is of the form G,L. D" + S where D% is a Borel subset of D such that |[D\ DT| = 0 (see
Theorem 2 in [11, Section 4.2.3]). Expression (2.14) follows from the fact that G, and S are
singular with respect to each other, and furthermore |G,| = £2(D), being v = ¢ a constant.

Let us fix € > 0. By (2.13) and the biting Lemma [4] there exists a (not relabeled)
subsequence and a Borel set A C D with |A.| < € such that Dv, and J(vy) are equi-
uniformly integrable in L*(D \ A;R?), and thus there exist the limits

Du, — G weakly in L' (D \ A R?*?),
J(vr) = d  weakly in L'(D\ A,).

From Theorem 5 in [11, Section 4.2.3] (see formula (17) for d and (18) for G with |8| = 2)
we find out that G = 0 and d = 0, namely

Du, — 0  weakly in L'(D \ A;; R**?),
J(vg) =0  weakly in L*(D \ A,). (2.16)

Fix now any function ¢ € C°(D x R?), setting w;; = pdz’ A dy’, we infer

Gu, L (A x R?)(wij) =/ (@, v (2)) Dy(vy ) (x)dx (2.17)

€

:/ o(x, v (x))D;(vk) j (z)dx — oz, vg(2)) D7 (vg) ; (x)de, (2.18)
D D\ A,

tends to

Gulwij) + S(wsj) — /D P @)D (@) = Gl (A )+ ().

To let the last term pass to the limit we have here used [11, Proposition 1, Section 1.2.4,
pag. 54]. Arguing similarly for a form w = w;; = pdz® A da? and for w = pdy’ A dy?, thanks
to the convergence of the Jacobian, we conclude (2.15a).

To prove (2.15b) we check that ﬁﬁZf(w) — 0 for all w € D?(R3). It suffices to
consider the three cases w = @dp A dy’, i = 1,2 and w = pdy' A dy?. Take w = @dp A dy’,
i=1,2,

Mfw=go ﬁ(:lc)(rx—l‘dxl Ady' +

T2 122 A dy"),
||

11



so that, thanks to (2.16),

ﬁﬁgvk I—((D \ A X R2 Z / A ] a(vk)i dr — 0.
D\A

P “al s

i
If we choose w = pdy' A dy? we have

Mfw = p o Ii(z)dy" A dy?,
and hence, from (2.16),

.Gy, L (D \ A,) x R)(w) = /D | eeTiwws -0

so that (2.15b) follows. O

Let T be the triangle in R? with vertices a, 3, and +. Let 7wy : R2 — T be the
orthogonal projection onto the convex set T

Lemma 2.4. Let v € CY(Q;R?). Then A(nr ov) < A(v).

Proof. We observe first that the map 77 o v is Lipschitz, that is of class W>°(Q; R?), and
its Jacobian determinant satisfies, almost everywhere on €,

J(rrowv) = J(rr)(v)J(v) < J(v), (2.19)

the inequality following from the fact that J(mr) is 1 on T and null elsewhere. Moreover
since mr is a contraction, it holds

|<9(7TTOW)1|2 |5(7TTOU)1|2+‘3(7TTOU)2|2 |3(7TT°U)2|2
61‘1 8%2 axl 833‘2
O(mrowv d(mrow ov v
= (Ao AL Py D
Oz Oxo Oz O0xa
81}1 2 81}1 2 81}2 2 81}2 9
. 2.20
=15, \ +la | 50, | \ax2| (2.20)
Putting together (2.19) and (2.20) we conclude. O

Here we state a result which relies on standard techniques in the theory of minimal
surfaces:

Lemma 2.5. Let ¢ : (—v/3/2,v/3/2) — Rt be the piecewise affine function defined in
(1.14). Let l; be an increasing sequence of positive numbers such that

i /1>0 asj— oo, (2.21)

and let R; be the rectangle (0,1;) x (—v/3/2,4/3/2). Let m; be the area of the minimal
surface satisfying problem (1.16) in R;, namely m; = my,. Then

mj —m;  as j — oo. (2.22)

Proof. On one hand it holds m; < my for all j. Indeed, let u; be the minimizer of the
minimum problem (1.16), i.e

V3/2  pl;
A(ujs R / / \/1+|Vu,;|2dzidzy = m;, (2.23)
V3/2J0

and let u be the minimizer of the same problem in the domain R; := (0,1) x (—/3/2,/3/2).
We easily see that ul_(0,1;) x (—v/3/2,v/3/2) is an immediate competitor for the problem
(1.16) in R, and therefore

m; S A(Uj;Rj) S .A(’LL,RJ) § A(U,Rl) =my. (224)

12



We therefore deduce limm; < my;. Let us prove the opposite inequality. For fixed j we
define the function @; on the domain R; = (0,1) x (—v/3/2,v/3/2) as

uj(xl — (l — lj),],‘g) if zq € ((l — l]),l)

2.25
o(z2) otherwise. (2.25)

Uj(w1,22) = {

It is then checked that @; is an admissible competitor for the problem (1.16) in R;, and
moreover

ATy Ry) = my +2(1—1). (2.26)

In conclusion we have found
mj +2(1 = 1;) = A(ug; Ry) < my, (2.27)
and the thesis follows. O

We will consider a suitable sequence {v;} € C'(Q;R?) approaching the triple junc-
tion function v and such that
lim A(vg; Q) = A(u; Q). (2.28)
k—o0
Notice that if we focus our attention to sequences of Lipschitz functions, the value of the

area functional does not change thanks to the approximability of functions of class C'*(£2; R?)
(see step 1 of the proof in [5, Section 2]).

3 The problem in Q = B{(O)

We study the problem of the area functional in the domain = B;(0), the ball centered
at the origin and with radius R = 1. In the sequel we will denote by u : Q@ — {«a, 3,7}
the triple junction function defined in the introduction. Let {vy} be a sequence of functions
in C1(Q;R?) with vy — w in L}(;R?) such that (2.28) holds true for Q = B;(0). In
particular we can assume that vy converge to u pointwise a.e. in 2. Thanks to Lemma 2.4,
up to replacing vg by 71 o vy, it is not restrictive to assume that vy takes values in T for all
k € N. With this assumption we cannot ensure that vy is of class C' everywhere, but we
can still suppose that it is of class C'* in the set v, *(T'), where T = T'\ T is the interior of
T. We will prove that

klim A(vg, Q) > L2(Q) 4 3m = 7 + 3m, (3.1)
— 00
with m = m; being the value introduced in (1.16).

Geometric setting. Let us denote by J;, i = 1,2, 3, the segments of length 1 which
are the jump sets of the function w; specifically J; is the interface between the sets {u = a}
and {u = ~}, Jo is the interface between {u = S} and {u = a}, and J3 is the interface
between {u = v} and {u = S}.

We will now select three sequences of real numbers 6; € (—7/6,7/6), p; € (0,1),
and &; € (0,1) with ; — 0, p; — 0, and §; — 0. We first set (identifying R? with C)

27 4mi

Bj = pjeefi, Aj =€ 3 Bj, Cj =€ 3 Bj.

The points Bj, Aj, and C; are the vertices of equilateral triangles with edge \/§pj centered
at the origin. The numbers 6; and p; > 0 are then chosen in such a way that the sequence
{vx} converges to u at the points B;, A;, and Cj, for all fixed j = 1,2,.... Notice that
such a choice is possible since vy converges to u a.e. in 2. Moreover thanks to the specific
choice of §;, it is easy to see that vi(B;) = u(B;) = B, vg(4;) = u(4;) = o, and v (C;) —
u(Cj) =, forall j=1,2,....
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Figure 2: The domain By (O) is decomposed in many sectors where we treat the graphs of
vy, in different way.

Let lj and ri be two parallel halflines starting from the points A; and C; respectively,
perpendlcular to the edge A;C;, and contalned in the halfplane {x < 0} (see ﬁgure 2).
Similarly construct the halflines 1 := e ilJ, 1 := 5 ird, I=e il and rhi=e Fipd,
Up to choosing 6; small enough, we can assume that these halflines form a neighborhood of
the three segments Jiyi=1, 2,3. . '

The halflines I{ and r{ meet 0B;_;,(0) at, say, P(l{) and P(r{). Similarly are
defined the points P(7) and P( Iy fori=2,3. Cons1der the rectangle R} of vertices P(1)),

P(r]), Cj, and Aj, let R::=e 5 ’le and R? := e 5 sz Let I; be the 1entgh of the segment

A;P(1]). The region enclosed between the lines I, 3, and the circle 0By, (Aj) (consider
the sector not containing O) is denoted by DA The arc obtained as 1nterbect10n of the
boundary of DA and 0By, (A;) is denoted by cA It is here remarkable that if the number p;
is small enough with respect to §;, then it is eaelly seen that the sector D;‘ is well contained
in Q@ = B;1(0) (actually it suffices p; < 2§;). Similarly DJB, cf are obtained by rotating D;‘
and cj‘ around O clockwise of an angle of 27/3. If the angle is 47/3 we get DJC and cjc
respectively. We define the set

3 i | A B C
Lj:=U;_10R; Ucj Ucj Ucj .
We will now suitably choose the sequence of real numbers 6; > 0. Let us first make

some elementary deductions from (2.28). We observe that there exists a constant C' > 0
such that

Z/ |%|m+/ J(up)lde <C Wk €N, (3.2)
ih Q h Q

In particular, by Fubini Theorem, it is not restrictive to assume (up to choosing suitably
the numbers 605, p;, and 6;) that for all j = 1,2,..., there is a constant C'(j) > 0 such that
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it holds

hmmf Z/ |d’H1 /L|J(vk)|d7-l1>§0(j) Vj € N. (3.3)

J

This is a consequence of the Fatou Lemma. Moreover we can also assume that the functions
vy, pointwise converge to u H'-a.e. on L;. Notice that in general the constant C'(j) depends
on j.

Summarizing, we choose 6, p;, and d; in such a way that:

(H1) The functions vy converge to u at the points B;, A;, and C;, and at the points P(lf),
P(r]) for i = 1,2,3 and for all fixed j =1,2,....

(H2) The functions vy pointwise converge to u H'-a.e. on Lj, for all fixed j =1,2,....

(H3) The functions vy admit a subsequence (depending on j) of uniform (with respect to
k) bounded variation on L, functions, (as a consequence of (3.3)) for all j =1,2,....

The set L; consists of 3 arcs and 12 segments, six of the latters are the long sides
of the rectangles R’ whose length is [;, the other six are the short sides of these rectangles
with length \/g,oj. Denoting by {L?}}f:l these arcs and segments we parametrize each of
them by a homomorphism (b? :10,1] — L;L. Notice that

L AL 9 N0, 6 N\0. (3.4)

We now fix the index j € N. We will pass to the limit as 7 — oo only in the end of
the proof of our main result (3.1) (see Theorem 3.7 below).

Exploiting hypotheses (H1)-(H3) it is not hard to see that we can extract a (non-
relabeled) subsequence of {vy} such that

(H4) the functions vy, o ¢} converge in L'([0,1];R?), pointwise a.e. on (0,1), and pointwise
at the points {0, 1}, for all h = 1,...,15, and converge weakly star in BV ([0, 1]; R?).

From hypothesis (H4) it follows that the image currents (vi 0@} );[[0, 1]] admit limits
in the weak topology [14] in the class of integral 1-currents (and will be identified with curves
in R? with specific endpoints). These will be crucial in the following discussion. Notice that
with this notation, and still denoting by [{ the segment between A; and P(I]) for instance,
the current (vg);[l] coincides with (vy, o ¢f)4[[0,1]], for some h € {1,...,15}.

Remark 3.1. The construction of the sets L; depends on the parameters in (3.4). In what
follows we will keep j fixed, and many objects we are going to define will depend on j. We
will get rid of such dependence only at the end of this section, in the proof of Theorem 3.7
below.

The current S{ originated from le-. Let us now focus on the rectangle R]l and let
(z1,22) be a system of Cartesian coordinates such that R} = (a,b) x (—v/3p;/2, V3p;/2).
We can assume x; represents the distance between the point (21, z2) and the segment A;C;.
In such a case we have a = 0 and b = [;, with [; being the length of the part of l{ inside
the ball By_5,(0), hence R} = (0,1;) x (—V3p;/2,v/3p;/2). We define, following the idea
in [6]%, the map ®; : R} — R® given by

D (21, 22) = (:zzl,vk(scl,xg)). (3.5)

2This function, using the terminology introduced in [6,7], is a semicartesian parametrization, whose role
of dimension reduction will be crucial in the following discussion.
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The image of @y, is a surface in R® which is identified with an integral current S} € D2(R?).
Thus

S = (®r)s[R]]. (3.6)

In a similar way we construct the maps @y : R;- — R3 and the associated image currents
Si, for i = 2,3. Let us introduce the projection IT : R* — R? given by

H(z1, 22, y1,y2) = (21, Y1,Y2)- (3.7)

If we denote by Wy : R? — R?xR? the function Wy, := Idxvy, : (71, 72) — (21, T2, vi(x1, T2))
we can write

By, = o Uy, (3.8)
The current S} € D>(R?) satisfies
S = Iy (Vr):[R}] = Iy (Gu, L (R} x R?)). (3.9)
Now, if T € Dy(R%), for any 2-form w € D?(R3) the push-forward of T by II is defined as
LT (w) = T (ITFw),

IT*w being the pull-back of w by II. It is easily seen that IT%w is w itself (can be identified
with it). As a consequence we see that ITy : Do(R?*) — D2(R3) does not increase the mass,
namely

1Skl < |gvk|RJ1.><IR2' (3.10)

By definition, the currents Sj have boundaries 9}, = (®)3[0R:], i = 1,2,3. Thanks to
(H3) and the fact that II; does not increase the mass, it is easily checked that the masses of
these boundaries are uniformly bounded with respect to k. Let us consider again the case
i = 1 (we will argue similarly for ¢ = 2,3); the boundary can be split in four parts, each
corresponding to one edge of R}. Remembering that R} = (0,1;) x (—v/3p;/2,v/3p;/2), set

T = (@1):1(0,1) x {V3p;/2}], (3.11a)
Ty = (@1):000, 1)) x {~V3p; /2}1, (3.11b)
Vi = (@4)4[{0} x (—V3p;/2,V3p;/2)], (3.11¢)
=1

Vi = (@) )

(@r)s[{l;} x (—V3p;/2,V3p;/2)], (3.11d
(see Figure 3). We have
aSl =T} — Ty + V! —V,. (3.12)

We then use the compactness Theorem for integral currents (see [14]), and letting
k — oo we find an integral current S* € Dy(R?) such that, up to a not relabeled subsequence,

Sh— St

(we remark that S depends on j; not to overburden notation we drop the label j here). By
lower semicontinuity and (3.10), we get

ISt < liminf |Gy, | g1 g2 - (3.13)
k—o00 J

The current S,f on the sector D;‘. On the sector D]A we consider polar coordinates
(p,0) centered at A;. Consider the map II : D# x R? — [0,1;] x R? given by

(p, 0, y1.y2) = (p, Y1, y2)-
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Figure 3: The rectangle le. is depicted with the standard orientation. The push forward of
the integration on the edges by ®; gives rise to the currents denoted in the figure.

Let 7 be an integral current in Dy (D]A x R?), and consider the push-forward by 11, namely
ﬁuT. Writing IT in euclidean coordinates it is an easy check that the map IT is a contraction

and that ﬁﬁ does not increase the mass of 7.
In the spirit of what we have made on the set R} let us now consider the following

map 5;@ : Df — R3,
Bi: (0,0) = (p,0n(p,0)). (3.14)
By definition, it is checked that
(®)5[D;'] = TyGu, L (Dj' < R?).
We thus define
Si = (@r)s[D2]. (3.15)
Let S4 be a weak limit for (a not-relabeled subsequence of) {Si}, namely
G, L (D x R?) = S — 4. (3.16)

We emphasize the dependence of S4 on j. Fix € > 0 and let A, be as in Lemma 2.3 with
D = D#, s0 |Ac| < e. We now split the current G,, L (D3' x R?) = ZF + ZF where

ZF(wapdz® A dyP) = / wap(,vi(2)) MG (Dvg)(z)d, (3.17)
A.nDA

ZF (wapdz® A dyP) = / Wap (T, v (2)) MG (Do) (z)d, (3.18)
A¢nD#

for all w € D?(D#' x R?). By Lemma 2.3 we know that
I, ZF — o0, (3.19)
so that

M, 7% = ,G,, L (D x R?) — I, 2% = §A — 1,72~ — §4. 3.20
f4e Y vg j f4e k 4
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By lowersemicontinuity we infer
|SA\ < likfgg.}f \HﬁgvkkD;ﬁmAe)xR < liklgiogf |gvk|(D;‘mA5)xR2

= likn_1>i£f (|gvk|D;* «r2 = |G, \(D;‘nAg)xW)
< likm inf |Gy, [pa g2 — limsup |Gy, |(Df‘mAg)><R2
—o0 J k—o00 J )
= likrn inf [Gy, | pa e — limsup |Gy, |(DA\A€)xR2
—00 J k— o0 J
< liminf |Gy, | pa ez — D +e. (3.21)

The last inequality is due to the fact that |Gy, [(pa\a,)xrz > |D]A \ Ac| > \D;-“\ —¢€. Thus by
A\A.
arbitrariness of € > 0 we conclude

|41 + D] < liminf G, | pa e (3.22)

Let us now restrict our attention to the boundary of Sf' = (®x);[D;'] in R®. For
any fixed k, the current _ '
(@x)li1]

coincides with the current 7} defined in (3.11a). As a consequence, if we set
Shi= Sk 4+ S8, (3.23)
we infer that the boundary of S i coincides with the current
S =T, + V! - T, —V, — CA, (3.24)
where V!, T,lﬁ, and V,lg are defined in (3.11), and C{* and Ti are the currents
Ot = @)lef]  Tho= (@)l (3.25)

A similar construction as above can be done for the sectors Df and D,?. Thus we
are led to define

St =St + (@1)4[DF] = S+ SP,
S =83 + (x):[DS] = S§ + SE, (3.26)
whose boundaries are, respectively,
082 = (B)lri] + VZ ~ Ty - V.~ CF,
053 = (B)[ri] + Vi - T, — Vi — CF. (3.27)

Since by mere observations we have Ti = (®y)4[r4], and T,lv = (®1)5[r7] (compare (3.11)),

we conclude
3

a(SE+ 83+ 8) =S (Vi ~ V)~ — P - cf.
i=1
We now aim to pass to the limit as k& — oco. Considering the limit of the terms
in (3.24), as a consequence of hypothesis (H4), we can find five Lipschitz curves (¢1);,
(h=1,...,5) defined on the interval I := [0, 1] such that the push-forward of the integrations

on I by (1), are the limit currents of Ti, Ve T,lw V;lﬁ, and C{:. In particular (renaming
such curves) we have pa : I — R? and ¢ : I — R? such that

Tr — (pa)lIl,
Ty, — —(pc )] (3.28)
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Figure 4: The area obtained by the union of le- and D;‘ is depicted and painted in yellow,
with the standard orientation of its boundary. The push forward of the integration on R]l

by & and on D;‘ by 5;6 has as sum the current S I whose boundary is the images by such
maps of the edges of the area, as showed in the figure (see (3.24)). The two integrations over

the traced segment P(I4)A; cancel out, since the orientation of this segment has opposite
sign when seen as part of the boundary of le- and DJA.

Thanks to the fact that the maps v are converging pointwise on 3 and rJ to a and

v (respectively)?, we again infer from the theory of Cartesian currents that the currents
(pa)slI] and (wc)¢[I] are the graphs over the interval [0,1] of the constants a and 7,
respectively, (possibly) plus an additional vertical part.

As for the case i = 1, we have that all currents on the right hand side of (3.27)
admit limits as & — oo. Indeed we see that there exists a Lipschitz curve pp : I — R3 such
that

(@x)s[r3] = (m)sl1]- (3.29)
Let us first state:

Proposition 3.2. There exist three Lipschitz curves o4 : I — R3, o : I — R3, and
oo I — R3 such that (3.28) and (3.29) hold true and for a.e. s € [0,1] we have

pa(l) N ({s} x R?) = {(s,0)}, (3.30)
eu(I)N ({s} x R?) = {(s,8)}, (3.31)
pc(l) N ({s} x R?) = {(s,7)}. (3.32)

Proof. The current Ti = (®)4]r3] € D1([0,1;] x R?) is exactly the graph on [0,1;] of
((vk)1, (vk)2). Moreover such functions restricted on [0,;] have equi-uniformly bounded
variations, and are continuous, so that, in particular, their graphs are Cartesian currents on
[0,;] % R2. Up to re-parametrize this functions on [0, [;] we can apply the structure Theorem
for Cartesian Currents (see [11, Section 4.2.3]) which asserts that the limit graph has the
form (Id x u)3][[0,1;]] + N4, with u the limit of vy in L'([0,1;];R?), and N4 a vertical part

3More precisely, referring to hypothesis (H4), such convergence takes place a.e. on the interval [0, 1].
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which is supported on a singular set S x R%. Namely, we have,
(Id x v )0, 511 = (Id x a)[[0, 1] + N7, (3.33)

where we have denoted the constant map equal to « by the symbol « itself. Therefore there
is a subset It of full measure in [0,1;] such that N is concentrated in ([0,1]\ IT) x R =
S xR?, and on the complement I x R the limit current is the integration over the segment
[0,1;] x @ C R3. The fact that the limit current can be parametrized by only one path
©a = ((¢a)1,(¢a)2) is a consequence of the fact that for all k the current Ti. is the image
of the integration over 73 by uniformly bounded BV functions*. The thesis then follows for
w4, and a similar argument applies for ¢p and ¢¢. O

Regarding the convergence of the other terms in (3.24) and (3.27) we have proved
the following:

Proposition 3.3. There exist integral currents §1,§2,§3 € Do([0,1;] x R?), V1, V2 V3 €
Dy ({0} x R2), and V', V", V°,C4,CB,CC € Dy ({I;} x R?), such that®

Sis S i=1,23, (3.34)
Vi— Vi i=1,2,3, (3.35)
V, =V, i=123, (3.36)
cp—~ch, cP—-cCB, cf -, (3.37)
and
05" = —(a)s[I]+ V' + (pc)s[I]+ V' + C*, (3.38)
052 = —(pp) 1]+ V? + () JI] +V° + CE, (3.39)
053 = —(pe)u[I]+ V3 + (pp): [I]+V + CC. (3.40)

Actually, we can say more about the currents ¢4, ¢p, and pc. From the proof of
Proposition 3.2 we have found that there is a vertical current N4 (see (3.33)) such that

(a)s[I] = (Id x @);[[0,1;]] + N*, (3.41a)
and similarly we will have

(oB)s[1] = (Id x B)4[[0, 3] + N7, (3.41b
(ec)s 1T = (Id x 7):[[0,1;]] + N€. (3.41c

The currents N4, NB, N will be concentrated on a set S x R?, with S = {s;}ien C [0,1;]
at most countable. Indeed, using the decomposition theorem for 1-currents (Theorem 2.1)
we conclude that N4 can be decomposed as a countable sum of closed loops @; : [0, tf‘] —
{s;} x R? such that @;(0) = @;(t{*) = (s;,«). In particular the cardinality of such possible
set {s;} is at most countable. This is summarized in the following:

)
)

Proposition 3.4. There is a_countable set S = {si}ien C [0,1;] and a family of closed
curves @; : [0,t8] = {si} x T, B, : [0,tP] = {s:} x T, 7, : [0,t¢] = {si} x T (we recall that
T is the closed triangle with vertices «, B, and 7y) such that for alli € N

@;(0) = @ (t]') = (si, ), (3.42)
Bi(o) = Bi(tiB) = (si, ), (3.43)
3:(0) = 7;(¢5) = (s1,7), (3.44)

4Equivalently, this is a consequence of the fact that the currents Ti can be parametrized by uniformly
bounded BV maps defined on the same interval [0, 1] (see hypothesis (H4)). We will later see that the set
S is at most countable. This will follow from the fact that N4 is a vertical 1-current with no boundary, see
Proposition 3.4.

5The choice of the sign in front of S and V? is just a definition which will turn out to be helpful in order
to simplify some notation in the next Section.
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and

(pa)eI] = (Id x )4 [10,t;]] + Z(m—)mo, t], (3.45)
(ep):[I] = (Id x B):[10,t;] /+Z 22000, P17, (3.46)
(0c)efI] = (Id x 7):[10,t;] ]+Z 7:)¢ 010,517 (3.47)

We remark that the sum of the lengths of the curves @;, 3;, and %,, is finite, and
therefore up to reparametrization we can choose t, t2, tP with finite sum.

Finally, from (3.23), by (3.13) and (3.22), we infer

[SH 4 ID < 18"+ 8% + |DfY] < liminf |Gy, | xge + liminf [Gu, [ paxgs, (348
—00 7 k—o0 J
and similarly
1S2| + |DB| < liminf |Gy, | g2 xg> + Uminf |Gy, | 5 e, (3.49)
k—o00 k k—o00 k
|S®| + |DS'| < liminf |G, | gs g2 + Hminf |Gy, | pe e (3.50)
k— o0 k k— oo k

Triangle current. Consider the triangle T); with vertices A;, B;, and C;, and let [7}]
be the current given by integration on T}. Let J : R? — R3 be given by
J(y1,y2) = (0,91, 92).

The map Ji, := J o vy, : Tj — R3, induces the current (Ji)3[T;] € D2({0} x R?) whose total
mass is easily seen to be smaller than that of G,, in T} x R2. Indeed, the map .J is a natural
immersion and preserves the mass, whereas the mass of (vi)4[75] is given by

[ 1@t < A T = Gl e (3.51)
T

Notice here that the inequality is strict since we are integrating only the Jacobian of v. As
for the boundary of (Ji)4[T;], this is given by the sum of the push-forward by Jj of the
integration over the edges of T}, i.e.,

(sl A;C5] + (Je):[C5B;1 + (Jr)s[Bi Al
Going back to the definition of @5 and of V}! (see (3.8) and (3.11c)), it is observed that

JiLA;C; = @y, and similarly for the other indices. In particular we have

(I )[ T3] = - VZ2-V3 (3.52)

Since by hypothesis (H3) the mass of this current is uniformly bounded with respect to k,
we infer the existence of an integral current 7 € D2({0} x R?) such that

—(JlT] =T, (3.53)
and thus
|T] < liminf |(Jg)4[T5]| < liminf |Gy, |7, «r2, (3.54)
k—o0 k—o0

by (3.51). Let us finally study the boundary of 7. From (3.53) we infer —0(J)4[7;] — 0T

and by (3.52), we find that
Vi— V' fori=1,2,3, (3.55)
oT = -V —v? -3, (3.56)

where V¢, i = 1,2,3,, are given in Proposition 3.3. By construction and again hypothesis
(H4) there exist three Lipschitz paths 1; : [0,1] — R?, i = 1,2, 3, with

Vi = (¥:)4[[0,1]], (3.57)
Y1(0) =, ¥1(1) =7 =v3(0), ¥3(1) =8 =12(0), (1) =a. (3.58)
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Figure 5: This is the prism P = (0,{;) x T. On the bottom face {0} x T' the three currents
Vi, i =1,2,3, can be seen in blue. The area enclosed by them is the support of the current

T.

Remark 3.5. Notice again the choice of signs in front of 7 and V?; this convention is
convenient to simplify notation in the next section. Notice also that with this convention
the currents V!, V2, V3 can be written as integration over paths connecting a to v, 3 to a,
and v to [, respectively.

Total current. Consider now the currents §}€ for i = 1,2,3 and (Ji)¢[T;]. With
(3.24) and (3.52) at disposal, we readly infer that the current

Uy i= =S =S¢ = S} = (TslT3], (3.59)
has boundary
U, =Vy+CA+ Vi +CB+V, +CF. (3.60)

Moreover, since the maps vy, take values in the triangle T', by definition of §}€ and (Ji)s[T5]

we find out that each current §}€ and (Jg)¢[T;] have support in closure of the prism P :=
[0,1;) x T, namely

P:=[0,1;] x T. (3.61)

Moreover, by (3.60), OUy is supported in {l;} x T, or, in other words, the currents Uy, are
closed as currents in Da((—o00,1;) x R?).
Passing to the limit in £ — oo and appealing to Propositions 3.2 and 3.3:

Proposition 3.6. The current U € Dy(R?) given by
U=8'"+82+5+T,
has boundary
oU =V +CA 4V + 0P+ +C°.
Moreover U is supported in P and OU is supported in {l;} xT. In particular U is a closed
current in Da((—o00,1;) x R?).

Key inequality. We can write
A(vk, Q) = |Guy laxrz =|Gu [paxrz + |Gui | DB xr2 + |Gui [ DO xR

3
+) Gy,

i=1

RixR2 T Goi |7, xr2 + |Go, | B, xR2,
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where E; := B1(0) \ (U3, R UT; U D/ U DP U DY), so that, passing to the liminf and
taking into account (3.48)-(3.50) and (3.54), we conclude

Alu, Q) > [ + 18| + |83 + |T| + |D| + |DP| + |DS | + |15
—|SY + |8+ |S%| + ||+ 7 — | E;l. (3.62)

We now state our main result:

Theorem 3.7. We have
1Y + (82 + 8% + [T = 3my,. (3.63)

From this result we can easily address inequality (3.1). Indeed using (3.4) we infer
Ej — 0 as j — oo. Inequality (3.1) is then achived from (3.62) if we show that m;;, — m; =
m. But this is the content of Lemma 2.5.

4 A symmetrization technique

In this section we construct three symmetrization operators for currents, denoted by S4u,
Sp, and S¢. These are substantially based on a Steiner-type symmetrization technique, and
their role is crucial in order to prove Theorem 3.7. Indeed these operators satisfy the feature
of non-increasing the total mass of their arguments (see Lemma 4.23). Hence, after suitably
applying S4, Sp, and S¢ to the currents §1, §2, §3, and 7, we will obtain the currents ?1,
?2, §3, and 7 which will satisfy

15+ 57 + (57| + [T] < |8 + 82| + |5%| + |T]. (4.1)

On the other hand, the symmetrization operators have the advantage of decreasing the mass
of the currents N4, NB and N¢ in (3.41) (Lemma 4.23). In particular, after a suitable
combination of applications of S4, Sg, and S¢, they vanish. We then arrive to the currents
?1, ?2, ?3, and T whose corresponding N4, NB and N, are null, and this will be a key
ingredient in order to prove that

3my, < [S'|+ 57| +[5°] + [T, (4.2)

(this last inequality will be addressed in Section 5). The last two inequalities together prove
Theorem 3.7.

In order to introduce the symmetrization operators we first start by setting some
notation. Let us denote by h4, hp, and he the heights of the triangle T" passing through A =
a, B= B , and C' = ~ respectively. We will denote the lines (axes) obtained prolonging them
by h A, h B, and hc, respectlvely We will now construct an operator Sp which symmetrizes

the currents S , 5 , 5’ , and T with respect to the axis hB (and similarly there will be
operators relative to C' and A).

Suppose for simplicity that the coordinates of o € R? and v € R? have the same
ordinate (i.e. we choose a coordinate system in R? such that as = 7,). Moreover the
coordinates of R? are denoted by (z,y1,%2). Let Pg be the foot of the height hp, namely
the intersection between EB and the segment AC. Let Iy be the halfline starting from

Pg and obtained by prolonging the height hp below the segment AC. Let lzg =h B \!lg.
Let R' := [(0,1;) x (a1,71) % {a2}] be the current of integration over the rectangle in R?
with vertices (0,a), (0,7), (1;,7), (Ij,c). Consider the current B* € D5(IR®) obtained as
integration over the set

B' =R x5, (4.3)
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Figure 6: The triangle 7" with the notation introduced in Section 4.

(lj7 ﬁla /j‘l)

(OaﬂhBQ)

7
(U, o, o)

== ‘__./ﬁ\\

(11171772)

(0, vy, o)

Figure 7: In this picture is depicted in yellow the surface S'. The curve in blue is instead
V!, whereas the region contained between V! and the segment with vertices (0, a1, )
and (0,71,72) is W?'. The rectangle with vertices (0,1, a2), (0,71,72), (I;,71,72), and
(lj, a1, az2) is RY, while the parallelepiped (with infinite height) below it is B!. There are
labeled the two faces of it, H and L”. The face opposite to H is H, and the one opposite
to L7 is L. For simplicity we have depicted the simpler case in which the currents Y'¢ and
Y4 are null (as a consequence N4 and N? are null).
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i.e. B! :=[B']. It is seen that
oB'=L*-L"—H+H+R, (4.4)
where

L =[(0,1;) x {ax} x (=00, a2)],
L7 =1(0,1;) x {m} x (-0, a2)],
= [{0} x (71,1) x (=00, a2)],
= [{l;} x (11, 01) x (=00, a2)]. (4.5)

Moreover (see (3.11c) and (3.35)), V1 +[{0} x (v1, a1) X {aa}] is a closed current in D; ({0} x
R?) (by convention V! has the orientation in such a way it connects o to ), so that there
is a current Wy € Do({0} x R?) with

OWy = V' — [{0} x (71, 1) x {az}].

By Proposition 3.3 and Proposition 3.4 the boundary of the current Stis

98" = — (Id x a):[[0,1;]] — Y (@:):[[0, t] + V!

K2

(1 x 00,511+ Y @ello £ + V' + 0%, (46)

Since (see (3.25) and (3.37)) V' oA is supported on {l;} x R? we have

05" L (=00, 1;) x B?) = — (Id x a)g[0, 5] = Y_(@a)sl[0, t']] + V*

%

+ (Ld x )]0, ;517 + Z(%)u[[[o,t?]]]- (4.7)

Recall that the arcs @; have image in {s;} x 7', and are closed. We infer the existence (see
Theorem 2.2) of integral currents Y;* € Dy({s;} x T) such that

YA = (@)l0,¢]]l, ieN.

There exist sets with finite perimeter (4;); and (4;); in {s;} x R? such that
Z[[ nl - Z[[ (4.8)

Assume also that this decomposition is made of undecomposable components, as in Theorem
2.1. Accordingly, we set

"= 1AL () =D 1A T (4.9)
h h
Similarly
P =)t - Z[[ nl— Z[[ (4.10)
Y= ()T - Z[[ nl - Z[[ (4.11)

Notice that since these components are undecomposable we have, essentially, (4;);N(4;); =
& for all h, k, and similarly for B and C (by essentially we mean that the intersection has
null #2-measure). Denote

A:ZYiAv YB::ZYiB7 Yc::ZYiQ

25



We define G € Da((—00,1;) x R?) as
G =8"+Y4—Y°+ L~ L+ W —H. (4.12)

By (4.5) and (4.7) we observe that G is closed (notice that in the last formula we
consider G as a current in (—oo, ;) x R? instead of R?, so that we do not need to add H to
make it boundaryless.). Then there exists an integral current G; € D3((—o0,1;) x R?) with
0G1 = G (see, again, Theorem 2.2). The current G; turns out to be a sort of “subgraph” of
the surface S! (see figure 7). The idea now is to symmetrize G1. To this aim we symmetrize
G1 by Steiner symmetrization and we will define the symmetrized of G; as the boundary of
the obtained set. More precisely, let us explain this procedure in details. From Theorem 2.1
there are measurable sets with locally finite perimeter U} C (—o0,l;) x R? such that

gl = Zeh[[Ufﬂ]v gh € {_17 1}7 (413)
h

and for every bounded open set A C (—oc,l;) x R? it holds

Gila =) |0U] .
h

Up to translating the sets U} in the y; direction ((z,91,y2) — (z,y1 +t,y2)) We can assume
they are all mutually disjoint and with multiplicity +1 or —1 . Then it is well defined the set
Sp(U*') obtained by Steiner symmetrization of the set U' := U,U}! with respect to the plane
containing [0,1;] x hp (see [15, Section 14.1] for the definition of Steiner symmetrization and
its properties). The new set Sp(U') defines a current

SE(G1) = [Sp(UM)], (4.14)

whose boundary satisfies

1085(G1)|a < 10U} |4 = |G1la, (4.15)

J

for every bounded open set A C (—o0,l;) x R? (see [15, Section 14.1]). It is important here
to observe that it might happen that the set Sg(U?) is not contained in the solid

@::ﬁu?,

(where B! is defined in (4.3) and with P being the prism P = [0,1;) x T), as it is for the
original current G;. This is due to the fact that before symmetrizing it, the current G; might
have high multiplicity in @, while the symmetrization enforces it to have multiplicity 1. In
the case Sp(U?) exceeds @ we need to restrict it to @, and hence we set

Sp(G1) = [Ss(U") N Q).
It is easy to see that, since @ is a convex set, inequality (4.15) still holds true, namely
|0SB(G1)|a < |G1a, (4.16)
for every bounded open set A C (—o0,1;) x R%
Definition 4.1. The symmetrization with respect to the hp axis of Gy is
Sp(G1) = 0Sp(G1). (4.17)

Remark 4.2. Let us emphasize that the symmetrization of the current G;, obtained as
integration over the symmetrized set Sp(U!) is well defined and does not depend on the
specific decomposition in (4.13). Indeed it is not difficult to see that Sp(U?') can be obtained
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also without the decomposition theorem for currents, in the following way. Consider the
plane R x hp, containing the height hp and the edge [0,l;] x {8} of the prism P. Let
(s,t) be two orthogonal coordinates on this plane, and let rs; be the line passing through
the point (s,t) and orthogonal to R x EB. By slicing it is possible to consider the 1-current
(G1, (s,t)), which represents the restriction of Gy to the line ;. This is uniquely determined
for a.e. (s,t) € R% Hence we can consider the mass ms := [(G1, (s,t))| and define the set
Sp(U') symmetric with respect to R x /f\lB in such a way that, if r;; is endowed with a
coordinate  such that z = 0 at 75, N (R x hg), then

ms,t ms,t

Sp(UY) N1y = (— 5 5

).

Remark 4.3. Let us also observe that the presence of the current B! in the definition of
Gy (see (4.3) and (4.4)) is not crucial but it is convenient for exposition. Nevertheless the
symmetrization of G; is trivial below the plane containing R', since it transforms B! into
itself. The fact that the symmetrization of G; might have support exceeding the solid Q can
only take place in the upper halfspace R? x ZE.

In order to define the symmetrization of the current 5 (introduced in Definition
4.13 below), we first need to symmetrize the currents Y4 and Y¢ (whose symmetrizations
are given in Definitions 4.7 and 4.10). To this aim, let us analyze what happens to the
vertical parts of the current G after the symmetrization. We consider two cases.

Case s; > 0. Let s; € (0,1;) be as in Proposition 3.4, and consider the corresponding
decomposition in (4.8). The currents Y; and Y;© satisfy

A=A - DA ovE = Y [oCi T - Y [0C ] (1)
h h h h

Let S1Ls; = S'L({s;} x R?) be the part of the current S' with support in the plane
{s;} x R2. Notice that GiL ({s;} x R?) := YA — V¢ 4+ S s;; this is the part of Gy in
{s:} x R?. More precisely, if, as in (4.13), G1 = >_;, 6x[U}L], then

L ({s;} x R?): ZahGh[[(?Uh N ({si} x R?)], (4.19)

where OU}! is the reduced boundary of U} and oy, is 1 or —1 according to whether U} has
external normal vector equal to (1,0,0) or (—1,0,0), respectively (the orientation of OU} is
given by the volume form inherited by its normal unit vector). Let I and I~ be the sets
of indices for which o;, = 1 respectively. Equivalently (4.19) writes as

L({si} xR?):= Y 0,[0U4 N ({si} x R:)] = > 0,[0U4 N ({s:} x R))].  (4.20)
hel+ hel—~

Accordingly set

L ({s;} x R?)™ =Y 0,[0U; N ({s:} x R?)], (4.21)

hel+

so that
L({si} xR%) =G L({s;} xR = G1L({s;} x R2)™

Now we want to study the boundary of the current Sg(G) which is concentrated on the plane
{si} xR?, i.e. the restriction of Sg(G1) to such plane. Let (U}); :== (U}\ U} N ({s;} x R?).

Definition 4.4. Let E? be the Steiner symmetrization with respect to i of the set Un(UD);
(seen as a subset of {s;} x R?). Let £t be the Steiner symmetrization of the set

(Un(0n)i) | JUner+ (0U) N ({s:} x R?)),

27



(again considered union of disjoint sets, up to translation) and let Ei_ be the Steiner sym-
metrization of the set

(Un(Un)i) [ JUner- (0UR) N ({s:} x R?)).

Again it might happen that Eio, E;r , E; intersect R? \ @, so that we set

E':=E°NQ, E':=E'nQ, E :=FE nQ. (4.22)
Observe that E® = EONQ = EY N T; where T, = {s;} x T. This holds true since
the original currents G ({s;} x R?) have support in the triangle {s;} x T
Lemma 4.5. It holds

Sp(G1)L({si} x R*) = [E \ E; |- [E; \ E[]. (4.23)

In particular
Sp(G1)L({s:} x R?*)| = |[EfAE]|.

Proof. We can always split
Gi=(G)"+(9),
where (G1)* == Y, 6[U} 0 ({z < s })] and (G1)~ = X, 6,[Uf 1 ({ > s,})]. It is then
easy to see that their boundaries (seen as sets, with a little abuse of notation) are
9(GH)" = (kUi JUner+0U;, N ({si} x R?)),
and similarly

0(G1)™ = (UnUp)i | JUner-0U5 0 ({s:} x R?)).

In particular the symmetrizations of (G})* and (G})~, namely Sp(G})™ and Sp(G})~, have
boundaries on {s;} x R? given by E:r and E‘[ respectively. To study the symmetrization of
G} we consider the sum of Sp(G})* and Sp(G})~. Since their orientations are opposite, the
thesis follows just by considering the restrictions to Q. O

The positive and negative part of the current Sp(G1)L ({s;} x R?) are
Sp(G1)*L({si} xR?) = [E \ B[],
Sp(G1)”L({si} x R*) = [E; \ E]] (4.24)
shortly denoted by
Sp(Gi)* =Sp(G1) L ({si} xR?),  Sp(Gi)” =Sp(G1)"L({si} xR?), (425
and

Sp(G1)L({s:} x R*) =Sp(G}) = Sp(G})" —Sp(G;)~. (4.26)

At this stage it is convenient to define Y; = VA -V, = (V) — (YO — (YA~ +
(YY)~ (the second equality due to (4.9)); it turns out that

Yo=Y 10071 S0, T,

for suitable sets (D;)} and (D;);, in {s;} xR? (notice that by hypothesis of undecomposibility
it turns out that U, (D;); and U, (D;);, are essentially disjoint). Hence we decompose Y
in a positive and negative part, namely Y; = Yf — Y., where

Y= [(Di)y]- (4.27)
h
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Figure 8: In the picture on the left we have drawn the current G1L ({s;} x R?). The set
colored in blue is Uy (U});, the one in yellow is (U;(U}):) U(Uper+ (UL N ({s;} x R?))
whereas the one in green is (U;(U});) U(Uner— (QUL) N ({s;} x R?)). The picture on the
right is the symmetrized set. In particular, the blue zone is the set E?, the one in blue green
is the set I, , while the one in blue and yellow is Ej' . In this case we see that Ej‘ contains
E; (we have to consider that the yellow area overlaps the green one, i.e. the green area is
part of the yellow one in this example).

It turns out
Y| = v =Y = v+ Y (4.28)
Consider now the currents F,", F;” € Da({s;} x R?) given by
FEi=GiL({s;} x RY)" — V7, (4.29)
where we employed the notation (4.21). Note that
Fr—F =G L({si} xR?) —Y,.

Decomposing fii in undecomposable components, we find two families of sets (Zj' )r, and
(Z ), such that

.7:1+ = Zeh[[(Zj)h]L ‘7:1'_ = Z&h[[(Z[)h]] 0, € {—1, 1}. (4.30)
h h

We are then led to define:

Definition 4.6. The set ﬁf is the Steiner symmetrization with respect to EB of the set
UL | Jun(Z)n

(again considered as union of disjoint sets in {s;} x R?, up to translation) and l?‘i_ is the
Steiner symmetrization of the set

(Ui | JUn(Z) -

We consider their restrictions to (), and, since also in this case F; have supports in T}, such
restrictions coincide with

Fr=F'nT, F :=F NT.

7 (3
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The symmetrizations of the currents Y;* and Y,© are then defined as follows:

Definition 4.7. Let II, be the halfplane in R? bounded by the axis HB and containing «.
Let II, be the complementary halfplane. We define
Sp(Yh) == [B n1L,] - [E; NIL] — [F;" NnIL] + [F; NIL.], (4.31)
=Sp(Y,©) = [E N1L] - [E7 NIL] = [F7 NIL] + [F N1L,]. (4.32)
It is also convenient to define Sp(V;) = Sp(Y;) — Sp(Y,¥) = Sp(Y;") — Sp(Y;”) with
Ss(VE) = [EX] - [F2].
First, by definition, it turns out that the currents Sp(Y;*) and Sp(Y,%) are supported
on disjoint sets. Therefore
SB(Y;") = Sp(Y,)| = S5(Y:)| + [S5(Y0)-
Moreover, we have the following
Lemma 4.8. The currents Sp(Y;?) and Sp(Y,C) satisfy
S +[S6(Y) = 1Sp(Yi") = Sp(Y0) < Y7 = Y| < [V + Y. (4.33)
Proof. By writing
[E5] - [F7] = 157\ Fi] - [F7\ E7 DL
we infer
Se(Y/") = Sp(Y,0) = [Ef \ ] - [F"\ Bf] - [E7 \ Fy 1+ [F7 \ BT ].

Now, since |Y;7| 4+ |Y;”| = [Y;/* — Y| (by hypothesis on the decomposition), the thesis will
be proved if we show that

£\ ET = 1F\ B < v, (4.34)
BT\ E ] =TF \ETD < Y| (4.35)

To see the first inequality (the second is similar) we argue by slicing, considering sections of
the currents G- = Gy L ({s;} x R2)+ and (F;)" at {y2 = t}. First observe that the mass
—+oo
LEF\ FT - [F"\ Ef]| = |Ef AF| =/ (B AFT) N {y2 = t}]dt,
and then that |(E} AF;")N{y, = t}| < |(E} AE;")N{ys = t}|. Moreover, at fixed t it follows,
by Definitions 4.4 and 4.6, that [(E;"AEY) N {y2 = t}| = |[(G], )| — [(F;7,t)|| (here we use
that the decompositions in (4.13) and (4.30) are made of undecomposable components; see
also Remark 4.2), and hence |(E;" AF; )N {ys = t}| < (G, )| - (F;", t)|| < UGF —F )| =
|(Y;",t)|. Therefore we conclude
+oo
B\ FF - [F\ Bl < / (Y 6)ldt < [¥;F]. (4.36)

O

Case s; = 0. In this case we define the sets Eg, E‘J, EO_, EY, Ear, Ey asin Definition

4.4. First let us observe that the component G1 L ({0} x R2)+ is null together with the sets
(U)o (see (4.21)). As a consequence the sets £, Ef, EY, and Ef, are all empty. In this

case we need a different definition for the symmetrization of Yy* = YAL ({0} x R?) and
Y& =YL ({0} x R?). As before, we define

Yo=Y YL,
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Figure 9: The figure on the left represents the two currents Y and Y;. On the right,

(2
referring also to Figure 8, the two sets F;" and F; are depicted; the first one is the union of

all the colored area (yellow, that overlaps the green one, and blue) whereas F is the union
of the blue and green areas. These areas are a bit bigger than the corresponding in Figure
8, their difference will give rise to the symmetrized currents Sg(Y4) and Sp(Y©).

Then, in place of (4.29), we define
~Fy = -G L ({0} xR?)™ —Yj. (4.37)
Decomposing F; in undecomposable components we find

Fo =Y 0l(Zo)nl  6n € {-1,1},

h

and therefore we arrive at:

Definition 4.9. The set F\o_ is the Steiner symmetrization with respect to EB of the set
Un(Zo)n (again considered as union of disjoint sets in {0} x R?). We consider its restriction

to @, R o
Fy =F, NQ.

We can now introduce the symmetrizations of the currents Yg! and Y,©:
Definition 4.10. We define
Sp(Y{t) = —[Ey N1L.] + [Fy N1L.], (4.38)
—Sp(YC) == —[By NIL]+[Fy NIL]. (4.39)
We also set Sp(Yy) = Sp(Yy!) — Sp(YL) so that
Sp(Yo) == —[Ey ] + [Fo ]-
Lemma 4.11. The currents Sp(Yy') and Sp(YL) satisfy
S5(YS)| + 1S5(Ye)| = [S5(Ys") = Sp(Ye)| < Iv6" = Yo7 | < ¥ + vg. (4.40)
Proof. As in Lemma 4.8 we infer
Sp(Ye") = Sp(Yy) = —[Eg \ Fy I+ [F5 \ Eg -
Then we will prove that

[Ey \ Fo 1 —[Fy \ Ey 11 < [Yol, (4.41)
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Yy = Y — V€. Also in this case we proceed by slicing considering sections of the currents
(G =G L({0} xR*)™ and F; at {yo=t}.

We then conclude as in the proof of Lemma 4.8 by observing that

+oo
1E5 \ Fy 1 - [Fy \ Byl = |Ey AF; | = / [(Ey AFo) 0 {n = t}]dt,

— 00

and using the inequality [(Eq AFy) N {ye = t}| < [[{(Go) . ) — (Fo . 0l < (G§)~ —
]:07’t>|:|<Y07t>|' O

We now define the symmetrization of the current W;. We recall that this is the
current in Dy ({0} x R?) such that OW; = =V — [{0} x (a1,m) x {az2}]. There exist sets
Wy, C {0} x R? with

W, —H = Z@hIIWh]] o), € {—1, 1}.

Definition 4.12. The Steiner symmetrization of U, W), with respect to the axis EB is the
set Sg(W1), and its intersection with Q, := QN ({0} x R?) is denoted by Sg(W;). We define
the current

SB(W1) = —[[SB(Wl)]] + H,

where, by convention, the set Sg(W7) is oriented by the unit vector (1,0,0). We define
Sp(V') == —[{0} x (a1,7) x {az}] — ISE(W). (4.42)
It turns out that
SOV < Wil (4.43)

Notice that such inequality will be an equality if the symmetrization of U, W}, is already en-
closed in Q). Moreover it is observed that Sp(V;) coincides with the restriction of 9Sg (W)
to the halfplane {0} x R x lzg. Hence by the property of the Steiner symmetrization it follows
that

Se(VY)| < VY, (4.44)

(it is straightforward that, in addition, such inequality is strict if the symmetrization of U, W},
exceeds the set @, since the left-hand side becomes even smaller after the intersection).
Finally, observe that Sp(V!) will have support in Ty = T'N ({0} x R?).

We are now in position to define the symmetrization of the current St

Definition 4.13. The symmetrization of the current St with respect to the axis h B is the
current Sp(S') € Da((—o00,1;) x R?) defined as

SB(§1) :=Sp(G1) —Sp(Y?) +Sp(YY) = L® + LY + H — Sp(W)). (4.45)
Since Sp(G1) is closed it turns out that
8Sp(5Y) = —8Sp(Y ) + 0Sp(YY) — (Id x a)s[[0,;]] + (Id x )30, ;] + Sp(V') (4.46)
We now prove the crucial result:

Theorem 4.14. It holds R R
ISB(SY)| <15
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Proof. We first decompose Sg(S?) as

Sp(SY) = ZSB (S ({s;} x R?),

where {s;} C [0,1;) is the countable set such that for all s; the current Sp (SHL ({s:} x R?)
is nonnegligible. The complementary current is Sp(L£'). Roughly speaking, Sp(£!) is the
lateral part of the current Sp(S?). It is easy to see, by the definition of the Steiner sym-
metrization, that the symmetrization Sp(U) of a set U does not increase the mass of both
the lateral part of the set, and its complementary part (OU N {s;} x R?). Moreover inter-
secting Sp(U) with the solid @ gives rise to a still smaller lateral part. In particular we
infer

Ss(LY] < LY, (4.47)
so that to conclude the proof we have to show that for all sections {s;} x R? it turns out
S5(SHIL ({si} x B?) < 8| ({s:} x R2). (4.48)

We distinguish the cases s; = 0 and s; # 0. In the previous one we have

S(S")L ({0} x R?) = =Sp(Gj)™ —Sp(Yo) — Ss(W') + H, (4.49)
(indeed in this case Sp(G§)* = 0) whereas in the latter
Sp(SY)L({si} x R?) =Sp(G})" = Sp(G})™ = Sp(Ysh) +Sp(Yy), (4.50)

(recall notation (4.25)). Let us treat the first case. We establish (4.48) arguing by slicing, as
in the proof of Lemma 4.8, namely restricting to every section of this currents at {0} xR x{t},
t > ay (since the currents involved are integration over sets, this argument can be reduced
to Fubini Theorem). Recall that S'L ({0} x R?) = —(GL)~ — Yy — Wy + H, so that, by
(4.43), for t > o,

[(STL ({0} x R?), )| > [[{(G5) ™ + Yo). t)] — [(Wa, 1)
= |lFo N{y2 =t} = [Se(W1) N {y2 = t}]]. (4.51)
Here we have used §B(Wl), the set obtained by Steiner symmetrization of U, W) without
intersection with @), (see Definition 4.12). Notice that, by definition of Steiner symmetriza-

tion with respect to hp, and taking into account that the edge of Tj has length v/3, it turns
out that

[Fy N {y2 =t} = 7(|Fy N {yz = t}]),
S5(W1) N {y2 = t}] = 7([S(W1) N {y2 = t}]), (4.52)

where 7(z) = min{|z|,[(¢)}, with I(¢) = 3/2 — t be the width of the triangle T" at height ¢.
Since 7 is Lipschitz continuous with constant 1, from (4.51) it follows that

(STL ({0} x R?), 8)] > [|Fy N {y2 =t} = [Se(W1) N {2 = #}]]. (4.53)

On the other hand, recalling that —Sp(G})™ = —[E; ] and —Sp(Yo) = —[F; ] + [E5 ],
from (4.49) we infer

(Sp(S" )L ({0} x R?),t) = —([Fy 1,1) — (Se(0M1), 1), (4.54)

and, since for every ¢ > ap it holds (Fy N {y2 =t}) C (Sg(W1) N {y2 = t}) (or viceversa),
we conclude

(SB(SHL ({0} x R?).0)] = ||Fg N {y2 =t} = [Se(W1) N {y2 = t}].
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Combining this with (4.53) and integrating over ¢ > ao we get (4.48) for s; = 0.

Let us now treat the case s; # 0. Starting from (4.50) and taking into account
that Sp(Gl) = Sp(G1)* — Sp(GY)~ = [Bf] — [E;] and Sg(Y,) = Sp(Y,") - Sp(¥;") =
[EF] —[F] - [E; 1+ [F] we obtain

(S5(SL({s:} x B?), 0)] = ([F],0) — ([F 10| = [(FAF,) N {yz = £}].

This is less or equal to
(FF = F ) = 1S L ({s:} x B?),8)].

3

by (4.12) and (4.29). Integrating over ¢ > ay we conclude (4.48).
O

_We are going to define the symmetrizations of the currents 52 and S3. We proceed
as for S*, and we replace G defined in (4.12) by G given by

G i=-82 -5 YA 4y 4+ L~ L+ W, — H. (4.55)
that is closed in Da((—00,1;) x R?) as well. Here W\ is a current in D5 ({0} x R?) such that
OWr = V2 + V2~ [{0} x (31, 01) x {aa}]

Defining G; € Ds((—oo, l;) x R?) with 8G1 = G4, we are again led to write, as for (4.13),

gl = Zeh[[ﬁ}ﬂL ah € {_17 1}7 (456)
h

for some Borel sets T}ﬁ C [0,1;) x R? with local finite perimeters such that

G1la = |0U}] 4,
h

for any bounded open set A C (—o0,1;) x R2. The symmetrization of G', namely Sp(G'),

is then defined as for Sp(G'), the Steiner symmetrization of the union of the (disjoint) sets
U ,{, and then restricting it to Q. Therefore:

Definition 4.15. The symmetrization with respect to the lAlB axis of él is
Sp(G1) = 8S5(G1). (4.57)
As for Wy, we first symmetrize W;. We find sets W), C {0} x R? such that

Wi —H =Y 0,[Wa].
h

Definition 4.16. The Steiner symmetrization of UhWh with respect to the axis iz\B and
restricted to Qg is denoted by Sp(W1) (again {W},}, are considered mutually disjoint). We
define the current

SsON1) == —[Sp(W1)] + H.

Moreover we set

J =Sp(V2 4+ V?) = [{0} x (y1, 1) x {az}] + OSp(W,).
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Figure 10: In this picture is depicted the bottom face {0} x T' of the prism P = (0,1;) x T'.
On the left are drawn in red the three currents V?, i = 1,2, 3, before applying the operator
Sp. The picture of the right represents the same currents after the symmetrization; on the
two segments denoted by zp C hp the two currents Sp(V?) and Sg(V?) overlap, and thus
cancel each other. The set zp is the support of the current rp (see Definition 4.17).

It turns out that

SEOM)| < WA, (4.58)

with strict inequality if the symmetrization of UhWh exceeds @, (also in this case it is easily
observed that Sp (17\71) has support in Tp). In order to define Sp(V?) and Sp(V?) we still
need some preliminary. The current J is supported on a 1-set that is symmetric with respect
to hp and has boundary d, — d,. In particular the restriction of J to the halfplane I1¢,
namely J,, has boundary d,+>, dp, —> ), 0q, with {Py}, and {Qp}1 a sequence of points
on hp (and similarly J, has boundary — 3%, dp, + >, 0, — 6,). Let rp be the (unique)
1-current supported on hp with boundary — 3", dp, + >, 0g, — 0, and let us denote by
zp its support (see Figure 10). Therefore

Definition 4.17. The currents Sp(V?) and Sp(V3) are defined as

Sp(V?) :=Jo+7p, Sp(V?):=J, —rp. (4.59)
Notice that
0S5(W1) =Sp(V*) +S5(V) ~ [{0} x (a1,m) x {az}]. (4.60)
It can be proved that
ISe(V2)| + [Se(Vs)| < V3] + |Val. (4.61)

This will be addrgssed in Lemma 4.23 below.
Set K = S? + S3. Let us recall that

K L ((—o0,1j) x R%) =(Id x a)4][[0, ;] + YA — (Id x 7):[[0,1,]] — dYC + V? + V3.
(4.62)

In the spirit of Definition 4.13 we are led to:

Definition 4.18. The symmetrization of the current K = S2 4+ 3 with respect to the axis
hp is defined as

Sp(K) =Sp(5? + 8%) := —Sp(G1) +Sp(Y?) = Sp(YC) + L* — L + S(W,) — H.
(4.63)
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The current Sp(K) is symmetric with respect to hp and contained in P, in particular it
is an integral current Sp(K) = {Kg, 7,0} where the rectifiable set Kg is symmetric with
respect to hp. Therefore let Kg = K¢ UK with K = Kg NE,, KJ = KgNE,, where
Zo = R x I, (£, = R x II,) is the halfspace bounded by R x hp and containing «a (v
respectively). Notice that, by symmetry, the component of the current Sg(K) on the plane
R x hp is null. The currents Sp (Ko) and Sp(K,) are then defined as

Sp(K,) :=Sp(K)LKg, Sp(K,):=Sp(K)LKJ. (4.64)
By (4.63) it is easily seen that
OSp(K)L((—o00,1;) x R?) =(Id x a)[[0,1;]] + 8Sp(Y*) — (Id x 7)4[[0,1,]]
—Sp(AYY) +Sp(V?) +Sp(V?),
and therefore

OSp(K*)L((—o00,1;) x R?) =(Id x a)[[0,j]] = 0Sp(Y*) — (v5):[[0. ] + Sp(V?),
(4.65)

where 1)g is a parametrization of the set Sg(K) N ([0,1;) X hg), t > 0 (more precisely,
13 might be a countable sum of disjoint curves; this is not an issue, and for simplicity of
exposition, in what follows we will still denote by 15 the sum of these currents®). Let K,
be the 2-current in D5((0,;) x hp) with boundary

Ko = (¢s)4]10,8]] — (Id x B)[[0, ;1]

(That is, the integration over the stripe enclosed between the set 15((0,t)) and the line
(0,1;) x {8}). Notice that by definition Kj will be the integration over a set and hence is an
integral current with multiplicity 1. This will be important to prove Theorem 4.20 below.

Definition 4.19. We set
Sp(S?) = Sp(Ka) + Ko,  Sp(5%) = Sp(K,) — Ko.

Eventually, we define
Sa(Y®?):=o0.

In such a way it holds

9Sp(S7)L (=00, 1) x R?) = (Id x a)s[[0, ;] + 8Sp(Y*) — (Id x B)5[0, ;] + Sp(V?),

ISp(S*)L((—00,1j) x R?) = (Id x B)4][0,15]] = (Id x 7)[[0,;]] = 0Sp(YC) + Sp(V?).
(4.66)

Theorem 4.20. [t holds
SB(S?)| + |SE(5?)] < |52 +5°]. (4.67)

Proof. In the case that (¢3)4[[0,t]] = (Id x B)4[[0,1;]], namely Ky = 0, the thesis easily
follows arguing as for Theorem 4.14. Then we have to treat the case Ky # 0. In this case,
following the lines of the proof of Theorem 4.14, we first infer

ISp(82 + 83| < |52 + §3. (4.68)

Let us identify Ky with its support set; by construction Sg (g~1) is null in Ky x R?, and since

SB(@) L (Ko x R?) corresponds to the symmetrization of G; on Ky x R, it follows that G, is

SIf there is a unique parametrization, let us emphasize that such curve might be non-injective and might
cross two times, with opposite directions, a segment; this might happen if the set Sg(K) N ([0,1;) x hp) is
not connected.
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null in the set Ky x R (recall that here R denotes the line orthogonal to the plane containing
[0,1;) X hp). In particular it follows that the two currents S? and S have null sum in this
set, that is

S?L (Ko x R) = —83L (Ko x R). (4.69)

Now, by (4.68), writing
S8(5°)| + SB(5%)| = [S8(5> + 5°)| + 2| Ko| < 5%+ 5%| +2|Kol, (470

it remains to prove that
Kol < 15%koxm = [5%| 1y x- (4.71)

Indeed thanks to (4.69), from (4.71) we infer
157 +5% 4|52 | ko x| +15° | o x = 152 seg x4 5% | kg xm 4157 | o xm + 5% o xm < |57 4157,

that with (4.70) addresses the result. The claim (4.71) follows by an argument of slicing:
for s € (0,1;) let us denote by o(s) the length of the intersection between K and the plane
{s} x R?, namely

o(s) = H' (Ko N ({s} x R?)), (4.72)

then it holds,
- li lj
\S2I_(K0 x R)| > / |<S2I_(K0 x R), s)|ds > / o(s)ds = |Ky].
0 0

(Observe that the projection of the support of <§2|_(K0 x R), s) onto hp coincides with
Ko ({s} x R?) for H'-a.e. s € (0,1;))7. The last equality follows since K, has multiplicity
1.

O

Finally we define the symmetrization of the current 7. Recalling Definitions 4.12
and 4.16 of Sp(W1) and Sp(W1), we set:

Definition 4.21. The symmetrization of the current 7 € Dy({0} x R?) is the current
Sp(T) € D2({0} x R?) defined as

Sp(T) = Sp(W) - Ss(W). (4.73)
From (4.42) and (4.60) it follows
OSp(T) = -Sp(V') —Sp(V?) —Sp(V?). (4.74)
Moreover we can prove
Proposition 4.22. [t holds
Se(T)I < [T (4.75)

Proof. We employ a simple argument of slicing, as in the proof of Theorem 4.14. Let ¢ € R,
and consider the section line {0} x R x {y2 = ¢}. First we observe that 7 = W; — Wy, so
that for all ¢t € R we have

(T, 8] > [[(Wr, )] — [, 8] (4.76)

"This is a consequence of the Constancy Lemma and (4.62). Indeed, roughly speaking, for a.e. s € (0, 1)
the slice (§2, s) is a curve connecting 3 to «, and hence its projection onto hp is surjective.
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By Definition 4.12 and 4.16 we have

1S5(W1) N {y =t} — [Sp(W1) N {ya = t}]| = |(Sp(W1)ASE(W1)) N {y2 = t}}|
= [(850W1) = SpM), 1)] = [S5(T). 1),
where we have used that (Sp(W1) N {y2 = t}) C (Sp(W1) N {y2 = t}) (or viceversa). This,
together with (4.76), and integrated over R gives (4.75) since
1S5(W1) N {ys = t}| = 1S5(W1) N {y2 = t}]]
= [7(Ss(W1) N {y2 = t}) = 7S(W1) N {y2 = t})| < [[Wr, )] = [(W1, )],

(recall that §B(W1) andﬁgg(ﬁ//'l) are the symmetrizations of the sets {Wp,};, and {Wh}h
before intersecting with Q); then we employ the same argument in (4.52)). O

We finally observe that the current
Se(T) + SB(Q\I) + SB(§2) + S1(§3),

is closed in Dy((—o0,l;) x R?). This follows from (4.46), (4.66), and (4.74).
Let us collect some crucial observations about the symmetrization operator, sum-
marized in the following lemma.

Lemma 4.23. The symmetrization operator Sp enjoys the following features:

(a) It holds
SE(Y )|+ [Sp(YO)| < [Y4] +[Y€],

whereas
Sp(Y?)| =0.

Moreover, by definition, |Sp(Y4)| = [Sp(Y?)|.

~

(b) The currents Sg(S?), i = 1,2, 3, satisfy

OSp(SY)L ((—00,1;) x R?) = — (Id x a)4f[0,1,]] — Sp(dY*)

+ (Id x )3 10,1;]] + Sp(OYC) + Sp(V'),
0Sp(S?)L((—00,1;) x R?) =(Id x a)4[[0,1;]] + Sp(dY*)

— (Id x B)s[[0, ;1] +Sp(V?),
8Sp(5%)L ((—o0,1;) x R?) =(Id x B)40,1;]] — Sp(dY )

— (Id x )10, ;1] + S (V).

(¢) The current Sg(T) satisfies

OSp(T) = —=Sp(V) —Sp(V?) — Sp(V?), (4.77)
and
SEOVHI < VY, ISEOV)] + IS5(V?)] < V2| + V2. (4.78)
(d) We have
ISB(T)| + ISB(SH)| + [SB(S?)| +[Sp(S®)| < [T]+ |8 + 52| +]5°]. (4.79)

Proof. Statement (a) is given by Lemma 4.8 and by definition of Sg(Y ®). Item (b) follows
from (4.46) and (4.66). The first equation in (c) is (4.74). Let us demonstrate the second
equation in (4.78) (the first inequality is (4.44)). The argument is very similar to the one
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employed in the proof of Theorem 4.20; let us sketch it. Recalling Definition 4.17, we want
to prove that

171+ 2lz5] < V2 4+ VP = [V ]Rxzs + VIR (ho\em) T 1V Rz + VPR (hp\20)s (4:80)

where zp is the support set of the current rp (see Figure 10). Now, by Steiner symmetriza-
tion it is easily seen that |J| < [VZ|ryx(hp\zp) + |V [Rx(hp\25), Whereas the proof that
|25] < |V?|rx-p follows by noticing that zp is exactly the projection on hp of the support of
V2L (R x zp), that is onto on zp since V? is an arc connecting o to 3. Finally, we achieve
(d) just gathering together (4.75) with Theorems 4.14 and 4.20. O

The operators S4 and S¢ are the symmetrizations with respect to the plane R x h A
and R x h¢, respectively, constructed like Sg switching the role of A, B, and C, accordingly.

5 Proof of Theorem 3.7

We are now ready to prove Theorem 3.7. Our strategy will be to apply repeatedly the
symmetrization operators to the currents S* and 7. We proceed as follows: we define
S:=S40Sp oS¢ and set

(8, :=SF(SY), i=1,2,3,
Ti :=S*(T),

for every h € N. We will prove the following;:
Proposition 5.1. There exists integral currents ?iﬂi € Dy((—00,1;) x R?) such that
(8 =S fori=1,2,3,
Te =T, (5.1)
and
—1 —2 —3 — . ~ .
ST+ IS+ 187+ [T1 < (8Dl + (5l + (52l + [Tl (5.2)
for all k € N. Moreover S +5°+5° +7T is a closed current in Dy((—00,1;) x R?), and
95 L((0,1;) x R2)
957 ((0,1;) x R?)
95 L ((0,1;) x R?)

— (Id x )4 [0, 1;]] + (Id x 7)3[10, 5],
(Id x )4 [10,1;]] — (Id x B)s 10, 1;1],
(Id x B)gf10,1;1] — (Id x 7)¢[10,1;]]- (5.3)

Remark 5.2. Notice that after one application of S nothing ensures us that the currents
N4, NB and N vanish. This is because every application of a symmetrization operator
reduces their mass but not necessarily nullify it. For these reason we will need to apply S
infinite times.

Proof. The weak convergences (5.1) entail
T - TP & 5
S 4 5]+ (8] 4 (7] < liaminf [(81)el + ()l + (Sl + 1. (5.)

and Lemma 4.23 (d) implies that the sequence on the right-hand side is nonincreasing, so
that for all h € N we have

timinf (1(5")] + (52l + 152l + 170]) < 15l +1(8)al + (Sl + ITal,
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and inequality (5.2) follows. Let us prove (5.1). We first focus on the currents Y4, Y5, and
Y¢. Owing to Lemma 4.23 (a) it is easy to prove that after an application of S we have

1
SV )+ ISYP)| + IS(Y9)| < Z(\YAI + Y+ Y ).
Thus by induction we get
1
[SE Y|+ 1SH(YP)| + s (V)| < 47(|YA| + VP Y€)).

In particular

Sk(vs) =0, SF(YR)—0, SEYe)—o0. (5.5)
Let us set
Pli= (8 +88(Y") -84 (YY),
P = (5%) + S (YP) — s (v,
P = (8%), +SH(Y9) - sF(YP); (5.6)
from Lemma 4.23 (b) we infer that
OP; L ((—00,1;) x R?) = — (Id x a)y[[0, 3] + (Id x 7)[[0, 1] + S* V1),
OF; L ((—00,1;) x R?) = — (Id x B)[[0,j]] + (Id x a);[[0,1;]] +S*(V?),
OP L ((—00,1;) x R?) = — (Id x 7)3[[[0, 1] + (1d x B)[[0, [j]] + S*(V?). (5.7)

Since S*(V?) have uniformly bounded masses by Lemma 4.23 (c), thanks to (4.79) as well,
we find limit integral currents S, 7T € Dy((—00,1;) x R?) such that, up to subsequences,

(P), =5  fori=1,2,3,
T T
Thanks to (5.5) and (5.6) we infer (5.1). The fact that S +5°+5° + T is a closed current

in Da((—00,1;) x R?) follows from the fact that (gl)k + (5%, + (§3)k + 7}, is closed for all
k and tends to §' +5° + 5 + 7. Finally (5.3) follows from (5.7) passing to the limit. O

The currents ?i,7 € Dy((—o0,1;) x R?) satisfy the following properties:
(i) The integral current T is supported in {0} x T and has boundary
T =V -V -V
There exist three Lipschitz functions «; : [0,1] — T, i = 1,2, 3, such that

Y1(0) =, ¥i(1) =v=193(0), ¥3(1)=8=12(0), ¥2(1l)=a.

Moreover there is a constant C > 0 such that

3
Y il<c (5.8)
(ii) The three currents S' i = 1,2,3 are integral and satisfy
85" = — (Id x a)3[[0, 5] + (Id x 7)s[[0, ;] + V", (5.9)
95" =(Id x a)[[0,;]] — (Id x B)[[0, ;] + V7, (5.10)
95" =(1d x B)[[0,1;]] — (Id x 7):[[0,1,]] + V. (5.11)
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0,7)

Figure 11: This figure represents the geometric setting introduced before Proposition 5.3.
The prism P is the union of the three prisms P; with base T;, i = 1,2, 3. The lateral surface
of the prism P is made of three rectangles R;, ¢ = 1,2,3. For instance, the rectangle R is
the one with vertices (0, «), (0,7), (1;,7), and (I;, @).

We can write down an additional condition, which however is a consequence of (i)
and (ii):

(ii’) The current U := S'+5°+5° + T is a closed current in Dy((—o00,1;) x R?).
We then are led to the following minimum problem
min {|S*| +|S?| +|S®| +|T] : S* (i = 1,2,3), and T satisty (i) and (i) }. (5.12)

The existence of a minimizer follows from the Compactness Theorem for integral currents.
Let (S,5%,52,T) be a minimizer. Of course, thanks to (5.2) for k = 0 and the definition
of (S1,52,83,T) we have

S + 52|+ |S% + |T1 = S| + |S° +S°| +|T].

Therefore if we prove that (S, 52,93, T) satisfies (3.63) then the proof of Theorem 3.7 is
complete. To this aim we will first prove three preliminary results. We begin with some
geometric definitions. The triangle T" with vertices «, 8, and -y, can be seen as the union
of the three triangles T;, ¢« = 1,2,3, where 77 has vertices «, v and O, T has vertices «,
B, and O, while T3 has vertices 3, v, and O. The prism P = (0,{;) x T can be seen as the
union of the three prisms Py, P, and P, given by P; = (0,1;) x T}, ¢ = 1,2, 3. Let us recall
that R1, R, and R3 are the rectangles with edges @ x (0,1;), Ba x (0,1;), and 78 x (0,1;),
respectively (see Figure 11).

Proposition 5.3. There is a minimizer (S*, 52,83, T) of the minimum problem (5.12) such
that the currents S°, i = 1,2,3, are the graphs of Cartesian maps on Da(R* xR), i =1,2,3.
Namely, there are functions u; € BV (R%R), i = 1,2,3 such that

S'=(Id x w)g[Ri], |S'L(R" x R)| = A(us; Ry), (5.13)

fori=1,23.
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Proof. We will use the fact that, by the minimality assumption of (S, $2, 53, T), if we apply
a symmetrization operator to these currents, their total mass cannot strictly decrease. We
proceed in three steps.

Step 1. We consider lines in R? which are orthogonal to the s-axis and to the height
hp (i.e. parallel to the y;-axis). These lines are r,; := {s} x R x {t} with s € [0,1;] and
t € (aa, B2) (recall we choose the system (y1,y2) is such a way that ag = v2). Let us identify
the current S* with its support set. We claim that

H2({(s,t) € (0,1;) x (g, Ba) : 8{S* Mg} > 1 for some i = 2,3}) = 0. (5.14)
First notice that for both ¢+ = 2,3 it holds
#{S"Nrei} > 1 for H? —ae. (s,1). (5.15)

To see (5.14) we argue by contradiction, and denoting by A the set in (5.14), suppose
H2(A) > 0. Let G be the current in Ds((0,1;) x R2) with boundary S% + 53 + R! (we are
neglecting the boundaries in {0} x T" if we look at S? + S +R! as currents in (0,1;) x R?).
We identify 51 with its support set (which coincides with the area enclosed between the
surfaces S2, S3, and R'). Define

Cie = {(s,1) € (0,1;) x (a2, B2) : H'(rs,e N G1) > 0}

and C% = ((0,1;) X (a2, B2)) \ Ck®. By definition of S5(S5?) it is seen that the operator Sg
transforms $2 N (Cx x R) into Sp(0G1) N K, (see Definition 4.18) and sends S2 N (C% xR)
into Ko (see Definition 4.19); similarly for S®. If H2(A) > 0 then either H*(ANC%) > 0 or
H2(ANCk) > 0. Let us treat the two cases separately:

1) (Case H2(ANCS) > 0) suppose that (5.14) takes place in C$ and for the index i = 2,
K K
namely

H2({(s,t) € (0,15) X (a2, B2) N C : #{S* Ny} > 1}) > 0.
Since both the sets S2N (C% x R) and S3 N (C4 x R) are transformed into Ko by Sg,
we can write
5% +18°] =
=|52N (Cx x R)|+1S? N (C% x R)| +15° N (Cx x R)| +|S* N (C% x R)|
> [S5(S%) N (Cx x R)| +[S5(5) N (Ck x R)]

+ / #{re: N S*YdH? + / #{rs.c N S®}dH?
Cs Cs,

> |SB(SZ)0(CKXR)‘—FlSB(SS)ﬂ(CKXR)‘-‘r/ 2dH2
Cs

= [SB(5%) N (Cx x R)| +[S5(S%) N (Cx x R)| +2|Ko N (Ck x R)|

= [Sp(S?)| + |SB(S?)|.
The fact that such inequality is strict contradicts the assumption that (S, S2,93,T)
is a minimizer.

(2) (Case H? (AN Ck) > 0) now we take into account that Sp transforms S?2N(Ckx x R)
into Sp(9G1) N K, and S? N (Ck x R) into Sp(0G1) N K,,. In Ck x R it happens that
0G1 Nrsy > 2. Suppose first that the subset B C Ck defined as

B:={(s,t) € Cx : H{0G, Ny} > 2}

8In other words C}, is the projection of Gy onto the rectangle (0,1;) X hp.
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satisfies H2(B) > 0. In this case, as a property of Steiner symmetrization, it is

known that [8Sg(G1) N (B x R)| < |8G; N (B x R)|, and thus we easily arrive to
|S2| + 53] > [Sp(S?)| + |Sp(S?)|, again a contradiction. Suppose then that

#{0G1 Nre,} =2,  for H? —ae. (s,t) € Ck. (5.16)

On the other hand we have, by hypothesis, H?(A N Cx) > 0, therefore we again can
assume that the set

By :={(s,t) € ((0,1;) x (g, B2)) N Ok : 4{S* Ny} = 2} (5.17)

has positive %2 measure (similarly we might assume this happens for S?). At the same
time, by (5.15), it must occur that

#H{S* Nres} > 1 for H? —a.e.(s,t) € Ck. (5.18)

Since 6&1 C S?2 U S3 we have two cases:

(a) H2((S?US3) N (Ck x R)) > H2(0G, N (Ck x R)) and hence we have H2((52 U
SHN(Cx xR)) > H2(Sp(0G1)N(Cx xR)) = H2((Sp(S?)USE(S?))N(Ck xR)),
again contradicting the minimality;

(b) H2((S2U SN (Ck x R)) = H2(8G; N (Ck x R)), we find that essentially ((S2 U
SN (Ck x R)) = G, N (Ck x R). Recall that, by (5.16), HZa.e. (s,t) € Cx
it holds 8G, N rsy = 2; this together with (5.17) implies that, up to a negligible
set, 8G; = 52 in By x R (see Figure 12). Thus, thanks to (5.18) we infer

152 N (By x R)| 4 |S% N (By x R)| > |S? N (By x R)| = |8G; N (By X R))|
> [Sp(0G1) N (Ba x R)| = [Sp(S%) N (Bz x R)| + [Sp(S*) N (B2 x R,

from which we again arrive at H2((S2U $%) N (Ck x R)) > H2(Sp(8G;) N (Cx X
R)) = H2((Sr(S?) USE(S?)) N (Cxk x R)), concluding the proof of (5.14).

Step 2. From (5.14) it follows that for H2-a.e. (s,t) € (0,1;) x (az,32) it holds
#{S? Nrs+} = 1 where 7y are lines parallel to a7, i.e. rs, || a7. Arguing as in Step 1 we
infer that the same is true if we consider lines r, ; parallel to the edge 3. Thus we have

ﬁ{52 Nrset =1 rey||ay and rey || Br. (5.19)

Consider now lines r,,; parallel to the height he, so that we can assume (s,t) € Rp =
(0,1;) x (B1,1). We claim

#{S?Nrgyirss || hey =1 for H? —a.e (s,t) € Ro. (5.20)
Denote by E the set of all (s,t) € Ry such that §{S? Nrs+} > 1, namely
E:={(s,t) € Ra: #{S% Nrs s} > 1},

and assume by contradiction that E has positive H?-measure. Define Ey := {(s,t) € E :
s =0}. As a consequence the set

0 :={0 € (0,1;) : H'(Ey) > 0}
has positive H'-measure. We are going to show that for H#'-a.e. § € © either the set

{t e (P1,01): ﬁ{S2Org,t} > 1 forrg, | @y} or {t € (B1,a1): ﬁ{Szﬂm_’t} > 1 for rg, || By}

has positive measure. This will contradict (5.19) and hence prove (5.20).
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Figure 12: This figure is a section of the prism P at fixed § € (0,1;). The area colored in

yellow is the set Qvl; on the right are represented the set Ck (black) and its subset Bs in
(5.17) (red). The dotted lines parallel to @y are rg .

Let 6 € O be fixed, we can find t € (81, 1) such that 4{S? Nrs; 754 || he} > 1.

For almost every s € (0,1;) the section S? N ({s} x R?) is given by the union of Lipschitz
curves {7; };>0 such that o connects o and 8, and {v; };>0 are closed (by the decomposition
theorem for integral 1-currents, Theorem 2.1), therefore we can assume this for our choice
of 8. Moreover each ~; is injective. Since Ejy has positive measure, we can find ¢ such that
either (1) s, intersects o in two points, say P and @, or (2) s, intersects o at one point
and another curve 7. Let us treat the two cases separately:

(1)

(2)

in this case, up to change the choice of ¢, we can assume that the tangent vectors to
7o at P and @ are defined and are not vertical, i.e. parallel to he (namely, the curve
~o crosses the lines 79, at P and @ and is not tangent to that, see Figure 13). Since
the curve g connects a to 3, it is easy to see, as a consequence of the Theorem of
the Jordan curve, that there must be another point, say R, in the intersection of 74 ;
and 7p. Up to rename the points, suppose R stays between P and () on the line rg ;.
Suppose first that R is also between P and @ on the curve vy (see picture 13 left). In
this case P is connected to o and @ to 3, so that if P is below (above) R and @ above
(below) it, we see that the line passing through R and parallel to a7 (37, respectively)
will intersect 7 in three points. Instead, suppose that R is not between P and @ on
the curve vy. Let @ be the middle point, and suppose that P is connected to § and P
is below R (see picture 13 right; the other cases are similar). In such a case the line
passing through R and parallel to B~ intersects o at least three times, one on the arc
connecting 8 to P, one at R, and one in the sub-curve of vy connecting P to Q.

This case is simpler. Indeed all the lines parallel to 3y (and also &@7¥) passing through
~1 also intersect 9. Moreover also almost every lines intersecting «y; must intersect it
in at least two points (again thanks to the Theorem of the Jordan curve).

In both cases (1) and (2) we can find a set of lines parallel to @y or 37 intersecting S2
in more than one point, which (suitably parametrized by coordinates in the corresponding
rectangle) have a H!-nonnegligible measure. Since this happens for H!-a.e. s € ©, and ©
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Figure 13: In this figure the case (1) of step 2 of the proof of Proposition 5.3 is depicted in
two possible configurations.

has nonzero measure, by Fubini Theorem we contradict (5.19) and therefore, by absurd, get
(5.20).
Step 3. Notice that assertion (5.20) holds true for all S%, i =1,2,3. Fix i, say i = 1.

#H{S Nrgyirer = (s,6) xR} =1 for H? —ae (s,t) € Ry. (5.21)

Note also that S € Dy(R; x R) is closed (its boundary is supported in 9R; x R). Recall
that Ry = (0,1;) % (a1,71) x {a2} ~ (0,1;) x (o1,71), again with an appropriate choice of
the coordinate system (z,y1,y2). We assume as = v2 = 0. There exists an integral current
G1 € D3(Ry x R) with 9G; = S*. Moreover there are sets U; such that

G = Zeh[[Uh]]v (5.22)
h

and it holds S* = 3", [0U,]. As a consequence the set S*A(U,0U}) has H2-null measure.
We will prove that in this decomposition there is a unique set U, (with boundary the whole
S1).

By (5.21) for H?-a.e. (s,t) € Ry there is a unique point in the intersection of the
vertical line rs ; = (s,¢) xR with S1. If this point is Ys ; := (s,¢,y2) we denote by u;(s,t) = yo
its last coordinate. We see that u; defines a map in L°°(R1) (the measurability of u; easily
follows from the fact that S! is an integral current, and thus it is the union of subsets of
Lipschitz surfaces). We denote by 7 : (s,t,y2) — (s,t) € R1 the projection of R; x R onto
Ri. From the fact that S = U, U}, (up to negligible sets) it follows that

Uhﬂ'(Uh) =R. (5.23)
By slicing it is easily seen that Uj, N rs: has boundary the unique point Y., for H2-a.e.
(s,t) € Ryq; hence Up Ny ¢ is a halfline, either (s,t) x (—o00,u1(s,1)) or (s,t) x (u1(s,t), +00).
Denote by
U= {(s,t,2) : 2 € (u1(s,t), +00), Up Mgy = {(s,t) x (u1(s,t),+00)}},

and
U, = {(s,t,2) : z € (—00,u1(s, 1)), Uy Mgy = {(s,t) x (—o0,u1(s,1))}}.

(where equalities are intended up to negligible sets). But now it easily follows that oU, ,j =
(SYNoU,) UV, where V| is the set

Vi = {(s,t,7r) : (5,t) € On(U}), 2 > ui(s,t)},
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and similarly OU, = (S' N oU,) UV, , with
V,, =A{(s,t,2) : (s,t) € On (U}, ), z < ui(s,t)}.

Therefore, in order that AU, C S! it must hold that both VhJr and V,~ have null H2-measure
in (0,;) x (a1,71) x R (S? has support in the prism P and hence compact support while
V£ are unbounded). This implies that d7(U;") U dr(U, ) must be a subset of R;. In
particular Om(Uy) C ORy. This is possible only if 7(Up) = Rq, and thus d7(Up,) coincides
with R1?. In particular we have proved that for some h we have 7(U;,) = R and, since for
every other index i # h the set m(U;) N7 (Up) has null H2-measure (by (5.21)), we conclude
that there is only one index h for which U}, has positive measure (namely, the decomposition
of Gy in (5.22) consists of only one set, call it U). Finally, since the same argument applies
to Or(U,5) and dr(U, ), we also have obtained that the relative sets U,” and U, cannot
have both nonzero measure. Hence, say U = U, (up to change orientation of S*).
The subgraph of u; is defined as the set

SGy:={(s,t,2) € Ry xR:z<wu(s,t)}.
Let é\l be the current defined as the integration on the subgraph of u, namely
G, = [SG1]. (5.24)

By definition, it turns out that SG; = U, = U, and thus 51 coincides with G; defined in
(5.22). Therefore G, = 9G; = S'. Now we invoke [11, Theorem 2, Section 4.2.4], that,

combined with [11, Proposition 3, Section 4.2.4], implies that S is a Cartesian current in
Cart(R; x R), uy € BV(Rq;R), and

15t R,y x& = A(u1, Ra). (5.25)
The assertion for ¢ = 2,3 follows similarly. O

Lemma 5.4. There is a minimizer (S, S2%,S%,T) satisfying the hypotheses of Proposition
5.8 such that T = 0.

Proof. Let (S*,S52,83,T) be as in Lemma 5.3. Up to applying Sp again we can assume
that S*, 52,93 are symmetric with respect to hg. Moreover V! II,, (see Definition 4.7 for
I1,) is the graph of a nondecreasing function u; defined on [ay, 0] (here 0 = 3 is the ascissa
corresponding to the segment hp). Let P be the intersection between the curve V! and hp.
Consider the segment Pj3. The arc V' _II, U PS connects o to 3.

The curve V'L 11, has H!'-a.e. tangent vector @ that forms an angle € [0,7/2]
with the segment @7y. As a consequence the angle between ¥ and h¢ is 0 +7/6 € [7/6, 27 /3]
(see figure 14 left). This means that the curve V'L II, U PS can be seen as the graph of
a function vy defined on the segment Sa. Furthermore we know that V? is the graph of a
function us on Ba.

Notice that the current T L II, is the integral over the area enclosed between the
two graphs of uz and vy. Let us denote by 7T, := T L 11, such current. We hence redefine V2
as V? := V1_TI, U PB, namely the graph of vy. Moreover S? is redefined as S? := S% +T,.
A similar construction is made on the halfplane I, and S? is defined in a symmetric way. It
results that 7, seen as the current with boundary the new VL= 1% 172, and 173, becomes
null. Hence we infer

|S2] + 18%] < IS + | Tal + [8°] + T3] = 1S%| + [S%] + | T. (5.26)

The thesis is achieved since we got a minimizer with the desired properties. O

9This is a consequence of the Constancy Lemma,; if R1 \7(Uy) and 7(Uy,) have both H2-positive measure,
and considering sections R of R at s fixed, we find that for a positive H!-measure subset of (0,/;) the
section R} contains an inner point X that belongs to the mutual boundary of Ry \ 7(Uy) and m(Uy); this
would imply that such mutual boundary has positive H!-measure inside R1.
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_ Consider now the baricenter O of the triangle T Let us denote by A := O U O,
A3 :=0yU OB, Ay := 0B U aO.

Lemma 5.5. There is a minimizer (S*, 52,53, T) as in Lemma 5.4 with V' = A;, for
i=1,2,3.

Proof. Step 1. Apply Sp and assume Vs is symmetric to V3 with respect to hg. By the
previous lemma we have V; = —Vs — V5. Let P be the (unique) intersection of V! with hg;
by symmetry the segment PB C hp is the common part of Vs and V3. When we apply Sy
the point P is sent to P’ := m, (P) the orthogonal projection of P onto h4 (see figure 14
right). Denote by V the union of the support of the currents V¢. This is composed by three
arcs V4, Vg, Vo connecting P to «, 3, and vy respectively. By definition of S 4 this transforms
Va into S4(Va) = oP’. In particular [V4| > [Sa(Va)| if P is not on hy (i.e. if P does not
coincide with O). On the other hand it is easy to see that |[Vg|+|Ve| > [Sa(Ve)|+[Sa(Ve)l,
and therefore we arrive at

3 3
SOV ISaV] (5.27)
=1 =1

if P# 0.
Step 2. We now consider the following minimum problem:

min{z [V : (S*, 8% 8% 7) is as in Lemma 5.4}. (5.28)

From the features of the minimizers of problem (5.12) it is easily seen that such family is
compact in the set of integral currents. Moreover, thanks to (5.8), also the corresponding
currents {V'};—1 2 3 form a compact family, and hence we infer the existence of a solution
of (5.28). We claim that the (not relabeled) minimizer (S, 2,53, T) satifies the thesis.
Indeed, if not, we have two cases: P # O, and thus after applying some symmetrization
operator as described in Step 1 we got a best minimizer, a contradiction. The second case is
P = O but some among Vg, Va, Ve does not coincide with OB, Oa, or O, respectively. Say
V4 # Oa; now again S 4 transforms V4 into S4(V4) = @O and in particular V4| > [Sa(Va)],
again a contradiction.

O
We are finally ready to prove Theorem 3.7.

Proof of Theorem 3.7. We consider a minimizer (S',$2,5% T) as in Lemma 5.5. Let u; :
R1 — R be the map in Proposition 5.3. The graph of u;, namely S', has boundary

98" = —(Id x a)4[[0,1]] + (Id x ¥)¢[[0,,]] + V. (5.29)

in Dy ((—o0,l;) x R?). Moreover, up to choose coodinates of R? in such a way that as =
72 = 0 we see that the currents (Id x a)4[[0,,]] and (Id x 7)4[[0,;]] are exactly the graph
over (0,1;) x {a1} and (0,1;) x {7} (respectively) of the function u; = 0. We also know
that the current V! is exactly the integration over the graph of the function ¢ in (1.14) on
{0} x (m1,a1). Extending ¢ on (0,1;) x {a1} and (0,;) x {71} by setting ¢ = 0 we see
that ¢ is then a Lipschitz function on OR1 N R (set R = (—o0,1;) x R), and then it can be
extended to a Lipschitz function (still denoted by ¢) defined on R\ Ry (let us also take it
with compact support on R, for simplicity). Consider the graph of ¢ over R\ R1, namely
(Id x @)s[R\ R1]; it is then easily observed that the current

5. S on Ry xR (5.30)

(Idx );[R\R1] on (R\R1) xR,
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Figure 14: In the picture on the left is an example of the proof of Lemma 5.4. In yellow
it is depicted the area enclosed between V' and V?, support of the current 7 LII,. The
tangent vector ' to V! forms an angle 6 € [0, 7/2] with the line @y. The picture on the right
describes the proof of Lemma 5.5; the operator S4 projects P in P’ = my, , (P).

defines a Cartesian current in Dy(R x R). We are then led to considering the following
minimum problem:

min{| S|z, 5 : S € cart! (R x R) and SL.((R\ R1) x R) = SL((R\R1) xR)}. (5.31)

By [12, Theorem 8, Section 6.1.2] (see also [13, Theorem 15.9]), it is well-known that this

minimization problem admits a solution S, and moreover S satisfies the following property:
there exists u € BV (R1) such that |S|z g = A(u; R1), and

u € argmin { V14 |Dul?dx +/ lu — p|dH* : u € BV(R)}. (5.32)
R1 ORINR

Finally, thanks to [5, Remark 2.1], it is observed that the minimum of the value in
the last expression is exactly my;, so that we infer |S|z ,r = A(u;R1) = my; (the value of
my, is defined in (1.16)). From (5.31), since S* is a competitor, we conclude

1St > my,. (5.33)
The same being true for S? and S3, we have addressed Theorem 3.7. O

Remark 5.6. The equivalence of problems (5.31) and (5.32) only holds when the codimen-
sion of the Cartesian current is 1 (that is when we consider real valued BV-functions graphs).
This is a consequence of the fact that, for N = 1, it holds true cart!(€; RY) = Cart!(Q; RY)
(see Proposition 3 in [11, Section 4.2.4]).

6 An example in a thin domain

In this section we consider the problem of the area functional in a thin domain Uy, a tubular
neighborhood of the jump set of «, instead of the whole ball B (0). The domain Uy is depicted
in Figure 1 in the introduction. We then construct a sequence of Lipschitz functions {vy}
which converges in L'(U,) to the triple junction function u and whose area of the graphs
satisfies

liminf A(v; Up) < L2(Up) + 3m.

k—o0
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In particular we infer that the construction made in [5] for (done for Q the disk) do not
provide a recovery sequence for the area functional, which in fact satisfies

A(u; Uy) < L2(Uy) + 3m.

This dependence on the domain has been pointed out, for a different function, in [7]. As
explained in the introduction, the inequality above is due to a certain interaction between
the jump set of u and the boundary of the domain. This interactions has been observed
indeed already in [7, Section 7] (see also the example for the vortex map in [1] upon which
the examples in [7] are inspired). The main issue is the absence of uniform convergence of
v, outside the jump set.

An auxiliary construction. We start by defining an auxiliary function. Consider
two fixed real numbers hi,ho > 0. Let 79 < 1 < Z9 < 23 < 23 < x4 < x5, and
d,€ > 0 be real numbers with € < hs, and set d; := x; — z;_1 for i = 1,...,5. In a plane
with Cartesian coordinates x and y consider the rectangles A;, of vertices (z;_1,9), (z;,9),
(w4, —6), (xi_1,—0), for i = 1,...,5, and set R := U?_;A;. The set R is a rectangle with
basis of width d = Z?:1 d; and height 20. We define the following partition of A4 and As:
write A; = AYU A U A7, i = 4,5, where

de
AV = A 0 {(z,y) : |yl < ;
Vi A () ol S )
de
Af=A,nN ,Y) <y <é},
4 an{(z,y) (1 x;f3)+hgng3 y <0}
de
A = A n{(z,y): =6 <y<— ,
4 1N {(z,y) Y (1 ,;553) I hz””;fB}
de r—x
A= As N {(z,y) : |y < —(1— H,
ho ds
o€ r—x
Al = A0 {(ay): —(1— ——) <y <4},
ho ds
_ de Tr—x
A7 = Asn{(z,y): -6 <y < ——(1— I,
ha ds

We will now define a continuous map v = (v, v2) : R — R2. The first component v; of v is
defined as follows:

Ul(x,y)zo on A1 UAQ,
vi(z,y) = h1x ;;2 on As,
vi(z,y) =M on AJU A2,
h1 y T — T3 T — T3
vi(z,y) = h2_€< 2_5(6(1— 0 )+ ho 7 ) on A},
o 1 g _ T — T3 T — T3 _
vi(z,y) [ (h2 +5 (e(1 a0 )+ ho o )) on Ay,
h h
’Ul(xvy) (h2 - %y)h — 6(1 - w—w4) on Ag_a
d

h _

vi(z,y) = (he + %y) o - =y on A . (6.1)
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4 A

Figure 15: The rectangle R.

The component vy is instead defined as:

va(2,y) = Z/% on A U As,
UQ(JC,ZU):Z/%U— $;2I1)+y§5€;2$1 on As,
va(7,y) = yg on As,
vo(m,y) = g(l 7 ;41‘3) + y%x ;41‘3 on Ay. (6.2)

It is easily checked that the function v is Lipschitz continuous on R and has partial derivatives
given by

%(x,y):%(%w:o on Ay UA, UAJU AY,
%(x,y) = %, %(z,y) = on Ag,
a1 (- o i
%(x,y)=—h2hie((%—%) on Ay,
e =g
ha )\ €hy
O (ay) = - |(i’1i‘_ii)j;2f "
ds
ha,\ehy
O ay) = - ’ ((H_i))w\ e
ds
%(%y) _ _h25h1 = _11)6 o on Af,
%(x,y) = h25h1 (5 —11)6 + hy on s
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%(%y):o on Ay U A3 U As,
%(%y): % on A1 U As,
é;v;(fv,y) =§ on 4s,
) = Vi e = Pa- Ty S on Az,
) —vg g () = § - T R on

Moreover we can easily compute the Jacobian J(v) of v which turns out to be nonzero only
on sets As, A;‘, and Ag where it holds

6h1

J()(z,y) = 5ds on As,
h _ ha ehyho

J(v)(x,y) _ ( 2 5 y) dds 5 on A:r:—,
(535 = De+ ha|
h _|_ @ 6h1h2

J(v)(w,y) = — (he + §0) st on A3 .

(2528 — e + hy|”

We now want to give an estimate of the area of the graph of v over R, considering a small
value of €, say € < ho/2. Using the inequality

8'01 8’01 81)2 81)2
< [ 14|— = = = .
A(U,R)_/R +|ax|+|8y|+|8mH'ayHU(”)'dxdy’ (6.3)

we infer A(v, R) < 20d + Z?Zl I;, where

81)1 8’01 81)2 aU2
AT [ el A i Y i T R e :
J G G G2 G2 4190 ey

i=1,...,5,d=7Y,d; = x5 — xo. Tedious computations lead to

I = 2hady,

Iy = dahg + doe + 0(ha — €),

I3 = 20hy + 2ed3 + 2¢hy,

Iy = 6hy + 6h1€® + 5(hy — €) 4 dy(hy + €) + hidy,

whereas, splitting Is = I} 4 I3, with IZ = [, |J(v)|dzdy, we can estimate

56h1h2 2h1h2d5

I < Ohod
DS Th e Tha—e
By h2
< e 6.4
5 = |h2—6|2 ( )

To bound these terms we have used that [y| < 6 and (7™ —1)e+hy > hy — € in A5 and we

integrated on the whole As. From (6.4) we see that there exists a constant C' > 0 depending
only on hy and ho (recall € < hs/2) such that

A(v, R) < C(6 4 d) + Ce(d + 6 + de). (6.5)
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Geometry and construction of v. We consider the points in R?,
o= (_1/27\/5/2)7 B=(1,0), ~v= (_1/2a_\/§/2)7

and fix a positive real number n < 1. Notice that identifying the Cartesian plane with the

27 4r ; . .
complex one, we can also write « = e3*, =1,y =e3". Let us introduce the following
six halflines

V3
h={e<—2. y=n5}

27
Ui V3
= <——7 = -—n—9y,
n={r<-5,y=-145}

lo ={z>n, y =3z —V3n},

r2:{x>—g, y =3z +3n},

ls={o >~ y=—V3r - V3n},
7’32{13>77»y:—\/§x+\/§77}7

which have endpoints in one of the points A = na, B = n8, C = ny. Now we define
three subsets of B1(O), the ball centered at the origin O = (0,0) with radius 1. The set
§~21 is defined as the subset of the plane which is enclosed by the two halflines [, and rq,
the segments OA and OC, and which contains the halfaxis {x < 0,y = 0}. Then we set
Oy = S~21 N B1(0). The sets Q9 is constructed similarly using the halflines I and 73, or in
other words, is obtained clockwise rotating the set ; of an angle of %’T around O. Namely
Qo = e‘Q‘Tﬂin. Similarly, Q3 = 6_27”92. Finally we set 2 := Ug’zlﬂi.

Let &€ > 0 be a small parameter, £ < 7. Consider the triangle T¢ with vertices
AS = €a, BE = €8, and C¢ = £y, and set Q5 := Q; \ T¢, i = 1,2,3. Consider also the

halflines 1§ = (¢/n)ly, 1§ = (€/n)r1, which are parallel to I; and 71, but have as endpoints

A& and B¢ respectively. Similarly are constructed the halflines lg, rg, lg, rg, as shown in

figure 16.
Let us focus now on the set QE This can be divided into three sectors
Uf =Qun{y>V3¢/2), Up =n{y<-v3¢/2),
UY =0y n{—V3¢/2 <y < V3¢/2).

Consider xg < 21 < 2 < 23 < g4 < x5 = —£/2, and let d = x5 — x¢. In the rectangle
Ry := (z0,75) x (—£/3/2,6/3/2) we define a function v as follows

v is defined in (6.1) and (6.2) with hy = 1/2, ho =+/3/2, on R;. (6.6)
In the remaining part of U the function v is settled

’U(l‘,y) = (O’y/g) on U{) \ R;.

We then extend v on the sets U;" in the following way: define

Vit =U n{y - €< —V3(z —21)},
Vot =U n{—VB(z —z1) <y — €< —V3(
Vit = U n{—V3(z —x2) <y — &< —V3(
Vi =U n{—V3(@x —a3) <y—€&< V3=

) (

r — T3
Vit = U n{—V3(z —z4) <y — €< —V3(z -

= =' ='=
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3
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1
0
Figure 16: The thin domain Q = U,.
and
3
v(z,y) = (0, g) on V" U VL,
V3 t(x) — a1 t(x) — x4
= —(1 - +
v(z,y) = (0, 2( $2—$1)+6$2—1‘1) on V5",
1t(z) — xo
v(z,y) = (imﬁ) on V3+,
1 t(x) — x3 t(x) — x3 V3t(z) — a3 i
= (o1 - LTy (1 ALy VR TS
any) = (51 - I o - M | VA on V7',

where, for brevity, we have set t(z) = = + (y — f)% In other words, the variable vy is

constantly 0 on V", V51, V5+, constantly % on the common boundary of V3+ and Vj‘7 and
affine on V3+ and V4+. As for the variable v, it equals § on V1+ and V5+, equals € on V3+,

and is affine on V,t and V. Moreover if z is the new variable z := —/3x — y, so that the
line O A corresponds to the set where z = 0, we see that v on U_}_ depends only on z, and it
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holds
ov

2 w9) = (0,0) on Vi,
%(fvvy) = (0, M;/(i;f;)) on Vi,
5o = (- prme—0) on Vi
%(x’y) N (2\/5(1‘1 —x3) _2\}3/(596:—26333) on Vi
) = (0.0 on V5"

In U] the function v is defined in such a way that v; is even with respect to the variable y,
and vy is odd with respect to y.
We also write, in complex coordinates, v = vy + v, and we set

vi=v—1/2.

For convenience we still denote v by v. Notice that the function v is equal to e3 on V1+
and V5", and is equal to e on Vim and V; .

We now define v on Q5 and Qg In the complex coordinate w € C, this is defined as
follows

_2m, 27,
3t 3t

w) on 5,

w) on 5. (6.7)

v(e

i~
N
&
=
Il
o

It is easily checked that the function v is continuous on Ug’:le and on the common bound-
aries of Qf, 1=1,2,3.

It remains to define v in the triangle T¢. Let Tf , Tf, and T§ be the midpoints of
the edges of T¢, namely

TE = -2 TS =¢e®, T =¢eTl,

Notice that v =0 at Tf. We set v = 0 on the triangle with vertices Tf, 1 =1,2,3. Finally
since v = e 31 at AS | we set v to be linear in the triangle with vertices A, Tf7 T2€. Similarly v
is defined in the remaining triangles. It is straightforward to check that with such definition
v is Lipschitz continuous.

We now want to compute the area of the graph associated to the map v on 2. By
symmetry, the area associated to the domains €;, i = 1,2, 3, are equal. Let us first estimate
the area in Ulo. In the rectangle R; we can use formula (6.5) with d = x5 — zg, h1 = %,
hy = \/3/27 so that we find an absolute constant C' > 0 such that

|Golryxrz < C(E+d) + C(d+ {e. (6.8)
In U\ R; the only nonzero component of the gradient of v is %—1;2 = %, and thus
£ §
Goliwprywre < VBE(L—d = 2) + V(1 —d = 3). (6.9)

Let us now estimate the contribution on U;". Using the inequality (6.3) and the values of
the derivatives computed above, we easily get

1Golys xme < L2(UF) + ("ﬁ@ (V3 —2¢+1). (6.10)
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Figure 17: The triangle T¢.

The same estimate holds true in U; . Finally the contribution in the triangle T¢ is easily
computed. Indeed all the derivatives are zero in the triangle with vertices Tf’, 1=1,2,3,
and using the linearity of v in the triangle with vertices A¢, Tf , T§ we get

3v3
|gv|T£><]R2 = LQ(Tg) + Tg (6.11)
Summing all the bounds obtained so far, we infer that there is a constant C' with

Go| < L2Q) + C(E+d+e+de+ )+ Cn+3V3. (6.12)

The example. Let us introduce a parameter £ € N and let us choose a sequence &,
dy., €, of positive real numbers converging to 0. Let vy : Q — R? be the Lipschitz function
corresponding to these values. The functions vy are almost everywhere converging to the
function u : Q — {«, 3,7} given by (1.10) restricted to the thin domain 2. Moreover, since
vy, are uniformly bounded in L, they are converging to v in L'(Q;R?). Inequality (6.12)
provides

A1, Q) < |Gula < LEQ) + C(& + di, + €1, + dyer, + €2) + O+ 3V/3. (6.13)
Passing to the limit in £ — oo we get
A(u, Q) < L2(Q) + Cn + 3V3. (6.14)
Exploiting now the fact that m > /3, we can choose 1 small enough so that

A(u, Q) < L2(Q) + Cn + 3V3 < L2(Q) + 3m.
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