MINIMALITY VIA SECOND VARIATION FOR A FUNCTIONAL
INVOLVING FRACTIONAL PERIMETER

DAYANA PAGLIARDINI

ABSTRACT. We discuss the local minimality of some configurations for a functional
involving fractional perimeter and a prescribed curvature term. We show that critical
configurations with positive second variation are L'-local minimizers of our functional.
Then we prove that we can obtain a sequence of L'-minimizers for the fractional Allen—
Cahn energy, knowing an isolated L!-minimizer of its I'-limit. Finally we find minimizers
for the fractional Allen—Cahn energy starting from critical configurations with positive
second variation.

1. INTRODUCTION

In recent years fractional operators have received considerable attention both in pure
and applied mathematics. The motivations are multiple: they appear in biological obser-
vations (for example when a predator decide that a nonlocal dispersive strategy to hunt
its preys is more efficient), in finance, crystal dislocation, minimal surfaces, and digital
image reconstruction. For instance, in the latter case, it was computed that a square pixel
of side € has an error along the diagonal of € with respect to the classical perimeter, but
the error is '~ when considering the fractional perimeter (see [26], [14], [6], [8], [16]). In
particular, from a probabilistic point of view, the fractional Laplacian is an infinitesimal
generator of Lévi processes, see [5].

In this paper we want to study a functional involving fractional perimeter and a pre-
scribed curvature term, i.e.

(1.1) L@D:&@ﬂ+égm

where E C RY is a bounded open set of fixed volume m > 0, g € C1(RY) N L>*(RY) is a
given function, s € (0,1/2) and Ps(E) is the well known fractional perimeter defined as

dx dy
1.2 PE) = [ [
( ) ( ) £ JEC |$—y|N+25

with E¢ the complement of E.

Functionals involving fractional perimeter are largely studied in the existing literature.
For example, in [11], Cesaroni and Novaga are interested in the existence and the regularity
properties of minimizers of the isoperimetric problem

P.(E) - |

min F(F) = min
E

x)dx ).
|El=m |E=m< g( ) )
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Figure 1. The relative lenghts of each block produce different morphologies. Figure by
MIT OpenCourseWare .

Here E C RY is a measurable set, P,(E) is defined as in and g : RY — R is a locally
Lipschitz continuous function bounded from below, periodic or coercive.

In ﬂgﬂ, Caffarelli, Savin and Valdinoci considered a minimization problem combining
the Dirichlet energy with the nonlocal perimeter of a level set, namely

/Q|Vu(x)|2dx + P({u>0},0)

with s € (0,1). They obtained regularity results for the minimizers and for their free
boundaries 0{u > 0}, density estimates, monotonicity formulas, Euler-Lagrange equa-
tions and extension properties.

In , Acerbi, Fusco and Morini studied the functional

(13) J(E) = Po(B) +7 [ [ Gla.y)(u(z) - m)(uly) - m) dzdy,

where 0 = IIV is the N-dimensional flat torus of unit volume, u = xg — Ygc with
E={r € Q:u(z) =1} and E° its complement, Po(FE) the De Giorgi’s perimeter of F
in ), see , ~v > 0 a constant depending on the structural properties of the materials,
m = f,u and G the Green’s function associated to —A.

The functional in represents the variational limit of Otha-Kawasaki energy, see
27], and models the microphase separation for A/B diblock copolymer melts, intensively
studied in engineering nanostructure for their properties and rich pattern formation with
different morphologies depending on the relative lengths of each block. Precisely, suffi-
ciently different block lengths lead to spheres; using less different block lengths we obtain
a “hexagonally packed cylinder” geometry, while blocks of similar length form lamellae,

They showed that critical configurations having positive second variation are L!-local
minimizers of the nonlocal area functional.

Recently, in , Julin proved that regular critical sets of the functional in ((1.3) are
analytic and, moreover, that the ball is the unique possible stable critical set when the
strength of the nonlocal part is suitably small.
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Our main goal is to prove the result of [3] for our fractional functional (1.1)). More
precisely, in the first part of this paper, we prove the following result.

Theorem 1.1. Let s € (0,1/2), E C RN be a bounded open set of class C® with fized
volume m > 0 satisfying the Fuler—Lagrange equation corresponding to Js and such that

PJ(E)[g] >0 forall e HOE)\ {0}.
Then there exist 6 > 0, Cy > 0 such that
JJ(F) > JJ(E) + Co| EAF|?
for all F C RY | with |F| = |E| and |[EAF| < 6.

We refer to Theorem for a precise statement.

In the second part of this paper, we want to generalize an important theorem of Kohn-
Sternberg, (|20, Theorem 2.1]). We consider a bounded domain  C RN, N > 2, with
complement Q¢ we define

y)|?
0, Q) : C dedy // dz dy,
EEINA |x—y|N+2 "o Joe |x—y|N+2 !

and we study the functionals of the form F. : X := {u € L®(R") : |[u|ze@y) < 1} —
R U {400} given by

(1.4) F.(u) = K(u,Q) + 8iS/QW(u) dz + /qudx, if s €(0,1/2),

1 1 .
(1.5) F.(u) = |10g€|IC(u,Q) + |£10g5|/QW(u) dw+/ﬁgud$, if s =1/2,
(1.6) F.(u) = e* 'K(u, Q) + / W(u da:+/ gudx, ifse (1/2,1),

where u € H*(;R), g € C1(Q) is a given function, ¢ € R is a positive parameter and
W is the well known double-well potential, that is, an even function such that

W:R—[0,+00), W eC*R,R"), W(£l)=0,

1.7
(L.7) W >0in (—1,1), W/(+1) =0, W"(£1) > 0.

F. is the energy of the fractional Allen—Cahn equation and is the fractional counterpart
of the functional studied by Modica and Mortola in [24}25]. Valdinoci and Savin in [29]
proved that the functionals (1.4)), (1.5)), (1.6)) ['-converge to Fy : X — RU{+o00} defined

as

(1.8) Fy(u) = {K(“’ ) + /qudx if wulg=xg— Xxgc, for some set £ C

400 otherwise,

where s € (0,1/2), E¢ is the complement of the set £, and

Po(E)+ [qgudr if ulg = xg — xgc, for some set E C Q
+00 otherwise,

(1.9)  Fo(u) = {
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where s € [1/2,1), ¢* is a constant depending on N and s (see [29, Theorem 4.2] for
more details) and Po(F) denotes the perimeter of F in 2. So we prove the following
generalization of Theorem 2.1 in [20] in the following way

Theorem 1.2. Let Q be a bounded domain in RY with Lipschitz boundary, s € (0,1/2)
and suppose that ug is an isolated L'-local minimizer of Fy. Then there ewists g > 0 and
a family {uc}ece, Such that

(1.10) u. is an L'-local minimizer of F.,
and
(1.11) e — wol|z1) =0 as e —0.

Remark 1.3. We require that ug is isolated in order to avoid the possibility of the
situation obtained in the classical case in which Kohn and Sternberg proved (see [20],
Section 3.3) that if g is not isolated critical point, Theorem can fail. We conjecture
that you can build a counterexample also in our setting, but the Kohn-Sterberg’s one is
not obviously generalizable.

Remark 1.4. In Theorem [I.2] thought u, is an isolated local minimizer, we are unable
to conclude that wu, is isolated. Nevertheless, it seems reasonable to expect that also u, is
isolated for any e sufficiently small if u, is nondegenerate in some suitable sense.

Finally, we prove the following result, which can be seen as a link between the two
previous theorems:

Corollary 1.5. Suppose s € (0,1/2). Let E be as in Theorem [1.1] and u = xg. Then
there exist e > 0 and a family {u.}.<c, of local minimizers of F. such that u. — u in
LYRY) as e — 0.

The paper is organized as follows. In Section 2 we give some preliminary definitions and
results. In Section 3 we compute the first and the second variation of and we show
that regular local minimizers have nonnegative second variation, that is a sort of viceversa
of our main theorem. Section 4 is devoted to the proof of the W'+2'?-local minimality
of critical configurations with positive second variation. In the most important section of
this work, Section 5, we prove our principal theorem, i.e. that any W'+2*?-local minimizer
is an L'-local minimizer. Finally, Section 6 is dedicated to the proof of Theorem and

Corollary

2. NOTATION AND PRELIMINARY RESULTS

In this section we introduce the framework that we will be used throughout this work.

Definition 2.1. Let E C RY be an open set with OF of class C*, s € (0,1) and for any
p € [1,+00) we define

ju(z) — u(y)|

|z — y|s+N=D/p

i.e. an intermediary Banach space between LP(OE) and W'P(OF), endowed with the
natural norm

" :: P qyN-1 / / )’ N-1 qa/N- 1)
fulbwerioey = (f Jacre e [ [ e g

W (OE) = {u € IP(OF) - € IP(OE) x LP(aE)}
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For 0 < s < 1/2 the s-perimeter of a measurable set £ C R is defined as

dx dy
2.1 / /
(2.1) 5C |z — y[Vr2s

where E¢ is the complement of E. The s-perimeter corresponds to the usual semi-norm
of the characteristic function yz of E in the fractional Sobolev space H*(RY), that is

P(E) = / / e(@) = xs@I 4 4
s [xE]F: ®Y) "7 Jon S |x—y|N+2 Y-

We say that a set £ C R has finite s-perimeter if P,(F) < oo.
We recall that, by [2, Theorem 2] the s-perimeter I'-converges to De Giorgi’s perimeter
as s — 1/2. Precisely, it holds

(2.2) D= lim (1 - 25)P,(E) = wy 1 P(E),

where wy_; denote the volume of the unit ball in RY~1,
The s-perimeter can be localized to a bounded open set  C RY by taking away the
contribution of points of E and E¢ outside (2, i.e.

dx dy dx dy
2.3 (E,9) / / / /
(23) ena Jee |z —y[Nt2s " Jpnao Jeena o — y|[N+2sT

Again, as s — 1/2, the usual notion of perimeter is recovered, because we still have

I'— 1%{512(1 —25)P(E,Q) = wy_1 P(E, ),
where P(E, () is the perimeter of E inside .
Given an open set Q C RY and a vector field X € C°(Q,RY) we denote by {®;}icr
the flow induced by X, that is, the smooth solution ® : R x RY — R to the ODE

{8t<1>t(x) = X(®,(2)), teR

(2.4) Po(x) = 2. reRN
Recall that, by the implicit function Theorem, there always exists ¢ > 0 such that
{®:}j<c : RY — RY is a smooth family of diffeomorphisms.

Let £ C RY be an open set with C? boundary. Assume that P,(E,) < oo, and let
E; = ®4(E) for any |t| < . By the area formula the function ¢t — Ps(E;, Q) is smooth
for |t| < e. Moreover, if vg is the outer unit normal to E and if ( = X - vg denotes the
normal component of X, the first variation of P,(-,Q2) at E along X is (see |17, Theorem

6.1))

d

S p(E.0 :/ H.¢dHN
dt ( ty >|t:0 OF CdH 9

where H, is the fractional mean curvature of OF, defined as

(2.5) SP,(B,Q)[X] =

, xe(r) — xpe(z)
(2.6) Hy(p) = v o= p| v dz for any p € OF.

The integral in (2.6]) is understood in the principal value sense, i.e. we define

2.7) () RM\Byp) | — NP2
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and we let
H,(p) = lim H{(p).

The fractional mean curvature Hg(p) is well-defined provided that OF is regular near p
and, in this case, it agrees with usual mean curvature in the limit as s — 1/2 by the
relation

lim (1 —2s)Hs(p) =wn_1H(p),

s—1/2

where H denotes the classical mean curvature of OF, see [4, Theorem 12].

3. FIRST AND SECOND VARIATION OF J

From now on we consider the following functional
(3.1) J,(E) = PJ(E) + / gdz
E

where £ C RY is a measurable set of fixed volume m > 0, g € CY(RY) N L>®°(RY) is a
given function, s € (0,1/2) and Py(FE) is defined in (1.2).

Let X : RY — RY be a C vector field and let ® : RY x RY — R be the associated
flow as in (2.4) that is volume preserving, i. e.
(3.2) |D(-,t)(E)| = |E| forall tel0,1].

Let E be an open set of class C3. By (2.5)), the first variation of J, at E with respect
to the flow ® is

d

a _ _ N-1 , N-1
(3.3) S ALAT /8EHS(X V) dH +/8Eg(X Vi) AN

where E; = ®,(F) and vg is the outer unit normal to F.
Then, given E a sufficiently smooth (local) minimizer of the functional (3.1)), we have
the following Euler-Lagrange equation

(3.4) Hy(x)+g(x) =X forall ze€dE,

with A\ that is a constant Lagrange multiplier associated to m.
We now give the following three definitions.

Definition 3.1. A set E C R” is a regular critical set for the functional (3.1)) if it is of
class C? and (3.4)) holds on OF in the weak sense, that is

. /aEHs(g cvp)dHN T = — /aE g(€-vg)dHNTY, forall € € CHRYN,RY)

3.5

s.t./ € vpdHN =0.
oF

Definition 3.2. A set £ C R" of finite s-perimeter is a local minimizer for the functional
(3.1)) if there exists d > 0 such that

Jo(E) < J,(F)

for all F C RY with |E| = |F| and |[FAF| < §. If the inequality is strict whenever
|EAF| > 0, we say that E is an isolated local minimizer.

Moreover, if the local minimizer F is a regular critical set according to Definition [3.1],
then E is called a regular local minimizer.
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Definition 3.3. Given w > 0, we say that a set £ C RY of finite s-perimeter is an
w-minimizer for the s-area functional if for any ball B,(zy) C RY and any set of finite
s-perimeter F' C RY such that EAF CC B,(zy) we have

P,(E) < P(F) + wr".
As an easy consequence of these definitions we have the following

Lemma 3.4. If E is a local minimizer for (3.1)), then E is an w-minimizer for the s-area
functional.

Proof. Since FE is a minimizer for (3.1)), proceeding as in |11, Lemma 3.4, we obtain that
exist & > 0 and py depending on E such that E C Bg/; and it is a solution to

9 pin (0 + [ gar el - 15)).
for every u > po. Now, for any zy € OE, consider a ball B,(xg) C RY such that
wyr™N < §/2, with ¢ as in Definition . So, for all F' of finite s-perimeter such that
EAF CC B,(x), we have

Py(E) < P(F) + [|gll oo o) [EAF| + po| | E] — | F]

(3.7)
< P(F) + (|9l o @y + p0) | EAF| < Py(F) + wr™.

Therefore, £ is an w-minimizer for some w > ({|g|| ooy + pio)wn - O

Let us fix some notation. Given a vector field X, we define X, := X — (X - vg)vg its
tangential part on OF. In particular, denoting with V.. the tangential gradient operator
given by V,¢ := (V),, we recall that the second fundamental form Byg of OF is given
by D,vg.

Before proving the representation formula for the second variation of Jg at F with
respect to the flow ®, we recall that of the s-perimeter, calculated in [17, Theorem 6.1]:

&’ (X - ve)(@) = (X -ve) WP 5 N1 N
dt2P (B = /8ExaE |z — y|N+2s dr, " dH,
2
ve(x) — vey _ _
(38) a /8E><BE | E\(xz \Ni(25>| (X - wp)? dH

+/ < divX)(X - vp) — div, X (X - VE)> dHN !
where H; is the nonlocal mean curvature defined in (2.6)).

Theorem 3.5. If £, X and ® are as above, we have

d2
7JS(Et)|t:0 =

d2
Z_PJE),_ / (X~ div X
(39) dt? +2 ( t)|t70 + aEg ( VE) v

d
— div, (X.(X - VE))> AHN ¢ / (Vg vm)(X - v)2 dHY L.
OE
Proof. Since (3.8 holds, from (3.3)) we have only to compute

d
- X -vg)dHN
dt s /8E9( VE) H
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Proceeding as in the proof of [10, Theorem 3.6, Step 3| and using 23| Proposition 17.1],
we have

a4 : v 4 < ' N—1>
dt|i=o /BEt 9(X - vp) dH  dt) / (g0 (I))(CD(VE o ®))Jp dH
(3.10) B, )
= 1, 579 © ®)ieco (X - ) dH + / o7 (D 0 ©) o)),y M
- Il + Ig.

The first integral Z; can be written as

T = / (Vg X)(X - vg) ”HN”:/ (Vg-vu)(X - vg)? dHY !
(3.11) oF
+/ Vg X)) (X - vg) dHV L.

By property (g) of [10, Lemma 3.8], the other integral turns out to be

. 22:/8Eg<z-uE—2XT-VT(X-VE)+BT[XT,XT]> dHN
312

. . N—-1
+/6Egd1VT((X vp)X)dH” 7,

0?®

ﬁlt:o.
Then we note that, from [10, Equation (2.4)],

| (Veg X)X - vm) dHY [ gdive(X - vg) X) AR
OF oF

where 7 =

(3.13)
— / diva (g(X - vp) X)dHN T = / GH(X - vg)? dHN !
OF OF
and, from [3, Equation (7.5)],
H(X -vp)?+7Z-vg—2X, D (X -vp) + B[ X, X;]
= (X -vg)divX — div (X, (X - vg)),

so, combining (3.8]), (3.10)), (3.11)), (3.12)), (3.13) and (3.14]), we conclude the proof of the
theorem. U

(3.14)

Remark 3.6. Notice that in the case of a regular critical set E, the second variation of
Js at E/ with respect to the flow ® is reduced to

d* _ (X - ve)(@) = (X - ve) WP vt gy v
@JS(Et)h:O N /E)ExaE |z — y|N+2s drt, dH,
_ 2
(3.15) _ lve(z) — ve(y)| (X - vp)? d%i\/—l dngj,V_l

oEx0E  |x — y|N+2s
+/8 (Vg - ve)(X - vg)? dHN L,
B
Proof. 1f ® satisfies |®(-,t)(E)| = |E| for every |t| € [0,1], it follows that

d
3.16 4 g :/ X vpdHN1 =0
( ) dt| t|\t:0 oE Vg H
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and
d2
(3.17) 1Bl = /8 (X)X - vp) MV = 0.
Then we have that
(3.18) /8 ) divT<(X - VE)XT> AN =0

by the tangential divergence theorem (since JF has no boundary). So, being E a regular
critical set for Js, from (3.9)), (3.16)), (3.17), (3.18]) and (3.5)) we obtain (3.15]). O
Definition 3.7. Given any sufficiently smooth open set £ C R, we denote by
H*(OF) = {go € H*(OE) : / edHN ! = 0}
OF

endowed with the norm [|¢||gs@r). To E we associate the quadratic form 9%J,(E) :
H*(0OF) — R, defined as

82JS(E)[90] _ / |gp(l‘) B @(y)|2 deinl drHZ]J\Tfl

oExOE |x — y|Nt2s

2
(3.19) _/ ve(@) = ve(Y)F 5 4q/n-1 g 81
oEx0E  |x — y|Nt2s ordit, T dA,

+/ (Vg -vg)p? dHN .
o

Observe that if E is a regular critical set and the flow ® is volume-preserving, then
9?Js(E)[X - vg] is exactly the second variation of J; at E with respect to ®.

From Remark [3.6] it follows

Corollary 3.8. Let E be a bounded open set of class C** for some a € (0,1) and a local
minimizer of Js according to Definition |3.2. Then

PJ(E)g] >0 forall ¢ H(OE).
Proof. Let ¢ € C*(0F) N H*(OF). We set X := Vu where u solves

{Au: 0 in RV\OE,

3.20
(3:20) Oy,u=¢ on OF,

and vg is the outer unit normal on OE. Let N (OFE) be a tubular neighborhood of OF.
Since E € C%° for some o € (0,1) and divX=0 on RN \ 9F, it results X - v € C*°
separately in £ N AN(OE) and RN \ E N N(OE), and globally Lipschitz continuous in
N (OFE). Here v denotes a C** extension of the outer normal field vg from OF to N'(OF).
We now set

X(w) = [ pe(2)X (@ + 2)
where p. is a standard mollifier. Since divX.=0, the associated flow is volume preserving,
so local minimality and (3.15)) imply that 0*J,(F)[¢.] > 0, where . := X, -v. Observing
that we can write
(X. - )(z) = (X - v)(z) — /]R p()X (a4 2) (e + 2) — v(x)]dz
= (X v)e(x) = Re(x),

(3.21)
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and that X - v is continuous in N(OF), we get that X. - v — X - v uniformly in
N(OE). In particular p. — ¢ uniformly on F and so we can check that 9%J,(E)[¢] =
lim. 0 9?J,(E)[p:] > 0. Indeed, considering

(3.22)
2 _ () — @ (y)]? N—1 1q/N—1
P J(E)[pe] = /6 por [5 |N+25 dHY ' dH)
) ( ) N-1 N-1 N— 1
—z/aE/aE ’x e O ) +/ (Vg-v)g? dH

we observe that, since ¢, — ¢ uniformly on OF and g € CH(RY) N L°(RY), the first and
the third term pass to the limit. So, being E' compact, if we show that

(3.23) AEWd <c,

for some C' > 0, we have proved that 9?J,(E)[p] = lim. 0*J,(E)[p.] because p. — ¢
uniformly on 0F, hence

Joo oo 260 e ()dHNldHNI%/ /aE L= gguve qpgvt.

T e

First of all we note that it is sufficient to prove When y is very close to x. Thus,
since £ € C%“ for some « € (0,1), we can write
(3.24) OF ={(y,uly)):y € By} with we C**(B;), u(0)=0 and Vu(0)=0.

For brevity we set Y = (y,u(y)) and X = (x,u(z)). We recall the expression of the outer
unit normal, i.e.

vy, u(y)) = , forall yedFE.
L+ [Vu(y)[?

By (3.24]) we have X = (0,0) and v(X) = (0, 1), therefore

1_V(X) (Y) N—1
J Ty YY)

1
1—
Bi (Y2 + u(y)?) N +2)/2 ( 1+ |Vu(y)|?
1+ |Vu(y)|? — 1
By (2 + u(y)2)(N+2s)/2
At this point we observe that if |Vu(y)| is sufficiently small (3.23) is proved, otherwise,
being u € CY1(By), we obtain

I V()P — 1 Vuly)|
J dy‘ <o

(3.25) ) 1+ [Vu(y)]* dy

By (2 + u(y)?)(N+2)/2 L (g2 + u(y)?) V+29)/2

(3.26)

|y
< dy < C
_C/B1 |y|N+25 Y >

where ¢ > 0 and C > 0 are constants.
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Now if ¢ is any function in H*(OE), we construct a sequence {p, }nen of functions in
C>(0E) N H*(OE) such that ¢, — ¢ in H*(OF). Then we claim that all the terms in
the expression of 9*J,(F) are continuous with respect to the H*-convergence. Indeed the
first term is exactly the H*- Gagliardo seminorm of ¢,,. Then, since H*(0E) is embedded
in L?(OF) with compactness, g € C*(RY) N L>®(RY), and holds, all the terms in
0?J,(E) pass to the limit, so the claim is proved and the proof is complete.

0]

4. STRICT STABILITY IMPLIES W1+25l’p MINIMALITY

In this section we want to show a first important result that will be necessary to obtain
the main theorem of this work: we prove that strict stability implies W2 *_minimality
with s’ < s. In the next section we will show that a W'*+25P-local minimizer is a L'-local
minimizer and this will allow us to obtain Theorem [L.1l

We start with this

Definition 4.1. We say that J; has positive second variation at the regular critical set
E if
P J(E)[g] >0 forall e H*OE)\ {0}.

Lemma 4.2. Suppose that Jg has positive second variation at a regqular critical set E.
Then

(4.1) mo = inf{0°J,(E)[¢] : ¢ € H*(OF), ||¢|

and

feop) = 1} >0

P J(E)[w] = mollpl

%{S(@E) for all € H*(OF).

Proof. Let {¢n}nen be a minimizing sequence for the infimum in (4.1)) and assume that
©n — o weakly in H*(OF). If ¢o # 0, by (3.19) it follows that

If o9 = 0, then

_ 2
" OEXOE

n |IL‘—y|N+2S

(4.2)

—1
9 9, \VE(@)VE(Y) N—1 19,N—1 . ) N—1] |
" /8E /8E #n(®) = A, dH, /BE(VQ ve)e, dH

T — y‘N+2s

Now, we can proceed as in Corollary observing that ||| 7:sm = 1 so, by Sobolev

embedding, it results ¢, — 0 in L?(OF). Hence the second and the third term of (4.2)
vanish and we conclude that

my = lignc?QJs(E)[gon] > 1.
U

The next theorem allows us to construct a volume-preserving flow connecting any two
regular and close sets in RY. If E C R” is an open set at least of class C3, we denote
by N, (OF) the tubular neighborhood of F of thickness 2r and we let d € C? the signed
distance from OF.



12 DAYANA PAGLIARDINI

Theorem 4.3. Let E C RY be a bounded open set of class C® with fized volume m > 0,
s < s and p > max{2,N/2¢'}. For all € > 0 there exist a tubular neighborhood
N, (OF) and two constants 6, C' > 0 with the following properties. If ¢ € C*(OF) and
1]l wis2s(om) < 0, then there ewists a field X € C? with divX =0 in N,.(OE) such that

(4.3) X — vl 2o < clltll2om)-

Moreover, the associated flow
0P

(4.4) ot
O(x,0) =2z, ze€RY

satisfies ®(OF, 1) = {x + ¢ (z)vg : © € OE}, and for every t € [0,1]

(4.5) 1+ 1) = Td[[wre2eniomy < CllYllwieasnom,

where 1d is the identity map. If in addition |Ey| = |E|, for every t we have |E;| = |E| and

= X(®), (t,z) eRxRY

X -vg, dHN Tt =0.
OFE:

Proof. Consider o > 0 and set d, := p, * d, where p, is a standard mollifier. Since FE is
of class C®, we can find a neighborhood N, (OF) and o, such that, if 0 < 0 < 0., then

(4.6) ||dg — dHC3(/\/’T(8E)) <e.
For such o let ¥ be the flow associated to Vd,, i.e.
ov
U(x,0) = = Vd,
(0.0) =2 S5 =V, ().

Then there exists £y > 0 such that V|ppy (¢, is a C*° diffeomorphism onto some neigh-

borhood U of 9E. So we want to construct a C* vector field X : U — RN such that
divX =0 inU, X =Vd, ondE.

To do this, for every y € U we set

(4.7) C(y) =¢(Y(z,t)) :=exp ( / Ad,( ds>

Thus div(¢(Vd,) = 0 in U holds by construction. We define X :U — RY any C*-vector
field coinciding with (Vd, on U, and denote by ® the associated flow. Note that ® and ¥

have the same trajectories in U, then we consider two functions n, : U — 0FE, t, : U = R
defined by

®(m,(y), to(y) = y-
3 3 9 -
If ¢ is small, we have t,(®(x,t)) = t, for all x € OE. Hence, Vi, (P(x,t)) - E@(m,t) =1
and in particular Vi, - Vd, = 1 on OF. Therefore, since t, = 0 on OF, we have
Vd
lo = == E.
\Y4 Vd Vi on O
Thus, for o < 0. sufficiently small it results ||Vt, — Vd, | 1~@or) < . Taking r smaller
enough it may be assumed that N, (OF) C U and for all y € N( E)

Ito(y) — do(y)] < 2¢[d(y)].
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That is to say, there exists a function a, € C*(N,(OF)), with |la, | e, @r) < 2¢ such
that

(4.8) to(y) = d(y)(1+ aq(y))-
Let us now take ¢ € C?(9E). If ||¢)|| 1= (or) is small, we set
S(z) = 7o (z + ¥ (z)ve(z))
for € OF. Since F is of class C?® we have that S is of class C? and
D.S(z) = (D,my)(z + ¥(z)ve(z)) + R(x),
where |R(z)| < Cl[t||c1(op). Therefore, since m,(x) = x on JE, we deduce that S is a

C?-diffeomorphism, provided that ||[¢||c1(a) is small. Moreover, fixed s’ < s, it is checked
that lf ||1/)||W1+25/,p(aEv) S 1 then

(4.9) 1S lprsasmomy < C
for some constant C' > 0 independent of 1. Note also that
(4.10)

57 @) —a| = |57 (2) = ST (T (z + 4 (2)vp(2))| < Clo—7o(z+(z)vp(@)] < Cli(2)].
Now for y € N, (OF) we set

(4.11) G(y) == (87" o mo)(y) +vp((S o me)(y)U((S™ 0 74)(1))-

In this way, G(y) is the unique point of the trajectory of P passing through y that belongs
to the graph of ¢. Finally, let us define

(4.12) X(y) = 1(G(y) X (y)
for y € N (OF). Notice that X € C*(N,(0F),RY) and we call X any C?-extension of
the vector field to RY.

Note that t, o G is constant along the trajectories of ®, such that we have divX = 0 in
N, (OF). Denoting by ® the flow associated to X, and since t,(G(z)) is the time needed
to go from x to G(x) along the trajectory of ®, we have ®(x,1) = G( ). Thus, we may
conclude that ®(0F, 1) is the graph of 1. Now observe that from (4.8)) and - ) follow
that

(4.13) X(y) = v((S™ o) (W) (L + as(G(y)))C(y) Vo (y)-
Thus, from (4.9) we have

(4.14) 1 X [wr1ves o om)) < Clvllwases oo
for a constant C' > 0 independent of .
At this point we can show (4.3)). Indeed from (4.13)), (4.9)), and (4.10), for every z € OF,

we have
(4.15)
X (2) = ¥(@)vp(@)| = [((STH o) (2) (1 + ap(G(2)))¢ (2) Vdy (2) — ¥ (2)Vd()]
< [P(STH@)(1 + ap (G (2)))¢ (2)Vdy (2) — Vd(z)] + [(H (ST (z) — ¥ (2))Vd(z)]

< Celp(S™H (@) + W llerom) | S~ (2) — =

| =
)l

< Celyp (S (@)| + [U(S7 (@) — ¥(z)]
()

@)+ [ (@)])

< Ce(ly(S™
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provided that ||¢||c1(ap) is small. This leads to (4.3).

To prove (4.5)), first we observe that ® is close to Id in L* thanks to (4.4]) and (4.14).
Then, differentiating (4.4]) and solving the resulting equation, since p > N/2s, one easily
gets from (|1, Theorem 7.57]) and (4.14])

(4.16)
IVa® — 1d|| oz, 08y < [[Va® = 1d]| oo ey 0m)) < Ce) [V X | o0 (4 08))

<
< Ce)IVXIlyaspn, 0my) < CE[Yllwitasnor < Cleo)e.
In a similar way we have

[V2® — 1d]ay p < C(£0)[VX]awp < CllX|lprszswom) < Cllollwiszssorm < Cleo)e,

where []2s, is the (s, p)-Gagliardo seminorm (see [15, Section 2]), and (4.5]) follows.
Let now suppose that |F;| = |E| and recall that by [13, Equation (2.30)], we have

d? :
E|Et| = /aEt(dle)(X -vg,) =0 forallte]l0,1].
Hence the function ¢ — |Ey| is affine in [0, 1] and since |Ey| = |E| = |F4|, it is constant.
Therefore
d
O:—|Et|:/ divX dz = X -vg, dHYt forallt €[0,1].
dt Ey OB
This proves the theorem. 0J

With this theorem in hand, we can prove the first of minimality results, i.e. TW'+2'»-
minimality for s’ < s.

Theorem 4.4. Let s < s, p > max{2,N/2s'} and E C RN be a bounded open regular
critical set for Js with fived volume m > 0 and positive second variation. There exist
0 >0, Cy> 0 such that

Jo(F) > J(E) + Co| EAF[?,
whenever F C RY satisfies |F| = |E| and OF = {z + ¥(z)vg(z) : x € OE} for some
770 :0F — R with ||¢||W1+2s/,p(aE) S d.

Proof. Since we need estimates that depend on ||¢||W1+25/,p(6E) only, we can assume that
Y is of class C™ by a standard approximation argument.
Step 1. Let s’ < s. We claim there exists §; > 2HN"Y(OE)Y? > 0 such that, if
OF = {z +¢(x)ve(r) : v € OL} with |F| = |E| and [[¢|ly1+2509p) < 61, then
mo

(217 int {02 L(F)lie] : ¢ € HU(OF), el gomy = 1} = 22,

where mg > 0 is the constant defined in (4.1). By contradiction, let us assume that
there exists a sequence 9F, = {z + ¥, (z)ve(r) : z € OE}, n € N, with |F,| = [E| and
[¥nllwi+esnom) — 0, a sequence ¢, € H*(9F,), with ||, gssr,) = 1 such that

mo
TR
Let &, be a family of diffeomorphisms from FE to F),, converging to the identity in
W+2'2(9F), (see Theorem {.3), which exists thanks to the fact that ¢, converges to 0.

(4.18) O*J(F)[en] <
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Set
an :][ cpno@ndHN_l and Dn = p 0D, — a,.
OF

Since vg, 0 ®, — vg in C%(JFE) all terms in the expression (3.19) of 9*J,(F,)[¢y]
are asymptotically close to the corresponding terms of 92J,(E)[5,], i.e. 0*J,(F},)[on] —

P J(E)[pn] — 0. Since [|Gnll gsop) = 1, from Lemma [4.2 we contradict (4.18).
Step 2. Let us fix F so that |¢||W1+2517p(3E) < §y < 01, where 9, is to be chosen. Let us

consider the field X and the flow ® constructed in Theorem [£.31 We claim that
(4.19) /8 (X v v, aH
for all t € [0,1] (where E; = ¢(-,t)(E) as usual). To this aim, we write
/ (X . VEt)VEt dHN_l
OE:

< 6| X - vE 208

(X((I)(x, 1) - v, (D(z, t)))yEt(CID(m, ) In 1 (dPPD(-, 1)) () dHN !

(X(®(z,t)) - vp(x))vep(r)dHY ' + Ry

(4.20)

(X (z) - vp(x))vp(z)dHY 7 + Ry + Ry

=

¢($)VE($) dHN_l + Rl -+ R2 + R3,

QJ\QJ\%\@\

E
where d?F is the signed distance from the boundary of E,

Ro= [ (X(@(0) v (@(0,1)) ), (B, 1) I 1 (7, 1)) () A1V

= | (X(®(x,1)) - vp(2))ve(e) dH

oF

Ry = AE(X (®(z,t)) - vp(z))vp(x) dHN ! — /8 (X (z) - vg(z))ve(z) dHN !

E

(4.21)

and

Rs = /8E(X(:):) vg(x))vp(r) dHN ! — /8E1/1(x)VE(:E) dHN
Now fix € > 0. Recalling (4.13)), (4.8)), (4.7), and (4.9), we have

(4.22) /M X (®(x, 1)) dHY ! < Ol | p2gom).
Observing that by (4.5))
|ve — vE,(P(-,1))|| L~ 0E), [In—1(dP D (-, 1)) — 1 = (om)

are arbitrarily small, from (4.22)), (4.3) and (4.14]) we obtain
|R1| + | Ra| + | Rs| < el|¥]|r2(08)

provided that ds is sufficiently small. This and (4.20]) prove that
(4.23)

‘/ (X . VEt)VEt deNil
OF:

N—-1
< ‘AEqud%

+ el < (HY OB + & ) [¥lizom

4]
< (3 +¢)1¥lon,
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A similar argument shows that
(4.24) I1X - vell2om) = (HYHOE)Y? = &)[l| 2 0m),

and (4.19) follows, if € and, in turn, d, are suitably chosen.
Since FE is a critical set for J, recalling (3.9), (3.15)), and thanks to an integration by
parts, we can write

(4.25)
J(F) ~ J(E) = J(By) ~ Ju(E) = [ S (B ar =

_ _/Ol(i(l—t)iJs(Et)dt / (1—t)§t2J(Et)dt

d t=1 1 )
[(1 —t)dtJ (Et)LO :/O (1—1) (8 JJ(E)[X - vg,]
o HSEt leT(XT(X ' VEt)) dHN_l - gdiVTt<XTt(X ’ VEt)) dHN_l) dt’
OF: OF;

where div,, is the tangential divergence on 0E;, HF* is the nonlocal mean curvature of
OFE; and X, == X — (X - vg,)vg,. Since

X -vg dHYN =~ [ divXdr =0,

6Et Et

by (4.19) and (4.17)), we obtain that
J(F) = J(E) = 7/ (1= OIIX - ve |3 om dt
(4.26)
— / (1—t / (HE + ¢)div,, (X, (X -vg,)) dHY " dt.

We claim that, if d is sufficiently small,

@21) L= | [ (HE o g)div, (X6, (X v)) 41V < 2 o8

for all ¢ € [0,1]. Indeed, since

div,, (X5, (X - vg,))dHY ' =0,
OE;

we get

4.28 h= ‘ /8Et {(Hft + 9)} div,, (X, (X - vg,)) dHN
b ) ‘/E)Et {(HSEt )= )\} div,, (X, (X - vg,)) dHY .

Now, since E € C3| it follows that H, is of class C! (see [4]) so

le= ’ / HEt +9- )‘)Xft (X ' VEt) d/HNil

(4.29)
< HVT(HsEt + 9 = Mlle~@e) | Xl z2@e) | X - Ve 2008,
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for ¢ small, the first norm on the right-hand side of (4.28]) can be taken smaller that e.
Hence, proceeding as in |3, Lemma 7.1] we have

Given ¢ > 0, if §, is sufficiently small, since F satisfies (3.4) and E; = ®;(FE) with ® € C3,
T

||XT||L2(3Et) < CHX ’ VEt||L2(3Et)

and, from (4.29), we get
I <ce|| X - vg,|

2
HS(BEt)7

so (4.27) follows.

Then we observe that from (4.26]) and (4.27)) we obtain

T(F) 2 1(B) + 0 [ (= )X |

%{S(aEt) dt
(4.30)

> J(B)+ 5 [ (=X v o, dt
Finally, recalling (4.24) we have
m
Ji(F) 2 JA(E) + S0l 320m) > J(E) + Col EAFP,
and the theorem is proved. O

5. Wit2s'"p_,0cAL MINIMALITY IMPLIES L!'-LOCAL MINIMALITY

In this section, with W25 ?-local minimality at hand, we want to switch to L!-local
minimality.

First of all we prove a result showing that if F is a regular isolated TW'**?-local
minimizer of J, in the sense of Theorem [£.4] then F is a minimizer among all sets
sufficiently close in the Hausdorff distance. In the proof of this theorem we need several
known results; for the reader’s convenience we state them below.

The first of them is a corollary of an important regularity result concerning sequences
of w-minimizers for the s-area functional. This is proved as in [17, Corollary 3.6]:

Theorem 5.1. If N > 2, w > 0, so € (0,1), E,, n € N, is an w-minimizer of the s,-
perimeter for some s, € [so, 1), and E,, converges to E in L', for some set E of class C?,
then there exists a bounded sequence {uy, tneny C CY*(OF) for some a € (0,1) independent
of n such that

OE, = {z + u,(z)vp(x) : © € OF}, lim [unllcrom) = 0.

Then, thanks to [7, Theorem 2.3], we have an analogous result for minimizers of a
problem with an obstacle:

Proposition 5.2. Let O C RY be a C? domain (obstacle), with o > s+1/2. Assume that
E,, n € N, is fixed outside By and minimizes the s-perimeter in By among all sets that
contain ONBy. If 0 € OF, then there exists a bounded sequence {u, }ney C CH*(OEN By)
for some a € (0, 1) independent of n such that

OE, = {z + u,(x)vp(x) : © € OF}, dim |y flerom) = 0.
Proof. From |7, Theorem 2.3] we obtain that OF,, is graph of a function u,, € C**(0ENB)

for some o € (0,1). Then, thanks to the compact embedding of C** in C! we have the
thesis. ]
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Moreover, arguing similarly to [21, Proposition 4.25] and to [12, Corollary 5.3|, we prove
the following result:

Theorem 5.3. Let E C RY be of class C® and let F C RY of class C*“ for some
a € (0,1) such that OF = {x + n(z)vg(x) : v € OE} with n € C*(OF). If 0G; =
{z +tn(x)vg(x) : x € OE} for somet € [0,1] and Hy(x) = HE® () where t(x) is such
that © € OGyy), then for every W C RN such that OW C EAF

<5J> fﬁ(m/)zifﬁ(fw'_(/

WAE

‘Hs(x)’ dz.
Proof. We observe that for all ¢ € [0, 1],

IHS || oo o6,y < max <\|Hf||L°°(aF)> HHfHLoo(aE)>,

so Hy(z) is well defined for every x € FAE and continuous there.

On the other hand denoting with H%(z) = 50Gi()
r € RV,
Let A C RY be a bounded set. Then

/H‘S( \d _/ / XGt(z)(y)_XG§x>(y)d d
T R N O R L AR 7]

5.2 _ B X(0,0¢ (|7 —yl)
(5.2) = fonn xa(z) <th<z) () = xag, (y)> P dz dy

1

2 JRN xRN

(x), it is well defined for every

(0ae) = xa(®)) (0 00 — g, () X2 STNIQ@S/D e

where Gtc(x) and (o, p)¢ are respectively the complements of Gy and (0, p), and for the
last equality, note that

X1 @) = Xeg, (1) = ~ (X6 (®) = X, (@),

t(x

for almost every (x,y) € RV x RV,
For a general bounded set A this gives

-,

while if we take A = G} for some t € [0, 1], as we can deduce from the following picture,

igure 2|, we have

63 (@ = xa®) (Xow W) ~ xeg, ®) = ~lxe. @) = xa b))

1 X(0,0¢ (|7 — yl)
dz < 5 Ixa(z) — xay) (|Oxp)_ y| N2 dx dy,

H{(x)

RN xRN

for almost every (x,y) € RY x RV,
Hence V t € [0, 1],

1 X(o,p¢ (| —yl)
— | H(z)dz == — L dz dy.
c s(x) Zz 9 JrN g |XGt<x> XGt(y)| |$—y|N+2S ray

Now let W be such that OW C EAF. If P,(W) = oo, then (5.1)) is clear.
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o .y

oy T
(a) y€ Gy and 2 € GY (b) z € Gy and y € GY

Figure 2. The two different situations that we have in (5.3)).

On the other hand, if P;(W) < oo, then Lebesgue’s dominated convergence theorem
implies that

1 X(0,0)c (1T = yl) -~
(54> ilil(l] 5 RN xRN |XW(I) - XW(y)’ ’JI — y’N+25 da dy - PS<W>
and analogously, since £ € C3, we have
1 X(0,0¢ (|17 = yl) _
(5.5) limo | oy xe(@) = xe)l iz — gV drdy = P,(E).
Therefore
1 Xonc (|7 = yl)
2 o @) = I T dedy > - [ A da
5.6 > [ Hiw)de [ Hi@)a
(5.6 > [ H@) - [ Hi@)ar
1 Xo.pc 1z —yl)
—— [ Hi@)de+s [ - L dz dy.
An s(@)dz + 5 A~ Ixe(r) — xe(Y)| g Y
Since WAE C FAEFE, it results
5.7 li H’(z)dz = H,(z)dz,
(57) o0 Jwar (@) de WAE (v) dz
and passing to the limit p — 0 in (5.6)), combining (5.4)), (5.5 and (5.6, we obtain ([5.1]).

OJ
Thanks to this result we can show the following useful lemma.

Lemma 5.4. Let E C RY be of class C3 and let F C RY be a set of finite s-perimeter.
Then there ezists C = C'(F) > 0 such that

P,(F) — P,(E) > —C|EAF|.
Proof. First of all we observe that

(5.8) P,(F) — P,(F) > P,(Gy) — Ps(E) + A|[EAG,| — A|[EAF|,
where (G is a minimizer of
(5.9) P,(G) + A|EAG].

By Remark [3.4] it follows that G is an w-minimizer for the s-area functional; as A — oo,
we have that G, € C** for some a € (0,1) uniformly in A and G, — OF in C* by
Theorem (.l So

0GA = {z +n(x)vg(x) : x € OFY},
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where n € C%(OF); if € G,AFE, denoting with 7 the projection of GyAFE in OF, it
follows that n(n(z)) # 0 and = € 0G; = {x + tn(z)ve(z) : © € OE} for t € [0,1]. Then
we observe that, since I/ and G5 have regular boundaries,

(5.10) | Hs| Lo 9G,) < max <||Hs||L°°(aE), ||Hs||L°°(aGA)>

and since G is a C%-minimizer of (5.9)), from the Euler-Lagrange equation for ([5.9)), it
follows
| Hyl| Loy < A

Therefore applying Theorem [5.3, we have

(5.11) P,(Gy) = Py(E) — /EAG

with H,(r) = HS (z), and using (5.10]), it results
PG) 2 PB) = maax (I Hols=om, [1Hi 100, ) EAGA

Hy(x)

dzx,

that is, if A > || H,|| L~ @m),
(5.12) P,(Gy) > Py(E) — A|[EAG,].
Combining and (5.12)), we have
P,(F)— P;(F) > —A|[EAF| = —C(E)|EAF|.
0]

Now, we want to generalize a key lemma that in the classical setting is a consequence
of L? elliptic theory:

Theorem 5.5. Let E be a set of class C? and let {E, }nen be a sequence of sets of class
Che for some o € (0,1) such that

OE, = {x + t,(z)vg(x) : x € OE},
where 1, — 0 in CY(OF). Suppose also that H, pp, € LP(OE,) and
(5.13) Hop, (- + Un()ve(:)) = Hsor(-) in LP(OE).
Then 1, — 0 in W*2'P(F), for all s' < s.
Proof. First of all we prove that H, behaves as

(=A)IF29/2 Lot

From , for p € OF;, we have
Xge (1) — xg,(7)

cl\x) — X
H*(p) = / xee®) —xn ) o dz
(5.14) RY [z — p|N¥Es 020 JRN\Bs(p)  |x — p|NF2s
' Xge () — XE () . Xge () — X ()
- N+2s dz + lim N+2s dz,
RN\B,(p) |7 — P 6=0JB,(p)\Bspy |7 — D

for p > 6 > 0. Since E € C? the first term integrand is bounded, so we focus on the
second term. W.l.o.g. we can suppose that p = 0 and, unless you rotate and translate
that

OF; = {x + tu(z)vg(x) : © € OFY},
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hence
lim o dz = lim N2 dz
5.15) =0 JB,(o)\Bs(w) |z — p|N T2 60/ B, (0)\B5(0) ||+
. Xge (%) — XE ()
= hm/ NT2s dz,
60 J,,(0)\C5(0) |z

where C, = D, x [—r,7], D, is the disc of RV~ of centre 0 and radius p and r > 0. Now,
by Fubini’s Theorem

: XEC (z) = xB. ()
lim NT2s dr =
0-0.JC,(0)\C5(0) ||

u(x’) 1 p 1
lim (/ - dx —/ S — )da:’,
5=0.JD,00\0s0) \J—p (@, 2p) N2 N @) [(, )|V

where we use the writing z = (z/, zy), with 2 € RV~ and 2y € R. Thanks to a change
of variables we obtain

u(z’) 1 p 1
lim (/ — dz —/ — dx >dx’
50 I, 00\050) \J—p  [(@,an) V2 TN Jueny [(af o) N2 TN

14 1 o 1
5.17 = lim (/ ——day — / ——— dx ) da’
( ) 0—0 /D, (0\Ds(0) \ J—u(a’) [(x', xp)|NF28 N u(@) [(@!, ) |[NH2s N

u(z’) 1
— lim / — dzydz.
50 J D, (0)\D5(0) J—u(ar) |(a, xp )| V25 Y

(5.16)

From a Taylor expansion and since u(a;’ ) ~ O(|2'|?), we have that

Et /
H - 2/ ’x/|N+2s 3 / ’$/|N+2s+2 dz
/
(518) ~ 2/ U(l’) dI/ + 7/ ’J}'/|4_N_28 dl’l
D,(0) |z/|N+2s 3 /D, (0)

= 2(—=A)u(0) + Err(||ulcz),

1+2
where o = t2s

and Err(||u|lcz) is the error term, depending only on ||u|cz.

So we proved the claim.
At this point, hypothesis (5.13)) and a density argument imply that

(—A) (¢, — ) = 0 € LP
and, from [22, Theorem 3.2], we can conclude that

UV, —Y — 0 € W2'?  forall o <o,
that is our thesis. O

Remark 5.6. Consider the Lemma with (5.13)) replaced by
sup || H o, || 1r@8,) < 0.

Following the same line of reasoning, we obtain that the functions v, are equibounded in
Wt2'2(9F).
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At this point we denote with d the signed distance to a set F, and for all § € R, we
define

Is(FE) = {z : d(z) < §},
thus we are ready to prove the L*>-local minimality result.

Theorem 5.7. Let E C RY be a bounded open set of class C* with fized volume m > 0,
p>1 and s’ < s. Suppose that there exists & > 0 such that

(5.19) Ji(F) > J.(E)

for all F C RN with |F| = |E| and such that OF = {x + ¢(x)vg(z) : € OE} for some
function ¢ with ||l y1v200pm) < 6. Then there exists &g > 0 such that (5.19) holds for
all F C RY of finite s-perimeter, with |F| = |E| and T_s,(E) C F C Zs,(E).

Proof. Arguing by contradiction, we assume that there exist two sequences 9,, — 0 and
E, C RY such that |E,| = |E|, Z_s,(FE) C E, C Zs,(E), and

Js(En) < Jo(E)

for all n € N. For every n we call F,, a minimizer of the following penalized obstacle
problem

(5.20) min{J,(F) + A

Pl = Bl : T4,(8) € F < T, (B)),

with A > 1 to be chosen later. It results
(5.21) Js(F) < Js(E,) < Js(E).

We split the proof into three steps.
Step 1. We claim that for for A > ||g| @&~y and n sufficiently large

(5.22) IF| = |B].

Assume by contradiction that |F,| # |E|. In particular we consider the case |F,| > |E|.
Without loss of generality, for simplicity, we let |E| = 1. We observe that

/ gdx
Fn

Using this computation and minimality of F,,, say (5.21]), we get that there exists C'
independent of n such that

P,(F,) SPS(E)—i—/ gdx—/ gdx—A‘|Fn]—1’
E o

(5.23)

< gl Fal < gl |1Fal = 1]+ gllzeqay.

24
(5.24) <P(B)+ [ gda = (A= lglliman) ) IFul = 1| + gl
<C

and
A —lglleo@ny < Ps(E) + /Egdx + |9l oo @y < C.

In particular this implies that |F,,| — |E| if A is sufficiently large.
Then we define F,, = A\, F,, with A, such that |F,| = |E|, that is

Ful = N Fal = |E],
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X -vr<o

X-v>0 T 5(E)

Figure 3. F), is a solution of the obstacle problem (5.20)), so we can only consider vector
fields directed towards the interior of the obstacle.

1/N
o= (2L
|l

From this, we observe that A,, — 1 as n — oo.
So

that implies

Py(F,) = A\~ P,(F,)
and in particular for n large
Z;Ck, CI;
that is a contradiction.
The case |F,| < |E| is proved similarly.
Step 2. We claim that for n large enough F, is of class C1* for some o € (0,1) and
OF, = {x+ ¢Yn(z)vg(z) : © € OF},

for some 1), such that v, — 0 in C*(9F). In order to show this we observe that F, solves

, thus by Proposition , the claim follows.

Step 3. We claim that ¢, — 0 in W'+2'? for all s < s and p > 1. For this purpose,
we observe that since by Step 2 F,, is a C'! solution of the minimum problem ([5.20)), we
claim that

(525) sup HHs,ﬁFn”Loc(aE) < C < +00,

where € = masx (|| Huor, (08 | Hooz_o, leiom g0 + ).

Indeed, if we consider X : F,, — RY a C2° vector field, || X || z=(r,) = 1 such that, being
v the normal vector field to OF,, exterior to F,,, we have X -v < 0 on Zs,(E) and X -v > 0

on Z_s5,(F) as in [Figure 3|
od
Then we consider the associated flow ® : F,, x (=1,1) — F,, defined by i X(®),

®(x,0) = = and we denote with F,, = ®(-,t)(F,) and with J, the functional in (5.20).
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So by minimality of F;, we have

d - d d
2 LT = LI E) .+ (AR, —E)zO
(5.26) G By = G Fudio + 5 (A1Fil = 1B
that is, recalling (3.3)),
d
5.27 ‘/ Ho(X -v)dHN! !/ X ) dHN T AL R, =o0.
(5.27) o (X -v)dH +8Fn9( v)dH T + dt|t:0| il

From |13, Equations (2.28) and (2.29)],

d

< Elz/dﬁ&
dt \t:0| 4 Fy, v

hence (5.27) is equivalent to

(5.28) / H(X - v)dH !+ / gX - AHY T A [ X pdnN T =0,
OFy OF, OF,

Now, recalling that Z,s,(E) have smooth boundary, from we obtain ([5.25). Since
the functions v, are equibounded in C*, the previous estimate on the nonlocal curvatures
implies that the functions 1, are equibounded in W'*2'?(9E) for all p > 1 thanks to
Remark . Therefore, by , each F), is a solution of the obstacle problem (|5.20)
under the volume constraint. Since F,, is of class W”zs/’p, we have that H;gp, = fa,
where

An—g in A, :=0F, N Ns, (0F),
A — g + p, otherwise,

(5.29) h:{

with \,, A being Lagrange multipliers corresponding respectively to F}, and £, and p,, is
a reminder term converging uniformly to 0.
We claim that

(5.30) Hs,aFn(-wn(-)uE(.)) s Hoos() in IP(OE) for all p> 1.

From and we obtain that the sequence )\, is bounded.

If H¥=1(A,) — 0, then follows immediately.

Otherwise, we can assume with no loss of generality that HY~1(A,)) > ¢ > 0. Thus, by
a compactness argument we may find a cyinder C' = B’ x (=L, L), with B’ C R¥~! that
is a ball centered at the origin, and functions ¢, ¢ € W*2'?(B’ (—L, L)) such that we
have, eventually rotating and relabelling the coordinate axes,

ENC={(«,zy) € B' x (—L,L) : a2y < p(z)},

(5.31)
E,NC={(2",2y) € B x (=L, L) : znx < @u(2)}, and H Y1 (A4,NC)>c >0

for all n. Moreover, recalling Step 2 we also have

(5.32) on— ¢ in CYDB).
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Denote by A! the projection of A, N C over B’. Then from ((5.29)) follows

MHYA) = [ o eale!) dRY T @)

(5.33) "

FAHN B\ A — /B L 9P AT (@) 4

with w,, — 0, that is equivalent, proceeding as Lemma [5.5] to
(5.34) / (=AY IH+2925 ARNL(2') + Lot
B/
Thanks to an integration by parts ([28, Theorem 1.5]) and by (5.32]), we obtain

/ (=AY 2925 43N =1(5/) 4 Lot. — / (=AY 292 43N =1 (/) 4 Lo,
(5.35) ¥ B
= XHY B = [ gla!ela) anY @),
So we arrive to
(An — NHNHAL) — 0.

As HN7H(AL) > ¢ > 0 by (5.31)), we obtain (5.30). Therefore, by Lemma we
conclude that v, — 0 in W'*2'?(9E) for all ' < s and p > 1. Thus, recalling (5.22), by
Theoremwe have that Js(F,,) > Js(E) for all n sufficiently large, that is a contradiction
to (5.21). 0

At this point we recall our main result, Theorem and we prove it:

Theorem 5.8. Let s € (0,1/2), E C RY a bounded open reqular critical set for J, with
fixed volume m > 0 such that

P J(E)p] >0 for all p € H(OF) \ {0}.
Then, there exist 6, Cy > 0 such that
Jo(F) > J,(E) + Co| EAF|?
for all F C RN with |F| = |E| and |[EAF| < 6.
Proof. Arguing by contradiction, suppose that there exists a sequence E, C RY, with
|E,| = |E|, such that |E,AFE| — 0 and
(5.36) Jo(E,) < J(E) + C;O|EHAE|2,

where Cjy > 0 is the constant appearing in Theorem [4.4] We may suppose that xg, — Xr
in LY(RY), then we replace the sequence FE, with a sequence of minimizers F), of the
following penalized functional:

(5.37) Jo(F) + A (IFAE| — £,)? + ¢, + Ay

|F| = |E]

Y

where ¢, := |E,AFE|, and the constants A;, Ay > 0 will be chosen later. It is assumed up
to a subsequence that xp, — xr, in L', where Fy C RY minimizes

(5.38) Jy(F) + M|FAE| + Ao||F| - |E|
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Using Lemma it easy to check that if A; is sufficiently large (independently of Ay) F
is the unique minimizer of . Thus, Fy = E. Now we observe that if A, is sufficiently
large, proceeding as in Theorem Step 1, we have |F,| = |E| for all n. Moreover it
can be proved that for all n the set F), is a A-minimizer of the s-area for some A > 0
independent of n. Therefore, Theorem yields that F}, — E in C*. More precisely,

OF, = {z + ¢Yn(x)vg(x) : © € OF},

where ¢, — 0 in C*(OF).
We aim to show that 1, — 0 in W*2'?(9E) for all s’ < s and p > 1. To this purpose,
we claim that

(5.39) e |FL,AE| — 1.

Indeed, if ’|FnAE | — €n’ > o¢, for some o > 0 and for infinitely many n, since F,
minimizes the functional ((5.37)) and (5.36]) holds, we get

To(F) + AyJo?e2 + e, < J(Ey) + A (|ELAE] —£,)2 + &,
C
(5.40) = Ji(Ba) + Miv/En < J(B) + PIEAEP + A1 E,

C C
= J(B) + Pen + MvE, < L(F) + P+ My,

where in the last inequality we have used the local minimality of £ with respect to L*°
perturbations proved in Theorem [5.7] Recalling the above chain of inequalities we have

that
C
AjyJo2e2 + ¢, < Zosfl + Ai/ep.

The fact that this is impossible for n large proves the claim. Next, we set f,(t) =
(t —en)? + €, and we observe that

(5.41) ()] < 3vEm i |t —en] < 3en.

By (5.39)) we have ‘|FnAE| — sn‘ < 2¢, for n large enough. Thus, if
and |F| = |F,|, by the minimality of F}, and by (5.41)), we get

JJ(F) < J,(F) + A (IFAE| — £,)? + 0 — My (IFAE| —£,)2 + &,

|FAE| — e,

< &y

(5.42)

\F,AE| - ]FAE]‘ < Jo(F) + 30 VEn| FuAF|.

Let X be a smooth divergence-free vector-field in R and let ®(-,¢) the corresponding
volume-preserving flow. Thanks to the Coarea Formula, we can check that

FAG(,(F) =1 [ 12X o] dHY " +oft)
and, also by (5.42)) we have
Js(P(, 1) (Fn)) = Jo(Fn) 4 31 y/En| FL AD( 1) (Fy))|

(5.43) :JS((P(',t>(Fn>>_JS(FH)+3A1\/a|t|/8F X 0| dHY 1 o(t) > 0
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for ¢ sufficiently small. Dividing the previous inequality by ¢, letting ¢ — 0" and ¢t — 0~
and recalling (3.3)), we conclude

/ (H&aFnJrg)(Xw) | <anE [ X v ant
F, Fy

Using a density argument similar to the one used in the proof of Corollary [3.8, we deduce

/. (Hs,aFn + g)god’HNl <3ME [ felar
forall ¢ € C®(0F,) with [, ¢ dHN~! = 0. This implies that
|Hs o, + 9 — Ml or,) < 3A1y/E, — 0.
We may now proceed as in Step 3 of the proof of Theorem to deduce that
Hyop, (- + Un()ve(-) = Hsop(-) in L*(0F)

and thus v, — 0 in W*2"P(9F) for all s’ < s and p > 1. Finally, since J,(F,) < J,(E,)
by the minimality of F,, and since ([5.39)) holds, we have that

C C
Jo(F,) < J(E,) < JJ(E) + ZO|EnAE]2 < JJ(E) + 70|FHAE|2
for n large. This is a contradiction to the minimality property proved in Theorem 4.4, [

Remark 5.9. The previous proof does not make use of the second variation. Indeed, we
showed that any critical set E, for which the conclusion of Theorem holds, satisfies
also the conclusion of Theorem [Tl

6. LINK BETWEEN L'-MINIMIZERS OF J;, AND MINIMIZERS OF F.

In this last section we want to prove a direct corollary to Theorem [I.I but first we
have to recall some results about the nonlocal I'-convergence.

We consider a bounded domain Q@ C RY, N > 2, with complement Q°, s € (0,1), and
for u € H*(Q2,R) we define

[u(z) — u(y)? [u(z) — u(y)?
=3 / / mNHs “aray + / /Q y|N+zs dz dy.

Then we consider the followmg functionals F; : X = {u € L‘X’(RN ) ¢ |Jul| gy < 1} —
R U {400}

(6.1) F.(u) = K(u, Q) —I—f/ W(u dm—{—/gudm if s€(0,1/2),

(6.2) Fe(u) =

1 o
|10g5|’C(u,Q)+|810g€|/QW(u)da:+/quda:, if s =1/2,

(6.3) F.(u) = e* 'K(u, Q) + / W(u dx+/ gudz, ifse (1/2,1),
where g € C*(Q) is a given function, e € RT is a positive parameter and W is the well
known double well potential, that is an even function such that:

W:R—=[0,400), W eC*R,RY), W(+£l) =0,

6.4
(6.4) W > 0in (—1,1), W'(£1) =0, W”"(%1) > 0.
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Definition 6.1. The function w,. is an L'-local minimizer of F. if
(6.5) F.(u.) < F.(v) whenever ||v—u.|[z1q) <0

for some 6 > 0.
We say that u, is an isolated L!-minimizer of F if the first inequality is strict whenever
0< ||U - u0||L1(Q) S 0.

Our results are based on the relationship between F. and the “limiting ” functional
Fo: X — RU{+o0}
defined, when s € (0,1/2), as

(6.6) Fy(u) = {IC(u, Q) + /qud:z: if wulg = xg— xgc, for some set £ C Q

+00 otherwise,

where E€ is the complement of the set E and, when s € [1/2,1), as

(6.7)

Fou) Po(E)+ [qgudz if ulg = xg — xgc, for some set E C
u) =
0 400 otherwise,

where ¢* is a constant depending on N and s (see |29, Theorem 4.2] for more details) and
Po(E) denotes the perimeter of E in €.

In particular, since u — [, gudz is continuous in L*(€), from [29, Theorem 1.2 and
Theorem 1.3] we have that

a) if F.(u.) is uniformly bounded for a sequence of ¢ — 07, then there exists a
convergent subsequence

(6.8) Ue — Uy = Xp — Xgc 0 LY(Q);

b) if s € (0,1), F. I'-converges to Fy, i.e., for any u € X,
bl) for any u. converging to u in X,

(6.9) Fo(u) < liminf F.(u,.),
e—07t
b2) if Q is a Lipschitz domain, there exists u. converging to v in X such that
(6.10) Fo(u) > limsup F.(u.).
e—0t

At this point we can prove the second fundamental result of our paper that is that
for all e sufficiently small, there exists a local minimizer of F. near each isolated local
minimizer of the associated geometry problem:

Theorem 6.2. Let Q) be a bounded domain in RN with Lipschitz boundary, and suppose
that ug is an isolated L'-local minimizer of Fy. Then there exists ¢g > 0 and a family
{ue}eee, such that

(6.11) u. is an L'-local minimizer of F., and

(6.12) e — uol|z1@) =0 as e —0.
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Proof. We will prove the theorem for F. relative to s € (0,1/2) but the other cases are
similar.
Since ug is isolated for Fy, we can choose ¢ > 0 such that

(6.13) Fo(uo) < Fo(v) whenever 0 < [jv —ug|li) < 6.
Let u. be any minimizer of F, on the ball
B = {u : Hu — u0||L1(Q) < 5}

The existence of this minimizer can be shown directly using the calculus of variations.
Indeed, any minimizing sequence is bounded in H*({2), so there is a subsequence con-
verging in L' and almost everywhere to a point of B. It easy to check that the limit is
Ju(x) — u(y)l”

|z — y|[N+2s
e72W (u). If ¢ is sufficiently small, the approximations to uy given by and lie
in B, thus we have

(6.14) hrerl)%ﬂf F.(u.) < hrarl}glf F.(ug) = Fo(up).

a minimizer because of the convexity of and applying Fatou’s lemma to

We claim that for all sufficiently small e, u. lies in the interior of B, so (|6.11]) follows,
since u. are L'-local minimizers of F.. Arguing by contradiction, assume that for some
sequence £; — 0,

(6.15) |ue; — uollpr) = 9.
By there is a subsequence, still denoted €; such that
u., = u, inL'(Q).
Then
HU* - U0HL1(Q) =9
by passing to the limit in (6.15]), and

Fo(u.) < Fo(uo)
by nd (6.14). This is a contradiction to (6.13)). Therefore the claim is established,
©.11)

and is proved.
The proof of (6.12)) is almost the same. If it were to fail, then for some v > 0 and some
sequence €; — 0 we would have

¥ < ug; — o) < 6.
We pass to the limit along an L!-convergent sequence and we obtain a u, such that
0 > [Jux —uollzr) = v and  Fo(u.) < Fo(uo)-

As before, this is an absurd because ug is an isolated L' minimizer for F,. Therefore
(6.12) holds, and the proof is complete. O

Now we denote with dz:(v,S) the L' distance between a function v € L*(RY) and a
set S C L'(RY), i.e.

dLl (’U, S) = lltlelg ||U — UHLl(RN)

and, following [13, Proposition 3.2], we state a slight modification of this theorem:
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Proposition 6.3. Let S C LY(RY) be a set of locally minimizing critical points of Fy in
the sense that there exist positive numbers M and & such that for all u € S one has

Fo(v) > Fo(u) = M whenever 0 < dpi(v,S) <.

Suppose also that S is compact in L'(RN); that is, for every sequence {u;}jen C S assume
there exists a subsequence {u;, }jren converging in L' to a limit w € S. Then there exists
an €9 > 0 and, for all € < &y, a family of L'-local minimizers {u.}.<., of F. such that
d(u.,S) = 0 as ¢ = 0. Moreover, for any sequence €; — 0, there exists a subsequence
{eji }iken and an element u of S such that u., — u in L'.

Proof. The proof is similar to that of Theorem replacing L'-norm with L!-distance
from the set S. O

Finally we can prove the last important result of this work that is a link between
Theorem [I.T] and Theorem 1.2k

Corollary 6.4. Suppose s € (0,1/2). Let E be a regular critical set for the functional
(3.1) with positive second variation and w = xg. Then there exist £g > 0 and a family
{u.}ece, of local minimizers of F. such that u. — u in L*(RN) as e — 0.

Proof. Since the well-known Savin-Valdinoci result holds (see [29, Theorem 1.4]), and the
prescribed curvature term is continuous with respect to the L' convergence of u, we have
that F. relative to s € (0,1/2) I'-converges to the corresponding Fj. So, it is easy to check
that

P(E,Q) —i—/Egd:E = Fo(xn),

hence the conclusion follows from the L!-local minimality of E obtained from Theorem ,
arguing as in the proof of Proposition [6.3] O
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