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Abstract

We consider a phase-field system of Caginalp type perturbed by the presence of
an additional maximal monotone nonlinearity. Such a system arises from a recent
study of a sliding mode control problem. We prove existence of strong solutions.
Moreover, under further assumptions, we show the continuous dependence on the
initial data and the uniqueness of the solution.

Key words: Phase transition problem; phase field system; nonlinear parabolic
boundary value problem; existence; continuous dependence.

AMS (MOS) subject classification: 35K61, 35K25, 35B25, 35D30, 80A22.

1 Introduction

In the present contribution we consider the phase-field system

(I + L) —kAYV+ (= f ae in@Q:=(0,T) x Q, (1.1)
Op —vAp + &+ m(p) =0 ae. in Q, (1.2)

C(t) € A(W(t) + a(t) — n*) for a.e. t € (0,T), (1.3)

€ € B(p) ae. in Q, (1.4)

where 2 is the domain in which the evolution takes place, T' is some final time, ¥ denotes
the relative temperature around some critical value that is taken to be 0 without loss
of generality, and ¢ is the order parameter. Moreover, ¢, k, v, v and « are positive
constants, n* is a function in H?(§2) with null outward normal derivative on the boundary
of 2 and f is a source term. The above system is complemented by homogeneous Neumann
boundary conditions for both ¥ and ¢, that is,

onV =0, Ong =0 onX:=(0,T)xT, (1.5)

where I is the boundary of Q2 and 0y is the outward normal derivative, and by the initial
conditions
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The term & 4+ 7(¢), appearing in (1.2), represents the derivative of a double-well potential
F' defined as the sum

F=03+T7, (1.7)

where R ~
B : R — [0, +0oc] is proper, lLs.c. and convex with 3(0) = 0, (1.8)
7:R— R, 7 € C'(R) with 7 := 7’ Lipschitz continuous. (1.9)

Since B is proper, l.s.c. and convex, the subdifferential 85 =: [ is well defined and is
a maximal monotone graph. For a comprehensive discussion of the theory of maximal
monotone operators, we refer, e.g., to [1,3,20]. In our problem we also consider a maximal
monotone operator

A: H:=L*Q) — 2% (1.10)
such that 0 € A(0) and

lollg < C(1+||z||g) forall x € H, v € Az, (1.11)

for some constant C' > 0.

The problem (1.1)—(1.6) under study is an interesting development of the following
simple version of the phase-field system of Caginalp type (see [5]):

O(V+Lp) —kAY = f in Q, (1.12)

oo — vAp + F'(p) =49 in Q. (1.13)

As already noticed, F’ = £ + 7 is related to a double-well potential F. Typical examples
for F' are

vﬂ@U)zihg—lf, r € R, (1.14)
Flog(r) = (T+r)In(1+7r)+ (1 —=r)In(l—7)) —cr® 7re(=1,1), (1.15)
Foas(r) =1(r) — cor?, r € R, (1.16)

where ¢g > 1 in (1.15) in order to produce a double well, while ¢ is an arbitrary positive
number in (1.16), and the function I in (1.16) is the indicator function of [—1,1], i.e., it
takes the values 0 or 400 according to whether or not r belongs to [—1, 1]. The potentials
(1.14) and (1.15) are the usual classical regular potential and the so-called logarithmic
potential, respectively.

The well-posedness, the long-time behavior of solutions, and also the related optimal
control problems concerning Caginalp-type systems have been widely studied in the liter-
ature. We refer, without any sake of completeness, e.g., to [4,12,14,18,19] and references
therein for the well-posedness and long time behavior results and to [6-8, 15, 16] for the
treatment of optimal control problems.

The paper [2] is related to control problems, but it goes in the direction of designing
sliding mode controls (SMC) for a particular phase-field system. The main objective of
the authors is to find some state-feedback control laws (9, ¢) — (19, ¢) that can be that,
once inserted into the equations, force the solution to reach some submanifold of the phase
space, in finite time, then slide along it. The first analytical difficulty consists in deriving
the equations governing the sliding modes and the conditions for this motion to exist.
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The problem needs the development of special methods, since the conventional theorems
regarding existence and uniqueness of solutions are not directly applicable. Moreover,
the authors need to manipulate the system through the control in order to constrain the
evolution on the desired sliding manifold.

In particular, in the paper [2] the authors consider the operator Sign : H — 2
defined as Sign(v) = o> if v # 0 and Sign(0) = B1(0), if v = 0, where B;(0) is the closed
unit ball of H. Sign is a maximal monotone operator on H and is a nonlocal counterpart
of the operator sign : R — 2% defined as sign(r) = =, if 7 # 0 and sign(0) = [-1, 1], if

_m7

r = 0. Then the authors of 2] deal with the system
O(0+ L) —kAY = f —po ae. in Q, (1.17)

Op —vAp+E+7m(p) =0 ae. in Q, (1.18)

o(t) € Sign(V(t) + ap(t) —n*) for a.e. t € (0,7), (1.19)
€€ B(p) ae. inQ, (1.20)

oyt =0, Ove =0 on, ( )

H0) =do,  »(0) =¢o in{ (1.22)

which turns out to be a particular case of (1.1)—(1.6) with A = pSign. The paper [2] is
mostly concerned with the sliding mode property for (1.17)—(1.22). In this contribution
we deal with (1.1)—(1.6), which turns out to be a particular generalization of the problem
(1.17)—(1.22) since we only require (1.10)—(1.11) for the maximal monotone operator A.
We prove existence and regularity of the solutions for the problem (1.1)-(1.6), as well as
the uniqueness and the continuous dependence on the initial data in case e = £. In order
to obtain our results, we first make a change of variable. We set:

n=19+ap—n". (1.23)
Consequently, the previous system (1.1)—(1.6) becomes
Ohn+ (l—a)p) —kAn+ kalAp+ (= f — kAn" ae. in Q, (1.24)

Op —vAp +E+m(p) =v(n—ap+n) ae inQ, (
C(t) € A(n(t)) for a.e. t € (0,T), (1.26

(

(

€€ B(e) ae. in Q.
onn =0, Onve =0 on 3,

nO0) =m0,  ¢(0) = inQ. (1.29

From now on, we refer to the initial and boundary value problem (1.24)—(1.29) as Problem
(P). In order to prove the existence of solutions, we first consider the approximating
problem (P.), obtained from problem (P) by approximating A and by their Yosida
regularizations. Then we construct a further approximating problem (F.,), obtained
from (P:.) by a Faedo-Galerkin scheme based on a system of eigenfunctions {v,} C W,
where

W ={ue H*Q): Oyu=0on N} (1.30)
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Then, we prove the existence of a local solution for (P.,) and, passing to the limit as
n — +oo, we infer that the limit of some subsequence of solutions for (P.,) yields a
solution of (P.). Finally, we pass to the limit as € N\, 0 and show that some limit of a
subsequence yields a solution of (P).

Next, we let & = ¢ and write problem (P) for two different sets of initial data f;,
n;, no, and ¢o,, © = 1,2. By performing suitable contracting estimates for the difference
of the corresponding solutions, we deduce the continuous dependence result whence the
uniqueness property is also achieved.

2 Main results

2.1 Preliminary assumptions

We assume 2 C R? to be a bounded domain of class C' and we write || for its Lebesgue
measure. Moreover, I' and Jy still stand for the boundary of €2 and the outward normal
derivative, respectively. Given a finite final time 7" > 0, for every ¢ € (0,7T] we set

Q=(0,t) xQ, @=Qr, (2.1)
Y =(0,t) x T, ¥ =2%p. (2.2)
In the following, we set for brevity:
H=1*Q), V=HYQ), V,=H), (2.3)
W ={uc H*(Q): dyu=0on 00N}, (2.4)
with usual norms || - ||g, || - ||y and inner products (-,-)g, (-,-)v, respectively. Now we

describe the problem under consideration. We assume that

l, a, k, v, v€(0,+00), (2.5)
ferQ), (2.6)
new, (2.7)
Mo, ¥o €V, (2.8)
Blpo) € L), (2.9)
We introduce the double-well potential F' as the sum

F=3+7, (2.10)

where R —~
B : R — [0, +0o0] is proper, Ls.c. and convex with 5(0) = 0, (2.11)
7:R— R, 7 € C'(R) with 7 := 7@’ Lipschitz continuous. (2.12)

Since B is proper, lower semicontinuous and convex, the subdifferential 8/\3 =: [ is well
defined. We denote by D(8) and D(/) the effective domains of § and f3, respectively.
Thanks to these assumptions, § is a maximal monotone graph. Moreover, as B\ takes on
its minimum in 0, we have that 0 € 3(0).
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Remark 2.1 We introduce the operator B induced by 8 on L?(Q) in the following way:

B:L*Q) — L*(Q) (2.13)
€€ B(p) <= &(x,t) € Blp(x,t) forae. (z,t) €Q. (2.14)

We notice that
B =0B, B =00, (2.15)

where
d: L*(Q) — (—o0, +00) (2.16)
[, B(u) ifue L3(Q) and B(u) € LNQ),

lu) = { —i—Qoo elsewhere, with v € L*(Q). (2.17)

The maximal monotone operator A. In our problem a maximal monotone operator
A:H—H (2.18)

also appears. We assume that
0 € A(0) (2.19)

and that there exists a constant C > 0 such that

lvllg < COA+|nllg) forallp € H, v € An. (2.20)

Remark 2.2 We introduce the operator A induced by A on L?(0,T; H) in the following
way
A:L*0,T;H) — L*(0,T; H) (2.21)

e Aln) <= ((t) € A(n(t)) forae. t € (0,T). (2.22)

We notice that A is a maximal monotone operator.

2.2 Examples of operators A

Now, we provide some examples of maximal monotone operators fulfilling our assump-
tions.

Example 1. We consider the operator

sign : R — 2F (2.23)

= if r£0

i = T ! ’
sign(r) { 1) =0, (2.24)

Notice that sign induces a maximal monotone operator on H.
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Example 2. We define the operator Sign as the nonlocal counterpart of the operator
sign (see (2.23)-(2.24)):

Sign : H — 2% (2.25)

T if v#0

- D B T ’
Sign(v) { Bi(0) if v =0, (2.26)

where By (0) is the closed unit ball of H. Sign is the subdifferential of the map ||| : H — R
and is a maximal monotone operator on H which satisfies (2.19)—(2.20).

Example 3. We consider the operator
A1 R—R (2.27)

apr if r <0,
Ai(r)=<¢ 0 if 0 <r <1, (2.28)
agr ifr>1,

where a; and «s are positive coefficients. We observe that A; is a maximal monotone
operator on R, whose graph consists of an horizontal line segment and two rays of slope
aq, ag. Moreover, 0 € A;(0) and

lv] < C(1+|r|) for all r € R, v € Ay(r), (2.29)

with C = max (a1, a2). Then A; satisfies (2.19)-(2.20). We notice that A; corresponds
to the graph which correlates the enthalpy to the temperature in the Stefan problem (see,
e.g., [9,11,13]).

Example 4. We consider the operator
Ay H— H (2.30)

Ay (v) = alv|T M, (2.31)

where 0 < ¢ < 1 and « is a function in L>®(Q2) with a(z) > 0 for a.e. = € Q. We
observe that A, induces a (nonlocal) multivalued maximal monotone operator on H, with
0 € Ay(0). Moreover, Ay can be considered a weighted perturbation of the operator
appearing in the porous media equation and in the fast diffusion equation (see, e.g.,
[10,17,22]).

2.3 Setting of the problem and results

Now, we state the problem under consideration. We look for a pair (7, ¢) satisfying at
least the regularity requirements

n, ¢ € H(0,T;H)NL®0,T;V)N L*0,T; W) (2.32)
and solving the problem (P):

O+ (l —a)p) —kAn+kalAp+ (= f — kAn® ae. in Q, (2.33)
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Qe —vAp+E+m(p) =v(n—ap+n") ae inQ, (
C(t) € A(n(t)) for a.e. t € (0,7T), (2.35

(

(

€€ PB(p) ae in Q,
onY = 0, Onp =0 on X,

n(0) =m,  ¢(0)=¢o in. (2.38
We notice that the homogeneous Neumann boundary conditions for both n and ¢ required
by (2.37) follow from (2.32), due to the definition of W (see (2.4)).

Theorem - (Existence) 2.3 Assume (2.5)-(2.9), (2.11)(2.12) and (2.18)—(2.20). Then
problem (P) (see (2.33)—(2.38)) has at least a solution (n,p) satisfying the regularity re-
quirements (2.32).

Theorem - (Uniqueness and continuous dependence) 2.4 Assume (2.5)—(2.9),
(2.11)~(2.12) and (2.18)—(2.20). If a = ¢, the solution (v,n) of problem (P) (see (2.33)-
(2.38)) is unique. Moreover, if fi, nF, no,, o, @ = 1,2, are given as in (2.6)—(2.8) and
(pi,mi), 1 = 1,2, are the corresponding solutions, then the estimate

H771 - 772HL°°(O,T;H)F1L2(O,T;V) + ||<P1 - 902HL00(0,T;H)QL2(0,T;V)

< Ol = fallzz + 0t = mallw + Mo, = 10a |l + 110, — o, ll7) (2.39)
holds true for some constant C' that depends only on 2, T and the parameters {, a, k, v,
v.

3 Proof of the existence theorem

This section is devoted to the proof of Theorem 2.3.

3.1 The approximating problem (F.)

Yosida regularization of A. We introduce the Yosida regularization of A. For ¢ > 0
we define (T a oAt
A H-H oA=Ll UxeAT (3.1)
€
where I denotes the identity operator. Note that A. is is Lipschitz-continuous (with
Lipschitz constant %), maximal monotone, and satisfies the following properties. Denoting

by J. = (I +eA)~! the resolvent operator, for all § > 0 we have that

A € A(Jon),

(3
(A5)5 - A€+67 (3
Al < A% a, (3

: _ 0
lim | Anllx = 1Al (3

where A% is the element of the image of A having minimal norm.
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Remark 3.1 We point out a key property of A., which is a consequence of (2.20). There
exists a positive constant C', independent of e, such that

Az < C(1+|Inllg) forallp € H, v € An. (3.6)

Indeed, notice that 0 € A(0) and 0 € 1(0): consequently, for every € > 0, 0 € (I +cA)(0).
This fact implies that J.(0) = 0. Moreover, since A is maximal monotone, J. is a
contraction. Then, from (2.20) and (3.2), it follows that

[Aenlla - < C([Jenlla +1)
< C(|Jen = J0lla + [[J0l | + 1)
< Clnlla +1).

Yosida regularization of . We introduce the Yosida regularization of 3. For ¢ > 0
we define
I—(I+ep)™t

€

Be : R — R, Be = (3.7)
We remark that (. is Lipschitz continuous (with Lipschitz constant %) and satisfies the
following properties. Denoting by R. = (I + &83)~! the resolvent operator, for all § > 0
and for every ¢ € D(f) we have that

Be(p) € B(Rep), (3.8)
(B:)s = Bevs, (3.9)
1B=(2)] < 18°(0)], (3.10)
}:g% B&(@) = 5()(‘10)7 (3'11)

where 3°(¢p) is the element of the image of 3 having minimal modulus.

Regularization of B\ We introduce the Moreau-Yosida regularization of B For e > 0
we define

-~

B iR — [0, +oc], 35:]_(]j55)1_

(3.12)

We recall that R R R
B:(p) < B(p) for every p € D(8). (3.13)

We also observe that . is the Fréchet derivative of EE. Then, for every 1, o € D(B\),
we have that

Butoa) = Bulon) + | " Bus) ds. (3.14)

Approximating problem (P.). We denote by f. a regularization of f constructed in
such a way that

f- € CY([0,T); H) for all £ > 0, lim || f2 = fllz20.7) = 0. (3.15)
E—
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Then, we look for a pair (1., ¢.) satisfying at least the regularity requirements
N, 0. € HY(0,T; HYNL>®(0,T;V) N L*0,T; W) (3.16)

and solving the approximating problem (F):

O (n. + (0 — )p.) — kAN, + kalp. + ¢ = f. — kA" ae. in Q, (3.17)
Orpe — VAP + & +7(p) = v(n. — ap. +1%) ae. in Q, (3.18)
C(t) = Acn(t) for ae. t € (0,T), (3.19)

e = Be(pe) ae. in @, (3.20)

O =0,  Oyp.=0 on¥, (3.21)

n:(0) =m0,  ¢(0)=¢p inQ, (3.22)

where A, and (. are the Yosida regularizations of A and [ defined in (3.1) and (3.7),
respectively. We notice that the homogeneous Neumann boundary conditions for both 7.
and ¢, required by (3.21) follow from (3.16) due to the definition of W (see (2.4)).

Remark 3.2 We can define f. as the regularization of f obtained solving

—efI(t) + () = f(t), t€(0,T),
{ f-(0) = f(T) =0. (3.23)

Thanks to Sobolev immersions and elliptic regularity, we obtain that

f- € C*[0,7T); H) and lim [| fe = fll 2271 = 0. (3.24)

3.2 The approximating problem (F.,)

Now, we apply the Faedo-Galerkin method to the approximating problem (F.). We
consider the orthonormal basis {v;}{;>1} of V' formed by the normalized eigenfunctions of
the Laplace operator with homogeneous Neumann boundary condition, that is

Oonv; =0 on 0f). (3.25)

{ —AUZ‘ = )\ivi in Q,
Note that, owing to the regularity of 2, v; € W for all ¢« > 1. Then, for any integer n > 1,
we denote by V,, the n-dimentional subspace of V' spanned by {vy,--- ,v,}. Hence, {V,}

is a sequence of finite dimensional subspaces such that :g V, isdensein V and V, C V,
for all £k < n.



10 SOLVABILITY OF A PHASE FIELD SYSTEM RELATED TO A SMC PROBLEM

Definition of the approximating problem (P.,). We first approximate the initial
data ny and ¢y. We set

Mo = Py, Mo, Yon = Py, 0. (3.26)
We notice that
im =l =0 and T [0, — goll = 0. (3.27)

Note that the convergence provided by (3.27) assures that 7, and g, are bounded in
V. Now, we introduce the new approximating problem (P.,). We look for t,, €]0,7T] and
a pair (9, Y:n) (in the following we will write (1, ¢,) instead of (7., ¢-,)) such that

M € CH[0,ta); V), @ € CH[0,8]; Vi), (3.28)
and, for every v € V,, and for every t € [0, ¢,], solving the approximating problem (P ,):

(Oelmn(8) + (€ = a)pn(t)] = AN () + kalpn(t) + Ann(t), v)n

= (fe(t) = kAn*, v)u, (3.29)
(Drpn(t) = vAPL(t) + Be(pn(t) + T(pn(t), v)m
= (Y[ (t) — cpn(t) + 0], 0)m, (3.30)
Ontn =0,  Ongn=0 on, (3.31)
1(0) = Tom,  on(0) = @on in Q. (3.32)

This is a Cauchy problem for a system of nonlinear ordinary differential equations. In the
next section we will show by a change of variable that this system admits a local solution
(M, ©n), which is of the form

n

ealt) = D aim(t)us (3.33)
() = 3 bin (B}, (3.34)

for some a;, € C1([0,t,]) and b;,, € C1([0,¢,]).

Remark 3.2 We point out that

~ 1
/Qﬁe(sﬁo,n) <C+ 2—€||900 — @onllz(llwollz + |vonll), (3.35)
where
C = |B(eo)ll L1 - (3.36)

Indeed, for every € € (0, 1], thanks to the property (3.13) of BE, we have that

-~

0 < Be(po) < B\(SOO)- (3.37)
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Since B(po) € L1(Q) (see (2.9)), we obtain that
|t <c. (3.39)

where C' = || B (¢0)|l1()- From (3.14), using the Lipschitz continuity of §., we have
Eg(cpo,n) < Be(po) + ‘/ Be(s ds
< Ble 2 [ lslds
€ ®o

~ 1
< Belpo) + 5210 = wonl(leol + lonl). (3.39)

By integrating (3.39) over 2, we obtain that

L@MWSme (3.40)

where ]
Q:=(n) = C+ o_llvo = poullallvollr + llvonllm)-

Remark 3.3 Thanks to (3.34) and the Lipschitz continuity of A, we obtain that

Ac(nn) € COH([0, t]s H). (3.41)

Indeed, ||v;||g < ||vs|ly = 1, for all i@ € N. Then we choose ¢,t" € [0,t,] and we have the
following inequality:

[Ae (1 (2)) = Ac (1 ()|

[ A (D21 bin()vi) — A< (323 bin(t)vi) | 1

;gnz ( () bin (') Vil 1
< IS i (®) = bin8) i
= LS b (t) — bin(t)].

Since b;, are continuous, we obtain (3.41).

Existence of a local solution for (F.,). In order to prove the existence of a local
solution (7, ¢,) for the approximating problem (P.,), we make a change of variable. We
set

19n = Tn + (f - 04)90717 190,71 = To,n + (ﬁ - O‘)@O,n) (342>

and we prove that there exists a local solution (9, ¢,) of the problem

(atﬁn - kAﬁn + ]{JEAQD,,Z + Ae(ﬁn - (E - a)@n% U)H - (fa - kA??*7 U)H)
(Ospn — VApn + Be(on) + 7(on); v)m = (V[0 — lon + 07,0, (3.43)
@n(o) = ©Po,n;, 1971(0) = ﬂO,na

whenever v € V,,. Re-arranging the above system in explicit form, we have

(O, v) g = (KAY, — klAp, — Ac(V, — (0 — @)pn) + fo — kKAD*,v)y,
(8t§0n7 U)H - (VAQOW, - /38(9071) - ﬂ-((pn) + 7[19n - E@n + 77*], U)Ha (344)
QOn(O) = Po,n, 1971<O) - 790,717
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whenever v € V,,. Thanks to the initial hypotheses (2.5)-(2.8), (2.11)—(2.12) and to the
regularity of A. shown in (3.41), the right-hand side of (3.44) is a Lipschitz continuous
function from [0,¢,] to R™. Consequently, there exists a local solution for the approxi-
mating problem (P ,,).

3.3 Global a priori estimates

In this section we obtain four a priori estimates inferred from the main equations of the
approximating problem (FP.,) (see (3.29)-(3.32)).

In the remainder of the paper we often use the Holder inequality and to the elementary
Young inequalities in performing our a priori estimates. In particular, let us recall that,
for every a,b >0, a € (0,1) and § > 0, we have that

ab < aas + (1 — a)bﬁ, (3.45)

1
< §a? + —b2. 4
ab < da +4§b (3.46)

In the following the small-case symbol ¢ stands for different constants which depend only
on 2, on the final time T, on the shape of the nonlinearities and on the constants and the
norms of the functions involved in the assumptions of our statements.

First a priori estimate. We add vy, to both sides of (3.30) and we test (3.29) by 7,
and (3.30) by Oy, respectively. Then we sum up and integrate over @, t € (0,7]. We
obtain that

% fQ M (D) + (€ — fQ Opipntin + k fQ [Vna|? = ka fQ Ve - Vi, + fQ eMnlin
+th |at90n|2 +3 fQ |90n |2 + 35 fQ |VS0n |2 + fQ 81555 Son)
- 2fQ|n0,n|2+ fQ|900n|2+ fQ|v900n| +fQ fa k?A’I] ) Tin

+ Jo, (v + (v — av)on +11%10k0n — [, T(9n)Osipn.
(3.47)

To estimate the last integral on the right-hand side of (3.47), we observe that 7 is a
Lipschitz continuous function with Lipschitz constant C).. Consequently we have that

m(en)l < I7m(pn) = m(0)] + |7 (0)]
< Crlpn| + (7 (0)] (3.48)

where C7 = max {Cy; |7 (0)[}. Due to (3.46) and (3.48), we obtain that

_fQ (Pn at‘Pn < fQ ’ﬂ' Spn)atSOn‘
< th Cl ‘@nl + )’atgon’
< % th |Ospnl? +2CF thO‘Pn‘ +1)?
- % th |0spn|® + 4CF th |onl? +c.

Now, we recall that A. is a maximal monotone operator and A.(0) = 0. Hence we have
that

(3.49)

Acnam, > 0. (3.50)
Qt
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Using (3.49)—(3.50), from (3.47) we obtain that

t/mlﬁ+k/\VmP /\a% 5 [1enl +5 [ 196u0F + [ Aent®)
<c+5 /’77071’2 /\SOOn\ + 5 /’V%n’ +/5s Yon)

—(l —a) Oronnn + ka Vo, -V, + = 00| + 46’12/ |on|?
Q¢

Qt Qt 8 Qt
+/ (fe — kAD )n, + / (Y + (v — ay)n + 10" 0ipn. (3.51)

We notice that the convergence provided by (3.27) assures that 1, and ¢, are bounded
in V. Consequently, thanks to (3.40), the first four integrals on the right-hand side of
(3.51) are estimated as follows:

3 ol + 5 [ loal+ 5 [ 1VeuaP+ [ Ao Scr Q). @52

We also notice that

k
ko v@n : Vﬁn = 35 <205 VSOTL : Vﬁn)
Q1 2 Qt
k
< : |vnF+——1/|V¢a2
Q¢
_ K ,  ka? 9
We re-arrange the right-hand side of (3.51) using (3.46), (3.52) and (3.53). Then we have
that
@l & [ 19+ [ o+ Slenl + [ Aeat)
k ka?
<t Qw420 [ Pt [P+l [Pt [ L9
Q1 t Qt v Qt
8 |at§0n|2—|—46112 |90n’2+2 |f€_kAn*|2+ 8 |7]n|2
Q1 Qs Q1 Q1
Vi + (v = a)pn + 0 P+ < [ |Owenl®. (3.54)

Q¢ 8 Q¢
According to (3.15), f. is bounded in L?(0,T; H) uniformly with respect to . Conse-
quently, due to (2.6)—(2.7), the seventh integral on the right-hand side of (3.54) is under
control and similarly the third addendum in the ninth integral on the right-hand side.
Then we infer that

1 v ~
SO+ [ 19+ [ 0+ 2lea@I + [ Beno)
Qt Qt Q

1 1 ka? v
e R b e B B B e A
8 Q: 2 Q: 14 Q+ 2
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+4CT | enl? +8 [ Imal? 8w —ay)® | eal
Q1 Qt Qt

Now, we recollect the constants in (3.55) and obtain that

1 v ~
S @I+ [ 1908+ [ ol + Slea@I + [ Blealt)
Q: Q¢ 9)

(3.55)

[ v [* v [*
< c+Qun)+Cog [ Il ds+Cay [ IVen(s)lfr dstCay [ llon()l ds. (3.50
0 0 0

where

ka? 2[4C% + 8(v — avy)?]

Cy = 212(0 — a)? + % 1897 G =TT o

v 14

Consequently, from (3.56) we have that

1 v ~
@+ & [ 190+ [ 10l + Zlen®l + [ Blon®)
Qt Qs Q

1 [ t
Sc+@mw+a<§gum@mz@+gﬁu%mm%w>

where

05 = Imax (CQ, 03, 04)

Then, from (3.57) we conclude that

1 v ~
@k [ 190+ [ 10l + Zlen®l + [ Blon®)
Qt Qs Q

1 [t v [t
§QG+§/Wm@w%w+5/u%@m%w)
0 0

Now, we apply the Gronwall lemma to (3.58) and infer that

1 v ~
S+ & [ 19+ [ o+ Zlen®l + [ Blontt) <.
Q¢ Qt Q
As (3.59) holds true for any ¢ € [0,t,), we conclude that
ngn||H1(O,tn;H)ﬂL°°(0,tn;V) S Ce,

Hnn||L°°(O,tn;H)ﬁL2(0,tn;V) <c,

18=(n) [ o (0.t:1 () < e

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)
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Second a priori estimate. First of all, we notice that 7(p,,) is bounded in L?(0,t,; H)
owing to (2.12) and (3.60). Thanks to (3.60)—(3.62), we can rewrite (3.30) as

(—vAp, + Be(en),v)m = (91,0)m, for all v € V,,, (3.63)
with ||g1||z2(0,,;) < ¢o. The choice of the basis v; as in (3.25) allows us to test (3.63) by
—Ay,. Integrating over (0,%), we obtain that

Qt t t

Using inequalities (3.45)—(3.46), from (3.64) we have that

/Q Apn]? + / BlenIVoul < o / . (3.65)

Due to (3.60) and the monotonicity of S, from (3.65) we obtain that

||A(10n||L2(0,t;H) <c. (366)

We observe that (3.66) holds true for any ¢ € [0,t,). Then, using elliptic regularity, from
(3.60) and (3.66) we infer that

[onllL2(0,t0) < ce (3.67)

Third a priori estimate. Thanks to the previous a priori estimates, from (3.29) it
follows that
(Onn — kANy 4+ Acti, ) = (g2, v)p - for all v €V, (3.68)

with [|gallz2(0,6,:m) < ce. We test (3.68) by 0y, and integrate over (0,?); we obtain that

k k
a2+ / Vi) + [ And =2 / Viioml? + / 0. (3.69)
Q¢ 2 Q Qt 2 Q

t

Then, using the property (3.6) of A, and inequalities (3.45)—(3.46), from (3.69) we infer
that

k
o+ 5 [ 190
Q¢ Q

< / Vronl® + / A Dl + 2 / ol + = / O
1

/‘VUOH‘ +2 |A577n’2
Qt

IN

s [1omp 2 [ laPg [ o
Qt Qt Qt
1
= & [1mat 2 [ Mm@l do g [ o4 [ ek
Q 0 Q1 Q1
k 2 ' 2 1 2 2
L[ mal 42 [CUm i+ 0P ds+ 3 [ oo +2 [
Q 0 Q¢

Qt

IN

IA

k ! 1
ety [ 9wl +4C? [l s [ P2 [ . @10
2 Ja 0 2 Ja, Qi
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Due to (2.8), the first integral on the right-hand side of (3.70) is under control. Then,
from (3.70) we infer that

5 [ o [ono<esac? [l e [ 1wk e

We observe that (3.71) holds true for any t € [0, t,), Then, due to the previous estimates
(3.60)—(3.61), we conclude that

70| 211 (0,65 5) L0 (0,031) < Ce (3.72)

Fourth a priori estimate. Due to the previous estimates (3.60)—(3.62), (3.67) and
(3.72), by comparison in (3.68), we infer that

[ AT L2(0,4;0) < Ce. (3.73)
Consequently, we conclude that

170l 22(0,605m) < ce. (3.74)

Summary of the a priori estimates. Since the constants appearing in the a priori
estimates are all independent of ¢,, the local solution can be extended to a solution
defined on the whole interval [0, 77, i.e., we can assume t,, = T for any n. Hence, due to
(3.60)—(3.62), (3.67), (3.72) and (3.74), we conclude that

ol 1 (0,152 (0,13 ) L2 (0.10) < Cey (3.75)

HﬂnHHl(o,T;H)mLoo(O,T;V)mLZ(o,T;W) < c.. (3-76>

3.4 Passage to the limit as n — +o0

Now, we let n — 400 and show that the limit of some subsequences of solutions for (P-,)
(see (3.29)—(3.32)) yields a solution of (F.) (see (3.17)-(3.22)). Estimates (3.75)—(3.76)
for ¢, and 7, and the well-known weak or weak® compactness results ensure the existence
of a pair (¢.,n.) such that, at least for a subsequence,

©On — P in 1(0 T; H)NL*(0,T; W), (3.77)
on =" . in L*(0,T;V), (3.78)

Nn —n. in HY0,T;H)NL*0,T; W), (3.79)
Ny —*n. in L*(0,T;V), (3.80)

as n — +o0o. We notice that W, V', H are Banach spaces and W C V C H with dense
and compact embeddings. Then, we are under the assumptions of [21, Prop. 4, Sec. §]
and this fact implies the following strong convergences:

@n — p. in C°([0,T]; H)N L*(0,T;V), (3.81)
N — e in C°[0,T]; H)NL*(0,T;V), (3.82)
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as n — +o0o. Since w, A, and [, are Lipschitz continuous, we infer that

[m(n) — ()| < Olw\gon —¢e| ae ingQ,
| Acnn — Aene||la < ngnn — Nl a.e. in 0,77, (3.83)
‘ﬁf(%pn) - 55(%05)’ < g|90n - <,05| a.e. in Q.

Due to (3.83), we conclude that

W(@n) — W(SOE) n CO([O’ T}; H)v (3'84>
Ay, — A in C°([0,T); H), (3.85)
Be(pn) = Be(e) in C°([0,T]; H), (3.86)

as n — +o0o. Now, we fix k£ < n and we observe that, for every v € V, and for every
t € [0, T}, the solution (7, ¢,) of problem (P.,) satisfies

(Ol (t) + (€ = @)pn(t)] = kAN, (1) + kalpn(t) + Acnn(t), v)n

= (f-(t) — kA", v)u, (3.87)
(atgpn(t) - VAgon(t) + 55(90n(t)) + W(Spn(t))’ U)H
= (V[0 (t) — apn(t) +0'],v)a- (3.88)

If k is fixed and n — +o00, we have the convergence of every term of (3.87)—(3.88) to the
corresponding one with 7., ¢. whenever v € Vi, i.e.,

(Ocn=(t) + (€ — a)p(t)] — kAN(t) + kalp(t) + Ane(t),v)u

= (f-(t) — kA", v)u, (3.89)
(Dep=(t) — vAp.(t) + Be(p:(t)) + m(p=(t)),v)u
= (Y- (t) — awc(t) + 1], v)m. (3.90)

As k is arbitrary, the limit equalities hold true for every v € (J;-, V4, which is dense in
V. Then the limit equalities actually hold for every v € V| i.e.,

at(na + (f - O‘)Qpa) - kAna + kaASOE + Aana = fa - kA??* a.e. In Q7 (391)
Orpe — VAP + Be(@e) + m(pe) = v(ne — ape +1%) a.e. in Q. (3.92)
Now, we prove the convergence of the initial data. We recall that
Mo, = Py, Mo, ®on = Pv, %o (3.93)
If ¢ is fixed, then
lim 7y, =mn inV, (3.94)
n—-+o0o
lim ¢o, =¢o inV, (3.95)
n—-+0o00

and then also in H. These observations and (3.81)—(3.82) show that the weak limit of
some subsequences of solutions for (F:,) (see (3.29)-(3.32)) yields a solution for (P.) (see
(3.17)—(3.22)). We also notice that taking the limit as n — +oo in (3.40) entails that
Q:(n) — C, with

/Q Be(p0) < C. (3.96)

Then, after the first passage to the limit, we conclude that estimates (3.75)—(3.76) still
hold for the limiting functions with constants independent of ¢, i.e.,

el 1 (0,75 Lo (0,15 ) L2 (0,10) < € (3.97)

”776||H1(O,T;H)HLDO(O,T;V)ﬂLQ(O,T;W) <c (3.98)
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3.5 Passage to the limit as ¢ \ 0

Now, we let € N\, 0 and show that the limit of some subsequences of solutions for (P.) (see
(3.17)—(3.22)) tends to a solution of the initial problem (P) (see (2.33)—(2.38)). First of
all, due to (3.77)—(3.82), (3.86) and (3.96), we have that the constants in (3.97)—(3.98)
do not depend on . Moreover, thanks to (3.97)-(3.98), by comparison in (3.92), we infer
that

[18= ()| z2(g) < ¢ (3.99)

The well-known weak or weak™ compactness results and the useful theorem [21, Prop. 4,
Sec. 8] ensure the existence of a pair (¢, n) such that, at least for a subsequence,

0. =" in HY(0,T; H) N L>(0,T;V)N L*0,T; W), (3.100)
n. —*n in HY(0,T; H)N L>(0,T; V)N L0, T; W), (3.101)
Ve = @ in C°([0,T); H) N L*(0,T; V), (3.102)
Ne — 1 in C°([0,T); H) N L*(0,T; V), (3.103)
as € \, 0. Now, we observe that (3.102) implies that
. =@ in L*0,T;H)=L*Q) (3.104)
as € \(0. We set & = B.(¢:) and remark that
1€l 22 (@) = [1Be(pe)ll 2@y < ¢ (3.105)
Thus, we may suppose that, as € N\, 0, at least for a subsequence,
& — ¢ in LA(Q), (3.106)

for some £ € L?(Q). Now, we introduce the operator B. induced by 3. on L*(Q) in the
following way:

B.: L*(Q) — L*(Q) (3.107)
& € B(p.) <= &(x,t) € Be(pe(x,t)) for ae. (z,t) € Q. (3.108)
Due to (3.104) and (3.106), we have that
B.(¢:) = & in L*(Q),
{ pe =@ inL*Q), (3.109)
lir?félp/Qésws = /thp- (3.110)

Thanks to (3.109)—(3.110) and to the useful results proved in [1, Prop. 2.2, p. 38], we
conclude that

£€B(p) i LX(Q) (3.111)
where B is defined by (2.13)—(2.14). This is equivalent to say that
€€ B(p) ae inQ. (3.112)

Moreover, we pass to the limit in A. by repeating the previous arguments and conclude
that
¢eA(n) in L*0,T; H), (3.113)

with obvious definition for A (see (2.21)—(2.22)), and this is equivalent to say that
¢ € A(n) ae. in[0,7]. (3.114)
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Conclusion of the proof. Thanks to the previous steps, we conclude that, as € \, 0,
the limit of some subsequences of solutions (7., ¢.) to (P:) (see (3.17)—(3.22)) yields a
solution (7, ) of the initial boundary value problem (P), i.e.,

o+ (L —a)p) —kAn+kaAp+ (= f — kAn* ae. in Q, (3.115)

I —vAp+E+m(p)=7(n—ap+n’) ae inQ, (3.116)
¢(t) € A(n(t)) for a.e. t € (0,7), ( )

€€ B(p) ae. in Q, (3.118)

onn =0, Ong =0 on X, ( )

n(0) =m0,  ©(0)=¢o in (3.120)

We notice that the homogeneous Neumann boundary conditions for both 7 and ¢ follow
from (2.32), due to the definition of W (see (2.4)).

4 Proof of the continuous dependence theorem

This section is devoted to the proof of Theorem 2.4.

Assume o« = (. If f;, nF, no,, @o,, i@ = 1,2, are given as in (2.6)—(2.8) and (¢;,n;),
i = 1,2, are the corresponding solutions, we can write problem (2.33)—(2.38) for both
(@i, mi), © = 1,2, obtaining

Oi — kA + KAQ; + G = fi — kAn! ace. in Q, (4.1)
Ovpi — VAQ; + & + (@) = v(ni — bpi + 1)) ae. in Q, (4.2)
Gi(t) € A(ni(t)) for ae. t € (0,7, (4.3)

& € B(pi) ae. in Q, (4.4)

v =0,  Onpi=0 onX, (4.5)

m:(0) =no,,  i(0) = o, (4.6)

First of all, we set

©=@1— P2, N=1n1—1, (4.7)
f=hH—1fo n=n—n, (4.8)
Yo = Yo, — Poys Tlo = Moy — Nog- (4-9)

We write (4.1) for both (¢1,71) and (y2,72) and we take the difference. We obtain that
O — kAn+ klAp + (. — G = f — kA" (4.10)
We write (4.2) for both (¢1,71) and (92, 72) and we take the difference. We obtain that

Orp — vAp + & — & +7(p1) — m(pa) = y(n — Lo +1"). (4.11)
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We multiply (4.10) by n and (4.11) by k—fcp. Then we sum up and integrate over @,
t € (0, 7). We have that

k(2
/| |2+—/|90 |2+k‘/(|V77|2—15V90V77+€2|V90|)

t

+/Qt(C1 = G)(m —m) + %/Qt(fl —&)e1—¢)

1 k k(>
= §||770||%1 ||900HH T [m(e1) = m(@2)](p1 — ¢2)
Q1
. k02 vkO3 vk(? .
+/ (f — kAR )+ / np—— | lel+— [ e (4.12)
t v t v Q1 v Qt
Since A and [ are maximal monotone, we have that
/ (Gt = G2)(m —m2) >0, (4.13)
/ (&1 — &) (1 — p2) 2 0. (4.14)
Moreover, thanks to the Lipschitz continuity of 7, we infer that
k(> k(>
—— | [m(e1) = m(p2)(p1 —2) < — [ [7(e1) — 7(p2)llo1 — 2
voJao voJao
k(2C,
< | 2. (4.15)

We notice that the integral involving the gradients in (4.12) is estimated from below in
this way:

1
| 9~ v ovn+ 196y 2 5 [ (90 + TP (4.16)
Qt Qt
We also observe that g3
1 ol* <0. (4.17)
v Jo

Then, due to (4.13)—(4.17), from (4.12) we infer that

/ o)+ 5 / o(t) + / (VP + 21V e)
| K2C, ) k2 ke[
< gl + 255 [ toP Slooll+ [ 7=kt BE [ s B8 [
Qt I/ t l/ t

By applying the inequality (3.45) to the last three terms of the right-hand side of the
previous equation, we obtain that

1 k(> 1
SO+ 5Ol + 5 [ (90 + @)
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< Loz + E ool + 2 [ w2 [ 1p— koL [ e
_2770H 2VSOOH 8Qtn o n 8Qt77

k(22 1 . vk 2 k2O
2(U) [ el ag [ wPee(B5) [P S [ s
v Q1 Q1 v Q1 v Q1

From (4.18) we infer that

1 k02 1
SO+ 5Ol + 5 [ (90 + @)

1 02 . 1.
< Slimollz + = leollis + 4l fll72@) + 48Tl ||3v+§T||n [

| (%W W+ el + 5 | (9 MQ\wP)) ds, o (19)

where

492k0% + 200, 1
]\4:max<7 i VO;§>.
v

From (4.19), by applying the Gronwall lemma, we conclude that

1 , ke S TR e
IO + 5 el + 51Vl um + 5 IVOlLe0um)

* 1 *
< [t s + Ty + ST W+ Coonl + Dl )| (420
where
1 k2
Co = max<2 5 ) O, =e™

From (4.20), we infer that

Cs(In(®) I + N @I + I9022(0,0) + IV 1320 1)

T - S TR e
< Sln()[ + EHW(t)HH + §HV77HL2(O,t;H) + §HVSOHL2(0¢;H)

(]

< (||f||ia<@ B+ ol + ||soo||%f)

2
< Cz(||f||L2<Q) + 17" llw + limoll & + H%IIH) : (4.21)

where

1 1 ke* 2
02 = max 401, 4]{32T01, —TOl; Olco s Og min .
8 2w’ 2

From (4.21) we obtain that

In@1 + IOz + IVl 72000 + IV 72 000
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2
< 04(||f||m<@> Tl + lnoll + ||soo||H) | (4.22)

where Cy = g—§ From (4.22) we conclude that there exists a constant C' > 0 which

depends only on €2, T depends only on 2, T and the parameters ¢, «, k, v, v of the
system, such that

H771 - 772HL°°(O,T;H)0L2(O,T;V) + HSDl - 902HL00(0,T;H)mL2(o,T;V)

< C([lf = Fllzz@ + llni = msllw =+ llno, =m0, + llwo, — @oullar)- (4.23)
To infer the uniqueness of the solution, we choose fi = fa, N7 =03, Yo, = Yo, Moy = No,-

Then, replacing the corresponding values in (4.23), we obtain that

lm = mall e o,m:m)n20,mv) + |01 — w2l oo 0,10 L2 0,1v) = 0. (4.24)

Hence 7y = n2 and ¢ = ¢s. Then the solution of problem (P) (see (4.1)—(4.6)) is unique.
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