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Abstract

We strengthen the classical inequality of C. B. Morrey concerning the optimal Holder continuity
of functions in W' when p > n, by replacing the LP-modulus of the gradient with the sharp Hardy
difference involving distance to the boundary. When p = n we do the same strengthening in the inte-
gral form of a well known inequality due to F. John and L. Nirenberg.
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1 Introduction and main results
Let Q C R", n > 1, be a domain and denote the distance function to its boundary d<Q by

d(x) := inf |x—y|, wheneverx € Q.
YEIQ

It is proved in [BFT] that if Q satisfies the following condition:

—Ad > 0 in the sense of distributions in £,

then Hardy’s inequality holds true with the best possible constant, that is
—1\P p
/yvuypdxz (L) /de for all u € C(€), (1.1)
Q p o dr

where p > 1 is arbitrary. Examples of domains satisfying condition (¢’) are convex domains
since then d is superharmonic in Q (see [ArmK]). Moreover, if the boundary dQ is smooth
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enough, say uniformly of class C? (see Definition 2.3), then (%) is known to be equivalent
to the domain being mean convex, i.e. having nonnegative mean curvature everywhere on its
boundary (see [Ps1] and also [Gr], [LLL] and [GP]). In view of this, we call weakly mean
convex domain any domain satisfying condition (%).

For p = 2 and Q being the half-space, i.e. Q = R’} where

R = {(,x,) | ¥ = (x1, 000, Xp—1) ER" 3, >0}, n>2,

the critical Sobolev norm can be added on the right hand side of (1.1). More precisely, Maz’ya
in his treatise [Mz] proved that for n > 3 there exists a positive constant C such that

1/2 1/2¢
2 1 u? / 2* / oo (TN
/ |Vu|"dx—— | —dx >C / u|” dx for all u € C7(RY), (1.2)
R" 4 Jr R"

+

where 2* := 2n/(n— 2). This inequality has been extended to domains in [FMT]. It is proved
there that if Q is a uniformly C> mean convex domain with finite inner radius, that is

Dq = supd(x) < oo,
XEQ

then there exists a positive constant C such that

1/2 1/2¢
2 Lo fuf / e / 0
/ |Vu|*dx— — | —-dx >C / u|~ dx forallu € C7’(Q), (1.3)
Q 4 Jo d? Q

It is also known (see [FrL]) that if one strengthens assumption (%’) to convexity, then (1.3) holds
true with a constant C independent of the domain € and without any regularity assumption on
Q.

At this point we want to compare the above result with the corresponding result for Hardy’s
inequality with the distance taken from a point in Q. It is known (see [FT, Theorem A] and also
[AFT]) that if Q is a bounded domain containing the origin, then there exists a positive constant
C such that for any u € C°(Q) the following estimate holds true

2 1/2
2 n—=2\2 [ |uf 2% 142 /2 x|
(/Qwuy dx—( . ) /Q’x’zdx >c /Q|u| X I (1.4)

Here Rq := sup,.q |x| and X (¢) := (1 —logt)~!, t € (0,1]. The nonnegativity of the left hand
side is the Hardy inequality involving distance to the origin with the best possible constant

((n -2)/ 2)2 (see for instance [Mz]). We stress that the exponent on the logarithmic correction
in (1.4) is the optimal one, i.e. it cannot be decreased.

Coming back to the case where the distance is taken from the boundary, inequalities (1.2) and
(1.3) have p-versions for any 2 < p < n, obtained in [FMT] (see also [FrL] for convex domains,
the case of the half-space being common in these two essentially different approaches).



Our main goal in this paper is to obtain the corresponding to [Mz] and [FMT] results for the
case p>n> 1.

Our first result is the L™-Hardy-Sobolev inequality. Let us first recall Sobolev’s inequality
for p > n (see for example [GTr, Theorem 7.10]): If Q has finite volume 7" (Q) < o and
p > n > 1, then there exists a positive constant C = C(n, p) depending only on n, p, such that:

1/p
sup |u(x)| < Cl"(Q)) /1P (/ |Vuy!’dx> forallue C(Q). (1.5)
xeQ Q

It turns out that in a weakly mean convex domain one can replace the L”-norm of the right hand
side by the sharp Hardy difference. More precisely we have

Theorem A Let Q C R" be a weakly mean convex domain of finite volume " (Q) < oo. For
p > n > 1, there exists a positive constant C = C(n, p), depending only on n and p, such that

1/p
_ p
sup |u(x)| < C[c%pn(g)]l/nfl/[’ (/ |VulPdx — (Ll)p ’Zde) forallu e C7(Q).
xeQ Q P Q

(1.6)

Remark The corresponding inequality in the case where the distance is taken from the origin is
true as well (see [Ps2, Theorem A]).

Next we present the following extension of the Hardy-Sobolev inequality obtained in [FMT].

Theorem B Let Q C R”, n > 2, be a uniformly C> mean convex domain of finite inner radius.
For n np
-1 <b <0, 2<p<——, and q:=——i——,
- =P =5 p(b+1)
there exists a positive constant K such that

1/p 1/q
1 p
(/Q\Vuv’dx— (pp)p/g‘d”l)dx> 2K</Q(db|u\)qu> forallue C*(Q). (1.7)

The inequality (1.7) remains true when C is the half space, that is Q = R’} .

Remark For b < 0 the exponent p is allowed to exceed the dimension n. This fact is not captured
in Theorem 5.3 of [FMT] and will play a crucial role in the present work.

Our central result is presented next. Recall first Morrey’s inequality in R" (see for example
[EvG, §4.5.3-Theorem 3(ii)]): If p > n > 1 then

1/p
[U]co1-np = sup M <C / |Vu|Pdx forallu e C7(R"). (1.8)
yeRr [x—y|l=n/p R”

Xy



Note that from (1.8) we can derive (1.5). Also that the seminorm [-] .1/, and the norm |||V -|||»
involved in (1.8) are dimensionally balanced. We prove:

Theorem C [Hardy-Morrey inequality] Let Q C R", n > 2, be a uniformly C> mean convex
domain of finite inner radius. For p > n there exists a positive constant C such that

Ju(x) — u(y)| —tve e\
Supy<c</gyw,pdx_<”p> dx> forallue C2(Q). (1.9)

syea [x—y|'=r T o dr
Ay

The inequality (1.9) remains true when Q is the half space, that is Q = R'|.. In the one dimen-
sional case, for p > 1 there exist constants C =C(p) >0, A = A(p) > 1, such that for any a. < 3
and allu € C2(a, )

1/p
)0y (3l o [P pae (21Y7 P10
coctap) I VPX (lD) , Pdx ( » ) ) (10)
X7y

where X (t) := (1 —logt)~!, t € (0,1], and D = (B — @) /2. Moreover, the exponent 1/p on X
cannot be decreased.

Remark 1 The corresponding to (1.9) inequality in the case of Hardy difference with the distance
taken from the origin is not true unless a logarithmic correction in the Holder seminorm is
introduced. In particular we have for any u € C°(Q\ {0}) that

) )1 (B0 pnye [l \"
1/p < / Vul? 7
S =y <7LR C( waras— (57 P ) QIXV’dx> ’

X7y

for some constants C = C(n,p) > 0, A = A(n,p) > 1 and Rq = sup,.q |x| < oo (see [Ps2, The-
orem B]). Here, the exponent 1/p in the logarithmic correction X 1/P cannot be decreased. The
fact that in the one dimensional case of Theorem C a logarithmic correction of the Holder semi-
norm is needed is not surprising, since in this case the problem behaves the same way as when
the distance is taken from a point.

Remark 2 The requirement on Q to be uniformly of class C? in Theorem C, is inherited from
the corresponding regularity assumption in Theorem B.

Remark 3 In our proof of Theorem C, the constant C of inequality (1.9) depends in general on
the domain Q. To prove inequality (1.9) under the assumption of mean convexity with a constant
independent of the domain, remains an open question. The same remark applies for the constant
K of inequality (1.7) in Theorem B and also for the constant C in Theorem D below, as well as
the constant C; in Corollary E.



Remark 4 Since in Theorem C the domain has finite inner radius Dg, it follows from (1.9) that

1/p
sup [u(x)| < CDSl{"/p (/ |Vu|Pdx — <p_1>p/ |u|pdx> forallu € C7'(Q).
x€Q Q p o df

If the domain has finite volume, then by the fact that D < (#"(Q)/w,) 1/ ", where @, is the
volume of the unit ball in R”, we readily deduce (1.6) for uniformly C?> domains with some
positive constant C. However, in Theorem A the constant C depends only on n, p and moreover
no regularity assumption on € is needed.

To introduce our final result we first recall that a function u € LllOC (R") has bounded mean
oscillation and we write u € BMO if

1
= —up|dx < oo,
[ullpmo S%P%n(3)4|u up|

where the supremum is taken over all balls B in R”. Here up is the average of u in the ball B,
that is

1
MB—(}W(B)/Bde.

For example if u € WO1 "(Q) is extended to be zero outside Q, then we know that u € BMO (see
[Ev, §5.8.1]). The John-Nirenberg inequality (see [JN]) in its integral form states that there exist
positive constants C(n) and C;(n) such that

|u— up|

1
sup —/exp{Cl(n) }dngz(n) for all u € BMO. (1.11)
ke Bl JB ([ullBpo

In the following we have extended functions in C°(Q) to be 0 in R" \ Q.

Theorem D Let Q C R”, n > 2, be a uniformly C*> mean convex domain of finite inner radius.
Then there exists a positive constant C such that

1/n

—1\n n

(/ |Vu|”M—(L) de) > Cl|lullamo  forallu € CZ(Q).
Q n o d’

The above inequality remains true when Q. is the half space, that is Q = R, .
A direct consequence of Theorem D and the John-Nirenberg inequality (1.11), is
Corollary E [Hardy-John-Nirenberg inequality] Ler Q C R", n > 2, be a uniformly C> mean

convex domain of finite inner radius. There exist a positive constant C1 and a positive constant
Cy = Cy(n) such that

1 —
sup 7B /exp {Cl u njB’ T }dx <Gy forallue CI(Q).
e HB) Lo Ve (351 o )
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The above inequality remains true when Q. is the half space, that is Q = R, .

The paper is organized as follows: In §2 we gather all definitions that appear throughout,
and also several known results on the Hardy inequality that we are going to use. In §3 and §4
we prove Theorem A and Theorem B, respectively. §5 is interesting on its own and comprises
of several calculus results focused on estimating the local integral of the distance function to the
boundary raised on small negative powers. We gradually build the proof of Theorem C in §6.1
and §6.2. The proof of Theorem D is given in §6.3. Finally, in §7 we prove the one dimensional
version of Theorem C.

2 Preliminaries

2.1 Notation, regular boundaries and some properties of the distance function

Throughout the paper, the boundary and inner radius of a domain (open and connected set)
Q CR", n> 1, are denoted by dQ and Dq, respectively. We write 5 for the Lebesgue measure
in R”, and 7" for the n — 1 Hausdorff measure in R”. B, (y) stands for an open ball in R”,
n > 2, having center at y € R” and radius r > 0. When the center, or both the center and radius
are of no importance, we simply write B,, or B respectively. For convenience we will write ®,
in place of s#"(B;), and so #"~'(dB;) = nw,. Also, B*"!(y) is the n — 1-dimensional ball
having center at y € R"~! and radius r > 0, and we write ®,_ for 7! (B’f’l).

By C(e,B,...) or ¢(a,f3,...) we mean a positive constant that is allowed to change value
from line to line but depends only on the arguments o, 3, ... . Sometimes we use the notation ¢’
for the dual index of g € (1,),1i.e. ¢ :=¢q/(qg—1).

Definition 2.1. Let n > 2. By a locally Lipschitz domain Q C R” (respectively locally C?
domain Q C R"), we mean that for any x € dQ there exist a neighborhood U, of x, a system of
coordinates yy, ..., y,, such that the point x is characterized by y; = ... =y, = 0 in this system, a
Lipschitz (resp. C?) mapping ¢, : R"~! — R, and r, > 0 such that

UeNQ=UN{(Y,yn) € Bi ' (0) XR =y, > ()}
Remark 2.2. If for some r > 0, the set B, N Q can be written as
B,NQ=B,N {(y’,yn) EAXR|y, > f(y/)},

and f is Lipschitz in the set A C R"! then

n—1 _ N2 A~/
H N B,099) = [ 14950y

Definition 2.3. Let n > 2. We say that Q C R" is a uniformly Lipschitz domain (respectively
uniformly C> domain) if there exist € > 0, L > 0, and M € N and a locally finite countable cover
{U;} of dQ with the following properties:



(i) If x € dQ then B¢ (x) C U; for some i.
(i) Every point of R" is contained in at most M U;’s.

(iii) For each i there exist local coordinates y = (y',y,) € R"~! x R and a Lipschitz (resp. C?)
function f : R"~! — R, with Lip f < L (resp. || f||c2 < L) such that

UinQ=UN{(,y) ER" xR |y, > f(y')}.

Stein [St, §IV, 3.3] calls uniformly Lipschitz domains minimally smooth.

Remark 2.4. If dQ is bounded then every locally Lipschitz (resp. locally C?) domain is uni-
formly Lipschitz (resp. uniformly C?).

We refer to the generalized Gauss-Green theorem whenever we use Theorem 5.2 (or it’s con-
sequence, Theorem 5.3) from [ChTZ] (see also [S]), and to the Gauss-Green theorem whenever
we use Theorem 1 from [EvG, §5.8].

Recall next that the gradient of d is a bounded vector field:
|[Vd| =1 a.e. in Q. (2.1)

Condition (%) (or weak mean convexity of ) implies in particular that —Ad is a nonnegative
Radon measure p in Q (see [LL, Theorem 6.22]). By abuse of notation we write (—Ad)dx
instead of du. From [ChTZ, Definition 2.18] we have that Vd is a bounded divergence-measure
field (that is Vd € 2.4 (Q)) and so the generalized Gauss-Green theorem holds true.

Recall also that since any uniformly C?> domain satisfies a uniform interior sphere condi-
tion, a uniformly C?> domain is weakly mean convex if and only if it is mean convex (see [Psl,
Corollary 3.6].

2.2 On the Hardy inequality

Let p > 1 and assume that Q is a domain in R”, n > 1, such that Q # R”. In [BFT] the authors
obtained various auxiliary lower bounds for the Hardy difference:

p—1\P [ |ulf -
1[u: ) ::/Q|Vu|1”dx—(p> Q‘dldx; ueCr(Q).

In particular, the substitution

u=d"ry, (2.2)
together with standard vectorial inequalities, gives the following lower estimates on I, [u] (see
[BFT, Lemma 3.3])

L,[w;Q] > c(p /d” vy ypdx+ /M” —Ad)dx, ifp>2, (2.3)



L9 > c(p )/dw 2 Vo (£ /w A, ifp>2, (24

and

ar=1\vv?
Bl z elp) [ —
(1vv]+ 22 5)

The above estimates imply that if Q is weakly mean convex, then Hardy’s inequality (1.1) (that
is I,[;Q] > 0 in the notation introduced above) holds true. The constant ((p —1)/p)” in (1.1)
was known to be the best one for the case n = 1 (see for example [HLP]). It was proved first
in [MMP] for convex domains and then in [BFT] for weakly mean convex domains, that this is
also the case when n > 1.

NP
+(p )p /|v|P(—Ad)dx, if1<p<2. (2.5)
p Q

Remark 2.5. When n =1 and Q = (a,8) for some —eo < @@ < B < oo then —Ad =25 ((ot +
B)/2), where 8 (xo) denotes Dirac’s delta measure concentrated at xo € R. In particular, ignoring
the first term on the right hand side of (2.3) and (2.5), we get

V(O < el p) 7, it p> 1. 26)

We will use this estimate in §3 and §7 when arguing for the one dimensional case of Theorems
A and C respectively.

Also, in proving Theorem A for the case n = 1, we make use of the following result taken from
[BFT]

Proposition 2.6. [BFT, Proposition 3.4] Let 1 < p < 2. For any u € CZ(a, 3) the following
inequality is valid

p

9

bl (o) 2 e(p) [

o

(@) WP o220 (25 F)

where X (t) := (1 —1logt)~!, t € (0,1], D= (B — &) /2 and v given by (2.2).

For domains with finite inner radius, one can add remainder terms of the form [, [u|’Wdx, in
Hardy’s inequality (1.1). Clearly, W has to be of lower order than d~7 (see [BrM] for p = 2 and
[BFT] for the general case). In particular we will need the following case of the central theorem
of [BFT]

Theorem 2.7. [BFT, Theorem A] If p > 1 and Q CR", n > 1, is a weakly mean convex domain
of finite inner radius, then

I, [u; Q] Zc(p)/gh;’,sz(d/Dg)dx forallu e CZ(Q),

where X (t) := (1 —logt)~!, t € (0,1], and v given by (2.2). Moreover, the exponent 2 on X
cannot be decreased.



A direct consequence of the above theorem and estimate (2.4) is

Proposition 2.8. If p > 2 and Q C R", n > 1, is a weakly mean convex domain of finite inner
radius, then

L9 > c(p)/g|v|p_1|Vv|X(d/Dg)dx forall u € C(Q),
where X (t) := (1 —1logt)~!, t € (0,1], and v given by (2.2).
Proof. We write
/Q W7~ | Vv|X (d/Da)dx — /Q L4 V2P2X (d /D) {d 2 v]P/ || Y,

and use the Cauchy-Schwartz inequality. |

We will also need the following lemma

Lemma 2.9. Let Q CR", n > 1, be a domain and V be a locally Lipschitz domain in R", such
that QNV # 0. Denote by v(x) the exterior unit normal vector defined at almost every x € dV.
Forallg> 1, all s # 1 and any v € CZ°(Q), there holds

|Vv|4 s—1|s—119-2 [v|4 |v|4 |
dx— ‘ ‘ / _Ad)dx Mvd - vd
vy d*~4 q ( dsfl( Jdx+ v d*— v (x )>

—1q q
: ‘ / L @7
Proof. The generahzed Gauss-Green theorem gives
Vd vd
/V|v /|v|d1v pr= l)dx+/ v ‘d‘ --vd A" (),

and since div(Vd/d*~') = (1 —s)/d* — (—Ad)/d*~! for a.e. x € Q, we get

V| [v] v] =1y vl -
[ [ M (-adyar- avd M Va.varn / dv, ifs> 1,
v
/Ls_vl‘dx—i—/d‘s ( dx+/ WGy yanm /‘ ifs<l,
\%

where we have also used the fact that |V|v(x)|| = |Vv(x)| for a.e. x € V. We may write both
inequalities in one as follows

|Vv|dx s—1 ( vl

| ’ n— 1 |
1 |s 1| ( Ad)dx+ d- Vd% ‘S 1‘/ s

v dsl ov d*=

This is inequality (2.7) for ¢ = 1. Substituting v by |v|? with g > 1, we arrive at

[Vvl|v]4~ 1 s—1 ( v]4 K |
_Ad)dx vd.van )
!S—ll/ ds! 1P vds’l( Jdx+ av ds~ Y )
o [ Mg (2.8)
> | P .



The first term on the left of (2.8) can be written as follows

q V|t /{ q |V }{IVI“}
ls—1]Jy  d! dr = v Us—1|ds/a-1J Uds—s/a dr

oDty o=l b
s—1 v d5—4 q v d’ ’

<

1
q

by Young’s inequality with conjugate exponents g and ¢/(g — 1). Thus (2.8) becomes

Ly g o[ [V s—1 [v] / [v[ -
= - ~Ad)ydrt [ VA vde (x))
q‘s—l’ v dsa \s—l\z( Vds_l( Jdx+ ov ds—1 (x)
Lo
>
“a b @
Rearranging the constants we arrive at the inequality we sought for. |

Remark 2.10. The choice V = Q is acceptable since v € C;°(Q2), and taking alsog=s=p > 1
in the above lemma, leads to inequalities (2.3)-(2.5) without the first terms on their right hand
side (terms involving |Vv]|). In particular we have obtained another proof of the Hardy inequality

(1.1).

3 Proof of Theorem A

We will first reformulate Theorem A in the notation introduced above

Theorem 3.1. Let Q be a weakly mean convex domain of finite volume 7" (Q) < e. Then for
p > n > 1 there exists a positive constant C(n, p) such that

sup |u(x)| < C(n, p) A" (Q)) /P (L[ Q) forallu e C2(Q).

xeQ

For the proof we will need the following lemma

Lemma 3.2. Let Q be a weakly mean convex domain in R" with 7" (Q) < eo. Denote by | the
nonnegative Radon measure in Q defined by the nonnegative distribution —Ad. Then

/ddugﬁf”(ﬂ) forany U € Q.
U

Proof. It is easy to see that d € WO1 1(Q) (see for example [HKM, Lemma 1.26]). There exists
thus a sequence of nonnegative functions { @ }xreny C Co°(Q) such that

/|¢k—d|dx+/ IV — Vd|dx — 0, as k — oo,
Q Q

10



Since the limit function d is continuous in 2, we may assume that ¢y — d uniformly on compact
subsets of Q. Thus

‘/U(%—d)du) SSEP|¢k_d|“(U)—>O, ask — oo,

therefore

/dd/,L: lim/ odpu. 3.1
U k=0 JU

Since both u and ¢y are nonnegative we have
[ dudu < [ . (32)
U Q
Using the fact that |Vd| = 1 a.e. in Q we also have
‘/ (Vo —Vd) -Vddx‘ < / Vo — Vd|dx — 0, ask — oo,
Q Q

and consequently
/ Vo -Vd dx — A7(Q), ask — o.
Q

‘We now note that

[ gt = [ o(~sa)ax= [ Vo.-vaar,

from which we get

lim / oy = 27(Q). (3.3)
k=0 JQ
The result now follows from (3.1), (3.2) and (3.3). |

Proof of Theorem 3.1. Assume first that n > 2. From Lemma 7.14 in [GTr], we have for all
xeQ
1 [Vu(z)|

|n71 :

u(x)] <

T nw, Jo ]x—z

Setting u = d'~'/Py we arrive at

d2)) " VPv _
nwnyu(x)yg/ ( (Z))_ n‘_lv(z)’dw” 1/ 1'7{@' —dz. (3.4)
Q x— 2| P Jo (d(2)) P x— !
=K ) —L()

Using Holder’s inequality we get

1/p' 1/p
K(x) < (/ |x—z_(”_1)p/dz> (/ dp_l\VV]pdz> . 3.5)
Q Q

11



By an elementary symmetrization argument (see [GTr, §7.8-eq. (7.31)]) we have

s/n
_|~(n=Ds Dn

su xX—z dz <

xeg E ’ ‘ -1 —S/I’l,

[#"(E))'" forall0<s<n, ECR" (3.6)

Applying this for E = Q and s = p’ <’ (since p > n), we get

1/p
K(x) < C(n,p)[s"(Q)]V/"~1/P ( /Qdf’liwipdz) . 3.7)

From (3.7) and (2.3) we conclude that
K(x) < C(n, p) 7" (@) /17 (1, [u: Q1) 7. (38)

We next estimate L(x). Using Holder’s inequality with conjugate exponents p/(p — 1 — €)
and p/(1+¢€), where 0 < € < (p—n)/p is fixed and depending only on n, p, we get

1—-(1+¢€)/p (14+¢€)/p
/( 1+£
_ L |=(n=D)p/(p—1-¢) v[?
S(/QPC 7| Prp gdz> (/ d1/1+e :

Using (3.6) with s = p/(p—1—¢€), E = Q for the first factor and Lemma 2.9 with V = Q,
s=1/(1+¢€),q=p/(1+¢) for the second, we obtain

/(1+
Lx) < Clup)a(@) /i 8/1’[(8 )" [ v

(1+€)/p
+’;/Qde/“*e)|vyP/(1+8>(—Ad)dz]

Using once more Holder’s inequality with conjugate exponents (1+€)/¢€ and 1+ € in both terms
inside brackets we get

L(x) < C(n,p)[o"(Q)]"/n1/p=elp [[%ﬂn(g)]s/(ws)(/de—1|vv’pdz)1/(1+8)

e/(1+¢) . V(e 0O
+</Sprt{v}ddu) (/QM (~Ad)dz)

(1+€)/p
/(1+€)
Cln A" (@) =<0 (s )7 L@ (| aa) T ] ,
sprtyv
by (2.3). Using Lemma 3.2 we easily conclude
L(x) < C(n, p) [ (Q))/"/P (1, [u:2]) /7. (3.9)

12



The proof follows inserting (3.9) and (3.8) in (3.4).

For n = 1 it suffices to assume Q = (—1, 1). The result for an arbitrary finite interval follows
then by a translation and a dilation. For any x € (—1, 1) we have

1 r!
) <5 [ e,
2/

and setting u = d' /Py we arrive at
lu(x)| < 1/1 dl_l/pv’\dH—p_l/l d=/7|v|dt
2/ 2p Ja

Applying Lemma 2.9 for s = 1/p and ¢ = 1 on the second term of the right hand side (recalling
Remark 2.5) we obtain

I 1 !
u(x)| < 5/laz‘—l/ﬂ|v'|dz+§(/ldl—l/f’|v’|dt+201(0)1—‘/P|v(0)|),
1
— Ldlflﬁ’yv'ydtﬂv(on.

Because of (2.6), we only need to estimate the first term. For this we use Holder’s inequality
and then (2.3) if p > 2, or Proposition 2.6 if 1 < p < 2. We omit the details. |

4 Proof of Theorem B

The proof of Theorem B follows by coupling estimates (2.3) and the one provided in the fol-
lowing proposition which is an extension of [FMT, Theorem 2.5] and [FMT, Theorem 4.5 with
k=1].

Proposition 4.1. Let either Q C R", n > 2, be a uniformly C> mean convex domain of finite
inner radius, or Q =R’ ; n > 2. For

n np

-1<b<0 1<
— ) —p<b+17

4.1

there exists a positive constant C such that

plq
c(/ (d“l/ﬂ’\vy)qu) g/df’*wv\ﬂdwr/ WP (—Ad)dx  forallu € C=(Q). (4.2)
Q Q Q

Proof. The proof is a variation of the proof of Theorem 4.5 in [FMT] (with k£ = 1) to which
we refer for more details. The only difference between [FMT] and here is in the range of the
parameter p.
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We start with the case where Q is a uniformly C> mean convex domain of finite inner radius.
We recall that we first work near the boundary

Qs :={x€Q suchthat d(x) < d},

for § > 0 sufficiently small but fixed, to obtain an L' interpolation estimate. More precisely,
under the assumptions

_ n
a# 0, a—1<b<a, ji=—, 4.3
a7 ¢ =4 1 n—(b—-a+1l) “3)
we get (see [FMT, Lemma 4.3])
Clld™v|| a0 < / d%|Vvldx forall v € C(Qs). (4.4)
Qs

Working similarly in Q\ Q5> and noting that § /2 < d < Dq, there, we get
Clld 1005 < /Q o, LIV forallve €20\ 050). 4.5)
5/2

Putting estimates (4.4) and (4.5) together we obtain the existence of a constant C = C(a,b,n, 8 /Dq) >
0 such that (cf (2.21) of [FMT]),

cud%um(g)g/dﬁwv\dx+/ 4 yjdx forall v e C2(Q). 4.6)
Q Q5\Qs)2

We next derive the corresponding L” — L? estimates, with b, p and g as in (4.1). To this end
we replace v by |v|* in (4.6) with

p—1 p(n—(b+1))
=g——+1= > 1
5= + n—pb+1 ’
to obtain:
_ 1/
c /dbf?yv\qsdx gs/d’7|v\s’l\Vv]dx+/ 4% vffdr. @4.7)
Q Q Q5\Q5)2

We choose a such that

a= T[(b#’;l)qﬂ} — (p_:)_(l;?;ﬁ(f)_l) >0,

and b such that



Straightforward calculations show that

(p(b+1)=1)(n—(b+1))

b=
n—pb+1)

It is easy to check that @ — b = —b and therefore the conditions on b imposed by (4.3) are
satisfied. Moreover one easily verifies that gs = q.
In view of the above choices we rewrite (4.7) as

Clla™ 7'yt < s/ d‘i|vls’1]Vv|dx+/ d% [ dx. (4.8)
Q Q5\Q5/2

We next apply Holder inequality in both terms of the right hand side to get
/d“_]v]S_IIVv]dx = / {dl/!’”vv’}{d(bﬂ/p’)q/p"v’q/p’}dx
Q Q
< "IVl

and

A Pde = / d=1ply| YL a1 eale |y el Ly
/QS\QB/Z Q5\96/2 { }{ }

< Nl VPlpagnas a7 VG0
Substituting into (4.8) we get after simplifying,
Clld” 77, g < / 4P |Vy|Pdx+ / d'|Pdx. 4.9)
Q Q5\Q5)2

To conclude the proof we need to estimate the last term in (4.9). This is done exactly as in [FMT]
(cf (4.39) of [FMT)) to finally obtain:

C d*lyv\f’dxg/dp*ywpdxju/ V7 (—Ad)dx. (4.10)
05\Qs)2 Jo Q

Combining (4.9) and (4.10) the result follows.
Next we discuss the case where Q = R’} . In this case the proof is easier due to the fact that
it is enough to work in Qg only, since the easy geometry (note that —Ad(x) = 0 for all x € R})
allows us to take & arbitrarily large. Thus one first obtains the L! estimate
C(a,b,m)|dv|| gz < / d%|Vvldx forall v e C(R™). @4.11)
RY

We then conclude as before. Estimate (4.10) in not needed in this case. |
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Remark 4.2. When Q =R, we have —Ad(x) = 0 for all x € R, and Proposition 4.1 reads:

Letb,p,q be as in (4.1). There exists a positive constant C such that

rla i
C(/ <x2+]/pl\v|>qu> S/ BN \WvPdx  forall v € C(R). (4.12)
R R

This is to be compared with the case where the monomial weight in [CR-O, Theorem 1.3] (see
also [Ng]), degenerates to the distance from the boundary of the half-space. In particular, by
the choice A; =0 foralli=1,....,.n—1 and A, = p—1 in [CR-O], one deduces the following
weighted Sobolev inequality

(1-1)/(p 1)
c( / xglyvv’<f’+"l>/<"1>dx> < / - |\VylPdx forallu € CZ(R”),
R% R

+ +

which for u € CZ°(R}) is a special case of (4.12), as one can easily check by taking b = —(p —
1)/(p+n—1). Let us mention that the best constant C in the above inequality is obtained in
[CR-O].

5 Some calculus lemmas

Here we prove several calculus estimates which under our assumptions on the domain € show
that we have the correct growth of the local integral of the distance function to the boundary on
small negative powers. We start with:

Lemma 5.1. Let Q C R", n > 2, be a uniformly Lipschitz domain and set
A" 1(B,NIQ)

ne,r"!

Qr =

(i) There exist positive constants po, Ag such that
Qr <Ap, forallr<po. (5.1)
(ii) If Q is bounded, then (5.1) holds true for any r > 0.

Proof. Let € be as in Definition 2.3 and suppose r < £/3. Let B,(z) be a ball such that B,(z) N
dQ # 0. Then taking any point x € B,(z) N dQ we have

B,(z) C Bay(x) C Be(x) C U,

for some U; as in the definition of the uniformly Lipschitz domain. Then by the monotonicity of
"1 and Remark 2.2 we obtain

A" (B (2) NIQ)

IN

A" (Byr(x) N 0Q)

,/ N T TERY.
[y|<2r

V14120, (2r)"
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This shows (i) with pg = £/3 and Ag = V1 + 2@, 2" 1.
Suppose now that r > €/3 and Q is bounded. We may consider that { By 3 (x,)}i\g | covers £,
for suitable {x; 5\7:0 , € R", and Ny € N. For any z € R" such that B,(z) N dQ # 0, we have

A" (B (2)N9Q) < % S (Bg3(xi) N OKQ)
i=1

< NoV1+L2w, 12" ' (g/3)"!
< NQ\/1+L20)n_12n711’n71,

and the proof of (ii) is complete with Ag = Npv/' 1 +12wm, 12" . |
The next lemma shows that there are also unbounded domains for which (5.1) is true for any

r> 0.

Lemma 5.2. I[fQ CR", n > 2, is convex then (5.1) holds true for any r > 0.

Proof. Denote first the distance function to Q by

d.(x) ;= inf [x—y|, whenever x € Q°,
yeQ

where the exponent ¢ means complement in R”. It is well known (see [ArmK]) that Q being

. . . . . . ~C
convex is equivalent to d, being convex. Thus Ad(x) is a nonnegative Radon measure in Q. In
particular Vd, € 9.4 ”(QL) and the generalized Gauss-Green theorem gives

- /  Ad. dx
B,NQc

- _/ Vdc-vd%”*(x)—/ Vd,-vdA" (x).
B,NoQ

dBrNQ*

0

v

Since Vd,.- v = —1 on B, N dQ we deduce

A" (B,NQ) < / Vd,-vd ()
dB,NQc

2" (9B, N Q)

<
< na)n"ﬂ_la

where we have used the fact that [Vd, - v| < 1 a.e. on dB,NQC and also the monotonicity of
(%anfl. |

Proposition 5.3. Let Q C R", n > 2, be a locally Lipschitz, weakly mean convex domain. For
any 0 <1 and any r > 0 set



Then if 6 € (0, 1) we have the relation

M,(0) < lwne (n—l—l—@—l—nQr)r"_e.

Proof. Writing {d < r} for the set {x € Q:d(x) < r} and {d > r} for its complement in Q, we

have
M,(6) :/ d’edx—ir/ d—dx. (5.2)
B,n{d>r} B.N{d<r}
For the first integral we have by the monotonicity of 72
/ d%x < r P (B.n{d>r})
B,N{d>r}
< @l (5.3)

For the second integral we note first that since 1 — 8 > 0, the generalized Gauss-Green theorem
vecl
gives

(1 —e)/ d%dx= dl‘e(—Ad)der/ d'OVd.vd" 1 (x). (5.4)
B,n{d<r} B,N{d<r} d(B,N{d<r})

Because of condition (%), the first term on the right is estimated as follows

/ d'"70(—Ad)dx < rH/ (—Ad)dx
B.N{d<r} B,n{d<r}
_ —rl_e/ Vd-vdam (v,
d(B,n{d<r})

where we have used the generalized Gauss-Green theorem once more. Inserting this in (5.4) we
arrive at

(1—0) d*"dxg/ A"~ OVVd. v drm ().
B,N{d<r} (B:0{d<r})

Since Vd - v = —1 a.e. on dQ we obtain

(1—-0) / d~%dx
B,n{d<r}

< (rlfe —d1*9)|Vd-v]d,%”"*l(x) + 170" Y(B,N0Q)
IB,N{d<r}
<=0t (9B, N{d <r}) + 170" Y(B,N0Q)
<n," "+ 170" 1(B,N0Q), (5.5)

where in the last estimate we have used the monotonicity of .#"~!. We conclude by coupling
(5.3) and (5.5) with (5.2). [ |

A direct consequence of Lemma 5.1, Lemma 5.2 and Proposition 5.3 is

ISince d € BV(Q), its level sets {d < r} are of finite perimeter for a.e. r € (0,%) (see [EVG, Theorem 1-§5.5])
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Corollary 5.4. Let Q C R", n > 2, be a uniformly Lipschitz, weakly mean convex domain.
(i) There exist positive constants po, Ay such that

M.(8) <Ao" % forall 6 € (0,1) and all r < py. (5.6)

(ii) If in addition Q is bounded or convex, then (5.6) holds true for all 6 € (0,1) and all r > 0
(for bounded domains this is to be compared with [HK, Lemma 6]).

6 The Hardy-Morrey inequality for n > 2 & proof of Theorem D

In the first subsection, by imposing an extra assumption (see (6.1) below), we give a considerably
shorter proof of the Hardy-Morrey inequality of Theorem C. From the results of the previous
section, this extra assumption is satisfied when the domain is weakly mean convex and bounded,
or just convex. In the second subsection we give the proof of Theorem C as stated in the intro-
duction. As a byproduct, in the third subsection we obtain the Hardy-John-Nirenberg estimate
(Corollary E).

6.1 A weaker version of the Hardy-Morrey inequality

We prove the following version of Theorem C:

Theorem 6.1. Let Q C R”, n > 2, be a uniformly C* mean convex domain of finite inner radius.
Suppose in addition that Q is such that for some 6y € (0, 1) there exists a positive constant Ay
so that

M,(60) = /B < A" forall > 0. ©.1)

Then for p > n, there exists a positive constant C, such that

sup LN (o) IP oy att e (@) 6.2)
x,y;Q [x =] —n/p
x#y

Remark 6.2. Because of Corollary 5.4-(ii), the above theorem directly implies Theorem C for
convex or, bounded mean convex domains. To obtain it for domains with finite inner radius the
proof is more delicate and we present it in the next subsection. The reason is that only Corollary
5.4-(i) is available when the domain has finite inner radius, and so in the next subsection we will
present a different argument to handle balls with arbitrary large radius.

Remark 6.3. Assumption (6.1) in Theorem 6.1 easily implies that
M,(8) <240"~% forall 6 € (0,6)) and all r > 0.

To prove Theorem 6.1 we need to recall the well known Morrey’s “Dirichlet growth” theo-
rem (see [Mr, Theorem 3.5.2] or [GTr, Theorem 7.19]).
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Theorem 6.4. Let Q be a domain in R", n > 1. Let u € C°(Q) and suppose that for some M > 0
and a € (0, 1] the following estimate is true for all B, C R"

/ |Vu|dx < My 119, (6.3)
B,

Then there exists c(n, o) > 0 such that for all B, C R"
sup [u(x) —u(y)| < cMr?,
X, YEB,
or, equivalently (since u is compactly supported)
sap 1400 40|

x,yeQ |X - y| “
*y

Proof of Theorem 6.1: In view of the above theorem it is enough to establish the following
estimate

<cM.

/ |Vu\dx§ C(I[M;Q])l/l’rn(lfl/l’)’
B,

for all » > 0 and for some positive constant ¢ not depending on . To this end, let B, C R" such
that B, NQ # 0. Setting u = d'~'/7y we have

.
/ \Vu|dx§/ dl—l/P|Vv|dx+p—/ d=V/P|v|dx.
B, B, p B,

=K, =:L,

Using first Holder’s inequality and then (2.3) we get

1/p
(/ dP—1|vv|de> (@) 117
B,

Cln, p) (I, [u; Q]) /P (=11p), (6.4)

K,

IN

IN

We will next estimate L,. To this end, we return first in the original function u, and for some
b € (—1,0) that we will chose later, and ¢ := np/(n— p(b+1)), we get by Holder’s inequality

L = /db\u|d—b—‘dx
B,

1/q
< (/Bn(d’w)qu) (M(0))7; 0:=(b+1)q.

Taking b sufficiently close to —1, we may assume 6 € (0,6)), so that M,(6) is bounded by
2A0r" 9 (see Remark 6.3). Using also the Hardy-Sobolev inequality of Theorem B, we arrive at

L, < C(n,p,b,Aq,K) (I,[u;Q]) /P, (n-0)/d"

This is the desired estimate since




6.2 Proof of Theorem C

Now we prove Theorem C for domains with finite inner radius.

Theorem 6.5. Let Q C R, n > 2, be a uniformly C> mean convex domain of finite inner radius.
For p > n, there exists a positive constant C such that

|u(x) —u(y)| 1p .
sup ———— < C(L,|u; Q oralluec C>(Q).
xJ’EIZZ |x_y|lfn/p (I’[ ]) f ( )
x#y

Proof. We will use again Dirichlet’s growth Theorem 6.4, that is, we will prove

/B |Vul|dx < c(lp[u;Q])l/pr"(l_l/”) forall r > 0. (6.5)
By Corollary 5.4-(i) we have that the inequality

M,(0) <Agr"% forall 6 € (0,1) and all r < py,
holds true for some positive constants pg, Ag. Arguing exactly as in the proof of Theorem 6.1,

we see that (6.5) is true for all r < pg. In the sequel we will prove (6.5) for balls of radius r > pyg.
Setting u = d' /Py we have

1
/ \Vu|dx§/ d‘—l/P|Vv|dx+p—/ d=V/P|v|dx.
B, B, p B,
—_—
=K, =:L,

Using first Holder’s inequality and then (2.3) we get

1/p
(/ dp_1|Vv|”dx> (@)1 117
B,

< Cln,p) (I [us; Q)P p=10), (6.6)

K,

IN

We will next estimate L,. Using Lemma 2.9 for V =B,, s = 1/p and g = 1, we obtain

~1
P—y, gK,+/ dlfl/P|v|(—Ad)dx+/ d"7VP|vd v d (). (6.7)
P B, 0B,

~~

=P,

:N;

K, was estimated in (6.6) so we only need to estimate N, and P,. For N,, since condition (%)
holds we may apply Holder’s inequality as follows

1-1/p 1/p
N,g(/Bmd(—Ad)dx> (/Q|v|1’(—Ad)dx> .
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Using the generalized Gauss-Green theorem in the first integral, and applying (2.3) in the second,
we obtain

N,

IN

1-1/p
c(p) (/ Vd-Vd dx—/ Avd-v d%”_l(x)> (1)) "
B,NQ 9(B,NQ)

IN

1-1/p
ddn! 1)) P
a7 0 ()

c(p) (%"(BFOQ) +

IN

(p) (7" (B,) + ?)Z’r%'“ (98,1Q)) )

c(n,P,DQ/Po)r”(l_l/”) (Ip[u;Q])]/p, (6.8)

IN

where in the last two inequalities we have used first the fact that

D
d(x) < p—gr forall x € Q, (6.9)
0

and then the monotonicity of s#"~!. We finally estimate P,. By elementary considerations and
Holder’s inequality

P, < / 4P| d e (x)
0B,

1/p

1-1/p
< (/aBerdX—l/(p—l)(d/DQ)djfn—l(x)) (/aBr |V|pX(d/DQ)d%"_l(x)> (6.10)

where X (1) = (1 —logz)~'; 1 € (0, 1]. The function £X~'/(P=1)(r/Dgq) is increasing in [0, r], for
any r € (0,Dgq]. We may thus estimate the first factor by

PPx Ve (/Do) [ (0B,n Q)] P < C(n, p,Da/po) 1P,

where we have used the monotonicity of "1, the fact that X1 (r/DQ) <xUr (po/Dg) for
r > po (note that X ~'/P(¢) is decreasing in (0, 1]), and also the elementary inequality X ~!/7 (Po/Dq) <

-1 . . .
(po / DQ) /p . To estimate the second factor we notice first that the function

x—& _

7-XEB}”
r

when restricted to dB, gives the unit outer normal vyp to dB,. So we use the Gauss-Green
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theorem as follows
| X (d/Da)dre
_ /a _ I7X(d/Da)Vas, - Van, A" ()

— /B div { |v}"X (/D)= & b

r

p
<p [ W i@/t [ M a/mayact” [ plrx(a/payas

where we have used the fact that [(x —&,) /r| < 1 for all x € B,. By Proposition 2.8 and Theorem
2.7, the first two summands are bounded by ¢(p)I,[u;Q]. To estimate the last summand, again
by the elementary inequality X (¢) > ¢ for all ¢ € (0, 1], we get dX ' (d/Dgq) < Dq for all x € Q.
Since r > po we deduce

IA

n D p
" [ xtamaa < a2 [ M /Do

po /B, d
C(navaQ/pO)Ip [M;Q]v

by Theorem 2.7. The above estimates when inserted to (6.10) give

IA

P. < C(n, p,Da/po) ™= /7) (1,[u; Q) /7. 6.11)
In turn, estimates (6.6), (6.8) and (6.11), give
L, < C(n,p,Da/po) V7 (1,[u: ) 7,

for r > pg. This together with (6.6) implies (6.5) for balls of radius r > pg. This completes the
proof of the theorem. |

6.3 A Hardy-John-Nirenberg inequality

We now proceed in the proof of Theorem D. Recall the seminorm

1
— sup——— | |u— ug|dx
HMHBMO Sgp%n(B)/B’u MB| )

where the supremum is taken over all balls B in R” and up is the average of u in the ball B, that
is

1
MB_%””(B)/BudX

Theorem 6.6. Let Q C R”, n > 2, be a uniformly C> mean convex domain of finite inner radius.
There exists a positive constant C such that

lullBmo < C(In[M;Q])l/” forallu e C7(Q).
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Proof: Using first the L'-Poincaré inequality (see [EvG, Theorem 2-§4.5]) and then the substi-
tution u = d'~/ "y, we have that

/|u—u3,|dy < C(n)r/ |Vu|dy
B, B,

< C(n)r/ dl_l/”|Vv\dy+C(n)r/ d="v|dy.
B, B,

—_— —_—
=% =%

The result will follow once we establish the following estimates
K, L < c(In[u;Q])l/nr”_1 for all r > 0.

These estimates are proved in exactly the same way as in estimating K, and L, in the proof of
Theorem 6.1 for r < pg and in the proof of Theorem 6.5 for r > py. We note that one can take
p = n in the proofs of these theorems without any change. We omit further details. |

As a consequence the above Theorem and (1.11) we obtain Corollary E of the introduction.

7 The Hardy-Morrey inequality for n = 1

As mentioned in the introduction, the one dimensional case of Theorem C is close to the case
where the distance in the Hardy inequality is taken from a point. In this case a logarithmic cor-
rection is needed, see [Ps2]. Following the ideas there, we prove the following sharp substitute
of Theorem C when n = 1.

Theorem 7.1. There exist constants A = A(p) > 1 and ¢ = ¢(p) > 0 such that for all u €

(e, B)

o, (e () <eotpwam™.
x#y

where X(t) := (1 —logt)~!, t € (0,1] and D = (B — @) /2. The exponent 1/p on X cannot be
decreased.

For the proof it suffices to restrict ourselves to the case & = —1 and 8 = 1 (note then that
D=1).

Lemma 7.2. Let g > 1, B > 1 —q. There exists a constant ¢ = c(q,) > 0, such that for any
absolutely continuous function v in (—1,1), and any A > 1

1/q
sup {yv(x)|x(ﬁ+q—1>/q(d(x)//1)}gc< [ lld"_1|v’|"X’3(d//l)dt+|v(0)\"> .

xe(—1,1)
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Proof. Letting A > 1, we have for any x € (—1,1)

v(ix) = /xv'dt—l—v(O)

0
1/q

1/q¢ 1
(/ d”"l\v’\qXﬁ(d//I)dt> +v0)], (7.2)
-1

IN

/xd_lX_ﬁ/(q_l)(d/l)dt
0

by Holder’s inequality. For any x € (—1,1) we compute

=[xt —xo )] e=Pr Lo,

xdfleﬁ/(qfl) d/2)\d
/0 ( / ) ! qg—1

Inserting this in (7.2) we arrive at

/ 1/q
c[l— (W)B}IM (/_11 dquIV/’qXﬁ (d//l)dt) +\v(0)|

| 1/q
c(/_ldqlv’qXﬁ (d/?L)dt) +[v(0)],

v()| X%/ (d(x)/2)

IN

IN

where ¢ = ¢(¢,8) = 0~'/4, and we have used twice the fact that 0 < X (¢) < 1 for all # € (0, 1].
The desired inequality follows using a'/ 4 b'/7 < 2'=1/4(a + b)'/4, for all ¢ > 1 and a,b >
0. [ |

Proposition 7.3. Let p > 1. There exists a constant ¢ = c¢(p) > 0, such that for any A > 1

wp {11

E(_ll){(d(x))ll/pxl/p<d(x)/)~)}SC(IP[M;(—l,l)])l/p forallue Cz(—1,1). (1.3)

Proof. Let u € C°(—1,1) and define v by u(x) = (d(x))lfl/pv(x). If 1 < p<2, by Lemma7.2
for g = p and B =2 — p, we have that for any A > 1

1/p
|v(x)|X1/p(d(x)/7L) < c(/l1 d”‘1|v’|”X2‘1’(d/7L)dt+|v(0)|”> .

The result follows by Proposition 2.6. If p > 2, by Lemma 7.2 for ¢ = 2 and 8 = 0 we have

1/2
W)X (d(x)/2) < ( [ anpar s |w<o>|2> ,
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for an absolutely continuous function w in (—1,1) and any A > 1. For w(x) = |v(x)|?/?> we obtain

1/p
1
V()X (d(x)/2) < C(/ dIVI”ZIV'IzdtJrIV(O)!”) :
-1
The result follows by (2.4).

Proof of Theorem 7.1. For —1 <y <x < 1 we have

) —utn)] = | [T

X _1 X
(setting u(r) = (d(0)'~/Pv(t)) < / a1+ P2 / a1/ |v|ds
y p Jy
=K(x,y) =:A(x,y)

To estimate K(x,y) we use Holder’s inequality to get

1/p
1
Kixy) < @—wkm</iﬂ*www>
-1
_ 1
(by (23) < e(p)lr—y)""VP (Il (-1.0)"".
To estimate A(x,y) we return to the original variable by v(t) = (d(t)) VPN (r). Thus
* ul
A = —dr.
= [
Inserting (7.3) in A(x,y) we obtain

Ax,y) Sc@meewaWKuqmyﬂwwww

< e(p) =)' XTI (=) /2) (s (<1, 1)),

(7.4)

(7.5)

(7.6)

for some A > 1, by virtue of Lemma 2.5 of [Ps2]. Coupling (7.5) and (7.6) with (7.4) we obtain

the desired estimate.

To prove that the exponent 1/p cannot be decreased, we will follow the argument introduced
in [PsSp]: Assuming that the exponent can be decreased we will violate the optimal homoge-
neously improved Hardy inequality (obtained in [BrM, Lemma A.2] for the case p =2 and in

[BFT] in the general case). To this end, let € € (0,1], ¢ > 0 and A > 1, be such that

sup {MX“8)/”<|xly|)}Sc(lp[u;(—l,l)])l/" forall u € C(—1.1)

xye(—1,1) |x_y|l—1/p

x7£y
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Restricting on functions u € C;°(0, 1) and taking y = 0, we obtain

)] 1-e)/p (X p }
xe(0,1) xlfl/pX <7L) = C(Jp[“’ (0, 1)]) forallu e C7(0,1),

where J,[u; (0,1)] := [ |«/|Pdr — (1 —1/p)P [y |u|? /t"dz. This readily implies that
Uu(e)|? t ! t
/ MXZ*/z(—)dt < el (0, 1)]/ t’lX”e/z(—)dt forall u € C2(0,1).  (7.7)
o t? A 0 A

Clearly, since € > 0 the integral on the right is a finite constant depending only on € and A. Thus
we have violated the optimality of the exponent 2 on the remainder term of the one dimensional
case of the improved Hardy inequality of [BFT, Theorem A] (for k = n = 1 there). |
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