OPTIMAL TRANSPORT WITH COULOMB COST AND THE
SEMICLASSICAL LIMIT OF DENSITY FUNCTIONAL THEORY

UGO BINDINI AND LUIGI DE PASCALE

ABsTRACT. We present some progress in the direction of determining the semiclassical
limit of the Levy-Lieb or Hohenberg-Kohn universal functional in Density Functional
Theory for Coulomb systems. In particular we give a proof of the fact that for Bosonic
systems with an arbitrary number of particles the limit is the multimarginal optimal
transport problem with Coulomb cost and that the same holds for Fermionic systems
with 2 or 3 particles. Comparisons with previous results are reported . The approach is
based on some techniques from the optimal transportation theory.

1. INTRODUCTION AND PRELIMINARY RESULTS

The ground state of a system of IV electrons interacting through Coulomb forces between
each others and with M nuclei is described by one of the following minimal values (ground
values)

Ej = min Th() + Vee(¥) = Ve (¥), (1.1)
or

gt = min Ty(t)) + Vee()) = Vae(¥), (1.2)

and by the corresponding minimizers (ground states).
The minimization domains are the following sets of wave functions

S ={yp e H((R? x Zy)N /|¢| dz =1, for all permutations o of N points

V((Te(1), A(1))s - - -5 (To(N)s Qo)) = (21, 00), ..., (TN, an)) ),

A={¢ e HY((R? x Zo)N / l|2dz = 1, for all permutations o of N points

1/1((%(1)7%(1))7---a(«%“a(N), U(N))):SZgn( )¢(($17a1)7""(xNvaN))}v

where we adopted the common notation

/f(z)dz :—/f(zl,...,zN)dzl...dzN = Z / flz1,a1;- - xy,an)dry ... dey.

aq,...,an=0,1

The three terms in the functionals are: the kinetic energy

h2
— o [ 190

the electron-electron interaction energy

/Z 19P(z)

— X
1<z<j<N i J‘

Date: July 25, 2017.
2010 Mathematics Subject Classification. 49J45, 49N15, 49K30.
Key words and phrases. Density Functional Theory, Multimarginal optimal transportation, Monge-
Kantorovich problem, duality theory, Coulomb cost.
1



2 UGO BINDINI AND LUIGI DE PASCALE

and the nuclei-electrons interaction energy

/ Z Z||$z Nk|

1<i<j<N k=1

The values E,‘g and E,;4 represents, respectively, the ground value for a Bosonic and
Fermionic system of particles with IV electrons and M nuclei. The Ny are the positions of
the nuclei, while the couple (x;, «;) is the position-spin of the i-th electron. In the usual
Born interpretation, ]¢]2 is the probability distribution of the N electrons and, according
with the indistinguishability principle, it is invariant with respect to permutations of the
N (z;, «;) variables.

Computing the ground values above amounts to solving a Schrodinger equation in RV
and the numerical cost scales exponentially with N. The Density Functional Theory (DFT
from now on) is an alternative introduced in the late sixties by Hohenberg, Kohn and Sham.
However the desire to describe the system in term of a different variable is much older and
we may consider the Thomas-Fermi model as a precursor of this theory.

We associate to every wave function 1 a probability density on R? defined as follows

pw(x) = Z /d(N b ”L/J‘ .CU , Q15 ::cN,aN)da;g...da:N.

The map which associates p to 1/1 will be denoted by 9 | py and p will be called single
electron density or electronic density. If we wish to describe the system in terms of p, the
problems above should be reformulated as a minimization of suitable energies with respect
to p which, no matter how big N is, is always a probability measure in R%. The exact
image of the map 1 | p,, was characterized by Lieb [26] who proved that the image of both
S and A is

H={p|0<p. [p=1, VpeH'®)

For p € H we introduce the Levy-Lieb functional [25, 26| also known as Hohenberg-Kohn
functional?

Fi(p) = inf  {Th(¥) + Vee (¥}, (13)
Fillp) =, inf {Th(¥) + Veelw)}- (14)

Then the problems above can be reformulated as follows:
EY =min FP(p) + N/v(x)p(a:)da:,
peH

and

E# =min FA(p)+ N [ v(z)p(z)dz,
peEH

M
Z,
vie) = Z |z — Ni|’

This paper deals with the semiclassical hmlt of the two functionals F{¥ (p) and Fi*(p) and
more precisely it concerns the relations of the multimarginal optimal transport theory with
these semiclassical limits. The ties between the DFT for Coulomb systems and Optimal
transport appeared first in [5, 11| and by now have revealed to be a precious tool for the

where we denoted

" the usual definition the integral in the definition of py is also multiplied by a factor N, but here we
prefer to deal with probability measures.

2These functionals are sometimes denoted by Fruk(v). For the sake of a lighter notation, here we will not
report the HK.
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understanding. To detail better the results, let us shortly introduce the multimarginal
optimal transport problem of interest here.
For every p € H consider the set

(p) :={P e PR™) | njP=p, i=1,...,N},
and then the multimarginal optimal transport problem with Coulomb cost
C(p) := min / Z (1.5)
Pell(p) 1<z<j<N T~ xj|

Duality for (1.5) and some properties of the functional C'(p) have been studied in [14, 6].
The structure of 1—dimensional minimizers has been investigated in [9].

The results on optimal transportation needed in this paper will be reported in the next
section.

In this paper we will prove that

Theorem 1.1. For all p € H and d, N € N,

h 0
Ff ( ) 3 C(p)7
and that

Theorem 1.2. Forallpe H, d=1,2,3,4, N =2,3

Fi(p) "% C(p).

The same problem was previously studied in [11]|. It is easy to see that the proof pre-
sented in that paper adapts to prove Theorem 1.1 for any N. In this case our contribution
consists in a more direct use of optimal transport techniques with the consequent simpli-
fications. The convergence 1.2 was proved in [11]| for N = 2. Here we extend the result to

N = 3 and we are able to enlarge the class of approximating antisymmetric wave functions
also for N = 2.

Remark 1.3. Although the usual description is limited to the physical dimension d = 3,
here we explored also other dimensions in the hope to shed some light on the problems
which are still open.

Since the functionals appearing in Theorems 1.1 and 1.2 above are all expressed as
minimal values, the natural tool to deal with their convergence is the I'-convergence which
also we shortly introduce in the next section.

2. TooLs: I'-CONVERGENCE AND MULTIMARGINAL OPTIMAL TRANSPORT

2.1. Definition of I'-convergence and basic results. A crucial tool that we will use
throughout this paper is I'-convergence. All the details can be found, for instance, in

Braides’s book [4] or in the classical book by Dal Maso [13]. In what follows, (X,d) is a
metric space or a topological space equipped with a convergence.

Definition 2.1. Let (F},), be a sequence of functions X ~ R. We say that (F},), I'-

converges to F' and we write F), L Fif for any ¢ € X we have
n
e for any sequence (x,), of X converging to x
liminf F,,(z,) > F(z) (P-liminf inequality);
n
e there exists a sequence (x,), converging to = and such that

limsup F,(x,) < F(x) (T-limsup inequality).
n
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This definition is actually equivalent to the following equalities for any =z € X:

F(z) = inf {limiann(afn) D Xy — w} = inf {limsup E(zy) : xp — a:}

The function z — inf {lim inf Fy,(x) : 2y — x} is called T'-liminf of the sequence (F,),
n
and the other one its I-limsup. A useful result is the following (which for instance implies

that a constant sequence of functions does not I'-converge to itself in general).

Proposition 2.2. The I'-liminf and the T'-limsup of a sequence of functions (Fy,), are both
lower semi-continuous on X.

The main interest of I'-convergence resides in its consequences in terms of convergence
of minima:
Theorem 2.3. Let (F,), be a sequence of functions X — R and assume that F), Lr

n
Assume moreover that there exists a compact and non-empty subset K of X such that

N, inf F,, = inf F,
Vn € ,1?( n lrlé n

(we say that (F,)y is equi-mildly coercive on X ). Then F admits a minimum on X and
the sequence (i&f Ey), converges to min F'. Moreover, if (xy,)y s a sequence of X such that

lim F,, (x,,) = lim(i§f F,)
and if (Ty(n))n s a subsequence of (ry)n having a limit x, then F(x) = igl(fF.

2.2. Multimarginal optimal transportation and composition of optimal trans-
port plans. In this subsection we present some basic results about multimarginal optimal
transportation with Coulomb cost.

An element P of II(p) is commonly called a transport plan for p.

If p € P(RY), define

fp(t) = sup p(B(z,t)).
z€R4

Definition 2.4. The concentration of p is

Hp = %g% 1o (2)-
Note that p € H implies p, = 0, since /p € H' implies p € L'
It is commonly assumed that, if p, < 1/N, then C(p) < +o00. Here we provide a simple
argument adapted to the particular case p € H:

2
Proposition 2.5. Ifp > 53 d 1 and p € LY(RY) N LP(RY), then C(p) < +oo.

Proof. Consider the transport plan P(z1,...,25) = p(x1) -+ - p(xn); then,

C(P) = / o(X)dP(X)= > /R deidxj

1<i<j<N Y RIXR i — ;]

< C(dp)llellz,

where the last inequality follows from the Hardy-Littlewood-Sobolev and Hélder inequali-
ties. 0

Definition 2.6. If o > 0, let
D, = {X c RN st 3i # j with |z; — x| < a}
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be an open strip around
Dy = {X e RV s t. Ji # j with a:l-:acj},
which is the set where the cost function ¢ is singular.

Note that if a transport plan P has the property that P(D,) = 0 for some o > 0 then
C(P) is finite. The converse is not true in general, i.e. there may well be transport plans
of finite cost whose supports have distance 0 from the set Dy.

However, this is not the case if P is optimal, as recently proved in [6]:

Theorem 2.7. Let p € P(RY) with i, < gz, with C(p) < +oo, and let B be such

N(N-1)2°
that
(B) < L
He NN —1)2
If P € I(p) is an optimal plan for the problem (1.5), then P |p,= 0 for every a such
that 8
2
< NN )

3. A I'-CONVERGENCE RESULT AND PROOFS OF THE MAIN THEOREMS

It is useful to reformulate the different variational problems so that they have a common
domain. For every ¢ € S or ¢ € A there is a natural transport plan Py € p, defined by

Py= > [¢P(z1,005. 528, an).

at,e,aN

Then for every p € H define F¢, Fi* : II(p) — RT U {400} as follows:
FS(P) = { Th(¥) + Vee(yp) if P = Py for some ¢ € S

400 otherwise,

and
FAP) = { Th(¥) + Vee(h) i P = P, for some 1) € A

+00 otherwise.
It follows that

F (p) = min F§ (P), (3.1)
I(p)
and
Fi(p) = min FA(P). (3.2)
(p)
Concerning the optimal transport problem we only need to incorporate the symmetry
constraint in the transport functional. For every o € & permutation of {1,..., N} and

every P € P(RN d) we consider oy P the image measure via o of the measure P, where with
a little abuse of notations we have denoted by

J(.’L’l, S ,.’L‘N> = (x0(1)> cee ,Z'U(N)).
For every P € II(p) we may consider the measure
~ 1
P = N Z oy P.
ce6N

We have that P II(p) and, since the cost is also permutation invariant the transport
cost of P is the same as the cost of P. We say that P is symmetric if o3P = P for every
o € &Y. Then, for example, the measure P above is symmetric. Define, then
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Definition 3.1.
/ cdP if P is symmetric,

400 otherwise.

Cs(P) =

We will omit the S and only use €(P) if symmetry is not required.
By the previous discussion

C(p) = mines(P). (3.3)

Then the common domain of minimization of Fy, Fi* and €s is II(p) which we consider
embedded in the space of probability measures P equipped with the tight convergence.

Definition 3.2. A generalized sequence of wave functions {¢} converges to a transport
plan P if Py, — P.

We will prove
Theorem 3.3. For every p € H the functionals }";f are mildly equicoercive and
75 Lo,
with respect to the tight convergence of measures.

Theorem 3.4. For every p € H the functionals ]:;;/4 are mildly equicoercive and for d =
2,3,4 and N = 2,3,

7L e,
with respect to the tight convergence of measures.

The proofs of Theorems 3.3 and 3.4 above coincide for a large part and will constitute
the rest of this section.

3.1. Equicoerciveness.
Lemma 3.5. II(p) is compact with respect to the weak convergence.

Proof. First we prove that II(p) is tight. In fact, for e > 0 let K C R compact such that

/ p(x)dx < e.
Observe that
(KN)° = (KC X Rd(N—l)) U (Rd x K¢ x Rd(N‘2)> U---u (Rd(N‘l) X KC) :
and for every P € II(p)

/ dP(X) < Ne
(KN)e

and K% is compact. By Prokhorov’s Theorem we deduce that I1(p) is relatively compact.
However, if P,, — P and P, € TI(p), for every function ¢(z;) € Cy(RM?) depending only
on the j-th variable one has

o) dP,(X) = / o) p(e)dx

RNd Rd

which implies

/R plw)ple)de =

Since ¢ was arbitrary, ﬂ;é(P)(x) = p(z), and hence P € II(p). O

¢(z;)dP(X) = » ¢(x)dmly (P)(z).

RNd
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3.2. T'-liminf inequality.
Proposition 3.6. Let p € H and let P a probability measure on RN If {4}y € S(p)
(or A(p)) is a generalized sequence such that Py, — P. Then

(i) P is symmetric,
(if) lim inf FS(Py,) > €s(P).
—

Proof. 1t is easy to see that invariance with respect to permutations is a closed condition in
the space of probability measures. For the inequality: li%n i(l)’lf FP (Py,) = li;n i(I)lf Th(vn) +
! 1—

Vvee(i/)h) > hIfn lélf Vvee(wh) > Q:S(P) U
—

3.3. An approximation procedure for P € II(p).

Proposition 3.7. Let p € H, and P € II(p) be a transport plan such that
Plp, =0 (3.4)
for some a > 0.
Then there exists a family of plans {P:}e>o such that:

(i) for every e >0, P. € II(p) and is absolutely continuous with respect to the Lebesque
measure, with density given by gog(X), where . is a suitable H function;
(ii)) P. = P ase — 0;
(#i) limsup €(P;) < €(P);

e—0

(iv) the kinetic energy of e is explicitly controlled:

K
for a suitable constant K > 0.

The proof is made of several steps.
We start regularizing by convolution. The plans we obtain are regular but do not have
the same marginals as P. We use the standard mollifiers n: R? — R as

1
_ ) ke P |ul<1
u) =
n(u) { 0 ul > 1
where k = k(d) > 0 is a suitable constant, which depends only on the dimension d, such

that / n(u)du = 1. Set also
Rd

1 U
u)=—nl(—).
e (w) 'l (s)
The next Lemma is well known and it is a useful tool to estimate some L? norms which
will appear later.

Lemma 3.8. There ezists a constant K = K(d) > 0, depending only on the dimension d,

such that )
[ omor, X
———du=—;.
B(0,¢) ne(u) €

—2ku
Vi) =4 (1— |uP)?
0

Proof. Point out that

1

e -l u| <1
uf > 1

and )
u
Vine(u) = Edﬁvﬁ (g) :
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Now
/ Vae()® / L |[Vy(/e)l*, 1 V@),
u= d+2 U="3 v
B(0g) Me(u) B(0,) € n(u/e) e? Joyy )
2 1
:12/ i -y, - K),
e JB) (1 —[v[7)* €

Now we define the function
N
Ho(Y = X) = [ [ n- (i — w2).
i=1
and use it as mollifier to regularize the transport plan P defining
P.(Y) = /HE(Y — X)dP(X).
Note that the marginals of P.% are different from p, but may be written explicitly:

Ps(y)z / Pg(y,yg,...,yN)dyg...dyN

ROV-1)d
= / /Ue(y —z1)n:(y2 — x2) - N (yny — 2n)dP(X)dys . .. dyn
R(N—1)d
- / ne(y — 21)dP(X) = / Py — 2)dx = (p 1) ()

Rd

Lemma 3.9. Let a be as in the statement of Proposition 3.7 and let Y € RN be such that
lyi —yj| < /2 for some i # j, and € < /4, then P.(Y) = 0.

Proof. Note that

N
P(Y) = / H(Y — X) ][ X500 (25)dP(X).
j=1

If Y and ¢ are as in the statement, and z; € B(y;,¢€), x; € B(y;,¢€), then
s — 5| < log —yil + |lyi — yi] + |y — 2] < a.
The thesis follows from (3.4).

Define now

¢-(Y) =/ P.(Y).
Lemma 3.10. For every e > 0, ¢. € HY(RVY).

Proof. Fix ¢ > 0. Clearly @, is L?, since
/¢§(Y)dy = /PE(Y)dY = // H.(Y — X)dP(X)dY
= // H.(Y — X)dYdP(X) = /dP(X) =1.

3As usual we mean the marginals of P.(Y)dY .
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Now we estimate |Vg55]2. Using the Cauchy-Schwarz inequality,

\véwﬂs/WEﬁﬂnmdmx>

S\//!VII;IE(}S: dP \//HY X)dP(X)

¢/”VH‘Y X”dP() ()

where the first integral is extended to the set where the integrand is defined, namely
|z; — yj| < e Vj. Therefore, with the same convention,

B 2 - 2
/W@@W%Y=1/W§£?dY§i/|2§g;§ydﬂXMY
e [ IVHA(Y - X)P
_4;// iy Y aP)
Lo [ [ IV:(y; — @)
< IYeAYs = T0L dy,dP(X)
> =

Te (y]

W~ |

_N VeI, KN
4 N (u) 4e2
g

In the next step we introduce a natural tecnique to get back the original marginals p
without losing too much regularity. This technique is original and different from the one
presented in [11]. We point out that, in a different context, this construction may well be
generalized to a plan with different marginals p', ..., p.

The construction fits in the general scheme of composition of transport plans as presented
in [1].

For z,y € RY define
p(x)ne(y — x)

pe(y)
with the convention that it is zero if p.(y) = 0. The two variables function p(z)n.(y —z) is

the key point of the construction, since it has the following property that links the different
marginals:

’78($a y) =

/ p(r)n:(y — x)dx = pe(y), / p(x)n:(y — x)dy = p(x).
R4 Rd

To simplify the notation we set
N
Y) - H’ye(xia yz)7

mj X, Y H’Ye xzayz

#J
Note that

/%(x,y)dw = Xp>0(Y)-
Rd
Now set

I(X,Y) = @2(Y)m(X,Y)
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and observe that
[raxviax =gy Hx@o wi) = BY) = B.(Y)

where we used the following remark, Wthh w111 be implicit from now on:

Remark 3.11. If Y is such that p.(y;) = 0, then

0= pe(yi) =/ Be(yr,y2, - yn) dyr . dy; ... dyn
R(N—l)d
and hence ¢.(Y) = 0.
Define
P.(X) = /FE(X, Y)dY
and calculate the marginals of P. to get

/ Pg(X)de...d:L’N: / /PE(X,Y)de:IZQ...dJ}N

R(N-1)d R(N-1)d

- / G2V e (an, 1) dY

= /ps(yl)%(aﬁl, y1)dyr
R4
= p(z1)
and similarly also the other NV — 1 marginals are equal to p.

Lemma 3.12. Let « be as in the statement of Proposition 3.4. If |z; — ;| < o /4 for some
i#j, and € < /8, then P.(X) = 0.

Proof. Fix X and ¢ as in the statement, and suppose m.(X,Y) > 0. Then necessarily
lyi — x| < e and |y; — z;| < €, so that
i = y5l < lyi — @il + |vi — 23] + |2y -y < /2.

From Lemma 3.9 it follows that ¢?(Y) = 0.
O

We define now the function ¢.(X) = /P-(X), and proceed to estimate its kinetic
energy.
Estimate for the kinetic energy. Calculate first the gradient with respect to z; of P:

Vibe(X) =V; / (Y )mi(x, v)PEWs = )

p=(y;5)
_ [ 2\ Vp(xj)ne(y; — ;)
- / GV, ) P gy
[ 2y p(x)Vne(y; — z))
/ GV i, ) P gy
— A(X) + B(X).

We define for simplicity
1) = [ Gonmice ) U=t gy
p=(y;)

so that, for example,
Pe(X) = plz;)J(X),



SEMICLASSICAL LIMIT OF DFT 11

A(X) = Vp(a;)J(X).
Now

Vige(X) = V; /L (X) VP( ) L A(x) + B(X)]

T2 /R(X) 2J/P(X)

and we estimate the square of the L? norm of every term.

AX)]? IVp(:vj)l2
B.0) dX_/ L J(X)dX

_ |Vp<x->!2 2y i (x. ) e = 25)
_// J) Pz (Y)ml(X,Y) p;<yj) dYdx

/]Rd (/ o )%dy> dz;
/Rd /Rd Vo wj (y; — x5)dy;da;

:/ Vo(x)) da;
Rd P(%’)
< 4llv/plF-

By Cauchy-Schwarz inequality,

S M sy p(x5) Ve (y; — ;)
IBEOP < () I(X) - [ (i, ) 200 SHE =250 1y

(Here the integral is extended to the region where n.(y; — ;) > 0.) Therefore, with the
same convention,

B0 oy 2 [V — )
P(x) X = < [[ arpmicx v oo ey —xy) VX

//806 )P Vel = 2)F g
y])na( — ;)

2 2
Ne y] ) a n:(y)

R4 R4

™
]

Moreover,

A(X)-B(X / V() - Vne(zj — y;) - :
) ZA —— Y)yml(X,Y)dYdX
/ 4P5(X) p=(y;) Pe(¥ e, Y)

_ _//Rd y Vo(x;) - Vne(z; — yj)dz;dy;
X

S {VACEORVAED

and the second factor is equal to 0, as is easy to see integrating in spherical coordinates.

Thus
1 []AX) +|B(X)) K
Vo (X)?dX < = X < 2 4
/’ J¢5< )‘ d —= 4/ PE(X) d —= H\/EHHl—i_Z]:EQ,

and by summation over j

J1vecfax < v (el + 5 ).
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Here we prove (ii). First we give the following lemma, which specifies that, for ¢ — 0,
the mass of P, is concentrated near the mass of P.

Lemma 3.13. Suppose R,§ > 0 are such that

dP(X) < ¢6;
| X|>R
then, if eV N < R,
P.(Y)dY <é.
Y|>2R
Proof.
/ P.(Y)dY = // H.(Y — X)dP(X)dY
Y>2R |Y|>2R
/ H.(Y — X)dP(X)dY
[Y|>2RN|X|>R
< / H.(Y — X)dYdP(X) = / dP(X) <$¢
IXI>R |X[>R
since, where |X| < R, one has [V — X| > R > VN, and hence there exists i such that
i — yil > e. O

Next, to prove that P. — P, we interpolate by P. in between:
Lemma 3.14. 1’5‘5 — P.
Proof. Let ¢ € Cy(RN%);

' [oraen - | ¢<X>dP<X>' - } J 160 = 60010 - X)ap(x)ay

//\qs X)|Ho(Y — X)dP(X)dY.

Given 0 > 0, let R be such that the hypothesis of Lemma 3.13 holds. We divide
RY4 5 RV in three disjoint regions:

E,={|X|>R} E2={|X|<R,|Y|<2R} E3s={|X|<R,|Y|>2R}.
As before, if ev/N < R, on F3 one has H.(X —Y) = 0.

//|¢ X)|H(Y — X)dP(X )dY<2|¢||OO/ H. (Y — X)dP(X)dY

< 25H¢Hoo-

On the other hand, Fs is compact; take g such that | X — Y| < gg implies |p(X) — ¢(Y)| <
5. If eV/N < gy we get

//\qs X)|Ho(Y — X)dP(X )dY<5//H (Y — X)dP(X)dY

< 5// H.(Y — X)dP(X)dY = .
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Lemma 3.15. P. — P.
Proof. Let ¢ € Cy(RN?). Using the fact that P. — P (Lemma 3.14), it is left to estimate

U¢ X)dX — /¢ dY’ '// V)T (X,Y)dXdY

/ lp(X V)| T(X,Y)dXdY
As in the proof of Lemma 3.14, given § > 0 let R be such that the hypotesis of Lemma
3.13 holds. We divide RV% x RV in three disjoint regions:
E,={|Y|>2R} E2={|]Y| <2R,|X|<3R} E3={|Y|<2R,|X|>3R}.

If ev/N < R, as before, on Fj3 the integral is zero since I'.(X,Y) = 0 there. Thanks to
Lemma 3.13,

/ / 6(X) — 6(¥)| To(X, Y)dX Y < 2[¢]|o0 / IL(X,Y)dXdY
Eq

2ol [ PVIY <200
{lY[>2R}
Exactly as before, using that Fsy is compact and ¢ is absolutely continuous the thesis

follows.
O

It is left to prove (ii7). The cost function ¢ is not continuous neither bounded. However,
recall Lemma 3.12, it is bounded on the complement of D, /4. With this in mind, consider
the function v: R?? — R defined as

1

v(@,y) =4 |z -yl
4/ elsewhere.

if |z —y|>a/4

and set
aX)= > vlwx)
1<i<j<N
Clearly ¢(X) < ¢(X), and ¢ is continuous (sum of continuous functions), bounded by
(N)%; moreover, thanks to the property (3.4) and Lemma 3.12,

2
/c(X)dP(X) = /c(X)dP(X), /C(X)PE(X)dX = /C(X P.(X)dX
We can conclude the estimate as follows:

lim sup €(Px) :limsup/c(X)PE(X)dX = /c(X)dP(X) = /c(X)dP(X).

e—0 e—0
O
Proposition 3.7 may be extended to all plans. Since we will make use of Th. 2.7 we
limit ourself to the case of symmetric transport plans. The same proof for non symmetric
plans requires a version of Th. 2.7 for plans with different marginals. The extension is
contained, for example, in [3].

Proposition 3.16. Let P € II(p) a symmetric plan (not necessarily satisfying the property
(3.4)). Then there exists a family of plans {P:}e>o such that:
(i) for every e > 0, P. € Il(p) and is absolutely continuous with respect to the Lebesque

measure, with density given by ©2(X), where @. is a suitable H' function;
(ii)) P. = P ase — 0;
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(i) limsup €s(P:) < €s(P);
e—0

(iv) the kinetic energy of e is explicitly controlled:

K
[0 ax < (1ol + 1)
for a suitable constant K > 0.

Proof. The proof of (i), (i7) and (iv) holds in general since it does not require (3.4). And,
in fact, carefully following the constructions in Propositions 3.7 one may observe that if
P is permutations invariant then the approximating P. have the same property. Then
we only need to prove (iii) and so if €s(P) = oo there is nothing to prove. Suppose
Cs(P) = K < oo. Let 7 > 0 be a parameter, and split

P:QT+P|DT'

d
Let 0, be the marginals of Q,., and j, those of P|p, ; clearly o, + 5, = p. Since p € L'NL3-2

d
by Sobolev embedding, and p, < p pointwise, we have j, € L' N L@-2 Although p, needs
not to be a probability measure on Rd, we can suppose there exists A, > 0 such that

1
/ pr(z)de = — <1,
R4 )\r,«

otherwise P|p, = 0 and we get the result directly by Proposition 3.7. Let now P, be a
symmetric optimal transport plan in II(A,p,), and define

5

Ar
which lies in II(p). On the one hand we have the following
Lemma 3.17. P, — P.

PT:QT+

Proof. Recall that €(P) is finite to get

—

K = €(P) > ¢(P|p,) = - P(D,).

<

and a fortiori for P, /Ar due to the optimality. Hence

P.(D,
lim P(D,) = lim (Dr)
r—0

r—0 )\7» =0

Take f € Cy(RN?), and estimate

‘/f )ar,(x) - [ feoapee \ ‘/f dﬂav)—l/ﬂXMﬁ@ﬂ

gm@< T+Rfm>ﬁo

r

asr — 0.

On the other hand,

Cs(Pr) = &s(Qr) + < &s(Qr) +€s(P|p,) = &s(P),

thus
limsup Cs(F,) < Cs(P).
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Thanks to Proposition 2.5 €s(P,) is finite, and by Theorem 2.7 there exists o = a(r) > 0
such that Pr is supported outside D,.* Recall now Proposition 3.7 to find ©Ye,r weakly
converging to P, as € — 0, with

K
/W%AMWMSNQWWQ+%Q

and
limsup €s(|@=r|?) = €s(P;).
e—0

It suffices now to take {¢,,} to conclude . In fact, given § > 0, let R be such that

r>0

/ dP.(X) < 6.
{IX|>R}

Note that R may be chose independent from r, since the marginals of P, are all equal to
p, and we may choose K C R? compact such that

1)
<7
Amww_M

and R sufficiently large such that K C B(0, R)gna.
Now to prove weak convergence take ¢ € Cb(RN d) and proceed as in the previous

paragraph to estimate
[ oxiet, (x0ix - [ o(xiap(x

using in addiction Lemma 3.17 to estimate
‘ / d(X)dP,( / d(X)dP(X ‘

3.4. Constructing wave-functions. A wave-function depends on N space-spin vari-
ables. In the previous subsections we worked mainly in RV?, since we were considering
transport plans in II(p). To introduce the spin we will separate the spin dependence as
follows: for every s binary string of length N we consider the function ¢s(z1,...,xx) =
¥(x1,81,...,ZN,SN), then we describe 9 as a 2NV_dimensional vector

w(zlv cee 7ZN) = (wS(X))s»ES :

As an example, if N = 2 we would have

O

Yoo(z1, x2)
wlaw) = | S |
¢11($1, 932)

and for N = 3 a wave-function would be represented as

Yooo (w1, T2, 23)

Yoo1 (21, x2, £3)

¢01OE$1,$2, 33

Yo11(x1, T2, 23
Wiz, 22, 2) = w100($1a$27 r3)
Yro1(21, 22, 3)
Y110z, x2, 3)
P11 (w1, x2, 3)

4Observe that a(r) may be chose decreasing as r — 0, as follows from Theorem 2.7.
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Note that now the density |¢(X )|2 is simply the square of the Euclidean norm of the
vector 1), and the same holds for Vi), once we set

V’l/J(Zl, N ,ZN) = (va(X))seS .

Let us take now a fermionic (i.e., antisymmetric) wave-function 1, and consider a spin

state s = (s1,...,sn). If i < j are such that s; = s;, consider o = (i j) € Sy to get
%(901, s 733]\7) = Sgn(a)wa(s) (xa(l)a s 7$O'(N))
= —Ys(T1,..., %5, .., iy, TN).

Hence we get the following

Remark 3.18. If 1 is fermionic and s is a spin state, 15 is separately antisymmetric with
respect to the spatial variables such that s; = 0, and with respect to the spatial variables
such that s; = 1.

Consider now two spin states s and s’ with the same number of ones and zeroes. Then
s and 1y are related: taking o € &y such that o(s) = s', we get
Vo (To(1)s - -+ s To(n)) = sgn(0)s(21, ..., TN).
These observations will be used in the following.
3.5. Fermionic wave-functions with given density. Suppose we have o > 0 and a
symmetric funtion ¥(zy,...,zx) > 0 of H' with the property that
P(X) =0 if |z; — 2] < o for some i # j. (3.5)
We wonder if there exists a fermionic wave-function 1) such that
Z ‘w(xlv 817 ceey xN? SN)F = wQ(X)u
ses
and

[l < Cllepll

for a suitable constant C. In fact, we managed to prove the following

Proposition 3.19. For N = 2,3, d = 3,4, given 1 € H' symmetric, with Y|p, =0 for
some a > 0, there exists 1 fermionic such that
2
D1 (X)) = ¥*(X)
seS
and

S Vet (X < [V + Gu(X).

seS

In [11], the following ) is given as a wave-function:

oo =0

o1 = Y(z1, 22)

1o = —P(z1,22)

11 =0,
which is in fact fermionic with bounded kinetic energy. Note, however, that this con-
struction cannot work for a larger number of particles. Indeed, if a binary string s has
length N > 3, then there are at least two ones, or two zeros, on places i # j — thus the
corresponding function t, must change sign for a suitable flip of the variables (namely,
z; > xj, 1 — ;). We will exhibit a wave-function ¢ (with square density /%) such that

P19 = Py = 0. This forces 1y and 1 to be different from zero and antisymmetric. We
remark also that, for this kind of construction, the condition (3.5) is “morally necessary”.
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3.6. Construction for N = 2, d = 3. The variable X will be expanded as X = (z,y) =

1 3
(1, T2, T3; Y1, Y2, Y3). Set = a/V/3, and take £ = ~5 + 2\2[ a primitive cubic root of 1.
The key point is to choose two auxiliary C* functions a,b: R — R such that
(i) a® +b? = 1;
(i) b is symmetric, b(t) = 0 if [t| > r;
(iii) a is antisymmetric, a(t) = =1 if t < —r, a(t) =1 if t > r;
(iv) |d'|, |¥'| < k/r.
Note that the constant k& >

1 be chosen arbitrarily close to 1. To shorten the
notation we set a; = a(x; — y;), b;

ay
b(z; —y;) for j =1,2,3. Now define
1

ma

gi(z,y) = ﬁ(al + brag + bibeas)
V2
ge(z,y) = ﬁ(al + Ebiag + E7bi1baas).
By direct computation one sees that |g1|* + |ge|* = a? + b2a3 + b?b3a3, since clearly

a1 + Ebrag + Ezblbzaa

= |a1 + &brag + £2b1b2a3‘. Next we define the wave-function

Yooz, y) = g1(z, Y)Y (x,y)
Yor(r,y) =0
Pip(r,y) =0
Y11 (2,y) = ge(z, )Y (2, y)

The following equality is crucial in the construction

2 (2, y)bib3ag = v* (z, y)bib3. (3.6)
This holds because where ]a3| =1, i.e. where |x3 — y3| > r, the equality holds. It also

holds where by = 0 or by = 0, i.e. where |x; —y1| > r or |xg — yo| > r. It is left the region
where |z; — y;| < r for every j = 1,2, 3, but there it holds

o=yl = \lo1 — 12 + oz — a2+ | — a2 < V3 =

and hence the equality holds because 1% (z, %) = 0.
Now one can compute

ool + [0l = (Ig1(@, ) + lge(,9) ) (2, )
= (a% + b2 a2 + b2b2a3) P2 (z,9)
= (af + bia3 + b103) ¥* (2, y)
= (af +07) ¥*(2,y) = V*(x,y).
Next come the estimates for the derivatives. Since
Vipoo(z,y) = ¥(z,y)Var(z,y) + g1z, y) Vi (z,y)
Vi (@,y) = ¥(,y)Vee(, y) + g¢(x, ) Vip(z,y),
it follows
IVep(z, y)|* = [V (x,y)]* + (|V91(1:, y)? + IVgg(fC,y)l2) ¥ (x,y)
+ ¢z, y)Vip(z,y) - v(z,y)
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where
v(z,y) = 201(2,y)Var(z,y) + g¢(2,y) Ve (z,y) + g¢ (2, y) Vge(z, y).
We claim that ¢(z,y)v(z,y) = 0. Again by direct computation one gets
v = 6[a1Vay + b1aaV(biag) + bibaasV (b1baas)].
Since the next steps work for general d, we group the result in the following
Lemma 3.20. Let aj,b; be defined as before and evaluated in the point x —y. Then
[a1Vay + (brag)V(biag) 4+ -+ + (biba - - - bg—1a4)V (b1ba - - - bg_1aq)]¢(z,y) = 0.
Proof. Observe that

0,—d (z —v),0,...,0)

val(x7 y) = (a/($ y)707 MR
0,...,0,=b(z —v),0,...,0)

Vbi(z,y) = (b'(a::y),,

and similarly for the other gradients. Moreover, from a? + b? = 1 it follows aa’ + bb' = 0,
while ¥b1bs - --by_1Vag = 0 and b1by - - - bd,lag = b1bs - - - by for the same reason as in
claim 3.6. Hence we have

(3.7)

[a1Va1 + (b1a2)V(b1a2) + -+ (ble s bd_1ad)V(b1b2 ce bd_lad)]¢
= [a1Va1 + (bla2>V(b1a2) + -+ (blbg e bdfl)V(ble cee bdfl)]w.

A “chain reaction” is now generated by the following formula, valid for every k > 1:

(b1 -+ brary1)V (b1 -~ brags1) + (b1 -+ bpbry1) V(b1 - - - brbpy1)
= (b1 bpaj )V (b bg) + (0] - - ) apy1 Vgt
o+ (by e bgbf )V (b bg) + (B b2)bger1 Vbgg
— (by - b)Y (by - - b).

O

It is left to estimate (\Vgl (z, y)|2 + |Vge(z, y)|2) Y(x,y). Again we compute directly

Va1(2, ) + [Vge(@, ) =3 (IVar + |V (braz)” + |V (brbaas) ) -

Note, however, that because of (3.7) we have Va; - Vb; =0 and Vb; - Vb; = 0 if i # j.
Therefore,

IVa1(z,9)* + [Vge(a,y)* = Var|* + b] [Vaa|* + a3 Vb1 |* + b33 [V,
+ b2a3 |Vbo|* + 0263 |Vas|?.

and, using again the idea of claim (3.6),

(Vo @, w)P + Vel ) (. )
[Vl + 88 [Vasf + a3 [Vou | + 83 [Vor |” + B2 Vool ) 42(a, )

= (IVar? + Vb + 83 |V + V0ol ) ) (2, )

8k2 2412
S 71#2(357 y) = (3[2

2 (x,y).
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3.7. Construction for N = 3, d = 3. In this case, let the variable be X = (z,y,2) =
(1,22, X35 Y1, Y2, Y3; 21, 22, 23), and define as before

aj(z,y) = a(z; —y;) bi(x,y) = blz1 —y1)
for j = 2,3. As in the case N = 2, define also
g1(z,y) = ar(z,y) + bi(z,y)az(z,y) + bi(x,y)ba(z,y)as(z,y)
9e(2,y) = a1z, y) + Ebi(x, y)az(x,y) + Eb1 (2, y)ba(z, y)as(x, y).
Now comes the definition of the wave-function:

¢000(90ay, Z) =0

1
¢001(9Ca Y,2) = ggl(:v,y)v,/}(x,y, z)

Yo10(2,Y,2) = —%91 (z,2)¥(x,y, 2)

¢011($a Y, Z) = \gﬁgf(yv Z)T/)(x, Y, Z)

1
1rb100(xa Y, Z) = ggl(y7 ZW)(% Y, Z)
V2
1/)101 (‘Ta Y, Z) = —?95(337 2)1/1(337 Y, Z)
V2
dJllO(xa Y, Z) = ?95(% Z/)lb(x, Y, Z)
Y111 (z,y,2) = 0.
It is quite easy to see that 1) is indeed fermionic. The fact that

Z |1,bs(x,y, Z)|2 = ¢2($7 Y, Z)

seS

is proved exactly in the same way as for N = 2, and also the gradient estimates, considering
the couples ¥y01-%110, Yor0-V101 and ¥199-Y;;- Hence we proved the Proposition 3.19,
with C' = 24k? for k > 1 arbitrary.

3.8. The case d = 4. A very similar construction may be done for d = 4. In the case
N = 2 one simply chooses

1 . .
g1(z,y) = ﬁ(al + ibjag + bibaag + ibi1babzay)

1 ) .
gz(.l’, y) = \ﬁ(al + ibias — biboag — zb1b2b3a4).

and
Yoo(T,y) = g1(z, )Y (,y)
Yo1(z,y) =0
Yyp(z,y) =0
Y11(z,y) = g2(z, Y)Y (2, y)

It is easy to verify that |g1(z,y)|* + |ga(z,9)|> = a? + b2a3 + b2b3a2 + b2b2b2a2, and
proceeding as before

(lg1 ()P + lga(a, )P ) ¥2(@,y) = ¥¥ ().
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To estimate the derivatives, note that
2R%¢ (1Vg1) = a1Vay + a1V (b1baas) + brasV(biaz) + braaV (bi1bobsay)
+ bibeasVay + bibeasVbibaas + bibabsasV(braz)
+ b1babsasV (b1bobsay)
2Re (g2Vg2) = a1Var — a1V (bibaas) + b1aaV(biag) — biaaV(b1babsay)
— bibaazVay + bibaazVbibaas — bibabsasV(biasg)
+ b1babsasV (b1babsay)
This yelds, using Lemma 3.20,
(2Re (G1Vg1) + 2%Re (2Vg2)) ¥
= 2[a1Vay + biaaV(braz) + bibaasV (bibaas) + b1babsasV (b1babsay)]y
= 0.

Therefore,
IVpoo(x, ) * + [Vapoo (2, y)* = Vo[ + (ng(%y)’Q + [V ga(, y)|2> P
and we conclude with the estimate
(IVail + Vg ) v

= (IVar]? + 82 [V + a3 [V > + b3a3 [V [* + ba [ Vb
+ b303 [Va|? + 0303 [ Vb | + 303 [Vbal” + 6763 Vol )

- [\Vm]Q Vb 2+ b2 (|Va2\2 + \Vb2|2>
+ 0303 (IVas|* + Vb ?) | 42

which shows that in this case C' can be chosen 36k? for k > 1 arbitrary.
For 3 particles it suffices to repeat the construction of Subsection 4.5 in order to obtain
Proposition 3.19 with C' = 36k.

3.9. I' — limsup-inequality. Finally we get the I'-limsup inequality, and thus the entire
proof, both in the symmetric and the antisymmetric case.

Bosonic case. We can complete the proof of Theorem 3.3:

Proof. of Th. 3.3 We proved equicoerciveness in Subsection 3.1 and, for all P € II(p), in
Subsection 3.2 we already proved the I'-liminf inequality. Thus it is left to find a family
of bosonic wave-functions 1, such that Py, — P and

1i1;lj(1)1p {Th(¥p) + Vee(¥p)} < Cs(P).

Define e(h) = VA, and set

. ¢s(h)($1a---a$N) ifsg=---=sy=0
Y1 8150 s TN, 8N) = { 0 otherwise
Ve (1, -, TN)
0
0

where 1. are given by Proposition 3.7.
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These wave-functions are clearly bosonic, and satisfy |1, (X)|* = wg(h) (X), |Vap(X)|? =

‘sz(h) (X) 2, so that
h? 2 NHh? 2 K
Ti(vy) = 2/|V¢5(ﬁ)(X)} X <= (HpHHQ * 46(71)2>
Nr* .,  KNh
= S loli + =5,
while

Vi) = [ el (X)dX = Es(Pgn).
Now the thesis follows from Proposition 3.7, since

hf;l S(l)lp {Th(vp) + Vee(Wp) } = hf}? Stl)lp Vee (V) < €s(P).

Fermionic case. We can complete the proof of Theorem 3.4:

Proof. of Th. 3.4 We proved equicoerciveness in Subsection 3.1 and, for all P € II(p), in
Subsection 3.2, we already proved the I'-liminf inequality. Thus it is left to find a family
of fermionic wave-functions 1, such that Py, — P and

111;? 'sup {Th(p) + Vee(¥p)} < Cs(P).

Consider a sequence of functions {1} as in the thesis of Proposition 3.7. Recall that 1.
is supported outside D, ), where a(e) \( 0 as ¢ — 0 — hence there exists a~!in a right
neighbourhood of 0. We may then consider a corresponding family of wave-functions {}
given by Proposition 3.19. Define

e(h) = max {a_l(\/ﬁ), \/ﬁ} ,

and observe that £(h) — 0 as h — 0. We take 1), = 1b,(;,) as a recovery sequence.
It is easy to estimate the kinetic energy:

Th(Yeny) = h;/ ‘Viﬁa(n) (X)’2 dX

S e ax + S5 [ueoa)

h2 , K C
) {N”\/EHHl HEIO R h}

B2 , K C
< -2

which tends to 0 as i — 0. On the other hand, with the notation of Proposition 3.7,

IN

IN

Vi) = [ (X002 (X)X = 5Py,
Now the thesis follows, since

lim sup {Th (1) + Vee(tpp)} = lim sup Vee() < €s(P).
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3.10. Conclusions. The I'—convergence result of the previous section allow us to prove
Theorems 1.1 and 1.2:

Proof. of Th.1.1. Thanks to the formulations (3.1) and (3.3) the thesis follows from
Theorem 2.3, applied to the functionals }";? and €s. We proved the I'—convergence and
equicoercivity in Th. 3.3. (|

Proof. of Th.1.2 Thanks to the formulations (3.2) and (3.3) the thesis follows from The-
orem 2.3, applied to the functionals }';;l and €s. We proved the I'—convergence and
equicoercivity in Th. 3.4. ]
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ADDENDUM

After this paper was accepted, two new papers appeared [24, 12]. Both papers contain
a proof of the convergence for general N. The approach is different.
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