CVGMT Preprint Server - http://cvgmt.sns.it/papers/neg04/

A non-local approximation of free discontinuity problems in SBV and SBD

Matteo Negri

Dipartimento di Matematica - Università degli Studi di Pavia Via Ferrata 1 - 27100 Pavia - ITALY

e-mail: negri@dimat.unipv.it

Abstract. We consider a class of functionals which are defined in the spaces SBV and SBD and which do not depend on the traces u^± on the set of discontinuity points. In this work we prove that it is possible to approximate these energies, in the sense of Γ-convergence, by means of a family of non-local functionals defined in Sobolev spaces. Moreover we illustrate some applications for image processing and mechanics.

1 Introduction

There are many problems for which it is worth using a non-local approach. Often non-local operators are employed for their regularization effect. This property makes them particularly suitable dealing with problems whose solutions may have sharp gradients or discontinuities.

In mechanics non-local models have been introduced originally by Eringen [22] in the framework of elasticity theory and later were extensively applied for damage [33] (recently [17] and [7]), plasticity [23] and in general for those models where strain localizations or softening effects generate a loss of coerciveness (the interested reader can find in [26] an overview on non-local models in mechanics).

For partial differential equations a remarkable problem, where a non-local approach has been employed, is the Perona-Malik equation. It is well known that this equation is ill posed because it presents a backward diffusion effect. In order to prevent discontinuous solutions, preserving at the same time the qualitative behaviour, Cattè et al. proposed in [13] a possible regularization, based on a Gaussian convolution, which makes the problem to be well posed in Sobolev spaces (i.e. ensuring existence and uniqueness of the solution).

In this work we will focus our attention on the non-local approach for the approximation of free discontinuity problems by means of functionals defined in Sobolev spaces. The first result in this direction is the one of Braides and Dal Maso [11]. They considered non-local functionals of the form

F_ε(u) = ∫ Ω f_ε (∫ B_ε(x)

|∇u(y)|^2 dy ) dx , (1)

where B_ε(x) is the ball with center x and radius ε. Here f_ε(t) denotes the rescaling f(εt)/ε of a function f : [0, +∞) → [0, +∞) which is non-decreasing, continuous and such that

lim_{t→0+} f(t) t = 1 lim_{t→+∞} f(t) = 1 . (2)

They proved that the family F_ε Γ-converges (as ε → 0) to the Mumford-Shah functional

F(u) = ∫ Ω |∇u|^2 dx + H^{n−1}(S_u) . (3)

Later this result has been generalized by Cortesani and Toader [20] for more general non-local operators, using functionals of the form

F_ε(u) = ∫ Ω f_ε ( ∫ εK |∇u(y)|^pρ_ε(x − y) dy ) dx , (4)

where ρ is a convolution kernel with support K while ρ_ε(ξ) is the usual sequence of convolution kernels ρ(ξ/ε)/ε^n. They proved that these energies Γ-converge to the functional

F(u) = ∫ Ω |∇u|^p dx + ∫ S_u

ϕ_ρ(ν) dH^{n−1} , (5)

where ϕ_ρ represents an anisotropy term depending on the geometry of the support K.

Note that in this case the non-local approach regularizes the functionals F_ε, indeed by Fatou’s lemma it is easy to check that the energies (1) and (4) turn out to be lower semicontinuous, with respect to the weak topology of W^{1,p}(Ω), without any convexity assumption on f, which would be required for local energies and which is not compatible with (2).

Another approach, based on a different type of non-locality, is the one of Gobbino [24]. Under similar assumptions on the integrand f he considers functionals of the form

F_ε(u) = ∫ Ω (∫ R^n

f_ε ( |u(x + ε ξ) − u(x)|^2

|ε ξ|^2 ) ρ_ε(ξ) dξ ) dx (6)

(where the convolution term is outside the integrand f_ε) and proves that this family Γconverges to the Mumford-Shah functional as well. (In the same spirit is a prior result for finite differences [14] due to Chambolle).

Here we restrict our attention to energies like (4) with the same conditions on the convolution kernel and more general hypotheses on the functions f_ε. We assume that f_ε(t) is of the form f(a_εt)/a_ε (for a suitable choice of a_ε > 0) where f : [0, +∞) → [0, +∞) is non-decreasing, differentiable and such that

lim_{t→0+} f(t) t = 1 lim_{t→+∞} t f^′(t) f(t)

= 0 . (7)

We prove that the corresponding family F_ε, defined as in (4), Γ-converges to the anisotropic functional (5). Our proof is different from the ones of [11] and [20]. In particular the lower estimate, which is the more delicate, is proved using the slicing technique, which is typical for functionals like (6). In this way we can by pass some technical lemmas on Sobolev functions and we are able to extend the lower estimate to the case of functionals like

G_ε(u) = ∫ Ω f_ε ( ∫ εK |Eu(y)|^pρ_ε(x − y) dy ) dx (8)

where Eu = (Du + Du^T )/2 is the symmetrized gradient. Then, using a recent density result obtained by Chambolle in [15], we can give a complete approximation by Γ-convergence of the Griffith energy G(u) = ∫ Ω |Eu|^p dx + ∫ J_u

ϕ_ρ(ν) dH^{n−1} (9) which is used for fracture propagation in brittle materials.

As for the Mumford-Shah functional a non-local approximation like (6) is also possible. Indeed Alicandro, Focardi and Gelli proved in [2] that a family of the form

G_ε(u) = ∫ Ω (∫ R^n

f_ε ( |⟨u(x + ε ξ) − u(x), ξ⟩| |ε ξ|^2 + |⟨u(x − ε ξ) − u(x), ξ⟩| |ε ξ|^2 ) ρ_ε(ξ) dξ ) dx (10)

Γ-converges to a Griffith energy as well.

For the sake of completeness we mention briefly some approximations for energies depending on the traces u^±. A general result has been proved in [18] using bounded integrands and by means of an integral representation theorem, which gives implicitly the surface energy in terms of a minimization problem. An explicit form of the limit functional has been given in [12] in the case p = 2 and Ω ⊂ R and recently in [27] in the case p = 1 by means of a blow-up argument. For functionals like (6), as it is more natural to apply the slicing technique, it is “easier” to give explicit characterizations of the limit functionals. In this directions a general convergence result in contained in [25].

The non-local functional which are considered in this work have a couple of interesting applications, which are briefly explained in §8 and which motivated this investigation. The first concerns a relation between a non-local regularization of the Perona-Malik equation and the Mumford-Shah, while the second shows how a non-local damage model for concrete is related to the Griffith (local) energy. Moreover part of this work can be applied also for nonlocal functionals defined in finite element spaces. In particular it is possible to improve an approximation of the Griffith energy [30] giving a more complete theoretical background for the numerical results contained in [9], this result is going to appear in a forthcoming paper.

2 Notations and preliminaries

This section recalls briefly the main properties of the functional spaces which are used in this work. For a comprehensive treatise we refer to [5] and [4]. We will always assume that Ω ⊂ R^n is an open bounded set with Lipschitz boundary.

2.1 The space SBV (Ω)

The space SBV (Ω) is the set of functions u ∈ BV (Ω) such that the Cantor part D^cu of the distributional derivative Du vanishes. Thus we will write

Du = ∇u L^n + (u^+ − u^−)ν_u H^{n−1} S_u .

In particular when ∇u ∈ L^p(Ω, R^n) for p > 1 and H^{n−1}(S_u) < +∞ we will say that u ∈ SBV^p(Ω).

In the proof of the Γ-liminf we will need the slicing properties for the functions in SBV (Ω). For ξ ∈ S^{n−1} let ξ^⊥ = {x ∈ R^n : ⟨x, ξ⟩ = 0} and ⟨ξ⟩ = {x ∈ R^n : x = tξ for t ∈ R}. Then for ξ ∈ S^{n−1} and z ∈ ξ^⊥ we define

Ω_{z,ξ} = {t ∈ R : (z + tξ) ∈ Ω}

and for u : Ω → R we denote by u_{z,ξ} : Ω_{z,ξ} → R the function

u_{z,ξ}(t) = u(z + tξ) .

Proposition 2.1 Let u ∈ SBV (Ω). For ξ ∈ S^{n−1} and a.e. z ∈ ξ^⊥ the function u_{z,ξ} belongs to SBV (Ω_{z,ξ}). Moreover ⟨∇u(z + tξ), ξ⟩ = u^′_{z,ξ}(t) for a.e. t ∈ Ω_{z,ξ} S_{uz,ξ} = (S_u)_{z,ξ} = {t ∈ R : (z + tξ) ∈ S_u} ∫ ξ^⊥ ( #(S_u)_{z,ξ} ) dH^{n−1}(z) = ∫ S_u

|⟨ν_u, ξ⟩|dH^{n−1} .

Conversely, for u ∈ L^1(Ω) let {ξ_1, . . . , ξ_n} be a basis in R^n and assume that

u_{z,ξi} ∈ SBV (Ω_{z,ξi} ) for a.e. z ∈ ξ^⊥_i ∫ ξ^⊥_i

|Du_{z,ξi} |(Ω_{z,ξi} ) dH^{n−1}(z) < +∞ ,

then u ∈ SBV (Ω).

The Γ-limsup inequality is based on the following approximation result which is proved (under more general hypotheses) in [19]. We denote by W(Ω) be the set of functions u ∈ SBV (Ω) such that S_u is a finite union of (n−1)-simplexes and u ∈ W^{k,∞}(Ω \ S_u) for every k. Proposition 2.2 Let p > 1 and ϕ be a norm in R^n. Then for every u ∈ SBV^p(Ω) ∩ L^∞(Ω) there exists a sequence u_n ∈ W(Ω) such that ‖u_n‖_∞ ≤ ‖u‖_∞ and u_n → u in L^1(Ω) ∇u_n → ∇u in L^p(Ω, R^n) lim n→+∞ ∫ S_{un}

ϕ(ν) dH^1 ≤ ∫ S_u

ϕ(ν) dH^1 .

2.2 The space SBD(Ω) Let Ω ⊂ R^n. The space SBD(Ω) is the set of functions u ∈ BD(Ω) such that the Cantor part E^cu of the symmetrized distributional derivative Eu =^1_2 (Du + Du^T ) vanishes. So we will write Eu = Eu L^n + (u^+ − u^−) ⊙ ν_u H^{n−1} J_u .

In particular when Eu ∈ L^p(Ω, R^{n×n}) for p > 1 and H^{n−1}(J_u) < +∞ we will say that u ∈ SBD^p(Ω).

The functions in SBD(Ω) have slicing properties similar to the ones of SBV (Ω). For u : Ω → R^n we denote by u_{z,ξ} : Ω_{z,ξ} → R the function u_{z,ξ}(t) = ⟨u(z + tξ), ξ⟩ , where we consider ξ ∈ S^{n−1} and z ∈ ξ^⊥. The following Proposition is proved in [4]. Proposition 2.3 Let u ∈ SBD(Ω). For a.e. ξ ∈ S^{n−1} and a.e. z ∈ ξ^⊥ the function u_{z,ξ} belongs to SBV (Ω_{z,ξ}) and ⟨Eu(z + tξ)ξ, ξ⟩ = u^′_{z,ξ}(t) for a.e. t ∈ Ω_{z,ξ} J_{uz,ξ} = (J_u)_{z,ξ} = {t ∈ R : (z + tξ) ∈ J_u}

∫ ξ^⊥ ( #(J_u)_{z,ξ} ) dH^{n−1}(z) = ∫ J_u

|⟨ν_u, ξ⟩|dH^{n−1} .

Conversely, for u ∈ L^1(Ω, R^n) let {ξ_1, . . . , ξ_n} be a basis in R^n and assume that for every vector ξ = ξ_i + ξ_j we have

u_{z,ξ} ∈ SBV (Ω_{z,ξ}) for a.e. z ∈ ξ^⊥ ∫ ξ^⊥

|Du_{z,ξ}|(Ω_{z,ξ}) dH^{n−1}(z) < +∞ ,

then u ∈ SBD(Ω).

The Γ-limsup inequality is based on the following density argument. (The proof in the two dimensional isotropic case follows from Proposition 2.2 and a recent result [15] due to Chambolle. The extension to the n-dimensional case is contained in [16]. The proof for anisotropic energies is due to Dal Maso and is unpublished).

Proposition 2.4 Let ϕ be a norm in R^n. Then for every u ∈ SBD^2(Ω) ∩ L^∞(Ω, R^n) there exists a sequence u_n ∈ W(Ω, R^n) such that ‖u_n‖_∞ ≤ ‖u‖_∞ and

u_n → u in L^1(Ω, R^n) Eu_n → Eu in L^2(Ω, R^{n×n}) lim n→+∞ ∫ J_{un}

ϕ(ν) dH^1 ≤ ∫ J_u

ϕ(ν) dH^1 .

2.3 The supremum of a family of measures

Proposition 2.5 We denote by A(Ω) the collections of open sets contained in Ω. Let μ : A(Ω) → [0, +∞) be super-additive on open sets with disjoint compact closures and let λ be a positive Borel measure in Ω. Let ψ_i be a family of positive Borel functions such that ∫ A ψ_i dλ ≤ μ(A) for all A ∈ A(Ω)

Then ∫ A sup_i ψ_i(x) dλ ≤ μ(A) for all A ∈ A(Ω) .

3 Statement of the main results

3.1 Convergence result in SBV

Let Ω be an open, bounded, Lipschitz set in R^n for n > 1. Let ρ ∈ L^∞(R^n, [0, +∞)) be a convolution kernel. As in [20] we assume that ρ is Riemann integrable and that C_ρ = {x : ρ(x) ≠ 0} is bounded, convex and symmetrical, i.e. C_ρ = −C_ρ. Moreover for ε > 0 we consider the rescaled kernels ρ_ε(x) = ρ (x/ε)/ε^n. Finally, for v ∈ R^n let ϕ_ρ(v) be the projection of C_ρ along v, i.e. ϕ_ρ(v) = 2 sup { |⟨y, v⟩| : y ∈ C_ρ} . Note that, ϕ_ρ is 1-homogenous, ϕ_ρ(v) = ϕ_ρ(−v) (as C_ρ is symmetrical) and ϕ_ρ is convex (as it is the supremum of a family of convex functions). Hence ϕ_ρ is norm in R^n.

The convergence result, which is proved in §5 and §6, is the following.

Theorem 3.1 Let p > 1 and let f : [0, +∞) → [0, +∞) be a differentiable, non-decreasing function such that lim_{t→0+} f(t) t = 1 lim_{t→+∞} t f^′(t) f(t)

= 0 . (11) Then there exists a family of rescaled functions f_ε(t) = f(a_εt)/a_ε such that the functionals

F_ε(u) = ∫ Ω f_ε ( |∇u|^p ∗ ρ_ε(x) ) dx if u ∈ W^{1,p}(Ω) (12)

F_ε(u) = +∞ if u ∈ L^1(Ω) \ W^{1,p}(Ω) Γ-converge, with respect to the strong topology of L^1(Ω), to the functional

F(u) = ∫ Ω |∇u|^p dx + ∫ S_u

ϕ_ρ(ν) dH^{n−1} if u ∈ SBV^p(Ω) (13)

F(u) = +∞ if u ∈ L^1(Ω) \ SBV^p(Ω) .

Moreover we will prove in §7 the following compactness result.

Proposition 3.2 Let {u_ε} be a family in W^{1,p}(Ω) equibounded in L^∞(Ω) and such that F_ε(u_ε) ≤ C < +∞. Then {u_ε} is precompact in L^1(Ω) (and thus in L^q(Ω) for 1 ≤ q < +∞). Remark 3.3 For the sake of simplicity in (12) we consider ∇u to be defined in the whole R^n, assuming that ∇u = 0 in R^n \ Ω, in such a way that the convolution

|∇u|^p ∗ ρ_ε(x) = ∫ R^n

|∇u|^p(x − y)ρ_ε(y) dy

makes sence for every x ∈ Ω. Alternatively (without substantial changes in the proofs) the non-local operator could be written as ∫ Ω |∇u|^p(y)ρ_{ε,x}(y) dy ,

where the convolution kernel ρ_{ε,x} is supported in εC_ρ(x) ∩ Ω. A possible choice, which is commonly employed, is

ρ_{ε,x}(y) = χ_Ω(y) ρ_ε(y − x)/c_{ε,x} for c_{ε,x} = ∫ Ω ρ_ε(y − x) dy .

From Theorem 3.1 it follows easily that the functionals

F_ε(u) = ∫ Ω bf_ε (a b |∇u|^p ∗ ρ_ε(x) ) dx Γ-converge to F(u) = a ∫ Ω |∇u|^p dx + b ∫ S_u

ϕ_ρ(ν) dH^{n−1} .

In the one dimensional setting we can clearly prove an analogous result. Assume that I is an open bounded interval and that ρ ∈ L^∞(R) is a convolution kernel whose support is a compact and symmetrical interval J_ρ. If f satisfies the assumptions of Theorem 3.1 then the functionals F_ε(u) = ∫ I f_ε ( |u^′|^p ∗ ρ_ε(x) ) dx if u ∈ W^{1,p}(I) (14) F_ε(u) = +∞ if u ∈ L^1(I) \ W^{1,p}(I) Γ-converge, with respect to the strong topology of L^1(I), to the functional

F(u) = ∫ I |u^′|^p dx + |J_ρ| #(S_u) if u ∈ SBV^p(I) (15)

F(u) = +∞ if u ∈ L^1(I) \ SBV^p(I) (the symbol # denotes the counting measure).

In particular when f is bounded we can drop the assumption on tf^′(t)/f(t) (by a simple approximation argument) and we can choose the rescaling factors a_ε = ε, recovering the following result which is contained in [11] and [20].

Theorem 3.4 Let p > 1 and let f : [0, +∞) → [0, +∞) be a continuous, non-decreasing function such that lim_{t→0+} f(t) t = 1 lim_{t→+∞} f(t) = 1 . (16) Let f_ε(t) = f(εt)/ε. Then the functionals

F_ε(u) = ∫ Ω f_ε ( |∇u|^p ∗ ρ_ε(x) ) dx if u ∈ W^{1,p}(Ω) (17)

F_ε(u) = +∞ if u ∈ L^1(Ω) \ W^{1,p}(Ω) Γ-converge, with respect to the strong topology of L^1(Ω), to the functional

F(u) = ∫ Ω |∇u|^p dx + ∫ S_u

ϕ_ρ(ν) dH^{n−1} if u ∈ SBV^p(Ω) (18)

F(u) = +∞ if u ∈ L^1(Ω) \ SBV^p(Ω) .

Example 3.5 Common choices for the function f(t), which has already been used in the literature [11] and which are suggested by some applications [17], [32], [26], could be f(t) = tanh(t) f(t) = 1 − e^{−t} f(t) = log(1 + t) , while typical kernels are the “characteristic functions”

ρ(x) = { |C_ρ| for x ∈ C_ρ 0 otherwise and the “bell shaped” functions

ρ(x) = { c_n(1 − |x|^2) for |x| ≤ 1 0 otherwise, where the normalization constant c_n depends only on the dimension n.

Moreover it is clear that when C_ρ is the ball B_r then ϕ_ρ(v) = 2r|v| where |v| is the euclidean norm. Thus we get in the limit the isotropic energy

F(u) = ∫ Ω |∇u|^p dx + 2r H^{n−1}(S_u) .

Remark 3.6 Consider a function g(t) satisfying the hypothesis of Theorem 3.4 and a family c_ε such that lim_{ε→0}+ c_ε/ε = 0. Let g_ε(t) = g(ε t)/ε. As shown in [11], the convergence result of Theorem 3.4 remains valid using a family f_ε(t) such that

g_ε(t) ≤ f_ε(t) ≤ g_ε(t) + c_εt . (19)

Since the upper bound f_ε(t) + c_εt is linear for t ≫ 1 it may seem that Theorem 3.1 can be reduced to Theorem 3.4 (and thus to [11]). Actually this is not possible because of the different rescalings. For instance, consider

g(t) = min{t, 1} f(t) = log(1 + t) .

For the second function a suitable rescaling is given by a_ε = −ε log ε (see Example 4.6 or [28]). Then (19) can be written as

g(s) ≤ 1 a^′_ε log ( 1 + a^′_εs ) ≤ g(s) + c_εs ,

where a^′_ε = a_ε/ε = − log ε. It is not difficult to see that in this case both the inequalities are not satisfied. Indeed, the upper inequality implies c_ε/ε ≥ e^{(cε−1)} ≥ e^{−1} (and thus lim_{ε→0}+ c_ε/ε ≠ 0) while log (1 + a^′_εs) /a^′_ε → 0 for every s ≥ 0.

3.2 Convergence result in SBD Using the slicing and density properties of the space SBD(Ω) the previous convergence and compactness results can be easily proved also in this framework.

Theorem 3.7 Let f : [0, +∞) → [0, +∞) be a differentiable, non-decreasing function such that lim_{t→0+} f(t) t = 1 lim_{t→+∞} t f^′(t) f(t)

= 0 .

Then there exists a family of rescaled functions f_ε(t) = f(a_εt)/a_ε such that the functionals

G_ε(u) = ∫ Ω f_ε ( |Eu|^2 ∗ ρ_ε(x) ) dx if u ∈ W^{1,2}(Ω, R^n) (20)

G_ε(u) = +∞ if u ∈ L^∞(Ω, R^n) \ W^{1,2}(Ω, R^n) Γ-converge, with respect to the strong topology of L^1(Ω, R^n), to the functional

G(u) = ∫ Ω |Eu|^2 dx + ∫ J_u

ϕ_ρ(ν) dH^1 if u ∈ SBD^2(Ω) (21)

G(u) = +∞ if u ∈ L^∞(Ω, R^n) \ SBD^2(Ω) .

Proposition 3.8 Let {u_ε} be a family in W^{1,p}(Ω, R^n) equibounded in L^∞(Ω, R^n) and such that G_ε(u_ε) ≤ C < +∞. Then {u_ε} is precompact in L^1(Ω, R^n) (and thus in L^q(Ω, R^n) for 1 ≤ q < +∞).

4 Some technical lemmas

Lemma 4.1 Let f be as in Theorem 3.1. Then (a) lim_{t→0+} tf^′(t)/f(t) = 1 and lim_{t→+∞} f(t)/t^μ = 0 for every μ > 0, (b) for p > 1 the function f(t)/t^{1/p} is increasing for t ≪ 1 and decreasing for t ≫ 1 , (c) for λ > 0 we have lim_{t→+∞} f(λt)/f(t) = 1 .

Proof. (a) The first limit follows by (11) and Lagrange theorem.

The second will follow (by l’Hôpital’s rule) from lim_{t→+∞} tf^′(t)/t^μ = 0. By (11) we can write that for t ≫ 1 0 ≤ f^′(t) f(t) ≤ μ t . It follows that [log f(t)]^′ ≥ μ/t and thus for t^′ ≫ 1 and t ≥ t we get log(f(t)/f(t^′)) ≤ log t^μ , which gives f(t) ≤ ct^μ. Then from (11) we have lim_{t→+∞} tf^′(t)/t^μ = 0

(b) Writing the derivative of f(t)/t^{1/p} as d dt ( f(t) t^{1/p} ) = tf^′(t) − f(t)/p t^{1+1/p} , it is sufficient to prove that

tf^′(t) − f(t)/p < 0 for t ≫ 1 and tf^′(t) − f(t)/p > 0 for t ≪ 1, or, equivalently, that

tf^′(t)/f(t) < 1/p for t ≫ 1 and tf^′(t)/f(t) > 1/p for t ≪ 1, which follow from (11) and (a) as p > 1.

(c) By a change of variable it’s not restrictive to consider the case λ > 1. We will show that lim t→+∞

log(f(λt)/f(t)) = 0 .

By Lagrange theorem there exists ξ ∈ [t, λt] such that

log(f(λt)/f(t)) = log f(λt) − log f(t) = t(λ − 1)f^′(ξ)/f(ξ) ≤ ξ(λ − 1) f^′(ξ)/f(ξ) . The required limit comes from (11) as log(f(λt)/f(t)) ≥ 0.

Lemma 4.2 Let p > 1 and f be as in Theorem 3.1. Then there exists a_ε → 0 in such a way that the rescaled family f_ε(t) = f(a_εt)/a_ε satisfies f_ε(t) → t for t ∈ [0, +∞) (22) εf_ε (t/ε^p) → 1 for t ∈ (0, +∞) . (23) Moreover when f satisfies the hypotheses of Theorem 3.4 we can choose a_ε = ε.

Proof. By (11) we can find an increasing family z_ε → ∞ such that f(z_ε)/z_ε = ε^{p−1}. We will show that for a_ε = z_εε^p all the required properties are satisfied. Note that for μ = 1/p

a_ε = εf(z_ε) = f(z_ε) z^μ_ε εz^μ_ε = f(z_ε) z^μ_ε a^μ_ε .

As (1 − μ) > 0 and z_ε is increasing it follows by (11) that a_ε → 0 and thus again by (11) that

f_ε(t) = tf(a_εt) a_εt

→ t for t ∈ [0, +∞) .

Now, let us write f_ε ( t ε^p ) = ε a_ε f ( a_εt ε^p ) = εf(z_εt) εf(z_ε) = f(z_εt) f(z_ε) . Since z_ε → +∞ the limit in (23) is proved from property (c) in Lemma 4.1. Finally, by (11) it is easy to check that when lim_{t→+∞} f(t) = 1 we can choose a_ε = ε.

Lemma 4.3 Assume that f satisfies the hypotheses of Theorem 3.1. Let a ∈ (0, 1) and c ∈ (0, 1). Let q be the conjugate exponent of p. Then there exists b_ε ↗ +∞ such that

f_ε (t) ≥ at if 0 ≤ t ≤ (b_ε/a)^q

f_ε (t) ≥ (b_ε t^{1/p}) ∧ (c/ε) if (b_ε/a)^q ≤ t.

(24)

Proof. For b ∈ (0, +∞) we will show that for ε ≪ 1 we have

f_ε (t) ≥ at if 0 ≤ t ≤ (b/a)^q

f_ε (t) ≥ (b t^{1/p}) ∧ (c/ε) if (b/a)^q ≤ t.

(25)

Considering the change of variable z = a_εt the previous system of inequalities can be written as f(z) ≥ az if 0 ≤ z ≤ (b/a)^q a_ε

f (z) ≥ (ba^{1/q}_ε z^{1/p}) ∧ (a_εc/ε) if (b/a)^qa_ε ≤ z.

(26)

Let us search for the values z > 0 such that

f(z) = (b a^{1/q}_ε ) z^{1/p} .

Note that (f(z)/z^{1/p}) > 0 for z > 0 and (by (b) in Lemma 4.1) that

f(z)/z^{1/p} ↘ 0 for z → 0 , f(z)/z^{1/p} ↘ 0 for z → +∞.

As (b a^{1/q}_ε ) → 0 we can say that for ε sufficiently small there are two values z^′_ε and z^{′′}_ε such that z^′_ε → 0 and z^{′′}_ε → +∞ and f ( z^′_ε ) = (b a^{1/q}_ε ) (z^′_ε)^{1/p} f ( z^{′′}_ε ) = (b a^{1/q}_ε ) (z^{′′}_ε )^{1/p}

f (z) ≥ (b a^{1/q}_ε ) z^{1/p} ⇔ if z^′_ε ≤ z ≤ z^{′′}_ε . (27)

Now we show that when ε is small we have z^′_ε ≤ (b/a)^qa_ε and az ≤ f(z) for z ≤ (b/a)^qa_ε. Since z^′_ε → 0 by (11) we can write az^′_ε ≤ f(z^′_ε) = (b a^{1/q}_ε ) (z^′_ε)^{1/p} ⇒ z^′_ε ≤ (b/a)^qa_ε , and again by (11) that az ≤ f(z) for z ≤ (b/a)^q a_ε.

For d = (c/b)^p let z̃_ε = da_ε/ε^p. Now we will show that z̃_ε ≤ z^{′′}_ε and f(z) ≥ a_εc/ε for z̃_ε ≤ z. By (27) we can write z̃_ε ≤ z^{′′}_ε ⇐ f(z̃_ε) ≥ (b a^{1/q}_ε )z̃^{1/p}_ε ⇐ εf_ε(d/ε^p) ≥ c .

The last inequality is satisfied for ε ≪ 1 since c < 1 and εf_ε(d/ε^p) → 1 by (23). Moreover since f is non-decreasing f_ε(d/ε^p) ≥ c implies easily that f(z) ≥ a_εc/ε for z̃_ε ≤ z.

Finally, for a ∈ (0, 1) and c ∈ (0, 1) it is not difficult to see that we can define a family b_ε ↗ +∞ in such a way that (24) holds. Remark 4.4 The function

g_ε(t) = at if 0 ≤ t ≤ (b_ε/a)^q (b_ε t^{1/p}) ∧ (c/ε) if (b_ε/a)^q ≤ t.

defined as in (24) is concave and it can be written as g_ε(t) = (at) ∧ (b_ε t^{1/p}) ∧ (c/ε).

The following lemma will be useful in §6.

Lemma 4.5 Let C ⊂ R^n be a bounded, convex and symmetrical set and let ϕ(v) be the projection ϕ(v) = 2 sup { |⟨y, v⟩| : y ∈ C}. Moreover let μ_ξ be the (one dimensional) measure of the slice C_ξ = {x ∈ C : x = tξ for t ∈ R}. Then ϕ(v) = sup{μ_ξ|⟨v, ξ⟩| for ξ ∈ S^{n−1}} . (28) Proof. As C is compact it is clear that ϕ(v) = sup{|⟨v, x⟩| : x ∈ C} = sup{|⟨v, x⟩| : x ∈ ∂C} .

Since C is convex and symmetrical we can represent its boundary as ∂C = {x ∈ R^n : x = ±ξμ_ξ/2 for ξ ∈ S^{n−1}} from which follows (28).

Example 4.6 For the functions of Example 3.5 f(t) = tanh(t) f(t) = 1 − e^{−t} f(t) = log(1 + t) , it is not difficult to see that choosing respectively the rescaling factors a_ε = ε a_ε = ε a_ε = −ε log ε then properties (22) and (23) are satisfied.

5 Γ-limsup inequality

In this section we will prove the following Proposition.

Proposition 5.1 For u ∈ SBV^p(Ω) there exist u_ε ∈ W^{1,p}(Ω) such that u_ε → u in L^1(Ω) and lim sup_{ε→0} F_ε(u_ε) ≤ F(u) .

Proof. By a standard density argument it is sufficient to consider the functions u ∈ W(Ω) ∩ L^∞(Ω). For r > 0 let S_r(C_ρ, S_u) be the (anisotropic) r-neighborhood of S_u with respect to C_ρ, i.e.

S_r(C_ρ, S_u) = ⋃ x∈S_u

(x + r C_ρ) .

Since S_u is a finite union of (n − 1)-simplexes, it is not difficult to see that

lim_{r→0+} |S_r(C_ρ, S_u)|/r = ∫ S_u

ϕ_ρ(ν) dH^{n−1} . (29)

(The left hand side can be regarded as an anisotropic Minkowski content of S_u).

Let d(x, S_u) denote the distance between x and S_u. Following [15], for d_ε ↘ 0 (which will be defined later) let

ψ_ε(x) =

0 if d(x, S_u) ≤ d_ε/2 |2d(x, S_u)/d_ε − 1| if d_ε/2 ≤ d(x, S_u) ≤ d_ε 1 otherwise.

We will show that (up to a suitable choice of d_ε) the family u_ε = uψ_ε satisfies all the required properties. It is easy to check that u_ε ∈ W^{1,p}(Ω) and u_ε → u in L^1(Ω) as d_ε → 0. Note that

|∇u_ε| = { 0 if d(x, S_u) ≤ d_ε/2 |∇u| if d(x, S_u) ≥ d_ε ,

while for d_ε/2 ≤ d(x, S_u) ≤ d_ε we have

|∇u_ε| ≤ 2 d_ε

|u∇d(x, S_u)| + |ψ_ε∇u| ≤ 2 d_ε

|u| + |∇u| ≤ c d_ε , where c depends only on u, being u ∈ L^∞(Ω) and ∇u ∈ L^∞(Ω, R^n).

Let S_ε be the neighborhood S_{(dε+ε)}(C_ρ, S_u). Then for x ∈ Ω \ S_ε we have

|∇u_ε(y)|^p = |∇u(y)|^p for every y ∈ ε C_ρ(x),

while for x ∈ S_ε we can simply write that

|∇u_ε(y)|^p ≤ c/d^p_ε for every y ∈ ε C_ρ(x).

Hence we get |∇u_ε|^p ∗ ρ_ε(x) ≤ c/d^p_ε for x ∈ S_ε |∇u_ε|^p ∗ ρ_ε(x) ≤ |∇u|^p ∗ ρ_ε(x) for x ∈ Ω \ S_ε.

As f_ε is non-decreasing we can write

F_ε(u_ε) ≤ ∫ S_ε

f_ε (c/d^p_ε ) dx + ∫ Ω\S_ε

f_ε ( |∇u|^p ∗ ρ_ε(x) ) dx .

Now we will treat separately the two terms in (30), showing first that for a suitable choice of d_ε we have lim sup

ε→0^+ ∫ S_ε

f_ε ( c/d^p_ε ) dx = ∫ S_u

ϕ_ρ(ν) dH^{n−1} . (30)

From Lemma 4.1 we know that εf_ε(t/ε^p) → 1 for every t ∈ (0, +∞). Thus we can construct a sequence t_ε → +∞ such that εf_ε(t_ε/ε^p) → 1. Then for d_ε = ε(c/t_ε)^{1/p} we have

lim_{ε→0+}(ε + d_ε)f_ε (c/d^p_ε ) = lim_{ε→0+} ( 1 + (c/t_ε)^{1/p} ) εf_ε(t_ε/ε^p) = 1 .

Now inequality (30) is easily proved, indeed by (29) we have

lim sup

ε→0^+ ∫ S_ε

f_ε (c/d^p_ε ) dx = lim sup_{ε→0+}

|S_ε| (ε + d_ε)

(ε + d_ε)f_ε (c/d^p_ε )

= lim sup

ε→0^+

|S_{(dε+ε)}(C_ρ, S_u)| (ε + d_ε) = ∫ S_u

ϕ_ρ(ν) dH^{n−1} .

It remains to prove that

lim sup ε→0 ∫ Ω\S_ε

f_ε ( |∇u|^p ∗ ρ_ε(x) ) dx ≤ ∫ Ω |∇u|^p dx .

Since ∇u ∈ C^∞(Ω\S_u, R^n) we have |∇u|^p∗ρ_ε → |∇u|^p pointwise in Ω. Moreover a_ε|∇u|^p∗ρ_ε → 0 (as a_ε → 0) and thus by (11) we get

lim_{ε→0} f_ε ( |∇u|^p ∗ ρ_ε(x) ) = lim_{ε→0} 1 a ε f ( a_ε|∇u|^p ∗ ρ_ε(x) ) = |∇u(x)|^p .

As ∇u ∈ L^∞(Ω \ S_u, R^n), by dominated convergence we get the required inequality.

6 Γ-liminf inequality

The proof of the Γ-liminf inequality uses the slicing technique (for which we refer to §2 and § 4.1.1 in [10]).

6.1 A one-dimensional discrete inequality Let a, c ∈ (0, +∞) and b_ε ↗ +∞. For t ∈ [0, +∞) we define a function h_ε(t) as in Remark 4.4, namely

h_ε(t) = at if 0 ≤ t ≤ (b_ε/a)^q

(b_ε t^{1/p}) ∧ (c/ε) if (b_ε/a)^q ≤ t.

(31)

Let m ∈ (2N + 1) and A an open interval in R. Let A_ε = {x ∈ εZ : x ∈ A}. For x ∈ A_ε let I_{mε}(x) = [x − (mε/2), x + (mε/2)]. (In the sequel all the discrete variables will be written using bold symbols). We consider the discrete functionals

H_ε(u, A) = ∑ x∈A_ε

εh_ε (∫ I_{mε}(x)

|u^′|^p ) if u ∈ W^{1,p}(A) , (32)

H_ε(u, A) = +∞ if u ∈ L^1(A) \ W^{1,p}(A) , and the limit functional H(u, A) = a ∫ A |u^′|^p dx + (cm) #(S_u) if u ∈ SBV^p(A) , (33) H(u) = +∞ if u ∈ L^1(A) \ SBV^p(A) .

Proposition 6.1 Let u_ε → u in L^1(A) then lim inf_{ε→0} H_ε(u_ε, A) ≥ H(u, A). Proof. Step 1. It is well known [10] that it is not restrictive to assume that u ∈ L^∞(A) and that H_ε(u_ε) + ‖u_ε‖_∞ ≤ C.

First let us introduce some useful notations: let A_{mε} = {x ∈ mεZ : x ∈ A} and for n = 0, . . . , m−1 let A_{mε,n} = {x ∈ (nε + mεZ) : x ∈ A}. Finally we introduce the auxiliary functionals H^n_ε (u, A) = ∑ x ∈ A_{mε,n}

(mε)h_ε (∫ I_{mε}(x)

|u^′|^p )

As A_ε is the disjoint union of the sets A_{mε,n} for n = 0, . . . , m−1, we can write

H_ε(u, A) ≥ 1 m m−1∑ n=0 ∑ x ∈ A_{mε,n}

(mε)h_ε (∫ I_{mε}(x)

|u^′|^p )

≥ 1 m m−1∑ n=0 H^n_ε (u, A) .

In the last step of the proof we will show that for u_ε → u we have lim inf ε→0 H^n_ε (u_ε, A) ≥ a ∫ A |u^′|^p dx + mc #(S_u) , (34) from which it follows the Γ-liminf inequality

lim inf ε→0 H_ε(u_ε, A) ≥ 1 m m−1∑ n=0 lim inf ε→0 H^n_ε (u_ε, A) ≥ a ∫ A |u^′|^p dx + mc #(S_u) = H(u, A) .

Step 2. We define for every ε > 0 the sets A^♭_{mε,n} = {x ∈ A_{mε,n} : ∫ I_{mε}(x)

|u^′|^p ≤ (b_ε/a)^q} ,

A^♯_{mε,n} = {x ∈ A_{mε,n} : ∫ I_{mε}(x)

|u^′|^p > (b_ε/a)^q} .

For u ∈ W^{1,p}(A) we can define a function ũ ∈ SBV (A) in the following way: for every interval I_{mε}(x) let ũ(x) = u(x) if x ∈ A^♭_{mε,n} u (x − (mε/2)) if x ∈ A^♯_{mε,n}.

(Note that ũ depends on the parameters a and b_ε and ũ ∈ SBV (A)). It is clear that for x ∈ A^♯_{mε,n} the function ũ may have a discontinuity in the point x + (mε/2) and then we can write

(mε)^p ∫ I_{mε}(x)

|u^′|^p ≥ ( u(x + (mε/2)) − u(x − (mε/2))

)_p

≥ ( ũ^+(x + (mε/2)) − ũ^−(x + (mε/2))

)_p . Then by (24) we have

H^n_ε (u, A) = ∑ x ∈ A_{mε,n}

(mε)h_ε (∫ I_{mε}(x)

|u^′|^p )

≥ ∑ x∈A^♭_{mε,n}

(mε) a (∫ I_{mε}(x)

|u^′|^p ) + ∑ x∈A^♯_{mε,n}

(mε) b_ε (∫ I_{mε}(x)

|u^′|^p

)_{1/p}

∧ (c/ε)

≥ ∑ x∈A^♭_{mε,n} a ∫ I_{mε}(x)

|u^′|^p dx + ∑ x∈A^♯_{mε,n}

b_ε ( (mε)^p ∫ I_{mε}(x)

|u^′|^p

)_{1/p}

∧ (mc)

≥ a ∫ A |ũ^′|^p dx + ∑ S_ũ

b_ε|ũ^+ − ũ^−| ∧ mc . (35)

Step 3. Now we can prove (34). Note that, being H_ε(u_ε, A) equibounded the same holds for H^n_ε (u_ε, A). First of all we will check that for u_ε → u in L^1(A) we have ũ_ε → u in L^1(A). As u_ε is equibounded in L^∞(A) it is sufficient to estimate the measure of set where ũ_ε ≠ u_ε, which is given by (mε)#(A^♯_{mε,n}). Hence

C ≥ H^n_ε (u_ε, A) ≥ ∑ x∈A^♯_{mε,n}

(mε)h_ε (∫ I_{mε}(x)

|u^′|^p ) ≥ (mε)#(A^♯_{mε,n})h_ε ( (b_ε/a)^q ) . (36)

As b_ε → +∞ we can say that h_ε(b^q_ε/a^q) = a^{1−q}b^q_ε → +∞ and thus (mε)#(A^♯_{mε,n}) → 0.

For b ∈ (0, +∞) let (a|t|^p ∧ b|t|)^{∗∗} = ϕ_{a,b}(t) be the convex envelope of (a|t|^p ∧ b|t|). Thus by lower-semicontinuity [8] we have

lim inf ε→0 H^n_ε (u_ε, A) ≥ lim inf_{ε→0} ∫ A ϕ_{a,b}(ũ^′_ε) dx + ∑ S_{ũε}

b|ũ^+_ε − ũ^−_ε | ∧ c

≥ ∫ A ϕ_{a,b}(u^′) dx + ∑ S_u

b|u^+ − u^−| ∧ c .

The required inequality follows taking the supremum for b ↗ +∞.

6.2 The slicing estimates

Let us introduce some notations, related to the slicing technique, which will be used in this section (see Figure 1). For ξ ∈ S^{n−1} we denote by Z = ξ^⊥ the subspace orthogonal to ξ and by T = ⟨ξ⟩ the subspace generated by ξ. Obviously every x ∈ R^n can be written in a unique way as x = z + t for z ∈ Z and t ∈ T . The Lebesgue measures on Z and T will be denoted by dz and dt. Let {ê_i} (for i = 1, . . . , n) be the canonical basis in R^n and {ẽ_i} an orthonormal basis with ẽ_n = ξ. We define the square

Q^ξ_δ = {x ∈ R^n : |x · ẽ_i| ≤ δ/2 for i = 1, . . . , n}

and the lattice X^ξ_δ = {x ∈ R^n : (x · ẽ_i) ∈ δZ for i = 1, . . . , n}.

Finally Z^ξ_δ and T^ξ_δ will denote the projections of Q^ξ_δ (on Z = ξ^⊥ and T = ⟨ξ⟩ respectively) while Z^ξ_δ and T^ξ_δ will denote the projections of X^ξ_δ. (In the sequel all the discrete variables will be written using bold symbols).

Figure 1: Some notations introduced for this section.

Let Q^ξ_δ(y_i) (where y_i ∈ X^ξ_δ for i = 1, . . . , m(η)) be the squares contained in the support C_ρ. As the convolution kernel ρ is Riemann integrable, for every ξ ∈ S^{n−1} it possible to find a family of functions ρ_δ which are constant on the squares Q^ξ_δ(y_i) and such that

0 < ρ_δ(y) ≤ ρ(y) ∫ C_ρ

ρ_δ(y) dy → 1 (as δ → 0). (37)

Moreover, for every integrable function g(y) we can write ∫ Q^ξ_δ

g(y) dy = ∫ Z^ξ_δ ∫ T^ξ_δ

g(z, t) dt dz . (38)

Since the proof relies on Lemma 2.5 we need to define for every open set A ⊂ Ω the localized functional

F_ε(u, A) = ∫ A f_ε ( |∇u|^p ∗ ρ_ε(x) ) dx if u ∈ W^{1,p}(Ω)

F_ε(u, A) = +∞ if u ∈ L^1(Ω) \ W^{1,p}(Ω) .

The following Lemma gives a lower bound of F_ε(u, A) discretizing the energy on the lattice X^ξ_δ and is a consequence of Lemma 4.2 in [11].

Lemma 6.2 Let u ∈ W^{1,p}(Ω) and A ⊂ Ω an open set. For ξ ∈ S^{n−1} and δ > 0 let A^ξ_δ = {x ∈ X^ξ_δ : Q^ξ_δ(x) ⊂ A}. Then there exists τ ∈ Q^ξ_δ such that

F_ε(u, A) ≥ ∑ x∈A^ξ_δ

δ^nf_ε ( |∇u|^p ∗ ρ_ε(x + τ) ) . (39)

Note that for x ∈ A^ξ_δ we have (x + τ) ∈ Q^ξ_δ(x) ⊂ A.

PSfrag replacements

Figure 2: The set P^ξ_{ηε} used for the bulk estimate when C is the unit ball.

Proposition 6.3 Let δ ∈ (0, 1). Let u_ε → u in L^1(Ω) and let A be an open set in Ω. For ξ ∈ S^{n−1} there exists β_δ > 0 such that

lim inf ε→0 F_ε(u_ε, A) ≥ ∫ A δ|∇u(y) · ξ|^p dy + β_δ ∫ S_u∩A

|ν · ξ| dH^{n−1} . (40)

Proof. For a value η > 0 (which will be defined later) let P^ξ_η be the union of the squares Q^ξ_η(y_i) ⊂ C_ρ where y_i ∈ X^ξ_η for i = 1, . . . , m(η, ξ). Let ζ = ρ_η be the piecewise constant function satisfying (37) (for δ = η) and

c_i = ζ(y_i) c_η = ∫ C_ρ

ζ(y) dy = m∑ i=1 c_iη^n .

For every ε > 0 we will consider the lattice X^ξ_{ηε}. We will denote by P^ξ_{ηε} the union of the squares Q^ξ_{ηε}(y_i) ⊂ (εC_ρ) (where y_i ∈ X^ξ_{ηε} for i = 1, . . . , m(η, ξ)) and by ζ_ε the sequence of kernels ζ(y/ε)/ε^n.

For every function u_ε let τ_{ηε} be the translation given by Lemma 6.2. Then

F_ε(u_ε, A) ≥ ∑ x∈A^ξ_{ηε}

(ηε)^nf_ε ( |∇u_ε|^p ∗ ρ_ε(x + τ_{ηε}) ) .

Let a, c ∈ (0, +∞) such that δ < a = c < 1 and let b_ε be the sequence given by Lemma (4.3). Then we define

g_ε(t) = at if 0 ≤ t ≤ (b_ε/a)^q

(b_ε t^{1/p}) ∧ (c/ε) if (b_ε/a)^q ≤ t. Then by Lemma (4.3) we can write that

F_ε(u_ε, A) ≥ ∑ x∈A^ξ_{ηε}

(ηε)^ng_ε ( |∇u_ε|^p ∗ ρ_ε(x + τ_{ηε}) ) .

For convenience we introduce the functions v_ε(x) = u_ε(x + τ_{ηε}). For B ⊂⊂ A it is clear that v_ε ∈ W^{1,p}(B) and v_ε → u in L^1(B). Hence we can write

F_ε(u_ε, A) ≥ ∑ x∈B^ξ_{ηε}

(ηε)^ng_ε ( |∇v_ε|^p ∗ ρ_ε(x) ) ,

where B^ξ_{ηε} is defined as in Lemma 6.2. Then we can write

|∇v_ε|^p ∗ ρ_ε(x) = ∫ εC_ρ

|∇v_ε(y − x)|^p ρ_ε(y) dy ≥ ∫ P^ξ_{ηε}

|∇v_ε(y − x)|^p ζ_ε(y) dy ≥ m∑ i=1 c_i ε^n ∫ Q^ξ_{ηε}(y_i)

|∇v_ε(y − x)|^p dy

≥ m∑ i=1 c_iη^n c_η ∫ Q^ξ_{ηε}(y_i)

c_η|∇v_ε(y − x)|^p dy . (41)

Let c^′_i = c_iη^n/c_η . Being ∑ i c^′_i = ∑ i c_iη^n/c_η = 1 and g_ε concave, we have

g_ε ( |∇v_ε|^p ∗ ρ_ε(x) ) = g_ε

(_m ∑ i=1 c^′_i ∫ Q^ξ_{ηε}(y_i)

c_η |∇v_ε(y − x)|^p dy )

≥ m∑ i=1 c^′_ig_ε (∫ Q^ξ_{ηε}(y_i)

c_η|∇v_ε(y − x)|^p dy ) . Thus

F_ε(u_ε, A) ≥ ∑ x∈B^ξ_{ηε}

(ηε)^n m∑ i=1 c^′_ig_ε (∫ Q^ξ_{ηε}(y_i)

c_η|∇v_ε(y − x)|^p dy )

≥ ∑ x∈B^ξ_{ηε}

(ηε)^n m∑ i=1 c^′_ig_ε (∫ Q^ξ_{ηε}(x+y_i)

c_η|∇v_ε(y)|^p dy ) .

For C ⊂⊂ B and ε sufficiently small, every square contained in C is counted exactly m times in the previous sum. Thus, reordering the terms and remembering that ∑ i c^′_i = 1 we have

F_ε(u_ε, A) ≥ ∑ x∈C^ξ_{ηε}

(ηε)^ng_ε (∫ Q^ξ_{ηε}(x)

c_η|∇v_ε(y)|^p dy ) .

Denoting by C^ξ_{ηε} the union of the squares Q^ξ_{ηε} ⊂ C we will consider, with a convenient abuse of notations, that ∇v_ε(x) = 0 if x /∈ C^ξ_{ηε}. As every x ∈ X^ξ_{ηε} can be written as x = z + t for z ∈ Z^ξ_{ηε} and t ∈ T^ξ_{ηε}, we will write

F_ε(u_ε, A) ≥ ∑ x∈X^ξ_{ηε}

(ηε)^ng_ε (∫ Q^ξ_{ηε}(x)

c_η|∇v_ε(y)|^p dy ) .

≥ ∑ z∈Z^ξ_{ηε} ∑ t∈T^ξ_{ηε}

(ηε)^ng_ε (∫ Q^ξ_{ηε}(z+t)

c_η|∇v_ε(y)|^p dy ) .

Now, by (38), and remembering that g_ε is convex, using Jensen’s inequality we get

F_ε(u_ε, A) ≥ ∑ z∈Z^ξ_{ηε} ∑ t∈T^ξ_{ηε}

(ηε)^ng_ε (∫ Z^ξ_{ηε}(z) ∫ T^ξ_{ηε}(t)

c_η |∇v_ε(z + t) · ξ|^p dt dz )

≥ ∑ z∈Z^ξ_{ηε} ∑ t∈T^ξ_{ηε}

(ηε)^n ∫ Z^ξ_{ηε}(z)

g_ε (∫ T^ξ_{ηε}(t)

c_η |∇v_ε(z + t) · ξ|^p dt ) dz . (42)

At this point the previous sum becomes

F_ε(u_ε, A) ≥ ∑ z∈Z^ξ_{ηε} ∑ t∈T^ξ_{ηε} ∫ Z^ξ_{ηε}(z)

ηε g_ε (∫ T^ξ_{ηε}(t)

c_η |∇v_ε(z + t) · ξ|^p dt ) dz

≥ ∑ z∈Z^ξ_{ηε} ∫ Z^ξ_{ηε}(z) ∑ t∈T^ξ_{ηε}

ηε g_ε (∫ T^ξ_{ηε}(t)

c_η |∇v_ε(z + t) · ξ|^p dt ) dz

≥ ∫ Z ∑ t∈T^ξ_{ηε}

ηε g_ε ( c_η ∫ T^ξ_{ηε}(t)

|∇v_ε(z + t) · ξ|^p dt ) dz . (43)

As η ∈ (0, 1) it is easy to see that g_ε(c_η t) ≥ h_{ηε}(t) where

h_ε(t) = a^′t ∧ b^′_εt^{1/p} ∧ (c^′/ε) for a^′ = ac_η b^′_ε = b_{(ε/η)}c^{1/p}_η c^′ = cη . Thus F_ε(u_ε, A) ≥ ∫ Z ∑ t∈T^ξ_{ηε}

ηε h_{ηε} (∫ T^ξ_{ηε}(t)

|∇v_ε(z + t) · ξ|^p dt ) dz .

For γ > 0 let C^γ = {x ∈ C : d(x, ∂C) > γ} and let C^γ_z = {x ∈ C^γ : x = z + tξ}. For γ small and ε ≪ γ the functions v_ε(z + t) belongs to W^{1,p}(C^γ_z ) (with respect to the variable t) for a.e. z ∈ Z. Thus we can write that for a.e. z ∈ Z ∑ t∈T^ξ_{ηε}

ηε h_{ηε} (∫ T^ξ_{ηε}(t)

|∇v_ε(z + t) · ξ|^p dt ) = H_{ηε}(v_ε, C^γ_z ) , where H_{ηε} is the one-dimensional discrete functional defined in (32) for m = η. As v_ε → u in L^1(C^γ_z ) for a.e. z ∈ Z, by Proposition 6.1 and Fatou’s Lemma we can say that

lim inf ε→0 F_ε(u_ε, A) ≥ ∫ Z (∫ C^γ_z

ac_η|u^′(z + t)|^p dt + cη # ( S_u ∩ C^γ_z )) dz ≥ ∫ C^γ

ac_η|∇u(y) · ξ|^p dy + cη ∫ S_u∩C^γ

|ν · ξ| dH^{n−1} . (44)

Taking the supremum for γ ↘ 0 and C ↗ A we get

lim inf ε→0 F_ε(u_ε, A) ≥ ∫ A ac_η |∇u(y) · ξ|^p dy + cη ∫ S_u∩A

|ν · ξ| dH^{n−1} , (45)

from which follows (40) considering that c_η → 1 as η → 0 and a > δ.

PSfrag replacements

Figure 3: The set S^ξ_{ηε} used for the surface estimate when C is the unit ball.

Proposition 6.4 Let u_ε → u in L^1(Ω) and A an open set in Ω. For ξ ∈ S^{n−1} let μ_ξ be defined as in Lemma 4.5. For every δ ∈ (0, 1) there exists α_δ > 0 such that

lim inf ε→0 F_ε(u_ε, A) ≥ ∫ A α_δ|∇u(y) · ξ|^p dy + δ ∫ S_u∩A

μ_ξ|ν · ξ| dH^{n−1} . (46)

Proof. For a value η > 0 (which will be defined later) let S^ξ_η be the union of the squares Q^ξ_η(y_i) ⊂ C_ρ where y_i ∈ T^ξ_η for i = 1, . . . , m(η, ξ) (see Figure 3). Note that the projections of S^ξ_η on Z = ξ^⊥ and T = ⟨ξ⟩ can be written respectively as Z^ξ_η and T^ξ_μ where μ(η, ξ) = m(η, ξ)η. In particular |S^ξ_η | = μ η^{n−1} μ(η, ξ) → μ_ξ as η → 0 .

Let ζ = ρ_η be the piecewise constant function satisfying (37) and let c_i = ζ(y_i) c_η = μη^{n−1} min{c_i} .

Considering for every ε > 0 the lattice X^ξ_{ηε} we will denote by S^ξ_{ηε} the union of the squares Q^ξ_{ηε}(y_i) ⊂ (εC_ρ) (where y_i ∈ T^ξ_{ηε} for i = 1, . . . , m(η, ξ)) and by ζ_ε the sequence of kernels ζ(y/ε)/ε^n.

Let again a, c ∈ (0, +∞) such that δ < a = c < 1, arguing as in the proof of Proposition 6.3 we get F_ε(u_ε, A) ≥ ∑ x∈B^ξ_{ηε}

(ηε)^ng_ε ( |∇v_ε|^p ∗ ρ_ε(x) ) ,

for B ⊂⊂ A and for a sequence v_ε ∈ W^{1,p}(B) with v_ε → u in L^1(B). Then

|∇v_ε|^p ∗ ρ_ε(x) = ∫ εC_ρ

|∇v_ε(y − x)|^p ρ_ε(y) dy ≥ ∫ S^ξ_{ηε}

|∇v_ε(y − x)|^p ζ_ε(y) dy ≥ m∑ i=1 c_i ε^n ∫ Q^ξ_{ηε}(x_i)

|∇v_ε(y − x)|^p dy

≥ c_η ∫ S^ξ_{ηε}(x)

|∇v_ε(y)|^p dy . (47)

Considering again that ∇v_ε(x) = 0 if x /∈ B^ξ_{ηε} we can write that

F_ε(u_ε, A) ≥ ∑ x∈X^ξ_{ηε}

(ηε)^ng_ε (∫ S^ξ_{ηε}(x)

c_η|∇v_ε(y)|^p dy )

≥ ∑ z∈Z^ξ_{ηε} ∑ t∈T^ξ_{ηε}

(ηε)^ng_ε (∫ S^ξ_{ηε}(z+t)

c_η|∇v_ε(y)|^p dy ) .

Using Jenses’s inequality and following the previous proof we get

F_ε(u_ε, A) ≥ ∫ Z ∑ t∈T^ξ_{ηε}

ηε g_ε (∫ I^ξ_{με}(t)

c_η |∇u_ε(z + t) · ξ|^p dt ) dz .

It is easy to check that ηg_ε(c_η t) ≥ h_ε(t) where

h_ε(t) = a^′t ∧ b^′_εt^{1/p} ∧ (c^′/ε) for a^′ = ηc_η a b^′_ε = b_εηc^{1/p}_η c^′ = cη . Then, arguing as in the previous proof, we can say that for a.e. z ∈ Z we have ∑ t∈T^ξ_{ηε}

ηε g_ε (∫ I^ξ_{με}(t)

c_η |∇u_ε(z + t) · ξ|^p dt ) ≥ H_ε(u_ε, B^γ_z ) .

where H_ε is the one-dimensional discrete functional defined in (32) for m = μ(η, ξ). Again by Fatou’s Lemma and Proposition 6.1 we get

lim inf ε→0 F_ε(u_ε, A) ≥ ∫ Z (∫ B^γ_z

aηc_η |u^′(z + t)|^p dt + cημ(η, ξ) # ( S_u ∩ B^γ_z )) dz ≥ ∫ B^γ

aηc_η |∇u(y) · ξ|^p dy + cημ(η, ξ) ∫ S_u∩C^γ

|ν · ξ| dH^{n−1} . (48)

Taking the supremum for γ ↘ 0 and B ↗ A we get

lim inf ε→0 F_ε(u_ε, A) ≥ ∫ A aηc_η |∇u(y) · ξ|^p dy + cημ(η, ξ) ∫ S_u∩A

|ν · ξ| dH^{n−1} , (49)

from which follows (46) taking the supremum for η → 1 and remembering that c > δ.

6.3 The lower inequality Let u_ε → u in L^1(Ω). By Propositions 6.3 and 6.4 for every ξ ∈ S^{n−1} and for every open set A ⊂ Ω we have lim inf ε→0 F_ε(u_ε, A) ≥ δ ∫ A |∇u · ξ|^p dx ,

lim inf ε→0 F_ε(u_ε, A) ≥ δ ∫ S_u∩A

μ_ξ|ξ · ν| dH^{n−1} .

Taking the supremum as δ → 1 we get

lim inf ε→0 F_ε(u_ε, A) ≥ ∫ A |∇u · ξ|^p dx ,

lim inf ε→0 F_ε(u_ε, A) ≥ ∫ S_u∩A

μ_ξ|ξ · ν| dH^{n−1} .

Now we apply Lemma 2.5 (taking the supremum for ξ ∈ S^{n−1}) and by Lemma 4.5 we get the Γ-liminf inequality

lim inf ε→0 F_ε(u_ε) ≥ ∫ Ω |∇u|^p dx + ∫ S_u

ϕ_ρ(ν) dH^{n−1} = F (u) . (50)

7 Compactness

In this section we will prove the following compactness property, whose proof is similar to the one of Theorem 6.6 in [1].

Proposition 7.1 Let {u_ε} be a family in W^{1,p}(Ω), equibounded in L^∞(Ω) and such that F_ε(u_ε) ≤ C < +∞. Then {u_ε} is precompact in L^1(Ω) (and thus in L^q(Ω) for 1 ≤ q < +∞). Proof. Let ξ ∈ S^{n−1} and A an open set with A ⊂⊂ Ω. We will prove that for δ > 0 (arbitrarily small) there exists a family {v_ε} equibounded in L^∞(Ω) and contained in a δ-neighborhood of {u_ε} (with respect to the L^1(Ω) norm) such that {v_ε(z + tξ)} is precompact in L^1(A_z) (with respect to the variable t) for a.e. z ∈ Z. Then the precompactness of {u_ε} will follow arguing as in [1].

For η, a, c ∈ (0, 1) and b_ε ↗ +∞, Proposition 6.3 gives a family {v_ε} defined by v_ε(x) = u_ε(x + τ_{ηε}) in such a way that

F_ε(u_ε) ≥ ∫ Z H_ε(v_ε, A_z) dz .

As τ_{ηε} → 0 it is sufficient to prove that the family {v_ε} is precompact in L^1(A). For k > 0 (which will be defined later) let Z^k be the set of points z ∈ Z such that H_ε(v_ε, A_z ) ≥ k. We introduce the functions w_ε which are defined by slicing in the following way:

w_ε(z + t) = { v_ε(z + t) if z ∈ Z^m 0 otherwise.

As Ω is bounded and {v_ε} equibounded in L^∞(Ω) it is clear that ∫ A |w_ε − v_ε| dx ≤ c |Z^k| ,

where c does not depend on ε and m. By Chebychev inequality

|Z^k| ≤ 1 k ∫ Z H_ε(v_ε, A_z ) dz ≤ 1 k F_ε(u_ε, Ω) ≤ C k and thus, if k is sufficiently large, {w_ε} is arbitrarily close to {v_ε}.

From (35) it follows that there exists a family {w̃_ε} contained in SBV (A_z ) and such that

H_ε(w_ε, A_z) ≥ a ∫ A |w̃^′_ε|^p dx + ∑ S_{w̃ε}

b_ε|w̃^+_ε − w̃^−_ε | ∧ c .

Since for every z ∈ Z we have F_ε(w_ε, A_z) ≤ k it turns out that there is only a finite number of discontinuity points where |w̃^+_ε − w̃^−_ε | ≥ c/b. As w̃_ε is equibounded in L^∞(A) we can say that w̃_ε is also bounded in BV (A_z ). It follows that {w̃_ε} is precompact in L^1(A_z). As (w̃_ε − v_ε) → 0 in L^1(A_z) it is clear that v_ε in precompact in L^1(A_z).

8 Applications

8.1 Perona-Malik equation and Mumford-Shah functional

Mumford and Shah suggested [29] a variational approach for image segmentation. Their original (strong) formulation can be written in weak form as min {∫ Ω |∇u|^2 dx + H^1(S_u) + ∫ Ω |u − g|^2 dx : u ∈ SBV^2(Ω) } . (51)

The datum g represents the grey level map of the original image g which is often noisy, while the minimizers are considered as segmentations of g. (Roughly speaking, a minimizer u is a regularization of the datum g which should represent in the set S_u the contours of the original image).

Our convergence result gives a non-local approximation of this problem. Indeed from Theorem 3.1 we know that the sequence

F_ε(u) = ∫ Ω f_ε ( |∇u|^2 ∗ ρ_ε(x) ) dx + ∫ Ω |u − g|^2 dx

Γ-converges, with respect to the topology of L^2(Ω), to the Mumford-Shah functional and from Theorem 3.2 we know that a family {u_ε} of minimizers has at least an accumulation point, which is a minimizer of the limit functional.

An alternative approach for image segmentation has been used by Perona and Malik [32]. They employed a nonlinear diffusion equation like ∂u ∂t = div ( 2∇u 1 + |∇u|^2 )

u(0, x) = g(x) ∂u ∂n = 0.

(52)

The original image is the initial condition g while the solution u(T, x) at some time T (which is in general not known a priori) represents the segmentation. This equation has been widely used in the applications but from the mathematical viewpoint it is still not clear in which weak sense the solutions should be considered, because of a backward diffusion effect which creates discontinuities. A possibly remedy has been suggested by Cattè, Lions, Morel and Coll [13] by means of a non-local regularization of the form ∂u ∂t = div ( 2∇u [ 1 1 + |ρ_ε ∗ ∇u|^2 ]) . This two approaches are quite different but they can be compared computing the gradient flow of the functionals F_ε(u) with f(t) = log(1 + t) and a_ε = −ε log ε. Indeed we can write that ∂u ∂t = −dF_ε(u) = div ( 2∇u [ ρ_ε ∗ ( 1 1 + a_ε ρ_ε ∗ |∇u^′|^2 )]) − 2(u − g) .

This equation can be interpreted as a non-local regularization of the biased anisotropic diffusion ∂u ∂t = div ( 2∇u 1 + |∇u|^2 ) − 2(u − g) ,

which was proposed by Nordström [31] in order to avoid the problem of finding a good stopping time T for (52).

8.2 From non-local damage to brittle fracture

Many materials, such as concrete, exhibits under loading a loss of stiffness which macroscopically is described by a diffuse damage mechanisms and microscopically is related to the presence of micro fractures.

An easy way to model this phenomenon (see for instance [26] or [17] and the references therein) consists in introducing a damage variable d ∈ [0, 1] which enters into the linear constitutive relation σ = (1 − d)C Eu ,

where σ is the stress, Eu is the strain and C is the elastic tangent modulus (in this case the damage mechanism is said to be isotropic). Then the variable d is related to the strain by a (nonlinear) relation which is determined by experimental tests. For instance, denoting by |Eu|_C the elastic norm (Eu^T CEu)^{1/2} we can consider an exponential law given by

d = 1 − exp(−|Eu|^2_C ) .

The resulting stress-strain relation

σ = exp(−|Eu|^2_C )C E

has clearly a softening behaviour and the energy density

W (Eu) = 1 2 ( 1 − exp(−|Eu|^2_C ) )

has a convex-concave behaviour that can be related to the elastic and damaging regimes. As a consequence the problem turns out to be ill posed in Sobolev spaces because of the loss of coerciveness. A possible remedy is based on the regularization of the model by means of a non-local operator. As a matter of fact there many different ways to employ the non-locality (see [26] or [7]). Here we take into account only the one suggested by Theorem 3.7 leaving further investigations for a future work. Thus we will consider the energy ∫ Ω W ( |Eu|^2_C ∗ ρ_ε(x) ) dx = 1 2 ∫ Ω ( 1 − exp ( |Eu|^2_C ∗ ρ_ε(x) )) dx ,

where the support of the convolution kernel is the unit ball. As the non-locality radius ε tends to zero we will pass from a non-local to a local model and without a suitable rescaling the limit problem will be ill posed again. By Theorem 3.7 and 3.4 the family ∫ Ω W_ε ( |Eu|^2_C ∗ ρ_ε(x) ) dx = 1 2 ∫ Ω 1 ε ( 1 − exp ( ε |Eu|^2_C ∗ ρ_ε(x) )) dx ,

which is well defined in the Sobolev space W^{1,2}(Ω, R^2), Γ-converge with respect to the strong L^p(Ω) topology (for 1 ≤ p < +∞) to the Griffith energy ∫ Ω |Eu|^2_C dx + 2H^{n−1}(J_u) ,

which is defined in the space SBD(Ω). This result can be interpreted as a link between a nonlocal damage model and a fracture model for brittle materials.

References

[1] G. Alberti, G. Bouchitté, P. Seppecher: Phase transition with the line-tension effect.

Arch. Rational Mech. Anal. 144 (1998) 1–46

[2] R. Alicandro, M. Focardi, M. S. Gelli: Finite-difference approximation of energies in fracture mechanics, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 4 (2001) 671–709

[3] L. Ambrosio: Existence theory for a new class of variational problems. Arch. Rational Mech. Anal. 111 (1990) 291–322

[4] L. Ambrosio, A. Coscia, G. Dal Maso: Fine properties of Functions with Bounded Deformation, Arch. Rational Mech. Anal. 139 (1997) 201–238

[5] L. Ambrosio, N. Fusco, D. Pallara: Special Functions of Bounded Variation and Free Discontinuity Problems. Oxford University Press, Oxford (2000)

[6] G. Bellettini, A. Coscia, G. Dal Maso: Compactness and lower semicontinuity properties in SBD(Ω), Math. Z. 228 (1998) 337–351

[7] E. Benvenuti: Damage integration in the strain space. Int J. Solids and Structures 41 (2004) 3167–3191

[8] G. Bouchitté, A. Braides, G. Buttazzo: Relaxation results for some free discontinuity problems. J. Reine Angew. Math. 458 (1995) 1–18

[9] B. Bourdin, G. Francfort, J.J. Marigo: Numerical experiments in revisited brittle fracture J. Mech. Phys. Solids 48 (2000) 797–826

[10] A. Braides: Approximation of free discontinuity problems. Springer, Berlin (1998)

[11] A. Braides, G. Dal Maso: Non-local approximation of the Mumford-Shah functional.

Calc. Var. Partial Differ. Equ. 5 (1997) 293–322 [12] A. Braides, A. Garroni: A remark on the non-local approximation of free discontinuity problems. Commun. Partial Differ. Equations 23 (1998) 817–829 [13] F. Catté, P.L. Lions, J.M. Morel, T. Coll: Image selective smoothing and edge detection by nonlinear diffusion, SIAM J. Numer. Anal. 29 (1992) 182–193 [14] A. Chambolle: Image segmentation by variational methods: Mumford and Shah functional and the discrete approximations, Siam J. Appl. Math. (1995) 55 827–863 [15] A. Chambolle: An approximation result for special functions with bounded deformation.

to appear J. Math. Pures Appl.

[16] A. Chambolle: Addendum to “An approximation result for special functions with bounded deformation”: the N-dimensional case. Preprint 548 Centre de Mathématiques Appliquées, Ecole Polytechnique [17] C. Comi: A non-local model with tension and compression damage mechanisms. Eur. J.

Mech. A Solids 20 (2001) 1–22 [18] G. Cortesani: Sequences of non-local functionals which approximate free-discontinuity problems. Arch. Rational Mech. Anal. 144 (1998) 357–402 [19] G. Cortesani, R. Toader: A density result in SBV with respect to non-isotropic energies, Nonlinear Anal. 38 (1999) 585–604 [20] G. Cortesani, R. Toader: Non-local approximation of non-isotropic free-discontinuity problems. SIAM J. Appl. Math. 59 (1999) 1507–1519 [21] G. Dal Maso: An Introduction to Γ-convergence, Birkhäuser, Boston (1993) [22] A. C. Eringen: A unified theory of thermomechanical materials. Int. J. Eng. Sci. 4 (1966) 179–202 [23] A. C. Eringen: On nonlocal plasticity. Int. J. Eng. Sci. 19 (1981) 179–202 [24] M. Gobbino: Finite difference approximation of the Mumford-Shah functional, Comm. Pure Appl. Math. 51 (1998) 197–228 [25] M. Gobbino, M.G. Mora: Finite difference approximation of free discontinuity problems.

Proc. Royal Soc. Edinburgh 131 (2001) 567–595 [26] M. Jirásek: Nonlocal models for damage and fracture: comparison of approaches.

Int. J. Solids Structures 1998 (35) 4133–4145 [27] L. Lussardi, E. Vitali: Nonlocal approximation of free discontinuity problems with linear growth, to appear [28] M. Morini, M. Negri: Mumford-Shah functional as Γ-limit of discrete Perona-Malik energies. Math. Models Methods Appl. Sci. 13 (2003) 785–805 [29] D. Mumford, J. Shah: Optimal approximation by piecewise smooth functions and associated problems, Comm. Pure Appl. Math. 17 (1989) 577–685

[30] M. Negri: A finite element approximation of the Griffith’s model in fracture mechanics.

Numer. Math. 95 (2003) 653–687

[31] N. Nordström: Biased anisotropic diffusion - a unified regularization and diffusion approach to edge detection, Image Vision Comput. 8 (1990) 318–327

[32] P. Perona, J. Malik: Scale-space and edge detection using anisotropic diffusion. IEEE Trans. Pattern Anal. Mach. Intell. 12 (1990) 629–639

[33] G. Pijaudier-Cabot, Z. P. Bažant: Nonlocal damage theory. J. Eng. Mech. 113 (1987) 1512–1533