ONE-DIMENSIONAL VON KARMAN MODELS FOR ELASTIC RIBBONS
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ABSTRACT. By means of a variational approach we rigorously deduce three one-dimensional
models for elastic ribbons from the theory of von Karmén plates, passing to the limit as the
width of the plate goes to zero. The one-dimensional model found starting from the “linearized”
von Karmaén energy corresponds to that of a linearly elastic beam that can twist but can deform
in just one plane; while the model found from the von Karman energy is a non-linear model that
comprises stretching, bendings, and twisting. The “constrained” von Karman energy, instead,
leads to a new Sadowsky type of model.
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1. INTRODUCTION

Geometrically a ribbon is a body with three length scales: it is a parallelepiped whose length
¢ is much larger than the width e, which, in turn, is much larger than the thickness h. That is,
£ > e > h. Since two characteristic dimensions are much smaller than the length, ribbons can
be efficiently modelled as a one-dimensional continuum, see [14]. In the literature, two types of
one-dimensional models are found: rod models and “Sadowsky type” models. We shall mainly
discuss the latter, since we work within that framework; for rod type models we refer to [7] and
the references therein.

So far, “Sadowsky type” models have been deduced starting from a plate model, that is, from
a two-dimensional model obtained from a three-dimensional problem by letting the thickness A go
to zero. Starting from a Kirchhoff plate model, a one-dimensional model for an isotropic elastic
ribbon was proposed by Sadowsky in 1930, [15, 20]. The model was formally justified in 1962 by
Wunderlich, [23, 26], by considering the Kirchhoff model for a plate of length ¢ and width ¢, and
by letting € go to zero. The justification given was only formal, since it was based on an ansatz
on the deformation. Wunderlich’s technique is quite ingenious, but it leads to a singular energy
density; we refer to [17] for a rigorous analysis of the so-called Wunderlich energy. A corrected
Sadowsky type of energy was derived in [9] and generalized in [1, 10].

A third approach, which partly justifies the two approaches mentioned above, is to let the width
€ and the thickness h go to zero simultaneously. By appropriately tuning the rates at which ¢
and h converge to zero, one obtains a hierarchy of one-dimensional models: in [11, 12] several rod
models have been deduced, and in a forthcoming paper we will show that also “Sadowsky type”
models can be obtained.

Before describing the contents of the present paper, we point out that the literature on ribbons
is really blooming in several interesting directions, see, for instance, [2, 3, 4, 6, 8, 18, 21, 22].

Our starting point are the von Karman plate models, whereas the papers quoted above have the
Kirchhoff plate model as a starting point. The von Karmén model for plates has been successfully
used in [5] to describe the plethora of morphological instabilities observed in a stretched and
twisted ribbon.

The von Kéarmén plate equations, formulated more than a hundred years ago [24], have been
recently justified by Friesecke, James, and Miiller [13]. These authors consider a three-dimensional
non-linear hyper-elastic material in a reference configuration ), = S. x (—%,2) with a stored
energy density W : R3*3 — [0, +00) satisfying standard regularity and growth conditions. In [13]
the set S, is quite general, but in this introduction, in order to be consistent with the previous
discussion, we take S = (—£/2,¢/2)x(—¢/2,e/2). Then, the energy associated with a deformation
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y: Qp — R3 is given by
E'y)= | W(Vy)de
Qp

By scaling the elastic energy per unit volume " /h ~ h#, with § a positive real parameter, in [13]
a hierarchy of plate models has been derived (by letting h go to zero) by means of I'-convergence
theory. The larger § is, the smaller the energy becomes. Therefore, heuristically, for large 3 the
limit of the rescaled energy should produce the linear plate equation. This is indeed corroborated
n [13]. Still in the same paper it is shown that for § = 2a — 2 and for the regimes a > 3,
a =3, and 2 < a < 3 three different I'-limits are obtained that correspond to von Karman type
of energies.

Precisely, denoting by u : S — R? and v : S — R the in-plane and the out-of-plane displace-
ment fields, respectively, the three asymptotic energies are as follows (see [13, Theorem 2]):

(LvK). for a > 3 we have the “linearized” von Kédrmén theory, where v = 0 and v minimizes the

functional
ILUK . / 2
=91/, @V

with Q2 : R2%2 — [0, +00) the positive definite quadratic form of linearized elasticity, see
Remark 2.5 for a precise definition;
(vK). for @« = 3 we have the von Kadrman theory, where the in-plane and the out-of-plane

displacements v and v minimize the functional
1 1
SE

(CvK). for 2 < o < 3 we have the “constrained” von Kdrméan theory, in Wthh the functional

ICvK . 24 / QQ VZ

has to be minimized under the non-linear constraint
Vu+ (Vu)' + Vo ® Vo =0, (1.1)
or, equivalently, the functional I¢¥¥ has to be minimized under the constraint
det(V2v) =0
(which is, in turn, necessary and sufficient for the existence of a map u satisfying (1.1)).
The existence of minimizers and the characterization of the Euler equations for constrained von
Karmén plates have been studied in [16].

By letting h go to zero, the three-dimensional domain Q) = S. X (—%, %) is “squeezed” to
become S.. In this paper, we consider the von Karman energies and we let € go to zero, still by
means of I'-convergence, to find one-dimensional models for elastic ribbons in the von Karman
regimes. In this way, the two-dimensional domain S, = (—¢/2,€/2) x (—¢/2,¢/2) is “squeezed”
to the segment I = (—¢/2,£/2), which we parametrize with the coordinate x;. In the limit, the
in-plane displacement v : S. — R? generates two displacements: an axial displacement &; : I — R,
and an orthogonal “in-plane” displacement &5 : I — R. The out-of-plane displacement v : S; — R,
in turn, generates an “out-of-plane” displacement w : I — R and the derivative of v in the direction
orthogonal to the axis leads to a rotation 9 : I — R. The limit energies that we find in the three
regimes are the following:

(LvK) the limit of the “linearized” von Kérmdn energy is

1
JEK (. 9) = ﬂ/Ql(w”,ﬂ’) dxy;
I

(vK) the limit of the von Kdrmén energy is

JUE(¢ /Qo 51

Y o+ o | (Qol€)) + Qu(w”, 9) o
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(CvK) the limit of the “constrained” von Kdrmén energy is
1 [
JOK (w,9) == —/Q(w",ﬂ')dml.

Here Q1,Qo, and @ are energy densities whose precise definition can be found in Section 2; see
Remark 2.5 for the specialization of these energies in the isotropic case.

We note that, since @ is quadratic, the functional (LvK) corresponds to the energy of a linearly
elastic “three-dimensional beam” in which the section S. is unstretchable: the energy is simply
due to the “out-of-plane” bending of the axis and to the torsion of the cross-section orthogonal
to the axis. The limit functional (vK) is non-linear and penalizes stretching and both bendings of
the axis, as well as the torsion of the cross-section. The functional (CvK) is sometimes called the
energy of a beam with large deflections, see [25]. Despite the appearance, the energy functional
(CvK) is very different from that of (LvK). Indeed, in contrast to @1, the energy density @ is not
quadratic. It incorporates into its definition the non-linear constraint (1.1) that appears into the
two-dimensional model (CvK).. The energy density Q agrees with the corrected Sadowsky energy
density found in [9] in the isotropic case, and with that found in [10] for the general anisotropic
case. To the best of our knowledge, the model (CvK) is new.

We conclude this introduction by pointing out that the statements of the results and the precise
definitions are given in Section 2, while Section 3 is exclusively devoted to the the proofs of these
results.

2. NARROW STRIPS

Let £ > 0, let I denote the interval (—£/2,¢/2), and let S. = I x (—¢/2,e/2) with € > 0. For
u € WH2(S,;R?) and v € W22(S.) we consider the scaled von Kérmén extensional and bending
energies

11

3 (u,v) = 52/SQ2(EU+ Vv®Vv>dx gbem (v _524/ Q2(V?v)

where Eu = %(Vu + VuT) is the symmetric part of the gradient of the in-plane displacement u,
while V2v denotes the Hessian matrix of the out-of-plane displacement v. The energy density

Q2 : ngxnz] [0, 400) is assumed to be a positive definite quadratic form.

To simplify our analysis we rewrite the energies over the domain S := Sy = I x (—1/2,1/2).
More precisely, we introduce the scaled versions y : S — R? and w : S — R of u and v, respectively,
by setting

Y121, 22) == ur(w1,ex2),  y2(21,22) == eug(w1,ex2), w(T1,72) 1= v(2T1,872),
and define the scaled differential operators

e o1y 2*15(31242 + O2y1)
y = :
2*15(32241 + 01y2) 6%322&

1 02w 12w
vsw = (81107 gaQ'UJ)a ng = ( 1 €12 ,

%aglw 6%822210
so that
Efy(x) = Bu(xy,ex3), Vow(z) = Vou(zy,exs), Viw(z)= V2v(z,exs).
By performing the change of variables in the energy integrals we have that J&**(u,v) = J& (y, w)

and g% (v) = Jb"(w), where

JE (y,w) /Q2 Efy+ v w®V w) J (w) = 24/Q2 Viw) (2.1)
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Since we do not impose boundary conditions, we require the displacements to have zero average
and, for the out-of plane component, also zero average gradient. That is, we shall work in the
following spaces: for every open set Q C R® with @ = 1,2, we consider

W<10>2(Q) = {g e Wh3(Q): /Qg(x) doe = 0},

W<20>2(Q) = {g € W22(Q): / g(x)dz =0 and / Vg(z)dr = 0},
Q Q
and similarly we define W<10’>2 (;R?).
Our first result is about compactness of sequences with bounded energy; the limit of the in-plane
displacements will belong to the space of two-dimensional Bernoulli-Navier functions defined by

BN)(S;R?) : = {g € Wil (S;R?) : (Eg)i2 = (Eg)2z = 0}
={g € Wi (S;R?) : & € Wii(I) and & € W (I) N W>3(I) such that
g1(z) = &1 (1) — 2285(21), ga(x) = Ea(21)},

where the second characterization can be obtained by arguing as in [19, Section 4.1].

Lemma 2.1. Let (w.) C W<20>2(S) be a sequence such that

sup J2" (w.) < oo. (2.2)
€

Then, up to a subsequence, there exist a vertical displacement w € W<20>2 (I) and a twist function
0 € Wi(I) such that

(0
we — w in W*%(9), Vow, — (w',9) in WH2(S;R?), (2.3)
and
Viw. — (1:;7 g) mn LZ(S;R;XHQ‘) (2.4)
for a suitable v € L?(9).
Moreover, if (ye) C W<1O’>2(S;R2) is a further sequence such that

sup JE (ye, w.) < oo, (2.5)
€

then, up to a subsequence, there exists y € BN<0>(S;R2) such that
ye — y in WH2(S;R?).
Also,
Efy. — E in L*(S; R0
for a suitable E € L*(S;R2%2) such that E11 = 01y .

sym

The rest of this section is devoted to state the I'-convergence results starting from the simpler
case of the linearized theory (LvK)., and proceeding in the order of increasing difficulty to consider
the standard and the constrained models (vK). and (CvK)., respectively.

2.1. The linearized von Karman model. In order to state our first convergence result we need
to introduce some definitions. Let @1 : R X R — [0, 4+00) be defined by

Qi(s.7) = min {Qu(M) : M = (” T)}.

vER T 7
Let JEvK - WEH(I) x Wi (I) — R be defined by
1
JEE (w,09) == —/Ql(w”ﬁ')dm.
24 /,

Theorem 2.2. Ase — 0, the functionals J*" T'-converge to the functional J*VX in the following
sense:
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(i) (liminf inequality) for every sequence (w.) C W<20’>2(S), w € W<20’>2(I), and ¥ € W<10’>2(I)
such that we — w in W2(S), and Vowe — (w',9) in WH2(S;R?), we have that
liIEIL}(r)lf Jbem(w.) > JEE (w, 9);

11) (recovery sequence) for every w € WZ2(I) and 9 € W22(I) there exists a sequence we) C
(0) (0)
W<20>2(S) such that we — w in W22(S), Vew. — (w',9) in WH2(S;R?), and
limsup J*" (w.) < JEK (w,9).
e—0

2.2. The von Karman model. The statement of our second convergence result needs some
further definitions. Let Qg : R — [0, 4+00) be defined by

Qol) = minQi(n.) = _min_ {Qa(M) ¢ M= (“ )}

(z1,22)€ER? 21 22

Let JU : BNy (S;R?) x W57

J K (y, w,9) /Qo 81y1+

(I) x W10’>2(I) — R be defined by

||2

dx +*/Q1 w"ﬁ)dzl

Theorem 2.3. As ¢ — 0, the functionals J?X = Je=t + Jbe™ T-converge to the functional JUK
in the following sense:

(i) (liminf inequality) for every pair of sequences (y.) C W<10’>2(S’; R?), (w) C W<20’>2(S), y €
Ny (S;R?), w € W<20’>2(I), and ¥ € W<10>2(I) such that y. — y in WH2(S;R?), w, — w
in W22(S), and Vew, — (w',9) in WH2(S;R?), we have that
hg{)lf J:K(ysa we) > JUK(ya w, Y);

(ii) (recovery sequence) for everyy € BNy (S;R?), w € W<20>2( ) and ¥ € W10>2 (I) there exists
a pair of sequences (ye) C W<10’>2(S; R?), (we) C W<20>2(S) such that y. — y in WH2(S;R?),
we — w in W22(S), Vow. — (w',9) in WH2(S;R?), and

lim sup J:K(ysa we) < JUK(ya w, ).
e—0

2.3. The constrained von Karman model. The constrained von Karméan energy of a dis-
placement v € W<20’>2(S€) such that det V20 = 0 a.e. in S. is %" (v). We observe that the map w,
defined over the rescaled domain, belongs to the space

W22 (8) = {w e W2(S): det VZw =0 a.e. in S}.
(0 €

det,e )

We set JOUK : W22 (S) = R the functional JEVK (w) = Jb" (w).

det,e

Let Q: R x R — [0, +00) be defined by

Qs.7) = min { Qa(M) +a* (det M) " +a (det M)~ : M = (K T) 2

vER T
where
at :=sup{a >0: Q2(M)+ adet M >0 for every M € Rsyxnzl
and

a” ==sup{a>0: Q2(M)— adet M >0 for every M € Rsyxrﬁ .
Let JOUK : Wi(1) x Wi (I) — R be defined by

1 —
JOE (w,9) := ﬂ/Q(w”,ﬁ')dazl.
I

Theorem 2.4. Ase — 0, the functionals JEVE T-converge to the functional JEVX in the following
sense:
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(i) (liminf inequality) for every sequence (we) with w. € WjéiE(S), w € W<20’>2(I), and 9 €

W<10’>2(I) such that w. — w in W%2(S), and V.w. — (w',9) in WH2(S;R?), we have that

lim inf JEE () > JOE (w, 9);

(i) (recovery sequence) for every w € VV<20>2 (I) and ¥ € W<10’>2(I) there exists a sequence (we)
with w, € Wj’Q (S) such that we — w in W22(S), Vew. — (w',9) in WH2(S;R?), and

et,e

limsup JEK (w.) < JOK (w, 0).
e—0
Remark 2.5. The quadratic energy density )2 can be computed from the non-linear energy
density W of the material, also mentioned in the introduction, by first computing the quadratic
energy density Qs, see [13],

W
(NF.F)= Y -7 ()F;Fu, FeR>™,

O*w
Q3(F) =
ik l=1 OF:j0F

COF?
and then by minimizing over the third column and row:

Q2(A) == min{Q3(F) : Fop = Anp  «,B8=1,2}, A e R2X2

sym *

If the energy density W is isotropic, the quadratic energy density Q3 has the following repre-

sentation: .
F+F
Q3(F) ZZU‘FSymIQ"‘/\(Fsym'I)Qa Fsym ::T

where p and A are the so-called Lamé coefficients. A simple computation then leads to

3x3
€ R°*°,

2uA
_ 2 72 2x2
Q2(A) = 2u|A)? + 2u+/\(A 1), A e Ry

The energy densities Q1,Qo, and Q, may be found to have the following representation

Q1(k,7) = Eyr® + 4pur?,

where Ey := ui‘jii)‘ is the Young modulus of the material,
Qo(r) = BEyr?,
and ) b
1_ DM if k] > |7],
EQ(H,T) = K2
4D7? if || < |7,
where D := 3#((2?;7\)) is the bending stiffness.

3. PROOFS

This section is devoted to prove the theorems stated in the previous section. For a given function
u € L'(S), we shall denote by (u) the integral mean value of u on S, that is,

(uy == %/Su(x) dz.

We use the same notation to denote the average over I of functions defined on I.

Proof of Lemma 2.1. Let (we) C I/V<20>2 (S) be a sequence of vertical displacements of S satisfying
(2.2). This bound and the fact that Q2 is positive definite imply that

107 wellL2(s) + lle™ 0FawellL2(s) + e 205we || 25y < C (3.1)
for any e. Since

/Swe(x) dx =0, /SVwE(m) drx =0
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for every € > 0, by Poincaré-Wirtinger inequality the sequence (w.) is uniformly bounded in
W?22(S). Therefore, there exists w € W<20’>2(S) such that w® — w weakly in W22(S), up to a
subsequence.

By the previous bound, V(¢~!'d,w.) is a bounded sequence in L?(S;R?) and, by Poincaré-
Wirtinger inequality, also (6710w, ) is bounded in L?(S). It follows that w is independent of xo
and there exixts 1 € W<10’>2(S) such that e 1w, — ¥ weakly in W12(S), up to a subsequence.
Moreover, also ¢ is independent of x5.

By (3.1), up to subsequences, we have that VZw. converges to a matrix field A weakly in
L2(S; RSVXH% ). By using the convergences established above, it follows that A1; = w” and Ao = .
The entry Ass, that cannot be identified in terms of w and 1, is denoted by + in the statement.
This proves (2.4).

We now prove the second part of the statement. The bound (2.5) implies that

1
HEy +5Vew. ® Vawe| <€ (3.2)

for any e. Since (VZw,) is bounded in L?, we have
[Vewe @ Vewe| g2 < C|||ng5|2||Lz = C||V5wa||2L4 < C(HaleHQM + ||5_182w8H%4)
< C(|Vorwe|zs + Ve~ dowe|[72) < ClIVEwe|[7. < C

for any e, and the third to last inequality follows by the imbedding W'2(S) C L7 ¥ q € [2, +00)
and Poincaré-Wirtinger inequality. Together with (3.2), this implies that the sequence (E€y.) is
bounded in L?.
By the definition of E¢ and Korn-Poincaré inequality we have that
[9ellwr> < CllEye|2 < CllEyell2 < C. (3.3)
Hence, up to subsequences, there exist £ € L?(S;R2X2) and y € VV1 2(S R?) such that

sym
Efy. =~ E in L*(S;RZ%2),
ye =y in WH2(S;R?).
By the definition of E€ and (3.3) we have that
(Bye)iz = 0= (Ey)i2, (EYc)az — 0= (Ey)az;
hence, y € BNy (S;R?). Finally, the observation that (E°y.)11 = 01(y)1 — &1y1 in L*(S)
concludes the proof O

Proof of Theorem 2.2—(i). Let (w;) C W<20>2(S) be such that w. — w in W?2(9), and V.w, —
(w’,9) in WH2(S;R?), for some w € W<20>2(I) and 9 € VV<10’>2 (I). Without loss of generality, we can

assume that liminf._, Jé’en(ws) < +00. By Lemma 2.1 we infer that, up to subsequences,

1 /
V2w, — (%, i) =: M, in L*(S;R%:2)

for some v € L?(S). By weak lower semicontinuity and the definition of Q; we have

lim iglf Jben(w,) = lim inf i/ Q2(Vw,) dx
e—

> 24/Q2 dm>—/Q1 w9 dey = JEE (w,9).

Proof of Theorem 2.2-(ii). Let w € W<20>2(I) and ¥ € W<1d>2(I). We set
w// /19/
M= ( v > ’

Qu(w", V') = Qa(My).

where v € L?(I) is such that
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The fact that v belongs to L?(I) follows immediately by choosing My = w”e; @ e; + 9’ (e1 @ ea +
e2 ® e1) as a competitor in the definition of ()7 and by using the positive definiteness of Qs.

Let 9. € C>(I) be such that [, 9.(z1)dzy =0, 9. — ¢ in W(I), and €9/ — 0 in L*(I). Let
7. € C(I) be such that v. — v, ey, — 0 and 24" — 0 in L?(I). Let

2

ws(x) = w(xl) + 5-752195($1) + %

It turns out that w. € W<20>2(S) and, by the convergences above, we have w. — w in W22(S),
Vowe = (w',9) in WH2(S;R?), and V2w, — M, in L?(S). Moreover, by strong continuity we
have

(x§’78($1) - <$%7€> - x1<$%’y;>) (34)

ben - " LuvK
glg%)!] (wg)—iln(l)%/QgVwa)da:—%:/Qlw ,9) doy = T2 (w, 9).

O

Proof of Theorem 2.3-(i). Let (y.) C W<10’>2(S;R2), (we) C W<20>2(S) be such that y. — y in
W2(S;R?), we = win W?2(S), and V.w, — (w',9) in W2(S;R?), for some y € BNy (S; R?),
w € W<20>2(I) and 9 € W<10’>2(I). As usual, we can assume that liminf. o J* (ye, w.) < +o0o and
by Lemma 2.1 we deduce that, up to subsequences,

w// ,19/
¥y

Efy. = E and Viw. — < ) : M, in L*(S;R35%)

for some E € L%(S;R2X2) with Ey; = d1y1, and v € L?(S). Moreover, by the convergences above,

sym

1
—(w',9) @ (w',9) in L*(S;R2X2).

Eeys + §V€wa ®@V.w. = E+ 2 sym

Then, by lower semicontinuity, we have

1 1 .
liggiélf T K (ye,we) > lirn i(I)lf —Je(Ye,ws) + lim i(IJlf 2—(]1”“(105)

= hmlnf /Q2 Efy. + Vw5®V ws)derhmmf—/Qg V “we) dx

vV

/Q2E+ (w',9) ® (wﬂ dm—i— /QQ

v

/Qo Oy + o |w\ dx+ /Qlw”ﬂ)dfﬁ
= J"(y,w,9).
O

Proof of Theorem 2.3-(ii). Let y € BNy (S;R?), w € I/V<20’>2(I)7 and ¥ € W<10’>2(I). As before,
there exists v € L?(I) such that the matrix

w// 19/
Mo :< vy )

Qu(w",0') = Q2(M,).
There exist & € W<10’>2(I) and & € W<10’>2(I) N W22(I) such that yi(z) = & (1) — 22&5(21) and
ya(x) = &(w1). Moreover, there exists z € L?(S;R?) such that the matrix

M. ( i + 3lw'* = ) _ < & (21) — 2285 (21) + 3w’ (21)]* = )

satisfies

21 ) 21 zZ2
satisfies

Qo0 + 5w’ P?) = Q0L
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It is easily seen that 2; and 2z, depend linearly on d;y; + %|w'|2. Since 01y (z1, 22) + %|w’(az1)|2 =

& (z1) — 228y (x1) + 3|w'(z1)|?, there exist {, € L*(I) and n, € L*(I) such that
za(@1,22) = Cal1) + 22m0(21), =12

Let w. be as in the proof of Theorem 2.2-(ii) (see (3.4)), and let (5, 5 € C*°(I) be such that
CE = (o and 78, — 1, in L2(1) and e¢5’ — 0 and en’ — 0 in L2(I). Let us define

(Y (w1, 20) = &i(w1) = a&s(x1) + (a3 (1) — (2377)),
eha(wnrs) = o) +e( [ QG —w@0) ds (| @) —w(5)0(s) ds))
52 (265 (1) — () + 5 (235 (1) — (@3n5)-

Then it is easy to check that

1
Efye + 5Vew: © Vew: — M. in L?(S;RZX2).

sym

Thus, by strong continuity,

— : ext i
tig I ) =t (51 <yf»w6>+24=’ (w:)
= lim /Qg Efy. + VwE®VwE dx—l——/QQVng)dx)
e—0

- /Qz dx+—/Q2

= */Qo 31y1—|—7|w| d1‘+*/Q1 (w”,9") dxy
2 /g 2
= JK(y,w,9).
O
The proof of the I'-convergence theorem 2.4 is based on a relaxation result for a quadratic

integral functional with a constraint on the determinant, that has been proved in [10, Proposition 9]

and recalled here for reader’s convenience.
Let B be a bounded open subset of R™. Let Q : B x R2X2 — [0, +00) be measurable in the first

sym
variable and quadratic in the second. Define the functional
F: L? (B;RZ:3) — [0, 400

by
/ Q(z,M(x))dr if det M =0 a.e. in B,
B

otherwise.

Theorem 3.1 ([10]). The weak-L? lower semicontinuous envelope of F is the functional

F: L? (B;R2:2) — [0, +00)

sym

given by
F(M) = /B (Q(z, M(x)) + a*t(z)(det M (z))" + a™ (z)(det M (z))~) du,
where for every x € B

a®(z) :=sup{a>0: Q(z,M)+ adet M >0 for every M € ngxlg

and
a”(z) :=sup{a > 0: Q(x,M)— adet M >0 for every M € R2X2}.

sym
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Proof of Theorem 2.4—(i). Let (we) be such that w. € Wje’iE(S), we — w in W22(9), and
Vowe — (w',9) in WH2(S;R?), for some w € W<20>2(I) and ¥ € W<1d>2(1). Under the assump-
tion that liminf,_,q J;’K (we) < 400, by Lemma 2.1 we deduce that, up to subsequences,

w’ 9N .

v (4 0) s
for some v € L?(S). Since det V2w, = 0, an application of Theorem 3.1 with Q(z, M) := Q2(M)
and B = S shows that

1 1 . ,LU// ,19/ 1 .
. CvK — i L 2 > - > = " gl )
llgélfJE (we) llIEIl)l(I)lf 24]:(V5w5) > 24.7: <19, ’Y) e IQ(w ,9") dxy
Therefore, we conclude that
liminf JEK (w.) > J(w,9).

e—0

Proof of Theorem 2.4—(ii). Let w € W<20>2(I) and ¢ € W<10’>2(I). We set

w// 19/
Moe ( b ) ,
where v € L?(I) is such that
@(w”, 9) = Qa( M) + oﬁ(det M)Jr +a (det M)~.

As before, the fact that v belongs to L?(I) follows immediately by choosing My = w"e; @ e1 +
¥ (e1 ® ea + ea ® e1) as a competitor in the definition of @ and by using the positive definiteness

of QQ.
By Theorem 3.1 with Q(z, M) := Q2(M) and B = I, there exist M7 € L?(I;R%%2) with

. sym
det M7 = 0 and such that M7 — M weakly in L*(I;R2%?) and F(M7) — F(M), as j — co. We
can also assume that M7 € C>(I; ngxxﬁ) The proof of this fact relies on a construction described

in [9, Theorem 2.2—(ii)]. We give here full details for convenience of the reader. Suppose that
(M,,) be a sequence of matrices with the same properties of (M7) apart from the regularity, and
denote by )\, € L?(I) the trace of M,. Since M, is symmetric with det M,, = 0, there exists
Brn = Bn(z1) € (—7/2,7/2] such that

M. — < cos B, —sinf, ) ( A O ) ( cos B3, sinf, )
"7\ sinf, cosfB, 0 0 —sinf, cosfB, )’
and 3, is uniquely determined if A, # 0. When A\,(z1) = 0, we set 8,(z1) = 0. We may
assume without loss of generality that A\, € L°°(I), possibly after truncating )\, in modulus
by n, while M, still enjoys the same properties as before. We can find A, € C°(I) and
Bni € C°(I;(—7/2,7/2)) such that, as k — 00, Apx — Ap and B, — By in LP(I) for every
p < 4o00. Set

Mo [ oS Brk —sinfBnk Ank O cos fBnr  SinfBn
mk = sin Bne €08 Bk 0 O —sinB,x cosBni /)
Then, det M, ;, = 0 for every n, k and M,  — M, in L*(I;RZ%2), as k — oc.

Thus, by a diagonal argument, we may assume that there exist N € () and g7 € C>=(I)
such that |87 < 7/2 on I, and with

Mo cos 37 —sinf? Moo cos 37 sin B
T sinfB?  cos 0 0 —sinB?  cos B’
Y cos? 37 sin 87 cos 37
- sin 87 cos 37 sin? 37
we have that M7 € C>(I; R2%2), det M7 = 0 for every j, M7 — M in L*(I; R2%2), and F(M;) —
F(M), as j — oc.
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For all j = 1,2,... and all k, I € {1,2} we define My, (z1) := [ M, (s) ds,

w (1) = /wl(:cl — )M, (s) ds — %/ (/t(t — )M\ (s) ds) dt = a1 (M),
0 1 ~Jo
and , .
W (21) = M]m(xl) - <Mj12>
It is clear that w? — w weakly in W22(I) and 9/ — ¢ weakly in W12(I), as j — oo. Moreover,

wi € Wi(I) and 97 € W i2(I).

After extending 87 smoothly to all of R, still satisfying |57] < 7/2, we define o/ := 5 + 37,
@(51) = cosal (&)er +sinal (€1)ey and (&, &) := Ereg + {253'(51).
Observe that, by the definition of b and since (w?)” = M{, and (99) = M,
(W) 75 _
< (99’ b =0. (3.5)
Arguing as in [10, Lemma 12], we see that for every € < &/ the matrix V®7 (&1, &) is invertible for
|&2| < &, and the map (®7)~!: S. — R? is well defined. For such ¢ define 27 : S. — R by setting

ﬂ@ﬂﬁ@g>w@0+@@@o-6§éﬁv. (3.6)
We clearly have
27(-,0) = w. (3.7)

Moreover, taking derivatives in (3.6) and using (3.5), we obtain

vw@ﬂfV@jz(uﬂy@n+ngY@n-C%Qé%ﬁ,zn&).C%Qg§D>

_ (e’
= (")) v
Since V®/ is invertible for small |£;], we conclude that for small |&;] and all &
i (@i _ (W) (&)
Ve (99(61,62) = ( o > (3.8)

Taking the derivative with respect to £, we conclude that
V22 (®(&1,6)) V(&) = 0.

In particular, the kernel is nontrivial, so det V229 = 0on S.. Since M7 b o= 0, in particular we
have that (V227(-,0) — M7) b’ = 0. But from (3.7) we see that

e1 - (VQZj(-,O) — Mj) e1 = aflzj(~,0) - (wj)” =0.
Since ey - b # 0 and since (V227(-,0) — M?) is symmetric, we conclude that
V22(-,0) = M. (3.9)

Finally, for ¢ small enough we define @/ : S — R by w!(z1,22) = 27 (x1,e5). From (3.7) it
follows immediately that w! — w? strongly in L?(S), as ¢ — 0. Moreover, since

Vezﬂg (z) = A\ (z1,ex2),

equation (3.8) implies that V.w! — ((w?)’,97) strongly in W'?(S;R?), as ¢ — 0. In particular,
denoting by F. € R? the average of V.w! over S, we have

lim F. — I ((wj.)/) (1) dz; =0,
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by definition of w’ and ¥/. Similarly, denoting by c. the average of wl over S, we have c. — 0.
Hence the functions w? : S — R defined by
. — X
wl(z) = wl(z) — F; - <€x2) — e,
still satisfy w? — w’ strongly in L?(S) and Vow? — ((w?)’,97) strongly in W12(S;R?). Moreover,
wl € VV<20’>2 (S) by definition of F. and c..
Finally, since 4 4 4
V2wl (z) = V20! (x) = V229 (21, ex2),
we have that w! € W22 (S). By (3.9) we deduce that VZw! — M7 strongly in L*(S;R252), a
€ — 0. Hence,

1 . 1 )
CvK j _ 2 ] — J — J
ili%‘] (w?) hr% 51 / Q2(Viwl(z))dx o /SQQ(M (x))dz 24.F(M ).
Therefore, by taking diagonal sequences we obtain the desired maps. O
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