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ABSTRACT. The variational capacity cap,, in Euclidean spaces is known to enjoy the
density dichotomy at large scales, namely that for every £ C R™,

capp(E N B(z,r), B(x,2r))
wern  cap, (B(x,r), B(x,2r))

is either zero or tends to 1 as 7 — co. We prove that this property still holds in un-
bounded complete geodesic metric spaces equipped with a doubling measure supporting
a p-Poincaré inequality, but that it can fail in nongeodesic metric spaces and also for the
Sobolev capacity in R™.

It turns out that the shape of balls impacts the validity of the density dichotomy.
Even in more general metric spaces, we construct families of sets, such as John domains,
for which the density dichotomy holds. Our arguments include an exact formula for
the variational capacity of superlevel sets for capacitary potentials and a quantitative
approximation from inside of the variational capacity.

1. INTRODUCTION

In extending a result of Hayman and Pommerenke [HP78] and giving a characterization
of analytic functions mapping the unit disk into a given planar domain 2, Stegenga [St80]
came across a dichotomy property of the logarithmic capacity, namely that if £ C R? is
the complement of a planar domain, then its logarithmic capacity density with respect to
a radius r > 0 either tends to 0 or to 1 as » — co. The property that the complement
of Q has its logarithmic capacity density tending to 1 at global scales characterizes the
property that analytic functions from the unit disk to €2 belong to the class BMOA.

In [AI15] the first author, together with Itoh, studied such a dichotomy property of the
global capacity density for the variational p-capacity, 1 < p < oo, in weighted Euclidean
spaces. In this note we investigate the same problem in the nonsmooth setting of metric
measure spaces, where it is considerably more complicated and subtle. It turns out that
the dichotomy fails in general, and that the shape of balls plays a significant role.

Fix 1 < p < oo and let (X, d, 1) be an unbounded complete metric measure space with
a doubling measure p supporting a p-Poincaré inequality. It is known that such a metric
space is L-quasiconvex for some L > 1, i.e., for all x,y € X, there exists a rectifiable
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curve 7y connecting x and y with length ¢(v) < Ld(z,y). (See Section 2 for this and other
facts mentioned in this introduction.) Define the inner metric di, by

(1.1) din (2, y) = inf £(7),

where the infimum is taken over all rectifiable curves 7 connecting x and y. It follows
from the L-quasiconvexity that d(z,y) < di,(z,y) < Ld(x,y). Moreover, arc length with
respect to the given distance d and with respect to the inner metric d;, are the same, and
thus X is a geodesic space (i.e., 1-quasiconvex) with respect to dj,.

Now let £ C X and 7 > 1. We study the following global lower capacity densities

ENB B
D(r,7,E) = inf cap,( (z.7), Bz, 7r))
eeX  cap,(B(z,r), B(z, 7))

E ﬂ Bin P 9 Bin 9
Dorr. E) = inf cap,,( (z,7), Bin(z,77))
eeX  cap,(Bin(z,7), Bin(z,77))

Here B(z,r) = {y € X : d(z,y) < r} and By, (z,7) = {y € X : din(z,y) < r} denote the
ordinary and inner balls, respectively, and cap,, is the variational capacity (see (2.1)).

It is easy to see that, as r — oo, the limit of D(r, 7, E) and that of Dy, (r, 7, E') are com-
parable (see Lemma 3.2). However, they have different nature. We show that Dy, (r, 7, E)
has the same dichotomy as in the Euclidean case found in [AI15, Corollary 1.5, whereas
D(r, 7, E') does not have such a dichotomy in general. More precisely, we have the following
two theorems.

Theorem 1.1. For every E C X one of the following statements holds:

(i) img oo Din(R, 7, E) = 0,

(ii) impg oo Din(R, 7, E) = 1.
Furthermore, the two possibilities listed above are independent of T > 1, and (i) holds if
and only if any of the following equivalent conditions is satisfied:

(a) limgoo D(R, T, F) =0,

(b) D(r,1,E) =0 for all r > 0,

(¢) Diy(r,7,E) =0 for all r > 0.

Theorem 1.2. There exists a complete unbounded metric measure space (X, d, i) sup-
porting a 1-Poincaré inequality with p doubling and E C X such that

0< li}gninfD(R, ,E) <1 forallT>1.
—00

The above counterexample to the dichotomy arises from the lack of geodesics with
respect to the ordinary metric. Although by the quasiconvexity of X, an ordinary ball
B(z,r) and an inner ball By, (x,r) satisfy

(1.2) By (z,r) C B(x,r) C Bu(z, Lr),

and thus are comparable, the ordinary balls may be oddly shaped. This illustrates the
difference between Theorems 1.1 and 1.2. As was observed in [AI15], uniform approxi-
mation of capacity from inside plays an important role for the dichotomy of the global
capacity density. Such an approximation property can be verified for domains satisfying
an interior corkscrew condition, see Section 6 for details. To further understand this phe-
nomenon we introduce the notion of capacitarily stable collections of sets in Section 8 and
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show that the dichotomy holds for such collections. We also give examples of capacitarily
stable collections, including one consisting of John domains.

Even though there is no dichotomy of the type above for D(R, 7, E), we have the
following weak dichotomy.

Theorem 1.3. Let 7 > 1. Then there is a constant A > 0, depending only on 7, p and
X, such that for every E C X one of the following statements holds:

(i) limpoo D(R, T, E) =0,

(i) liminfr o D(R, T, E) > A.
Furthermore, the two possibilities listed above are independent of T > 1, with the exception
that the constant A depends on 7.

One may ask if there can be a similar dichotomy for other capacities as well. In [AI16]
the first author observed that the Riesz capacity of order o (0 < a < 2) in the Euclidean
space has the same dichotomy property. On the other hand, we show in Example 7.2 that
the Sobolev capacity C, has neither dichotomy nor weak dichotomy even in the linear
case p = 2 on unweighted R". It would be interesting to characterize capacities whose
global densities have dichotomy.

The outline of the paper is as follows. In Section 2 we introduce the necessary back-
ground from nonlinear analysis on metric spaces. In Section 3 we recall some basic
estimates for the variational capacity and use them to deduce comparison results for the
capacity density functions D and D;,. In Section 4 we deduce an identity for the capac-
ity of superlevel sets for the capacitary potentials. Similar estimates have earlier been
obtained in [BMSO01], but here we obtain an exact identity.

In the subsequent two sections, we give the proof of Theorem 1.1, through the use of a
number of simpler lemmas. Also Theorem 1.3 is obtained therein. In Section 7 we give
the key counterexample yielding Theorem 1.2, and another counterexample showing that
there is no dichotomy for the Sobolev capacity.

Finally, in the last section we define capacitarily stable collections, show that they
satisfy a dichotomy, and give examples of such families, including families of John domains
and families of domains satisfying the interior corkscrew condition.

2. NOTATION AND PRELIMINARIES

We assume throughout the paper that 1 < p < oo and that X = (X,d,pu) is an
unbounded complete metric space equipped with a metric d and a doubling measure p,
i.e., there exists C' > 0 such that for all balls B = B(zg,r) := {x € X : d(x,z0) < 1}
in X,

0 < u(2B) < Cu(B) < oo.
Here and elsewhere we let AB = B(zo, Ar). We will also assume that X supports a
p-Poincaré inequality, see below, and that {2 C X is a nonempty bounded open set.

Proofs of the results in this section, as well as historical comments, can be found in the
monographs [BB11] and [HKST15].

We will only consider curves which are nonconstant, compact and rectifiable (i.e., have
finite length), and thus each curve can be parameterized by its arc length ds. A property
is said to hold for p-almost every curve if it fails only for a curve family I" with zero
p-modulus, i.e., there exists 0 < p € LP(X) such that f,y pds = oo for every curve v € I,

Following [KM98] and [HK98| we introduce weak upper gradients as follows.
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Definition 2.1. A measurable function g : X — [0, 00] is a p-weak upper gradient of a
function f: X — [—o0, 00] if for p-almost every curve v : [0, 4(y)] — X,

FO0)) = Fr(E))] < / gds,

Y

where the left-hand side is considered to be oo whenever at least one of the terms therein
is infinite.

If f has a p-weak upper gradient in LP(X), then it has an a.e. unique minimal p-weak
upper gradient gr € LP(X) in the sense that for every p-weak upper gradient g € LP(X)
of f we have gy < g a.e., see [S01]. Following [S00], we define a version of Sobolev spaces
on the metric space X.

Definition 2.2. For a measurable function f : X — [—o0, o], let

1/p
1 llwio o) = (/ |f’l’d,u+inf/gpdu) ,
X 9 Jx

where the infimum is taken over all p-weak upper gradients g of f. The Newtonian space
on X is

NYP(X) = {f : [fnrocx) < oo}

The space N'"?(X)/~, where f ~ hif and only if || f — h||y1»(x) = 0, is a Banach space,
see [S00]. In this paper we assume that functions in N'?(X) are defined everywhere (with
values in [—00,00]), not just up to an equivalence class in the corresponding function
space. Note that a modification of an N'?(X)-function on a set of measure zero does not
necessarily belong to N'P(X).

The (Sobolev) capacity of an arbitrary set £ C X is

Cp(E) = igf ||u||§v1,p(x)a
where the infimum is taken over all w € N'P(X) such that v > 1 on E. A property
holds quasieverywhere (q.e.) if the set of points for which the property does not hold has
capacity zero. The capacity is the correct gauge for distinguishing between two Newtonian
functions. If u € N(X), then u ~ v if and only if u = v q.e. Moreover, if u,v € N"P(X)
and u = v a.e., then u = v q.e.

Definition 2.3. We say that X supports a p-Poincaré inequality if there exist constants
C > 0 and A > 1 such that for all balls B C X, all integrable functions f on X and all
p-weak upper gradients g of f,

1/p
15 = faldn < Cdiam(®) (][ g”du) |
B AB

where fg:= f, fdu = [, fdu/u(B).
From now on we assume that X supports a p-Poincaré inequality.

Let Q@ C X be open. We define the wvariational capacity cap,(E,) of E C € by

(2.1) cap,(F, Q) —inf/ggdu,
v Jo
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where the infimum is taken over all u € N'(X) such that v = 1 q.e. on E and u = 0
everywhere on X \ ; we call such functions admissible. (One can equivalently assume
that u = 1 (quasi)everywhere on E and v = 0 (quasi)everywhere on X \ 2.)

If there is an admissible function u (which happens if and only if cap, (£, {2) < 00), then
there is also a minimizer of the problem (2.1) and it is unique up to sets of capacity zero.
Moreover, there is a unique minimizer u$: which is also lower semicontinuously reqularized
in €2, i.e.,

uB(z) = essii_rglcinf uB(y) = ll_f)f(l) (eg(sx%gf u%), x €.

This unique minimizer u$ is the capacitary potential of E in Q; it is also referred to as the
capacitary potential for capp(E ,€)). When it exists, the capacitary potential u$} satisfies

(2.2) cap,(E,Q) = / 9 dit,
Q

where gp is the minimal p-weak upper gradient of u$}. By definition u$(x) = 0 for x ¢ Q.

Under our assumptions, (X, d) is L-quasiconvex, with L depending only on p and X.
Here and below, when we say that a constant depends on p and X we really mean that
it depends on p, the doubling constant and the constants in the p-Poincaré inequality.
It follows from the quasiconvexity that the inner metric (as defined in (1.1)) is indeed a
metric on X. Moreover, arc length for curves is the same with respect to d and d;,. Thus
the class of p-weak upper gradients of a function is also the same with respect to both
metrics, and as a consequence N'P(X) is the same for both metrics. Moreover, (X, diy, 1)
satisfies our doubling and Poincaré assumptions, and thus the theory is directly applicable
also with respect to dj,.

We say that two nonnegative quantities a and b are comparable, and write a ~ b, if
a/C < b < Ca for some constant C' > 1, where the constant C' is referred to as the
constant of comparison.

3. COMPARISON OF GLOBAL LOWER CAPACITY DENSITIES

We recall some well-known estimates for the capacity in balls.

Lemma 3.1 ([BB11, Proposition 6.16 and Lemma 11.22]). Let 0 < a < b. Then
(3.1) cap, (B(z,ar), B(x,br)) = r " u(B(z,r)),

where the constant of comparison depends only on a, b, p and X. Moreover, if 1 < s < t,
then

(3.2)  cap,(E,B(z,tr)) < cap,(E, B(z,sr)) < Ccap,(E, B(z,tr)) for E C B(z,r),

where C' > 1 depends only on s, t, p and X.
The corresponding estimates with respect to the inner metric also hold.

Using the estimates above, we can show that D(r, 7, ') and D;,(r, 7, E) are comparable
in the following sense.

Lemma 3.2. Let 7,7 > 1. For everyr >0 and E C X we have

(3.3) Din(r, 7, E) < CD(r, 7, E) < C*Dyy(Lr, 7, E),

where C' > 1 depends only on 7, p and X, and L is the quasiconvezity constant. Moreover,
D(r,7,E) ~D(r,7,E) and Dy(r,7,E)~Dy(r,7, E),
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where the constants of comparison depend only on 7, 7/, p and X.

Proof. In view of (1.2) and Lemma 3.1 we see that
cap,(E N Bin(z,7), Bin(x, 1)) =~ cap, (£ N Biy(7, 1), Bin(x, 7Lr))
< cap,(E N By(x,r), B(x,77))
< cap,(E N B(z,r), B(z,7r))
and
cap,(E N B(x,7), B(x,Tr)) ~ cap,(E N B(x,r), B(x,7Lr))
< cap,(E N Bi(x, Lr), B(z,TLr))
< cap,(E N Bi(x, Lr), Bin (v, 7L1)),
with constants of comparison depending only on 7, p and X. Hence (using (1.2) and (3.1)
to see that the denominators are comparable),
cap,(E N Biy(x,7), Bin(z,77)) - C’,capp(E N B(z,r), B(z,77r))
cap,(Bi(z,7), Bi(x,7r))  — cap,(B(x,r), B(x, 1))
< CWcaupp(E N By (x, Lr), Bin(z, 7Lr))
- cap,(Bin (v, L), Bin(x, 7Lr))

Taking the infima with respect to z € X yields (3.3). The last assertion follows directly
from (3.2) (and the corresponding estimate in the inner metric). d

4. CAPACITY OF SUPERLEVEL SETS OF A CAPACITARY POTENTIAL

In this section we evaluate the capacity of superlevel sets of the capacitary potential,
which may be of independent interest.

Proposition 4.1. Let E C Q) with cap,(E,2) < oo, and ug be the capacitary potential of
EinQ. ForO< M <1lletEy ={z€Q:ug(x)> M} and By = {x € Q:up(x) > M}.
Then

cap,(Eu, 1) = MP cap,(F,Q), if0<M <1,
cap,(E}, Q) = M Pcap,(E,Q), if0<M<1.
This result was obtained for weighted R" (with a p-admissible weight) in [HKMO06, p.

118]. Their argument depends on the Euler-Lagrange equation, which is not available in
the metric space setting considered here. Nevertheless, the weaker estimate

(4.1) cap,(E, Q) ~ M'P cap,(E, Q)

was obtained in [BMSO01, Lemma 5.4] via a variational approach. Our proof of Propo-
sition 4.1 is also based on the variational method, yet it yields the sharp identity in
the metric space setting and is shorter than the earlier proofs of (4.1) and the proof in
[HKMO6, pp. 116-118].

Proof. For simplicity, write gg for the minimal p-weak upper gradient of ug. It follows
from [BB11, Lemma 11.19] that
1

(4.2) cap,(Er, ) = capp(Efw,Q) =
O<up<M

gndp, f0<M<1
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The second equality in (4.2) also holds when M = 1 (and is easier to deduce than for
M < 1). Hence, by (2.2), it suffices to show that

(4.3) / gpdp =M / 9p dp-
0<up<M 0<up<1

For 0 < ¢ < 1 define the piecewise linear function ®;(s) on [0, c0) by
t
= for 0 < s < M,
M 1-1

Pi(s) = ¢+ 1_M(3—M) for M <s <1,

1 for s > 1.

We note that gg vanishes a.e. on each level set {z € Q : ug(z) = t}. Therefore, for each
0 <t <1 we see that vy(z) := ®;(ug(x)) is admissible for cap,(F,2) and

w(t)'—/gpdu—(i)p/ gpdqu(l_t)p/ 9 dp
. Q v M O<up<M g 1-M M<up<1 L .
By definition, ®,(s) = s for 0 < s < 1, and so vy (z) = ug(x). Hence
p(t) = p(M) = / 9 dp = cap,(E, Q)
O<ug<l1

with equality for ¢t = M. In particular ¢'(M) = 0. Since
() = 2 VN pd— i :
() = 9 dp — 9p dit,
Mp O<up<M g (1 - M)p M<up<l e

it follows from ¢'(M) = 0 that

1 1 1
P P p p
Vi g dp = i 9 dp = ”(/ gdﬂ—/ gdu>,
O<up<M g 1 - M<up<l g 1 - O<ug<l1 g O<up<M B

which yields (4.3). O

5. LOWER ESTIMATE OF CAPACITY DENSITY

We now use Proposition 4.1 to deduce estimates for the ratio of capacities in terms of
the infimum of the corresponding capacitary potential.

Lemma 5.1 (cf. [AI15, Lemma 4.2]). Let A, E C Q with cap,(A, Q) > 0 and cap,(E, ) <
o0o. Then the capacitary potential ug of E in € satisfies

cap,(E, Q) ) 1/(p=1)
cap,(4,Q)
Proof. If infqup = 0, then (5.1) holds trivially. Now suppose that M = infqug > 0.
Then A C E}; :={x € Q:ug(x) > M}. Proposition 4.1 yields

cap, (A4, Q) < cap,(E),,Q) = M' P cap,(E,Q),
which readily gives the required inequality. U

. ' <
(5.1) H}‘qu < <

When A is a ball, there is a converse inequality to (5.1) up to a multiplicative constant
depending only on p and X. Let A = 100\ with A > 1 being the dilation constant in the
p-Poincaré inequality.
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Lemma 5.2 ([BB11, Lemma 11.20]). There exists 0 < Cy < 1, depending only on p and
X, such that if E C B(x,r), then the capacitary potential ug of E in B(x, Ar) satisfies

< cap,(E, B(z, Ar)) )1/(101)
cap,(B(x,2r), B(z, Ar)) '

inf ug > Cy
B(z,2r)

In metric spaces such an estimate was obtained in [BMS01, Lemma 5.6] and [B08,
Lemma 3.9] under additional assumptions. For the reader’s convenience, we sketch how
this can be proved using Proposition 4.1.

Sketch of proof. Let M = supyp(,on ur and let Ey = {z € B(x,Ar) : ug(z) > M},
Then by the minimum principle (see [BB11, Proposition 9.4 and Theorem 9.13]), we get
that Eyr C B(z,2r). Hence by Proposition 4.1,

M cap, (B, B(w, Ar)) = cap, (i, B(z, Ar)) < cap,(B(z,2r), B(z, Ar)
so that

VS cap,(E, B(z, Ar)) 1/(:0—1)'
cap,(B(z,2r), B(z,Ar))

Finally using weak Harnack inequalities it can be shown that infp(, 2,) up > CoM, see the

proof in [BB11]. O

The following lemma is a variant of a comparison principle for capacitary potentials
and will be useful when proving the subsequent results.

Lemma 5.3. Let V C ) be open and let E' C E C Q be arbitrary sets such that E' C V,
cap,(E',V) < oo and cap,(FE,Q) < co. Let uY, and u$t be the corresponding capacitary
potentials and assume that 1 — u% <aondV with0<a<1. Then 1 — u% <a(l-— ug,)
in V.
Proof. By the minimum principle, u$t > 1 — a in V. Hence

vi=(uE—1)+a>0 inV,
and it is easily verified that v is the lower semicontinuously regularized solution of the
obstacle problem (see [BB11, Definition 7.1]) in V' with the obstacle axg and boundary
data v > 0 on V. Applying the comparison principle ([BB11, Lemma 8.30]) to v and
auy, shows that

(up —1)+a=v>auy inV,

from which the lemma follows. U
For an open set U we let dy(x) = dist(z, X \ U) and define the e-interior U, of U by
(5.2) U.={zeU:dy(x)> e}

[terating Lemma 5.2, we obtain the following lemma.

Lemma 5.4. Let U C €) be open, 0 <n <1, and r > 0. Suppose that E C U satisfies
cap,(E N B(z,7), B(x, Ar))
cap,(B(x,2r), B(z,Ar))

If k is a positive integer and Ugp, # 0, then
(5.4) 1—ult < (1= Con/®=DV% in Upa,,
where 0 < Cy < 1 18 as in Lemma 5.2.

(5.3) >n  for every x € Up,.



DICHOTOMY OF GLOBAL CAPACITY DENSITY IN METRIC MEASURE SPACES 9

Proof. Since 0 < Cy < 1 we see that 0 < 1 — Con'/®=1) < 1. Take an arbitrary point
x € Uy, and let B = B(x,r). By Lemma 5.2 with £ N B in place of E and by (5.3) we
see that the capacitary potential usZ, of E N B in AB satisfies
(5.5) 1—uply <1-Cyy/® Y in B.
We prove (5.4) by induction on & using (5.5). Since dy(x) > Ar, we see that AB C U C ,
and hence by Lemma 5.3 and (5.5),

1—u? <1—ubB, <1-Cun/® Y inB.

Since x € Uy, was arbitrary, we obtain (5.4) for k = 1.

Now let k£ > 2 and assume that (5.4) holds with £ — 1 in place of k. Let x € Uga, be
arbitrary. Another application of Lemma 5.3 (with V = AB and a = (1 — Cyn!/P=D)k=1),
together with (5.5), shows that

L—ug < (1= Con/ D)1 —uifp) < (1 - Con'/®"V)* in B,

which, due to the arbitrariness of z € Ugy,, amounts to (5.4). This completes the induc-
tion. Ol

Lemmas 5.4 and 5.1 (the latter with Ugy, and ENU in place of A and E) readily give the
following lower bound for the ratio of capacities. (For x € Uy, we have ENUN B(x,r) =
E N B(z,r) so that (5.3) holds with E N U in place of E for such x.)

Corollary 5.5. Let U C €2 be open, 0 <n <1 and r > 0. Suppose that £ C X satisfies
(5.3). If k is a positive integer and Uyp, # 0, then

cap,(ENU,Q)
cap, (Urar, 2)

Remark 5.6. Results analogous to those in this section for the inner metric follow imme-
diately, as seen from the discussion in the penultimate paragraph of Section 2.

> (1= (1= Cyn /= Dyrp,

In the next section, we shall see that, if R is large, then cap,(Bin(z, R—kAr), Biy(z, TR))
is close to cap,(Bi (7, R), Bin(z, 7R)) uniformly for € X. This property does not hold
for ordinary balls. This is the reason why D;,(r, 7, F) has dichotomy and yet D(r, 7, E)
does not.

6. UNIFORM APPROXIMATION OF CAPACITY FROM INSIDE AND PROOF OF
THEOREM 1.1

Let U be an open set and recall from (5.2) that U. = {x € U : dy(x) > €} is the
e-interior of U. We also define the e-neighborhood of U by

(6.1) Ule] = {z € R" : dist(z,U) < €}.

The main aim of this section is to prove Theorem 1.1. In order to do so we will show
that the capacity of U. approximates the capacity of U, under suitable assumptions on U.

Definition 6.1. Let 0 < k < 1 and 0 < R; < Ry. We say that U satisfies the interior
corkscrew condition with parameters x, Ry and Ry if

reUand Ry <r <Ry = UnNB(z,r) contains a ball of radius 7.
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Remark 6.2. For R > 0, Bi,(z, R) satisfies the interior corkscrew condition with parame-
ters 1/2L, 0 and R. The same is not true in general for ordinary balls, cf. Proposition 7.1.

Lemma 6.3. Suppose that U satisfies the interior corkscrew condition with parameters
k, 0 and Ry. Let 0 < e < kRy/2. Then:

(i) For everyx € U and 2e/k < r < Ry, the set U.N B(x,r) contains a ball of radius
kr/2. In particular, U, satisfies the interior corkscrew condition with parameters

k/2, 2¢/Kk and Ry.
(ii) U C U.[2¢/kK].
Proof. (i) Let x € U and 2¢/k < r < Rs. By hypothesis there is a ball B(y,kr) C
U N B(x,r). This means that oy (y) > kr > 2¢, so that

ou.(y) = 0u(y) —e > Kr — % =5

Hence B(y,kr/2) C U.N B(x,r).
(ii) Let = € U and apply (i) with r = 2¢/k. We find a ball B(y,e) C U. N B(z,2¢/k).
Then y € U, and d(z,y) < 2¢/k, so that x € U.[2¢/k]. O

Lemma 6.4. Suppose that U C ) satisfies the interior corkscrew condition with param-
eters r, Ry and Ry < dist(U, X \ Q). If j > 1 and Ry/N > Ry, then

cap,(U[Ry/N], Q)
cap, (U, )
where 0 < 1, < 1 depends only on k, p and X.

< (1 - ni)lipu

Proof. Let x € U be arbitrary. In view of Lemma 3.1, we find 0 < n < 1 depending only
on x, p and X such that if x € U, then

cap,(U N B(x,r), Bz, Ar))
cap,(B(z,2r), B(z,Ar))
This, together with Lemma 5.2, yields for Ry < r < R,
(6.2) 1—u, <1—CopV/®V =y, in B(z,r),
where u, is the capacitary potential of U N B(z,r) in B(z,Ar) and 0 < 7, < 1 depends
only on s, p and X. Let uy be the capacitary potential of U in 2. We shall show that
(6.2) implies
(6.3) 1—uy <7’ in B(x, Ry/N)
whenever Ry/A7 > Ry. To start with, note that Lemma 5.3 (with V = B(z, Ry/A) and
a=1) and (6.2) imply
I —uy <1 —wupyn <1 in B(z, Ry/A),

i.e., (6.3) holds for j = 1. Now let j > 2 and assume that (6.3) holds with j replaced by

j—1. As Ry/N > Ry, we know that (6.2) holds for r = Ry/A?. Now, applying Lemma 5.3
with V' = B(x, Ry/A™) and a = /!, yields

L—uy <l "1 —upyn) <l in Bz, Ry/N),

>n forall Ry <r < Rs.

which proves (6.3) also for j. Since x € U was arbitrary, we conclude that
UlRy/N) C{rx € Q :uy(x) >1-nl}.
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Hence Proposition 4.1 yields the required inequality. O

By Lemmas 6.3 and 6.4 with U, in place of U we immediately obtain the following
approximation of capacity from inside.

Lemma 6.5. Suppose that U C ) satisfies the interior corkscrew condition with param-
eters £, 0 and Ry < dist(U, X \ Q). Let 0 < 1,2 < 1 be the constant in Lemma 6.4
corresponding to /2. If j > 1 and ¢ < kRy/2N, then
capp(U, Q)
Capp(U57 Q)

Proof of Theorem 1.1. In view of Lemma 3.2, it is sufficient to show that if D(r, A, E') > 0
for some r > 0, then limg_,o Din(R, 7, F) = 1. Note that D(r, A, E') > 0 implies (5.3) for
some 0 < n < 1. Take an arbitrary positive number a@ < 1 and find a positive integer k
such that

S (1 - Ui/Q)l_p-

(1—(1— Conl/(p—l))k)p—l > q,
where Cj is the constant from Corollary 5.5. By Remark 6.2, By, := By, (z, R) satisfies the
corkscrew condition with parameters k = 1/2L, 0 and Ry = min{1, 7—1}R. Corollary 5.5,
together with Lemma 6.5 (and U = By, Q = 7By, = Bi(z,7R) and € = kAr), then
implies that

ca EnN Bim Bin ca Bin T Bin
Din(R, T, E) = inf Py 7Bin) cap,(Bin)sar, 7Bin)
zeX Ca‘pp((Bil’l)k:A’l’7 TBin) Capp(Bina TBin)

> a(l - 77,2/2)’?_1,

where j is the maximal integer such that
kmin{l,7 — 1} R

kAr < .

2\J
Letting R — oo (and thus j — 00) and then o« — 1 shows that limg_, Din(R, 7, E) = 1,
since clearly Dy, (R, 7, E) <1 for all R > 0. O
Proof of Theorem 1.3. This follows directly from Theorem 1.1 and Lemma 3.2. O

7. COUNTEREXAMPLES AND PROOF OF THEOREM 1.2

In this section we shall first construct an example (X, d, ) for which the dichotomy
for ordinary balls does not hold. Let BT (z,r) = {y € B(z,r) : y" > 2"} with z =
(x',...,2") € R™. This is the open upper half ball in R" with center at x and radius 7.
The half-open lower half ball is denoted by B~ (z,r) := B(z,r) \ Bt (z,r).

Let z; = (47,0,...,0) and R; =2/, j = 1,2,.... Let X = R\ J;2, B*(2;, R;) and let
d(x,y) be the restriction of the Euclidean distance to X. We write Bx(z,7) = {y € X :
d(z,y) < r} for the open ball with center at = and radius r in X with respect to d(z,y).
Observe that Bx(x,r) = B(z,7) N X with B(z,r) being the Euclidean ball with center at
x and radius r. Let p be the restriction of n-dimensional Lebesgue measure on X. Then
i is doubling on X. Moreover, X is the closure of a uniform domain in R™ and hence
supports a 1-Poincaré inequality, by [BS07, Theorem 4.4] and [AS05, Proposition 7.1].
We will denote the variational capacities with respect to X and R" by cap, and capff"7
respectively.

Proposition 7.1. Let 1 <p <mn and T > 1. In the situation described above the following
assertions hold true:
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(i) The balls Bx(z,7) fail the uniform approzimation of capacity. More precisely, if
p >0, then R;j/(R; + p) 11, as j — oo, and yet for 27 > 4max{r, p},

cap,(Bx(z;, R;), Bx(x;, 7(R; + p)))
cap,(Bx (zj, R; + p), Bx (25, 7(R; 4 p)))

where C' s independent of p.
(ii) No dichotomy property, with respect to the balls Bx (x,1), holds for the set

<C<l1,

(7.1) E = U B(z,6), where0<d<3i, H= UB+(Ij,Rj)[%]

z€Z"\H j=1

and Bt (z;, R;) [%] is the L-neighborhood of BT (x;, R;), here taken with respect

to R, see (6.1) and Figure 1. More precisely,

(a) D(2y/n, 7, E) > 0,
(b) 0 <liminfg .o D(R, 7, F) < 1.

FIGURE 1. No dichotomy holds for X = R"\|J72, B*(;, R;) with E being
the union of all small black balls.

Proof. From the construction, the balls {B (:cj, 54 )}jil are pairwise disjoint. To prove (i)
let p > 0and 2/ > 4max{, p}. Then B(z;, 7(R;+p)) C B(z;,247), and thus B(z;, 7(R;+
p)) does not intersect any of the balls B(xy, Ry), k # j. Hence
cap,(Bx (z;, Ry), Bx (2, TR;)) < cap,” (B~ (x;, R)), B(x;, TR;)),
(7.2)
Capp(B)((l’j, Rj + p)a BX<xj7 T(Rj + p))) = Cap;l?n(B(x% Rj + :0)7 B(ZL‘]‘, T<Rj + p)))a
which, together with translation and dilation for capy , yields

cap,(Bx (z;, R)), Bx (z;, TR;)) < Rj " cap,” (B~(0,1), B(0, 7))
cap,(Bx(zj, Rj + p), Bx(;, 7(R; + p))) — (B; + p)"~Pcapy” (B(0,1), B(0,7))
cap, (B~(0,1), B(0,7))

- capp "(B(0,1),B(0,7))

(7.3) = C <1

Thus (i) follows.
For the proof of (ii), let 0 < § < i and note that if x € X, then there exists ' € X \ H
such that d(z, 2’) < % Now, by going at most length 1 in each of the coordinate directions,
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we can find z € Z" N (X \ H) such that d(2', z) < y/n. Tt thus follows from Lemma 3.1
that
cap,(E N Bx(z,2v/n), Bx(x,27y/n)) > cap,(Bx(z,0), Bx(z,47y/n))
> (' cap,(Bx(z,0),Bx(z,3)) =" cap]}lfn (B(2,6),B(z,%)) = C"6"?,

where C” and C” depend only on n, p and 7. Taking infimum over x € X, we obtain (a).
It then follows from Lemma 3.2 and Theorem 1.1 that

liminf D(R, 7, E) > C" liminf Dy, (R, 7, E) = C" > 0,
R—oc0 R—o0

where C"" depends only on n, p and 7. By (7.1) we have
ENBx(xzj,Rj+6) C B (z;,R; +9).
Moreover, if 2/ > 47, then (7.2) with p = ¢ yields as in (7.3),
cap,(E N Bx(xj, R; + 0), Bx(z;, 7(R; +6))) _ capy (B~(0,1),B(0,7))
cap,(Bx(zj, R; +9), Bx(z;, 7(R; +6))) — CapE"(B(O7 1), B(0,7))

< 1.

Hence

R™ _
cap, (B7(0,1), B(0,7))
D(R; +0,7,F) < —=~ <
(07 B) < om0, 1), B,) -
so that liminfg o D(R, 7, E) < 1. Thus (b) is proved. O

The following example shows that the Sobolev capacity C, has no dichotomy nor a
weak dichotomy similar to the one in Theorem 1.3. Define

Co(r . Cpo(EN B(x, 1))
P B = 6B n)

We are interested in the behavior of D% (r, E) as r — oo.

Example 7.2. Let X = R" (unweighted) and 1 < p < co. Note that pu(E) < C,(E)
for every measurable set E. For B(x,r) and r > 1 we can test the capacity with u(y) =
(1 —dist(y, B(x,7)))+, which shows that

(7.4) rwy = p(B(x,1)) < Cp(B(x,7)) 2+ (2r)"w, = 2" "w,,

where w,, = pu(B(0,1)). Let M > 10, A = (MZ)" = {...,—M,0,M,...}" and Ey =
U,ea B(2,1). Also let z € X.

Using (7.4) with » = 1 and estimating the number of balls B(z,1) in Ey N B(z,7),
r > 10M, gives

(Mﬁ) wn < (B, 7) 0 Ear) < Cy(B(z, ) N Eag) < (M) 21, = 2(M) .
Combining this estimate with (7.4) shows that
1 6\"
W S h;giolc’)lfpcp(’f’, EM) S ligizlppcp(r, EM) § 2(M) .

It follows that, by varying M, liminf, .o, D% (r, Ej;) can take at least a countable number
of different values in the interval [0, 1], including the end points since D% (r, X) = 1 and
D% (r,)) = 0 for all 7. Most likely it can take any value in the interval.
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8. DICHOTOMY AND CAPACITARILY STABLE COLLECTIONS

In studying the proof of Theorem 1.1, it turns out that dichotomy holds for many
more families of sets than the family of inner balls. In this section we first extract the
key properties such a family might have and then demonstrate dichotomy under these
assumptions. We then proceed to give examples of such capacitarily stable families.

Definition 8.1. A collection 4 of bounded open subsets of X is capacitarily stable if
there exist constants 7 > 1, v > 1 and a function ¢ : (0,00)? — (0, 1] such that:

(i) For every ball B C X we can find U € 4 such that B C U C vB.
(ii) For each U € 4 there exists a ball By C X such that By C U C vBy.
(iii) For every p, R > 0 and every U € 4 with diam(U) > R we have

cap, (Up, U”)
— = >1- R
cap,(U,U*) — #lp, B),
where U, is the p-interior of U as in (5.2), and U* := 7y By.
(iv) For every p > 0,
lim ¢(p, R) = 0.
R—o0

Definition 8.2. Given a capacitarily stable collection Ll with parameters 7, v and ¢, we
set for r > 0 and £ C X,

DY(r,E) = inf capy(E 2 %*U )
rSdiar[rjl(Eg)SZPyr Capp( ’ )

Note that since X (under our assumptions) is connected and unbounded we have that
r < diam(B(z,r)) < 2r for every ball B(x,r). Hence, because of (i), the collection
{U € ¢ :r < diam(U) < 2yr} is nonempty, and thus D¥(r, E) < oo (and so < 1).
A capacitarily stable collection 4 might be associated with more than one choice of the
parameters 7 and . Different choices of 7 and « impact the value of D%(r, E). However,
the value of D"(r, F) is independent of the choice of ¢.

We are now ready to obtain the main dichotomy result for capacitarily stable collec-
tions. Since X is unbounded it follows from Definition 8.1 (i) that supyc diam(U) = oo
whenever 4l is a capacitarily stable collection, and thus it makes sense to consider the
limits R — oo in Theorem 8.3 and Corollary 8.4 below.

Theorem 8.3. Let 4 and ' be capacitarily stable collections of bounded open sets in X,
T>1, and E C X. Then the following statements are equivalent:

(a) D4(r, E) >0f07“30me7“>0

(b) limg_,0o D (R, E) =

(¢) limp_0o D¥ (R, E) = 1

(d) limpg—yoo Din(R, 7, E) = 1.

As an immediate corollary we obtain the following dichotomy.

Corollary 8.4. Let i be a capacitarily stable collection of bounded open sets in X. Then
for every E C X one of the following statements holds:

(i) limp_o DM R, E) = 0,

(i) limg 0o DY(R, E) =

Furthermore, these two possibilities are independent of L and its associated parameters.
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Note also that by appealing to Theorem 1.1 we can directly obtain several further
statements equivalent to those in Theorem 8.3.

For the dichotomy to hold what happens at small scales is irrelevant. We could there-
fore have associated yet another parameter Ry > 0 with capacitarily stable collections,
requiring (i) and (iii) in Definition 8.1 to hold only for diam(B) > Ry resp. R > Ry.
The implications (a) = (b), (¢), (d) in Theorem 8.3 would then hold provided that r is
sufficiently large (depending on Ry). A drawback would however have been that here, as
well as in results similar to Theorems 8.5 and 8.6, one also would have to consider possible
enlargements of this parameter. We have refrained from this generalization.

Proof of Theorem 8.3. To facilitate the proof we introduce one more statement that will
be shown to be equivalent to the statements in the theorem:

(e) D(r,A, E) > 0 for some r > 0.

Recall that A = 100\, where A > 1 is the dilation constant in the p-Poincaré inequality.
(b) = (a) This is trivial.
(a) = (e) It is sufficient to prove that for all r > 0,

(8.1) CDY(r, E) < D(yr, A, E),

where C' > 0 depends only on the parameters of 4. Let » > 0 and = € X. By Defini-
tion 8.1 (i) we find U € U such that B(x,r) C U C B(xz,vr), and then by Definition 8.1 (ii)
we find a ball By = B(xy, ry) such that By C U C vBy. As xy € U C B(z,qr), we see
that d(z,xy) < yr, so that B(z, Ayr) C B(xy, (A + 1)yr). Similarly, d(z, zy) < yry and
thus U* = B(zy, myry) C B(x, (1 + 1)yry). Hence Lemma 3.1 shows that

cap,(E N B(z,yr), B(xz, Ayr)) > cap,(E N U, B(zy, (A + 1)yr)) ~ cap,(EN U, U")
and
cap,(U,U") > cap,(B(x,r), B(x, (T + 1)yry)) ~ cap,(B(x,yr), B(z, Ayr)).
Since r < diam(U) < 2yr, we get that

cap,(E N B(x,yr), B(x, Ayr)) - C’Capp(E' NU,U")
cap,(B(z,yr), B(x, Ayr))  — — cap,(U,U%)

> CDY(r, E).

Taking the infimum with respect to z € X, we obtain (8.1).

(e) = (b) The proof of this implication is almost the same as the proof of Theorem 1.1.
Let » > 0 be such that D(r, A, E) > 0. Note that this implies the hypothesis (5.3) of
Lemma 5.4 for some 0 < n < 1. Let U € 4 and let U* be as in Definition 8.1 (iii).
Corollary 5.5 then gives

cap,(ENU,U¥)

> (1 — (1 = Cynp'/P=ykyp=1,
Capp(UkAraU*) el ( ( o7 ) )

whenever Uy, # 0.

Take an arbitrary positive number o < 1 and find a positive integer k£ such that the
right-hand side of the above inequality is greater than «. If diam(U) > R and By =
B(xy,ry) is as in Definition 8.1 (ii), then R < 2vyry and zy € Uy, provided that kAr <
ry. Thus, Uga, # 0 whenever diam(U) > R > 2vkAr. Definition 8.1 (iii) with p = vkAr
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then yields that for R > 2p,

PYR.E)>  inf capp(EﬂU,i] )capp(Up,U*)

. cap,(U,, U*)  cap,(U,U*)

Letting R — oo and then o — 1 shows that limg_,o, D¥(R, E) = 1, by Definition 8.1 (iv).

(c) < (e) As we have now shown that (b) < (e), swapping the roles of Y and '
immediately yields (c) < (e).

(d) < (e) This follows directly from Theorem 1.1. O

> ol —¢(p, R)).

Next, we will present several useful examples of capacitarily stable collections.

Theorem 8.5. Assume that 3 is a family of open subsets of X which satisfies Defini-
tion 8.1 (1) with v > 1, and that there exists B > 0 such that every U € $l satisfies
the interior corkscrew condition with parameters k, 0 and fdiam(U). Let 7 > 1 and
7 := max{y,1/kB}. Then there is a function ¢ such that 3\ is capacitarily stable with
parameters T, v and ¢.

In view of Remark 6.2, it follows in particular that the family 4 of all inner balls is
capacitarily stable, however, note that the density D" is obtained by looking at inner balls
of diameters between r and 2vyr, while D;, is obtained by looking at inner balls of radius
r; thus these two numbers could be different for each r > 0.

Proof. For U € i, pick x € U and use the corkscrew condition to find a ball
By :=B(zy, k8 diam(U)) C U N B(z, fdiam(U)).

Then (ii) holds with 4.
To prove (iii) and (iv), let p, R > 0, set Ry = min{5,7 — 1} R and let j be the largest
integer such that

Given U € U with diam(U) > R, Lemma 6.5 with Q = U* := 74 By implies that
cap,(U,, U¥)
cap, (U, U*)

where jo = max{j,0}. Since jo > log R/log A + a for some constant a depending on «, 3,
7, A and p, this implies that for every fixed p, we have ¢(p, R) — 0 as R — oo, i.e. (iv)
holds. O

Theorem 8.6. Let L be a family of open sets satisfying (i) and (ii) of Definition 8.1. Let
B> 0. For each U € U, set

UP = {z € X : distiy(z,U) < Bdiam(U)}.
Then 4P := {UP : U € U} is capacitarily stable.

Proof. Tt can be shown as in the proof of Proposition 3.4 in [BB07] that each U” satisfies
the interior corkscrew condition with parameters x = 1/3L, 0 and 5 diam(U)/3, where L
is the quasiconvexity constant. Also, by (i) for 4, if B = B(z,r), then there is U € 4
such that B C U C vB. Since

diam(U”) < (1 + 23) diam(U) < (1 + 28)2yr =: Ar,

> (1=, > 1— max{L,p — Ly, =: 1 — o(p, R),



DICHOTOMY OF GLOBAL CAPACITY DENSITY IN METRIC MEASURE SPACES 17

we see that B C U? C 4B. Thus, (i) holds for {# as well and Theorem 8.5 concludes the
proof. Il

Remark 8.7. A particularly well shaped collection 4? is obtained if
U={B(xz,r) :z € X and r > 0}.

Then the “almost balls” B?(x,r) satisfy B(x,r) C BP(x,r) C B(x, (1 + 28)r) and are
thus closer in shape to ordinary balls than what inner balls are, cf. (1.2). By Theorems 8.3
and 8.6, dichotomy holds for these “almost balls”. If X is geodesic, i.e. for inner balls, we
have B?(z,r) = B(z, (1 + 28)r).

The inner balls are John domains, see Remark 8.11 below. It is therefore natural to
study dichotomy for John domains.

Definition 8.8. For an open set U we let dy(x) = dist(x, X \ U). Let 0 < ¢; < 1. We
say that U is a c¢;-John domain if there exists (a John center) zy € U such that each
x € U can be connected to xy by a rectifiable curve v C U with

(8.2) cil(y(z,y)) < du(y) forally €,

where y(z,y) is the subcurve of v from z to y. Such a curve v will be referred to as a
cy-John curve connecting x and zy.

We next show that John domains satisfy the interior corkscrew condition. (Note that
the only unbounded John domain is X itself which is excluded from our considerations.)

Lemma 8.9. Let U be a bounded cj-John domain with 0 < c; < 1. Then U satisfies the
interior corkscrew condition with parameters k = c%/4, 0 and diam(U).

Proof. Let xy be the John center of U. For any z € U we find a cj-John curve v
connecting = and zy, i.e., (8.2) holds. In particular, dy(zy) > cil(y) > cyd(z, zy).
Taking the supremum with respect to z € U, we obtain éy(zy) > ¢y diam(U)/2.

Now let z € U and 0 < r < diam(U). We claim that U N B(z,r) contains a ball
of radius ¢%r/4. If §y(x) > cAr/4, then U N B(x,r) D B(x,c%r/4). So, suppose that
dv(z) < Ar/4. Then

. 2
o LTI < by ) < 0y (e) + d(ew) < Dk d(rg),

so that d(x,zy) > cyr/4. Let v be a John curve connecting = and zy. We find a point
y € v with d(x,y) = cyr/4. Then 6y (y) > cil(y(x,y)) > c3r/4. Hence,

B(y,c3r/4) c UN B(z,cr/4+ cyr/4) C UN B(x,r),
as required. O

Theorem 8.10. Let J(cy) be the family of all bounded c;-John domains. If J(cs) sat-
isfies Definition 8.1 (i), in particular if 0 < ¢; < 1/L (where L is the quasiconvezity
constant), then it is capacitarily stable.

Proof. This follows directly from Lemma 8.9 and Theorem 8.5, together with the following
remark. O
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Remark 8.11. It is easy to see that if X is a geodesic space, then B(z,r) is a 1-John
domain with John center . On the other hand, the counterexample in Theorem 1.2 is
not geodesic with respect to d and an ordinary ball B(x,r) need not be a John domain.

Since X is always geodesic with respect to d,, it follows that Bj,(x,r) is a 1-John
domain with respect to d;,, and hence a (1/L)-John domain with respect to d. This, in
particular, means that for ¢; < 1/L the family J(c;) is nonempty. Furthermore, as X is
quasiconvex, the family J(c;) satisfies Definition 8.1 (i).

The following example shows that there are unbounded metric spaces with no ¢;-John
domains of large diameter, when c; is close to 1. Thus, J(cs) is not always capacitarily
stable since Definition 8.1 (i) is violated in such situations.

Example 8.12. Consider
X ={(z,y) eR*: [y —cosz| < 1},

equipped with the Euclidean metric and the 2-dimensional Lebesgue measure, see Fig-
ure 2. Since X is biLipschitz equivalent to [0, 1] x R, it follows that the measure on X is
doubling and supports a 1-Poincaré inequality.

FIGURE 2. No c¢;-John domains of large diameter if ¢; > 7/v/1 + 72,

Let © C X be a bounded domain with diam(2) > 27 + 3 and let zg = (z9,¥0) €
act as a John center. By translation of {2, we can assume that |zo| < 7. Find 2/ =
(',y") € 0N so that |2/| is as large as possible. Because of the symmetry of X and as
diam(€2) > 27 4 3, we can assume that 2’ € (km, (k + 1)n| for some integer k£ > 1 since
diam([—m, 7] x [-3,3]) < 27w 4 3.

A simple geometric argument then shows that dg(zq) < |zq] + |2/| < (k + 2)7 + 3 and
that any curve 7 in €, which connects zo with a point z = (z,y) € Q, where x > km,
intersects vertical lines of z-coordinate jm, and hence contains points z; = (jm,y;) with

ly; — cos jm| < % for j =1,...,k. Since |y; — y;+1| > 1, we conclude that

N

-1
()= ) 1z =zl =2 (k=1)V14 72

1

J
Since
5Q(ZQ>§ (k+2)m+3 T
() T (k=1)Vi+n?  VI+a2

we see that for every c; > w/+/1 + w2, there exists r > 0 such that there are no c¢;-John
domains in X with diameter at least r.

<1, ask — oo,
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