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Abstract

In this paper, we consider the gradient estimates for a positive solution of the nonlinear parabolic equation
Oru = Asu + huP on a Riemannian manifold whose metrics evolve under the Ricci flow. Two Harnack
inequalities and other interesting results are obtained.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

We continue to consider the gradient estimates for nonlinear partial differential equations after
our previous works [8,9]. Let (M, g(t)):c[0,7] be a complete solution to the Ricci flow

0;g(t) = —2Ricgy, t€[0,T], (1.1
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on an n-dimensional manifold M and consider a positive function u = u(x, t) defined on M x
[0, T'] solving the equation

du= A+ huf, t€[0,T], (1.2)

where A, stands for the Laplacian of g(¢), & is a function defined on M x [0, T] which is Cc?
in x and C' in 7, and p is a positive constant. When metrics are fixed, the study on the gradient
estimates of (1.2) arose from [4]. If p = 1, Bailesteanu, Cao and Pulemotov [1] derived the
gradient estimates and the Harnack inequalities for the positive solutions of the linear parabolic
equation d;u = A;u under the Ricci flow. In this paper, we consider the general case for the
nonlinear parabolic equation. Notice that the A, depends on the parameter ¢, and we should
study the equation (1.2) coupled with the Ricci flow (1.1). The formula (1.1) provides us with
additional information about the coefficients of the operator A, appearing in (1.2) but is itself
fully independent of (1.2).

We introduce notions used throughout this paper. Let B, 7 = {(x,1) € M x [0,T] :
dist; (x, xg) < p}, where dist;(x, xg) denotes the distance between x and a fixed point xo with
respect to g(¢). V; and | - |; stand for the Levi-Civita connection and norm with respect to g(z)
respectively.

Theorem 1.1. Suppose that (M, g(t)):ico,1) is a solution to the Ricci flow (1.1) on an
n-dimensional compact manifold M with —Kg(t) < Ricg) < K2g(t) for some K, K> >0
on Byg T, and K = max{K1, K2}. Let h(x,t) be a function defined on M x [0, T] which is C?
inxand Clint, satisfying Ath > —0 and |Vih|; <y on Bar. 1 % [0, T] for some constants 0
and y. If u(x, t) is a positive smooth solution of (1.2) on M x [0, T], then

(1) for 0 < p < 1, we have

Viul?  h 1 C 1-
Ve —l——u”_l——ﬂf—l—i-uMle-i-in K,
ur p pu " pi p? 2p*(1=p)
C 1 VK1 —
+ = (—2 + YLK+ )
p°\R R p(1—p)
3/2
n n/K
N (_> Jout, + YKy (1.3)
P p
where C| is a positive constant depending only on n and
My :=max h_, M>:=maxuP"!, h_:=max(—h,0);
Bor,1 Bor,1
@ii) for p =1, we have
Vul?  h 1 K*Cy  nk*(p—1 'S
e BT L At S Y VAL VN V)
u? o p pt~ pt p? k—p

KC, (1 JKI = kn
+ —22 <—2 + YL Ry —)
p R R pk— p)
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2k3n k2 /n
+ ———Ki+ vy v My
(k—p)p p

kn\3/? kKn —
+ <?) \/9M4+7K, (1.4)

where k > p, C3 is a positive constant depending only on n and

Ms:=max h_, Ms:=maxu?~!, Ms:= maxh.
Bar.1 Bop.T Bor.1

As an immediate consequence of the above theorem we have

Theorem 1.2. Suppose that (M, g(t))ic[o,T] is a solution to the Ricci flow (1.1) on an
n-dimensional compact manifold M. Let h(x,t) be a function defined on M x [0, T] which
isCrinxand Clint.

(i) For 0 < p < 1, assume that h > 0, |Vh|; <y, Ath >0, and —Kg(t) < Ricg) < K2g(t)
for some positive constants y, K1, Ko with K = max{K1, K;}, along the Ricci flow. If u is a
smooth positive function satisfying the nonlinear parabolic equation (1.2), then

|V,ul? N hopoy_Lu _ Ci LG Cel n e
—— + —u - <=4+ ——K]
u? o p pu " pr p*d-p p? 2p*(1—p)
VK
+ "Ii LM (1.5)

for some positive constant C| depending only on n, where M :=maXxpx[0,T] ub=l,

(ii) For p =1, assume that —K1g(t) < Ricg(r) < K2g(t) for some positive constants K1, K,
with K :=max{K1, K>}, h >0, A;h > —0 (0 is nonnegative), and |V;h|; <y (y is nonnega-
tive), along the Ricci flow. If u is a smooth positive function satisfying the nonlinear parabolic
equation (1.2), then

|Veul?
u2

u C -
+h=" <240 (14K +K+y+Vb) (1.6)

for some positive constant C» depending only on n.

(iii) For p > 1, assume that — K1 g(t) < Ricg () < K2g(t) for some positive constants K1, K,
with K := max{Ki, K2}, Ath > =0, |Vih|; <y, and —k1 < h < k, where 0,y,k;,ky > 0,
along the Ricci flow. If u is a bounded smooth positive function satisfying the nonlinear parabolic
equation (1.2), then

2 2 3

M+ﬁup—1_lﬂ<(£) 9+<5) £,

5 <
u p pu p) t p) k—p

K\N° (= k k\?
+ <—) Cs3 K+—K1)+(— n(p — DkoM
P k—p P

K3 k2 kn\3/?
" i (—”) VoM, (1.7)
k—p p p

kM +
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for some positive constant C3 depending only on n, where M :=maxpx[0,T] uP~Vandk > p. In
particular, taking k =2p, we get

Voaul?> h lu, C —
|;2|f+;u1)*‘ pu’<—4+c4(1+1<1+1<)

+ Cap? [k + k)M -+ y VM + VoM, (1.8)
for some positive constant Cy4 depending only on n.
Another type of Harnack inequality is the following

Theorem 1.3. Suppose that (M, g(t))ico,1] is a solution to the Ricci flow (1.1) on an
n-dimensional compact manifold M, satisfying —K1g(t) < Ricg) < K2g(t) for some posi-

tive constants K, K> with K := max{K, K»2}. Let h(x,t) be a nonnegativeﬁmction defined on

M x [0, T] which is C* in x and C" in 1, Ach+ h, —2C,, ,,p'vfh”'f >0on M x [0, T] (where

Cnp= % ifp>landCyp=nifp<1),and0<p =< 2n 7 (n>3). If u is a positive solution
of (1.2), then

|Voul?
uz

+h 1 2 u; - C +8n[?+8n 2n K+ 4n P (1.9)
e — 1 1 .
P pu~ pr p*  p>\pQ2-p) pQ2—p)

for some positive constant C depending only on n.

2 ~7 and n > 3 for a technical reason. In [4], the restriction
is 0 < p < .%7. When the metric evolves by the Ricci flow, additional terms in the computation

- < %5 However, both restrictions contain the critical
point p = 1.
This theorem has three important consequences.

Corollary 1.4. Suppose that (M, g(t))ie[o,7] is a solution to the Ricci flow (1.1) on an
n-dimensional compact manifold M, satisfying 0 < Ricg) < Kg(t) for some positive con-
stant K. Let h(x,t) be a nonnegative function defined on M x [0, T] which is C 2 in x and

C1 int, Ach+hy — 2Cnpplv’h|’ >OonMx[0 T](whereC,,p— Lo ifp>1land Cpp=n

Vaul? b o,y 2u _ C  8n

u

for some positive constant C depending only on n.

Corollary 1.5. Suppose that (M, g(t))ic[o,T] IS a solution to the Ricci flow (1.1) on an
n-dimensional compact manifold M, satisfying —K1g(t) < Ricg) < K2g(t) for some positive

constants K1, Ky with K := max{K|, K»}. Let h(x,t) be a nonnegative function defined on

M x [0, T] which is C2 in x and C" in t, Agh+ hy —2Cy pp YL > 0 on M x [0, T (where
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Cnp= %
of (1.2), then

u(xz, ) n\ /P 1 . i Coa2
— > = exp| — — min / ly (H)|;dt
u(xy, t) 4] 2p yed(xy,t1,x2,1)

141

- (LR+2 -2 kL k (1.11)
— 4n — .
2 p r\ p2—p) 2—p !

for some positive constant C depending only on n, where (x1,1t1), (x2,t2) € M x [0, T] with
t < tp, and O(xy, 11, x2, 1) is the set of all the smooth paths y : [t1, t2] = M connecting x|
to x».

< 2nzﬁ1 (n > 3). If u is a positive solution

When K| = 0, we have the following

Corollary 1.6. Suppose that (M, g(t))icjo,7] is a solution to the Ricci flow (1.1) on an
n-dimensional compact manifold M, satisfying 0 < Ricgq) < Kg(t) for some positive con-
stant K. Let h(x,t) be a nonnegative function defined on M x [0, T] which is C? in x and

Clint, Ah+hy —2Cu pp YL > 0 0n M x [0, T (where Cop=3L5if p>1andCpp=n
ifp<l),and0<p < 2;1211 (n > 3). If u is a positive solution of (1.2), then
—C/p
u(xy, ) ) 1
7Z<—) exp /Iy(t)lzdt——(tz—h)
u(xy, tr) 1 2p VGO(XI 1)

for some positive constant C depending only on n, where (x1,1t1), (x2,12) € M x [0, T] with
1 <nh.

2. Auxiliary lemmas
Suppose u is a positive solution of (1.1). As in [4], we introduce a new function
W=u1, 2.1
where ¢ is a positive constant to be determined later. For convenience, we always omit time
variable t and write O, for the partial derivative of Q relative to ¢. For example, throughout this
paper, A, V, | - | mean the correspondence quantities with respect to g(¢). Write
O:= A - 3;.

A simple computation shows that

VW =—qu 97 'Vu, |[VW? = ¢*u272|Vu|?,
Wy =—qu 9 u;, AW = q(g+Du92|Vu|> —qu 9" Au.
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The relation (2.1) yields

VW2 W,

2 _ A
Vul T ewe T T i

and hence

AW =q(q + DOWHHvuP? —gwitlaay

Vw|?
=q(q+ 1)W1+2/qq2WT2/q —gW' TV Ay
1|VW?
zi%_qwlﬂ/un. (2.2)
q

From the equation (1.1), we have

g+ 1|VWP?
R
2
= q+1IVWIZ —gw!tl/a W —hW—Pl4
q w qwl+l/q
g+ 1|VWP?
q

AW —gqw!itla (ur — hu?)

1—
S W+ ghWitT 2.3)

Therefore

_q+1|VW|2+ 1=p

ow ghw't . 2.4)
q

Because |VW |2/ W? = ¢?|Vu|?/u* and hW1~P)/9 = huP~! we may consider the same quan-
tities as in [4]

VW (1-p)/ 2 (1-p)/
F :ZW—HMW P = \VInW|*+ahW P/, (2.5)
W,
Fili=— = 0,InW, 2.6
1 W ¢t In (2.6)
F .= Fy+ BFi. 2.7

Here «, B are two positive constants to be fixed later.

Lemma 2.1. Suppose that (M, g(t)):c[o,1] is a complete solution to the Ricci flow (1.1) on an
n-dimensional manifold M. If u is a positive solution of (1.2), then

2 W,
OF = Z(VF,VIaW) + (1 — p)hW 7 Wt +qh,w(-p/a
q

1\ .. 4
+2({1+—)Ric(VInW,VInW) — 2(Ric, w | (2.8)
q
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Proof. Calculate

VW, W,VW W, W2
VF = - y O = — ——
w w2 W w2
AW, 2(VW,VW;) W, AW 2|]VW]*W,
AF = — — + .
w w2 w2 w3

Then we conclude that

AW =Wy 2AVW, VW) W (AW —W) 2IVWEW,

OF, =
! W w2 w2 w3

2.9)

Since g;; evolves under the Ricci flow (1.1), it follows that

(AW), =3, (g"fvivj W) = (&g”) ViViW+g"0 (fh W — FfjakW)
=2R;;VIVIW + A(W,) — g Wo, T,
= A(W,) +2R;;VIVIW

using the fact gijathj = 0. Now the term AW, — W;; = (AW — W,); — 2R;;V'V/W can be
simplified by the above formula and (2.4) as

1\ [VW|? ip o
AW[—W[;=|:(1+—) | W| +QhW1+ "pi| —ZRileVJW
q

t

B 1+1 2UVW,VW,) |[VW|?W, 2Ric(VW, VW)
N q w w2 w

1-p 1— 1-p o
+C]|:W1+ ‘IPhl-i-h(] +—p)W ‘II Wl:|+2RileVJW
q
1\ (VW, VW,) 1\ VW *W, e
=2(14+—-)———F —(1+—- )| ———— +gh,W "7
( +q) W tg) Twe o Tl
N 1+1 2Ric(VW, VW)
w
1— . .
Y hg+1—p)W @ W, — 2R VIVIW.
Plugging it into (2.9) yields

1) (VW,VW,;) <1+ 1) IVW|2W,

OF =2(1+—
: <+q w2 q w3

1=p_ 1=p

+h@+1—pW T "W, +qh,W

2{VW,VW,) N H_l 2Ric(VW, VW) 2R;;VIV/W
w2 w w
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_ 2
W, <q+l|VW| th1+‘Tp> 2VWEW,

w2\ ¢ w3
2(VW,VW,) 2 |VW|*W, 1=p_, 1=p
:5 w?2 : _5 w3 f+(1_p)th Wi+ qhW 1
1\ 2Ric(VW, VW)  2R;;VIVIW
+ (14— - .
q w w

(VW VW) |VW\2W,

3277

The desired equation (2.8) immediately follows from (VF, VIn W) =

Similarly, we can find the evolution equation of (2.5).

w2 w3

O

Lemma 2.2. Suppose that (M, g(t)):c[o,1] is a complete solution to the Ricci flow (1.1) on an

n-dimensional manifold M. If u is a positive solution of (1.2), then

2 2

OFy>2(1—¢)

2
+2< >|V1nW| + Z(VFy, VIn W)

2
_ P N In W, Vi) 4 aW T (AR — hy)

q
4 2 2 2(1=p)
TIVInWP2+a(l— p)hPW 7,

1—
+(1—p)(2—%)hw ;
q

where € € (0, 1] is any given constant.

Proof. Compute

VIVW|? 2]VW]APVW 1-p 1— 1-p_
VR = YVWIE_ 2ZVWI taW @ Vhta—L ) aw 7 'vw,
w2 w3 q
L[ 2VIWV VW 2|VW|2V,~W 1—p 1=p_
AFy=V ol —= )W T AW
w2 w3 q

1-p 1-p I=p_
+a|Wia Ah+|——|W e (Vi VW)
q

1— 1-— p |[VW|? 1-p _
fa P h P\ w B Y e vw |
q q w2

Simplifying A Fy yields

2IVEW)?2 2(VW,AVW) (V2W,. VW VW) 2|VW|?AW
w2 T w2 -8 w3 IR

6|VWI|*
W4

AFy=

1-p 1—p r_ 4
+ oW ¢ Ah+20 —— | W ¢ (VW,Vh)
q

1-— 1-— p |[VW|? 1— 1-p_
+a< p)<—p—1)hw | 2' a( p)hW N4
q q w q

(2.10)

@2.11)
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On the other hand, the time derivative of Fy equals

20VW,VW,)  2IVW2W,

1-p
3,F() = W2 W3 ochtW q
1-p » 2Ric(VW, VW)
+ o hW Wit ———
q w

From (2.11), (2.12) and the Ricci identity AV; W = V; AW + R;; VIW, we have

2(VW, V(AW — W))) _ 2IVWIAH(AW — W)))

Ofy = ) W3
20VZW2 §(VEW,VWQRVW) 6|VW|*
w2 w3 T

1- 1p_
FaW T (AR — h,)+a< >hW "aw —wy)
q

| — I
+2a< p)w 7 VW, Vh)
q

1— 1— 7VW2
co(t2PY (2 gt VY
q q w2

Plugging (2.5) and

2, 2IVW*
(VFo, VinW) = =(V2W, VW @ VW) — =
1-p _ 1— I=p _
faW @ L vw, Vh>+a< p)h 2y w2
q

into (2.13), we arrive at

oF 2(VF ViaW) =2 |VZW |2 2(V2W,VW®VW)+|VW|4
[ s n f— p—
0T w2 W3 w4

—2ap

+ 7 W (vw, V)
q

2(1 21-p)

taW T (AR — ) +a(l — p)h>W

2
+(l—p)<2—q—>hW 2 IVWIE

w2
Therefore (2.10) follows by Holder inequality. O

Combining Lemma 2.1 with Lemma 2.2, we get

2.12)

(2.13)
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Proposition 2.3. Suppose that (M, g(t)):c[o0,1] is a complete solution to the Ricci flow (1.1) on
an n-dimensional manifold M. If u is a positive solution of (1.2), define

|VW|2

W=u1 F=

W,
hW 7 —.
+ + B W
Then for all € € (0, 1] we have

2 2

OF >2(1 —€)

1 2
+2< >|Van| + Z(VF,VInW)
q
1
+28 (1 )RIC(VIHW Vinw) — 2Ly “(VInW, Vh)
q

+1-p) (2—q—>hW ¢ [VInW|? +W 7 [aAthhz(qﬂ—a)]

5. 2-p) = W, . VW
+a(l—ph W ¢« +8(1—phW ¢ — —28(Ric, . (2.14)
w w
3. Two special cases
The first special case of (2.14) is to choose
k 2
p=2 a="1 G.1)
q p

Then g — o = 0 so that (2.14) becomes

2 2

1 2a(l
+2(1 _ —> |Van|4+MRC(Van Vin W)
€ q°

OF >2(1 —¢)

I-p
q

+ (VInW, Vh)

Q|

2ap
(VF,VInW) - —=w
q

ap 1-p 2 Ip
+({1-p) 2——2 AW « |[VInW|*4+aW ¢ Ah
q

w-p  a(l—p) 12 W, 2a<-C,V2W>. (3.2)

1= p)h’>W a ———hW 7« — — — (R
+ o p) + 7 W p i W

Recall the inequality

2

V2WE 2a ] . VW « | VWP af . VW
2 — —{Ric, =2|(a+b)— — —{Ric,
W q w q| W q w
2
vZw
=2 ax —L|Ric|2
g | W 4bgq
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2
2 VW  Ri
L2 <ﬁ_ _ i)
q w 2./b

|:aoz 2}
>2| — — 2 Ric| (3.3)
q

4bq
for any positive real numbers a, b satisfying a + b = <, with the equality if Ric = 2bVZW/W.
Using the inequality |V2W|2 > (AW)? /n, we conclude from (3.2) and (3.3) that

DF>2 ao .
“n\gqg W

2u(l
+ MRc(Van Vinw) — 22w v inw. Vi)
q° q

w

1 2
+2< )|v1 nW[*+ Z(VF,VIin W)
q

1—p
L aW @ Ah+ (1= p) (2— —)hW 7 |VInWw?
7

20-p) 1-— W
o —prew T P e W e (.4)
q W 2bgq
By (2.3), we get
AW 1 VW2 1
_a R ITVWE Wi w P = e (L 9 jymwp
w qg W2 W a q a
Because of the assumption o = kg?/p, we arrive at
AW 1 —plk
2V _ Py L’”)wmwﬂ (3.5)
W kg q

Substituting (3.5) into (3.4), we obtain

Lemma 3.1. Suppose that (M, g(t)):c[o,1] is a complete solution to the Ricci flow (1.1) on an
n-dimensional manifold M. If u is a positive solution of (1.2), then

2 k i
OF > Z(VF,VIn W) + = (a 1 e) f—F2+(1 AW T F
q n\ p k*q

4 k k+kg — k
+ R s B kKt+kq—p F|Van|2——q|Ric|2
n\p k2q? 2bp

1 (ak k+kqg—p\° 1
+2[— (ﬂ —e) (M) + (1 - —)} IVIn W
n\ p kq €

2k(1 +
+ (I+¢q)
p

k
Ry A+ (1= p)(1— hW T |V In WP
p

Ric(VIn W, VInW) — 2gkW 7" (VIn W, Vh)
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where € is a positive real number satisfying € € (0,1], p,q,k,a, b are positive real numbers
such thata + b = p/kq, and

VW k kg W,
Weout, poVWE K ke W
w2 D p W
The second special case is to choose
200 q°
Bi=—, a=—. (3.6)
q 4

Then (2.14) becomes

2

2
1 2
OF >2(1 —¢) | — +2<1——)|Van|4+—(VF,Van)
€ q
401
+ HED i (VI W VIn W) + (1 — p)h W |V In W
2 1—-p 1 2(1 )
q Lp 2 2w .
+ W7 (Ah+h)+q (——1>h —ZqW 7 (VInW, Vh)
p p
1 » W, 4 vZw
v2g(~—1)aw T2 _ 2 Ry, . 3.7
p w p w

For any positive real numbers a, b with a + b = q /20 = p/2q, we have

VWS dq .. VPW\ Aa+byg |VEW| 4q [ VEW
> ~ % R, Y N _ — " {Ric,
w p w p w
g (\/EVZW Ric )2 IRic|2 | 4ag v2w |2
p w 2/b 4b p w
daq |V2W |
> — ‘ ——|RIC| (3.8)
p

(3.7), (3.8) together with |VZW|*> > (AW)?/n imply

2<2aq )
oF>= (=L ¢
n p

L 4(1+¢q)

2
1 2
+2(1 - —) IVInW[*+ =(VF,VIn W)
q

— T Ric(VIn W, v1nW)+(1—p)hW S v w)? — L Ric?
bp
2 1y 1 20-p) 1 1 W,
+Lw q”(Ah+h,)+q2<——1>h2W 7 +2q(——1>hW il
P P P w

1—
—2gW @ (VInW, Vh). (3.9)
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By (2.3), we get

AW I=p 1 — 2
_=£F+zhw qp+ +q—p/ |Van|2.
w 2q 2 q

Substituting this identity into (3.9) yields

1 /2 2 2p (2
OF > — ( a4 e) Ppry 2L <ﬂ—e> (l+q—§) FIVInW/?
p

q ng?
2 1+q—p/2\? 1
[ <9 _. (L”/> +2<1——>:||V1nW|4—i|Ric|2
q € bp
2 4(1 2 iy
+ 2E vinw) + 2D g G mw. vinwy + Lw T (A + k)
q p p
2a 2(1 2(1=p) 2a J
+—<—q >h2 +[£<—q )—l—(l—p)}hW‘i
2 P n\ p
2

2 1=p 1=p
t (ﬂ _e> (1 +q- g)hW T IVInWP —2gW 7 (VIn W, Vh).
n\ p

The last term is bounded from above by (where we assume that % is nonnegative)

1-p |Vh|?
q

L 2 4
nhw ¢ |VInW|*+ —W ;
n

for any given n > 0. Therefore

1 /2 2 2p (2
DF>_(ﬂ_e>p_2F2+—p<ﬂ—e) (1+4-2) FIvmwp

T2n\ p q ng®> \ p
2 1+q—p/2\> 1
+ [ 4 —e) (Lp/> +2<1——>:||V1nW|4—i|Ric|2
q € bp
2 1
+ 20F vinw) + 2D g Vi w. Vinw)
q p
Vh|?
L Ly (Ah—l—h,——' ')
p n h
1

2 /2 20-p) 2 1=p
+ <ﬂ—e>hzw T +|:£<ﬂ—6>+(l—p):|hW TF
2n \ p n\ p

2 (2 I=p
n [_ (ﬂ_€> (1+q_£>_n]hw 7 |VIn W2,
n 2

B
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We impose conditions on positive real numbers p, g, a, b, € so that a desired inequality will be

obtained. Recall that a + b = p/2q. Firstly, we assume

2
£<ﬂ—e>+(1 —p)=0
n\ p

which implies

2aq —n(p—1)
> )

O<e<

However, the inequality makes sense only when 2aqg —n(p — 1) > 0, i.e.,

2
O<p<l+ﬂ.
n

We have two cases:
2
l<p<l+4 =4
n
and
O<p<l.

For the first case, from (3.11), we have

2 —1

. R > np =1 > 0;
p p

from (3.13), we have

2bq

p<1+p_7<1+£=>O<p<L
n n n—1

from which we get

2 (2a —1n-2 —1
S(F ) (14g-2)-nz" =l
n\ p 2 p n—1 2p

using the fact that % > % for any n > 3. Therefore, we can conclude that

(3.12) and (3.14) —> (the coefficients of the last three terms on the )

right-hand side of (3.10) are all nonnegative

provided that

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Finally, we consider the second case where 0 < p < 1. In this case, we require the condition
— —€>0 (3.17)

instead of (3.11). Then

2 (2 1 /2
_<:ﬂ_f)@+q_£>_n2_<:ﬁ_f>_n
n\ p 2 n\ p

We similarly obtain

(3.18)

(3.15) and (3.17) —s (the coefficients of the last three terms on the )

right-hand side of (3.10) are all nonnegative

provided that

The statements (3.16) and (3.18) immediately imply the following

Lemma 3.2. Suppose that (M, g(t)):c[0,7] is a complete solution to the Ricci flow (1.1) on an
n-dimensional manifold M. Let h(x, t) be a nonnegative function defined on M x [0, T'] which is

C?inxand C'int, and Ah+h; — p W'h" >0o0n M x [0, T] for some p,n> 0. Let p,q,a,b, €
be positive real numbers satisfying

(1) g is a priori given positive real number;
(i) O0<e<1;
(i) a+b=p/2q;
(iv) either (3.12) and (3.14) (then we choose 0 < n < ”2—;1), or(3.15)and (3.17) (then we choose

0<n< i —e)

If u is a positive solution of (1.2), F (xo, to) > 0 for some point (xo, to) € M x [0, T], where

VW |2 o 2 Wi
w2 p p W

F =

then at the point (xo, to) we have

1 /2 2 2p (2
sz—(ﬂ—e>P—2F2+—p2<ﬂ—e> (1+q—§)F|v1nW|2
p

2n \ p q ng
2/2 14+q—p/2\> 1
+ [— (ﬂ—e) (L”/) +2<1——>j||Van|4—i|Ric|2
n p q € bp
2 4(1+q) ..
+ Z(VF,VInW) + — L Ric(VIn W, VIn W). (3.19)

q p
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4. Gradient estimates and some relative results

In this section, we will use previous lemmas to get the gradient estimates for the positive
solution of the equation (1.2) under the Ricci flow.

Theorem 4.1. Suppose that (M, g(t)):icjo,r) is a solution to the Ricci flow (1.1) on an
n-dimensional compact manifold M with —K1g(t) < Ricg) < K2g(t) for some K1, K> >0
on Byr 1, and K= max{K1, K2}. Let h(x,t) be a function defined on M x [0, T which is C?
inxand Clint, satisfying Ath > —0 and |V h|; <y on Bar.1 X [0, T] for some constants 0
and y. If u(x,t) is a positive smooth solution of (1.2) on M x [0, T, then

(1) for 0 < p < 1, we have

Voul? h 1lu C n(l — n
| [2|t +—“p_l———tf—zl+(7zp)M1M2+z—
u p pu "~ pit P 2p=(1 - p)
C 1 VK — n
+ 5= Ly K+
p° \R R p(1—p)
3/2
n vn/K
+<;> VoM, + Iﬁ Ly Mo, (4.1)

where C1 is a positive constant depending only on n and

Mi:=max h_, M,:=maxuP™', h_:=max(—h,0);

Bor,1 Bor,1
(i) for p > 1, we have
Vol h 1 K2C;  nk*(p—1 K
| t’24|t +—u1’_1——ﬂ§ 22+n (p2 )M4M5+ . M3My
u p pt pt P k — p
e (1 VK - k*n
+ 2 <—2+—‘+K+7)
p?2 \R R pk—p)
263 Ky —
2 1 My
(k—=p)p p
kn 3/2 kzl’l _
+ (= oMy + — K, (4.2)
p p

where k > p, C3 is a positive constant depending only on n and

Ms:=max h_, Ms:= maxu?’~!, Ms:= maxh.
Bogr,T Bor,T Bor,T

Proof. The proof is along the outline in [1,4,5]. Firstly, we introduce a cut-off function (see
[3,1,5-7]) on B, 1 :={(x,t) € M x [0, T] : dist; (x, xo) < p}, where dist,(x, xo) stands for the
distance between x and xo with respect to the metric g(¢), which satisfies a basic analytical result
stated in the following lemma.



3286 Y. Li, X. Zhu/ J. Differential Equations 260 (2016) 3270-3301

Lemma 4.2. (See [1].) Given T € (0, T), there exists a smooth function W : [0, 00) x [0, T] — R
satisfying the following requirements:

(1) Zhe support of \f(r, t) is a subset of [0, p] x [0,T], 0 < @(r, t)<1in[0, p] x [0,T], and
W(r,t) =1 holds in [0, £] x [t, T].

(2) W is decreasing as a radial function in the spatial variables.

(3) The estimate |3;¥| < %@1/2 is satisfied on [0, co) x [0, T'] for some C>0.

(4) The inequalities —%@“ <3V <0 and |8r2@| < %\f“ hold on [0, o0) x [0, T] for every
a € (0, 1) with some constant Cy, dependent on a.

For the fixed t € (0, T'], choose the above cut-off function W. Define ¥ : M x [0, T] — R by
setting

W (x, 1) := W (distg( (x, x0), )

with p := 2R in Lemma 4.2. Consider the function ¢(x, t) =t F(x,t). Using the argument of
Calabi [2], we may assume that the function G(x, 1) := ¢(x, )W (x, ¢) with support in Bag, T
is smooth. Let (xq, #p) be the point where G achieves its maximum in the set {(x,7) : 0 <¢ <
7, di(x, x0) < p}. Now we will use the powerful tool maximum principle to continue our discus-
sion. Without loss of generality, assuming G (xg, f9) > 0, we have

VG =0, 9,G=0, AG=<0

at (xo, o). Now applying Lemma 4.2 and the Laplacian comparison theorem, we have

IVu2  Cip
< —
v o
Cip¥'/2  Cipv!/?2
AU > — ”22 - ”zp (n — Dy/K1 coth(v/k1 p)
dy  dyvl/?
>—— - K1,
o p
cwl/2 _
—oy¥ > — —C]/zK\I/l/2

where C1/2, C and d, are positive constants depending only on . It is easy to show that
0>0G =90V +2(Ve, VU¥) +¥Op 4.3)

at (xo, 7). Setting p € (0, 1) and k =1 in Lemma 3.1, we obtain from O¢p =t0OF — ¢/t that

2p? 4 1 - 20t 1-p
Op > pz(ﬂ_€>"’2+_p<ﬂ_€>(y)wlvmwﬁ—q—w 7
ntq* \ p n \p q p

1 1+qg—p\° 1 K2
+2r [— (@ —e) (M) + <1 - —)} vinwt - 22,
n\p q € 2bp
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4

21 +q)K 1t 2 1p
- %Wlnm%—(w,vmm+(1—p)hw T — ;
q

1—-p
—2qytW T [VIn W], (4.4)

where y is an upper bound for |V, k| defined in Theorem 4.1. According to Holder’s inequality,

I=p 1 Kt 2,2 1-p
2qytW li] [VInW| < %|VIHW|Z + %th ql
d+g9)K,

and

1 Kt 1 1-p)’
UHDK G e < (ﬂ —e> (—p) 26|V In W*
p n q

P
212 2

n(l+q) K]t< q ) . @5

8plag — pe) p

Substituting (4.5) into (4.4) yields

2p? 4 1 —
O > P (aq 6) goz + — P <a e) <y) ¢|Vin w|?
p q

- ntq p

(-

14 ¢)*K3t L) ip
_nd+g) ( ) —ng),Van)-I—(l—p)hW‘Ip(p—?

2.2 1 K2
p+q (1=2)[jvimwp - 22,
€ 2bp

8plag — pe) q
_ 2 -
_ pay?t alor 9tW 22
(I1+q9)K;y P

Take € € (0, 1/4) and choose ¢ so that 1/¢ > n(1 — €)/2€*(1 — p). For such a pair (p, q), we
may choose a positive real number a such that ag/p > 2¢ and then the condition @« + b = p/q
holds for some b > 0 (because in this case 0 < ag/p < 1). Under the above assumption, we have

[ a9 n- %’_2 n%ﬂi -1
— > >
g 2(l=p) = 2e(1—p) 2(1-p)

which implies the following inequality

The mentioned choices of €, p, g, a, b now imply
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2p% (a 4p (a l+q—
te= L (Y _ )2+ 22 (4 _ N (1P v inw)?
ntg? \ p n\p q?
7 212 2
_ngK?  n(l+¢q) K1t< q ) L PV gl qP0r i
2bp 8plag — pe) \1—p (I+g)K, P

2 I
+ 2V, VInW) + (1 — p)hW q’<p—§. (4.6)
q

Plugging (4.6) into (4.3) and using the estimate for OW and the equation 0 = VG = Y Vo + VW

at (xo, t9), we arrive at, where p := 2R,

2¢ 5
0> OV — €|Vl11| + YoOgp

1 K 1 - di
ot (L )2 g,
P T o
2p? 4 1 _
2%(%—6>\D<p2+—p(%—e>(y)¢\D|V1nW|2
ntg* \ p n\p q
1+ ¢9)%K?2t S OM. 2pm2
_ A+l K ( 9 )——(V\D,Van)go— S AL P
8plag —pe) \1—p q P 1+ p)Ky
ngK?> 1 VK 1
— (U =pMiMap -y iy (5 - -k
2bp 0 T

where dy, d, are positive constants depending only on 7, and

sup h—, M:= sup uP~".
Bar,1

M =

Bar.T

Multiplying the above inequality by W on both sides, we get, where G = oW

2p? 4 1 _
0> Pz(%_E)Gu_f?(ﬂ_e)(y)cwmw.z
ntg* \ p n\p q
n(l+q)*K?t 2 (oM 2 m2
_ ( q) 1 < q ) _ 2+ py-My tqz—(l—p)MleG
8plag —pe) \1—p P 1+ p)K2
K? G 1 VK 1 =\ 2
M T G (—— - YL _K) -2V, VInW)G. 4.7)
2bp pr  p T q

Using Holder’s inequality

2 4 1 —
Zvw, vinw)G < -2 (“q e> (#) GY|VInW?
q q

L 2
Py VW
+ G
4p (aq _ e) <1+q—p) |\
2

3
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the inequality (4.7) gives us the estimate (because t < 7)

2 2
0= <% _ e) G — (1 = p)M;MsGt — dsG
ng® \ p

1
1 VK — 2
—| =+ 4K+ a &G
2 4p (aq I+9—p
n P q2

n(l +q)%K? 2 2 2 ng —
e e e e L et o IS
8plag —pe) \1—p p

(1+ p)K; 2bp

for some positive constant d3 depending only on n. The elementary inequality

b /
an—bG—ch (a,b,c>0) =G < —+ E,
a

a
implies

dz+ (1 — p)yM Mt + tds %‘F@"ﬁ‘f‘l‘w)
GS n P € q2

2
P* (aq
2r. (ag _ o
ng> \p )
252
n(14q)2K

2 R _
q q q°p 2 ngqg y2
L, | Freape (v45) + 5 M8 + ol Oty 2 + 5K
2

N

Recall the conditions on p, g, €, a, b that
1 1 1-—
O<p<l, O<e<-—, n( ©)

)4
A D1 0 b=_, 22 -
r g-2e2a—p 7 Gz

Choose p, €, g as above and

1 1
a:<—+26)£, b:(——Ze)
2 q 2

The additional condition (4.9), plugging into the inequality for G, yields

Q|

4.9)

2| d3 _ 1, VK ¥ n
L (%4 = pMiMz+ds (5 + B+ K+ o )]

P2(1 + 2¢)
o ng* n(1+q)2K} M0  p(Myy)? nk?
p2(1+2¢) \ 41 +2¢)p*(1 — p)? P (I+p)K1  p*>(1 —4e)

at (xo, fp). Since
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+hWT L

VW|? 2 - W,
G:tF\11:t<| "~ 4 g ’)\1:

w2 p p W
Vul> h 1
=1q> (4.{._1417—1__&)\[;
u p pu

and g < 262(1 — p)/n(1 — ¢€), it follows that, by letting € — 0,

Vul? h 1u d n(l—
| 2| +—up_1———[_—;+ ( zp)Mle
u p pt pet p
d. 1 VK — n
e
P~ \R R 2p(1—p)

on Bp ., for some positive constant ds depending only on n. Because t € (0, T'] was arbitrary,
we arrive at

n
Vul> h 1u d. n(l — n\/? i<
| 2' —l——u”_l———li—;—k(izp)Mle-i-(—) VoMy + Yy M,
u P pu pt P P 14
d. 1 VK — n
+—‘§<—2+—1+K+ )
p°\R R 2p(1—p)
+ n Ki+ LK
L+ =
2p*(1—p) p?

on Br r. Arranging terms yields (4.1).
When p > 1, applying Lemma 3.1, we have

2p%  [akq o 4p (akq k+kq—p PR
O > T4 )+ 2 (L ) (P gvmw)r = 2
(p_ntk2q2< p ¢ n\ p k2q? ¢l | t

kg0t  1-p 1 (ak k+kg—p\° 1
A ~|—2t|:— (ﬂ—e) (M) +<1——>j||Van|4
p n\ p kq €

knql?zl 2k(1+q)K it
2bp

I-p
q

2
IVInW|* + ;(ch,Van) +(—phWa g

1— 1—
—2gkytW @ VIn W]+ (1 — p)(1 —k)thW 7 |[VIn W/,

where € € (0, 1] and p, q, k, a, b are positive real numbers such that a +b = p/kqg and k > 1.
Define

M3 :=max h_, M, := max upfl, M5 = max h,
Bor,T Bor,T Bar.r

and



Y. Li, X. Zhu / J. Differential Equations 260 (2016) 3270-3301 3291

1 1 (ak k+kg —p\> 1
Mg :=minmin —1{2| — ﬂ—e ktkg—p +{1—-- y2
q>0 y>0 g2 n\ p kq €

2k(1 4+ ¢)K;
—(p— )k = HM3Myy — %y -~ quM4yy1/2}.

Therefore, we arrive at the following inequality

2p? k 4 k k+kqg—
EL @wq _ . ¢2+_p @q _ . ktkqg—p (p|Van|2—2
ntk2q? \ p n\p k2q? t

kq*0t kngK* 2 5
- My — t+=(Vo,VInW) — (p — 1)MyMsg + Meg*t.
p 2bp q

Uy

As before, using 0 = VG = W¥Vgp + ¢VV at (xg, f9), we arrive at, where p := 2R,

VP
0>¢eOv¥ -2 7 + WOge
1 K ) E— di
o (L YL 2,
o T

2p?  (ak 4p (ak k+kqg—

P (4, \p¢2+_p @wq _ . K+rkqg—p eW|VIn W/

ntk?q2 \ p n\ p k2q?

kg0 M, kngK?

Ut —(p—1)MsMsWop — vt

2bp

for some positive constants dp, d». Multiplying the above inequality by W on both sides, we get,
where G = ¢V,

202 [ak k k+k
0> 2P~ (9ka _ g2, 4 (aka +q P) Gw|vinw?
ntk?q2 \ p n p
G
t

kq20t k K2
+ Mogt — My — (p — DMyMsG — 91— —
P 2bp
1 VK 1 =\ 2
+Gd2(__2__1———K>——(V\Il,Van)G. (4.10)
0 P T q

Using Holder’s inequality, where we choose akg > ep and k 4+ kg > p,

2 4 k k+ kg —
—(V‘I‘,VInW)GS—p M_E ktkq—p
n k2q2

)vamwﬁ
q p

|W|2

1

2
T ﬂ ktkq—p ’
n k2 2




3292 Y. Li, X. Zhu/ J. Differential Equations 260 (2016) 3270-3301

the inequality (4.10) gives the following estimate

2p? k
P <ﬂ—e>(}2—(p—1)M4M5Gt—d3G

>
T nk?q> \ p
1
1 VK — 7z
—t| 5+ =+ K+ d3G
Jo 0 <akq )<k+kq p)
k2 2
kngK? k
22 +—q M46 — Meogq? (4.11)
2bp )4

that is similar to (4.8) at (x, #p), where d3 is a positive constant. Hence

G< n\r K2q
=< 2. (akg
nk2q2 P
kngK? | kq?
y nz%p + %M49 — M6q2
2p> (akq _
nk?q? \ p €
at (xo, 7). Finally, we obtain
tnk?q> |:d3 1 VK - k*n
G < +<p—1)M4M5+d3(— —+K+—ﬂ
p? P2 p 2p(k +kq — p)
_ 12
ra? nk* [ k*nk? +kM0 " /
0" | 5 | =z 5+~ Mab — Ms
p* \p?(1-2¢) p
by taking a = (¢ + 2),{1 (% - e)% with € € (0, 1/2) and k > p. As before, we conclude
that
\Vul> ko, lu Ky  nk*(p—1)
3 + —u __TE 3 + 3 MyMs
u p p 14 14
Kdy (1 VKi - k*n
I Y S
P~ \R R 2p(k—p)
k*n p?  po
— Mg + Epy 4+ K2
+ p? %k2n + kn +

on Bg ;, for some positive constant d4 depending only on n. Because t € (0, 7] was arbitrary,
we arrive at
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Vul? h lu, KkKdy nk*(p—1
| 2' +—uP - 22l < 24+ (p2 )M4M5
u p pt ~ pit p
Kdi (1 JKI = k2n
+—24<—2+—1+K+—>
P> \R R 2p(k—p)

k/n kn\>"? k*n —
+7\/_\/—M6+<;> J@MHFK

on Bp .. In the following we shall show that —Mg > 0 is bounded from above by some constant.
For any g, y > 0 we have

1 k—p\* 1
q2M62|:—(1+—p) +2<1——):|y2—Ay—Byl/2
n kq €

where

2k(1+q)K,

A:=(p— Dk —1)M3My + B :=2gkMyy.

Since Ay < n1y* 4+ A%/4n; and By'/? < nyy + B?/4n, for any 51, n2 > 0, it follows that

s 1 k—p\? 1 5 A2 p?
gMsg=>|—(1+—— ) +2(1—=)—m |y —my—|(—+—).
n kq € dn;  4m

If we choose 11 = [(k — p)/kq]?/2n, then

- 6
TR K
n \ kg n \ kg
LS S S PR R VY +sz1(1+)2
2(k—p)2q B 2(k—p)2q P 34 q
KMiy?
n2
That is, the inequality
Mo< "% a2 R (p— Dk — MM, +2kK1(1+)2
6_2(k_p)2772 2k — p)? p 3My q
k2M2 2
| KMiy (4.12)
m

holds for any g > 0. Because the right-hand side of (4.12) as a function of ¢ is increasing, letting
q — 0 yields
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Mo= " 2 e v+ 2T
“=a—p2" T20—p2” e
Ky*m
L Ky?My (4.13)
n

where 1 > 0. Using (4.13). We prove (4.2). O
As an immediate consequence of the above theorem we have

Theorem 4.3. Suppose that (M, g(t))ic[0,1] is a solution to the Ricci flow (1.1) on an
n-dimensional compact manifold M. Let h(x,t) be a function defined on M x [0, T] which
isC?inxand Clint.

(i) For 0 < p < 1, assume that h > 0, |V;h|; <y, Ath >0, and —K1g(t) < Ricg() < K2g(¢)
for some positive constants v, K1, Ko with K := max{K{, K}, along the Ricci flow. If u is a
smooth positive function satisfying the nonlinear parabolic equation (1.2), then

Vo> h lu, C c Cc n
%_{__MP—I __t 21 +71 1 +27 1
u P pu—pxt p¥d-p) 2p=(1—=p)
Jn/K
LSy (4.14)
P

for some positive constant C| depending only on n, where M :=maXxy x[0,T] ub=1,

(ii) For p =1, assume that —K1g(t) < Ricg(r) < K2g(t) for some positive constants K1, K>
with K = max{Ki, K2}, h >0, Ath > —0 (6 is nonnegative), and |V;h|; <y (y is nonnega-
tive), along the Ricci flow. If u is a smooth positive function satisfying the nonlinear parabolic
equation (1.2), then

Vul? u C 7
';2“+h—;’572+cz(1+1<1+1<+y+~/5) (4.15)

for some positive constant C» depending only on n.

(iii) For p > 1, assume that —K1g(t) < Ricg() < K2g(t) for some positive constants K1, K»
with K := max{K, K2}, Ash > —0, |V,h|, < y, and —k1 < h <k, where 0,y,ky,ky > 0,
along the Ricci flow. If u is a bounded smooth positive function satisfying the nonlinear parabolic
equation (1.2), then

|Viul? h k\? C3 3k
— L P =) Z4 (=) —ac;
u? p p) t p) k—p
k k k\?
—i—( ) C; <K+—K1)+(—) n(p — koM
k—p P

K3 k2 kn\>"?
+k_npk1M+ ;)/Zyx/M~|—(?n> VoM, (4.16)

Sfor some positive constant C3 depending only on n, where M := maxpx[0,T] uP~Vandk > p. In
particular, taking k = 2p, we get
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Vo> h lu, _C K
R I

+Cap? [k +I)M + VM +VOM ], (417)
for some positive constant Cy4 depending only on n.

In Lemma 3.2, we required that

>0

h2
Ah+m——LLl
n h

for some positive constant p, 1. In the following proof, we shall see that when 0 < p < %, we
n
need only to assume that

|Vih|}
At+ht_2Cn,pP >0
where
p=<l1,
Cn.p= p>1.

Theorem 4.4. Suppose that (M, g(t)):icjo,r) is a solution to the Ricci flow (1.1) on an
n-dimensional compact manifold M, satisfying —K1g(t) < Ricg) < K2g(t) for some posi-
tive constants K1, K» with K := max{K1, K»}. Let h(x,t) be a nonnegativefunction defined on
M x [0, T] which is C? in x and C' in t, Agh + hy — 2C,, P 'V”"f >0o0n M x [0, T] (where
Cnp= p rifp>1landCy p=nifp<1),and0<p =< 2n (n > 3). If u is a positive solution
of (1.2), then

\Veul? R o,y 2w _ C 8n 8 2n 4n
—5 -+ —u ———<——+ K+ Ky (4.18)
P pt ~pih p? p(2— 1ﬂ p@—p)

u
for some positive constant C depending only on n.

Proof. As in the proof of Theorem 4.1, we have
1 (2a 2 2p (2a
Dwi—(—q—e)p—chz—k ( 1_ )(1+q—£)<p|Van|2
2nt \ p q ng? \ p 2

2
+%[l(%@_{><1+q—pﬂ> +<1_libvmw¢
n\ p q €

41 ‘—
Vo.vinw) — 2T D g w2 ¢
p bp t

+

QN

where ¢ =t F, from Lemma 3.2. Using Holder’s inequality
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41+ q)K 1t 1/2 1—p/2\?
%Wanﬁf—(ﬂ—e)( p/ ) 2%VIn W
p n

P q
2n(1+q)2K12t< q >2
pQag—pe) \1—p/2) "’

we see that

1 [2a 2 2p (2a
np> — (24 _¢ p_2¢2+% = (1+q—£><p|VIHW|2
nt \ p q ng’> \ p 2
K2t 2n(1 +q)*K?t )
_ngK’t  2n(1+q) 1( q >+_<w,v1nw>—f.
bp pQRag — pe) \1—p/2 q t

Writing G := ¢W and using OG = OW — 2¢|VW¥|?>/ W 4 WO, as before, we arrive at

2
2 2 2 1 —n/2
p <ﬂ _6) G2 4 2P <ﬂ _E) <M) GU|VIn W

27m(1 2K2l 2 1?2 G 2
(1 +¢)°K; < q ) _MaR T Zivw, VInW)G
p2aq — pe) \1-p/2 bp o4
1 VK1 -
+Gdy <——2——1___ ) o
P P T

for some positive constant d; depending only on n. Plugging the inequality
2 2p (2 1 —p/2
Zvw, vinw)G < £ <ﬂ - e) <+q72p/) GU|VIn W/
q p q

7 \AVIES
P | IG

() (e) W
n P q?

into (4.19) yields

G
, + 2<2aq—pe><1+q—p/2>} ?

2 2n<1+Q>2K12( g )2+@E2
pQag — pe) \1—p/2 bp

for some positive constant d depending only on n. Hence
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IR/ S n
- dy+1t (pz + - K+ 2(2aq—p6)(1+t]—17/2)>
- 172 2a_q —€
2ng? 14
2n(1+¢)2K? g \ . na
p(anprI (1*1’/2> 5K

p? <2aq )
mgZ\p €
ng p

The above calculation is based on the assumption that

+ 7

pIVihi?

Ah+h — — 0
n

for some positive constant n, p > 0. We now choose appropriate constants, together with our
assumption that

|Vih|?
Ath +hl — 2Cn,pp

Z O’
to verify this assumption in Lemma 3.2. Recall the conditions on p, g, €, a, b that
qg>0, 0<e<l1, a+b=p/2q, either (3.12) and (3.14), or (3.15) and (3.17).

First we consider the conditions (3.15) and (3.17); that is,

)4 2aq
qg>0, 0<e<l, a+b=—, O0<p=<l1, O0<e<—. (4.20)
2q P
Choose
1 1 p 1
a=|e+=-)—, b=|=-—€¢)—, O<e<-. 4.21)
2/ 2q 2 2q 2

Then we can choose 1 = %(Z‘JT’] —€)= ﬁ so that p/n =2np when 0 < p <1, and furthermore

4ng®t | d 1 VK - n
e A B R & e——
t p p(1+q-1%)

p Y 5

4nq’t 1, (1+q)2K2

T ey

Letting € — 0 and R — oo implies

ﬁ(WW

r( ﬁﬂ4_%ﬂ)§@+f+__JL__
n u p

pt
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Now we minimize the above inequality for any g > 0 by the following observation

2 2 4 p
Vu h 2u d n l+g—-5+5
p—<| 2| +—uP™l ’)<—+2K+ 22K,
am\ 2 T p pi p(l+q-15) 7

Hence

Next we consider the second case; that is,

2 2aq —n(p—1
>0, 0O<e<l, a+b=2ﬁ, lepe1+29 o297 =D 5
q n

p

We have proved that 1 < p < -5 <2 and 1 4+ ¢ — £ > 0 in this case. Choose

2 (! P Lo, 2 (4.23)
=le+=)=— =|=-—€)=— <e<—, 1< .
2) 2 2 29 2 =5

and n = —p € (0, 4n] so that p/n = 2pp 7 when p > 1. This choice of positive constants
a,b, p, q, € satisfies the mentioned condition (4.23). Then we obtain the same inequality

4ng’t | d 1 VK - n
e e B ] & ———
Pt \pr o p(1+q-1%)

4”6122l 1 e (1+Q)22K12.
Py Ty

Letting € — 0 and R — 00, and minimizing over all g > 0, we obtain

2 2
v h 2 d
i’n (|ML;| +;u1’1—;%>_—2+2[{+2 E e - .

In both cases, we proved (4.18). O

Corollary 4.5. Suppose that (M, g(t))iejo,7] is a solution to the Ricci flow (1.1) on an
n-dimensional compact manifold M, satisfying 0 < Ricg) < Kg(t) for some positive con-
stant K. Let h(x,t) be a nonnegative function defined on M x [0, T| which is C? in x and
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2
Clint, Arh+hy —2Cy pp51E > 0 0n M x [0, T] (where Cy.p = -5 if p > 1 and Cy py =n

ifp<l)and0<p < 23f1 (n>3). If u is a positive solution of (1.2), then

Vo>  h
|t2|[+_

_ 2u C 8n
ul’l—_’<—2t+—21( (4.24)

u p pt p P

for some positive constant C depending only on n.

Under the hypotheses of Theorem 4.4, we let f :=Inu. Then

V- Zpe Sy BB g g (4.25)
e [ — 1 1 .
ST Tk prt T pP\ p2—p) P2 —p)

on M x [0, T]. For any two points (x1, 1), (x2,%) € M x [0,T] with t; < #, as in [1], we
let ®(x1, t1, x2, 1) be the set of all the smooth paths y : [#1, 2] — M that connect x| to x».
Using the same argument in the proof of Lemma 2.10 in [1] and the inequality (4.25), for any
y € O(xq, t1, X2, ) we have

d 9
d—f(y(t), D=V fly@®),Hy®) + —fy@),s)
t as

s=t

C
= —|Vify@®,Dlly Ol + g <Isz(J/(t), Dlf - P A)

p2
I . », p(fC
>——\ly®Oli—={—+A4),
> 2ply()l, 2<p2t+ )

A 8n ra 8n 2n K+ 4n P
=— — 1 1.
p2 PP\ p2-p) p2—p)

Therefore, we arrive at

where

19}
d
fx2, ) = flxr,n) = / Ef(y(t), ndt
n

[5)

1 . 5 PA C B
> —— Hydt —— (@ —t) — —In—.
> 2p/|y<)|t )=
1

Corollary 4.6. Suppose that (M, g(t)):e[o,7] is a solution to the Ricci flow (1.1) on an
n-dimensional compact manifold M, satisfying —K1g(t) < Ricg() < K2g(t) for some positive

constants K1, Ky with K := max{K|, K»}. Let h(x,t) be a nonnegative function defined on

2
M x [0, T] which is C* in x and C" in t, Ach+h; —2Cp pp™ > 0 on M x [0, T] (where
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Chp= # ifp>landCpp=nifp<1),and0<p < 2311 (n > 3). Ifu is a positive solution

of (1.2), then

C/p [
B (6\- 1 . :
utxg, t) <_2) exp| — — min /I)/(f)hzdt
n

u(xy, 1) — \n 2p yeO(xy,1,x2,12)
1—- 2 2n 1
—2n(t —t))| - K+ — K+ K (4.26)
P r\ p2—p) 2—-p

for some positive constant C depending only on n, where (x1,1t1), (x2,t2) € M x [0, T] with
1 <n.

When K| =0, we have the following

Corollary 4.7. Suppose that (M, g(t))icjo,7] is a solution to the Ricci flow (1.1) on an
n-dimensional compact manifold M, satisfying 0 < Ricg) < Kg(t) for some positive con-
stant K. Let h(x,t) be a nonnegative function defined on M x [0, T] which is C 2 in x and

2
Clint, Ah+hy —2C, pp 5t > 0 0n M x [0, T) (where Cy p = <L if p > 1 and Gy, p =n

ifp<l),and0<p < zjf] (n > 3). If u is a positive solution of (1.2), then

u(xa, ) A 1 f 2nK
LRI (—) exp| — — min / ly®)7dt — T(Q —1)
4]

u(xy,n) — \n 2p ye®(x1.t,x2.0)

for some positive constant C depending only on n, where (x1,t1), (x2,t2) € M x [0, T] with
1 <.
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