I'-CONVERGENCE OF VARIATIONAL FUNCTIONALS
WITH BOUNDARY TERMS IN STEIN MANIFOLDS
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ABSTRACT. Let Q2 be an open subset of a Stein manifold ¥ and let M
be its boundary. It is well knwon that M inherits a natural contact
structure. In this paper we consider a family of non-coercive variational
functionals F. defined by the sum of two terms: a Dirichlet-type energy
associated with a subriemannian structure in €2 and a potential term on
the boundary M. We prove that the functionals F; I'-converge to the
intrinsic perimeter in M associated with its contact structure.

Similar results have been obtained in the Euclidean space by Alberti,
Bouchitté, Seppecher. We stress that already in the Euclidean setting
the situation is not covered by the classical Modica-Mortola Theorem
because of the precense of the boundary term.

We recall also that Modica-Mortola type results (without a bound-
ary term) have been proved in the Euclidean space for subriemannian
energies by Monti and Serra Cassano.
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1. INTRODUCTION AND STATEMENT OF THE RESULTS

It is well known that, roughly speaking, a contact manifold (M,#) can
be viewed as “the boundary” of a symplectic manifold (£2,w). We refer for
instance to [13], Section 6.8. In particular, the Heisenberg group H™ can
be seen as the boundary of the upper half-space U™ C C" (see, e.g. [50],
Chapter XII).

The aim of this note is to show that — in the same spirit — the notion of
perimeter associated with the contact structure of (M,#) (see [8]) can be
seen as a variational limit of “solid functionals” defined in the symplectic
manifold (Q,w) that has M as boundary (notice that similar approximation
“from within M” are already known, at least in the model case H": see
38].)

More precisely, inspired by [5], we show that the perimeter in (M, 6) is the
I-limit of a family of “phase transition” functionals with “low dimensional
tension effect” in €.

Let us start by introducing the setting of our results. Let €2 be a bounded
open set in a Stein manifold of complex dimension N = n+1, with symplectic
form w. A complex manifold ¥, endowed with a complex structure J, is said
a Stein manifold if it admits an exhausting J-convex function ¢. We recall
that X is endowed with a Riemannian metric g associated with w and J. We
assume that Q = {¢ < ¢} is a sublevel set of ¢. Then its boundary M = 012,
of real dimension 2n + 1, inherits a natural contact structure (M, #), where
6 is (roughly speaking) the restriction to M of the 1-form &, the contraction
of the symplectic form w along the so-called Liouville vector field Xg, that
plays the role of the normal vector to M.

All precise definitions will be given in Section 2.1, but the idea is that
bounded open sets in Stein manifolds are the natural generalization of do-
mains of holomorphy in C”, having a contact manifold as boundary. We
denote also by dy the volume element in €2 with respect to the metric com-
patible with the symplectic form w, and dvg := 0 A (d6)N~! the volume
element in M with respect to the contact form 6.

Let V' be a double well potential, i.e, a function V' : R — R satisfying

V(0)=V(1)=0, V>0 in R\{0,1}.
Given € > 0 and A > 0, we define the energy functional

(1.1) F.(u) = E/Qf(y, Du(y)) dy + e /M V(Tru) dvg,

where Du denotes the Riemannian gradient of w. The first term in the
functional F_(u) is essentially the Dirichlet energy on € inherited from the
sub-Riemannian structure of (€, ker¢), and it will be precisely written in
Section 2.1 after we have introduced all the necessary notations. Thus F.
will be well defined if u € W12(Q); we assign it the value infinity otherwise.
Note that functions in this space have a well defined trace Tru on M with
respect to the normal Xj.
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The second term in the functional, coming from a double well potential
(on the boundary), creates a phase transition on the boundary M as ¢ — 0.
Here the sub-Riemannian geometry of M plays an essential role in the un-
derstanding of the I'-limit of the functional as ¢ — 0, and this is the main
innovation of the present paper.

The model we have in mind is M the n-Heisenberg group H" and Q =
H" x R*, which is the flat model in this geometry; Indeed, by the Dar-
boux Theorem, any (2n+ 1)-dimensional contact manifold is locally contact-
diffeomorphic to the n-Heisenberg group (see e.g. Theorem 5.1.5, [1]). In
this model case the functional reduces to (1.2).

For a general review on Heisenberg groups and their properties, we refer to
[11], [28], [50], and [52]. We limit ourselves to fix some notations, following
[23]. The Heisenberg group H" is identified with R?"*! through exponential
coordinates. A point p € H” is denoted by p = (n,t), with n € R?" and
t € R. If p and p’ € H", the group operation is defined as

1 n
pov' =0t 5 Y 00— jntly)-
j=1

For fixed ¢ € H" and for r > 0, left translations 7, : H" — H" and not
isotropic dilations 9§, : H” — H" are defined as

7,(p) ' =q-p and as  0,.(p) := (rn,r%t).
We denote by b the Lie algebra of the left invariant vector fields of H". The

standard basis of h is given, for i =1,...,n, by
1 1
Wi =0, - 5 itn 0 Wi, = 0p., + S0 T =0

The only non-trivial commutation relations are [WP,W}%”] =T, for j =
1,...,n.

The horizontal subspace b1 is the subspace of h spanned by W{HI, e WQI%.
Coherently, from now on, we refer to W, .. ., W2[HTIL (identified with first order

differential operators) as to the horizontal derivatives, and we write
wi .= (wi, Wiy

Let gy = gu(-,-) be the Riemannian metric on H" making W{HI, ey W%H,Il, T
orthonormal. We shall denote it by (-, -)g. We denote by Vi the horizontal
gradient

Vi = (Wi, ... Wi,
Denoting by ho the linear span of T, the 2-step stratification of b is expressed
by

h=b1 @ b

The dual space of h is denoted by /\1 h. The basis of /\1 b, dual to the basis
(W . W T} is the family of covectors {dny, ..., dnan, 0} where

n

1
Oy := dt — B} Z(njdnj+n - 77j+nd77j)
j=1
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is called the contact form in H™.

In this particular case, the functional (1.1) is written as

(1.2)
2n
E.(u) := s/ (Z (WJHU)Q + (azu)2> dvg,dz + e V(Tru) dvg,.
H"™ % [0,00) j=1 Hn»

where dvg, = dndt. Here we realize that our functional corresponds to a
hypoelliptic Dirichlet energy functional with a boundary phase transition
on a contact manifold.

In general throughout this paper, if u is a real function defined on a
smooth manifold and X is a smooth tangent vector field, we shall write

Xu := Lxu,

to denote the Lie derivative of u along X.
Let us now state our main theorem, a boundary I'-convergence result. For
the rest of the paper, we will assume that

(1.3) lin%slog Ae =k for some constant x € (0, 00).
e—

We also define the limit functional on M as
c .S, if v € BVy(M,{0,1}),
= {15 (M. {0,1})

14
(14) + oo otherwise,

where ¢ = x/m. Here ||0Al|p denotes the intrinsic perimeter measure of
the set A C M associated with the contact form 6, and S, = 9{v = 1}
the singular set of v € BVy(M,{0,1}). Precise definitions will be given in
Section 3.

Theorem 1.1. For e > 0, consider the functional F. : WH2(Q) — [0, +o0],
Under scaling (1.3) we have that:

i) Given a sequence {u.} such that F.(u.) is bounded when € — 0, then
{Truc} is pre-compact in L*(M) and every cluster point belongs to
BV(M, {0,1}).

it) Lower bound inequality: for every v € BVy(M,{0,1}) and every
sequence {us} C WH2(Q) such that Tru. — v in L (M), there holds

liminf F.(u:) > F(v).
e—0

i11) Upper bound inequality: for every v € BVy(M,{0,1}) there exists a
sequence {u:} C WH2(Q) such that Tru. — v in L'(M) and

il_r% F.(uz) = F(v).

The inspiration for this theorem comes from the Riemannian case. The
classical theorem for phase transitions of Modica-Mortola states that a
Dirichlet energy functional with a double well potential (in the interior)
I’-converges to the area functional, and thus, phase transitions happen at
a minimal surface (see the survey paper [3] or [34], for instance). Later,
Alberti, Bouchitté and Seppecher [5] considered an energy functional on do-
main Q C R?® with a double well potential defined on the boundary of €,
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which is a closed surface M. In this case the I'-limit leads to a phase tran-
sition problem on the boundary surface M. This problem comes in relation
to a model in capillarity with line tension effect.

Here we consider the sub-Riemannian version of [5], in which the phase
transition occurs at the boundary of a complex domain €2, which is a sub-
Riemannian (contact) manifold M. Although the structure of the proof is
similar to the Riemannian case, the main difficulties, detailed below, come
precisely from the fact that the sub-Laplacian is a hypoelliptic, but not
elliptic, operator, and from the intrinsic geometry of a contact manifold.

The first I'-convergence result in the sub-Riemannian setting is by Monti
and Serra Cassano [38], where they show the analog of the Modica-Mortola
theorem for interior phase transitions in a subdomain 2 in the framework of
Carnot-Carathéodory spaces. As a particular case, their result holds in the
case of the Heisenberg group, which is the flat model in contact geometry.

In contrast, looking at boundary phase transitions on complex domains
presents several difficulties that one needs to deal with. Therefore, we give
now an overview of the paper, stressing the points at which we cannot plainly
traslate Euclidean techniques to our geometric setting, but we have to use
new approaches or new technical arguments.

First, in order to follow the methods in [5] for the Riemannian setting,
one needs to compare our domain Q to a product M x [0,0) while still
preserving the complex structure. However, in the process of flattening one
needs to control the error in this procedure only by means of the derivatives
appearing in the functional (1.2) and not of the whole gradient. This is the
content of Section 2.2.

Second, while there is an extensive literature on sub-Riemannian geome-
try for the Heisenberg group, the Carnot-Carathéodory theory on a general
contact manifold has just recently been developed in [8]. In [8], the authors
developed the theory of perimeter and BV functions, but several results
needed in our proofs were not available. One of the missing concepts was
the Eikonal equation for the Carnot-Caratheodory (CC) distance, which we
address in Section 3.2. Of course, the Eikonal equation holds in the viscosity
sense in the CC setting (see Corollary 2.36 and Remark 2.37. in [14]), but
we need a pointwise identity.

Section 4 deals with the proof of the compactness and the lower bound
inequality for the model functional (1.2). This part essentially follows, as in
the Riemannian case, using a slicing theorem by [35] to reduce the problem
to a one dimensional one.

In Section 5, we prove point i) and ii) of Theorem 1.1. To do that, we need
to pass from the corresponding results for the flat model, established in Sec-
tion 4, to the ones for the original functional. In doing that, a crucial issue is
to compare our boundary contact manifold to the Heisenberg group near a
given point, in the spirit of the blow up theorems by [8]. Of course, the start-
ing point is Darboux theorem. Let us give now a list of the difficulties we
have subsequently to deal with. Precise technical features are described in
Remark 5.7. In the Euclidean setting, for a smooth hypersurface .S basically
all reasonable notions of surface measure agree: De Giorgi perimeter, spher-
ical Hausdorff measure with respect to Euclidean balls, as well as Minkowski
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content. Because of this, in [5] the authors use systematically the spherical
Hausdorff measure. In a contact manifold the situation is different: indeed
it is natural to formulate our results in terms of perimeter and Minkowski
content, and we are forced to use the Carnot-Carathéodory distance on the
contact manifold, since it satisfies the Eikonal equation. On the other hand,
the proof of the liminf inequality (with exact constants) is reached in [5] by
means of the estimate of the density of a suitable measure associated with
the functional, yielding a comparison with the Carnot-Carathéodory spher-
ical Hausdorff measure. Unfortunately, an explicit representation formula
for the perimeter in terms of the Carnot-Carathéodory spherical Hausdorff
measure is not known, and we have to use an indirect comparison argument,
that is stated in Theorem 5.6.

Many of the results that are needed are summarized later in Section 7,
as an appendix for the paper (see also [24]). Finally, Section 6, mostly
analytical, concludes the proof of the main theorem, establishing the upper
bound inequality (point iii) in Theorem 1.1).

2. REDUCTION TO A MODEL PROBLEM

2.1. Geometric setting. We refer to [13] for an introduction to the results
in this section.

Definition 2.1. A complex manifold X is said a Stein manifold if admits
an ezhausting J-convex function ¢. To be a complex manifold means that:

i) ¥ is a smooth manifold of real dimension 2N, endowed with an
endomorphism (the complex structure) J : TY. — T satisfying
J? = —I on each fiber;

i1) J is integrable, i.e. J is induced by complex coordinates on X.

Let now ¢ : ¥ — R be a smooth function. We say that ¢ is an exhausting
function if:

i11) inf ¢ > —o0;
iv) ¢~ 1(K) is compact for any compact set K C R.
We denote by d© the operator defined by

(d¢|X) := (d¢|JX) for all smooth tangent vector fields X.
We can associate with ¢ the 2-form
w=wy = d&y, where {=§y:= —d%.
Then the function ¢ is said J-convex if

(2.1) wg(X,JX) >0 for all smooth tangent vector fields X.!

Proposition 2.2 ([13]). Suppose ¥ is a Stein manifold with respect to the
complex structure J and the exhausting J-convex function ¢. Then:
i) we is a symplectic form;
i) wy is J-invariant, i.e. wy(JX,JY) = wy(X,Y) for all smooth tangent
vector fields X, Y ;

IThrough this paper, we denote by (-|-) the duality between cotangent h-vectors and
tangent h-vectors. Moreover, for sake of simplicity we write sometimes wy(X,Y") for
(wol X A Y) and £4(X) for (£4]X)).
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iii) the bilinear form on TY given by g4(X,Y) = g(X,Y) 1= wy(X, JY) is
a Riemannian scalar product and hence a Kdhler metric. In particular
the Riemannian volume form dy coincides with the symplectic volume
form wg ;

i) J is a g-isometry;

v) if we denote by V4 =V, the gradient associated with the Riemannian
scalar product gy, then the vector field Xy := V¢ satisfies

Lx,wp =wy or, equivalently, &y =1x,wq,

i.e. Xy is a Liouville vector field for the symplectic form wy. Here 1x
denotes the contraction along the vector field X.
vi) 9¢(Xg, Z) =0 in M for all Z € TM.

Proof. Assertions i) and i) are proved in [13], Sections 2.1 and 2.2; asser-
tions i) and v) are contained in [13], Lemma 2.20. As for i), if X, Y € TS

9o(JX, JY) = wy(JY, J2X) = —wy(JY, X) = wy(X, JY) = g4(X,Y).
Finally, vi) follows from the identity g4(X4, Z) = (d¢|Z). O

The symplectic structure induced by ¢ is independent of ¢ in the following
sense:

Theorem 2.3 ([13]|, Theorem 1.4.A). Let ¢ : ¥ — R be another smooth
function satisfying iii), iv) in Definition 2.1, and (2.1). Then (X,wy) and
(X, wy) are symplectomorphic.

Let now ¥ be a Stein manifold, and let ¢ be the associated exhausting
function. If ¢ € R is a regular value of ¢, we set Q4. = ¢~1(] — o0, c[).
Clearly €24, is a bounded open set in X with smooth compact boundary
M. We assume here, for sake of simplicity, that My has only one connected
component.

From now on, the exhausting function ¢ and the regular level ¢ will be
fixed, and we drop the corresponding indices in our notations and thus we
write  := Q. and M = 0€2. In addition, we shall write X for the Liouville
vector field V4¢. We notice that Xy # 0 in a neighborhood M of M since
¢ is a regular value of ¢ and M is compact.

We denote by T2 := (Q, TS, ) the tangent bundle of 2, and by 7,2 the
fiber of T) over y € 2. Coherently, we denote by g, the Riemannian metric
g on T,Q, and by &, and wy, the forms ¢ and w at the point y. However, as
customary in differential geometry, we drop the index y whenever this does
not lead to misunderstandings. An analogous notation will be used for T'M,
the tangent bundle of M.

Finally, we denote by d the Riemannian distance on  with respect to the
metric g.

The next step consists in proving that there is a natural (2N — 1)-
distribution associated with the the Liouville form £ in a neighborhood M
of M.

Proposition 2.4. Set H :=ker{ ={X € TQ; 1x¢{ =0} C TQ. Then
i) Xo € H;



i) dimH = 2N — 1 in M;
iii) H has a orthonormal basis of the form

B = {Xo,Zl,JZhZQ,JZQ, .. .,ZN_l, JZN—I}

(in particular, Zy,JZ1, ..., ZN—1,JZNn_1 € TM on M);

w) w(Zi, Z;) =0 foralli,j=1,...,N -1, w(JZ;,JZ;) =0 for alli,j =
L,...,N -1, w(Z;,JZ;) =0 for alli,j =1,...,N — 1, i # j, and
w(Zi,JZ;) =1 foralli=1,...,N —1;

v) £([JZ;i, Zi]) =1 fori=1,...,N;

vi) H+[H,H] =T, so that (H,g) is a reqular sub-Riemannian structure
on €.

Proof. To prove i) we write
(§1X0) = 1x,w(Xo) = w(Xo, Xo) = 0.

Next, obviously dimker £ > 2N — 1. Suppose i) fails to be true. Then for
some y € M and for any Y € T,Q2 in M

0= (&lY)y = wy(Xo,Y),
which contradicts Xy # 0 since w is symplectic.

To prove i), we prove first that, if g(X, Xo) = 0, then (¢|JX) = 0.
Indeed

(2.2) €|JX) = w(Xo, JX) = g(Xo,X) =0.
Consider now Xd- Nker &, the g-orthogonal complement of Xg in ker £, that
has dimension 2N — 2, and take an unit vector Z; € XOL Nker&. Take now
JZy, that is a unit vector by Theorem 2.2, part iv). By (2.2) JZ; € ker&.
We have also
9(Xo,J21) = w(Xo, J*Z1) = —w(Xo, Z1)

= —(ixw|Z1) = (£|Z1) = 0.

Thus JZ; € X5 Nkeré. Finally
9(J 21, Z1) = w(J Zy, ] Z1) = 0.

Summing up, Z; and JZ; are two orthonormal vectors in XOl Nker&. We
can take now an unitary vector Zs € span{Xo, Z1,JZ;}+ Nker{. Arguing
as above, Zy and JZs are two orthonormal vectors in span { Xo, Z1, JZl}J- N
ker £. Repeating the argument, we achieve the proof of ).

Let us prove iv). Let i # j be given. Thanks to the anti-commutativity
of w, we can assume i < j. Then w(Z;, Z;) = w(JZ;, JZ;) = g(JZ;, Z;) = 0,
by construction. In addition, if i # j, then w(Z;,JZ;) = g(Z;, Z;) = 0,
whereas w(Z;, JZ;) = g(Z;, Z;) = 1 for i = 1,..., N — 1. This achieves the
proof of iv).

To prove v), we have only to recall that, by classical Cartan’s formula

1 =w(Z;,JZ;) = d§(Zi, T Z;) = JZi &\ Zi) — Zi(E| T Zi) — (€|[Zi, T Zi])
= —(&l[Z:, T Zi])-
Finally, vi) follows from i) and v). O

Remark 2.5. We can always take Z; and JZ;, j = 1,..., N—1, that commute
with Xj.
8



Let us remind now the following well-known definition.

Definition 2.6. Let M be a smooth (2n+ 1)-manifold. A 1-form 6 is said a
contact form if @ A (d)?" # 0 on M. The set ker § C TM is called a contact
distribution. Let M; and My be two contact (2n + 1)-manifolds endowed
with the contact forms 67 and 6». A smooth diffeomorphism f : My — Mo
is said a contact map if 01 = f*0 and hence f, ker 6, = ker 05.

The following result is well known:

Proposition 2.7. Denote by i : M — Q the natural embedding. Then the
1-form 0 = i*(1x,w) is a contact form on M, and therefore ker 6 defines a
contact distribution on M.

Remark 2.8. By the previous proposition, we can choose dvg := 0 A (d@)N -1
as the volume form in M. For sake of simplicity, if A C M we shall write
vg(A) for [, dvg.

Moreover (see e.g. [10]) there exists a global vector field T" on M satisfying
(|T) = 1 and orthogonal to ker§ with respect to the Riemannian metric
induced by g on TM (still denoted by g), that is called the characteristic
vector field or Reeb vector field of the contact structure.

Proposition 2.9. The contact distribution ker 6 carries a natural symplectic
structure

o = di*(€) = i*(d€) = i*w.

Proof. We have only to prove that i*w is non-degenerate on ker . To this
end, let X € ker@ be such that i*w(X,Y) =0 for all Y € kerf. If x € M,
then, keeping in mind that i(z) = z, we have
0 = i"we(X,Y) = wi(z)(di(X), di(Y)).
We remark now that any tangent vector Z to €2 at a point of M can be
written in the form Z = di(Y) + A Xy with A € R and Y € T'M, since X is
normal to M. On the other hand
Wi(z) (di(X), Xo) = —&i() (di(X)) = —0,(X) =0,

and hence wj(,)(di(X), Z) = 0 for all Z € T(,,(?, achieving the proof of the
proposition since di is injective. O

Proposition 2.10. The vector fields Z; and JZ;, j = 1,...,N — 1 (that
belong to TY), being tangent to M at the points of M, can be identified
with vectors in ker@ C TM and are a symplectic basis of ker 6. Moreover,
ker 6 inherits the Riemannian metric from the ambient space (denoted by

the same letter g) and Z; and JZ;, j = 1,...,N — 1 give an orthonormal
basis of ker 6.

Proof. 1t is enough to apply Theorem 2.4, iv). O

We are ready now to introduce our main object of study. We write N =:
n+ 1. If p is a tangent smooth vector field to €2, we denote

Alyp) == 95(Zj):0)* + > 9y(TZ;(y),p)* + 9(Xo(v), p)’.
=1 =1

Let now f : T2 — R be a smooth function such that:
9



H1.0< f(y,p) < Cgy(p,p) for ally € Q and p € T,€2.;
H2. for any o > 0 small enough there exists a neighborhood U, of M in
Q, Uy, C M, such that

(1—-0)A(y,p) < f(y,p) < (14 0)A(y,p)
for all y € Uy and p € T,).

If there is no way to misunderstanding, we denote by V = V, the Rie-
mannian gradient in 2. We notice that, if X is any vector field on €2, then
gy(X,Vgu)? = |Xu|§. Keeping in mind that

9y(X,Vgu) = (du|X) = Lxu = Xu,

we can write

23) [ M Vaydy= [ (D@0 + 30207 + (Xow?) dy

Us o =1 j=1

2.2. Straightening the domain and freezing the functional. It is well
known that, straightening the integral curve of Xy, we can transform the
neighborhood U, of M into the cylinder M x [0,0). More precisely, we
consider the map
O =P(z,2): M x[0,0) =

defined by

0P
(2.4) P —Xo(®) and ®(z,0) =i(z).

z

If o > 0 is small enough, then ® is a smooth diffeomorphism. We set now
Zp = (9 V.25, JZj=(®N.JZ;, j=1,...,n,
and
£:=d" (), @:=d*(w).
In addition, we define the projection
m:Mx[0,0) = M

given by m(z,z) = x. We notice that, if « is a differential form on M, then
T« is its “natural” extension on M x [0, 0).
The following result follows straightforwardly by algebraic arguments.

Lemma 2.11. We remind that we have set 6 :=i*¢. Then we have:
) £ e7h;
ii) w=d(e*n"0);
iii) ker& =kerf x R.

Moreover, we have the following Lemma:

Lemma 2.12. We have:
1) ((I)il)*XO = (07 _1) = _az;
i) ®*(wN) = e N* 1*(dvg) A dz.
10



Proof. Point i) comes by the way we have defined ® in (2.4). To prove ii),
we notice that, by Lemma 2.11,

* (W) =N = (d(e 7 0))N = eV (—dz A7t 0 + 7 (dF))N
= —e Ndz A0 A (7 (dF))N T
=e VoA (7 (dO)N L Adz
=e NEa* (O A (AN ) Adz.
U

Remark 2.13. For sake of simplicity, from now on we shall write dvg A dz for
7*(dvg) N dz.

If we perform the change of variables y = ®(z, z), keeping in mind that
Xou = 0;(uo®) and Zju = Z;(uo ®), and setting @ := uo ®, the functional
(2.3) becomes

A(y, Du(y)) dy
Us

/MX[OU (Z ; (JZ;a)? (aza)2> e~Ndup A dz.

=1

(2.5)

We recall now that the vector fields 71, ..., Z, and JZ1,...,JZ, in Q are
tangent to M in M, and hence can be identified with vector fields tangent
to M at the points of the form (x,0) € M x [0,0). Thus in M x [0,0) we
set:

Z]O(xvz) = Zj(.%',(]) = Z](l(l’))

and

TZ3(,2) = JZ;(2,0) = J Z;(i(x)).

The core of this Section is the following Proposition, that states basically
that our functional near the boundary M of € is equivalent — in a suitable
way — to a variational functional F; , satisfying the following properties:

e F., is defined in a cylindric region M x [0,0);

- ~ ~0

e F_, is associated with the vector fields ZJQ and JZ j (that are tangent
to M and are independent of the “vertical” variable) and to a purely
vertical vector field 9,.

More precisely, we write

n n

Foo(11) == /MX[O , (Z(ZJ%)2 + 3 (J2%) + (aza)Q) dvg A dz.

J=1 J=1
Proposition 2.14. Using the above notations, we have
(14+0(0)) ; Aly, Vu(y)) dy = Fe o (1)

provided we take o small enough.
11



Obviously, the exponential e=V# in (2.5) gives no trouble. The remaining
part of the proof of Proposition 2.14 is more delicate: in M X [0,0) we have
to replace (e.g.) the vector fields Zj by their value frozen at z = 0 and to
control the error. However, a straightforward application of the mean value
theorem does not fit our purposes, because this estimate of the error would
involve all derivatives of @, that in turn are not controlled by the original
functional, where only derivatives along a particular distribution appear.
Thus, we have to show that we can control the error only by means of the
derivatives appearing in the functional. This is the aim of the following
technical lemma.

Lemma 2.15. Ifj=1,....,n and 0 < s < z < 1, then

S) = Z )‘Z,j(‘ra S, Z)Zf(xa Z)
=1

(2.6) "
+ Z Nen, (8, Z)j\Zg(SL', z2) + Xo,j(x,8,2)0;.
(=1
Similarly,
0 JZ Z)‘M x,5,2)Z(x, 2)
(2.7) =t

n
+ 3 N (3,5, 2) T Z0(,2) + Xy (@, 5, 2)0,
/=1
Moreover, there exists a geometm'c constant C > 0 such that \A07j| + -+
[A2n, | < C and [N ;| + -+ [Ny, ;| < C forany j=1,...,n

Proof. We prove (2.6); the proof of (2.7) is analogue. First, we prove that
for any j = 1,...,n, the vector fields OZZ]-(;E,S), azﬁj(x,s) belong to
ker &(x, s). Then the assertion follows since ker £(z, s) = ker £(z, z) for any
0 < s <z, by Lemma 2.11, iii).

We show that for any j =1,...,n

BZZ]‘ = Z {g([Zj, )(0]7 Zg) O (I)}Zg
(2.8) =1

+Z{g i Xol, JZs) 0 @} T Zo + {9([Z;, Xo), Xo) 0 ..

In order to prove (2.8), we notice preliminarily that
0:2; = [(271):Z;,0:] = [(®71): Z;, (271)uXo] = (271):[Z5, X,

where the last equality comes from [1], Proposition 4.2.23.
Let us prove now that [Z;, Xo| € ker{. Using Proposition 7.4.11 in [1],
we have
w(Zj, Xo) = d&(Z;, Xo)

= Z;j(&| Xo) — Xo(€|Z;) — (£l1Z;, Xol) = —(§l[Z;, Xo])-
12



On the other hand
w(Zj, Xo) = w(Xo, J*Z;) = 9(Xo, JZ;) = 0

since the basis {Xo, Z1, ..., Zn, JZ1,...,JZ,} is orthonormal, hence [Z;, X¢] €
ker£. Thus,

25, Xol = Y 9((Zj, X0}, Z) Ze + Y 9([Z5, Xol, J Ze) T Ze+ 9([Z;, Xo), Xo) Xo,

=1 =1
and hence
(CaN( Z{g i, Xol, Z¢) O@}Ze—i-Z{g Xg],JZg)ocb}ijg
=1
+ {g (Z;, Xo), Xo) 0 @}0..
This proves (2.8) and concludes the proof of Lemma 2.15. O

For the sake of simplicity, sometimes we denote the vector fields
Ziyeois Ty 20, J 2y by Wh,...,Wap,
and we set
W = {Wy,...,Wap}.
Analogously we define the W]Q’s by freezing the Wj at z = 0 and we set
W= (W0, WO}
With these notations, Lemma 2.15 reads as follows: for any j =1,...,2n,

and 0 < s < z < 1, there exists 2n coefficients Ag j, A1, ..., A2y, j such that
A1, + -+ [Aen, 5| < C, and

2n
(2.9) 0., W (z,s) Z)\g] x, 5, 2)Wy(z, 2) + X, j(,8,2)0,.

=1

We can give now the proof of Proposition 2.14.

Proof of Proposition 2.14. By (2.9), we have that for any j = 1,...,2n, the
following holds:

Wj(x,z) = W;(z,0) + 0. W (x, s)ds

so that

2n
Wz, 2) = Wi(z,0)+ Y A (@, 2)Welz, 2) + Ao, (2, 2)0x,
=1
where 5\07]‘,...,5\2%]' = 0(z) as z — 0 for j = 1,...,2n. Setting, for any
7=1,....2n:
W]Q(x,z) = W;(x,0),
13



we have

(2.10) (Wyi) (@, 2) = (W)@ (a, SROMCRIURIES

+ j\o,j(x, 2)0,u(x, z).

To conclude the proof we have to show that

2n 2n
S (W) + (2a)* — (D (W) + (9:)°)
j=1 j=1
2n 2n
(2.11) = Z 2N (Wha)?
: j:l
2n
= 0(0) (Y _(Wji)® + (0:0)%).
j=1
For any j =1,...,2n, we set:

aj = Wjﬁ, bj = WQfL, co = 8271,
so that (2.11) becomes

(2.12)
2n 2n 2n
Zag—Zbg Za +c) — ZbQ—i-co = (z)(Za?%—c%).
J=1 J=1 J=1

By (2.10), we have that

2n
a; = bj + Z )\g’jag + )\oijQ,
/=1
and hence
2n 2n 2n
~ ~ 2 2
D (a5 =D Aejar = hoje0)” = 3 b}
j=1 =1 j=1

We compute:

n 2n 2n 2n

2
Z(aj—z;\&jag—j\ajc() ZCL +COZ)\0]+Z Z)\Zgaé
=1 j=1 (=1

J=1

2n
— QZG’J Z)\g jae — QCQZCLJ/\O j — 2co Z )\g ]ag)\o j
7=1 /=1

7.0=1
2n
:Za?+10+11+12+13+14.

J=1
14



It remains to estimate I; for i =0,...,4:

IO_COZ)\OJ— 607

2n 2n 2n 2n
L= (3A7) ) ai O0(0) Y afs
j=1 t=1 =1 =1
- 1/2 o an 2\1/2 1/2 < 1/2
Bl <2(D_a3) (D (D Aejae)’) " <2(Daf) (D A2 jai)
7=1 j=1 (=1 j=1 j =1
2n
<0(0)Y a?
(=1
2n 2n 1/2 2n
|I3] < 2leo] Y ojaj| < O(0)|col Z O(o) (D _aj + ).
j=1 j=1 j=1
2n ) ) 2n 1 2
1] < 2leo] 3 Aejarhos] < O@)leol (3 a3)” Za + ).
j,le 7=1
This yields (2.12) and then achieves the proof of the pr0p051tlon. O
For € > 0, the functional F., : WH2(M x [0,0)) — [0, +00] reads as
2n
Fuoil) = / (W02 + (0.0)?) dog 1 d
(2.13) Mx[0.0) * j—1
+ /\8/ V(Tra) dvg,
M

that, according to Proposition 2.14, is nothing but an approximation of the
original functional F; in a neighborhood of M, written in the new “straight-
ened” coordinates.

Remark 2.16. From now on we shall work only on the straight cylinder M x
[0,0), and hence, to avoid cumbersome notations, we shall drop everywhere
the tilde if there is no way of misunderstanding.

In addition, since the vector fields W7, ... WJ are independent of z €
[0,0), we can identify them with vector fields in TM.

The proof of our I'-convergence Theorem 1.1, at least parts i) and i),
will follow from the following analogue result for the approximate functional
(2.13) using Proposition 2.14.

Theorem 2.17. Assume that the scaling (1.3) holds. Then, for all o > 0
small enough, we have:

i*) Given a sequence {u.} such that F.,(uc) is bounded when ¢ — 0,
then {Tru.} is pre-compact in L*(M) and every cluster point belongs
to BVy(M,{0,1}).

ii*) For every v € BVy(M,{0,1}) and every sequence {u.} C WH2(M x
[0,0)) such that True. — v in LY(M), there holds

liminf F. o(us) > F(v).
e—0 ’
15



The scheme of this paper is the following: in Section 5 we shall prove
i*) and %) of Theorem 2.17. Finally, in Section 6 we shall prove iii) of
Theorem 1.1, thus completing the proof of of Theorem 1.1.

3. SUB-RIEMANNIAN STRUCTURES

Although there is a wide literature on Carnot-Carathéodory spaces over
R™ here we are looking at manifolds [8, 29|, for which some of the theory
needs to be developed. We will briefly recall all the necessary ingredients.
Though several of the following results hold for general geometric structures,
for reader’s convenience we state them in our setting, i.e. in the contact
manifold (M, #) endowed with the metric g. According to Remark 2.16, we
denote by

WO =(wP,... Wi
our fixed orthonormal basis of ker 6, and by T' the Reeb vector field.

We next define the distance d. on M. Recall that an absolutely continuous
curve v : [0, T] — M is a subunit curve with respect to W, ..., Wzon if there
are real measurable functions c1, ..., ca,, defined in [0, 7], such that

2n 2n
Zc?(s) <1 and A(s)= Z cj(s)WJQ(fy(s)), for a.e. s €[0,T].
=1 j=1

Then, if p,q € M, the cc-distance (Carnot-Carathéodory distance) d.(p, q)
is
de(p, q) el inf {T > 0: ~issubunit, v(0) =p, v(T) =q}.

The set of subunit curves joining p and ¢ is not empty, by Chow’s theo-
rem, since the rank of the Lie algebra generated by W, ..., W3 is 2n + 1.
Moreover, d. is a distance on M inducing the same topology as the standard
distance on M as a differentiable manifold (cf. [8, 2]). (M,d,) is called a
Carnot-Carathéodory space.

We recall that, because the topologies induced by d. and the usual one
coincide, the topological dimension of M is 2n + 1. On the contrary the
homogeneous dimension of M is the integer Q) := 2n + 2.

In the particular case that M is the Heisenberg group, we write the
Carnot-Carathéodory distance by dZ.

Throughout the paper we will denote by B,.(p) = B(r,p) the open ball
(centered at p of radius r ) in M associated with the distance d. and by
B (p) = B¥(p,r) the open ball in H" associated with the distance d.'.

3.1. Functions of bounded variation. The aim of this section is to re-
call some basic facts about BV -functions on a contact manifold M and, in
particular, the coarea formula, following [8] and [33]. Since the volume form
dvg has been chosen once for all, if X € I'(M, ker ) is a continuously differ-
entiable section of ker 6, we can define the function div X by the identity

(div X)dvg := Lx (dvg) = d(ix (dvg)).

Using properties of exterior derivatives and differential forms, we see that
div X satisfies

(3.1) —/qudidevg = /M(ng)dvg for any ¢ € CL(M).
16



Applying (3.1) to the product h¢, with h € CY(M) and ¢ € C}(M), using
Leibnitz rule and the identity

div(¢pX) = ¢div X + X ¢,

we deduce that
- / h div(6X )dug — / (X h)dup.
M M

We use this identity to define now the derivative of h along X in the sense
of distributions. We say that a measure with finite total variation, that we
will denote by Dxh, represents in an open set U C M the derivative of h
along X in the sense of distributions, if

—/ hdiv(qﬁX)dvg—/ ¢dDxh, V¢ e CPU).
U U

In [8], Proposition 2.1, it is proved that for h € L (M, dvg), Dxh is a

loc
signed measure with finite total variation in U if and only if

(3.2) sup {/Uhdiv(qSX)dvg, e DWU),|¢o| < 1} < 00,

and if this happens the supremum above equals |Dxh|. We can now define
the space BVj.

Definition 3.1. Let U C M be an open set. We say that h € L. (M, dvy)
belongs to BVy(U) if

sup{|Dxh|(U) : X € I'(M,ker8), g(X,X) <1} < 0.

WO = {WP,...WJ }is the orthonormal basis of ker § and f € Li. (M, dv),
we define a vector-valued measure

WOh .= (WPh,...,W3 h).

Proposition 3.2 (see [8], Theorem 3.1). If h € BVy(U), then

i) the total variation of WOh in U is finite. We denote it by [WCh|(U);
i) h belongs to BV (U,d.,dvy), the BV -space in metric measure space
(M,d.,dvg) in the sense of [33]. We notice that (M,d.,dvg) is a
“good” metric space in the sense of [33], as pointed out also in [8];
iii) [WOR|(U) = sup{|Dxh|(U) : X € T (M, ker ) g(X,X) < 1};
iv) [WOR|(U) = || Dh||(U), where ||Dh||(U) is the total variation of h in
the sense of [33].

Definition 3.3. If £ C M is a Borel set, we say that E has (locally) finite
perimeter in U if xg € BVy(U). Moreover we denote

10Elo(U) := W xE|(U).

For h € BVy(U,{0,1}), i.e., h = x g, we denote by S}, the set of points where
the upper and lower approximate limits of h differ. In this case we write
Sy = 0FE NU, the jump set of h in U.

17



Next, from (3.2) we know that if xg € BVy(U), then for ||OF|s-a.e.
xz e U,
(3.3)
i B, E),vy( By E . E|lq( By
it P OB ) BB \EY BB,

rl0 ve(Br(p)) rio - va(Br(p))/r '
Definition 3.4 (see [8], Definition 3.2). (Dual normal and reduced bound-
ary). We write in polar decomposition:
W = v5Wxa|,

where v, = (Vg 1, VEa,) * M — R?" is a Borel vector field with unit
norm. We call VJ‘E the dual normal to E.

We denote by 0*FE the reduced boundary of F| i.e. the set of all points p
in the support of [W%xg| satisfying (3.3) and

1
lim / vi(q) — vi(p)|?d|/WP° q) =0.
10 [WOxg|(B,(p)) Br(p)‘ 2() =(P)|7d| xel(q)

We know that if £ has locally finite perimeter in U, then |W%x g|-almost
every point in U belongs to 0* E. Moreover,

Theorem 3.5 (Riesz Theorem: see [8], Theorem 3.3). Let h be a function in
BVy(M). Then, there exists a Borel vector field vy, satisfying g(vp,vp) =1
[WOYh| — a.e. in M and

Dxh = g(X,v,)|W°h|, for any X € T'(M, ker).
If E is a set of finite perimeter and uw = xg, we call geometric normal the
vector field:
(3.4) VE 1= Uyp-
In addition vp =), vy ,W;.

Finally, combining Proposition 3.2 above and Remark 4.3 in [33], we
obtain

Proposition 3.6 (Coarea formula in M). If h € BVy(M) and f: M — R
is a Borel-measurable function, f > 0, for any Borel set U C M we have:

/de\wom:/_:o (/deHaEtHa(g;)) .

where B, = {h < t}.

3.2. Carnot-Carathéodory distance and the Eikonal equation. The
aim of this subsection is to prove the Eikonal equation for the Carnot-
Carathéodory distance.

First we recall the following regularity result about geodesics (see the
survey [37], Theorem 4):

Theorem 3.7 (Theorem 4 in [37]). In contact manifolds any length mini-
mizing curve is smooth.

A function h : (M,d.) — R is L-Lipschitz if

|h(p) — h(q)| < Ld.(p,q)
18



for all p,q € M. The infimum of such constants L is denoted by Lip(h).
Lipschitz functions are differentiable a.e. along the vector fields W;, j =
1,...,2n, as we see from the lemma below.

Lemma 3.8. If h : M — R is L-Lipschitz continuous with respect to d,
then

h € BVy(M),
(3.5) \WOh|(U) < Lug(U)  for all open sets U ¢ M
and the Lie derivative
(3.6) Lxh(a?) = %%(h(exp(w()xo) ~ h(a")

exists for all X € ker 0 and for almost every x° € M.

In addition Lxh is a distributional derivative, i.e. (with the notation of
[8] as in (3.2))

(Lxh)dvg = Dxh.

Proof. The first two assertions follows straightforwardly from [33], keeping
in mind Theorem 3.1 of [8]. Let now Z € M be a fixed point. Then, by
Darboux theorem there exists a neighborhood U of Z and a contact diffeo-
morphism ¥ : U — H". The map ¥ is bi-Lipschitz continuous with respect
to the Carnot-Carathéodory distance d. in U and the canonical Carnot-
Carathéodory distance df in H". In particular, h o U~! is d:-Lipschitz
continuous. By Pansu-Rademacher theorem (see [43]), for a.e. 2° € U there
exist real numbers A1 (z°), ..., Ao, (2%) such that, if we set W(z0) := p° for

pO = (p(1)7 s ’pgn—i-l) and p = (p1, cee 7p2n+1)a
2n
ho Wt (p) —ho U (p%) = > X;(2°)(p; — p}) + o(di (p, 1°))
§=0
as p — p” and hence, if ¥ = (Uy,..., ¥a,,1),
2n
h(z) = h(z®) =Y Aj(@®) (¥(2) = ¥;(2°)) + o(de(w,2%)),
§=0

as * — 2. Thus, keeping in mind that d.(exp(tX)az",2°) = O(t) as t — 0,
we have:

lim %(h(exp(tX )2°) — h(z%))

t—0

1
= lim -

2n
=0 t D X(20) (¥ (exp(tX)a) — ;(2))
=0

(3.7) .
+ lim —o(de(exp(tX)a’, z%))

t—

2n
= Z MJX (xO)a
=0
where

d .
uf(azo) = )\j(xo)%\llj(exp(tX)J:O) att=0, j=1,...,2n.
19



Finally, the last statement follows from (3.6) and (3.5) by standard argu-
ments.

O

Remark 3.9. We notice that, if v : [0,1] — M is a continuously differentiable
horizontal curve with «(0) = 2° and 4(0) = X, then, arguing as in (3.7),
1

lim — (h(3(t)) — h(")) = Lxh(z?).

Lemma 3.10. Let K C M be a compact set and let x € M. We denote by
de,i(z) the Carnot-Carathéodory distance of x from K. Then

i) de i (x) is 1-Lipschitz continuous with respect to the d.-distance;
ii) for a.e. 2° € M and for all X € ker 0, with g(X,X) <1

| Xde(2%)] <1,
and there exists X = X (x¢) € ker 0, with g(X°, X°) = 1 such that
X, g (2%) = 1.

Proof. The first assertion is trivial. Moreover, it is well known that for any
x € M, there exists Z € K such that d. i (r) = d.(Z,2). Let now z° be a
point where all horizontal Lie derivatives exist, and let v : [0,d.(Z,z%)] —
M be a minimizing geodesic with (d.(z,z")) = z and 7(0) = 2°. By
Theorem 3.7, ~v is smooth. Without loss of generality, we may assume that
de(y(t),2%) = t. Keeping in mind Remark 3.9, if we take X° := X (20) =
4(0), we have
1
X0, g (2%) = lim E(dc(y(t),:co)) =1.

This concludes the proof of ii). O

We can finally state the Eikonal equation for the distance d:

Theorem 3.11 (The Eikonal equation). Let K C M be a closed set and
let d. i be the distance from K. Then

(3-8) (W, k| = dvy.

Proof. Let 2° and X° = X (2Y) be as in Lemma 3.10. We can write X" =
23221 AWJ. Since g(X?, X°) =1 we have

Y A=l
j

Then
2n 1/2 2n
> (Wdek)? >3 N (Wdex) = X0de s = 1.
j=1 j=1

The reverse estimate follows from (3.5) and Theorem 3.10, part i).

1/2

Finally, as in [8], page 20, we have that |W%d, x| = (Z?Zl(W]OdQK)Z) ;

which concludes the proof of the Theorem. O
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3.3. Minkowski content and perimeter. Let E be an open set in M and
let d.pr(z) denote the Carnot-Carathéodory distance of the point z € M
from the boundary of E. We define the tubular neighborhood of 9F in M:

U (OF) :={pe M : d.or(p) <r}.

The upper and lower Minkowski content of OF in M are defined, respec-
tively, as follows:

MT(OE) := limsup 7@9(%(81&3))’
rl0 2r

M™(IF) := liminf M
rl0 2r

When MT(OF) = M~ (OE), we call the common value the Minkowski con-
tent of E and we denote it by M(OF). The following theorem is the analogue
of Theorem 5.1 in [38].

Theorem 3.12. Let E CC M be a bounded open set with C'*° boundary.
Then M*(OF) = M~ (9E) and we have

M(IE) = [|0E]lo-

Proof. We follow the proof of Theorem 5.1 in [38]. We prove separately the
two following inequalities:

(3.9) MT(OE) = [|OEjo,

(3.10) MT(OE) < [|OE]p.

We start by proving (3.9). Let us introduce the signed distance from OF:
d. if E,

(3.11) pu(z) = op(p) ifpe
—deop(p) fpeM\E.

For € > 0 we define the function:

>pe(p) + 5 if [pe(p)| <,

pe(p) = 4 1 if pe(p) > ¢,
0 if pe(p) < —e.
Using that Theorem 3.11 on the Eikonal equation, we have
1 1
Wool =5 [ (WOl dun(p) < 5 w@h(0F).
€ J{lpe(p)I<e} €

By the lower semicontinuity of the total variation and since ¢. — Xxp in
L' (M), we deduce that

|0E] < liminf [W'p.| < M~ (JE),
e—0

which concludes the proof of (3.9).

It remains to prove (3.10). Here we use a Riemannian approximation
for Carnot-Carathéodory spaces (see e.g. [17] and [38]). We consider the
Carnot-Carathéodory distance d. in M associated with the vector fields
WU = {WD,... , W3 eT}. Notice that W? is an orthonormal basis of TM
with respect to the Riemannian metric g. defined as follows: if X, Y € T'M,
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we write X = X'+ X", Y = Y/ +Y”, with X',Y’ € kerf and X",Y" €
span {T'}, and we set

1
g:(X,Y) == g(X")Y') + 6—29(){", Y").

Obviously d. is a Riemannian distance.
Define also d. gp(p) = mingeop d-(x,y). We have that

(3.12) d=(p,q) < depr(p,q) for all p,q.

In fact, deop(p,q) = sup.sq d=(p, )-

Define also p. to be the signed e-distance to OF as in (3.11). Then p; is
C™ near OF and it satisfies the Eikonal equation [W?%(p.)| = 1.

We consider the usual upper and lower Minkowski content for p.

MZ(OE) := limsup M, M (OE) := liminf M.
{0 2r 740 2r

From (3.12), |p| < |p|, from which we immediately have
(3.13) MT(OE) < MT(OE).
To achieve the proof of Theorem 3.12, we need the following technical result.

Lemma 3.13. If E C M is an open set with smooth boundary OF, that is
a compact 2n-dimensional submanifold without boundary, we have

(3.14) |W8XE|(M) — |WOXE|(M) as e — 0.

Proof. Without loss of generality, in (3.14) we can replace M by an open set
U that is contained in the domain of a Darboux map V¥ : U — H" = R?"t1,
We denote by u — Wy u the push-forward of a Borel measure p, i.e.

Uypu(B) = u(¥1(B)) for any B C R?"+! Borel.

Moreover, we denote by U*g the pull-back metric on R?***1. By [8], Propo-
sition 2.2, if X € T'(M,TM), then

(DxxEe)(B) = ¥y (Dxxe)(¥(B)).
Thus

(W2xE|(B) = sup |Dxxg|(B)
gE(XuX)Sl

= sup |Wu(Dxxe)/(¥Y(B))
gE(X’X)Sl

(3.15) = sup |Vu(Dy,xxur)|(¥(B))
gE(X’X)Sl

= sup (W (D, x x| (¥(B))
9 (U X, 0, X)<1

= [0 (W2)xu(m)|(¥(B)),
where
T, (W) = (& W0, ... w, W 1.
As in [38], formula (5.5),

‘\II*(Wg)X\I/(E)K\P(B)) - \‘I’*(WO)XW(E)\(‘I’(B))-
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Thus, repeating backward the arguments of (3.15), we conclude the proof
of the Lemma.
O

Let us go back to the proof of Theorem 3.12. We will prove soon that
(3.16) MZ(OE) = M (OE) = [Wlxg|(M).

Suppose for the moment that this is true. Then, by (3.13), (3.16), and
(3.14), we have:

M*H(OE) < lim MZ(IE) = lim [Wx|(M) = [W x|(M),
e—0 e—0

£

which concludes the proof of the theorem. Therefore, it remains just to show
(3.16).

Let Es ={p € M : p-(p) > s}. Using the coarea formula (3.6) and the
Riemannian Eikonal equation, we have that

t
1
vo({lpe] < 1)) = / v = / WO, | ds
: {lpe<t|} — (W2, | :

t
— / WO s | (M) ds.
—t

Thus, (3.16) will follow if we prove that
(3.17) the map s — [W2xp,|(M) is continuous at s = 0.

This can be done using again the arguments of (3.15) to reduce ourselves to
the “flat” case of R?"*! where (3.17) has been already established in [38]
(see the proof of Theorem 5.1 therein).

O

4. COMPACTNESS AND LIMINF INEQUALITY IN HEISENBERG GROUPS

The aim of this Section is to prove a liminf inequality for the “model case”
where M x [0,0) is replaced by H" x [0,0). To this end, for a subset A of
H" x RT, and A’ = 9AN{z = 0}, and for a function u : A — R, we consider
the localized functional:

(4.1) Bo(u, A, A') := g/ (\WHW v yazu\z) dndtder/\s/ V(Tr ) dydt.
A A

The following theorem is the analogue of Proposition 4.7 of [5]. It es-
tablishes a compactness result and a liminf inequality for the functional
E.(uc,Cr, BY), where BE = BY(0, R) is the Carnot-Caratheodory ball in
H" of radius R centered at 0, Cg := BE x (0, R) C H"xR* and for simplicity
of notation we write B in place of BE x {0}.

Theorem 4.1. Let {u.} C WH2(CR) be a countable sequence with uniformly
bounded energies E.(u.,CR, Bg). Then the traces Tru. are pre-compact in
LI(BERH) and every cluster point v belongs to BVy,(B%,{0,1}). Moreover, if
Tru. — v in LY(BY), then

(4.2) lim inf E. (u., Cr, BE) > ¢
e—0

[ v dlogo =1},

Br

i
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where v, is the geometrical normal to the set {v = 1} and ¢ = k/m with k
given in (1.3).

The proof of Theorem 4.1 is articulated in several steps and requires a
good amount of preliminary results.

4.1. Slicing theorems. We recall a Fubini type Theorem in Carnot groups,
which is proven in [35]. Here, we state it for the case of the Heisenberg
group, but it holds in general Carnot groups. Let S C H" be a C' smooth
hypersurface. By the classical Implicit Function Theorem, we may assume
that S = OF, where E C H" is an open set with finite H-perimeter. Suppose
that there exists an horizontal left invariant vector field W which is globally
transverse to .S, i.e.

(WE(p),v(p)) #0 ¥ pes,
where v is the Euclidean unit inward normal along S. The Cauchy problem

{ A(t) = WH((1))
v(0) =peSs,

has a unique smooth solution defined on all R, which we denote by 7,(t) =
exp (tWH)(p) for t € R and p € S. We call this trajectory a horizontal line.
Now we consider the family of horizontal WH-lines starting from S and we
denote by Rg the subset of H" reachable from S moving along horizontal
WH lines, that is

(4.3) Rs:={qeH":3dpe S, It R s.t. ¢=(t) for some 7} .

Assume moreover that ,(R)NS = p for every p € S. Since WH is transverse
to S, by the uniqueness of the solution of the Cauchy problem and by (4.3),
any subset D of Rg has a natural projection on S along WH. We define the
map prg : D C Rg — S in the following way: for ¢ € D and p € S, we
set p = prg(q) if and only if there exists ¢ € R such that ¢ = ~,(¢). Using
this projection, every subset D of Rg can be foliated with one-dimensional
leaves that are horizontal WH-lines. We define now the partial perimeter
along a horizontal direction.

Definition 4.2. Let U be an open set in H". Let E be a measurable subset
of H". We say that F has finite WH-perimeter in U if

Jow B0 = sup { [ e W andt < € YO, Jol <1} < o

With this notions, we can now state the Fubini type result, which will be
used in the proof of the liminf inequality.

Theorem 4.3 (see Corollary 2.3 in [35]). Let S C H" be a H-regular hy-
persurface and assume S = OF globally, where E C H" is a suitable open
H-Caccioppoli set. Let as before, -y, be the horizontal WH_line starting from
p € S and assume that v,(R) NS = p for every p € S. Finally let D C Rg
be a Lebesgue measurable subset of H™ that is reachable from S by means
of WH_lines. Then, for every function v € L'(D), the following statement
holds:
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(i) let ¢yp, denote the restriction of ¢ to Dy := D N ~p(R) and let us
define the mapping

Yp ’Yp_l(Dp) CR—=R, p(s) = (Y op)(s).

Then v, is L'-measurable for ||0E|g,-a.e. p € S or, equivalently,
the restriction |p is Hi-measurable for ||OE||g,-a.e. p € S;
(ii) the mapping defined by

Sops zpdﬂgz/ Vp(s)ds
Dy ’Yz;l(Dp)

is ||OE||p,-measurable on S and the following formula holds
(4.4)

oo Lo
:/r ) /ID o(s) ds .’<WH,I/E>HHP
prs(D) [Vvp  (Dp)

Later we will apply this result to the case in which S is a vertical hyper-
plane. We stress that the H-perimeter on any vertical hyperplane coincides
with the Lebesgue measure ([12]).

d||Oyy= El| g, ()

d||0E|lg, (p)-

The following result, which is contained in [35], allows to reduce the study
of BV functions on Carnot groups to the study of their one-dimensional
restrictions. First we introduce the following notation, concerning the one-
dimensional total variation along an horizontal vector field W of a function.
Let WH be a horizontal vector field, such that [W|yygn = 1 and let -y, be
a horizontal WH-line starting from p € H". We set

varlyal 1@ s=su { [ Wit s o e CiB) 1ol <1
where B C H", Bopens.t.y, NB=U}.

We give the statement for the specific case of the Heisenberg group.

Theorem 4.4 (Theorem 3.7 in [35]). Let S C H" be a H-regular hyper-
surfaces and assume that S = OF globally, where E C H" is a suitable
open H"-Caccioppoli set. Let WH € HH", [WH|ymn = 1, be a unit hor-
izontal left invariant vector field which is transverse to S, and denote by
t — () = p - exp(tWH) the horizontal W -line starting from p € S. Let
D C Rg be a Lebesque measurable subset of H" that is reachable from S by
means of WH-lines.
Then

(4.5) (WHf|(D) =/ varyys [ o) (Dp)dl| 8y Ellg, (p),
prs(D)
where fp = foy, and Dy := v, N D.
Our next step will be to prove a compactness result in L' for a fam-

ily of functions satisfying some kind of equicontinuity along 1-dimensional
25



horizontal lines (see Theorem 4.6). To this end, we must factorize an arbi-
trary displacement through a finite number of horizontal displacements of
controlled length. This is the content of the following Theorem 4.5.

Theorem 4.5 ([39], §3). There exist m € N and three multi-indezes I, J
and w of length m

I=(i1,...,im), 1in€{l,...,2n}
J=01,--yJm)s Jn€1{1,....2n+1}
w=(wi,...,wn) wy€{-11}

and two geometric constants 0 < b < a < 1 such that, if we set

€]7J7w : R2n+1 — H"

SI,J,w(t17 e ,t2n+1) = exp(wltjl Wlﬂiﬂ) e exp(wmtjm I/VZHEI),
then for all R > 0
Be(0,bR) C £7.7.,(Q(0,aR)) C B.(0,R),

where
Q0,r) ={(t1,...,tan+1) € RQ”“, m?x{]tg\} <r}.

In particular, if h € H"™, then there exist t; = tg(h), £ = 1,...,2n + 1,
maxy{|te|} < ad.(0,h)/b such that

5[’J’w(t1, e ,t2n+1) = h.

The main idea of Theorem 4.5 is that each point in H" can be reached by
integral curves of horizontal vector fields, and when a commutator of two
vector fields is needed, it can be approximated by a finite length ”square
path” along the two fields, taken successively with opposite sign. This is
an important difference between this result and the classical result due to
Nagel, Stein and Wainger [40], Theorem 7, where instead the authors work
directly with integral curves of commutators.

The following result is the analogue of Theorem 6.6 in [5], and will be used
to deduce compactness of the Tru,. from the compactness of their restrictions
to the horizontal slices. We first fix some notations. Let eq, ..., es, be the
first 2n unit vectors of the canonical basis of H”. Let D C H" and let II;
be the vertical hyperplane orthogonal to e;. Obviously we have that WiIHI is
globally transverse to Il;, and therefore we can consider the projection D;
of D on II; along W}I. We denote by 7?(s) the horizontal WH-line starting
from a point p € II;. For a function v defined on D, we consider the function
v(s) := v(¥(s)) defined on the set DY := {s € R|4¥(s) € D}. Accordingly,
for every family F of functions on D, we define the family 77 := {v!|v € F}.

We say that a family F’ is d-dense in F if F lies in a d-neighborhood of
F' with respect to the L! topology. We have the following theorem:

Theorem 4.6. Let F be a family of functions v : D — [—L, L] and assume
that for every & > 0 there exists a family Fs §-dense in F such that (Fs)t is
pre-compact in L*(DY) for |IL;|y- a.e. p € D; for every i =1,...,2n. Then
F is pre-compact in L'(D).

26



Proof. We can assume L = 1 and |D?| < 1 for every p € II;,. Every func-
tion defined on D is extended to be zero outside D, and accordingly every
function defined DY is extended to be zero outside D¥. Arguing as in [5],
Theorem 6.6, we have but to show that for any § > 0

(16) [ 1ota- )~ vl dg -0

as d(h,0) — 0, uniformly for v € F;.
Ifi=1,...,2nis fixed, p € D;, r > 0, we set

w‘g(r):sup{/R|vf(s+U)—vf(s)|ds : v € Fy, o §r}.

By our assumptions, w§(r) < 2 for all » > 0 and, as in [5], by Fréchet-
Kolmogorov compactness theorem, wi(r) N\, 0 as 7\, 0.
By Theorem 4.5 we can write

h=E&rgu(ti, .. tant1),

with t, = te(h), ¢ = 1,...,2n + 1, max,{|t/|} < ad.(0,h)/b. For sake of
brevity we write t;, = (t1,...,tap+1). With the notations of Theorem 4.5,
for 1 <k < m we set

Iy = (i1, yik) , Je=01,---,Jk) and wr = (w1,...,wk).

If we set E(1y, Jo,wp) = e, we have

v(z - h) Z ( (@ - €1ty (E0)) — v( - 51k717Jk717wk71(th)))
k=1
- Z (’U(l‘ En gy (th) - eXP(Wktjsz‘%)) — (@ &y (th)))
k=1

Thus, keeping in mind that Lebesgue measure in H" (that is unimodular)
is the group Haar measure and therefore is right invariant, we have

/ (g - ) — v(g)| dg
Hn»
<Z / v(q - explwrt; W) — v(q)| dg.

Take now i = iy, for a generic k = 1,...,m, and set ¢ := t;, and, for example,
wi = 1. By (4.4), we have

(g exp(tWF) i)l do = [ ([t +0-tlas) a
< /D W) dp < /D wRlad(,0)/0) dp

i

Hn

and (4.6) follows as in [5].
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4.2. Fractional energy in R. In this Subsection we recall a liminf inequal-
ity for a one-dimensional fractional energy. We follow [4]. Let A C R be an
interval, v € L'(A), we define

v(s) —v(s') |2

s— s

(4.7)  Ge(v,A) = ;T /

dsds' + )\E/AV(U(S))ds.

We recall two results that we will use in the proof of the liminf inequality,
and that are contained in [27] and [5]. The first one is a trace inequality in
rectangles with optimal constant.

Theorem 4.7 ([27], Theorem 19). Let u € W2((0,1) x (0,1)). Then, the
trace of u on (0,1) x {0}, call it v, is a well defined function v € HY/?(0,1),

and we have
1 1
dsds’ < 277/ / |Vul|? ds dz.
o Jo

w L

The following theorem is a liminf inequality for the energy functional G..

s’)

s—s'

Theorem 4.8 (Lemma 1 in [4] and Theorem 4.4 in [5]). We have:

(i) Every countable sequence {v.} C L*(A) with uniformly bounded en-
ergies G- (ve, A) is pre-compact in L*(A) and every cluster point be-
longs to BV (A,{0,1});

(ii) For everyv € BV(A,{0,1}) and every sequence {v.} such that v. —
v in LY'(A),

liminf G.(ve, A) > c#(Sy),

e—0

where #(Sy) denotes the number of points of discontinuity of v and
c = k/m with k given in (1.3).

4.3. Proof of Theorem 4.1. With these preliminaries in hand, we can give
now the proof of our Theorem 4.1. By a standard truncation argument, we
can assume that 0 < u. <1 for every € > 0. We follow the proof of Proposi-
tion 4.7 in [5], which is based on a slicing argument. Let e be an horizontal
vector at the origin with |e| = 1, and let W be a left invariant horizontal
vector field such that WH(0) = e. We denote by II the (2n)-dimensional
vertical hyperplane orthogonal to W (0) = e. We apply Theorem 4.3 above
with S =1IN Bg, D= Bg, D, = D N~P, where as before 4 is the integral
curve of WH starting from p € S. Observe that if v € H'(Cg), where as
before Cr = BE x (0, R), then for a.e. p € S =IINBY its restriction to D,
denoted by u,, belongs to H(D,) (see Proposition 6.8 in [5]). Moreover,
using that |e| = 1 and WH is left invariant, a simple computation show that

2n

Z (Wituc|? > (W 2.

i=1
Indeed, if we write e = 3.7, ¢;WH(0) with 327", ¢? = 1, by the left invari-
ance of W we have

2n 2n 2n
Wy |2 = |ZCZWHUE\2 (Z )(Zwﬁugﬁ) <> (Wi
i=1 i=1 i=1
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Hence we have:

E.(u.,Cpr, BY) = e/
Cr

2n
<Z |W1HU5(T], t? Z)’2 + (azua(na tv Z))2> dndtdz

1=1
+ )\s/ V(Trué(nvt70))d77dta
B

H
R

R
= 5/ / (IWJHIus(n,t,z)l2 + (Dzuc(n, t, z))2) dndtdz
o JBY

—i—)\a/ V(Trug(n,t,0))dndt.
BIHI

R

Set DP = (v?) "1 (y?»(R)NBY) = {s € R|+?(s) € BE}, and dLy the Lebesgue
measure on II. Using (4.4), we obtain

E.(u,Cr, BR)

2c [ den ([ e [ (Wm0 + 1000, s

+ Ae V(Tr ua(’yp(s),O))ds> .
Dp

Since 4P is the integral curve of WH, setting
uf(s, z) = u:(7"(s), 2),
we deduce that
WHu (P (s), 2) = O5ul(s,2) and  Dyuc(yp(s), 2) = O,uL(s, 2).
Therefore, we get

Ea(ua,cRaBg) >
R
[ aea (/ = [ (0(s. 27 + o:a(s,2)) d
nnBE 0 Dr

5y /D V(T @ (s, 0))ds) .

We apply now the trace inequality (4.8) to get

21 /Z )P
27‘ ( )2

Tr @k (s, 0) — Tral(s,0)|?
E(ue Cr B > [ deu(p Ue(,0) ~ Trz (s, 0)
+>\5/ V(Trﬁf‘;(s,O))} ds
Dp

s’ —s

dsds’

H
B4

_ / AL (p) G=(Tr @, DP),
nnBE

where G is defined as in (4.7). The proof of Theorem 4.1 follows from the
following two steps:
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Step 1. Compactness: We first show that the sequence Tru. is pre-
compact in Ll(B%H). In order to prove this, it is enough to show that the
family F := {Tru.} satisfies the assumptions of Theorem 4.6. We choose a
constant C' such that

(4.10) E.(u.,Cr, BY) < C.

Fix now 6 > 0 and consider the sequence v, : B — [0, 1] defined as follows:
ve(1P(5)) = vE(s), where

(4.11)

Tru? for all p € IIN BE such that G.(Trak, E,) < [IIN BE|C/s,

1 otherwise.

P =

e -

Observe that v, is well-defined by the uniqueness of integral curves of hor-
izontal vector fields starting from a given point. Using (4.9), (4.10), and
(4.11) we deduce that v¥ = Tra? for all p € Il N BY apart from a subset
of measure smaller that §/|II N BY|. Therefore v. = Tri, in BE minus a
set of measure smaller than ¢ and, since 0 < Tru. < 1, we deduce that
||ve — Tr ugHLl(Bg) < 4. This implies that the family F;s is 6-dense in F. By
(4.11) we have that G-(vZ, DP) < |IIN BE|C/§ for every p € II N BY and
every ¢, and hence we can apply statement (i) of Theorem 4.8 to deduce
that the sequence (vf) is pre-compact in L!'(DP). Thus the family F satis-
fies the assumption of Theorem 4.6 for any horizontal tangent vector e at
the origin, and thus in particular for ey, ..., es,, and we conclude that the

sequence (Tru,) is pre-compact in Bg.

Step 2. Liminf inequality: It remains to prove that if Tru. — v in
LY(BY), then v € BVp,(B%,{0,1}) and inequality (4.2) holds. Using (4.9)
and passing to the limit as € — 0, by Fatou’s Lemma we deduce that

lim inf E. (u., Cr, BY) > / lim inf G (Tra?, DP) dLr(p),
e—0 HﬂBg e—0
and then lim inf. o G.(TruZ, DP) is finite for a.e. p € HOBEI. Since Tru, —
vin Lt (BE%), possibly passing to a subsequence, we have that Tru? — vP in

LY(DP) for a.e. p € IIN BY (see Remark 6.7 in [5]). Then, using Theorem
4.8 we deduce that P € BV (DP {0,1}) and

(4.12) lim inf E, (ue, Cr, BR) > / c#(Syr) dLr1(p).
e—0 HQB%

Finally, applying Theorem 4.4 we deduce that v € BVp,(BY,{0,1}), that
Sy» agrees with S, N DP for a.e. p € IIN B, and that

lin i B (v, O, Bf) > c/ (v, €) d|0fv = 1}[l0,
e—

BENS,
_ </ vo d|0{0 = 1}y, €).
BENS,

We conclude the proof of Theorem 4.1 by choosing a suitable vector e.
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5. PROOF OF THE LIMINF INEQUALITY NEAR THE BOUNDARY M

In this Section we prove Theorem 2.17. To this aim, we need to pass from
the “flat case” H" x [0,0) to M x [0,0). This will be the content of the
following Sections 5.1, 5.2 and 7.

Given A C M x [0,0), and A’ C M, we define the localized energy

2n
F.(u,A, A := 5/ (Z(WJQU)2 + (8zu)2) dvg N dz
A N4
7=1

+ )\5/ V(Tru) dvg
(compare with (2.13) and keep in mind Remark 2.16).

5.1. Flattening. Following [5] we give the definition of contact isometry
defect.

Definition 5.1. Let M; and My be two contact (2n+ 1)-manifolds endowed
with the contact forms #; and 62, and let gg, and gy, be fixed Riemannian
metrics on ker 01 and ker 6o, respectively. If p; € M;, i = 1,2, we denote by
HO(T)y, My, Ty, Ms) the space of linear maps from T}, M; to T}, M> that are
isometries on ker #1(p;1) and are induced by contact maps.

Definition 5.2. Let M; and M be two contact (2n+ 1)-manifolds endowed
with the contact forms 6 and 05, respectively, and let U; C My and Us C M
be open sets. Let ¥ : U; — Us be a diffeomorphism. We call contact
isometry defect (V) the smallest 6 > 0 such that

dist(d¥(p), HO(Tp M1, TyyM2)) <6 for a.e. p € Uy,

Theorem 5.3. Let (M, 0) be the (2n+ 1)-dimensional contact manifold en-
dowed with the Riemannian metric g, as in Propositions 2.7 and 2.10. Let
p € M be any fized point. Let (WP, ..., WQO,L) be the orthonormal symplectic
basis of ker 0(p) (see Remark 2.16), and let (Wit ... , Wi be the orthonor-
mal symplectic basis of ker 8y at the origin in H™. Then there exist an open
neighborhood U of p and a local diffeomorphism

Uy — H",
such that
i) ¥ is a contact map (i.e. V*0y =0);
it) ¥(p) =0 and Uy := Y (U) is open;
i11) D‘If(ﬁ)WjO = VV]H, j=1,...,2n. In particular, DY(p) : ker 0(p) —
ker 8y is an isometry when the horizontal fiber of ker 0y at the origin
is endowed with the canonical Riemannian metric (-, -)m.

Proof. Darboux Theorem implies that there exists a neighborhood U of p
and a diffeomorphism Wy : Y — H" such that ¥y = 6, and thus VU§(dby) =
df = i*w. Hence

(le T WQTL) = ((\IIO)*Wloﬂ AR (\IJO)*W2OTL)
is a symplectic basis of ker §y. Then, in particular,

(W1(0), ..., Wapn(0))
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can be identified with a symplectic basis of R?", and therefore there exists
A € Sp(n) such that

AW;(0) = e; =W0)  j=1,...,2n.

A Opxt
U= .
( Oix2n 1 0

Obviously, W satisfies ¢) by Lemma 5.4 below and 4i). Moreover

Put now

e = (o4 " ) o - wEo,

and the assertion follows. O

1
Lemma 5.4 (see [19, 44]). Ifa > 0 and TA € Sp(n), then the (Euclidean)
a

linear map T : H*® — H"

T ( A Opxi )
O1x2n a

belongs to GL(R* 1 R2"+1) and is a contact map.

Then, for each p € M and any r > 0 (close to 0), there exists a neighbor-
hood U(p,r) C M and a diffeomorphism W, such that the image ¥, (U(p, 1))
is the d-ball of radius 7 centered at the origin in the Heisenberg group, de-
noted by BY, and

ID(¥p) = Lontal| < 6(r),
for some §(r) — 0 when r — 0. Here I,, denotes the identity map in n-
dimensions. We also point out that, by Lemma 7.1 (which will be proven
later on in Section 7), we have that in M:

(5.1) U(p,r) C B(p,r(1+0(1))) as r — 0.

Adding the normal variable z > 0, we may cover M x [0,7] by a finite
number of neighborhoods {U (p;, r)}le, pj € M such that for each j, there
exists a diffeomorphism

i'pj : {ﬁ(pjar)}]Kzl — H" x [07T]

satisfying
¥y, (0 (py,r) = CF C H" x R,
Uy, (U(pj,r)) = By C H",
Uy, ((p, 0)) = (0,0),

and

HD\inj - 12(n+1)” < S(T)a

for some (1) — 0 when r — 0.

Since

(5.2) |D(uo W, M| < (1+6)|Duo ¥, 1,
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this in particular implies that the localized energy F.(uc,U(pj,r),U(p;,r))

can be replaced by the energy E.(w., CX, BH), where w. = u. o W,.. More
precisely, arguing exactly as in [5], Proposition 4.9, we have that

(5.3) Fe(uaa ﬁ(pj,r), U(pj,?”)) > (1- 55)E€(w€, Cgﬂv BEH)

5.2. Conclusion of the proof of Theorem 2.17. Let {u.} ¢ W'?(Q)
be a countable sequence such that Fe,r (us) is bounded independently of e.
We have to prove that the sequence of the traces {Tru.} is pre-compact
in L'(M). But since we have just shown that we can cover M x [0, r] with
finitely many neighborhoods {U(p;, r) }fil, it is enough to show that {Tru.}
is is pre-compact in L'(U(pj,r)) for every j =1,..., K.

For every fixed j, let w. = u. o \ifljjl. In particular, (5.2) implies that
E.(we, CH*, BY) is uniformly bounded in e. Hence the pre-compactness fol-
lows from Theorem 4.6. This proves statement i*) of Theorem 2.17.

Next, we would like to prove statement #*) in Theorem 2.17. Then things
become more delicate.
Let us start by recalling some classical definitions. For m > 0, we denote

L(z)™

Oém = 1—‘(% + 1)7
being I' the Euler function and
(5.4) Bm = 27" ap,.

According to Federer’s notation [16], we define a centered density of an outer
measure g on X:

Definition 5.5. Let (X,d) be a separable metric space, and let © be an
outer measure on X. If m > 0, the upper and lower centered m-densities of
watpe X are

*m —1; :U'(B(p”r))

and

p(Blr)
Bm (diam B(p,r))™

O (i, p) := liminf
r—0

If they agree their common value

" (u,p) := ©""(,p) = O (1, p)
is called the m-density of u at p.

The crucial step of the proof of the liminf inequality i*) is provided by
the following theorem that allows us to pass from an inequality between
densities to the corresponding inequality between measures. We point out
that this theorem is well known in the Euclidean setting, but fails to be true
in general Carnot-Carathéodory spaces, and its proof in our special setting
is postponed to Section 7.

We have:
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Theorem 5.6. Let M be (2n + 1)-dimensional contact manifold endowed
with a contact form 0 and a Riemannian metric g on the fibers of ker 0. Let
WY = (WP,..., W3 ) be an orthonormal basis of ker, and let E C M be
a set of locally finite sub-Riemannian perimeter associated with WO, We
denote by |[WOx | the associated perimeter measure. If ju is a o-finite Borel
measure on X, then

(5.5) O (u,p) > O (W xg|,p)  for HY''-a.e. pe O'E
yields

(5.6) pLOE(B) > [Woxg|(B)

for any Borel set B C OF.

Remark 5.7. Let us explain why we do need Theorem 5.6 precisely in that
form, and then we have to go through all the arguments of Section 7. First
of all, we recall the following definition: let p be an outer measure on the
metric space (X, d). Then the m-Federer densities of p at © € X are

u(B(y,r))
Bm diam (B(y, r

7 =1 : < .
OF" (1, z) ;I;gsup{ Ty z € B(y,r), /)07"_6}

It is easy to see that
(5.7) 0" (u,z) < OF" (pu,z) < 2O ™ (u,x) Vre X.

If X is separable and endowed with a Radon measure p, absolutely continu-
ous with respect to the m-dimensional spherical Hausdorff measure ™, by
[30] (see also [24]), the area formula for 1 with respect to S™ i.e.

(5.8) u(B) = [ 03 (u.2)ds™ (@)

for any Borel set B may fail to be true in general, if the m-dimensional den-
sity ©3™ (i, -) is replaced by the centered m-dimensional density ©*™(p, -)
(see Definition 5.5).

To be more precise, the representation formula (5.8) is known to hold in
Heisenberg groups only for suitable left-invariant distances, as ds (see [24],
Remark 4.25). In particular, we do not know whether it holds for the spher-
ical Hausdorff measure associated with the Carnot-Carathéodory distance,
that we use throughout the present paper (keep in mind its connection with
the Minkowski content).

In fact, Magnani provides a counterexample precisely in the first Heisen-
berg group.

On the other hand, following [5], a crucial step of the proof of the liminf
inequality *) is provided by the following estimate:

(5.9) 0521 p) > c O (WO |, p),

where p is the limit measure of the energy distribution associated with F.
and p € S,.

Unfortunately, due to Magnani’s result, if B is a Borel set, we cannot
derive from (5.9) the corresponding inequality with the explicit constant c
for the measures p(B) and [W%yg|(B), that we would need in the sequel.
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Assuming Theorem 5.6, we can complete the proof of Theorem 2.17 as
follows.

Let now {uc} be a sequence in Wh2(M x [0,0)) such that {Tru.} con-
verges to v € BVy(M,{0,1}) in the L*(M) norm. We need to show that

liminf Fi(ue) > F(v).
e—0
If we write v = xg, then F(v) = [W%g|.
Without loss of generality, assume that this liminf is finite.

For every € € (0,1), let . be the energy distribution associated with F.
for wue, i.e., e is the positive measure given by

2n
we(B) == 5/ Z(Wjoue)Q + (Que)? | dvg A dz + )\5/ V(True) dvg
B\ _ Bo
J=1

for every Borel set B C M x [0,0), By = BN M. The total variation ||u.||
of the measure f. is equal to F. (ug).

Without loss of generality, we can assume 0 < F.(u.) < C for every
0 < & < 1, and therefore the {u.} is an equibounded family of Radon
measures in . By De La Vallée Poussin’s Theorem ([7], Theorem 1.59),
there exist a subsequence (ep,)pen and a Radon measure g in © such that
He, — b in the sense of the convergence of measures. Then, by the lower
semicontinuity of the total variation we have

lim inf Fy(u.) = hmlnf el = 1pe| -

e—0
Similarly, we define
po(B) = [WOxxg|(B).
We just need to show that

(5.10) > po.

Take now a point p € S,. For r small enough, we choose a map ¥ := \i/p as
in the discussion right after Theorem 5.3. Set wE = u.oU ! and 0 := vo L,
Hence, Trw. — v in L'(BY) and v € BV (BY {O 1}). Moreover, if v = xp,
then o = xy(p) and v,(¥(2)) = DV~ 1(2) - vy H(2), for any z € Sy (here v
denotes the geometric normal to Sy in H™) . Keeping in mind (5.1) and
(5.3), we have

u(B(pr(1+0(1))) = p(U(p,r)) = lim e (U (p, )

e—0

= lim Fe(ue, U(p,7),U(p.7))
> liminf(1 — §(¥))°E.(w., CE, BH).

e—0

Notice that 6(¥) — 0 as r — 0. On the other hand, by Theorem 4.1, we

have that
/ V%Hd’WHX\I/(Eﬂ .
B]HI

T

hgﬂéﬁ E.(w.,C.,B,) > ¢
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We have now, by Lemma 7.2, ii), and [22], Lemma 3.8, iii),
B
0* 2" (14, p) := limsup M( (pi,r))
r—0  font1 (diam B(p, 7))+

: p(B(p,r))
511 = limsup ————>—
(5.11) r—0 Qont1 T

WH B
> ¢ lim inf | X\II(E;‘( il
r—0 Qo T2t

o)
- ‘][ Vgﬂd|WHX\1/(E)|
BY

Let us prove now the following approximation lemma.

Lemma 5.8.

(5.12) i Woxsl(B(p, )

=1.
r=0 Wy g |(BF)

Proof. In the notation from Section 3.1, the perimeter measure in M is
defined as

(5.13)
WOxgl(B(p,r)
— sup{|Dx (x&)|(B(p,r)) : X € D(M, kerf), g(X,X) < 1}.

Note that from the definition of Dx in (3.2), it is enough to restrict our
attention to vector fields X supported on B(p,r).

On the other hand, by Lemma 7.1 and with the notations therein, if we
put

p=p(r):=r(1+Cr'/?),  then B(p,r) CU(p,p).
Then

(W) |(BE) = |WHX\II(E)|(5EI>9(BE[)) = (14 0(1))|W¥xgm)(B}),

where 0 is the standard group dilation in the Heisenberg group. We recall
now that

’WHX\IJ(E)\(BEI)

(5.14) "
= sup{|Dy (xw(m))|(B,) : ¥ € T(H" kerbh), (Y,Y)m < 1},

where again we can assume supp Y C Bgﬂ.

It remains to compare the metrics g on M and (, )i on H". Note that
VU is a contact map, so we can always write Y = U, X for X € I'(M, ker 6).
By the change of variables formula (14) in [8]

(5.15) Uy (Dxh) = Dy, x(hoW™1),
we have
(5.16) |Dy.x(hoW )| = |¥yuDyh|

Using also the definition of push forward of a measure,

Dy (xw(m)|(B)) = V4| Dx (x£)|(By)

= |Dx(xe)|(U(p, p)) > [Dx(xe)|(B(p,7))-
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Finally, in order to compare the perimeter measures (5.13) and (5.14), we
notice that, by Theorem 5.3, i) if (Y, Y )y < 1, then g(X, X) <1+o0(1) as
r — 0.

This proves that

wo
B

<1
r—0 |WHX\IJ(E)|(B£{)

The proof of the reverse inequality can be carried out in the same fashion.
O

Before going back to the proof of the lower bound inequality, we need the
following last lemma.

Lemma 5.9. We have:

=1+o(1) asr — 0.

(5.17) ‘][ vy d|WHX\1/(E)\
B

Proof. We use Lemma 7.1, with the notations therein, and we put
#(r) :== (1 + Cy/r)~t. We have

d(r)(L+Cy/ro(r)) <1 and ¢(r)=14o0(1) asr—0.

Let us prove first that

Vgﬂ d’WHX\II(E‘)|

(5.18) Tt
1

a |WHX\I/(E)|(BE]5(T))

| AW |+ o)
U (B(p,r

First of all, we notice that
Bgﬁ(r) C U(B(p,r)), 0<r<ry.

Indeed, take z € BE(I#(T). Since ¥ is a diffeomorphism, we can assume that
z = ¥((), with ( € M, provided r is small enough. Therefore

de(p,¢) = dY (0,2) < r(r)(1+ C\/ré(r)) < r.
Analogously
U(B(p,1)) C By, 0 <7 <

Therefore, in order to prove (5.18), we have to show in the first place that

1
|WHX\II(E) | (Bg(r))

vy dWixy(m)| | = o(1).

/\I/(B(p,r))\BEH¢(T)
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On the other hand, keeping in mind the homogeneity of \WHX\I,( g)| with
respect to group dilations 6™, we have:

1
Wixam (BT, /m(p,rm )7 A o)
- W) (Y (B, ) ~ W) |(Bry,)
- (W () [(Byy)
_ (W () [(By) ) — |W X\P( 1) (Brgir)
= [WEXw ()| (B
B W) (BT Vo) — (WX )|(B<H;I(T))
(WX E)‘( ¢,(r))

=o(1).

This yields (5.18).
Take now Y := ¥, X, with (Y, Y )y = 1. By the change of variable formula
(5.15),

V4 (Dx(xE)) = Dw, x(xw(r));
and thus

<Y,/ Uy d‘WHX\I;(E)’> :/ <Y, 1/17> d’WHX\I/(E)|
V(B(p.r)) H V(B(p,r))

= Dy xw(p)(Y(B(p, 7)) = V4 (Dxxe)(Y(B(p,r)))

T =B =o(x, [ W)

<16l | [, vl
p,r

As in the proof of previous lemma, || X||; = 1+ o(1). On the other hand,
keeping in mind that p belongs to the reduced boundary of E,

1
lim H/ v, d VVOXE H =
p=0 |[WOxE(B(p,m)| I/ | |g

But by the previous formula (5.12) and the fact that

lim i H =
r—0  [Whyyg E)\(B )

using a rescaling argument by dilations in the Heisenberg group, we conclude
from (5.19) that

1
lim

o (Y, / vE AW Xy ()] )y < 1.
pﬁo< (W ()| (Bl () Ju(Bwm) )

A standard argument taking the sup among all Y (or equivalently, all X)

with norm less than one, looking back at (5.18), completes the proof of the

Lemma. O
38



We can go back to the proof of (5.10). Replacing both (5.12) and (5.17)
into (5.11) we conclude that

@*,2n+1('u’ p) >c @*,2n+1 (|WOXE’,10)-

The proof of the lower bound inequality is completed by Theorem 5.6.

6. PROOF OF THE MAIN THEOREM - LIMSUP

Now we show statement 74i) of Theorem 1.1. Given v € BVy(M,{0,1}),
we need to construct a sequence {u.} in W1%(Q) such that Tru. — v in
LY(M) and

lim sup F¢(u:) < F(v).
e—0

The proof of the limsup inequality will be divided into several steps:

Step 1: It is enough to assume that 5, is a smooth closed submanifold in
M. This fact follows from the next two results. The first one is a reduction
Lemma. It is valid for general metric spaces, and the proof is only a minor
variant of the one given in [34], Lemma IV (see also [3]), hence we shall
omit such a proof.

Lemma 6.1. Let (X,d) be a metric space, let Fy,, F': X — [—00,400]
with k € N; consider D C X and x € X. Let us suppose that

1) for everyy € D there exists a sequence (yi)ren C X such that yr, — y
mn X and

lim sup Fi(yr) < F(y);

k—o0

2) there exists a sequence (Tx)gen C D such that xj — x and

limsup F(zy) < F(x);

k—o00

then there exists a sequence (ZTy)ren C X such that limsup Fy,(T) < F(x).
k—o0
The following approximation result is the analogue of Corollary 2.3.6 in
[20] for the case of contact manifolds.

Lemma 6.2. Each v € BVy(M,{0,1}) may be approzimated in L*(M) by
a sequence {vi} in BVy(M,{0,1}) such that Sy, is a smooth closed subman-
ifold and

[1Suille = [1Su]le-

Proof. The result follows by standard arguments from the Meyers-Serrin
type result, Theorem 2.4 in [8], and the coarea formula (Proposition 3.6).

Next, possibly modifying v on a negligible subset, we can assume that it
is constant in each connected component of M \ S,.

Step 2: (Preliminary calculations). Following the idea in [5], we take
a function defined as follows: consider the half-plane Ri with coordinates
s€R, z> 0. Let (p,9), p> 0,9 € [0,7] be the polar coordinates in R?.
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We set \
p=(1—29) if0<

<=
we(p,J) = © 1y i € >\
_1 = <
e 1 )\E —p7

and we(s, z) = we(p,¥). A straightforward calculation gives:

C’E if0<p i
6.1) Ogw.], || < © =%
g if << p
p Ae T
and
€A Gro<p<
(6.2) Osstw., [Dsgue| < 4 P € Ae
c . ¢
ﬁ if x < p.

Moreover, the following estimates hold:
Lemma 6.3. Lett. — 0 ase — 0 and o > 0 in such a way that )\% <Lt K
o. Then, as e — 0,

1 A
5/ \Vw,|? dsdz = —elog == (1 4 o(1)),
{p<ts} v E
A
6/ |Vw,|? dsdz = elogt.(1+0(1)) = o <5 log €> ,
{t-<p<o} 5

/\5/ V(Trw)ds = O(g), /\E/ V(Trw:)ds = O(e).
{z=0}n{p<tc} {z=0}n{p>tc}

Proof. While the first two identities follow from straightforward calculation
from the previous estimates, for the third one we use that V' = 0 unless 0 <
p < x. Also, from the proof it follows that these estimates are independent
of the ch01ce of o. (|

Step 3: (Set up). As we saw in Section 2.2, given o > 0 small enough,
there exists a diffeomorphism ® such that a tubular neighborhood of M in
Q may be written as M x [0,0), with coordinates p € M and z € [0,0). In
the product M x [0,0) we shall define the distance

A 2), 0 2") = VA PP+ (= P,
For each r small consider the following subset of M x [0,0):

A, = {(p,z) € M x[0,0) : d(p,Sy) <},

and set } _
A, = A N M.
In coordinates (p, z) € A, where p € M and z > 0, let

ue(p, Z) we(de(p, Sv), 2),
and transplant it back to © by

Us = Ug O (I)_la Ay = (b(féir)?
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for each 0 < r < 0. Note that ® can be defined independently of . Next,
because of hypothesis H2. for f in Section 2.1, and Proposition 2.14, in the
calculation of the energy functional F: in a neighborhood of M we have

(6.3) F(ue, Ay, °A,) < (14 O(0)) Fr (1, Ay, Y Ay ),

so it is enough to estimate the integral in the right hand side.
Now, the phase transition should happen at scale €. For this, let ¢. be as
in Lemma 6.3, actually it is enough to take t. = . Then,

Fa,a(aaa Aay aOAU) = Fa,a(aav A~O’ \ Atsu 80(1210 \ Ata)) + F&,U(aaa Atsv aolets)-

The last term in the right hand side above will be considered in Step 4,
while the first one will be handled in Step 5.

On the other hand, it is not important how we define u. in the set Q\ A,
as long as u. = v in Q\0"A, and its Lipschitz constant is bounded by %
Recall that v is a function that only attains the values 0 or 1 on M \ 8°A4,,
so that for the potential energy we have

/ V(True) dvg = 0.
M\&0 A,

Then we immediately have that

(6.4) lim sup F (ue, Q\ Ay, M\3°A,) = 0.

e—0

Step 4. (Construction near the singular set). We follow the ideas of [38]
to estimate the value of Fy , (4., Ay, A As.). Let s = d.(p, S,). Then, using
Fubini’s theorem,

F‘E,U(aéaAtEaOOAt )
(65) t2—82 2n
-/ / 3 W52 d Y (T ()|
te

Using the coarea formula from Theorem 3.6 and the Eikonal equation for d,.
(3.8) we have

le

FE,U(a€7At5780At5) = / he(s) d||0H;||g ds,

—te

where we have set
/w /12 —s2
0

and H; = {p € M : d.(p,Sy) > s}. Next, notice that for all s € [—t.,t,],
he(s) = he(—s), so that

(6.6) he(s):=¢ [(Oswe (s, 2))? + (D we (s, z))2] dz4 2V (Trwe(s))

le
Fro(ue, Ay, 0°Ay.) S/ he(s) (dl|0Hsllo + d|OH —s|o) ds
0
We can rewrite this expression as follows: let

t
—/ 10 |l ds,  Z'(t) = |0Hs]lo + |10H—s]lo,
—t
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so that

. . ) te te
6.7)  Fooliic, Ar,,0%4r) < / he(s)Z(s)ds = — | B.(s)Z(s)ds
0 0

after integration by parts. Note that we have used that h.(t.) = 0.
Next, by Theorem 3.12 we have

. Z(t)
lim —= =L :=|0H
Jim |0H]o,

and thus, there exists a function 0 : [0,00) — R such that

(6.8) Z(t) =2Lt + 6(t)t, with lim sup [(¢)] = 0.
=0 te0,t,)

Substituting the above into (6.7) we obtain that

te te
Fooiie, Ar,, 0% 4,) < — / sd(s)hL(s) ds — 2L / sh.(s) ds.
0 0
= 1.+ J..

(6.9)

In order to estimate the term J. above, we use again integration by parts

te te
Je = 2L/ he(s)ds = L/ he(s) ds.
0

—te

From the estimates in Lemma 6.3, using our initial hypothesis on A; from
(1.3), we may conclude

JE—>EL as € — 0.
s

Finally, we need to show that the remaining term I. has limit zero when
e — 0. But

te
Ll < sup [6(2)] / S| ()] ds.
te[0,te] 0

From the behavior of § in (6.8), it is enough to show that the integral

te
(6.10) . /0 s|h.(s)|ds

is bounded independently of ¢. Differentiating in (6.6), h.(s) = hl+hZ+ k3
for

B (s) = & [ (Do, /2 = 52))° + (Dawe(s, VI = 52))?] - <tzs_2> :
[

0
h2(s) = AV (Trw.(s))dswe(s,0).

h?(s) = 2¢ [0sweOsswe + O, w0 5w, dz,

Since we know that t. > £, using the estimates in (6.1), we deduce

S

19
O o —
)] < O~

€
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so we may conclude
te 2

s
—ds
0 t2—s?

te

te c
/ S|h}:(s)|d8§0—2
0 ts

t s
(6.11) <o [ _E s
-2 ) V2 —s?
e [ ra— 3"
ch |: tE—S ]0 SC

independent of €. For the second integral, note that the estimates in (6.1)-
(6.2) give

Ae 2 s
s|— ) dp+ — dp
{o<p<} € {=<p<te} P

< Celog A\e < 0

te
hZ(s)|ds < C
(612) /0 S‘ E(S)’ S — €

by our initial hypothesis (1.3). Finally, looking again at the estimates (6.1)
for Oswe, we have

te A
(6.13) / s|h3(s)| ds < C’)\E/ s ds < oo.
0 0

Putting together (6.11), (6.12) and (6.13) we conclude that the integral
I from (6.10) is uniformly bounded independently of €. This shows that,
looking at (6.9) and (6.3),

(6.14) limsup F.(ue, A, 8°A;) < (1+ O(o—))%L,

e—0

as desired.

Step 5: (Construction in A, \ A ). This argument is very close to that
of [5].

First we set u. = v on M \ 9°A;_ (recall that v is a function that only
attains the values 0 or 1 on M \ 9°4;,), so that

/ V(True) dvg = 0.
M\&O Ay,

To conclude the proof we need the following extension lemma, which is a
much simplified version of Lemma 4.11 in [5].

Lemma 6.4. Let A be a domain in R*N and A’ C dA. Let £ € (0,1),
and v a Lipschitz function v : A” — [0,1]. Then v admits an extension
u: A —[0,1] such that its Lipschitz constant satisfies

1
Lip(u) < - + Lip(v)

and
c /A Vul? < (e Lip(v))2(|9A] + o(1)),

and o(1) is a function of € which does not depend on v.
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From the previous steps we have constructed a function u. that has a
smooth transition from 0 to 1 along 0A; and along A,, so at most its
Lipschitz constant is g (recall that t. < o). Thus, using the previous
Lemma, we may extend u. to A;\A;. in a Lipschitz fashion while
(6.15)

Fe(ue, A\ Ay, 0°(A5\Ar.)) = 8/,4 9 f(y, Duc(y)) dy < C(1+0(1))O(0).
o \Ate

as ¢ — 0 because of our hypothesis on f.

By construction, it is clear that Tu. — v in L'(M). Putting together
(6.4), (6.14) and (6.15), the proof of the limsup is completed by taking o
small enough.

7. APPENDIX: DENSITIES AND MEASURES

In this Appendix we prove Theorem 5.6, which was a crucial ingredient
in the proof of the liminf inequality. In order to do that, we need some
preliminaries on densities and measures.

As in Theorem 5.3, let (W7, ..., W3 ) be an orthonormal symplectic basis
of ker 6(p), and let (WiHI, ceey Wg}l) be the canonical orthonormal symplectic
basis of ker fy (6 being the canonical contact form of H"). Let now U C M
and, for p € U, let ¥ : U4 — H" be the contact diffeomorphism constructed in
Theorem 5.3. In W(U), consider now the vector fields W, W?, i =1,...,2n.
Notice that

span {U, WP, ..., U, WD} =kerfy = span {Wi,... W}

Remember that ¥(p) = 0. By the same theorem, ¥, W?(0) = WH(0) for
i=1,...,2n. We denote by d¥ the Carnot-Carathéodory distance in ¥ (I/)
associated with the Riemannian metric (U~1)*g, and by df the standard
Carnot-Carathéodory distance in H”. We denote also by By and By the
closed balls associated with dY¥ and d=, respectively.

It is easy to see that for p,q € U

d(p,q) = d; (¥(p), ¥(q))-
In the sequel, BY will be the open balls with respect to dg’.

Lemma 7.1. For z in a neighborhood of 0 € H", the following estimates

hold:
(7.1) diz(z,0) < dY(z,0)(1 + CdY (z,0)'/?);
(7.2) d¥ (z,0) < dg(z,0)(1+ Cdg(z,0)"/?).

Proof. We denote by Wy and Wy the (2n x 2n)-matrices whose columns
are W,WP ... U WY and W ... WL respectively. If we set
A= (aij)ijet,...on = Wy W,

we obtain that A transforms the coordinates with respect to (¥, W7, ..., ¥, W3 )
of a generic point in ker 6 into its coordinates with respect to (W{HI, e W%H,IL)
If we denote by z a generic point of ¥ (i), by Theorem 5.3,

A(z) =1d + O(|z|) as z — 0.
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Let now z € K CC ¥(U) be fixed, and let v : [0,1] — H" a (smooth)
d¥ -geodesic connecting 0 and z. If ¢ € [0, 1], we can write

1
Z% (T (1(1)) and dg’(z,O):/ (Z%())l/th

0 i

Thus, if ¢ € [0, 1], we have

= 3 (X ms O OIWEG W),

and hence
a0 < [ (ST awwtom)?)” a
i J
(6 + ot 1?)
0 - -
i J
- [ (Xt +otrpy) ™ a
< /0 1 (Z%<t>2)1/2 it / O (1)2)

On the other hand, since the Euclidean distance may be locally bounded by
dy,

y(£)] < Cidy ((t),0) < CdY (2,0),

so that (7.1) follows. We can carry out the same argument interchanging
the roles of dy and dY, and we get (7.2).
O

To keep our paper as self-contained as possible, we gather here few more
or less known results about Hausdorff measures in metric spaces. This part
is taken almost verbatim from [24].

We recall first the definition of a centered density for an outer measure p
on X from Definition 5.5. In Euclidean spaces (and more generally in Carnot
groups) we can replace in this definition the diameter diam B(z,r) by 2r.
This “elementary” statement fails to be true in general metric spaces, but
still holds in contact manifolds endowed with their Carnot-Carathéodory
distance. This will follow from the following results.

Lemma 7.2. Let M be a (2n + 1)-dimensional contact manifold endowed
with the contact form 6, with the volume form vy := 6 A (df)", and the
Riemannian metric g on ker0 as introduced in Propositions 2.7 and 2.10.
We denote by d. the associated Carnot-Carathéodory distance. Let p € M
be a fized point. We have:
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i) if co is the volume of the unit ball in H"™ for the Carnot-Carathéodory

distance associated with the canonical basis (Wi, ... ,WiL) of H"
(see Theorem 5.3), then
vp(B(x, 1)
Hm, pntz
ii) Moreover,
diam B
i iam B(z, ) _ 1
r—0 2r

Proof. Take a ball B, := B(p,r) C M with r > 0 sufficiently small. For
sake of simplicity, in Lemma 7.1, put ¢(t) := t(1+C+/t). Obviously, ¢(r) =
r+o(r) and ¢~1(s) = s+ o(s) as s — 0.

By (7.1) and (7.2)
(7.3) By(0,67'(r)) € ¥(B,) = BY(0,r) C Bu(0,¢(r)).

We recall now that for p > 0

COp2n+2 — £2n+1<§H(07P)) _ / dveo,
By
and that
vg(B,«)—/ 9/\(d9)”—/ (1) (0 A (d0)")
B, U(B,)
[ @ryenw e = [ o
U(B,) U(B,)
= [ dug, = (B (0.7,
BY¥(0,r)
so that

co(¢ ()" 2 < vp(B,) < coop(r)*" 2.

Then i) follows straightforwardly.

Let us prove ii). If r > 0 By [22], Proposition 2.4, there exist z,,(,. €
Bu(0,¢71(r)) such that dg(z-,¢) = 2¢~(r). Arguing as above, if v :
[0,1] — H" is a dY-geodesic connecting z. and (., then

1
Bz, ) < A2 (2, Co) + /0 O (1)[*12) dt.

On the other hand, v(t) € By(0,361(r)), and hence, if r > 0 is sufficiently
small,
O(Y(®)?) < Crly ()P < Cadm(0,7(1)*? < C (671 (r))*? = Cr¥*(140(1)),
so that

2071 (r) = du(2r, ¢) < d¥ (2, G) + Cr¥2(1 + o(1)).
Therefore

dgj(zra Gr) > 2r(1+0o(1)).

By (7.3), 2, € BY, so that

U(z),¥(¢) € By
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Hence

diam (By) _ de(Y(zr), ®(¢r)) a2 (z,¢r)
12 2r = 2r N 2r 2z 1+ o(l),

and ii) follows. O

Lemma 7.2 immediately yields the following equivalent definition of den-
sities in contact manifolds:

Corollary 7.3. Let M be (2n + 1)-dimensional contact manifold endowed
with a contact form 6 and a Riemannian metric g on the fibers of 0 as
introduced in Propositions 2.7 and 2.10. We denote by d. the associated
Carnot-Carathéodory distance. Let u be an outer measure on M. Then

©*™(u, ) := limsup w(B(x,r))

r—0 Qpy T

and

O (p, x) := liminf wB@,r)) .

r—0 A, 7™

Remark 7.4. In Corollary 7.3 we can replace closed balls B(x,r) by open
balls B(x,r) (see [9], Remark 2.4.2).

Keeping in mind Corollary 7.3 and Remark 7.4, the following result can
be proved by the same arguments used in the proof of Theorem 3.1 in [24].

Proposition 7.5. Let M be (2n+1)-dimensional contact manifold endowed
with a contact form 6 and a Riemannian metric g on the fibers of 6 as
introduced in Propositions 2.7 and 2.10. We denote by d. the associated
Carnot-Carathéodory distance. Let p be a o-finite reqular Borel measure on
M. Then the map

O " (1, ) + X — [0, +o0]
is Borel measurable.

We give now the following:

Definition 7.6. Let A C X, m € [0,00), § € (0,00), and let 5, be the
constant (5.4).
(i) The m-dimensional Hausdorff measure H™ is defined as

H™(A) := lim H5'(A)
0—0
where
Hj'(A) = inf {Z Bmdiam (E;)™ : AC | JE;, diam (E;) < 5} .
(ii) The m-dimensional spherical Hausdorff measure 8™ is defined as
S™(A) := lim 5" (A)
0—0
where

85 (A) = inf { 3 Bdiom (Bai,ra))" : A€ Blairs),

diam (B(z;, 7)) < (5}
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(iii) The m-dimensional centered Hausdorff measure C™ is defined as
C™(A) := sup Cj*(E).
ECA

where Cf*(E) := lims_,o+ Cj*(E), and, in turn, Cj*(E) = 0 if £ = () and for
E#0,

CI(E) = inf { Zﬁmdiam (B(zi,m:))™ : E C UB(;C,-, ),

xz; € B, diam (B(z;, 7)) < 5}.

Notice that the set function C{” is not necessarily monotone (see [46, Sect.
4]) while C™ is monotone.

For reader’s convenience we collect a few results about the measures C™.
Most of these results are taken from [15] and [24].
Let

dist(E, F) := inf{d(z,y) : v € E,y € F'}

denote the distance between E and F. Recall that an outer measure p on
X is said to be metric if

w(AUB) = u(A) + n(B) whenever dist(A, B) > 0.

Being obtained by Carathéodory’s construction, H™ and 8™ are metric
(outer) measures (see [16, 2.10.1] or [31, Theorem 4.2]). Also the measures
C™ are metric measures in any metric space, but this fact is not as immediate

as for H™ and S™.
Lemma 7.7 ([15], Proposition 4.1). C™ is a Borel reqular outer measure.

Remark 7.8. The measures H™, §™ and C™ are all equivalent measures.
Indeed, it is well known that (see, for instance, [16, 2.10.2])

H™ < ST 2MH™
and, by definition,
H™ < S™T<C™.
The opposite inequality between H™ (or §™) and C™ is less immediate: it
was proved in [46, Lemma 3.3] for the case X = R". See also [49], but for

a differently defined centered Hausdorff-type measure. The comparison in a
general metric space is contained in [15].

Lemma 7.9 ([15], Proposition 4.2). H™ < C™ < 2mH™ .

By Lemma 7.9, it follows in particular that the metric dimensions induced
by H™ or 8™ or C™ are the same.

The estimates needed to relate the m-dimensional density ©*"(u, -) with
the centered Hausdorff measure C™ are the following ones.

Theorem 7.10 ([15], Theorem 4.15). Let (X, d) be a separable metric space,
let pu be a finite Borel outer measure in X and let B C X be a Borel set.
Then
(i)
w(B) < sup O (u,x) C"(B),
zeB
except when the product is oo - 0;
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(i)
inf ©°"(p,2)C™(B) < w(B).

By easy modifications of the proof of Theorem 7.10, one gets the fol-
lowing density estimates involving ©*™(u,z) and C™. These estimates are
analogous to Federer’s ones involving O} (u, z) and 8™ (see [16]).

Theorem 7.11. Let (X,d) be a separable metric space, let p be an outer
measure in X andt > 0.

(i) If p is Borel regular and
0" (ul A, x) < t, Vee ACX
then
u(d) < tC™(A).
(ii) If V C X is an open set and
O " (u,x) > t, Vee BCV

then
u(V) = tC™(B).

Remark 7.12. If p is supposed to be a Radon measure, approximating from
above by open sets, we can strengthen the conclusion in Theorem 7.11 (ii)
getting the inequality p(B) > ¢t C™(B).

Using Lemma 7.2 (i.e. relying on the equivalence of the two notions of
density) and Proposition 7.5, the following result can be proved following
step by step the proof of Theorem 3.1 in [24].

Theorem 7.13. Let M be (2n + 1)-dimensional contact manifold endowed
with a contact form 6 and a Riemannian metric g on the fibers of 6 as
introduced in Propositions 2.7 and 2.10. We denote by d. the associated
Carnot-Carathéodory distance. Let i be a o-finite reqular Borel measure on
M, and let A C X be a Borel set. If C"(A) < oo and pl A is absolutely
continuous with respect to C"™ LA, then for each Borel set B C A,

u(B) = /B 0" (4, 2) dC™(x).

Remark 7.14. Since C™ and S™ are equivalent, then C™(A) < oo if and
only if S"™(A) < oo and plL A is absolutely continuous with respect to C™
if and only if ul A is absolutely continuous with respect to S™.

Now we can give the proof of Theorem 5.6.

Proof of Theorem 5.6. Since [W%yg| is supported on 9*E, without loss of
generality we may assume that (5.5) holds for all x € OF.
Suppose first

(7.4) pLOFE <« H* L OE,

and denote by A C OE the set of points where (5.5) holds, so that H2"+1(GE\
A) = 0. We remind also that |[Woyg| < H?**""1LOF, by [6], Lemma 5.2.
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Thus, if B C OF is a Borel set, we can apply Theorem 7.13 to get

WLOE(B) = pOENB) = [ @72 (u.a)dc ()
OENB

S / 020 ([WOy ], 2)dCH () = WOy 5| (DE N B)
OFENB

= |W'xE|(B).
Let us drop now the assumption (7.4). We can write
pLOE = pige + pis

with

fae K HPHLOE and ps L HPILOE
(see [45] Theorem 6.10), i.e. there exists K C M such that

ps = psLK and (H*"TLOE)(K) = 0.
Set now

So:={z e M; 0" (4, ) =0}

Notice that Sy is a Borel set, since ©*2"+1(y, ) is a Borel function.
If x € Sp, then

O 2 (W gl 2) < 052 (i, )
S @*,Zn—&-l(us’ :L‘) + @*72n+1(ﬂam x)
_ @*,2n+1(ﬂac’ x)
Thus, as above, we can apply Theorem 7.13 to get for any Borel set B
IWOx2|(BNS) < prac(BNSy) < u(BNSy) < pu(B).
To complete the proof of (5.6), we shall prove that
(7.5) (H>"TLLOE)(S5) = 0,
that yields
[WOxE|(S5) =0,
by [6], Lemma 5.2 (here S§ denotes the complement of Sp).
In order to prove (7.5), we can write

S =Usl {z e M; @2 (ug,2) > L} = 022 T,,.

Then
(7.6)
(H* L OE)(SS) = (H™ M LAE)(S; N K) + (H*™ T LAE)(S5 N K°)
= (H*™ T LOE)(S5n K°),
since

(H*™ I LOE)(S§ N K) < (H*™LOE)(K) = 0.
On the other hand
(7.7) (H*™ 1 LOE) (S5 N K°) = lim (H™HLAE)(S§ N KN Ty).
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The set OENS§NK“NT, is a Borel set, so that, by Federer’s differentiation
theorem (see, e.g., [9] Theorem 2.4.3)

(7.8)

(HPFLLOE)(SSN K NT,) < nps(S5N KN Ty)
=n(usLK)(S§NK°NT,)=0.

Combining (7.6), (7.7) and (7.8) we obtain eventually (7.5). This completes
the proof of the theorem.
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