ON THE BOUNDARY BEHAVIOR FOR THE BLOW UP SOLUTIONS OF
THE SINH-GORDON EQUATION AND RANK N TODA SYSTEMS IN
BOUNDED DOMAINS

WEIWEI AO, ALEKS JEVNIKAR, AND WEN YANG

ABSTRACT. In this paper we are concerned with the blow up analysis of two
classes of problems in bounded domains arising in mathematical physics: sinh-
Gordon equation and some general rank n Toda systems. The presence of a resid-
ual mass in the blowing up limit makes the analysis quite delicate: nevertheless,
by exploiting suitable Pohozaev identities and a detailed blow up analysis we ex-
clude blow up at the boundary. This is the first result in this direction in the pres-
ence of a residual mass. As a byproduct we obtain general existence results in
bounded domains.

1. INTRODUCTION

In the present paper we are concerned with the blow up analysis of two classes
of problems defined in bounded domains: sinh-Gordon equation (1.1) and a gen-
eral rank n Toda systems (1.8). Let us start by considering

et hye™H

Au + n -
o Ja et b2 Jahae "
u=20 on 9Q),

=0 in(Q),

(1.1)

where Q) C R? is a bounded domain with smooth boundary dQ and A is the
Euclidean Laplace operator, p1, p2 are two positive parameters and hy, hy are two
smooth positive functions in ().

Equation (1.1) arises in mathematical physics as a mean-field equation of the
equilibrium turbulence with arbitrarily signed vortices and it was first derived by
Joyce and Montgomery [29] and by Pointin and Lundgren [50]. For more discus-
sions concerning the physical background we refer for example to [11, 40, 44, 45,
47] and references therein. The case Iy = hy, p; = p2 has a close relationship
with geometry and is related to the study of constant mean curvature surfaces, see
[59, 60].
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When p, = 0 equation (1.1) reduces to the following well-known Liouville
problem:
he* .
AM+Pw—O in O, (12)
u=0 on 9Q).

Equation (1.2) has been extensively studied in the literature since it is related to
the prescribed Gaussian curvature problem and Euler flows, see [1, 55] and [9,
30], respectively. We refer the interested readers to the survey [56]. There are by
now many results concerning (1.2), some of which we recall here to highlight the
difference with the general case (1.1). Suppose (u, px) is a sequence of blow up
solutions to (1.2) with p; uniformly bounded, then it is known that there is no
boundary blow up, namely that u; is uniformly bounded near a neighborhood of
0Q), see [42, 46]. Furthermore, we have a clear understanding of the blowing up
solution: in particular, it holds py — 8m7r, for some m € IN and, after passing to a
subsequence,

m
ug(x) = 87Y G(x,p;)  inCo(Q\{p1, -+ pm}), (1.3)
j=1
heuk m
Pk — 871 Z (5,,/. in the sense of measures, (1.4)
Jo et =1

for some p; € O, where G(+, p;) is the Green function of —A with pole at p; and
Dirichlet boundary condition, see [8, 32, 33, 42, 46] (see also the recent results
[2, 3] concerning uniqueness and non degeneracy of blowing up solutions, respec-
tively). Roughly speaking, the latter properties denote a concentration property
of the blowing up solution: in particular, all the mass is concentrated around the
points p; and there is no residual mass in the region Q\ {p1,- -+, pm }. In this re-
spect, the general case (1.1) (and the Toda system (1.8)) presents drastic differences
since there might be a residual mass in the blow up limit (1.4), see the discussion
later on (see in particular (3.11)-(3.12)). The latter fact makes the analysis quite
delicate and our goal is to address this aspect of the problem.

Let us now return to equation (1.1). The latter problem has attracted a lot of at-
tention in the last decades: we refer to [25, 26, 28, 47] for blow up analysis, to [17]
for uniqueness aspects and to [5, 18, 19, 20] for what concerns existence results.
In this paper we shall consider the blow up analysis of solutions to (1.1) and we
shall address the existence of possible boundary bubbles. Such study is of inde-
pendent interest: moreover, the exclusion of boundary blow up allows to exploit
the analysis developed for the internal region and hence to extend some results for
(1.1) (and (1.8)) from the compact surface case to the bounded domain setting. In
particular, we may deduce the topological degree counting computed in [26, 31]
or the existence results obtained in [5, 4], see for instance Theorems 1.3, 1.4.

In the case of equation (1.2) boundary blow up is excluded by the method of
moving planes and the use of Kelvin’s transform, see for example [42]. We point
out such argument can be suitably used to treat cooperative systems, see [58],
where we say

Au+ f(x,u,v) =0,
Av+g(x,u,0v) =0,
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is cooperative if 242 > o, %8(540) > 0 Concerning the general equation (1.1)

let us point out that one can uniquely decompose u in u = 1y — up, where u; and
uy satisfy

hleu]fuz
Auq +P1W =0, u;=00n090,
(1.5)
hzeuz—ul
Auyp +P2W =0, up;=0o0na.

However, the system (1.5) is not cooperative and the method of moving planes
does not apply. Instead, our strategy is to use suitably Pohozaev identities and
a detailed analysis of the behavior of the blow up solutions. Similar arguments
have been used by Robert-Wei [51] in the fourth order mean field equation and
then by Lin-Wei-Zhao [35] in the SU(3) Toda system, which corresponds to the
case K = A, below.

Some remarks are needed here. In the works [35, 51] the concentration property
(1.4) plays an important role. In the seminal work [8], Brezis and Merle studied
the blow up behavior of the standard Liouville equation alike (1.2) and showed the
“bubbling implies mass concentration” result, i.e., if the blow up phenomena hap-
pens, then the concentration property (1.4) holds. For the fourth order equation
considered in [51] it is not difficult to deduce this property by a similar argument
as in [8]. However, as for the sinh-Gordon equation (1.1) (and the general Toda
system (1.8)) we can not expect to have the corresponding property. Indeed, in
[13] the authors exhibit bubbling solution for the Toda system (1.8) with non van-
ishing residual mass, that is with no concentration property (1.4). The latter result
seems to applied to the equation (1.1) as well: in particular, we can not exclude the
presence of bubbling solutions u; of (1.1) which blow up at some points p; € Q)
and such that

hqetk hpe "k
g’ —u
Jo e [ hoe

see for instance (3.11)-(3.12). For the question whether concentration property
holds or not, we shall pursue this in a forthcoming paper. In particular, we can
not conclude the bubbling solutions u; of (1.1) converge to a sum of Green func-
tions away from the blow up points as in (1.3). This makes the study of equation
(1.1) more complicated. In order to overcome this difficulty, we have to refine the
argument from [35, 51] and carry out a delicate analysis for the bubbling solutions
around the blow up point. In particular, the first part of the argument follows the
ideas introduced in [51, 35] but the final part substantially differs from the previ-
ous strategies. To the best of our knowledge, this is the first paper in treating this
kind of problems without using the concentration property (1.6) and it applies
to very general problems as the sinh-Gordon equation (1.1) (see also the asym-
metric case (1.7)) and some general rank n Toda systems (1.8). This is the main
contribution of this work. It is worth pointing out that an analogue procedure was
already used to rule out the blow up at the boundary for Sobolev critical problems
in higher dimension, where the weak limit plays the role of the residual mass, see
for instance [14] and the references therein.

A0 inQ\{py, -, pum} (1.6)
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The blow up set of |u| is defined by

s={peBI3mb n—p lul(m) - 4o},
Our first main result is the following.

Theorem 1.1. Let uy be a bubbling sequence of solutions to (1.1) with % < o1 P2k < C,
that is

max |ug| = 400,

xeQ)

for k — co. Then, the blow up set of |uy| is in the interior of Q, that is S N Q) = @.

Remark 1. The method can be also applied to the following asymmetric sinh-
Gordon equation:

Au+ pq

hleu
— =0 inQ,
fQ hleu P2 j‘Q hzefau m
u=20 on 0(),

with a > 0. The latter equation arises in the context of the statistical mechanics
description of 2D-turbulence under a deterministic assumption on the vortex in-
tensities, see [49, 54]. Concerning equation (1.7) we refer the interested readers to
the recent results [21, 23, 24, 52, 53].

1.7)

The second class of problems we consider is the following rank 7 Toda system:
n Y
Au; + Y Kjjpj+—-—- =0 inQ,
i ]; ijPj f() hjeu] i=1,---,n, (1.8)
u; =20 on 0(),

where p; are positive parameters, /; are positive smooth functions and K = (Kjj)nxn
is one of the following rank n Cartan matrices: A;, B, or C;;, where

2 -1 0 -~ 0 2 -1 0 --- O
-1 2 -1 0 -1 2 -1 --- 0
ATZ: ’ Bn— ’
0 -1 2 -1 0 -1 2 =2
0 0o -1 2 0 0 -1 2
2 -1 0 0
-1 2 -1 0
Ci=1: : : o
o - -1 2 -1
o -~ 0 -2 2

For n = 2 we have an extra Cartan type matrix G, given by

2 -1
&= (% 3)

Therefore, from now on K will denote on of the above matrices A, B;;, C,, or Go.
The problem (1.8) has been extensively studied in the literature since it has several
applications both in mathematical physics and in geometry. For instance, it arises
in the non-abelian Chern-Simons theory [15, 57, 61], while in geometry it appears
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in the description of holomorphic curves in CIP" [7, 10, 37]. For more background
of (1.8) with a general Cartan matrix K, one can see [15, 37] and the references
therein. For what concerns the analytical studies about Toda-type systems we refer
to [27, 31, 36] for blow up analysis, to [37] for classification issues and to [5, 22, 43]
for existence results.

For K = A; the authors in [35] proved there is no boundary blow up under
some assumptions on the concentration property (1.4). We show here the bound-
ary blow up is excluded in a general situation with no extra assumptions. More-
over, we can cover general rank n Toda systems. Our second main result is the
following.

Theorem 1.2. Let K be one of the Cartan matrices Ay, By, Cy 01 Gy, and let (uy);, i =
1,--- ,n be a bubbling sequence of solutions to (1.8) with % <px <Ci=1,---,n,
that is

max max{u, -+, Uy} —> +09,
xeQ)

for k — co. Then, the blow up set of uyy, - - - , Uy is in the interior of Q).

Finally, once the exclusion of boundary blow up is proven we may exploit the
analysis developed for the internal region and extend some results for (1.1) and
(1.8) from the compact surface case to the bounded domain setting. Let us focus on
the existence results concerning these classes of problems. The strategy is mainly
based on the variational structure of the problems (1.1) and (1.8). More precisely,
by a Morse-theoretical approach it is possible to deduce existence of solutions by
detecting a change of topology of the sublevels of the associated energy functional.
On the other hand, to carry out the Morse theory one has to rule out the blow up
solutions for which the problem presents a lack of compactness. To this end we
have to avoid a critical set of the parameters p; which is deeply connected with the
quantized blow up local masses (see for example Lemma 3.5).

Concerning the sinh-Gordon equation (1.1) the latter program was carried out
in [5], where the authors obtained existence of solutions on compact surfaces with
non positive Euler characteristic for pq, o2 ¢ 87IN. Once the exclusion of boundary
blow up is proven it is not difficult to adapt the latter argument for treating the
Dirichlet problem (1.1). We have the following.

Theorem 1.3. Let p1,p2 ¢ 87N and suppose x(Q)) < 0, where x(Q) denotes the Euler
characteristic of Q). Then, there exists a solution to (1.1).

Concerning the Toda system (1.8) a first general existence result is presented in
[5] for the case K = Aj on compact surfaces with non positive Euler character-
istic for p1,p2 ¢ 47IN. The argument is again based on the variational structure
of the problem and it was next adapted in [4] for treating the case B, (= C) and
G,. Moreover, by further assuming the non existence of blow up solutions to (1.8),
the author in [4] generalizes the argument for treating general matrices K, n > 3,
provided they are symmetric, positive definite and with non-positive entries out-
side the diagonal. Very recently, C.S. Lin, X.X. Zhong and the third author of the
present paper proved in [38] that the local masses of the bubbling solutions to
(1.8) are multiple of 47t and thus that the solutions are uniformly bounded pro-
vided p; ¢ 4N foralli = 1,...,n, see also the discussion after Lemma 3.11. In
conclusion, since we can rewrite the Toda system with B, and C; in a symmetric
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form through the following simple transformations, respectively,

2 -1 0 0 P1 2 -1 0 0 (%1
-1 2 -1 -~ 0 02 -1 2 -1 --- 0 02
0 - -1 2 =2||pu1 0 - -1 2 =1 |pn1
o -~ 0 -1 2 On o -~ 0 -1 1 204
2 -1 0 0 01 2 -1 0 0 p1
-1 2 -1 0 02 -1 2 -1 0 02
0 - -1 2 —1||pu1 0 - -1 2 =2||pn1
o -~ 0 -2 2 On o -+ 0 -2 4 Son

we derive the following result.

Theorem 1.4. Let K be one of the Cartan matrices Ay, By, Cy, or Gy. Let p; ¢ 47N for
any i =1,...,n,and suppose x(Q2) < 0, where x(CY) denotes the Euler characteristic of
Q). Then, there exists a solution to (1.8).

We point out Theorems 1.3, 1.4 are the first existence results for (1.1), (1.8) with
Dirichlet boundary conditions and they hold for a general choice of the parameters
pi- In particular, Theorem 1.4 is new also for n = 2.

The present paper is organized as follows. In Section 2 we collect some useful
results and derive the Pohozaev-type identities, in Section 3 we prove the main
Theorems 1.1, 1.2 concerning the no boundary blow up, in Section 4 we provide
the key steps for the proof of Theorems 1.3, 1.4 concerning the existence results.

Notation

Throughout this paper, without other explanations, the constant C will denote
some generic constant which is independent of k and the value of C might change
from one line to the other. The quantity B = O(A) means that there exists C > 0
such that |B| < CA. All the convergence results are stated by passing to a subse-
quence. The symbol B, (p) will denote the open ball of radius r and center p.

2. USEFUL FACTS

In this section we list some useful results which will be used in the sequel. First,
we collect some properties of the Green function in the following lemma, see for
example [12, 16].

Lemma 2.1. Let G(x,y) be the Green function of —A with Dirichlet boundary condition.
There exists C > 0 such that for all x,y € Q, x # y, we have

1
G(x, )| < Clog (z+ ) . IVG(x,y)| < Clx—y| ™\

lx —y]
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Let now 1y be a sequence of solutions to (1.1) relative to (p1x, pox). We set
hyetk hye ™4k
aqi = log 7f0 ! , oy =log 7f0 2 ,
P1k P2k

and
Ok = U — A1, Wk = —Ug — Aop. (2.1)
Then, we write equation (1.1) into the following form

Avy + hie% — hpe®k =0, v = —aq; on o), 22)
Awy — hpe% + hpe® =0, wy = —ay, on 9. '
The blow up set for problem (2.2) is defined by
CH z{p € Q| Hxt, x — p, op(xg) = +oo},
GH :{p € Q| Hxet, xk — p, wi(xg) — —|—oo}
and
G =61U6;. (2.3)

Concerning the set & we have the following result.
Lemma 2.2. The set & is finite.

Proof. The finiteness of the number of blow up points is a very standard result
for the standard Liouville equation (1.2). The argument was then carried out for
similar problems by using the celebrated result of [8, Corollary 4], see [31, Lemma
2.1, Lemma 2.2]. We shall provide here a complete proof of this fact for the Sinh-
Gordon type equation (1.1) to make this paper more self-contained.

For any p € & we define the local mass for u; and —u; around p by

1 hye 1 hoe Uk
01,y = 5= lim lim Prehe - and 03, = 5 limlim M.
P27 550k-0 JBy(p) [ hret P27 550k—0JBy(p) [ oo™
Step 1. We claim that if 07,05, < %, thenp ¢ &.
Since 0; , < 1, we can choose a small r > 0 such that
/ pihie™ <7, i=1,2, 2.4)
By, (p)
where
Ty = Uy — log / e and iy = —uy — log / Tye . 2.5)
Ja Q

From (2.4), by the assumptions on p;; and h; jointly with the Jensen inequality we
can easily get [, () i} < C, where we use the notation u* = max{u,0}. We next
0

use the decomposition iy = 2]2-:1 u1y,j, where i1y ; satisfy the following equations:
{ —Ailygy = prehie™ — pyhae™ i By (p), gy =0 ondBy(p),

—Aiiyp =0 in By, (p), Uik =tx ondBy(p).
2.6)
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For the first equation in (2.6), since

/ ’Plkhleﬁlk — paxhoe™* | < 3,
By, ()
by [8, Theorem 1], we have
/ exp((1+6)lix1])dx < C, (2.7)
Bro(P)
for some 6 € (0, %) Therefore, we have
/ || < C. (2.8)
E Bro(P)

For the second equation in (2.6), by the mean value theorem for harmonic func-
tions we have

1852l B, 2 (0) < ClliTk 2Nl (5 )
< €l 5y 1) + 11611135 )
<C. (2.9)
From (2.9), we conclude
pihie™k2 < C in By jo(p). (2.10)

By (2.7), (2.10) and the Holder inequality, we obtain
et € L (Byy (p)),

for some 61 > 0 independent of k. Similarly, we have
e € L' (Byy (p)),

for some é, > 0 independent of k. By using the standard elliptic estimates for

the first equation in (2.6), we get ||ii1y. 1|/~ (By,/2(p)) is uniformly bounded. Com-

bined with and (2.9), we have iy, is uniformly bounded above in By, (p). Follow-
2

ing the same process we can also obtain iy is uniformly bounded above in By, (p).
2
On the other hand, we note that

e = v —logpi, ok = wi —log poy.
As a consequence, we get p € G as claimed.

Step 2. It follows that if p € &, either 07, > % or oy, > %: together with the fact
that p1x, pox < C by assumption, we deduce |S| < oo. Hence, we finish the proof
of the lemma. O

For the terms &y, &y the following holds.
Lemma 2.3. There exists a constant C € R independent of k such that oy > C, i =1,2.
Proof. Note that vy, wy, satisfy
{ Avy + hie% — hpe® =0, v, = —agx on 9Q),

Awy — hpe% + hpe® =0, wy = —ay, on 9.
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Using Green'’s representation formula, we have
ve= [ Gl(x2) (ne™(2) — hae™ (2)) dz -y,

wy = /Q G(x,z) (hpe™*(z) — h1e%(z)) dz — ay.
Thus we get
ok + arellpiay <G llwe + agllpq) < C (2.11)
We know by Lemma 2.2 that & C Q is finite, and both v; and wy are uniformly

bounded from above in any compact subset of Q \ &. Therefore, from (2.11) we
see that a1, &y are bounded from below, which proves the lemma. O

Finally, we state the Pohozaev-type identities which are one of the key ingredi-
ents of the argument in the sequel.

Lemma 2.4. Let u be a solution of equation (1.1) and let a1, ay be defined analogously as
before (2.1). Let D C Q) be a smooth domain. Then, for any & € R? it holds that

/ 2 ("™ 4 hpe™"7%2) + / (x =&, Vhy)e'— +/ (x — &, Vhy)e "%
D D

_/ ("= + e ") (x — &, +/ a—” &, Vi)
1
3 ) |Vul?>(x — &), (2.12)
where v stands for the outer normal unit vector on dD.
Moreover, let (u;); be a solution of equation (1.8) and let 11; = u; — log (fo i€ l)for
i=1,---,n. Then, forany ¢ € R? we have

n ni - .
/ Z % ((x — &, Vh;)e' + Zhie”")

n Ki’ll n
= [ X LK (-2 V) (V) — 20 (Vi V) @
]

7]/[ ul _
+/Z)D2Kl" eli(x — &, v),

where (K ])nxn is the inverse matrix of K and K is either A, By, Cy, or Go.

Proof. Multiplying the equation (1.1) by (x — ¢, Vuy and integrating by parts we
readily obtain (2.12).
On the other hand, we rewrite equation (1.8) as

n .. ~

Y KYAuLj + hie'i = 0, i=1,---,n. (2.14)

j=1
Multiplying the i—th equation by (x — ¢, Vii;) and integrating by parts it is not
difficult to derive (2.13) after some straightforward computations. We skip the
details. O
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3. PROOF OF THE THEOREMS 1.1 AND 1.2

In this section we shall prove the main Theorems 1.1 and 1.2 concerning the
no boundary blow up. Since the proofs are very similar we shall give full details
for deducing Theorem 1.1 in Subsection 3.1 and sketch the main steps to derive
Theorem 1.2 in Subsection 3.2.

3.1. Proof of Theorem 1.1. Let u; be a sequence of solutions for (1.1) relative to
(p1k, p2x) and we recall the blow up set for |u| is given by

S :{p € Q| Hx}, xx — v, ukl(xp) — +oo}. (3.1)

Recall the definitions of vy, wy in (2.1) and the definition of & in (2.3). We have the
following.

Lemma 3.1. It holds that © = S.

Proof. First we prove & C S. It suffices to show thatif x € S, then x ¢ &. Suppose
x ¢ S, wehave |uy(x)| < C uniformly, by some constant C > 0. Using Lemma 2.3,
we have

0k(x) = u(x) —age < C and - wi(x) = —up(x) —a < C,
where C > 0 is a constant independent of k. Consequently x ¢ &. Therefore we
have 6 C S.
To prove the other inclusion, we shall show that 1y is uniformly bounded in
any compact subset of Q \ &. More precisely, for any compact subset K € )\ G,

we shall prove that there is a constant Cx > 0 that depends on the compact set K
such that

[ug(x)| < Ck, Vx € K.

By Green’s representation formula we have
— g _ Uk
u(x) /Q G(x,z) <P1kh1€ 1 — pakhae )
= e _ ok
/01 G(x,z) (Plkhle paxhae ) (3.2)
+ / G(x, hieik — oo hpe2x ),
0\, (x,2) (Plk 1€ pPakhze )

where iy, i = 1,2 are defined in (2.5), 01 = | J By,(p) and rg > 0is small enough
ped
such that K € O\ (). It is easy to see that

e _ o) —
/Q] G<xzz)(Plkhl’3 paxhoe > o(1),

because G(x,z) is bounded due to the distance d(x,z) > §y > 0 for z € (g, and
x € K. In Q\ ()4, we can see that if;; are bounded above by some constant that
depends on rg. Then it is not difficult to obtain that

g _ i\ —
/0\01 G(x,z) (Plkhle 1 — porhpet ) o(1).
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Therefore, by using (3.2) we can conclude that |u;(x)| < C, where C > 0 depends
on K only. Hence, |uy(x)| is bounded away from & and S C &. This completes
the proof. O

Since & is finite, see Lemma 2.2, we let

6= {PlIPZ/ e /pm}
For any p; € Q, let r be a positive number such that B, (p;) N B,(p;) = @ for i # j.
Let p; x € Q be such that

Mi(pix) = mmBa? )Mk(x>/
r(Pi

where
My (x) = max{og(x), wi(x)}.

Define y; ;. by

ik = e~ iMi(pig)
Observe that p;x — 0. On the other hand, p;; & Q) because we know that
Mi(x) [sa< C from Lemma 2.3. Furthermore, we can estimate more precisely
the distance of the point p; ; from the boundary.
Lemma 3.2. It holds that, for k — +oo,

ist(p; x, 00

dlSt(p iks ) Y
Hik

Proof. Suppose by contradiction the result is not true. Then, one can find a se-

quence (p;k, #ik), such that dist(p; , 0Q2) = O(; ). Let us consider the following
dilated domain:
(Q—pix)

Q= —
" Hik

We may assume without loss of generality that ();; — (—oo,ty) x R. Moreover,

we may further assume vi(p; k) = —2log y; x and define

0k(y) = vk(pik + pixy) +21og pix +logh1(pik),
Wi(y) = wi(pix + wixy) +21og pi +log ha(pik)-
We note that
O + Wy = v + wi + 4log pix +log hy (pix) +log ha(pik)
= 4log piy — arx — agx + C < 4log pip + C.

Let R > 0 and y € Bg(0) N Q; k. By the Green representation formula, with a little
abuse of notation we have

|Vor| = (i Vor(pix + Hixy)]

/o VG(pix + ixy,2) [le%(2) — hae (z)] dz

= Wik

: ‘hlemz) — hyer(@)
< Cuig / + / dz.
Bary; i (Pik) S O\Bary, (Pi) |Pik + Higy — 2|

(3.3)
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In Byry,, (pix) we have e%, e < ek (Pik) = i’li_k2' On the other hand, in Q) \

BzRVi,k(Pi,k) we have
ik + pixy — 2| > |z = pixl = piklyl = Ruig.
Hence,
iy €% — e
Vol <O [ I Ry [ et — et | < C(R)
Bawy,, (Pig) |Pik + Miky — 2| O

Therefore, we get | V9| = |V, | < C(R) in Br(0) N Q;x, which implies
|0k (y) —9c(0)] < Cly] £ C  foranyy € Br(0) N Qg
Choosing yg in 9Q); ;, we obtain

[ok(pix) + a1k = [0k(yo) — 9 (0)| < C.
Then, we have
—2log pix + ax = O(1),
from which we get a contradiction to Lemma 2.3 and the fact p;; — 0. Thus we
proved the lemma. O

Next, we study the behavior of the blow up solutions around each blow up
point p;. The starting point is the following selection process for (2.2) which was
carried out in [25, Proposition 2.1]. The idea is to select a bubbling area which con-
sists of a finite number of disks and in each disk the blow up solution resembles
(after dilation) a globally defined Liouville-type solution. The only difference here
is that we have to take into account the presence of the boundary of (2. However,
we have from Lemma 3.2 an estimate about dist(p;, 0Q) for p;r — p; (see also
part (2) of the following proposition). As a consequence, after a suitable dilation
we will not see the effect of the boundary of () and hence we still end up with
globally defined solutions, see part (3) of the following proposition for more de-
tails. In particular, since the Liouville-type problem in R? is completely classified
we gain the information about its total mass which yields then (3.4).

Proposition 3.1. Let uy be a sequence of bubbling solutions of (1.1) and vy, wy be defined
in (2.1). Let & be defined in (2.3). Then around each point p; € & there exists a finite
sequence of points

o ko k k ; k -
Zk,i T {pi,l/ pi,Z/ e /pj,mi} <](IL)I.1:)10 pl,] — Pz/ ] - ]./ e /ml)

and positive numbers lffl,~ -1k — 0such that

4 i,m,-

(1) Forj=1,...,mj,i=1,---,mwe have

max{vk(pff«),wk(pff«)} = max max{vg(x), wi(x)}.
/ / xeB’k_(pf."j)
1]

_1 k k
() Forj=1,...,my i=1,--- ,m welete;;=e 2max{”k(pi,j)'wk(pi,j)}, Then,
k : k
I dlst(pi,j, Q)

— 00, —— — 0.
€ijk €ijk
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(3) In each Blf'(,j ( pi-‘, j) we define the dilated functions

Orij(y) = Uk(P?,j + € jky) +2loge; i,
DY) = wi(pk; + € jky) +21og e ji-
Then it holds that one of the vy j, wy ; ; converges to a solution of Liouville equa-

tion (1.2) in the ClzO C(]Rz) norm, while the other one tends to minus infinity over
all compact subsets of R?. In particular, it holds

lim lim . (hye% + hpe®*) > 87r. (3.4)

r—0k—o0 B’(pij)

(4) There exits a constant C > 0 independent of k such that
max{vg(x), wy(x)} + 2logdist(x, Xy ;) < C, (3.5)
forallx € B,(p;), i=1,2,--- ,m.

We observe that from (3.5) we deduce the following result.

Lemma 3.3. Let Xy = U[" Xy ;. Then, there exists a constant C > 0 independent of k
such that

max{ov(x), wi(x)} +2logdist(x,Z) < C, Vxe Q. (3.6)

Moreover, we derive the following estimates which will be used later on.

Lemma 3.4. There exists a constant C > 0 independent of k such that
dist(x, X¢)| Vo (x)| < C, dist(x, X)) |Vwg(x)| < C, Vx e Q.

Proof. By Green’s representation formula, we have

|V SC/ !
O

[x 2|
To simplify the notation, we denote

|h1e% (z) — hpye™*(z)] dz.

Xy = {Qk,lf' - ,qk,n}.
Let
Ri(x) = _inf |x—aqy
O ={xeQ:|x—qui| =Re(x)}, i=1--,n
It is easy to see that O = UL ; Q) ;. By using (3.6), for any z € Oy \ B v, ;| (qk.i),
7z

L T
|x —z||z = qiil* 7 |x —z[[x — gl

Then,
vk
/ hie%(z) 4z < C
Qpi\B x—gqp ;| (Txi) |x — 2 X — g,
kil

. (3.7)
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On the other hand, for z € Q; N B« (qx:), we have [x —z| > }[x — gi,;| and
3

hence
Uk
/ met(z) g, o C (3.8)
QpiNB fx—g, 11 (ki) |x — 2| | — ]
71
By (3.7) and (3.8), we have
. (o
/ met(z) 4, . C (3.9)
Jog; |x—z| |x = gl
Similarly,
Wi
/ hoe™(z) 4, o C (3.10)
Qi |x — 2] |x‘_q&ﬂ

From (3.9) and (3.10), we can easily obtain that
_inf|x = qe|[Vo(x)] < €.

i=1
Equivalently, we get
dist(x, X)) | Vor(x)] < C.
Finally, we note that |Vog(x)| = |Vwi(x)|. Therefore, the proof is completed. [

Concerning the asymptotic behavior of the blowing up solutions we have the
following.

Lemma 3.5. Lef uy be a sequence of solutions to (1.1), let S be defined in (3.1) and let
Uk, Wy be defined in (2.1). Then, in the sense of measures, we have

hye®kdx — rq(x)dx + 2 mi(p)dp, in Q, (3.17)
peSNQ

hpekdx — rp(x)dx+ Y my(p)s, in Q, (3.12)
peSNQ)

where r;(x) € L1 (Q)NC®

loc

(Q\ S) and m;(p) are multiple of 87t for i = 1,2. Moreover,
Uy — Q +U
in G2 (Q\ S) and in W&’q(Q)for any q < 2, where G,U are defined by

AG(x)+ Y (mi(p) —ma(p))épy =0 inQ, G(x) =0 onoQ,
peSNQ)

AU(x) +7r1(x) —12(x) =0 inQ, U(x) =0 onadQ.

Proof. By [28, Lemma 3.4] we readily get (3.11)-(3.12). Using the quantization re-
sult of [28, Theorem 1.1] (see also [25] for a different proof) we have

(m1(p), ma(p)) =(4m(l+ 1)L, 4m(I —1)1) or (47c(I — 1)1, 47(I +1)I),
for] € N and p € S. The left conclusion of the Lemma 3.5 is a direct consequence

of classical elliptic regularity theory and Lemma 3.3. U

We prove now the main result concerning the no boundary blow up.
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Proof of Theorem 1.1. Let uy be a sequence of solutions to (1.1). We have to prove
that S N o) = @, where S is given in (3.1). We argue by contradiction. Let xg €
S NaQ. Since |S| is finite, see Lemma 2.2, we may assume that S N By (x) = {xo}.
Let z; = xg + O ,v(xg) with

2
Jdu
fBQﬂBr(xO) (x —xo,v) | 5

®k,7’ = ou 27
fanB,(x0)<V(x0)'V> En

where r > 0 is small such that 1 < (v(xq),v) < 1 for x € 902N By(xo). Here v(x)
is the unit outer normal at x € Q. It is then easy to check that |®,| < 2r for
[(x — x0,v)| < r. Observing

X —zp = x — xg — O, v(x0),

we deduce that
2

i |” _ g, (3.13)

o

/amB,(xo) (x =20 v)

Now, by applying the Pohozaev identity (2.12) of Lemma 2.4 in Q) N B,(xg) with
¢ = zj, we have that

/ 2hq etk 2hpe Mk T2k ek Mk (x — 2, V)
QﬁBy(Xo) QﬂB,(xO) QﬂB,(xO)

+/ W (3 — 7, Vh
M (x — 2z, Vh)

/ dug
A(QNB,(xp)) OV

(e ™%k  hpe ™"k T0%) (x — zp, v) + (x — z, Vuy)

/;a(mB,,(xo))
1

_ - V2 (x — zi,v), 3.14

5 a(QmB,(xO))| ug|~(x — zg, v) (3.14)

where a1y, apy are defined before (2.1). In view of the boundary conditions in (1.1),
it is easy to see that

li h Mkflxlk_i_h —Up— &k . , -0 2
I s e (1 BT x50 = O(7)
and, by (3.13),
auk 1 r )
_r _ ,V _ - \VA —z,
-/amBAxo) av E TV T3 g gy | )

_1
2 Ja0nB, (xo)

On the other hand, since [ hje'* %k < Cand [ hpe™"k—*2 < C, it holds that

(x — 2z, V)| Vg |* = 0.

lim etk (x — z,., Vhy) = O(r
I Lo ) (x =z, VIn) = O(r)

and

lim e Mk (x — 7, Vhy) = O(r).
]H1+00 QB (x0) ( k 2) ()



16 WEIWEI AO, ALEKS JEVNIKAR, AND WEN YANG

Finally, we claim

1- / h Up—&1k h —Up— ok _ , _ O )
ko teo QNdB, (xo) (e + e ) (x =z, V) (e(r))
auk 1 9 (315)
N ! v Y v - s - O ,
/QmaB,(xO) ov (= 2 Vi) 2 QﬂaB,(x0)| | “(x — zg, v) (e(r))

where ¢(r) — 0 as r — 0. We postpone the proof of the latter claim in Lemma 3.6.
Once we have (3.15) we conclude

lim lim (hle”k—“lk + hze—uk—lxzk) -0,
r—0k—00 JONB,(x0)

which is a contradiction to the lower bound on the local mass (3.4). The proof is
completed, once we prove the claim (3.15). O

We are left with the proof of the claim (3.15) which we derive in the following
lemma.

Lemma 3.6. Forany e > 0 there exists v > O sufficiently small such that,

klgilo (.)ﬂE)Br(xO) (hye =%k  hpe™ "k —%2%) |(x — zi,v)| = O(e), (3.16)
and
ouy, 1 5
/QﬂaB,(xU) a—y(x —zi, V) — 2 Joron, o) |Vug|“(x —z,v) = O(e).  (3.17)
Proof. By Lemma 3.5 we know that uy — G+ U in Cio.(Q\ S). We let r €

(0, Tdist(x, S\ {xg})>. Then, we have [|G|c2(0nap,(x,)) < C for some C inde-
pendent of r. Note that

|x — zg| = |x —x0 — O ,v(x0)| < |x —x9| + [k ,| = O(r) for x € 9B,(xp) N Q).

By the above facts and by Lemmas 2.3, 3.5, in order to get (3.16) and (3.17) it suf-
fices to show that for any e > 0 there exists » > 0 sufficiently small such that

/ reldl = O(e) and r|VU[* = O(e). (3.18)
QﬂBB,(xO) B QﬂaBy(Xo)

We recall that
AU(x)+r1(x) —12(x) =0 inQ, U(x) =0 onoQ.

By Green'’s representation formula and Lemma 2.1, for any x € 9B,(xp) N ),

U= [ 1661 (1) —r2v) | dy

< C/Qlog (2 + 1) (InW)I+ Ir2(y)[)dy

x =yl
1
—  JanB,(x) Og< +|x_y|>(71(y)+|r2(y)) y
1
+C 10 (2+) 2 + |r d ; 3.19
Q\B,/(x) & |x — | (Ir1 ()| +ra(y)])dy (3.19)
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where ' > 0 is chosen so that Bz, (x9) N (S \ {x0}) = @ and
r + |7 dy <4,
Sy (MO + 20y <

with § > 0 to be determined later. Here we note that the choice of 7/, § and the
constants C in (3.19) are independent of r. For the last term on the right hand side
of (3.19), we have

' 1 1
Lo 08 (24 ) (@) oy < Ciog (14 5) -+ 620

lx —y]

where C depends only on |[7i|;1(q), i = 1,2 and the shape of the domain ), but
independent of r. For the first term in (3.19), we rewrite it as

1
/QmBr,(xO) log (2 + |x—]/|) (|1’1(y)| + |7'2(]/)|)d]/

1
— 1 24— d
ONB (x0)0B ¢ (x) 08( + |x—y|> (I )|+ |r2(y)|)dy

Z

1
+/ lo <2+) r + | d
(OB o)\ (0 g =] (I )]+ [r2(y)])dy
=L+
where N > 0 will be determined later on. From Lemma 3.3 and recalling that
B3,y (x0) N (S\ {x0}) = @, we have

|x — xo|* max{|r1(x)],[r2(x)|} <C  in QN Bu(xo). (3.21)
Let us further impose r < min {%/, Ldist(xo, S\ {xo})}. Forany y € B (x) we
have
[y =0l > x = xo] — |r —y] = "

Then, by (3.21) and the latter fact we have

max{Ir ()| I} < C(5g)

By the latter estimate we get

n=c(g) () 18 (245 ) =c(ymq) s (24 ) 622

On the other hand, for y € (Q2N B, (x0)) \ B (x) we have
1 N
Io <2+ ) <lo <2+> |
BT ) BT
Therefore,

N N
L <Clog (24~ / dy < Colog (24~ ). (323
2= Clog(245) [ (in()]+ n())dy < Colog (24 51 ) . 623

As a consequence of (3.19)-(3.23) we deduce

[¢](x) < Clog <1+r1,> +C(M”> log <2+Ij)
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and

Ul(x) < (1+r1,>c (2+1;])C<<N—11>2+5>.

Finally, we first choose N sufficiently large and then ' sufficiently small such that

C (ﬁ + 6) < 2. Here we note the choices of N and ’ are independent of r. As

a final step, for any given & we choose r sufficiently small such that

c Cl tm+s
r2<1+1/> (2—|-N> <(N K )gs.
r 7
This concludes the proof of the first estimate in (3.18). A similar argument yields

the second estimate in (3.18). We skip the details to avoid repetitions. This finishes
the proof of the lemma. O

3.2. Proof of Theorem 1.2. Let uqy, uy, - - - , Uy be a sequence of bubbling solu-
tions to (1.8) relative to p1g, - - - , ok We set

Ui = U + log pix — log/nhl-e”ik, i=1,---,n (3.24)

Then we can write (1.8) as

éﬁik + 2}1:1 kl.].hje”jk =0 | in (), (3.25)
iy = logpj — log [, hie"x  on 9Q).
We set
Sy, ={pe Q| I}, xx = p il = +o0},i=1,-,n, (3.26)
and
n
G, =J6&,,. (3.27)
i=1
Similarly, we define the blow up set for g, upg, - - -, Ui
Sy = {p € Q| Hxi}, x — p,maxuy(xg) — +oo} . (3.28)
1

The same arguments of Lemmas 2.2 and 3.1 yield the following result.
Lemma 3.7. S, = Sy and |S,| = |Sy| is finite.
We then let
Su={py-- . p}

For any p; € (), and r be a positive number such that B,(p;) N B,(p;) = @ fori # j.
Let pjx € Q be such that

Ajg = m,aXﬁi,k(pj,k) = max maxil i=1,---,nj=1,---,L
i QNB(p;) i

We have the following lemma.



LIOUVILLE-TYPE EQUATIONS IN BOUNDED DOMAINS 19

Lemma 3.8. It holds that, for k — oo,
dist(p; , 0Q)
% — +oo, (3.29)

Hijk

A]',k
2

whereﬁ]-,k:e* ,ji=1-,L

Proof. We shall prove it by contradiction. Suppose the conclusion is not true and
one can find a sequence (p; , #j k), such that dist(p;x,0Q)) = O(fi;x). Let us con-
sider the following dilated domain:

We may assume without loss of generality that );; — (—o9,fo) x R. Moreover,
we may further assume i1;(pjx) = —2log ji;x and define
aik(y) = tie(pjx + Hjxy) +2logil;x + 2loghi(pjx), i=1,--- ,n.

We note that #7;;(y) is uniformly bounded above. Let R > 0 and y € Br(0) N Q.
By the Green representation formula, with a little abuse of notation we have

\Vitg| = |k Vi (pjx)|

n ~
= Hjk /Q VG(pik+ iy, z) Y kichpe" @) dz
=

(3.30)

‘27:1 k[ghgeﬁ/k(z) ’
. dz.

ol
/ [BZRﬁj,k(Pj,k) Q\BZRﬁj’k(Pj,k)

In BZRﬁjk(p]’,k) we have etk < etik(Pik) — ﬁj_kZ, i=1,---,n. On the other hand, in

‘pj,k +Hjky — Z’

Qj,k \ BZRﬁj,k(Pj,k) we have

\Pix+Hixy =zl = |z = pjxl — Hixlyl > Rifj.
Hence,
n_ o kighgetx
Vil < Ciy [ ARy Kihee™ ¢y /
oy (pis) [Pjk + Hiky — 2]

Therefore, we get |Vii| < C(R) in Br(0) N Q;, which implies

i heeﬂik

(=1

< C(R).

ik (y) — #x(0)] < Cly| < C foranyy € Br(0) N Qyx
andanyi € {1,---,n}. Choosing yo in 9Q); x, we obtain

fQ hl etk

|1k (px) + log | = |1k (yo) — 1 (0)| < C.

Then, we have

hqe%ik
—2log i +log fﬂple =0(1),
1k

S
from which we get a contradiction to the fact that log jnz%:l is bounded from

below and i — 0. Thus we proved the lemma. O
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As explained after Lemma 3.2, by means of Lemma 3.8 we will not see the effect
of the boundary of () after suitable scaling. Therefore, A similar selection process
as in Proposition 3.1 can be carried out also for the Toda-type system in (1.8).In
particular, we can use the conclusions in [34, Proposition 2.1] and [36, Proposition
3A] to obtain the following result.

Lemma 3.9. Let uqy, - - -, Uy be a sequence of bubbling solutions of (1.8) and iy be
defined in (3.24). Let &, be defined in (3.27). Then around each point p; € &y there
exists a finite sequence of points

i = Apjvk - Pimkt kETOO Piok = pjy £=1,---,mj,
and positive numbers r;-‘ 1 ,r}‘ m, — 0 such that
(1) Fort=1,--- ymj, j=1,--- , 1 we have

max {ﬁlk(Pj,é,k),' o ﬁnk(Pj,E,k)} = xeBmeE;( )miax{ﬁlk(x), s ()}
k (Pick
r’./

(2) For € =1,-+ ,mj, j =1,--- 1, welet 54 = o~ 3 max{ i (pjei) - (pjer) }
Then,

k ot (pk

rie e dlst(pjrg,aﬂ)

ik 0k

(3) Ineach Br;.(/ (Pje.x) we define the dilated functions
it

ik o (y) = Ui(Pjx + 00 ky) +2l0g 0ok, i=1,--+ ,n.

Then i1y j,, -+ - , Uk j 0 either satisfies (a) or (b):
(a) the sequence is fully bubbling: along a subsequence, Wiy, -, Uyk,je CON-

verges in C2 (R?) touy, - - -, uy which satisfies

n
Aui + Z kighg(p]-)e”’ =0in ]R2,
/=1

b {1, - ,n} =1 U---UJtUN, where J1,--- , ] and N are disjoint sets of
indices, N # @ and each |;, 1 < i < t consists of consecutive indices. For each
i € N, ujg,jp — —o0 over any fixed compact subsets of IR2. The components with

index in ]; converge in C2_(R?) to a low rank Toda system, where |;| is the rank.

(4) There exists a constant C > 0 independent of k such that
max i (x) +2logdist(x, Xy ;) < C,
1
forall x € Br(p]-), j=1---,L
From the fourth conclusion of Lemma 3.9 we deduce the following result.

Lemma 3.10. Let X} = U;-:l Xy ;. Then, there exists a constant C > 0 independent of k
such that
max i (x) + 2log dist(x,X;) < C, Vx e Q. (3.31)
1

With the above lemma we can derive the following crucial estimate.
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Lemma 3.11. There exists a constant C > 0 independent of k such that
dist(x, )| Vig| < CVx €Q, i=1,,n

Proof. Using equation (3.25) and Green'’s representation formula, we have

1 oo
V| < C/ _— etit(2)|dz.
| 1k| = o ‘x 7Z| |é—§ ’

For convenience, we set

e = {1 s}
Let

Dy (x) := inf|x — g4,
and

Nj={xeQ:|x—qj| =Dr(x)}, j=1,--- s
Itis easy to see that () = U;Zl ;. Using Lemma 3.10, forany z € Q) ; \ B x—gyl (%)),
—z

gl g <
lx —z[|z — gxj|* ~ |x — z[|x — gy
Then,
etk
/ ¢ dz < ¢ .
Qe j\B x—gy; (1) |x — 2| | — qx]
gl

(3.32)

On the other hand, for z € O N By (qxj), we have [x —z| > Tx — qxj| and
okl

hence
gy ()
/ ¢ <& (3.33)
Qe iNB x— gy (91) |x —z| |x — gy
—z
By (3.32) and (3.33), we have
ik (2)
/ ey, (3.34)
Oy j x — 2]

and the above inequality holds for any / =1, - - - ,n. As a consequence, we obtain
that there exists a constant independent of i such that

j=1,-
Therefore, we finish the proof. 0

Finally, for what concerns the Toda system (1.8) we have a similar blow up
picture as the one presented in Lemma 3.5 for the sinh-Gordon equation (1.1). Let
(uir); be a sequence of solutions to (1.8) and let (i ); be defined as in Lemma 2.4.
Then, in the sense of measures, we have

hie"kdx — fi(x)+ Y L(p)s, inQ, i=1--,n
peSNQ
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where fi,--+, fu € LYQ) N C2.(Q\ S) and each I;(p) is a multiple of 477. More
precisely, for rank 2 Toda system the values of [;(p) are completely classified; for
K = A, we have

(h(p),L(p)) € { (47,0),(0,4m), (47, 87), (87, 47), (87,87) },
see [34, Remark 1.2], for K = B, (= Cp) it holds
(h(p),l(p)) € { (47t,0), (0,47), (87,4m), (47,127), (87, 167), (1271, 1271), (1277, 1677) },

see [39, Theorem 1.1], while for K = G, we have

(h(p),l(p)) € { (47t,0),(0,47), (47t,167), (87,47), (2471,367), (2471, 4077),

(87,24m), (167,167), (167, 367), (207, 2477), (2077, 4077) },

see [36, Theorem 1.3]. For what concerns the A, B, C;, type Toda systems the clas-
sification of the values /;(p) is more involved. Nevertheless, recently the authors
in [38] proved I;(p) is multiple of 4.

Proof of Theorem 1.2. The proof is derived reasoning by contradiction and by using
the Pohozaev identity (2.13) around a boundary blow up point. Since the argu-
ments are local in nature, by exploiting Lemmas 3.7-3.11 we can reason exactly as
in the proof of Theorem 1.1 to estimate each term in the Pohozaev identity and
prove Theorem 1.2. We omit the details to avoid repetitions. U

4. APPENDIX: PROOF OF THE THEOREMS 1.3 AND 1.4

In this section we shall provide the proof of Theorems 1.3 and 1.4 concerning
existence of solutions. Since their proof has become rather standard we will point
out just the main steps and ideas.

Let us first consider Theorem 1.3. Its proof is based on the variational structure
of the problem by considering the following functional associated to (1.1),

o) = 5 [ 1VuP = prtog [ m(x)et —palog [ ha(x)e e HY(Q), @)

where p = (p1,02). The goal is to exploit a Morse-type approach to detect critical
points of the latter functional. However, standard deformation lemmas typically
rely on some compactness assumption, for example the Palais-Smale condition.
With respect to our problem, it is still unknown at the moment whether the func-
tional (4.1) satisfies this condition. To bypass this obstruction one usually appeals
to the compactness of the set of solutions to (1.1). To this end, we recall that for a
sequence of blowing up solutions (u,), relative to p,, we have by Lemma 3.5,

h euk .
PnW dx = ri(x)dx+ Y mi(p)s, in Q,
(@) peSNQ
h2€7uk d ( )d Z ( )5 . o)
On—7————ax — r(x)dx + ma(p)dp in ,
fQ hae!% peSNQ
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in the sense of measures, where r;(x) € L}(Q) N C2 (Q\ S) and m;(p) are multi-
ple of 87 for i = 1,2. Concerning the residual mass, it is by now well known that
either r; = 0 or r, = 0, see for instance [6] where the latter property is derived for
a much more general problem. Therefore, the following result is granted.

Proposition 4.1. Let K € (87N x R) U (R x 871IN) C R2. Then, the set of solutions
{up}p C H{(Q) with p = (p1,p2) € K is compact in C**(Q) for some a > 0.

With the latter result at hand the Morse approach follows a common strategy
so we will be sketchy. We will denote the sublevels of the functional ], by

Jh={uecH\(Q) : Jo(u) <L}, LeR.

The arguments in [41] jointly with the compactnss property in Proposition 4.1 al-
low to derive the following deformation lemma.

Lemma 4.1. Let a, b € R be such that a < b and let p1, 05 ¢ 87IN. Suppose that |, has
no critical points u. with a < ]p(uc) < b. Then, ]g is a deformation retract of ]f,’ .

We can now prove the main existence result in Theorem 1.3.

Proof of Theorem 1.3. The goal is to study the topology of the sublevels of the func-
tional ], and to apply Lemma 4.1. Roughly speaking, we aim to show a change of
topology between high sublevels ]5 and low sublevels ], L for some L >> 0.

Let us start with high sublevels. The compactness of solutions in Proposition
4.1 also implies boundedness from above of the energy on solutions, hence the
following: if p1, 02 ¢ 87N, then there exists L >> 0 such that ]|, ,5 is a deformation

retract of H}(Q)). In particular, it is contractible. On the other hand, since by
assumption we have x(Q) < 0 and since the analysis in [5] concerning this part
is local in nature, the same arguments as in [5] show that ] o L is not contractible.
Therefore, by the latter change of topology between sublevels of ], we conclude by
Lemma 4.1 that there exists a critical point of ],. This finishes the proof of Theorem
1.3.

O

The proof of Theorem 1.4 follows exactly the same steps introduced in the proof
of Theorem 1.3 with obvious modifications. We omit the details to avoid repeti-
tions.
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