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ABSTRACT. The goal of the paper is to give an optimal transport characterization of sectional curvature
lower (and upper) bounds for smooth n-dimensional Riemannian manifolds. More generally we chara-
cterize, via optimal transport, lower bounds on the so called p-Ricci curvature which corresponds to
taking the trace of the Riemann curvature tensor on p-dimensional planes, 1 < p < n. Such characteri-
zation roughly consists on a convexity condition of the p-Renyi entropy along L?-Wasserstein geodesics,
where the role of reference measure is played by the p-dimensional Hausdorff measure. As applica-
tion we establish a new Brunn-Minkowski type inequality involving p-dimensional submanifolds and the
p-dimensional Hausdorff measure.
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1. INTRODUCTION

The interplay between Ricci curvature and optimal transport is well known and it has been a topic of
tremendous interest in the last years. On the other hand it seems to be still an open problem to find the
link between sectional curvature bounds (and more generally intermediate Ricci curvature bounds) and
optimal transportation. The goal of the paper is to address such a question.

Inspired by the pioneering work on Ricci curvature lower bounds via optimal transport by Sturm and
von Renesse [18], later extended to non-smooth spaces in the foundational works of Lott-Villani [8] and
Sturm [16, 17], we analyze convexity properties of the p-Renyi entropy along L?-Wasserstein geodesics,
where the role of the reference measure is played here by the p-dimensional Hausdorff measure. In a first
approximation, one can think of studying the convexity of the p-Renyi entropy along an L2-Wasserstein
geodesics made of probability measures concentrated on p-dimensional submanifolds of M.

The study of optimal transportation between measures supported on arbitrary submanifolds in an arbi-
trary Riemannian manifold seems to be quite a new topic in the literature. Nevertheless several authors
treated remarkable particular cases and related questions:

e Gangbo-McCann [5] proved results about optimal transport between measures supported on
hyper-surfaces in Euclidean space;
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e McCann-Sosio [11] and Kitagawa-Warren [6] gave more refined results about optimal transport
between two measures supported on a codimension one sphere in Euclidean space;

e Castillon [2] considered optimal transport between a measure supported on a submanifold of
Euclidean space and a measure supported on a linear subspace;

e Lott [7] characterized the tangent cone (in the Wa-metric) to a probability measure supported
on a smooth submanifold of a Riemannian manifold.

In order to state the results, let us introduce some notation (for more details see Section 2). Let (M™, g)
be a smooth, complete, n-dimensional Riemannian manifold without boundary. For p = {1,...,n},
denote by HP the p-dimensional Hausdorff measure and consider the space P.(M,HP) of probability
measures with compact support which are absolutely continuous with respect to H?. Given 1 <p <p' <
0o, the p’-Renyi entropy with respect to H? is defined as

Sp/(-‘HP) : 7DC(]\45 H}D) - [_O0,0], Sp’ (/1/|Hp) = _/pl_pilldﬂp,

where p is the density of u with respect to H?, i.e. u = pHP. Note that in the borderline case p’ = p =1,
one gets

Si(plH') = —H! (supp(p)).
The (relative) Shannon entropy is defined by

Ent(-|HP) : Pe(M, HP) — [—00,00], Ent(p|HP) = lim plog pdHP.
€0 {p>e}
This coincides with f{p>0} plog p dHP, provided that f{p>1} plog pdHP < oo, and Ent(u|HP) := oo other-
wise. Recall also the definition of the distortion coefficients. Given K € R , we set for (¢,0) € [0,1] x RT,

00 if K62 > n2,
sin(t0VK) if 0 < K6? < 72
1) () = sin(0vVK) ’
t if K62 =0,
sinh(t0v—K) K02 <0
sinh(0v/—K) -

A subset X C M is said to be countably HP-rectifiable if, up to a HP-negligible subset, it can be covered
by countably many p-dimensional Lipschitz submanifolds. We say that a Wa-geodesic {p}icjo,1) is
countably HP-rectifiable if for every ¢ € [0, 1] the measure u; € P.(M,HP) is concentrated on a countably
‘HP-rectifiable set ¥, C M (see Section 3 for a through discussion of rectifiable Ws-geodesics and in
particular Remark 3.7 for a sufficient generic condition of rectifiability).

Our first main result is an optimal transport characterization of sectional curvature upper bounds.

Theorem 1.1 (OT characterization of sectional curvature upper bounds, Theorem 5.2). Let (M, g) be a
complete Riemannian manifold without boundary and let K > 0. Then the following statements (i) and
(ii) are equivalent:

(i) The sectional curvature of (M, g) is bounded above by K.
(ii) Let {pt}repo,1] be a countably H!-rectifiable Wy-geodesic, and let II be the corresponding dynamical
optimal plan. Then, if to,t1 € (0,1) and 7(s) = (1 — )t + st1, it holds

H (supp - () < / |02 1y & 7o, (4(00) ™ + o2 (17 2 T)pus (1(02)) 7 (), ¥s € [0,1),

where p; is the density of u; with respect to H'.

In the case of K = 0 the inequality in (ii) becomnes

H (supp pr(5)) < (1 — s)H' (supp pu,) + sH' (supp pue,), Vs € [0,1].
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See Remark 5.3 for the motivation why the upper bound K must be non-negative. Let us also stress
that in the assertion (ii) one cannot relax the assumption to tg,t; € [0, 1], see Remark 5.4 for a coun-
terexample.

The second main result is an optimal transport characterization of sectional curvature lower bounds.
In order to state it, some more notation must be introduced. First of all, given a HP-rectifiable Wo-
geodesic {it}1e[0,1], thanks to the Monge-Mather shortening principle [19, Theorem 8.5] we know that,
for every ¢ € [0,1], pr = (Tf/g)u,uuz with Tlt/2 : ¥1/9 — X Lipschitz. For py/s-a.e. & we can set (see
Lemma 3.10 and Remark 3.11 for the details)

By(t) : TuXja = Ty, e,  Ba(t) := DT p(x) V€ [0,1].

In Lemma 3.9 we will prove a Monge-Ampeére inequality implying that B, (t) is invertible. Let ~,(t) :=
Tf /z(ac) be a geodesic performing the transport and consider

Uy (t) := (Vi By (1)) Ba(t) ! : Ty, % = Ty, (M,
Uy (t) = U ()] Ty iy 20— (T (B0)
where V,; denotes the covariant derivative along ~,(¢) in M and L is the orthogonal projection on the
orthogonal complement (7%, X;)* of T, ). If |44 # 0, we set
. . . 2
Fe 2 [0, Fal] = Ry hin, (1l ) 1l® = Uz @), W € [0, 1],

if |95 = 0, we set k4, (0) = 0. We now introduce the generalized distortion coefficients o,, associated to
a continuous function k : [0,60] — R (cf. [9]). First of all, the generalized sin-function associated to k,
denoted by sin,, is defined as the unique solution v : [0, 6] — R of the equation

v+ k=0 & v(0)=0, v'(0)=1.

The generalized distortion coefficients U,(f)(ﬂ), for ¢ € [0,1] and 6 > 0, are defined as

sin,, (0)
00 otherwise.

o

() = {Sin"(w) if sin,(t0) > 0 for all ¢ € [0, 1],

In the case kK = K = const one has J,(f)(ﬁ) = 0%?1(0). It is convenient to also set 0,(;)(0) =1,k (t) =

k(0 —t) and kT (t) := k(t). Finally, consider the Green function g : [0,1] x [0,1] — [0, 1] given by

)@ =9t ifte]o,s],
Bls1) = {3(1 —t) iftels1].

We can now state the optimal transport characterization of sectional curvature lower bounds.

Theorem 1.2 (OT characterization of sectional curvature lower bounds). Let (M,g) be a complete
n-dimensional Riemannian manifold without boundary and fir K € R.
o If K > 0 the next conditions are equivalent:
(i) M has sectional curvature bounded from below by K.
(ii) Let p € {2,...,n} be arbitrary, let {j}iecp0,1) be a HP-rectifiable Wa-geodesic and 11 be the
corresponding dynamical optimal plan. Then, for any p’ > p, for all t € [0,1] it holds

1

, Py < _ (1-t) N ) N
SP (,LLt|H )S /l:o—((p—l)K—Hw)/p’(l,ﬂ)pO (7(0))+U((p—1)K—K¢)/p’(|’7|)pl (’Y(l)) dH(,Y)

(ii)> The condition (ii) holds for p = 2.
(iii) Let p € {2,...,n} be arbitrary, {p}eecjo,) and I1 be as in (ii). Then for all t € [0,1] it holds

Ent(ue[HP) < (1 — £) Ent(juo[H?) + ¢ Ent (s [HP) — / / a(5,8) [312 (0 — DK — sy (s13])) ds dTI().

(iii)’ The condition (iii) holds for p = 2.
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o If K <0 the next conditions are equivalent:
(i) M has sectional curvature bounded from below by K.
(ii) Let p € {1,...,n} be arbitrary, let {ji;}ic(0,1) be a HP-rectifiable Wa-geodesic and 11 be the
corresponding dynamical optimal plan. Then, for any p’ > p, for all t € [0,1] it holds

_ 1
7

Sy (e HP) < — / [aﬁ}‘imxmmg TO) 40D, (Ao (GO (),

where K := min{p,n — 1} K.

(ii)" The condition (ii) holds for p = 1.

(iii) Let p € {1,...,n} be arbitrary, K, {us}ic01] and II be as in (ii). Then for all t € [0,1] it
holds

Bt (g HP) < (1 — £) Bt (juo[H?) + ¢ Bnt (s [HP) — / / a5, 1) 312 (K — s (s141)) ds dTI().

(iii)’ The condition (iii) holds for p = 1.

Note that, in case p = n, the correction term k. vanishes (indeed it does not appear in the OT
characterization of Ricci curvature lower bounds), but for p < n Theorem 1.2 is sharp in the sense that
one can not suppress £, (see Remark 6.2); more strongly, for the very same example of Remark 6.2,
all the inequalities involved in the proof Theorem 1.2 become identities (see Remark 6.4), showing the
sharpness of the arguments.

Theorem 1.2 is actually a particular case of Theorem 6.1 (see also Remark 2.3, for the link between
p-Ricci and sectional curvatures) where we characterize lower bounds on the p-Ricci curvature in terms
of optimal transport, for any p € {1,...,n}. For the rigorous definition and basic properties of the
p-Ricci curvature we refer to Section 2, here let us just mention the intuitive idea behind: in the standard
Ricci curvature (corresponding in this notation to the n-Ricci curvature), one considers the trace of the
Riemann curvature tensor along all the tangent space to M at some point x € M, while in the p-Ricci
curvature one considers the trace of the Riemann curvature tensor just along p-dimensional subspaces.
The notion of p-Ricci curvature has already been considered in the literature, in particular in connection
with topological results (see for instance the works of Wu [22], Shen [15], Wilhelm [21], Petersen-Wilhelm
[12] and Xu-Ye [23]). Just to fix the ideas, let us recall that if the sectional curvature is bounded below
by K > 0, then the p-Ricci curvature is bounded below by (p — 1) K; if instead the sectional curvature is
bounded below by K < 0, then the p-Ricci curvature is bounded below by min{p,n — 1} K.

The paper is organized as follows: Section 2 settles the notation and the preliminaries. In Section 3 we
analyze HP-rectifiable Wa-geodesics and in Section 4 we perform the Jacobi fields computations/estimates
that will be used to prove the main results. Section 5 is devoted to the proof of Theorem 1.1, namely
the optimal transport characterization of sectional curvature upper bounds. Finally, in Section 6 we
state and prove our main results characterizing sectional and p-Ricci lower bounds in terms of optimal
transportation; as a consequence, we also obtain a new Brunn-Minkowski type inequality involving p-
dimensional submanifolds and the p-Ricci curvature (see Corollary 6.5).
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2. PRELIMINARIES

Optimal transport and Wasserstein geometry. It is out of the scopes of this short section to give
a comprehensive introduction to optimal transport, for this purpose we refer to [19]. Instead, we will be
satisfied by recalling those notions and results that we will use throughout the paper.

Let (X,d) be a complete, separable and proper metric space. A curve 7 : [0,1] — X is said to be a
(length-minimizing, constant speed) geodesic if

d(v(s),7(8)) = [s —t] d((0),7(1)), Vs,t € [0,1].
We denote by Geo(X) := {v:[0,1] = X s.t. 7 is a geodesic} the family of geodesics equipped with the
L*°-topology. The evaluation map e; : Geo(X) — X is given by e;(v) = v(t), and it is clearly continuous
with respect to the sup-distance doo (7,7) = sup,ejo,1) d(v(%), ¥(¢))-

P.(X) denotes the space of Borel probability measures with compact support and Ps(X) denotes the
space of Borel probability measures p with finite second moment, i.e. satisfying [, d?(z, o) du(z) < oo
for some (and thus for any) xg € X.

The space P2(X) is naturally endowed with the L?-Wasserstein distance W defined by

Wa(p1, p2)? = inf {/ d*(z,y)dn(z,y) s.t. 7€ Cpl(ul,,uz)} ,
XxX

where Cpl(p1, p2) is the family of all couplings between p; and pso, i.e. of all the probability measures
7 € P(X?) such that (P)ym = i, i = 1,2, P, P, being the projection maps. (P(X), W2) becomes a
separable metric space that is a geodesic metric space provided X is a geodesic metric space.

A coupling 7 € Cpl(uq, 12) is optimal if

/ d(,y)2d(z,y) = W, o)’
X2

Optimal couplings always exist, and if an optimal coupling 7 is induced by a map T : Z — X via
(T,1dx)sp1 = 7, where Z is a measurable subset of X, we say that 7" is an optimal map. A probability
measure IT € P(Geo(X)) is called an optimal dynamical coupling or plan if (eg,e1)¢II is an optimal
coupling between the initial and final marginal distribution. For every Was-geodesic {p}sejo,1) there
exists an optimal dynamical plan IT € P(Geo(X)) such that u; = (e;)4II for all ¢ € [0, 1].

In the present paper, a key role is played by the subspace P2(X, HP) C P2(X) made of probability
measures that are absolutely continuous with respect to the p-dimensional Hausdorff measure H?. We
also denote with P.(X,HP) C P2(X,HP) the subspace of absolutely continuous probability measures
with compact support.

In the introduction, for simplicity, we defined the entropy functionals for compactly supported prob-
ability measures; the definitions carry over to probability measures with finite second moment, let us
briefly recall them. Given 1 < p < p’ < oo, the p’-Renyi entropy with respect to the p-dimensional
Hausdorff measure H? is defined as

Sy (1) 5 PaX.HP) = [-00,0, Sy () == [ o7,
where p is the density of p with respect to H?, i.e. u = pHP. Notice that, by Jensen’s inequality, we have
1 /
[—00,0] 5 —(HP(supp p)) ” < Spr (| HP).

In particular if p is concentrated on a set of finite 7{P-measure then S, (u|H?) > —oo. Note that in the
borderline case p’ = p = 1, one gets

Si(plH') = —H' (supp(p)).
Finally, the (relative) Shannon entropy is defined by

Ent(:|HP) : P2(X,HP) — [—o00,00], Ent(u|HP)= liﬁ)l plog pdHP.
&Y J{p>e}
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Thi's coincides with f{p>0} plog p dHP, provided that f{p21} plog pdHP < oo, and Ent(u|HP) := oo oth-
erwise.
Rectifiable sets. Let ¥ C R™ and m € N;m < n. We say that ¥ is countably m-rectifiable if there is
a countable family of Lipschitz maps f; : R™ — R", such that ¥ C J; fi(R™). The set ¥ is countably
H™-rectifiable if there is a countably m-rectifiable set ¥’ C R™ such that H™(X\X') =

As it is well known, using Whitney extension Theorem, it is possible to show that a subset ¥ C R" is
countably H™-rectifiable if and only if there exists a sequence of m-dimensional C'*-submanifolds {S; };en

such that
w2\ i) =o.
i€N
Clearly, by considering local coordinates (or by Nash isometric embedding Theorem), one can define the
same notions for subsets of an n-dimensional Riemannian manifold.
Intermediate Ricci curvature. Let (M, g) be an n-dimensional Riemannian manifold and let

R:TM xTM xTM — TM, R(X,Y)Z:=VyVxZ-VxVyZ+VixyZ

the Riemannian curvature tensor (of course V denotes the Levi-Civita connection of (M,g) and [, ]
denotes the Lie bracket). Sometimes we will use the notation |v| := /g(v,v) and (v,w) = g(v,w).
Using the standard notation, T, M is the tangent space of M at the point x € M. For a 2-plane
P CT,M spanned by v,w € T, M, let

(R(v,w)v,w)

[0 |wl* = (v, w)

Sec(P) = Sec(v,w) := 3

be the sectional curvature. Recall that, given w € T, M, the Ricci curvature Ric(w,w) is defined by
Ric(w,w) := tr [R(w, -)w] .

Definition 2.1 (p-Ricci Curvature). Let p € {1,...,n}. For a p-dimensional plane P in T, M and a
vector w € T, M, we define the p-Ricci curvature of P in the direction of w as

(1) Ric, (P, w) :=tr [Tpo (R(w ZSec e, w)(Jw|* — (e, w)?),
where e, ...,e, is an orthonormal basis of P, and Tp : T, M — P is the orthogonal projection of T, M
onto P.

Note that, in particular, if jw| = 1 and w is orthogonal to P then
Ricy, (P, w) Z Sec(e;, w

It is standard to check that Ric, is well-defined and independent of the choice of a basis for P. Notice
also that, if w ¢ P, then

(2) Ric, (P, w) = Ric,y1(span(P, w), w) = Ric,(span(P,w) Nw™, w) ZSec i, w)|wl?,

where {e;};—1,..., is an orthonormal basis of span(P, w) Nw*, w' C T, M being the orthogonal subspace
to w.

Definition 2.2 (p-Ricci upper and lower bounds). We say that (M, g) has p-Ricci curvature bounded
from below (resp. from above) by K if, for any € M and any p-dimensional plane P C T, M, we have
Ric, (P, w) > K|w|* (resp. Ric,(P,w) < K|w|?); in this case we write Ric, > K (resp. Ric, < K).

Remark 2.3 (Some notable cases). The cases p = 1,2 are strictly linked with the sectional curvature
while p = n — 1,n are related to the standard Ricci curvature. More precisely
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e p=1: if P is the real line spanned by v, (v,w) =0, |v| = |w| =1, then
Ricy (P, w) = Sec(v, w);

on the other hand Rici(P,v) = 0, i.e. the 1-Ricci curvature always vanishes in the direction
of P itself. In particular no Riemannian manifold has 1-Ricci curvature bounded from below
(resp. above) by a strictly positive (resp. negative) constant. Nevertheless M has non-negative
(resp. non-positive) 1-Ricci curvature if and only if the sectional curvature is non-negative (resp.
non-positive).

e p = 2: if P is the 2-plane spanned by the orthonormal vectors e1, es then

(3) RiCQ(P, 61) = RiCQ(P, 62) = Sec(el, 62).
Moreover, if w is orthogonal to P with |w| = 1 then
Rice (P, w) = Sec(e1,w) + Sec(ez, w).

In particular for every K > 0 (resp. K < 0), it holds Rico > K (resp. Rice < K) if and only if
Sec > K (resp. Sec < K). Note also that if Sec > K > 0 then for every p € {2,...,n} it holds
Ric, > (p — 1)K.

e p=n—1:if Pis an n — 1-plane and w is orthogonal to P, then

Ricy—1(P,w) = Ric(w,w).
e p =n: in this case one has P =T, M, and for every w € T, M it holds
Ricy, (T M, w) = Ric(w, w).

o If Sec > K, depending on the sign of K € R we have:
- Sec > K > 0 implies that Ric, > (p — 1)K, for all p € {1,...,n}
- Sec > K with K < 0 implies that Ric,, > (n— 1)K and Ric, > pK forallp € {1,...,n—1}.

3. COUNTABLY HP-RECTIFIABLE GEODESICS IN WASSERSTEIN SPACE

The next result is a well known consequence of the Monge-Mather shortening principle [19, Theorem
8.5].

Theorem 3.1. Consider a Riemannian manifold (M, g), fix a compact subset E CC M and let I be a
dynamical optimal plan such that (e;)4I1 is supported in E for every t € [0,1].

Then 11 is supported on a set of geodesics S C Geo(M) satisfying the following: for every ty € (0,1)
there ezists Cg(tg) > 0 such that for any two geodesics v,n € S it holds

tz%pl] d(~(t),n(t)) < Cr(te) d(v(to), n(to)),

where d is the Riemannian distance on (M, g).

Remark 3.2. As a consequence of Theorem 3.1, if {1 }+c(o,1) is @ Wa-geodesic such that po, 1 are com-
pactly supported probability measures on M, and ¢ty € (0,1) is given, then for any ¢ € [0,1] the map
T} : y(to) = ~(t) is well-defined ji,-almost everywhere and Lipschitz continuous on its domain; more-
over it is the unique optimal transport map between g, and p;. In other words, the optimal coupling
(eto, )41 is induced by T}, i.e. (ey,, e )Tl = (Id, T}, )gpur, -

Lemma 3.3. Let (M, g) be a complete n-dimensional Riemannian manifold without boundary, and let
pe{l,...,n}. Let o, p1 € Pe(M,HP) and assume {jis }1e(0,1] 95 a Wo-geodesic between po, py such that
for some ty € (0,1) the measure uy, is concentrated on a countably HP-rectifiable set ) C M.

Then for every t € [0, 1] there exists a countably HP-rectifiable set ¥y C M such that p; is concentrated
on y; moreover py = pyHPLY: € P.(M,HP) for a suitable probability density p; € L*(M, HP).

Proof. Step 1. By Theorem 3.1 and Remark 3.2 we know that for every ¢ € [0, 1] there exists a Lipschitz
map T}, : supp fig, — supp gy such that pu, = (T}, )gfue,. Since by assumption i, is concentrated on the
countably HP-rectifiable set 3¢, it is then clear that s is concentrated on ¥ := T} (3;,) which is count-
ably HP-rectifiable set too, as Lipschitz image of a countably HP-rectifiable set. In order to conclude that
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e = pt HPL Yy € Po(M,HP) it is then enough to show that p:(A) = 0 for every A C supp p; satisfying
HP(A) = 0. This will be proved in Step 3, using the discussion of Step 2.

Step 2. Consider pg, 1 € Pe(M,HP) and write p; = p;HP for i = 0,1. Let II € P(Geo(M)) a
dynamical optimal plan between o and pg, and let {p; := (et)ﬁn}te[o,l] be the induced L?-Wasserstein
geodesic. We denote with m; s = (e, e5)4II the corresponding optimal coupling between p; and p for any
t,s € [0,1]. Since pg and p; have compact support, then there exists a compact subset E CC M such
that supp py C E for every ¢ € [0, 1].

By Theorem 3.1, the dynamical optimal plan II is supported on set S C Geo(M) satisfying the
following: for any ¢ € (0,1) there exists Cg(t) > 0 such that for any s € [0,1] it holds

(4) d(7(s),n(s)) < Cp(t)d(~(t),n(t)) for any pair y,n € S

As observed in Remark 3.2, the optimal plan 7, is then induced by a Lipschitz-continuous optimal
transport map T} : supp p¢ — supp ps with Lipschitz constant bounded above by Cg(t). In particular

(Ttg)ﬁut = Us-

Step 3. Let ¢t € (0,1), and consider m o = (e, e0)yIlI. Our goal is to show that if A C supp u
satisfyies HP(A) = 0, then y;(A) = 0 as well. Since by Step 2 the plan m; ¢ is induced by the map T},
we have

(5) ,Ut(A) = 7rzt,O(Av M) = Wt,O(A7 TtO(A))-
On the other hand
(6) m,0(A, T (A)) < 7 0(M, T (A)) = po(T7(A)).

Since T} : supp ps — supp 1o is Lipschitz and HP(A) = 0, then it also holds H?(T?(A)) = 0. Recalling
that by assumption g < HP, we then get that 1o (T2(A)) = 0. The claim follows then by the combination
of (6) and (5). O

Definition 3.4. We say that a Wa-geodesic {4 }iejo,1) is countably HP-rectifiable if for every t € [0, 1]
the measure u; € P.(M,HP) is concentrated on a countably HP-rectifiable set ¥; C M.

Remark 3.5. By Lemma 3.3, a Ws-geodesic { i }+ejo,1) is countably HP-rectifiable if and only if o, 1 €
P2(M,HP) and there exists ty € (0,1) such that the measure py, is concentrated on a countably HP-
rectifiable set ¥, C M.

Remark 3.6. Note that, in Definition 3.4, one can replace ¥; by ¥; N supp u¢; thus from now on we will
always tacitly assume that %, = %, Nsupp p, for all t € [0,1]. Also, since for s € (0,1) and ¢ € [0, 1] the
optimal transport map T? given in Remark 3.2 is well defined ps-a.e., from now on we will just consider
the restriction T Y, and, for simplicity of notation, write 77 to indicate the map T Y : g — TEH(X).
Note that, with this notation, for us-almost every x, the differential DT (x) is a linear map from the
p-dimensional space T,,X; to the g-dimensional space TTSt@)(Tg(ES)), q < p (q possibly depending on z).

Remark 3.7 (A sufficient condition for the p-rectifiability of u;). The following sufficient condition for the
p-rectifiability of the geodesic u; follows by combining the work of McCann-Pass-Warren [10, Theorem
1.2] with Lemma 3.3.

Given p € {1,...,n}, let po,pu1 € Pc(M,HP) with u; = p; HPLY;, for some smooth p-dimensional
submanifolds ¥;, i = 1,2. Consider the restriction of the quadratic cost function d® to the product
20 X 21; if

2,
(7) det l(axiayj d EOX&)@]‘:L_“,J #0
and moreover
(8) So N ( U Cut(z)) =0 and ;N ( U Cut(z)) =0,

TEX BASOIN)
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where Cut(z) is the cut locus of the point € M, then every Wa-geodesic { i }+ejo,1) between pg and pi
satisfies that py = pyHPLE; € P.(M, HP) for every t € [0,1] for a countably HP-rectifiable set ¥; C M.

Indeed, calling 7 the L?-optimal coupling induced by the geodesic {¢}iejo1], by using (7) we can
apply [10, Theorem 1.2] and get that 7 is supported on a p-dimensional Lipschitz submanifold S of
Yo x X1 C M x M. Using now (8), we get that for every (z,y) € X x X there exists a unique geodesic
t = y(z,y) from x = yo(z,y) € Lo to y = y1(x,y) € 31; moreover the map ;(+,+) : o x X1 = M x M is
Lipschitz, for every fixed t € [0, 1]. Calling ¥y := 7:(S) we get that p, is concentrated on the p-rectifiable
subset ;. The fact that we can write yu; = pHPLY,; for some density p; € L'(HP) follows then by
Lemma 3.3.

Remark 3.8. For fixed s and t, pick a (resp. orthonormal) basis (e;)i=1,...p of TxXs C T, M, and also a
¢ 15 a basis of Tp(q)(TEH(Es)). We
can then see DT!(x) as a linear map from RP to R? (if ¢ < p just identify R? with {(z!,...,2P) : 2! =
... =xP~% = 0}). Since the rank and the determinant are independent of the chosen basis, det[DT?(z)]
and the fact that DT?(x) is non-degenerate are then well defined concepts.

In the next lemma we show that the optimal transport map T? is differentiable pg-a.e. on X4 and that
at least an inequality holds in the Monge-Ampere equation (cf. [3]); this will be sufficient (and crucial)
to our aims of characterizing curvature bounds in terms of optimal transport.

Lemma 3.9. Let M be a complete Riemannian manifold and {u}ico1) a Wa-geodesic with py <
HPL LYy € Po(M,HP) for some countably HP-rectifiable subset Xy C M, for every t € [0,1]. For fized
s€(0,1) and t € [0,1], let Tt be the optimal transport map from us to p; given in Remark 3.2.
Then Tt : ¥y — THXs) C M is differentiable ps-a.e. and the following Monge-Ampére inequality
holds:
(9) pa() < det[ DT (2)] po(TH®))  po-aee. 3, Vs € (0,1), Vi € [0, 1].
In particular, DT : RP — R? is ps-a.e. non-degenerate. Moreover (9) holds with equality if t,s € (0,1).
Let us stress that in the above lemma we do not claim that T is us-a.e. differentiable as a map

from M to M, but just as a map from X to its image, i.e. we claim differentiability with respect to
infinitesimal variations which are tangential to .

Proof. Step 1. Differentiabiliy ps-a.e..

From Theorem 3.1 and Remark 3.2, we know that T¢ : ¥, — T%(X,) is a Lipschitz map; since by
assumption Y is countably HP-rectifiable, Rademacher Theorem implies that T¢ : ¥, — TH(3g) is
differentiable HP-a.e. .

Step 2. Monge-Ampere inequality.
Since by construction (T7)sus = i, it follows that for an arbitrary Borel subset A C ¥ it holds

(10) ps(A) < s (T THTL(A))) = e (T(A)) -

Equality holds for s,¢ € (0,1) as the map T? is ps-essentially injective. Recalling that pus = ps HPLY,
and py; = p HPLY, by the area formula we infer that

e (THA)) = / pr dHPLS,

Ti(A)
(1) < [y POHTIA T @) ) = [ () den D) a3, o),

with equality if s,¢ € (0,1) as the map 77 is us-essentially injective. The combination of (10) and (11)
gives that for an arbitrary Borel subset A C X it holds

[ ped? =) < i) < [ pu(r?) et [DT] e,
A A

and the Monge-Ampeére inequality (9) follows, with equality for s,¢ € (0,1). O
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In order to have a more clear notation, in the next lemma we pick s = 1/2 and consider the Lipschitz
map Tlt/2 : ¥y/2 — ¢, t € [0, 1], but the same arguments hold for any fixed s € (0, 1). For py/9-a.e. € M
let v, € Geo(M) be the geodesic defined by [0,1] 3 ¢ +— v,(t) := Tf/z(a:) and, for puy/p-a.e. x € Xyo
let v(z) € T, M be such that v,(t) = exp,((t — 3) v(z)), that is v(z) = 4,(3). Denote also with V; the
covariant derivative in M in the direction of 4, (t) and with Dy = T o V; where T : T, oM — T, X
is the orthogonal projection map.

Lemma 3.10. The map M > x — v(x) € TM is well defined and differentiable py9-a.e. . As a
consequence we can find a subset N C ¥y, (independent of t € [0,1] ) with p1/2(N) = 0, such that for
every t € [0,1] the map Tl’f/2 : 312 — X4 is differentiable at every x € X105\ N.

Moreover, up to replacing N with a larger set of null i, /o-measure, for every x € ¥y, \ N the map
t— Dlet/Z (TpXq0 — TTf/z(a;)Zt is differentiable at t = 1/2 and Dt|t:1/2DxT1t/2 (TyXye — TpXy)s is

self-adjoint.

Proof. Step 1: the map v(-) : X1/ \ N — T'M is well defined.

In a first instance let N C ¥y/9, with p;/5(N) = 0, be such that for every z € ¥,/ \ N the curve
t— v, (t) == Tf/g(x) is a well defined geodesic. In particular, the curve t — ~,(t) is C! and we can set
v(z) = 4, (3); this is clearly well defined as a map from ;5 \ N to TM. Note moreover that, since by
standing assumption uo and up (and therefore all the measures p;) have compact support, we have

1
(12) fh1/2—esS suprexl/2|v(a:)\ < B sup d(z,y) =: Cpy s < 0.
(@,y) ESupp 1o Xsupp p1

Step 2: the map v(:) : ¥y/2 \ N — T'M is differentiable.
First of all, note that there exists § > 0 small enough so that T, M D Bc, , (0) > w — exp,(tw) is a
diffeomorphism onto its image for every ¢t € (—9,9) and every x € X /5. Fix xg € ¥1/5 \ N. Since by
Lemma 3.9 the map Tf};é)ﬂ is differentiable y; /o-a.e., it follows that also the map
2 1+45)/2
Bscy (zo) N Y12 \N = TM, z = v(x) = 5 exp, L (Tl(/;_ )/ (x))
is differentiable (1, /9-a.e.. Therefore, up to redefining the p,/,-negligible set N, the claim is proved.
Notice that in particular the map

1-96 1—;—6)

(13) Tf/z(w) = exp,(tv(z)) is differentiable everywhere on ¥ 5 \ N for every t € (77
Step 3: the map Tlt/2 : %172 \ N = % is differentiable for every t € [0, 1].

By construction we have that T7 /2(®) = exp,(tv(z)) and, using again that o and 1 have compact

support, we know that there exists a compact subset £ CC M such that Tlt/2(21/2> C FE for every

t € [0,1]. In particular, there exists § > 0 small enough such that, for every z¢ € E, the exponential map
exp(,)(-) : B‘Scuo,m ($0) X B‘Scﬂowl (O) — M

is smooth, where C,,, ,, was defined in (12).

Let ¢; := %—&— %j, for j = —L%j, ...,0,..., L%J, be a %—grid in [0, 1] centered at 1/2; for convenience choose

§ ¢ Q so that § + gL%J < 1. By repeating the same argument of step 2 and replacing 1/2 by t; in (13),

we get that for every j = fL%j, 05 L%J there exists a subset N; C X4, with py, (N;) = 0 such that

Tttj is differentiable everywhere on X, \ N; for every ¢t € (t;_1,tj41).

Since by Lemma 3.9 the maps Ttt;“ : Supp fig; — Supp i, , are bi-Lipschitz and since p; is equivalent to

HPL(E, N {p > 0}) for every ¢ € [0, 1], we get that

)*1(N1)} U [(T;f oTh )*1(N2)} U...u [(TE%J o.. 0T on;Q)*l(NL%J)]

Ny = Nou [(T}) 2

1/2

satisfies p11 /(N4 ) = 0. Defining analogously N_ by considering ¢; < 1 and setting N = Ny UN_ we get
that ,ul/g(N) =0.
Fix now an arbitrary ¢ € [1/2, 1] and let jo := max{j : ¢; < ¢}. Since we can write Tlt/2 = Tttjo o...0T}*o
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t
T1}27

functions. The argument for t € [—1,1/2] is completely analogous, so the lemma is proved.

Step 4: the map t D_TTf/2 1 T30 — TTt1/2(x)Et is differentiable at t = 1/2 and Dy|;—y /oD, T}
T3 )2 — Tp¥1 o is self-adjoint.

Recall that the transport geodesics 7, (t) = T} /Q(x) are precisely the gradient flow curves of the

it follows that 77 /2t Y12 \ N = %; is differentiable everywhere, as composition of differentiable

/2"

corresponding Hamilton-Jacobi shift ¢; = H;¢ of a d>-Kantorovich potential ¢ from pg to p1. Note in
particular that, for ¢ € (0,1], ¢; is semi-concave. Moreover, ¢;/; is differentiable in x and admits a
gradient V¢, /5 in the classical sense with V¢ /5(z) = 4.(1/2) (page 61 in [13]). In particular, ¢y /5 is
differentiable p1, /5-a.e. .

By construction, V¢, 5 coincides i /o-a.e. with the vector field v defined above and v is also differ-
entiable on ¥/, \ IV as vector field along ¥, /5. For every 2 € ¥/, \ N denote A, : T2 — Tudy o,
Agw = Dyv(z) := (Vyu(x))". For any fixed € £;/5 \ N, thanks to the semi-concavity of ¢1/» and
the differentiability of v : ¥1,5\IN — T'M we can follow the proof of [14, Theorem 2.8] to show that
the second derivatives of ¢, 5 in = tangential to ¥, /5 exist, and the following Taylor expansion holds for

every curve \(t) € X/, with A(0) =z and M0)=w € TpX )9

2
(14) ¢1/2(A(1)) = ¢1/2(A(0)) + £{V:(A(0)), w) + %(Azw7w> +o(t?).

Though [14] only considers the case of convex functions in R™, it is clear that the proof works as well
in the context of Riemannian manifolds and semi-concave functions. Finally, the Taylor expansion (14)
implies that A, must be self-adjoint.

In order to conclude the proof, observe that (0,1) > t — DTlt/2 (x) is C! and that, by the symmetry of
second order derivatives of distributions, for u;/s-a.e. x € ¥y /5 it holds

Dt|t:1/2(DT1t/2(SU)) = D(Vt|t:1/2T1t/2($)) = Dw = Aa:
O

Remark 3.11. Let {p}+e[0,1] be a countably HP-rectifiable Ws-geodesic, s € (0,1), and = € ¥, \ N where
N C 3, with ps(N) =0 is given by Lemma 3.10. Since a countably HP-rectifiable set has p-dimensional
euclidean tangent spaces HP-a.e., without loss of generality we can assume that for every x € ¥, \ N
it holds dim7;Xs = p. Choose an orthonormal basis (eq,...,ep) of T, X, and consider the vector fields
Ji, .o Jdp 1 [0,1] = T 1y M along the geodesic v, : [0,1] — M defined by

Jilt) i= (DT4(@)) [ei] = (D(expy(tw()(@)) [, Vi=1....p, W€ [0,1]

where v(z) was defined before in Lemma 3.10. A standard computation of Riemannian geometry shows
that the map ¢ — J;(¢) satisfies the Jacobi equation

vtthZ+R(fYTaJZ>rYx:Oa Vi = 17"'ap7 on [07 1]7

where V, is the covariant derivative of vector fields along ~y, at the point v, (¢). In other words, J; is a
Jacobi field. We then set

(15) B,(t) : T,%, — Ty, (yM, B,(t) := DT'(z) Vte[0,1], Vo € T, \ N.

The combination of Lemma 3.9 and Lemma 3.10 yields that B,(t) is non-degenerate for every ¢ € [0, 1]
for ps-almost every z € 3,. So in particular, for pg-a.e. z we have that dim[Im[DT!(z)]] = p and
{Ji(t)},—, .., is a basis of Im[DT ()] for everyt € [0,1]. We can (and will) consider B, () as a map from
T,%s to T, (4% Finally, we also proved that Dy B, (t)|i=s : ToXs — TX; is self-adjoint for p,-almost
every xr € Y.

4. JACOBI FIELDS COMPUTATIONS

Let (M, g) be a complete Riemannian manifold without boundary, and let v : [0, 1] — M be a minimizing,
constant speed geodesic with v(0) = x. Moreover, let {e;};=1,.., be orthonormal vectors in T,, M, and
let Je, : [0,1] = TM be non-vanishing Jacobi fields along v with J;(0) = e; and J/(0) = f;, for some
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fi € Ty M to be specified later. We denote with T%,;)%; C T M the span of {J,(¢)},_, , for
each t € [0,1], and with v the orthogonal projection of a vector v € T,yM to the subspace T, ;)%;.

Similarly, v+ is its projection to the orthogonal complement (Ty(t)Et)J- of T ;)%¢. We also denote with
T:Ty¢yM — T, X the orthogonal projection map.

Lemma 4.1. Define the vector fields E; : [0,1] — Ty»)%¢, i@ = 1,...,p, along v with values in
Usego,1 They Xt as the solution of

(16) (ViE)T =0, with E;(0) = e;,

where Vy is the covariant derivative of vector fields along v at the point y(t). Then {E;(t)},_
orthonormal basis for T Xy for every t € [0,1].

Proof. The existence and uniqueness of Ej; : [0,1] — T, %; solving (16) is standard as it corresponds
to solve a system of first order linear homogeneous ODEs with Cauchy conditions. By definition of E;,
i=1,...,p we have

d

o \Bi Ej) = (VeEy, Bj) + (Ei, Vi Ey) = (VBT Ej) + (Ei, (ViE;)T) = 0.
Hence, (E;, E;) is constant along v, and since E;(0) = e;, i = 1,...,p, is an orthonormal basis of T, 3
the claim follows. [l

In the following we denote D; := T o V;. For F; as in Lemma 4.1, by construction we have D;FE; = 0.

Let B(t) : Ty0)X0 — Ty M be the 1-parameter family of linear maps defined via B(t)e; = J, (1),
and consider V;B(t) : T, X — Ty M given by (V B(t))e; = VJ.,. If we consider B(t) as a map from
Ty 0)X0 to Ty Xy, its derivative Dy B(t) defined by [D;B(t)] e; = D¢Je, is a map from T g to Th )%,
as well. Moreover, since {Jei}i:l,...,p are Jacobi fields in M, the Jacobi equation yields

(17) ViViB(t) + R(41, B()) 3 = 0.

In the rest of the section we are going to work under the assumption that B(t) : T’ 0yX0 — Ty )% is
invertible for all ¢ € [0,1], in fact that will be satisfied in the optimal transport application of the next
section thanks to Lemma 3.9. It will be convenient to consider the operators:

(18) Ut) == (ViB®)B(t) ™ : Ty S — TyyM
(19) UT(E) :=UD]T = (DBA)B) ™+ Ty S — Ty S
(20) U@ = U Ty Ze = (T Se) ™

Lemma 4.2. Let J; ;== J, and E;, i =1,...,p be as above. Then
T, It 2 ViEi(t) =U*+(t)E;

Proof. First, we write J; = Y0_ (J;, E;)E; and set Aj; = (J;, Ej) where the matrix A := (Aj;)i; €
GL,(R). Let A~! be its inverse. We compute
P P P
Vidi(t) = > (Vidi(), By () Bj (1) + > (Ju(t), VB (1)) By (8) + Y (i )V E;(1),

Jj=1 Jj=1 Jj=1

where the second sum on the right hand side vanishes since (V;E;(t))" = 0. Rearranging terms and
multiplying by A~! yields for k =1,...,p

DoA™ s | Vih(6) = YAV E5(0) (1)

i=1 =1

7
=
i<
H

p p

D (A [ Y4 NWVE; ()| =33 (A Ay VB, (t) = Vi Ei(t).

LJ=1 i=1 j=1




SECTIONAL AND INTERMEDIATE RICCI BOUNDS VIA OPTIMAL TRANSPORT 13

Now, we recall that V;J; = ViJg, = ViJp-1(), = U(t).J;. Therefore

p 1
ViER(t) =Y (A Dk (Vi) =D (A U@)T] = |[U(t) (Z(Al)kiJiﬂ = [Ut)Er(t)],

i=1 i=1 i=1

as desired. O

p p

Lemma 4.3. Let B(t) : Ty0)X0 — Tyt Se, t € [0, 1], be as above, and B(t)™" : TSy — T, Xo. Then
(21) Di[B(t)™'] = —B(t)" (D:B(t)B(t)~".
Proof. Let {E;},_, _, be as in the previous lemma. Then, we obviously have B(t)B(t)~'E;(t) = E;(t)
for any i = 1,...,p. Applying D; yields

(DeB(6)B(t) " Ei(t) + B(t)(Dy(B(t) ") Ei(t) + B()B(t) " (DeEy(t)) = DeBy(t) = 0.
Rearranging the terms and applying B(¢)~! from the left of both sides yields the claim. O

The next proposition expresses the “p-dimensional volume distortion” along the geodesic v in terms
of the p-Ricci curvature and will be crucial for proving the characterization of lower curvature bounds in
terms of optimal transport in the next section.

Proposition 4.4. Let U(t),U(t) T, U(t)* be defined in (18), (19), (20). Then it holds

VU E) +UBUT () + R(52, )y = 0.
Taking the trace along T2y yields

tr(DU(t)) + tr(U T (£))?) + Ricy (T Ee,7) = 0,

and moreover
(22) tr@ T (6)" + tr(U " (1))?) + Ricy(Tyn Ze, () = U+ (1)1
If DiB(t)]i=0 : Ty0)X0 — Ty X0 is self-adjoint then UT(t) : Tyy2e — Ty)Xe is self-adjoint for all
t € 10,1] and, setting y(t) = logdet B(t), it holds

1
(23) y'(t) + Ey/( )2+ Ricy (T Ze, (1)) — [l (1)]* < 0.

Remark 4.5. In case p = dim(M) then U T (t) = U(t), U (t) = 0 and Ric, (T, 1) X, 4(t)) = Ric(¥(t), (1)),
so that Proposition 4.4 recovers the classical Jacobian estimates expressing the volume distortion along
a geodesic in terms of Ricci curvature (see for instance [4, Lemma 3.1]).

Proof. First of all, there is a natural extension of B(t) (and of V;B(t)) to maps from the whole T’ )M
just by composing with the orthogonal projection into T’ y¥o, i.e. for v € T )M we consider B(t)v"
Differentiating the identity T o T = T gives V4T o T + T o VT = V,T; left and right composing with
T, yields T o V; T o T = 0. Therefore, using (17) and (21), we get

Vi U(t)] = [ViViB(t)] B(t) ™' + ViB(t)(T o Vi T o T)B(t) ™! + Vi B(t)[V:B(t)']"
= —R(§(t),)3(t) + VeB(O)[D:B(t) '] = =R(3(t), )3(t) — Ve B(t) B(t) ' D, B(t) B(t) ™"
= —R(J(1), )i(t) —UBUT ().

Taking the trace along T’,(+)%; yields the second identity. To get the identity (22), observe that tr/ Tt =
i1 U Ei(t), Ei(t)) and

UR)E;(t), Ei(t)) = ([DU®)] Ei(t), E;(t)) + U®) [DeE: ()], Ei(t)) + UR>)Ei(t), Vi Ei(t)) -
Since D.E; = (ViE;)" =0 and VE; = (V.E;)*, we conclude that

(trid " (1) = tr(DU(t) Z ), ViEi(t)) = tr(DA(t)) + Z<(U(t)Ei(t))l,VtEi(t)>-
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In particular let us explicitly observe that, in general, tr(Di(t)) # tr(U T (¢))’. The claimed identity (22)
follows by observing that [[U(t)1]|2 = Y0_ (U Ei(t)*, Vi Ei(t)).
The rest of the proof is devoted to show (23). Setting y(t) = logdet B(t), we have that

log det [ ((B(t) B(to) " Ex(t), E5(1))), ]

t=to

’ _ i -1\ _ i
y'(to) = dt,_, logdet (B(t)B(to)™") = 7

= tr [(DB(£)B(to) "] li=to +2 Y _(DiEi(t), Bi())li=1,
i=1

(24) = tr [(DeB(1)B(to) '] le=to = tr(U (t0)),

since by construction D E;(t) = 0.
We next claim that, under the assumption that D;B(t)|;=¢ is self-adjoint, then

(25) UT(t) : Ty Se = ToyySe s self-adjoint for all ¢ € [0, 1].

To this aim, calling (U (¢))* the adjoint operator, we observe that

(26) @T@) =uUT(t) = (B)") " [(DB()")B(t) — B(t)* (D B(t))] B(t) ™",
and that

(27) Dy [(DeB(t)")B(t) — B(t)"(D:B(t))] = (D{ B(t)*)B(t) — B(t)"(D; B(t)).

Now, combining the Jacobi equation (17) with the identity T o V4T o T = 0 proved at the beginning of
the proof, we have

D}B(t) =TV (TV,B(t)) = T (ViB(t)) + T(V,T)TV,B(t) = T (V{B(t))

(28) = — (R(3(t), Bt))¥(t)) " = —R(t)B(1),
where
(29) R(t) : TyySe = Ty e, R[] = [RE(E), v)5(t)] "

is self-adjoint; indeed, in the orthonormal basis {E;(t)}i=1..., p» it is represented by the symmetric matrix
(R(3(t), E:(t))¥(t), E;(t)). Plugging (28) into (27), we obtain that (D;B(t)*)B(t) — B(t)*(D:B(t)) is
constant in ¢ and thus vanishes identically, since by assumption B(0) = Id and D;B(t)|+~¢ is self-adjoint.
Taking into account (26), this concludes the proof of the claim (25).

Using that U " (t) is a self-adjoint operator over a p-dimensional space, by Cauchy-Schwartz inequality,
we have that

1
(30) o [UT()%] > (o T @®)]).
The desired estimate (23) then follows from the combination of (22), (24) and (30). O

In the final part of the section we specialize to the case p = 1, giving the self-contained easier arguments.

Proposition 4.6. Assume p =1, let J := J., and E := E; be as above. In particular, dim T, ¥, =1
for every t € [0,1], and E = |J(t)|71J(t). Then

(31) VeE(t) = ()71 (Ve (1)
Proof. We compute VE as follows
VeE() = (1707 J(@) + [J0)| 71V (1)
Since
(1) = (0)F) = I3 Vud) = 1B, V),
we get
ViE = —|J|"HE, Vi) E + |J| 7'V = 77N (V)
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Corollary 4.7. Assume p =1, and consider Z/IT(t) as above. Then, we have
UTWOE(), B(t)) + U ()E(), B(t))* + Ricy (T, 1) S, ) = [(UOE@) .
Proof. Since
tr(UT)?) = (U OE®), Et)) = U ()E(®), E(t))?,
and, from (31), we have
(32)  VLE(t) = [J@O) T (Ve () =TI (Vedpiy-1awm) ' = [TOT U@ T(0)" = UG E®)*,
the claim follows from (22). O
5. OT CHARACTERIZATION OF SECTIONAL CURVATURE UPPER BOUNDS

Proposition 5.1. Let M be a complete Riemannian manifold without boundary with Ric; < K, let
{ut}efo,1) be a countably H-rectifiable Wy-geodesic, and consider B,(t) : TpXo — Ty)%e, t € [0,1] as
in Remark 3.11. Then, the function [0,1] > t — J.(t) := det B,(t) € R belongs to C([0,1]) N C?((0,1))
and satisfies

(33) T+ K|3PT, >0 on (0,1).
In particular, if to,t1 € [0,1], 7(s) = s(t1 — to) + to, and s € [0,1] = ¢s = V-(5), we have for all s € [0,1]
(34) Ta(7(5)) < o1V (1<]) Tolto) + o (K1) Ta(tr).

Proof. First note that, setting t € [0, 1] — y,(¢) := log J.(t) we have that y’.(t) = tr((D;B.(t))B;1(t)) =
trUy, (t) = trUy,(t) 7. Then Corollary 4.7 yields that

i+ () + K[3z> >0 on (0,1).
By computing J (t) = (e¥*)" (t) this yields (33). Moreover, considering to,t;,7 and ¢ as above we get

d2
ﬁjx oT + K[| T,0or >0 on (0,1).
s
that is equivalent to (34) by classical comparison principle. O
Theorem 5.2 (Curvature upper bounds). Let (M, g) be a complete Riemannian manifold without bound-
ary and let K > 0. Then the following statements (i) and (ii) are equivalent:
(i) Ric; < K or, equivalently, Sec < K.

(ii) Let {pt}iefo,1] be a countably H!-rectifiable Wy-geodesic, and let II be the corresponding dynamical
transport plan. Then, if to,t1 € (0,1) and 7(s) = (1 — s)tg + st1, it holds

Hiupppiri) < [ (o7 (8 o, (2(t0)) ! + 0 (15 7)o, (9 (10)) ] i), s € [0,1)

where p; is the density of p; w.r.t. H'.
In the case of K =0 the inequality in (ii) becomes

H' (supp Pr(s)) < (1 — s)H! (supp teo) + sH* (supp we, ), Vs €[0,1].

Remark 5.3. Recall from Remark 2.3 that the condition Ric; < K < 0 is never satisfied as Ric; (Rv,v) =0
for every v € T M; hence it makes sense just to assume a non-negative upper bound K > 0 and, in this
case, Ric; < K is equivalent to Sec < K.

Remark 5.4. In the assertion (ii) of Theorem 5.2, one cannot relax the assumption to to,¢; € [0,1]. For
instance, one can consider a cylinder R x S! that is a space of zero (in particular non-positive) sectional
curvature. Parametrize S! by arclength on [0,27], in particular 0 and 7 are two antipodal points in
S'. Then, the uniform distribution on the set of all geodesics connecting (s,0) and (s, 7) for s € [0,1]
defines a countably H!-rectifiable W-geodesic {”t}te[o,l] such that supppo = [0,1] x {0}, supppu1 =

[0,1] x {7}, supp p1/2 = [0, 1] x {w/2}U[0, 1] x {37/2}. Hence, we have H' (supp pi1/2) = 2, H' (supp po) =
H(supp 1) = 1.
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Proof. (i) = (ii). Let {p¢}iejo,1] be a countably #'-rectifiable Wa-geodesic, i.e. for every t € [0,1] the
probability measure y; is concentrated on a countably H!-rectifiable set ¥; C M and is H!|x,-absolutely
continuous. Also, thanks to Theorem 3.1 (see also Remark 3.2), the Ws-geodesic {Mt}te[o 1) is given by
Lipschitz optimal transport maps; more precisely there exist unique Lipschitz maps T} e P9 = Xy
such that (Tf/z)ﬁlll/z =y and w1 == (T{)/Q,Tll/Q)ﬁ/,él/g is an optimal coupling between pg and pp. Let
Va(t) 1= T} j5(z) € Geo(M) and 75 0 7(s) =: Gu(s).

The map = — (t — Tf/Q( x)) =: vz € Geo(X) yields a measurable map from M into the space of
geodesics Geo(X), and the push-forward of 1/, under this map is the associated optimal dynamical
transport plan II. In particular

(35) /f ) T (y /f ) dpn o)

for any non-negative measurable function f : Geo(X) — [0, o0].
Setting J,(t) := det[DTf/Q( x)] for pyj9-a.e. x € ¥y/2 and making use of Lemma 3.9 and Proposition

5.1, we can compute for every s € [0, 1]:

[ pro@ @) = [ e (T @) dis o)
Er(s) E1/2

D[ T (s)dH ()
312
(34)

< //S B [o077(14,1) T ko) + o2, 1) o 00)] a2 (2)
©) /E y [543 (110 (T3(2) ™+ 032, (e (T () 1 o) AH (1)

D [ oA o Do ) + o7 (o(0)) ] )

Note that the assumption tg,¢; € (0,1) was used above in order to apply (9) with equality.

(ii) = (i).
We argue by contradiction. Assume there exist z9 € M, a line P C T, M and 0 # v € T, M such that
the 1-Ricci curvature of P in the direction of v satisfies

(36) Ricy (P,v) > (K + 3¢)|v|?,
for some € > 0. Let § > 0 be sufficiently small such that exp, |p,(o) is a diffeomorphism onto its image.

Then exp,, (PN Bs(0)) =: ¥} is a smooth 1-dimensional submanifold. Let ¢ € C§°(M) be a Kantorovich
potential such that

(37) Vo(zo) =v#0 and VZp(zo) = 0.

By replacing ¢ with n¢ for a sufficiently small number n > 0 we get that ¢ is a Kantorovich poten-
tial as well and |V¢|(y) is smaller than the injectivity radius at y, for every y € supp(¢) C M. It is
easily checked that for 6 > 0 small enough the map y +— T;(y) = exp,(—~tVe(y)) is a diffeomorphism
from Bs(0) onto its image for any ¢ € [—3,1]. Hence, ¥; := T,_1(¥y1) for t € [0,1] is a 1-parameter
family of smooth 1-dimensional submanifolds with finite 1-dimensional Hausdorff measure. We define
py = ’Hl(Z%)_l HILE%; note that py == (T,_1)gps, with ¢ € [0,1], is the unique L2-Wasserstein geo-
desic between po and ;. Moreover, by construction, j; is a H'-absolutely continuous probability measure
concentrated on X;.

Calling 7, (t) := T,_1 (z) = exp, (— (t — 5) V() for 2 € 31 the geodesic performing the transport,
note that by continuity there exist §,c > 0 small enough such that

1 1
(38) Ricy (T, 1 Se, Yo (1) > (K + 26)[4.(t)]>, Va € X1 C Bs(w), Vte [2 — 05 + 0} .
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For every x € X1 note that v, (t) := T, _1 (z) is a geodesic connecting T__1 () € Xo to Ty (x) € 1. Choose
e € T;Xy, consider the Jacobi field J : [0,1] — T, )M such that J(3) = eand J'(1) = [VZ¢(z)le,
and set |J(t)|1J(t) = E(t). We introduce again the linear operator U (t) = D;B,(t)B,(1)~! where
By(t) : ToXy — Ty, 1M by By(t)e := J(t) = DT, _1(x)e. Then, as in Corollary 4.7, we ge

T
1
2

(39) (U (WE@), B@) + U (VE(), E(1)* + Ric1(Ty 5 Se, 7o) = [Us(E®) > < [Us () E() .

Since by construction Uy, (0) := VB, (0)B;.!(0) = v2¢($0)‘Tm021 = 0 and v # 0, again by continuity
2

we can choose §,0 > 0 even smaller so that

2 . 2 1 1
(40) U () E()]° < e[¥2(t)]", Vo € Xy C Bs(z), V€ 3795 +o|.
The combination of (38), (39) and (40) then yields

0> UTWEW), E®) + U (OE®), E0) + (K + ) (O, Vo e 5y, Ve e [; o % + a} .

Observe that the affine reparametrization t = g(s) = % —o0+20s,9:[0,1] = [% — o, % + J], corresponds
to consider the rescaled Kantorovich potential 20¢ in place of ¢ in the arguments above, and thus gives

0> (U (9(5))E(9(5)), E(g(s))) + U (9()) E(9(5)), E(g(s)))* + (K + ) [ (g(s))
Vz € E%, Vs € [0,1].

Since g is affine, the restricted and rescaled curve {fis := j1g(s) } se[o0,1] 18 still a Wa-geodesic from fig = Big
to fi1 = fi1/240- By repeating the arguments in the proof of (i) = (ii), with reversed inequalities and
K replaced by K + €, we obtain

@) [ [ s abinaa/2-00) 4ol b b (o 1/2+0) M ait) < [ gy ) ainy (0,

1 1
E% 2 2
where IT is the optimal plan induced by the Ws-geodesic {fis}sejo,1)- Using that the distortion coefficients
0%31(9) are monotone increasing in K, we arrive to contradict (i) with ¢ = 1. O

We remind the reader that there is a notion of upper curvature bounds for geodesic metric spaces
(X, d) that goes under the name CAT(K) for K € R (see for instance [1, Chapter 9]). In case K = 0, the
condition reduces to require 1-convexity of 3 d(y,-)? for any y € X. For Riemannian manifolds (M, gas)
the condition CAT(K) for the induced metric space (M, dys) implies an upper sectional curvature bound
by K, moreover it also implies that geodesics are always extendible in case K < 0. The next corollary
then follows.

Corollary 5.5. Let (M,g) be a complete, simply connected Riemannian manifold without boundary.
Then the following statements (1) and (i) are equivalent:

(i) (M,dar) satisfies CAT(0).
(ii) Let {pt}ieoq be a countably H'-rectifiable Wa-geodesic. Then
H (supp j1¢) < (1 — t)H (supp po) + tH (supp p1), Vt € [0,1].

Proof. The implication (i)=-(ii) follows from the extendibility of geodesics.

The reverse implication follows from the reverse implication in Theorem 5.2. Indeed, the theorem implies
that M has non-positive sectional curvature, therefore the CAT(0)-condition holds locally. Then, since
M is simply connected the condition globalizes by [1, Theorem 9.2.9]. O
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6. OT CHARACTERIZATION OF SECTIONAL, AND MORE GENERALLY p-RICCI, CURVATURE LOWER
BOUNDS

Throughout the section, {j}e[0,1] is a countably HP-rectifiable WW»-geodesic and II is the correspon-
ding dynamical optimal plan, i.e. p; = py HPLY; where X; C M is a countably HP-rectifiable subset
and p; € L'(M,HP). From Theorem 3.1 (see also Remark 3.2), we know that pu; = (Tlt/z)u,ul/Q with

Tf/Q : ¥1/5 — X; is Lipschitz. Lemma 3.10 (see also Remark 3.11) ensures the existence of a subset
N C %y ,, with HP(N) = 0, such that Tf/Q is differentiable for every x € 3,5 \ IV and we set

Bm(t) : Tmzl/g — T w(t)Eta Bm(t) = DTf/Q(Sﬂ) VYt € [0, 1], Yz € 21/2 \N

Moreover Dy By (t)|¢=1/2 : Te¥1/2 — TuX1 2 is self-adjoint for every x € X, \ N.

Lemma 3.9 yields that B,(t) is invertible for every ¢ € [0, 1] for every z € 31,5 \ IV, up to enlarging the
subset N. Since B;(1/2) = Id, it follows in particular that det[B,(t)] > 0 for all ¢ € [0, 1]. Now, for every
€ Xy \ N andte0,1], let 1,(t) := Tlt/2 (x) be the geodesic performing the transport and consider

Uy (t) == (ViBo(1)Bo(t) ™" : T (9B = Ty M,

Uy (t) = Us(t)]" = (DeBo(t))Bo(t) " : T (19 St = Ty 0y S,

U (t) = U ()] : Ty S0 = (T, (9 E0) T,
where V; denotes the covariant derivative along 7, (t) in M and D; := T o V4, T being the orthogonal
projection on T, (4)>; and L being the orthogonal projection on the orthogonal complement (Tv(t)zt)l
of T',4)X¢. For every x € X5 \ N such that || # 0, we define

. . . 2

(42) Fe 2 [0, [Fal] = Ry hin, (1l ) 1l = Uz @), W2 € [0, 1],

if |9z| = 0, we set k,,(0) = 0. Observe that the map [0,1] 3 t — &k, (|7z|t) € R is invariant under
constant speed reparametrization of the geodesic 7,,.

We now introduce the generalized distortion coefficients o, associated to a continuous function & :
[0,0] — R (cf. [9]). First of all, the generalized sin-function associated to k, denoted by sin,, is defined
as the unique solution v : [0, 6] — R of the equation

V" +rv=0 & v(0) =0, v'(0) =1.

The generalized distortion coefficients O'E;t)(@), for ¢ € [0,1] and 6 > 0, are defined as

siny. (¢0) e
(43) oD (9) = { sin, (8) if sin,(sf) >0 for all s € [0,1],

00 otherwise.
Using Sturm-Picone comparison Theorem one can check that (see for instance [9, Proposition 3.4])
(44) k1 < kg on [0,0] = afj}(e) < aﬁfz)(e) vt € [0,1].
Moreover, by the strong maximum principle (see for instance [20, XVIII]), it holds
(45) K1 < wpon (0,0) & o)) oo = o(0) <ac®)(0), Vte(0,1).

It is convenient to also set a(')(O) =1, s (t) == k(0 —t) and kT (¢) := k(1).

If vg,v1 € [0,00), a straightforward computation gives that v(t) := a’ilft) (0)vo + ag (0)v;y solves

(46) V' (t) + K(t0)0%v = 0, Vt € (0,1) with v(0) = vy & v(1) = vy,

provided t € [0, 1] — afjj(e) (or, equivalently, t € [0,1] — o (9)) is real-valued.

o=

By [9, Proposition 3.8], if u : [0,1] — (0, 00) with u € C°([0,1]) N C?((0, 1)) satisfies
(47) W (t) + k(t0)0% u(t) <0, vt € (0,1) with u(0) =vg & u(1) =v; = wu>wvon [0,1].
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It also convenient to consider a slightly different comparison function. To this aim we define the function
g:[0,1] x [0,1] = [0,1] by

)@ =9t iftelo,s],
(48) g(s,1) = {3(1 —t) iftels1],

so that for all s € (0,1) one has
2
(49) —@g(s,t) =4, in 2'(0,1), g(s,0) = g(s,1) = 0.

Given wg, w1 € [0,00) and a continuous function w : [0,1] — [0, 00), a straightforward computation gives
that w(t) := (1 — t)wg + twy + fol g(s,t) u(s) ds solves
(50) w”(t) + u(t) = 0, Vt € (0,1) with w(0) = wy & w(l) = w;.

Theorem 6.1 (OT Characterization of curvature lower bounds). Let (M, g) be a complete Riemannian
manifold with OM = 0 and let K € R. Then the following statements are equivalent:

(i) Ric, > K.

(ii) Let {pt}iefo1] be a countably HP-rectifiable Wa-geodesic, and let I1 be the corresponding dynamical
optimal plan. Then, for any p’ > p, it holds

=

_ 1
ol

(51) Sy (el H") < — / [a&t;>/p/<|v|>pop (HO) + 05,1, (WD o1 7 (1(1)| dTI(y), Vit € [0,1]

where K was defined in (42) and the generalized distortion coefficients o are as in (43).
(iii) Let {pt}refo,) and 1T be as in (ii). Then

Ent(ju 7)< (1 = ) Bnt(of 1) + ¢ (s #7) = [ [ s(.0) 52 (€ = s sl31) ds(o), Ve € 0.1

where g(s,t) was defined in (48).

Remark 6.2. We emphasize that Theorem 6.1 is sharp. First of all, one can not omit the correction
term k4: even in R™, the convexity of S, is not true in general. For instance consider R? and the
line segment {(t,3t):¢ € [0,1]} =: Ly and let pg = H'|L,; similarly, define py = H'|,, where Ly :=
{(t7 f%t) 1t €[0,1] } Then, it is easy to check that the optimal transport between pg and p; is supported
on geodesics that connect (¢, %t) and (t, —%t) and py /o is exactly 7—[1|[071]X{0}. If Theorem 6.1 would hold
with K = 0 and k., = 0, then the Brunn-Minkowski inequality (see Corollary 6.5 below) would contradict
that the H!-measure of [0,1] x {0} is strictly smaller than the one of Ly and L.

Second, we stress that the arguments in the proof of Theorem 6.1 are sharp, since for this example all
the inequalities become identities (for the details see Remark 6.4 after the proof).

The proof of Theorem 6.1 will make use of the next proposition.

Proposition 6.3. Let M be a complete Riemannian n-dimensional manifold without boundary. Assume
that Ric, > K, for some p € {1,...,n} and K € R, and consider a countably HP-rectifiable W5-geodesic

{.ut}te[o,l]-
Then, using the notation recalled at the beginning of Section 6 and denoting J,(t) := det[B,(t)], it holds

a (K = Fyu) | 2 :
(52) ﬁjz (t) < _lel T (1), Vo € X1y2 \ N, p1/2(N) =0, Vp' > p, vVt € (0,1),

and thus
(63) T (1) 20\ "L (KD T O) 40 (Rl F(1). Ve €Sy \N, Vi€ 0,1, v 2 p.

p’ o’
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Proof. If we set y,.(t) = log J(t) = log det B, (t), from (23) in Proposition 4.4 we know that

Y (t) + }Dy;»(t)Q +Ricy (T, (e Vo (1) — U (@) <0, Ve (0,1), YzeZp\N.
Plugging the assumption Ric, > K together with the definition (42) of k., we get
(54) () + %y;(t)Q + (K = ry, )50 <0, VEe(0,1), YzeTip\N, V' >p,

which is equivalent to
K — Ky, (t)

(35) (TP + ——2= D, (OPT P (1) <0, VEe (0,1), Ve e\ N, V' >p.

The claimed (53) follows then by the comparison principle (47) and by Proposition 3.8 in [9]. More
precisely, in step 3 of the proof of [9, Proposition 3.8] it is showed that if J¥ satisfies (55) and T (t)>0

for some t € [0, 1] then Uéz—mi)/p(w') < 00; the desired (53) follows then from (47). O

Proof of Theorem 6.1. (i) = (ii). Let {1 }+c[0,1] be a countably HP-rectifiable geodesic. Recall that for
every t € [0,1] it holds pu; = ps HPLE; = (Tf/2)wl/2. Let IT be the optimal dynamical plan associated to
the Ws-geodesic {4 }rejo,1, i-e. pre = (e¢)yIL.

Setting J(t) = det B, (t) = det[DTf/2(z)], for all ¢ € (0,1) and p’ > p we get:

/E pi(y) 7 dyua(y) = / (T (@) dpn o)

X1/2

9 4 -1

© / T (&) prya() ™7 dHP(z)
312

S ) T () prjae) 40 (Fal) T (1) o)~ | a2 ()

2 Jy, Gy (D) T 0) 212 (K w3, )/p o) T2 (2 P12

© _ . ~1 : —

Z/E {Uﬁ(,t,){%)—/p/(|'Ya:|)P0(T10/2($)) »’ +UEZ,KWV/Z)I(|'Y:E|)p1<T11/2(m)> p}pl/Q(x)d/Hp(@
1/2

® / (ot DR (O) ™7 + iR (e (v (1) | dri(a).

This concludes the proof of (51) for ¢t € (0,1). In case t = 0 or ¢ = 1 just observe that from the very

definition (43) it holds UE[I)()—M)*/IJ/(HD = 0 and U((}()_M),/p/(|‘y|) = 1, so the claim (51) is trivially
satisfied.
(il) = ().

We argue by contradiction. Assume there exist zo € M, a p-dimensional plane P C T,,M and 0 # v €
Ty, M such that the p-Ricci curvature of P in the direction of v satisfies

(56) Ric,(P,v) < (K — 4e)|v|?,

for some € > 0. Let 6 > 0 be sufficiently small such that exp,  |p;(0) is a diffeomorphism onto its image.
Then exp,, (PN Bs(0)) =: ¥, is a smooth p-dimensional submanifold. Let ¢ € C§°(M) be a Kantorovich
potential such that

(57) Vé(zo) =v#0 and  VZp(z) = 0.

By replacing ¢ with n¢ for a sufficiently small number n > 0 we get that ¢ is a Kantorovich potential
as well and |V¢|(y) is smaller than the injectivity radius at y, for every y € supp(¢) C M. It is

easily checked that for 6 > 0 small enough the map y — Ti(y) = exp,(~tV¢(y)) is a diffeomorphism

from Bs(0) onto its image for any t € [~3, 3]. Hence, ¥, := T,_1(Xy) for t € [0,1] is a 1-parameter

family of smooth p-dimensional submanifolds with finite p-dimensional Hausdorff measure. We define
py = HP(S1) "' HPLE L note that gy = (T,_1)gpy, with t € [0,1], is the unique L?-Wasserstein
geodesic between pg and ;. Moreover, by construction, pu; is a HP-absolutely continuous probability

1
2
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measure concentrated on ;.
Calling 7,(t) := T,_1(z) = exp, (= (t—3)Vo(x)) for z € X1 the geodesic performing the transport,
note that by continuity there exist §,c > 0 small enough such that

. 1 1
(58) Ricy (T, (12, Y (t)) < (K — 3e)|'ym(t)|2, Vz € E% C Bs(xzp), Vte {2 —03 +0':| .
The identity (22) proved in Proposition 4.4 reads as
(59) tred, (0] + e[ (6)*] + Ricy(Ty, 1y S, (1)) = Uy (O], Ve € Xy, Vte[0,1].
Since by construction Uy, (0) := VB, (0) B, (0) = V?¢(20)|z,,n, = 0 and v # 0, again by continuity
2

we can choose §, 0 > 0 even smaller so that

P P
(60) (e (®)1* + ol (%) = Y [+ (DB + T (2) Z DE|* = s ()| < ela(t)?

i=1 i=1
forallz € ¥, C Bs(xo) and all t € [§ — 0,3 + o] . The combination of (58), (59) and (60) yields

1

(61) 0 < U (DI < trltd, (1)) + (K = 26) [ (0)* < toled] ()] + Etf[ug(t)ﬁ + (K —2¢) [7 ()],

forallz € X1 and allt € [3 — 0,1 + 0] . Observe that the affine reparametrization t = g(s) = 3 —0+20s,

:[0,1] — [f — o, 2 + U] corresponds to consider the rescaled Kantorovich potential 20¢ in place of ¢
in the arguments above, and thus gives

trfed] (g(s))' + %tf[ug(g(s))]z + (K = 26) [1:(9(s))|? = do® [trtd (1) + %tr[ugj(tw + (K —2€) (1)
>0, Vo € Xy, Vs €0,1].

Arguing as in the proof of Proposition 6.3 (but with reversed inequalities), the last differential inequal-
ity gives

(®)

62) TP (9(9) < 0 (5w 0 gl) T (0) + ol

p

Ypo0g) T (1), Vo €\ N, Vsel01].

1
Note in particular that, since J3 (g(s)) > 0 for all s € [0, 1], then o, (

Yz 0 g|) # 0.

Since g is affine, the restricted and rescaled curve {jis := /U'g(s)fse[o,l] is still a Ws-geodesic from
fio = pi_, to fu = pi,,. By repeating the arguments in the proof of (i) = (ii), with reversed
inequalities (note that (9) holds with equality since we are considering the interior of a geodesic, use (62)
instead of (53), and replace K — k., by K — 2¢), we obtain

(63) / 510 3w < [ (ol DRG0 + 0k (DA ()7 i,

1
2

=

where II is the dynamical optimal associated to {ji, = psHP}seqo,1]-

Observing that (60) gives x, < € and noting that HZ/{QEL(t)H2 correctly scales when we apply the the
reparametrization g), using (44) we get that (63) implies

| < [ (ol o iDm6ao) 7 +alil, ), (50m 6+

“5 / {0((5()_5%)/p(|’7\)ﬁ0(7(0))’% +U((I%()—mw)/p(M)ﬁl(’Y(l))fﬂdﬁ(v)-

This contradicts (ii) for the geodesic {fis = psH" }seqo,1]-
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Bt ) = [ 1oz ) dua) = | 10w (T ola)) diisyata) @ [ t0lorsa() @) dis ()
t 1/2

31/2
60 =EutGupi) - [ nOdupe)
312
where y,,(t) = log(J:(z)). Using (54) we obtain
2
(65) T Entul0) = [ (K =k 0)al0) dprp(a), Ve ©0,1)

212

We then get (iii) using (50) and standard comparison.

(i) = (i).
Assume that by contradiction (58) holds and repeat verbatim the first part of the proof of (ii) = (i) to
reach (61), i.e.

1 1
trftd) (1)) + (K — 26)|3. () >0, Ve Y1, Vi€ [2 —03 + a} .
Considering as above the affine reparametrization t = g(s) = % —o0+4+20s,9:[0,1] — [% — o, % + U] and
recalling (24), we obtain

Yo(9(s)" + (K = 2€) [1z(g(s)[* >0, VzeXy, Vse[o,1].

Calling as above {fis := fig(s) }sejo,1] the corresponding rescaled Ws-geodesic, the combination of the last
inequality with (64) gives
2

(66) G Bt ) < [ (K = 20) il disjata), Vs € 0.1)
1/2

Calling II the dynamical optimal plan associated to the geodesic {fs == pg(s)}seo,1), using (50) and
standard comparison we get that

1
Ent(jis|H?) > (1 — s) Ent(ﬂo|7{p)+sEnt(ﬂ1|7-[”)—//O a(t, s) |32 (K — 2¢) dt dT1(v).

Observing now that (60) gives s, < € for Tl-a.e. 7y, we obtain

1
Ent(iH7) > (1~ ) Eut(iolH7) + s Ent(iaf) — [ [ g(t.0) 5P (1€ =, 213) = ) e dil(y),
0
which contradicts (iii) thanks to the strict positivity of g on (0,1) x (0, 1). O

Remark 6.4. In order to show that Theorem 6.1 is sharp, we show that equality is achieved in (51) for
the example of Remark 6.2, p’ = 1. First of all recall that, in euclidean spaces, the Jacobi fields are affine

functions along the geodesics. The initial measure pg is supported on the segment {(t, %t) :te|o, 1]}

1
1 VB 1 2 1

{(t,—3t): t €[0,1]} that is generated by —%(2, 1). Set (ﬁ,()) = v and (0, ﬁ) = w. We have

that is generated by the unit vector (2,1) = e, and the final measure is supported on the segment

Ba(t) = Jo(t) = v + (1 — 2t)w = (2 (1- 2t)1> ,

e V5
and J/(t) = —2w = (0, —%) Clearly, u(t) = (t — 3, 1) is orthogonal to J.(t) for every ¢ € [0,1]. Thus,
1 2
[(Je@)*H] = (Je(),u(t)) = ————es
”u(t)H 5(t2 —t+ %)
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Using the identity (32), we get that

ot el = [ @OEO) P = 17017 o) = ey = s(0)
(2 —t+3%)

where E(t) = || J.(t)]| " Jo(t). Tt follows that the coefficient . (£|%])|5]? does not depend on . We thus
get

(67) H (supp 1) = o2 (1) H (supp po) + o, (1) H (supp ).

Indeed, the H!'-measure of the support of y; is given by the length of the Jacobi field J.(t) with the
normalisation o > 0 such that aJe(3) = (1,0):

5
H' (supppe) = (/2 —t + T

A straightforward computation shows that ¢ — H!(supp j;) solves the boundary value problem f”(t) =
k() f(t), f(1) = f(0) = H (supp o) = H'(supp p1) = §7 thus (67) follows.

Note that, for this example, in the proof of Theorem 6.1 every inequality becomes an identity, showing
the sharpness of the arguments.

As an application of Theorem 6.1 we establish a new Brunn-Minkowski type inequality involving the
‘HP-measure and countably HP-rectifiable sets. The main novelty is about the measure: the standard
Brunn-Minkowski inequality involves the top Hausdorff measure H" in an n-dimensional Riemannian
manifold. A second refinement is that, in comparison with the standard Brunn-Minkowski inequality
where one gives a lower bound on the measure of all intermediate points, here we give more sharply a
lower bound on the measure of just the t-intermediate points where the optimal transport is performed
(let us mention that this was already the case in [17] even if not explicitly stated, but there one considers
the top dimensional Hausdorff measure).

Corollary 6.5 (p-Brunn-Minkowski inequality). Let (M,g) be a complete n-dimensional Riemannian
manifold without boundary. Assume that Ric, > K for somep € {1,...,n} and K € R. Let Ag, Ay C M
be bounded p-rectifiable subsets with positive and finite HP -measure. Set p; = HP(A;) Y HPLA; fori=0,1
and assume that there exists a Wa-geodesic {pi}ico,1] such that for some to € (0,1) the measure py, is
concentrated on a countably HP-rectifiable subset ¥y, C M.

Then for every t € [0,1] one has us = ptHP € P(M,HP) and it holds

-

1
1
7 7

(68) H” ({py > 0})7" > / [o&‘f;)/pxmmo T o (e (vmﬂ dii(y), ¥ = p.

In particular, calling
Ay = {7(t) : v € Geo(X), 7(0) € Ag, ¥(1) € A1}
the set of all t-intermediate points of geodesics with endpoints in Ag and Ay, it holds

1
1
= 7

(69)  H(A) > / [ogz‘ti;)/p,<|v>p5 T +0 (B (7(1))] dii(y), Vp' = p.

Proof. From Lemma 3.3 we know that for every ¢ € [0,1] it holds p, = p/HP € P.(M,HP). Moreover
HP ({pt > 0} \ A;) = 0. Therefore, if we prove (68) then also (69) will follow.
In order to get (68), observe that from Theorem 6.1 the Ws-geodesic {1 }+e(o,1) satisfies

(70)

-1 (1—t) TN T (t . o ’
[y )= a0 e GO+ ol (Do ) ), =
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On the other hand, from Jensen inequality we get

/{M}pt(x)‘idut(x)=HP<{pt>0}> | (e o))

{pi>0} {pe > 0})
-2
1 P
<HP({ps >0 / pd(Hp p>0)
=0 Jipony " o= op =%
(71) =W ({p: > 0})7.
The combination of (70) and (71) implies (68). O
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