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Abstract

In the Landau—de Gennes theory of liquid crystals, the propensities for alignments of molecules are
represented at each point of the fluid by an element Q of the vector space Sp of 3 x 3 real symmetric
traceless matrices, or Q-tensors. According to Longa and Trebin [25], a biaxial nematic system is called
soft biazial if the tensor order parameter Q satisfies the constraint tr(Q?) = const. After the introduction
of a Q-tensor model for soft biaxial nematic systems and the description of its geometric structure, we
address the question of coercivity for the most common four-elastic-constant form of the Landau—de
Gennes elastic free-energy [4, 20, 35, 38] in this model. For a soft biaxial nematic system, the tensor
field Q takes values in a four-dimensional sphere Sﬁ of radius p < 1/2/3 in the five-dimensional space So
with inner product (Q,P) = tr(QP). The rotation group SO(3) acts orthogonally on Sy by conjugation
and hence induces an action on Sﬁ C Sp. This action has generic orbits of codimension one that are
diffeomorphic to an eightfold quotient S*/# of the unit three-sphere S®, where H = {#1, #i, £j, £k} is
the quaternion group, and has two degenerate orbits of codimension two that are diffeomorphic to the
projective plane RP2. Each generic orbit can be interpreted as the order parameter space of a constrained
biaxial nematic system and each singular orbit as the order parameter space of a constrained uniaxial
nematic system [37, 38]. It turns out that Sﬁ is a cohomogeneity one manifold, i.e., a manifold with a
group action whose orbit space is one-dimensional [1, 19, 34]. Another important geometric feature of
the model is that the set X, of diagonal Q-tensors of fixed norm p is a (geodesic) great circle in Sf, which
meets every orbit of S:l, orthogonally and is then a section for Sﬁ in the sense of the general theory of
canonical forms [42, 43]. We compute necessary and sufficient coercivity conditions for the elastic energy
by exploiting the SO(3)-invariance of the elastic energy (frame-indifference), the existence of the section
3, for Sﬁ, and the geometry of the model, which allow us to reduce to a suitable invariant problem on
(an arc of) 3,. Our approach can ultimately be seen as an application of the general method of reduction
of variables, or cohomogeneity method [18, 19].
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1 Introduction

In the Landau-de Gennes theory of nematic liquid crystals [11, 17, 35], the propensities for alignments of
molecules are represented, at each point x of the region € occupied by the fluid, by an element Q = Q(z)
of the five-dimensional vector space

So={Q € Msx;3 | Q' = Q. tr(Q) =0}

of all 3 x 3 real symmetric traceless matrices, the so-called Q-tensors, with matrix norm |Q| := /tr(Q?).
The tensor field Q, known as the order parameter tensor field, contains information about the degree of
order and the deviation from isotropy of the liquid crystal at a point in 2. More specifically, the eigenvectors
of Q give the directions of preferred orientation of the molecules, while the eigenvalues give the degree of
order about these directions [9, 35]. An equilibrium state of a nematic liquid crystal is called a phase. In
terms of the order parameter tensor field Q, a phase is said to be (1) isotropic (I) when Q has three equal
eigenvalues (and hence, zero), i.e., when Q vanishes identically, (2) uniazial (Ny) when Q has two nonzero
equal eigenvalues, and (3) biazial (Ng) when Q has three distinct eigenvalues. Transitions from isotropic to
uniaxial or biaxial nematic phases are usually connected with the breaking of the SO(3) rotational symmetry
of the system [21, 32].



In a general biaxial phase, the tensor order parameter Q can be written as

1 1
Q:Sl<n®n—§l)+5’2<m®m—51), (1.1)
where S7,52 : @ — R are scalar order parameters and (n, m, £ = n x m) is a field of orthonormal
eigenvectors of Q corresponding, respectively, to the eigenvalues
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Here I denotes the identity matrix and for a column vector n the tensor product n ® n stands for the
matrix nn?. Equivalently, Q = A\n ® n 4+ \om @ m + \3£ ® £. (Notice that a different numbering of
the eigenvalues would lead to different S; and Ss.) According to the above decomposition, a tensor order
parameter Q has five degrees of freedom, two of them specify the degree of order, while the remaining three
are needed to specify the principal directions. In the isotropic phase, clearly S; = So = 0. In the uniaxial
phase, either S;1 =0, .5, #0, or S1 #0, S, =0, or S; = 55, so that Q takes the form

1
Q:s(r@r—gl), s: Q=R r:Q— S (1.3)

For a general biaxial phase, (tr(Q?))® > 6(tr(Q?%))? and equality holds in the uniaxial case only [16, 28].
The eigenvalues of physical Q-tensors are subject to the constraints —1/3 < \; < 2/3, i = 1,2, 3, though
from a physical point of view the limiting values A\; = —1/3 or \; = 2/3 represent unrealistic configurations
(cf. [4, 28] for a discussion of the physical meaning of these constraints). This implies in particular that the
matrix norm of physical Q-tensors is bounded (cf. also Section 2.2).

The Landau—de Gennes free-energy functional is a nonlinear integral functional (cf. [3, 5, 11, 35])
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of the components of Q and of its gradient VQ, subject to the appropriate physical symmetries. In
general, the density ¢ = ¥ (Q, VQ) is required to be independent of the reference frame which amounts to
the frame-indifference condition

¥(Q,VQ) =¢(MQMT, D), VM = (M) € SO(3), (1.4)

where D* denotes a third order tensor such that D, = M{Mj, M}Qim.p, and Qujx denotes the partial

derivative 0Q;;/0xy =: 0,Q;; (cf. [3]). The summation convention over repeated indices is assumed.

In the absence of external forces, such as electromagnetic fields, and ignoring surface terms, the free
energy density 1 is composed of a thermotropic bulk part and an elastic part (cf. [3, 35]),

The bulk energy density ¥g(Q) is a function of the eigenvalues of Q and is usually given as a truncated
expansion in the scalar invariants tr(Q?) and tr(Q?). It embodies the ordering/disordering effects, which
are responsible for the nematic-isotropic (N-I) phase transition. In order to account for a stable biaxial
nematic phase, one needs a sixth order truncated expansion such as

A
vn(Q): = 5 (@) — £ 1(QY) + (@)
+ 2 @@ + T @)+ L@

where A, B,C, D, E and E’ are material bulk constants (see, for instance, [10, 11, 16]). A most common
expression for the free-elastic energy density is [11, 35, 46]

YE(Q,VQ) = LIy + Lolo + Lals + Lyly, (1.5)



where the L, are material constants and the elastic invariants I; are given by
L= Qi Qikk s 2= QirjQijks 3= QijkQijrs  1a:= QueQijaQijok - (1.6)
Observe that I — Iy = (QijQik)k)j —(QijQir,j) ,, is a null Lagrangian.

For general Q-tensors, the presence of the cubic term I is responsible for the energy F[Q] being
unbounded from below [3, 4]. On the other hand, it is known that, if L4 = 0, the elastic part of the energy,

Fell = [ vp(Q VQ)ds, (1.7)
Q
is bounded from below and coercive if and only if the elastic constants Lq, Lo, and L3 satisfy [10, 24]
3 1
L3 >0, —L3<Ly<?2Lsy, Li> —3L3 — TOLQ. (18)

(We will propose a proof of this result in the final appendix of the paper.)

In the constrained (or hard) uniaxial theory, Q has a constant scalar order parameter and the order
parameter space identifies with the projective plane RP? [3, 5, 36]. In this case, the presence of the cubic term
I, allows the reduction of the elastic density ¥g(Q, VQ) to the classical Oseen—Frank density [14, 41, 51]

w(r, Vr) = Ki(divr)® + Ka(r - curlr)® + Kjlr x curlr|* 4+ (K3 + Ky) [tr[(Vr)?] — (divr)?],

where the K; are elastic constants. This is achieved (cf. [5, 6, 35]) by formally calculating the energy density
(1.5) in terms of r and Vr and by then choosing the L; and the K;, i = 1,2, 3,4, so that

YE(Q,VQ) = w(r, Vr).

Relations among Lq, Lo, L3, and L4 can be determined so that the corresponding energy density is coercive
[5, 12, 24, 49].

In the constrained (or hard) biaxial theory [15, 24, 25], it is assumed that the scalar order parameters Sy ,
Ss of Q are independent of position. This amounts to requiring that the three distinct eigenvalues of Q
are constant or equivalently that both the scalar invariants tr(Q?) and tr(Q?) are constant. In this case,
the order parameter space is diffeomorphic to the eightfold quotient S?/H of the three-sphere S?, where
H = {£1, £i, £], £k} is the quaternion group [37, 39]. Conditions on Lj, Lo, L3, and L4 guaranteeing
coercivity of the energy, and hence existence of minimizers, were established by the authors in [37, 38].

Following Longa and Trebin [25], a biaxial Q-tensor Q € Sy (and the corresponding phase) is called soft
biazial if tr(Q?) is a given constant. Accordingly, a soft biazial nematic system (or system of soft biaxial
nematic phases) is a system whose tensor order parameter Q is required to satisfy the constraint

tr(Q%) = p?, (1.9)

for some p > 0, independent of the position x € Q (cf. also [33, 44, 45]). In a soft biaxial nematic system,
although the sum of the squared axis lengths of Q is fixed, the individual axis lengths are still allowed
to vary in space. According to the discussion in [2], soft biaxial nematic systems are difficult to study
experimentally. Professor Longa [27] suggested that possible general candidates of soft biaxial systems could
be certain micellar systems where the micellar shape is allowed to fluctuate (cf. [26] and the references
therein). An important subclass is that where in addition to tr(Q?) = const also tr(Q3) = 0 is required;
in fact, this case gives second order isotropic-nematic (I-N) phase transition (cf. the Landau point L in [2,
Fig. 6]). From an experimental point of view, it is believed that the proximity of a Landau point L is what
makes the isotropic-nematic (I-N) phase transition weakly first order (cf. [16] for details).
Let Sﬁ C Sy denote the set of biaxial Q-tensors satisfying the soft condition (1.9), i.e.,

Sﬁ ={Q e Sy | tr(Q?) = p*}.

With respect to the matrix norm |Q| = /tr(Q?), the set Sﬁ can be seen as the four-dimensional sphere
of radius p in the five-dimensional vector space Sy. Taking into account that the eigenvalues are subject to



the constraints —1/3 < \; < 2/3, i = 1,2,3, it follows that 0 < p < \/2/3 (cf. Section 2). This implies
that, for a soft biaxial nematic system, the order parameter tensor field Q takes values in a four-dimensional
sphere S} in Sp. The special orthogonal (rotation) group SO(3) acts orthogonally on Sy by conjugation
and hence induces an action on S‘;, C Sp. The four-sphere S‘; acted upon by the symmetry group SO(3)
provides a mathematical model of symmetry breaking for soft biaxial nematic systems. The study of the
action of SO(3) on S‘; will answer the question of which subgroups of SO(3) can be symmetry groups
of equilibrium states (phases) of the system and will allow the determination of the corresponding order
parameters of phases with broken symmetry (cf. Section 2). This will make clear the link between phase
transitions and the breaking of the SO(3) symmetry. For a discussion of the general question of symmetry
breaking in physical problems invariant under a group G, we refer the reader to [21, 29, 31, 32] and the
references therein.

The purposes of this paper are twofold. The first is to describe the geometric features of the above
Q-tensor model for soft biaxial nematic systems. The second purpose is to address the question of coercivity
for the Landau—de Gennes elastic free-energy (1.7), exploiting from the outset the geometry of the model
and the frame-indifference of the energy density.

DESCRIPTION OF RESULTS AND ORGANIZATION OF THE PAPER. In Section 2, after recalling some
background material about the Q-tensor theory of nematic liquid crystals, we discuss the basic geometric
structure of the Q-tensor model for soft biaxial nematic systems introduced above. This is achieved by
studying the action of SO(3) on the four-sphere Sﬁ. More precisely, the action of SO(3) on Sﬁ has generic
orbits of codimension one which are diffeomorphic to an eightfold quotient S?/H of the unit three-sphere S?,
where H is the quaternion group, and has two degenerate orbits of codimension two which are diffeomorphic
to the projective plane RP?. It turns out that Sﬁ is a cohomogeneity one manifold, i.e., a manifold with
a group action whose orbit space is one-dimensional (cf. [1, 19, 34]). Each generic orbit can be interpreted
as the order parameter space of a constrained biaxial nematic system, while each singular orbit can be
interpreted as the order parameter space of a constrained uniaxial nematic system (cf. [37, 38]). From a
differential geometric point of view, the generic orbits can be seen as examples of isoparametric hypersurfaces
(cf. Sections 2.4 and 2.5), while each degenerate orbit can be seen as a Veronese surface, i.e., as a minimally
embedded projective plane with constant curvature in S‘; (cf. Sections 2.4 and 2.6). An additional geometric
feature of the model is that the set ¥, of diagonal Q-tensors of fixed norm p is a (geodesic) great circle
in Sﬁ which meets every orbit of Sﬁ orthogonally. Thus X, is a section for S;l, in the sense of the general
theory of canonical forms (cf. [42, 43]).

In Section 3, we compute necessary and sufficient conditions for the positivity of the elastic energy density
(1.5) of a soft biaxial nematic system when L4 = 0. For this we exploit both the SO(3)-invariance of the
elastic energy density (frame-indifference) and the geometric properties of the Q-tensor model for soft biaxial
nematic systems, which allow us to reduce to a suitable invariant problem on (an arc of) the section X,,.
More precisely, we show that if p? = tr(Q?) is sufficiently small, namely 0 < p? < 1/6, then there exists a
constant v > 0, such that

¥e(Q,VQ) 2 v|VQ[?

for all admissible Q if and only if the constants L, Lo, and Ls satisfy the same conditions (1.8) established
in [10] and [24] for general biaxial Q-tensors. This is the content of Theorem 3.3. Notice that, for 0 <
p? < 1/6, the order parameter space of soft biaxial nematic systems agrees with the whole four-sphere Sﬁ
(cf. Remark 2.3). Interestingly enough, the soft biaxial condition has no effect on the coercivity conditions
when 0 < p? < 1/6. Instead, sharper conditions are obtained if 1/6 < p? < 2/3. This case is discussed in
Remark 3.5 and especially in Proposition 3.6. Finally, using the fact that the energy density I; — I is a null-
Lagrangian, the coercivity of the elastic energy functional (1.7) under Dirichlet-type boundary conditions is
discussed in Corollary 3.7, when 0 < p? < 1/6.

In Section 4, we prove a necessary and sufficient condition for the positivity of the (simplest form of
the) elastic energy density ¥g of a soft biaxial nematic system when L, # 0. More precisely, we have the
following (cf. Theorem 4.1).

Theorem Assume that 0 < p? < 1/6. The elastic energy density (1.5) with L1 = Lo = 0 is positive definite
in the soft biaxial class Sﬁ if and only if the following condition holds:

V6 Ls > 2p|La|.



The above condition clarifies the role played by the soft biaxial constraint in the coercivity issue when
the elastic energy density g contains the cubic term Iy, which explicitly depends on Q(z) and hence on
the eigenvalues of Q (cf. Equation (4.2)). As we already observed, for general Q-tensors the energy F[Q]
need not be bounded from below when Ly # 0 (cf. [3, 4]). As a consequence, sufficient conditions for the
positivity of the elastic energy density (1.5) (and for the coercivity of the elastic energy functional (1.7)
under Dirichlet-type boundary conditions) are obtained in Corollary 4.3. Finding necessary conditions when
all the physical constants L; are nonzero, requires quite involved computations.

Finally, in the appendix, we reobtain the necessary and sufficient conditions (1.8) for the positivity of
the elastic energy density g = L1I; + Lols + L3l3 in the case of general biaxial Q-tensors. To make the
calculations we use appropriate coordinates corresponding to the representation of Q-tensors given in Section
2.1. Originally, conditions (1.8) were obtained in [24] by writing the elastic energy ¢ as a linear combination
of irreducible SO(3)-invariants, computed using the representation theory of SO(3) on spherical tensors
and the Clebsch—Gordan coefficients from the angular momentum theory of quantum mechanics [30].
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2 A model for soft biaxial nematics

In this section, we recall some background material about the Q-tensor theory of nematic liquid crystals and
describe the basic geometric structure and properties of a Q-tensor model for the order parameter space of
a soft biaxial nematic system.

2.1 Representation of Q-tensors
Let Sp be the vector space of 3 x 3 real symmetric traceless matrices, or Q-tensors,

So={Q € Mzx3 | Q" =Q, tr(Q) =0},

with inner product (Q,P) = tr(QP) and norm |Q| = /tr(Q?). Let {E;}?_; be the ordered orthonormal
basis for Sy given by (cf. [47])

1 1 0 0 1 1 0 1 0 1 0
Ei=—(0 1 0 |, Eo=—|0 -1 0}, E;s=—1|1 0 0],
V6 0 0 -2 V2 0 0 O V2 0 0 0
(2.1)
1 0 0 1 1 0 0 0
E,=— (0 0 0], Es=—|0 0 1].
V2 1 00 V2 0 1 0
Then any Q € Sy has a unique representation
g1 g3 44 5 .
Q=1|q¢3 ¢ qs = u'E;, where u' = tr(QE;). (2.2)
a ¢ —(q@1+q) i=1
It easily follows that
VG Ve Z. |
u1:7(ql+Q2)7 UQZT(Q1_Q2)7 u :\/ﬁqlﬁ 7’:374a5 (23)
and then 1 ) ) ) .
1 2 1 2 i :
= —u + —=u’, = —u — —=u-, ¢=—7=u", 1=3,4,5. 2.4
q1 NG V2 q2 NG NG q /2 (2.4)



The mapping T : Sy — R?, defined by
T(Q) = TW'E; +--- +u’E;) := (u,...,u°) =u, (2.5)

establishes an isometric isomorphism between Sy (with the inner product (Q,P) = tr(QP)) and R® with
the standard inner product u-v =3 u'v". In particular,

r(Q%) =2(¢i + a3 + q1a2 + 63 + 43 + ¢3) = |T(Q)]* = |ul*. (2.6)
Following [10], we refer to (u!,...,u%) = u = T(Q) as the scalar coordinates of Q with respect to the

basis {E;}?_;. If Q C R?® is a smooth bounded domain, the mapping T defined by (2.5) establishes an
isometric isomorphism between the Soboles classes W12(Q,R%) and W2(Q,8y) (cf. [10]). This implies
that there is no essential difference between studying the elastic energy Fg[Q] or the functional Fg[T(Q)] =

FE[U} = ]:E[ZZ UiEi].

Remark 2.1 Assume that the map Q > z — Q(z) € Sy is smooth. By the above identifications, using
(2.2), (2.3) and (2.4), we compute

QijkQijr = IVQP* =2 (Va1 > + |[V@2|* + Va1 Vo + |Vas|* + [Vau|* + [Vgs[?),

where .
(IVar* + |Vael® + Var o Vo) = o (|Vu' [P +[Vu?[?)
and .
|VC]J|2 = §|VU]‘2, j:374a57
so that

IVQ(z)| = |[Vu(z)|, =zef. (2.7)

Remark 2.2 For Q € Sy, with eigenvalues A1, A2, A3, t1(Q?) = A2 + A3 + 23 = —2(A\1 A2 + M1z + A2)3),
and then
tr(Q?)

det(Q — tI) = —t?’—i—TH—detQ, teR.
From the Cayley—Hamilton theorem, it follows that

(Q?)

tr
37
Q 2

Q- (detQ)I=0. (2.8)
Taking the trace yields tr(Q?) = 3 det Q, which implies that the characteristic equation reads

u(@),  u(@)

t3
2 3

=0. (2.9)

Using (2.8), it easily follows that the invariants tr(Q¥), k > 4, can be expressed as polynomials in tr(Q?)
and tr(Q?®) [3, 16]. Moreover, it follows from (2.9) that the invariants tr(Q?) and tr(Q?) are constant
if and only if the eigenvalues A1, Ao, A3 of Q are constant, which amounts to the requirement that the
system is constrained (hard). Finally, note that the characteristic equation (2.9) has real roots if and only
if (tr(Q?))? > 6(tr(Q?))? and has two equal roots if (tr(Q?))® = 6(tr(Q?))2.

2.2 Plane representation of diagonal Q-tensors

Let Q = A(A1, A2, A3) = diag(\1, A2, A\3) be a diagonal Q-tensor. According to our previous notation,
u = T(A) = (X7 y7 07 07 0)7

where

0 M +X), y:= g (A1 — A2). (2.10)

X =

ol%



By (2.4), we have the inverse formulas

A = @(x_y)7 2

V2 [ x _
7(% 2 (7 AS_—%x. (2.11)

The physical constraints —1/3 < A; < 2/3 on the eigenvalues imply that the point (x,y) in the xy-plane
associated with Q = A lies in the interior or on the boundary of the physical triangle (cf. [9, 28])

<= {(xy) € R | —(x/VB+V2/3) <y < (x/VB+V2/3), —2/VB<x<1/VE},

an equilateral triangle with edges of length v/2 and vertices at (—2/v/6,0), (1/v/6,+£v/2/2) (cf. Figure 1).
Moreover, we have

+y>7 )\2:

V3

Therefore, the uniaxial phases are

M=X <= y=0, M =Xl <= y=—-V3x, M=) < y=+3x (2.12)

6
+y=\/§cl, )\2202<:>%—y=\/502, )\3203<:>X=—§03.

A =c <—

and the so-called mazimally biaxial phases are

b b'e
M=0<—=y=——, M=0<=y=—, A3=0 <<= x=0. 2.13
1 y \/g 2 y \/g 3 ( )
In particular, observe that for a physical Q-tensor, the bounds on the eigenvalues imply that
2
(@) =N+ A+ A =x" 4y’ < 2. (2.14)

As explained in Section 2.4 below, up to the action by conjugation of an element of SO(3), we may
assume a specific order of the eigenvalues. If, for instance, Ay > Ao > A3, the point (x,y) representing Q
takes value in a subset <J; of <],

<]f::{(x,y)€]R2|O§X§1/\/€§,O§y§\/§x}

referred to as the fundamental domain (cf. for example [28]).

Remark 2.3 In this representation, the diagonal Q-tensors satisfying the condition tr(Q?) = p?, for some
positive constant p, correspond to the points of the intersection between <] and the circle S; of radius p
centered at the origin in the xy-plane. In particular, we have (cf. Figure 1):

o if p? < 1/6, the circle S}) is contained in the interior of <J;

e if p?> = 1/6, the circle S}/\/g is tangent to the boundary of <] at the middle points (2;\/16’ iT*/i),

(%, 0) of the edges;

e if 1/6 < p? < 2/3, the circle S}, intersects the boundary of <] in three points (x,y) whose first
coordinates are, respectively,

Cx (p) = — 1 _\/6p2—1 —x,(p) = — 1 +\/6p2—1 _ 1
X=X_(p) = 2\/6 2\/5 y X =X4(p)i= 2\/6 2\/5 ’ X_\/é’

70)’ ( 1 :tﬁ).

e 2 /o

Ve 2

[\

o if p? =2/3, the circle Sl\/% intersects the boundary of <] at the vertices (

S

6
o if p? > 2/3, the circle S}) does not intersect the triangle <.

Remark 2.4 Using the notation (2.10) and (2.11), we have

>

V6

so that the function Q — tr(Q3?) is bounded in Sﬁ. More precisely, it turns out that for any choice of
0<p?<2/3

tr(Q?) = 3\ daAs = (3y* —x7)

[tr(Q?)| < VQEeS,.

Vad
NG



Figure 1: The physical triangle <] and the fundamental domain <]y (shaded region) in the xy-plane. The
origin (0, 0) represents the isotropic phase. The dashed lines U = {(x,y) € ||y =0ory = —v3xory =
V3x}\ {(0,0)} represent uniaxial phases; the set B = <]\ (U U{(0,0)}) represent biaxial phases. The points
on the dotted circumferences inside or on the boundary of <], not on U, represent soft biaxial phases.

2.3 Soft biaxial nematic systems

According to the terminology introduced by Longa and Trebin [25] (cf. also the introduction), a biaxial
nematic system is called soft biaxial if the corresponding tensor order parameter Q satisfies the additional
constraint tr(Q?) = const, independently of the position.

If tr(Q?) = p?, for some p > 0, by (2.6), the vector u = T(Q) belongs to the four-sphere S% of radius

p in RS, Let 85,4) be the space of matrices in Sy with matrix norm p, i.e.,
824) ={Q € Sy | tr(Q?) = p?}.

If S(p4) is endowed with the metric given by the inner product on &y and S;‘, with its usual round metric,

the mapping T defined in (2.5) induces an isometry 85,4) = Sﬁ.
Taking into account the constraints Ai, A2, A3 € [—1/3,2/3] on the eigenvalues, by (2.14), we have that
0 < tr(Q?) < 2/3. Thus if 0 < p? < 2/3, the tensor order parameter of a soft biaxial nematic system takes

values in 824).
Furthermore, denoting with W12(Q, 85,4)) the class of W12-maps Q > z — Q(x) such that Q(x) € 824)
for a.e. x € Q, we deduce that the Sobolev class W12(Q, 824)) is isometric to the Sobolev class

1,2 4y . 1,2 5\ . _
WH(Q,S,) = {ue W"*(Q,R") : |[u(z)| = p for a.e. x € Q},
and that actually
/ VQ[? dx = / |Vul?dz, u(z):=T(Qz)), =€cQ.
Q Q
In the following, we shall identify the two spaces S(p4) ~ Sﬁ and denote them indistinctly by Sﬁ.
Remark 2.5 By Remark 2.3, we deduce that there is a 1:1 correspondence between the points of Sﬁ and the

possible physical configurations of the system if and only if 0 < p? < 1/6. This yields that for 0 < p? < 1/6,
the order parameter space of soft biaxial nematic liquid crystals agrees with the four-sphere Sﬁ.

2.4 Structure of the SO(3)-action on S}

In this section we describe the basic structure of the action of SO(3) on the four-sphere Sﬁ. The rotation
group SO(3) acts on Sy by conjugation G * Q = GQG? preserving the inner product (Q,P) = tr(QP). It



then induces an action on the four-sphere Sﬁ C 8o of radius p, for any fixed p < 1/2/3. The well known
fact that every element of Sy can be diagonalized by an orthogonal matrix translates to the statement that
every point in Sﬁ is conjugate to a diagonal matrix in

B, = {A =diag(A;, A2, A3) [ A+ A2+ A3 =0, AT+ A3+ A3 =p°},

which amounts to saying that SO(3) x X, = S;. Therefore, every SO(3)-orbit passes through a diagonal
matrix A = diag(A1, A2, A3) € X, and the isotropy subgroup SO(3)a :={G € SO(3) | Gx A = A} of SO(3)
at A only depends on the number of distinct eigenvalues.

In the generic case in which there are three distinct eigenvalues A1, A2, A3,' the isotropy subgroup at
A is H=S5(0(1) x O(1) x O(1)) = Zy x Zs, the subgroup of diagonal matrices with entries +1 and with
determinant one,

H = {diag(1,1,1), diag(—1, —1,1), diag(—1,1, —1), diag(1, -1, —1)}.

The isotropy subgroup H is the dihedral group Ds consisting of the identity and 180°-rotations about
three mutually perpendicular axes. Consequently, the generic orbit SO3)x A = {Gx A | G € SO(3)}
of the action is diffeomorphic to SO(3)/H, which can be seen as the eightfold quotient S®/H, where
H := {£1, +i, £j, £k} is the non-abelian eight-element quaternion group [37, 38]. This is achieved by lifting
SO(3) and H to the unit sphere S?, viewed as the group Sp(1) of unit quaternions, under the twofold cover
S? — SO(3) which sends ¢ € Sp(1) into a rotation of angle 26 in the 2-plane Im(g)" C Im(H), where 6 is
the angle between ¢ and 1 in S®. The generic orbits have the highest possible dimension.

In the degenerate cases in which there are two (nonzero) equal eigenvalues, the isotropy subgroup at A
is isomorphic to the infinite dihedral group D, generated by the rotations around a fixed axis and 180°-
rotations about an axis orthogonal to it. The group D, is actually isomorphic to O(2), which implies that
each (degenerate) orbit through A is diffeomorphic to the real projective plane RP? (cf. [29)]).

Remark 2.6 If P,Q € S;‘, are on the same SO(3)-orbit, their isotropy subgroups are conjugate. More
precisely, if P = G xQ, for some G € SO(3), then SO(3)p = GSO(3)qG~'. The isotropy subgroups
SO(3)p at points P € S} which belong to an orbit SO(3)xQ form a conjugacy class (SO(3)q) called the
isotropy type of the orbit SO(3) x Q. However, notice that if P,Q € Sﬁ have conjugate isotropy subgroups,
i.e., if there exists G € SO(3) such that SO(3)p = GSO(3)G™!, then they need not have the same
orbit. By definition, they are said to be on the same stratum and the corresponding orbits SO(3) x P and
SO(3) x Q are said to be of the same isotropy type. The stratum of a point Q € S‘; is the union of all
orbits of points having isotropy subgroups that are conjugate to SO(3)q, i.e., it is the union of all orbits of
isotropy type (SO(3)q). Note that orbits of the same type are diffeomorphic. From the above discussion,
it follows that S‘; has two orbit types and that it can be partitioned into two strata: one consists of the two
degenerate orbits, the other one of the generic orbits. For more details on the theory of G-manifolds, we
refer the reader to [7, 43]. For some physical applications of the theory, see also [31, 32].

Let Eq, E; be the first two vectors of the orthonormal basis {E;}]_; givenin (2.1). Let A: R =S} C Sp
be the periodic parametrized curve, with period 2mp, defined by

A(t) == pcos(t/p)E; + psin(t/p)Es, teR.

The image of A coincides with the set X, of all diagonal matrices in Sﬁ and is the great circle of Sﬁ
obtained by intersecting S‘; with the 2-dimensional linear subspace II := span{E;,Es} of Sy spanned by
E; and Es. In particular, as a constant (unit) speed parametrization of a great circle, the curve A : R — Sﬁ
is a geodesic of S (cf. [40, p. 103]).

Every matrix Q € Sﬁ C & is related by conjugation to some diagonal matrix A(¢). Now, under the
action of the rotation matrix

cosg —sing 0 0 -1 0
G(e3,m/2):= |sing cosf Of=(1 0 0],
0 0 1 0 0 1

1Observe that this conditions holds on an open and dense subset.



which represents a rotation through 7/2 about the z-axis (cf. (2.15)), the diagonal matrix A(¢) is taken to
G(esz,7/2)xA(t) = G(es,7/2)A(t)G(e3, 7/2)T = A(—t).? (Here and below, e;,es, e3 denote the standard
orthonormal coordinate vectors of R3.) Next, consider the rotation matrix

1(2cos 6+ 1) £(1 —cosf — /3sinf) £(1—cosf+ 3sinb)
G(e,0) := | 3(1 — cosf + v/3sin0) $(2cosf+1) £(1—cosf — /3sinb) | ,
$(1 —cosf —/3sinf) L(1—cosf+ /3sinb) £(2cosf +1)

representing the rotation though 6 about the axis in the direction of the unit vector e := %(el + ey +e3).
Under the rotation matrices G(e, +27/3), given by

0 0 1 0 1 0
G(e,2n/3)=(1 0 0 and G(e,—27/3)=(0 0 1],
01 0 1 0 0

the diagonal matrix A(t) is taken to G(e,#2m/3) x A(t) = A(t F %), respectively. This implies that
the parameter ¢ € R can be restricted to the closed interval I = [0, Zp]. This interval cannot be further

reduced, since the function det A(t) = 7% cos(3t/p) is invertible on the interval I. Therefore, the geodesic

segment A : [0, Zp] — Sﬁ intersects each SO(3)-orbit of S‘; ezxactly once. As a consequence, the orbit space
S;/50(3) is homeomorphic to the closed interval [0, §p].

Remark 2.7 Observe that for ¢ € [0, p], A(t) = diag(A1, A2, A3) with Ay > Xy > A3. In particular, this
yields the well-known fact that any S‘; is equivalent under the SO(3)-action to a diagonal matrix
diag()\l,)\%)\g) with )\1 2 )\2 2 )\3.

For t € (0, §p), the diagonal matrix A(t) has distinct eigenvalues A\; > A > A3 and the orbit of A(t) is
diffeomorphic to the eightfold quotient S?/H. In particular, we have that A(Gp) = % diag(1,0,—1), which
corresponds to a maximally biaxial phase (cf. (2.13)). Instead, the isotropy group at A_ := A(0) = pE;
is K= = 5(0(2) x O(1)). The degenerate orbit B_ := SO(3)/K~ through A_ is the set of all symmetric
matrices with two equal positive eigenvalues which identifies with the real projective plane RP2. The tangent
space T_ to the orbit B_ is T_ = span(E4, E5) and its orthogonal complement is 7+ = span(Eg, E3). Thus,
A(t) is an arclength parametrized geodesic starting at A_ which is orthogonal to the orbit B_ and hence
to all orbits through A(t) (cf. [43]). Similarly, the isotropy group at Ay := A(5p) = % diag(2, —1,—-1) is
Kt = 85(0(1) x O(2)) and the degenerate orbit By = SO(3)/K™* through A, is the set of all symmetric
matrices with two equal negative eigenvalues which again identifies with RP2. Therefore, on the geodesic
segment A : [0,5p] — S}, the orbits of A(0) and A(5p) are 2-dimensional, while the orbits of A(t),
t € (0,%p), are 3-dimensional.

The action of SO(3) on S;‘, just described is the well-known cohomogeneity one action of SO(3) on
S) (cf. [18, 19]). This action has two orbits of codimension two which are isolated among codimension
one orbits of the same type. In accordance with the basic structure of cohomogeneity one actions (cf., for
example, [1, 7, 34]), if 7 : S‘é — S‘;/SO(3) = [0, § p] is the orbit projection, the inverse images of the interior
points are the principal or regular orbits, while the two singular orbits correspond to the inverse images of
the endpoints, namely B_ = 7~ 1(0) and By = W_l(%p). In addition, the great circle ¥, meets every orbit
of Sﬁ orthogonally and is a section or canonical form for S%, in the sense of the general theory of canonical

p’
forms developed by Palais and Terng (cf. [42, 43]).

Remark 2.8 If r denotes the rotation by 27/3 of the circle £, C II induced by G(e,27/3) and if m is
the reflection about a diameter of ¥, induced by G(es,n/2), then it is easily seen that r has order three,
m has order two, and that 7 and m generate the six-element group Az := {1,7,r% m,rm,r?m}, which is
the symmetry group of the equilateral triangle. The group Aj is isomorphic to the subgroup of SO(3) that
takes X, into itself.

Remark 2.9 From a differential geometric point of view, the principal orbits of the SO(3)-action on the
four-sphere S;‘) are homogeneous hypersurfaces in Sﬁ. As such, they have constant principal curvatures and

2Note that A(—t) is obtained from A(t) by interchanging the first two eigenvalues.
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are therefore examples of the so-called isoparametric hypersurfaces [8, 19, 42, 43]. On the other hand, each
singular orbit is a concrete realization of a minimal embedding of the real projective plane with constant
curvature into Sﬁ, the so-called Veronese surface (cf. [18, 19, 22, 50]). The two singular orbits are antipodal
to each other at distance §p. Explicit immersions of the orbits as submanifolds of the Euclidean four-sphere
S‘; in R5 are provided in the next two sections via the isometric isomorphism T defined in (2.5).

Remark 2.10 Observe that the image T(A([0, §p])) of the geodesic arc A([0, 5 p]) under T corresponds,
in the xy-plane, to the intersection of the fundamental domain <l; with Sll) = T(X,) (cf. Section 2.2,
Figure 1).

2.5 Principal orbits as order parameter spaces of constrained biaxial systems

Any 3-dimensional principal SO(3)-orbit in Sﬁ can be interpreted as the order parameter space of a con-
strained (or hard) biaxial nematic system [29, 37, 38]. In this case, the order parameter space of the
system is the set Q(A1, Ao, A3) of all Q-tensors in Sy of the form (1.1) with three distinct eigenvalues
A1, A2, A3 € (—1/3,2/3) which are constant, independent of = € 2. Any element Q € Q(A1, A2, A3) can be
written in the form

Q = GAG” forsome G € SO(3),

where A = A(A, A2, \3) = diag(A1, A2, A3) is the diagonal matrix of the eigenvalues of Q and thus
Q(A1, A2, A3) coincides with the orbit of A with respect to the SO(3)-action by conjugation on Sp. If
Q € Q(M\1, A2, A3), we have tr(Q?) = 2(A\F + A3 + A1 \2).

Any element of SO(3) represents a rotation through an angle @ about a fixed axis. The matrix of SO(3)
representing a rotation through # with axis in direction of the unit vector a = aje; + ases + azes is

a?(1 —cosf) +cosf  ajas(l —cosf) —azsin® ajasz(l —cosh) + assind
G(a,d) := | araz(l — cos ) + azsinb a%(1 — cosf) + cosd azaz(l —cosf) —aysinf | . (2.15)
aras(l — cosf) —azsinf  agas(l — cosd) + aqsinb a%(1 — cosf) + cosd

Therefore, using the expression (1.1), we compute

@1 = S1 (0 —1/3) + Sa(m? —1/3), ¢ga =51 (03 —1/3) + Sy(m3 —1/3),
gs=95S1mnny+Smmsy, g¢4=Smns+Somms, g¢5=51 003+ S moms,

where n and m are the first two columns of the matrix G(a, 8), respectively, and hence

9 T
V3 (Sl(nf +n3) + S2(mf +m3) — 3 (51 + 32))
Si(n? —n3) + Sy(m} —m
T(Q) = g ( (2(51 nlf’l)g—i ;Q(mimg) 2))

2(51 nins + SQ mlmg)
2(51 nons + SQ 1’1’121’113)

with
2
tr(Q?) = p* (A1, o) =2(A\ + A3 + M) = 3 (ST + 595 — S152).
The map T : Q(A1, A, A3) — S‘; gives rise to an isometric immersion of the 3-dimensional order parameter

space Q(A1, A2, A3) = S*/H into the four-sphere S} of radius p(A1, Az2). This immersion is a homogeneous
isoparametric hypersurface [8, 19, 42, 48].

2.6 Singular orbits as order parameter spaces of constrained uniaxial systems

In the constrained uniaxial case, the tensor field Q takes the form (1.3), where s is a constant, and the
order parameter space of the system identifies with the real projective plane RP2. In this case, we compute

2
T(Q) =s— (\/§ (r% + rg — 5)’ r% — rg, 2rirs, 2rirs, 21'21'3),
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and tr(Q?) = 2s?/3. Writing in spherical coordinates r; = cos asin 8, ry = sinasin 3, r3 = cos 3, we have

T(Q)=s g (\/§ (sim2 8- ;), cos(2a) sin? 3, sin(2a) sin? 3, cos asin(2), sinasin(?ﬁ)).

The mapping T can be interpreted as giving an embedding T : RP? — Sﬁ of the real projective plane RP?

into the four-sphere S;l) of radius p = /2s2/3. The image T(RP?) is the Veronese surface, which is a
minimal surface in S} (cf. [22, 50] for more details).

3 Coercivity conditions

In this section, we study the coercivity properties of the elastic free-energy density (1.5) in the soft biaxial
case, assuming that L; = 0. In the next section, we will deal with the case L, # 0. For this purpose,
we shall exploit the constraint Q € S}, the existence of the section ¥, for S} and the frame-indifference
condition.

Since S} = SO(3) * X, (cf. Section 2.4), any element Q € S} can be written in the form Q = GAG”
for some G € SO(3), where A = diag(A1, A2, A3) € X,. Now, if D denotes the third order tensor defined
by Dijr = Qijx and M = GT| the frame-indifference condition (1.4) yields that

$(Q,D) = (A, D*), where D}, = G/G'"G}Dyyyp . (3.1)

Actually, this condition holds for any point Q on the orbit of A.
Next, if ue W3(£,S}), we know that the constrain |u(z)| = p implies the orthogonality condition

u-gu=0 Vk=123.

By condition (3.1), we then may and do assume that u(z) = T(A), where A = diag(A1, A2, A3) is the
diagonal matrix of the eigenvalues of Q(x), so that 2 (A2 + A3 + A1 \2) = p?. We thus have (cf. Section 2.2)

u(x) = T(A) = ? (\/g ()\1 + )\2), (/\1 — )\2), O, 0, 0)

and the orthogonality condition becomes
V3 (A + X)dut + (M — X)0u? =0 Vk=1,2,3. (3.2)
In the case A1 # Ag, the above condition (3.2) is equivalent to

\/g A1+ Ao S1+ So
hu?="thu', t:=3 = ) 3.3
RS T AR M — M Sy—S, (3.3)

The uniaxial phase A\; = Ao is treated separately at the end of the proof.

Remark 3.1 By the expressions (2.10) and (2.11), we have
t=—v3>, (3.4)
y

which implies that t € R. Actually, according to the observations on the fundamental domain given in
Sections 2.2 and 2.4, the range of the parameter t can be restricted to (—oo, —1]. However, this restriction
does not help in simplifying computations.

We shall use that if 0 < p? < 1/6, then the parameter t takes each real value. The case 1/6 < p* <2/3
will be treated separately, as in that case the parameter t has a smaller range. In fact, e.g. in the limiting
case p® = 2/3, the set of Q-tensors S} reduces to the uniaxial phases with tr(Q?) = 2/3.

Remark 3.2 Equivalently to (3.2), by conditions

h(@G+E+ap+a+d+¢) =0, Q=dag(\, A2, A3)
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we obtain
(2)\2 + Al)akql + (2)\1 + )\2)8}4]2 =0 Vk=1,2,3

that in terms of the scalar order parameters Sp,Ss reads as
SoOq1 + 510k =0 VEk=1,2,3.

Notice also that in the uniaxial phases, if A\; = A3 we have S; = 0 and t = 1, whereas if Ao = A3 then
Sy =0 and t = —1.

We are now in a position to prove our first coercivity result for the elastic energy of a soft biaxial
nematic system. If Ly =0 and if 0 < p? < 1/6, the conditions (1.8) of Longa—Monselesan—Trebin [24] and
Davis—Gartland [10] are necessary and sufficient for coercivity. More precisely, we have the following.

Theorem 3.3 Assume that 0 < p?> < 1/6. The elastic energy density (1.5) with Ly = 0 is positive definite
in the soft biaxial class Sﬁ if and only if the following conditions hold:

2L3 > Lo, L3+ Lo>0, 10L1+ Lo +6L3>0. (35)

ProOF: We impose (3.3) in the computation of the elastic invariants I;. As for the third elastic invariant,
by (2.7) we have

t2
I = |Vu|? = (1 + §) VUl + [Vad? + [Vad]? + [Vud? . (3.6)
We now compute the term Iy = Q;;;Qir r as
I = (O1qq + D23 + 93q4)° + (9143 + Doqz + D35)° + (9194 + D25 — O3(q1 + q2))* . (3.7)

By the inverse formulas (2.4) we get

V2 V3 V2 (V3 V2 o
g1 = - (? Oku' + 3ku2) , Ohge = - (? Opu' — 3kU2) , Ohgy = - Opu’,  j=3,4,5
and hence, by the relation (3.3), we have
V3 1 V3 1 Viaoo, o,
Ohq1 = PN (1+t)opu", Org2 = - *3(1 —t)Ohu', Ok(gr +q2) = - ﬁaku .
This yields that at the point Q = A
1 1 3 4
20 = (—3(1+t)alu + Ou® + Dgu')
1
3, L o 5
+(81u + \/3(1 ;)32u —|—83u)
4 5 4 1
1—(811,6 + O \/51 Oszu ) \
= S0+ £)2(01uh)? + = (1 —t)2(dut)? + 3 (D5ut)?
+(61u3)2 + (32u3)2 + ((91114)2 4 (83u4)2 + (aQUS)Z + (5‘3u5)2
2 2
+ﬁ (1 + t) 81U1 (82U3 + 83U4) + ﬁ (1 — t) 82u1 (81u3 + 3311,5)
4
_ﬁ Bgul (81U4 + (92u5) + 2 (32u383u4 + 81u383u5 + 81U482U5) .
Similarly, we compute the term Iy = Qix,; Qijk as
I, = (01q1)* + (02q3) + (95q4)* + (0143)? + (D2g2)* + (03g5)* + (0194)* + (D205)* + (03(q1 + ¢2))?

+2 (02q101q3 + 93q101q4 + 0330204 + 02q301q2 + D3q3015 + D3q202G5 + D2qaD15)
—2(03q201(q1 + q2) + 03q502(q1 + q2)) -
(3.8)
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Arguing as before, at the point Q = A we get

20, = - (1+t)%(0u')? + é (1 —t)%(9u")? + = (95ul)?
(014®)? + (02u)? + (91u')? + (D5u”)? + (02u”)? + (O5u°)?

2 (1 + t) ((92u181u3 + 83u181u4) + — (1 — t) (81u182u3 + 83u162u5)

V3

(31u183u4 + 82u183u5) +2 (83u382u4 + 93u30u’ + 82u4(91u5) .

1
3
_|_

N ol

I+
Sl =5

For any choice of the real coefficients L;, we may thus decompose the elastic energy density into a sum
of four quadratic forms:

LqiI; + Lols + Lsls = f1(t) + .Fg(t) + .Fd(t) + .7:4(13) s
where we have set:

Fi1 (t) = a1 (t) (81u1)2 + by ((92“3)2 +c1 (83u4)2 + 2d; (t) 81u182u3 + 261(t) 61u183u4 + 2f1 8QU383U4

with
t? 14 t) Li+L
al(t)::L3(1+§)+(L1+L2)( —E) , bi=cr:=L3+ 1;_ £
1 1 1
di(t) ;= —=((L1 — L)t + (L1 + Lo)), t) = —— (L1t + (L1 — 2L,)), ==L;
1(t) 2\/5((1 2) (L 2)), ei(t) 2\/3(1 (L4 2)), fi 5 I

]:Q(t) = ag(t) (82u1)2 + by (81u3)2 + co (83u5)2 + 2d2(t) 82’&1811,63 + 262(t) 62u183u5 + 2f2 81u383u5
with

t? 1-t)? Li+L
a2(t) :L3<1+§)+(L1+L2)( 6) , by =co:=Lsg+ 1—; 2,
1 1 1
do(t) = ——= ((Le — L)t + (L1 + La)), es(t):=——=(—L1t+ (L1 —2Ls)), ==Ly
2() 2\/3 (( 2 1) ( 1 2)) 2() 2\/§( 1 ( 1 2)) f2 3 1

.7:3(13) = ag(t) (83u1)2 + bg (81U4)2 + C3 (6211,5)2 + 2d3(t) 5‘3u15‘1u4 + 263(t) 83u182u5 + 2f3 81’[1,46211,5
with

as(t) := L3(1+§) —&—;(L1+L2)7 by = c3 := L3 + Ly ;LQ 7
d3(t) := % (Lat+ (L2 —2L1)), es(t) == 2—\1/3 (=Lot+ (L — 2L1)), f3:= %L1§
and
Fu(t) == ay (83u®)? + by (O2u*)? + ¢4 (010°)? + 2dy DsuDou® + 2e4 OsuB01u® + 24 Dpu* Oy u®
with )
ag=by=cy:=Lz, di=es=fs :=§L2.

We now compute the positivity of the previous quadratic forms independently of the parameter t € R.
We shall denote by ®;(t) the determinant of the matrix corresponding to F;, for ¢ =1,2,3, 4.
As for Fy, since ®4(t) = (L3 — La/2)?(L3 + Lg), we readily obtain the conditions

L3 >0, 2L3>|L2‘, Ls+ Ly > 0,

which reduce to the system
L3>0, 2L3> Ly, L3+ Ly>0. (3.9)

As for Fj3, the first two conditions are Ly + Ly +2L3 > 0 and L; + La + 2L3 > |L1|, that combined
with (3.9) imply a fourth condition:
211 + Lo +2L3 > 0. (310)
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In order to prove the positivity of the determinant, we first observe that ®3 (t) = Ast?+ B3t +C5 and hence
®3(t) = 2A3t + B3 for some constants As, B3, C3 € R depending on the coefficients L;. We actually have

D3(t) = az(t) (b3 — f3) + 23 (ds(t) és(t) + es(t) ds(t)) — 2bs (ds(t) ds(t) + es(t) é3(t)),

where we compute
. 2 ; 1 . 1
ag(t):ngt, dg(t)ziLg, eg(t):——L

and hence

d3(t) ds(t) + e3(t) é3(t) = éLgt, ds(t) és(t) + es(t) ds(t) = —é L2t.

Denoting K := Li 4+ Lo + 2L3, these formulas yield to

. 2 1 1
ds(t) = §L3t1(K2 —L?) - 6L% (L1 +K)t

so that we obtain Bs =0 and

(2L1 + L2 + 2L3) (2Ls — La) (Ls + Lo)

and hence Aj is positive by the assumptions (3.9) and (3.10).
We thus have to check that C5 > 0. We have C3 = ®3(0), where

1

as(0) :== Lg + = ﬁ

(L1 + Lg) dg(O) = 63(0) = (L2 - 2L1)

3

so that we compute

Cs = az(0) - (b5 — f3) — 2d3(0) - (bs — f3) = (b3 — f3) [as(0) - (b3 + f3) — 2d3(0)]

from which we easily deduce that:

12C5 = (Lg +2L3) [6L3 + (10Ly + TLg)L3 + 10L1 Ly + L3]
= (L2 + 2L3) (L2 + L3) (6L3 + 10Lq + Lg) .

In conclusion, on account of (3.9) and (3.10), the positivity of F3(t) holds true for every t € R by
imposing in addition that
10Ly + Lo +6L3 > 0. (3.11)

We now wish to study in a similar way the positivity of Fj(t). First, notice that the coefficients of Fa(t)
are equal to the corresponding ones in Fj(t) provided that one replaces the parameter t with —t. This
yields that it suffices to analyze Fi(t), as no other conditions are obtained from Fu(t).

Since by = ¢; = b3 = c3 and f; = f3, it suffices to check the positivity of the determinant, i.e.

Dy(t) >0 VteR.

To this purpose, as before, we write ®3(t) = A1t2+ Byt + O for some constants Ay, B1,C; € R depending
on the coefficients L;. We thus impose the conditions:

Ay >0, 44,0, > B}.
We compute:
Py (t) = ar(t) (b2 — f2) +2f1 (di(t) ex(t) + er(t) di(t)) — 21 (di(t) di(t) + er(t) éq(t))

where this time we have

. 1 1 . 1 . 1
al(t):g(L1+L2+2L3)t+§(L1+L2), dl(t)zr\/g(Ll—Lg), el(t):—Ll
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and hence

1
= 13 [QLI+ L3 = 201 o) t + (2L = L5 = 2L1 Lo)]
1

d(t) €x(t) + ex () di (t) = 5 [(2LT — 2L1 Lo) t + (2LT + 2L5 — 2Ly L)) -

dy (t) di(t) + e1(t) € (t)

Denoting as before K := L; + Ly + 2L3, we also have
1
b — 2 = i (K? —L3) = L3 +4L3 + 2L, Ly + 4(Ly + Lo)L3.

In conclusion, we get:

12¢(t) = (Kt+ Ly + Lo) [L3 +4L3 + 2L1 Ly + 4(L1 + Lo)L3)
+Ly [(2L3 — 2L1Lo) t + (2L3 4 2L3 — 2L1 L))
—K [(2L3 + L3 — 2L1Ly) t + (2LF — L3 — 2L, L)] .

By plugging into the formula Cbl(t) = 2A1t 4+ By, we obtain:

24 Ay = (Ly + Lo + 2L3) [AL2 + 4L, Ly + 4(Ly + Lo) L3 — 2L3] + 2L3(Ly — L)
8L3 +12(Ly + Ly)L2 + (4L% + 16Ly Lo) Ly + 4L, L2

so that
1241 = 2(Ly + L) (2L3 + (3Ly + L) L3 + L1 L)
and also
12By = (Ly + Ls) [L3 +4L3 + 2L Lo + 4(Ly + Lo)Ls]
+Ly [203 +2L3 — 2L, L)
—(L1 + Lo + 2L3) [QL% - L% - 2L1L2]
= 4(Ly + Lo)L% + 6(L3 4+ 2L Lo) L3 + 2(L3 + 4L, L2)
= 2(Lo+ L3) (2(L1 + La) L3 + (L3 + 4L, L)) .

Therefore, on account of (3.9), the necessary condition A; > 0 holds true if in addition
203 + (3Ly + Ly) Ly + L1Ly > 0. (3.12)
As before, we now compute
C1=@1(0) = a1(0) - (b — f7) + 2f1d1(0) €1(0) — b1 (d7(0) + €3(0))
where this time

1 K 1 1 L
al(O)ZE(L1+L2+6L3), b1101:5 1 .

s dl(O) = m (L1+L2), 61(0) = ﬁ (L172L2), f1 = ?

Therefore, we have

24Cy = (6L3+ Ly + Lo) (K? — L3)+ 2Ly [L? — L1Ly — 2L3] — K [2L% + 5012 — 2L, Ly)
2413 + 28(Ly + Lo)L3 + 24L1LoLs — 4L, L3 — AL}
4[6L3 + 7(Ly + La)L3 + 6Ly Lo Ly — (L1 L3 + L3)]

and hence
12Cy = 2(La + L) (6L3 + (L1 + La)Ls — Lo(Ly + Lo)) .

On account of condition A; > 0, inequality ®1(t) > 0 holds true for each t € R provided that the
discriminant B? —4A;C is negative. By the expressions of Ay, By, Cy, and using that (Lo + L3)? > 0, this
property is equivalent to:

4(2L3 + 3Ly + Lo)L3 + L1Ly) (6L3 + (7TLy + La)Ls — La(Ly + La)) > (2(L1 4 Lo)Ls + (L3 + 4L1L2))2.
This inequality becomes
48135 + 32(4Ly + Lo)L3 + 8(10L3 + 6L, Ly — L3)L3 — 8(4L, L3 + L3) — (20L3L3 4+ 120, L3+ L}) > 0

and hence
(2L3 + Lg) (2L3 — Lg) (2L1 + Lo + 2L3) (10L1 + Lo+ 6L3) >0.

By (3.9), (3.10), (3.11), and (3.12) we thus deduce the positivity of the determinant ®;(t) for each t € R.
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Remark 3.4 The necessary and sufficient conditions obtained are therefore given by the following system
of five strict inequalities, that clearly also imply L3z > 0:

2L3 > Lo, L3+ Lo>0, 2L1+4+ Lo+2L3>0,
2L§+(3L1 +L2)L3+L1L2 >0, 10Ly+ Lo +6L3>0.

We now see that it can be reduced to the system (3.5).
In fact, denoting « := Lo/L3 and 8 := L;/Ls, and using that L3 > 0, the above inequalities become:

—-l<a<2, 286+a+2>0, 24+36+a+af>0, 106+a+6>0.

If 8 > 0, condition 28 + a4+ 2 > 0 follows from « > —1, whereas if 8 < 0, the equivalent condition
108+ 5a 410 > 0 follows from 108+ a+6 > 0, since 5o+ 10 > a+6 when o > —1. As for the inequality
2438+ a+af >0, using that a+3 > 0, it is equivalent to 8 > —(a+2)/(a+3), whereas 108+ a+6 >0
is equivalent to § > —(«a 4+ 6)/10. Therefore, it suffices to check that for a > —3,

o+ 2 a—+6
J— <_

— d?—a+2<0 = —-l<a<?2.
a+3 10

Finally, the uniaxial phase A\; = Ay corresponds, up to the action by conjugation of an element of SO(3),
to the values of t = 1. The corresponding system reduces to the following one:

L3> ‘L2|, 2Lo+ Lo+ L3 >0 (313)

that actually gives the well-known Ericksen conditions when L, = 0. |

Remark 3.5 (Coercivity for larger p) In Theorem 3.3, we assumed p? := tr(Q?) sufficiently small, i.e.,
0 < p? <1/6. When 1/6 < p? < 2/3, the range of t is smaller than R (cf. also Remark 3.1) and different
conditions are obtained.

More precisely, when 1/6 < p? < 2/3, in polar coordinates x = pcosf, y = psinf, by (3.4) we have

t=—V3(tan0)~', 6cQ,,

where
2w 47

2
Q,:=1,U (? —l—Ip) U ( 3 +Ip> , I, = {arctan \V6p2 —1, ?ﬂ — arctan y/6p% — 1} .

Working on the fundamental domain <J; (cf. Section 2.2), we infer that it suffices to minimize the above
quadratic forms F;(t) on smaller ranges depending on p, i.e.,

i R\(f;) e (3.14)
3R(p?) — V3 V3o , .
R(p?) + V3 shtl=gom i 29<r =23

where we have denoted R(p?) := /6p> — 1. Notice that R(1/6) =0, R(2/9) = 1/v/3, and R(2/3) = /3,
so that in the limiting case p? = 2/3 corresponding to the limiting uniaxial phases, condition (3.14) reduces
to |t| = 1, and we obtain again the Ericksen system (3.13).

In the following proposition, we shall denote for brevity:

gg = (L2 + 2L3) (6L3 + 10Lq + Lz)
41 = 2L§ + (8L1+ Lo)Ls + L1 Lo
B1 = 2(L1 + L2)L3 + (L% + 4L1L2)

Cy:= 6L3+ (TLy + Lo)L3 — La(Ly + Lo)

and we shall correspondingly consider, in addition to (3.9), (3.10), (3.11), the following three inequalities:

6(9p2 —1— /1802 =3) As+ (3p° + 1+ /1802 —3) C3 > 0 (3.15)

17



(6p> —1)Cy > —3A; +/18p% — 3| B, (3.16)
3(9p% =1 — /1802 — 1) A — (9p° — 3+ /1802 — 1) | By| + (3p° + 1+ /1802 — 3) C1 > 0. (3.17)

In fact, due to the ranges (3.14), we do not need to assume A; > 0, that is the inequality (3.12), and we
shall obtain different conditions depending on the sign of A; and the possible validity of the inequalities:

V6p2 —1|By| > 2V3 A, (3.18)
(V6p2 —1+3)|B| <2(3v6p% —1—V3) A; . (3.19)

Proposition 3.6 Assume that 1/6 < p? < 2/3. The following are necessary and sufficient conditions for
the positivity of the elastic energy density (1.5) with L4 = 0 in the soft biaxial class S‘; :

1. (3.9), (3.10), (3.11), and (3.16) < 1/6 < p> < 2/9 and either A, <0 or (3.18) holds;
2. (3.9), (3.10), and (3.11) < 1/6 < p*> <2/9 and A; >0 but (3.18) fails to hold;
3. (3.9), (3.10), (3.15), and (3.16) <= 2/9 < p? < 2/3 and either A; <0 or (3.18) holds;
4. (3.9), (3.10), (3.15), and (3.17) <= 2/9 < p> < 2/3 and A; >0 and (3.19) holds;

5. (3.9), (3.10), (3.11), and (3.15) < 2/9 < p*> <2/3 and Ay >0 but both the conditions (3.18) and
(3.19) fail to hold.

PRrROOF: Following the proof of Theorem 3.3, we first obtain the conditions (3.9) and (3.10), as they are
given by the positivity of matrices which do not depend on t. We have to check the positivity of the
determinant ®3(t) or, equivalently, of the quadratic function ®3(t) := 245t + C3, where Az > 0 by (3.9)
and (3.10). When 1/6 < p? < 2/9 the minimum is ®3(0) = Cs, yielding again (3.11). Instead, when
2/9 < p? < 2/3, the minimum of the quadratic function ®3(t) is given by (3.15), as it is attained when
It| = (3R(p?) — V/3)/(R(p?) + v/3), according to the ranges (3.14).

We now deal with the positivity of the determinant ®;(t) or, equivalently, of the quadratic function
il(t) = At2+ Bt +Cy. If Ay < 0, this follows from condition (3.16). In this case, in fact, the minimum of
P, (t) is attained for t = £v/3/R(p?), according to the sign of B;. When A; > 0, the same condition (3.16)
is obtained if the distance from the origin of the critical point of ®;(t) is more than v/3/R(p?), i.c., if (3.18)
holds. If the distance from the origin of the critical point of ®;(t) is less than (3R(p%) — v/3)/(R(p?) + v/3),
i.e., if (3.19) holds (which implies 2/9 < p? < 2/3), then one obtains condition (3.17). In the remaining
cases, the minimum of ®;(t) in the ranges (3.14) is equal to ming ®;, which yields the additional condition
(3.11). We omit the other details of the proof. O

DIRICHLET BOUNDARY CONDITIONS. Assume now that any admissible Q for the functional F[Q]
satisfy Dirichlet boundary conditions given as follows [11, 13, 23]. Let © C R3 be a bounded and simply
connected domain with smooth boundary 0f2. For a smooth function ¢ : QU 0Q — S‘é , we define the class
Wé’Q of admissible tensor fields by

W2 ={QeW"*(Q,S}) : Qua =0}
where equality is understood in the sense of traces.

Corollary 3.7 If 0 < p?> < 1/6 and L4 = 0, then the elastic energy functional (1.7) is coercive on the
admissible set W;’Q if and only if

{ L3 >0 in case L1+ Ly >0 (3.20)

201+ 2Ly +3L3 >0 incase Li+ Ly <0.
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PROOF: We exploit the property that the difference I; — Is is a null-Lagrangian, namely
L —Ir = (QijQikk),j — (QijQik,j) k-
Using that for any A\, u € R
L=XMo+ Q- NL+XLH—-1), L=ph+(1—-pl—pl —1I)

we have
LyIy + Lolo + Lals = LIy + Lolo + Lals + (ALy — pLe)(I; — I3)

where we have set
Li:=v, Ly=L-v, vi=(1—=NLi+puLy, L:=0Li+Ly.
On account of the trace condition Qpq = ¥jaq, the coercivity assumptions (3.5) reduce to
2L3 > Ly, Ls+Ls>0, 10L;+ Lo+6L3>0
which can be re-written as the system

v>L—-2Ls, Ls+L>v, 9v>-6L3—L

for some choice of the parameter v € R. This yields to the equivalent system L3 > 0 and 3L3 + 2L > 0.

Formula (3.20) readily follows.

4 The fourth elastic invariant

O

In this section we consider the elastic energy (1.5) with Ly # 0. Contrary to the general biaxial case, we
now see that even if L, # 0, in the soft biaxial case we can find necessary and sufficient conditions for the
positivity. For the sake of simplicity, we shall assume that L; = Ly = 0. In the more general case, sufficient

conditions are readily obtained, whereas necessary conditions involve nontrivial computations.

Theorem 4.1 Assume that 0 < p?> < 1/6 and L; = Ly = 0. Then the elastic energy density (1.5) is

positive definite in the soft biaxial class S‘; if and only if the following condition holds:

V6 Ls > 2p|La|.

PROOF: Recalling that
L(Q,VQ) = Qit Qi1 Qijik

at the point Q = A we have Qi = §;x A\ and hence

3
I4(A,VQ) = Z/\k 10, QI .
=1

Using (2.2) and (2.4), similarly to (2.7) we get

10:Ql* = 2((0:Vq1)? + (Oka2)* + Okq1 Ok g2 + (Oka3)* + (Okaa)® + (Okgs)®) = [Okul?

for k =1,2,3. Therefore, by imposing (3.3), similarly to the computation of I5, by (2.7) we have

3
L= ((1 + g)(amﬁ)? + (Opu®)? + (Bput)? + (aku5)2) .

k=1
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On account of (3.6), and using that L; = Ly = 0, we are reduced to check the positivity of four diagonal
3 x 3-matrices M;, i =1,...,4, whose eigenvalues a;, b;, ¢; are respectively

2
(t):< )L3+)\1L4 bi:=Ls+ XLy c¢1:=Ls+ M Ly

t
(t):( )L3+)\2L4 bQZ:L3+>\1L4 022:L3+)\3L4

(t) ( 3)L3+/\3L4 by3:=L3+ XN Ly c3:=Ls+ XLy
ay = L3+ X314 by :=L3+ ALy c4:=L3+ M\ Ly.

For this reason, we use the representation (2.10) and (2.11), so that by (3.3) we have (3.4) where, we
recall, condition y # 0 excludes the uniaxial case A\; = Ao that will be treated separately. We set

V3 +t2 N

Using (2.11) and (3.4), and imposing condition x? + y? = p? and y > 0, where 0 < p? < 1/6, we get

x=-—ps, y=pV1l—-s2, ty=+3ps.

In terms of the new variable s € (—1,1), we get:

t3 1 1 1 2
14+ —)=——", M=—p(V3/1-52— Ao =——p (V31 —s2 Ay = —
( + 3) e M \/gp(\f s2—5), Ao p(V3BV1—=s+s), A3 Nl

S

so that in particular
2 A
P A < P
Y f
Therefore, the first positivity condition L3 + A; Ly > 0 is satisfied if and only if (4.1) holds.
2

t
As for the second one, (1 + §) L3+ X\; Ly > 0, it clearly suffices to check the case i = 3, that in terms

of the variable s becomes

i=1,23.

L3 2
—— + —pslL .
1—52+\/6ps 4 >0

This inequality is satisfied for each s € (—1,1) provided that (4.1) holds.
In the remaining uniaxial case A\; = A, by condition (3.2) we again have Vu' = 0, so that we obtain:

I3 = VU2 > + Va3 |2 + |Vut 2 + |Vd® |,

3
L= ((8ku2)2 + (0u®)? + (Dput)? + (6ku5)2)
k=1

yielding to the positivity condition L3+ \; Ly > 0, and hence the inequality (4.1). O

Remark 4.2 When 1/6 < p < 2/3, sharper conditions (that we shall not describe) can be obtained (cf
Remark 3.5). Notice that if t € (—oo,—1], then one has —1 <s < f%, which implies

P 2p PP 2p p
e (L), e (b t) ae( 20
RNV ? V6 V6 ° V6 V6
Therefore, restriction to the fundamental domain does not simplify the computations.

(GENERAL SUFFICIENT CONDITIONS. Obtaining necessary and sufficient conditions for the elastic
energy density (1.5), when all the physical coefficients L; are non-trivial, implies a great effort, even in the
simpler case 0 < p? < 1/6. However, by putting together the conditions from Theorem 3.3, Corollary 3.7,
and Theorem 4.1, we readily obtain a range of sufficient conditions for positivity in the soft biaxial regime.
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Corollary 4.3 Assume that 0 < p? < 1/6. Then the elastic energy density (1.5) is positive definite in the
soft biazial class S‘; if the following condition are satisfied for some coefficient o € (0,1) :

21 —a)Ls> Ly, (1—a)Ls4+Ly>0, 10L;+Lo+6(1—a)Ls>0, aVv6Ls>2p|Lyl.

Similarly, the elastic energy functional (1.7) is coercive on the admissible set Wé’Q(Q,Sﬁ) if (and only if)
Ls >0, in case Ly + Lo > 0, and provided that:

2L 4+ 2Ly +3(1—a)L3 >0, avV6Ls>2p|L
for some coefficient « € (0,1), in case L1 + Ly < 0.
PROOF: The first assertion is obtained by decomposing
Ye(Q,VQ) = (L1l + Lalo + (1 — a) L) + (a3 + Laly)

and writing separately the inequalities in (3.5) and (4.1). Under Dirichlet-type boundary conditions, using
this time the inequalities (3.20) and (4.1), we similarly get

(1—a)L3 >0, av6Ls>2p|Ly] incase L1+ Ly >0
201 4+2Lo +3(1 —a)L3 >0, av6Ls>2p|Ly incase L;+ Ly <O0.

The claim readily follows. O

Appendix A The Longa—Monselesan—Trebin conditions

In this appendix, using the scalar coordinates corresponding to the representation of Q-tensors described in
Section 2.1, we compute the Longa—Monselesan—Trebin positivity conditions

2L3 > Lo, L3+ Ly >0, 10L;+ Lo+6L3>0 (A].)

for the three-elastic-constant form L1 4+ Lols+ L3l3 of the elastic energy density g in the general biaxial
case (cf. (1.8)).

These conditions were originally obtained by Longa—Monselesan—Trebin [24] (cf. also [10]) by writing the
elastic energy density LiIy + Lolo+ L33 as a linear combination of irreducible SO(3)-invariants, computed
using the representation theory of SO(3) on spherical tensors and the Clebsch—Gordan coefficients from the
angular momentum theory of quantum mechanics [30].

In general, by (2.7) we have I3 = |Vu|?. Also, by (3.7), in terms of u we have
€
V3

Similarly, by (3.8) we find the formula

RS
V3

2

2
\/§83u1 + 61U4 + 3211,5) .

26 = ( ou' + Oyu? + Oaud +33u4>2 n ( Dyul — oy + Dyu® +51u3)2 N (

1

2
Au + 81u2) + (82u3)2 + (83u4)2 + 2(—18111183114 + %8111182113 - 81u282u3>

V3 V3

2= (
V3
1o 9\ 512 342 RN V- ENEE TP PO S P

+ Oau Oau + (63’LL ) + (81u ) +2 \/gagu Osu” + \/gagu O Ou“O1u

V3

2 1 2 4\2 5\2 1 1 4 2 4 1 1 5 2 5
+(—%83u ) + (81u ) + (82’& ) +2(ﬁ83u 81u +03u 81u + ﬁagu 82u —83u 82u )
+2 (83u382u4 + 6311,38111,5 + 82u461u5) .

For any choice of the real coefficients L; we thus may decompose into four quadratic forms:

LIy + Loly + L3l = F1 + Fo + F3+ Fu.
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The quadratic form F; depends on the four variables Oiu!, 01u?, u?, Osus and its related matrix is:

L+ Loy 1

1 1
Ls+ —— (L1 + L —— (L1 + L —— (L1 — 2L

?1> 5 2\/3(& 2) 2\1/5(1 2) 2\/3(1 2)
1
My ﬁ(lzl + L2) > §(L1 — Ly) 5
72\/§(L1 + L) §(L1 — Ly) 5 By
1 Ly Ly K
(L1 —2Ly) 1 ! ul
2v/3 2 2 2

where we have denoted K := L; 4+ Lo +2L3. The second one, F», depends on the four variables dyu', 9ou?,
Osu®, O1u? and its corresponding matrix is:

L+ Ly 1 1 1
Ls + — Li+L ——(L; — 2L —— (L1 + L
31 5 2\/§(K1 2) 2\/:;)( 1L 2) 2\/13( 1+ La)
——=(L1 + La) - -= —5(L1 = Lo)
M, o= | 2V3 2 2 2
2= 1 Ly K Iy
—— (L1 — 2Lo) —— — —
2V/3 2 2 2
1 1 Ly K
—— (L1 + L ——(Ly— L — —
2\/5( 1+ La) 5 (L1 — La) 5 5
The third one, F3, depends on the four variables Osu', Osu?, O u*, Gu® and its corresponding matrix is:
Lo+ 2(Li+Ls) 0  — (-2 4+ Ly) ——(—2L1+ Ly)
3+ 3l 2 e 1 2 53 1 2
Ly Ly
0 Ls =2 -5
Mo = Lot &2 I3 Ly
23 Py 2 2
X L K
2v3 e 2 2 2

Finally, the fourth one, F,, depends on the three remaining variables O;u>, dru*, 0,u° and its corresponding
matrix is:

L, L
L3,22L22
L

M4::72L372
LoL ]
2 2 B

The matrix My has determinant (Ls — Ly/2)?(Ls + L), whence Fj is positive definite if and only if
the conditions Ls > 0, 2L3 > |La|, L3 + La > 0 hold, which clearly reduce to the system

L3>0, 2L3> Ly, L3+ Ly>0. (A.Q)

Dealing with M3, and starting from the right-bottom corner, we obtain the first two conditions K > 0
and K > |L4|, which reduce to

L2+2L3>0, 2L1+L2+2L3>0, (AS)

where the first inequality follows from (A.2). The determinant of the 3 x 3 right-bottom minor is

1

1
7 CLi+ Lo+ 2L3)(2L3 4 LoLs — L3) = 7 L1+ Lo+ 2L3)(2Ls — Lo)(Ls + Lo)

and hence it is positive under the assumptions (A.2) and (A.3). Finally, we compute det M3 by applying
Laplace’s formula w.r.t. the first column, and we write

det My = AL — A2 4 A3 — A
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where A% = 0 and we respectively compute:

2 1
A:l), = (Lg + g (Ll + L2)) . Z (2L1 + Loy + 2L3)(2L3 — Lg)(Lg + Lz) R

1
A3 — A% = T (—2Ly + L)? (2L3 — Lo)(Lz + Ls)
and hence
12det M3 = (2L3 — L2)(L3 + Lg) [(3L3 + 201 + 2L2)(2L1 + Lo + 2L3) - (—2L1 + L2)2]
= (2L3 — Ly)(L3 + L2)?(6L3 + L1 + 10Ly) .

Therefore, under the conditions (A.2) and (A.3), the determinant of Mjs is positive if and only if we also

have
6L3 4+ Li +10Ly > 0. (A.4)

We now consider the matrix Ms. Starting from the right-bottom corner, we again obtain the first two
conditions K >0 and K > |L;i|. This time, the determinant D of the 3 x 3 right-bottom minor is

1 1
D= 3 [K(K?—2L7 — (Ly — L1)*) — 2L (L — Ly)] = 3 (Ls + L2)(2L3 + (3Ly + Lo)Ls + L1Ly)  (A.5)

and hence it is positive under the additional assumption
203 + (3Ly + Lo)Ls + L1Ly > 0. (A.6)
As before, we now compute det Ms by applying Laplace’s formula w.r.t. the first column, and we write

det My = AL — A2 + A3 — AL,

We have:
Al = W . % (L3 + Lo)(2L3 + (311 + Lo)Ls + L1 Ly),
Az _i (Ls + Lo)(Ly + Lo)(AL1 Ly + L3 + 2Ly Ly + 2Lo Lg) ,
A3 = o (Ls + La)(In — 2L2)BIaLs — La s + 2LaLs)
—Aj = ’i (Ly + Lo)(Ly + Lo)(4Ly Lo + L3 + 2Ly Ly + 2Ly L3) = — A2

and hence we obtain:

12 det M5 = (LQ + L3) [ (6L3 + L1+ LQ)(ZL% + (3L1 + LQ)L3 + Lng)
—(Ly + Lo)(4L1 Lo + L3 + 2L L3 + 2LoL3)
+(Ly —2L3)(3L1Ly — L1 L3 + 2Ly L3) |
= (Ly+Ls) [ 12L3 +4(5Ly +2L2)L3 + (10L1Ly — 5L3)L3 — (10L1 L3 + L3) |
= (Ly+Ls)| (L2+ L2)(2L3 — L2)(6L3 +10Ly + L) | .

Therefore, condition det Mg > 0 follows from (A.2), (A.3), and (A.4).

We finally deal with the matrix M7, obtaining exactly the same positivity conditions as for Ms. In fact,
starting from the right-bottom corner, the first two conditions are again K > 0 and K > |L1|, whereas the
determinant D of the 3 x 3 right-bottom minor is equal to the expression from (A.5). Computing as before
the determinant of M; by means of Laplace’s formula w.r.t. the first column, and writing

det My = A} — A2 + A% — AT,
it is not difficult to check that we have:

and hence we get det M; = det Ms.
In conclusion, arguing as in Remark 3.4 we deduce that the system (A.2), (A.3), (A.4), and (A.6) is
equivalent to the one in (A.1).
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