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FRACTURE MODELS AS I'-LIMITS OF DAMAGE MODELS
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ABSTRACT. We analyze the asymptotic behavior of a variational model for
damaged elastic materials. This model depends on two small parameters, which
govern the width of the damaged regions and the minimum elasticity constant
attained in the damaged regions. When these parameters tend to zero, we find
that the corresponding functionals I'-converge to a functional related to frac-
ture mechanics. The corresponding problem is brittle or cohesive, depending
on the asymptotic ratio of the two parameters.

1. Introduction. In damage models for linearly elastic materials the elasticity
tensor depends continuously and monotonically on an internal variable v. This is a
function defined on the reference configuration 2 C R™ with values in the interval
[0,1]. We assume that v = 1 corresponds to the original elastic material, while
v = 0 represents the totally damaged material, with vanishing elasticity tensor. In
the regions where v is very small, the displacement gradient Vu of the solution u
of a stationary elastic problem can be very large, so we expect that u develops a
jump discontinuity when v tends to zero.

To study this problem in a definite setting, we consider a damage model depend-
ing on a small parameter ¢, and investigate the behavior of the displacement wu,
and of the internal variable v, as ¢ — 0. We assume that the model forces damage
concentration, so that v. — 1 in L!(Q). We assume also that minv, — 0. In other
words, there are regions with smaller and smaller volume where the elasticity tensor
tends to zero. It is possible that Vu. becomes larger and larger in these regions
and that u. converges in L'(f2) to some function u that exhibits jump discontinu-
ities along sets of codimension one. We expect that u can be considered as the
displacement obtained in some fracture model.

In this paper we consider this problem in the simplest situation: the antiplane
case for a homogeneous and isotropic material. Then the displacement u is scalar,
and the elasticity tensor reduces to a single constant. We also assume that the
material remains isotropic during the damage process, so that the internal variable
v can be chosen equal to the elasticity coefficient of the damaged material, up to a
multiplicative constant.

The stored elastic energy corresponding to the displacement » and to the internal

variable v is then given by
/ v|Vu|*dz.
Q
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The energy dissipated by the damage process has the form

/Q b (v)d,

where ¢.: [0,1] — R is strictly decreasing and satisfies ¢.(1) = 0. The total energy
for the damage model is then

/QUWU\QCZ:U—&-/Q@(U)dx.

To force damage concentration as ¢ — 0 we assume that ¢. = %’(/J for some
strictly decreasing function : [0, 1] — R satisfying (1) = 0. In the limit as e — 0
this leads to the condition v = 1 L™-a.e. in 2. Under this assumption the total
energy is

/ v|Vul?dr + = Y(v)de. (1)
Q €Ja

It is reasonable to require that neighboring points are similarly damaged. For
this reason we assume that the internal variable v satisfies an inequality like

Vo] <a. L"ae. on €, (2)

for a certain constant a.. In this paper we develop the case a, = 1/e. The arguments
for our proofs show that, in this case, the damaged regions {v. < %} tend to
concentrate around sets of codimension one, on strips whose width is proportional
to e.

Finally, we suppose that the material is never totally damaged. This leads to the
condition

ne<wv <1, (3)

where 7). is a positive constant. We assume that n./e — «, with « € [0, c0].

In this model a solution of the stationary damage problem is a minimizer of (1),
with suitable boundary conditions, under the constraints (2) and (3). Of course,
lower order terms should be added to (1) if external volume forces are present. To
study the asymptotic behavior of these minimizers as € — 0 we fix two sequences
€ > 0 and n > 0, with ¢, — 0 and 1 — 0, and we determine the I'-limit in
LY () x LY(Q) of the sequence of functionals defined by

1
Fy(u,v) ::/U\Vu|2dm+—/ Y(v)dz
Q €k JQ
if u € H'(2) and v satisfies the the constraints
1
e <v<1l and |Vv| < — L"ae. on{, (4)
€k

and by Fj(u,v) := oo if these conditions are not satisfied. We assume that
Nk/€x — «, with @ € [0,00]. Moreover we assume that €2 is a bounded open set
with Lipschitz boundary and that ¢ satisfies a very mild technical condition, which
is fulfilled in the standard examples 1 (z) = 1 — 2%, with 8 > 0.

The T-limit depends on a. Its domain is contained in the spaces GSBV?((Q),
SBVZ%(Q), or H'(€), depending on the value of a. For the definition of the first two
spaces we refer to 7 in Section 2, which contains also a short account on the notation
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used for free discontinuity problems. To describe the I'-limit when 0 < o < 0o we
introduce the functional ®,,: L'(Q) + [0, +o0] defined as follows:

/|vu|2dx+aH"‘1(Ju)+ba/ |[u]|[dH"~t  if u € SBV?(Q),
CIJQ(u) = [9) Ju
400 otherwise,
where
1
aim2 [ wls)ds and by i=2av o),
0

In the limiting cases @ = 0 and o = oo we define

/ |Vul?de + aH""1(J,) if u € GSBV?(Q) N LY(Q),
Do(u) =< Ja
400 otherwise,

Vul?dz if ue HY(Q),
b /Q\ | )

+00 otherwise.
First we prove the following theorem (see Theorem 3.1).

Theorem 1.1. The I'-limit of (F},) in L'(Q)x LY (Q) is given by

Fu(u,0) O, (u) fv=1L"-a.e inQ,
U, V) = )
¢ +00 otherwise.

For a = 0 the limit functional is used to determine stationary solutions in some
brittle fracture models (see [7]). For 0 < a < oo the limit functional is related to
fracture models with a cohesive zone. It is also used in the study of plastic slips (see
[4]). For a = oo the limit functional corresponds to an elasticity problem without
cracks.

In the case a = 0 our result is similar to the approximation of ®y obtained in [6]
(see also [5]) by means of the functionals

1
Ge(u,v) :/(v2+n6)|Vu|2dw+e/ |VU|2dx+—/(v—1)2dx. (5)
Q Q e Jo

In our result the integral term e [, [Vo|*dx is replaced by the constraint [Vu| < 1/e.
To our knowledge, no result has been proved for (5) in the case 0 < a < co. In [4]
the functional @, with 0 < a < oo, has been obtained as I'-limit of the sequence

Go(u,v) :/(02+776)\Vu|2dm+ae \vu|2dx+i/(v—1)2dx+ba/ (v=1)|Vu|dz.
Q Q 4e Jq Q

In a future work [16] the results of the present paper will be extended to other
variants of the Ambrosio-Tortorelli approximation.

Theorem 1.1 enables us to prove the following result about the convergence of
minimizers of some variational problems involving the functionals Fj and F, (see
Theorem 7.1).

Theorem 1.2. Let g > 1. For every k, let (uy,vy) be a minimizer of the functional

/U|VU|2d$+i/w(U)dl‘+/ lu — g|9dx (6)
Q €k JQ Q
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with the constraints (4). Then vy — 1 in LY(Q)) and a subsequence of (uy,) converges
in LI(Q) to a minimizer u of the following limit problem:

min (/ |Vu|2d:c+aH”_1(Ju)+ba/ |[u]|d’H"_1—|—/ ju—gldz),
Q Ju Q

ueSBV2(Q)
if 0 < a < oo; whereas in the extreme cases @ = 0 and a = oo the limit problems
are

: 2d n—1 Ju / — aqlid
uecg}gu‘}z(m(/ﬂww x+aH" " (Jy) + Q|u 7l x),

. 2 _ q
uer;llllr(lsz) (/Q [Vul*de + /Q [u =] dx),

respectively. Moreover for 0 < a < oo the minimum values of (6) with the con-
straints 4 tend to the minimum value of the limit problem.

The paper is composed of seven sections. After a brief introduction, in Section
2 we fix the notation for functions with bounded variation. In Section 3 we state
the I'-convergence result, which is proved in Sections 4, 5, and 6. In particular in
Section 4 we face the one-dimensional problem in the cases & = 0, 0 < o < 00, and
a = 00; in Section 5 we prove the I'-lim inf inequality in the n-dimensional case by
a slicing argument, whereas in Section 6 we prove the I'-lim sup inequality through
the construction of a recovery sequence. Finally we deal with the convergence of
minimizers in Section 7.

2. Notation and preliminaries. Let n > 1 be a fixed integer. The Lebesgue
measure and the k-dimensional Hausdorff measure in R™ are denoted by £™ and
H*. For the general properties of the Hausdorff measure we refer to [13] and [12].

The open ball of R™ with centre  and radius r is indicated by B(x,r) or B.(z);
if x = 0, we write also B, in place of B,(0). The Lebesgue measure of the unit
ball of R™ is denoted by w,,. Moreover let d(x, E') be the Euclidean distance of the
point z from the set E C R™, let diam(E) be the diameter of E, and let EAF be
the symmetric difference of £ and F. The symbols V and A denote the maximum
and the minimum operators respectively.

For the general theory of BV -functions we refer to [3], [13], [14] and [12]; here
we just recall the notation and some results we use in the sequel.

Let  be an open subset of R™. For every u € BV (Q) the distributional gradient
Du, the one-sided approximate limits u™ and u™, the approximate differential Vu
and the jump set J,, are defined in [3, Sections 3.1, 3.6]. Moreover the jump function
uT — u~ is denoted by [u].

The jump set J,, is countably H"!-rectifiable according to [3, Definition 2.57].
Moreover there exists a Borel function v : J, — S™ ! such that the vector v is
normal to J,, in the sense that, if M is a C'-manifold of dimension n—1, then v(z) is
normal to M for H" !-a.e. z € MNJ,. In particular the triplet (u*(x),u™ (x), v(z))
is uniquely determined up to a change of sign of v(x) and a simultaneous interchange
between vt (z) and u™ (z).

If u € BV () then

Du = D% + DIu + D¢,
where D% is absolutely continuous and D7u + D°u is singular with respect to the
Lebesgue measure; in particular D7u denotes the jump derivative of u and

Diy = (ut —u wH" ",
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whereas D is the Cantor part of the derivative of u (see [3, Section 3.9]). In
particular the approximate differential Vu coincides with the density of D%u.

The spaces SBV(Q), GBV(Q2), GSBV (Q) are defined as in [3]. We recall that a
G BV -function is weakly approximately differentiable £"-a.e. in Q2 (see [3, Definition
4.31, Theorem 4.34]). Since an approximately differentiable function u is also weakly
approximately differentiable and the approximate differential coincides with the
weak approximate differential £™-a.e. in 2, we also denote the weak approximate
differential by Vu.

Let p € ]1,400][; let us define

SBVP() = {uc SBV() : Vu € L(QR") and H'"1(J,) < +oo},
GSBV?(Q) := {u € GSBV(Q) : Vu € LP(Q,R™) and H"(J,) < +o0}.
In the case Q2 C R, if u € SBV?(Q), then u € H'(Q\ J,,). Conversely, if 2 C R and

there exists a finite set F' such that u € H'(Q\ F'), then v € SBV?(Q) and J,, C F.
Finally for the I'-convergence theory we refer to [11].

3. The I'-convergence result. Let 2 be a bounded open subset of R™ and let
ex > 0, ¢ — 0. We shall study the I-limit in L'(2)xL1(2) of the sequence of
functionals Fy.: L'(Q)x LY(Q) — [0, +oc] defined by

2 1 . 1
Fi(u,v) = /Qv |Vu|” dz + ;/Qw(v)dx if (u,v) € HY(Q)xVy, (8)
400 otherwise,
where
Y € C1([0,1]) is strictly decreasing with (1) = 0, (9)
1
Vi = {v eWh>®(Q):imp <v <1, |Vo] £ — LMae. in Q}, (10)
€k
with n > 0, gy — 0. We assume that for every ¢ > 0
the equation s%t'(s) = —c¢ has a finite number of solutions. (11)
We assume that the limit
a:= lim (12)
k—o0 €f

exists. For 0 < a < oo let ®,: LY(Q) > [0, +0oc] is defined by

) /|Vu|2dm+aH"_1(Ju)+ba/ [u]|[dH™ ™ if u € SBV?(9),
u) = Q Ju

D, ( (13)
400 otherwise,
where )
a:= 2/ P(s)ds and by = 2(a(0))7. (14)
In the limiting cases @ = 0 ;nd a = 0o we define
Bo(u) = /Q |Vul?de + aH""1(J,) if u € GSBV?(Q) N LY(Q), (15)

400 otherwise,

Vul?dz if ue HY(Q),
b /Q\ | )

400 otherwise.

We are now in a position to state the main result of the section.



6 GIANNI DAL MASO AND FLAVIANA IURLANO

Theorem 3.1. Assume (8)-(12) and assume that  has Lipschitz boundary. The
T-limit of (Fy,) in L*(Q)xLY(Q) exists and is given by

Fo () = D,(u) fv=1L"-a.e inQ, (16)
BT ] 400 otherwise.

Theorem 3.1 is an immediate consequence of the estimates for the functionals

F! :=T-liminf F}, and F! :=T-limsup F}, (17)

k—o0 k—o0

contained in the following results.

Theorem 3.2. Assume (8)-(12). Let (u,v) € L*(Q)x LY (Q) be such that F.,(u,v) <
+00. Thenv =1 L"-a.e. in Q, u € GSBV?(Q)N L' (Q), and

Do (u) < F(u,1). (18)
Theorem 3.3. Assume (8)-(12) and assume that Q@ has Lipschitz boundary. Let
u € GSBVZ(Q) N LY(Q). Then the following estimate holds

Fol(u, 1) < @q(u). (19)

Theorem 3.3 will be proved in Sections 4 and 6. Theorem 3.2 can be obtained as a
consequence of the following proposition that will be proved in Sections 4 and 5

Proposition 1. Assume (8)-(12). Let (ux,vi) be a sequence in L*(Q)x L*(Q) such
that

(uk, vr) = (u,v) in LN (Q)x L' (Q), (20)
(Fi(ug,vg)) is bounded. (21)
Then u € GSBV?(Q)N LY (Q), v=1 L"-a.e. in (2, and
/|Vu|2dx§hminf/ vg | Vug|?de, (22)
Q
aH"(J,) < hm 1nf—/ ¥(vk)d (23)
k—oo €f

D, (u) < lim inf/ vk|Vuk|2 + —z/)(vk)}dx. (24)

k—o0 9] €k

Remark 1. Estimates (22) and (23) cannot be deduced from (24), so that they
require a direct proof.

Let us show that Proposition 1 implies Theorem 3.2.

Proof of Theorem 3.2. If F) (u,v) < 400, there exists a sequence (uy, vx) such that
(ug, vi) — (u,v) in LY (Q)xLY(Q) and

lim inf Fy, (ug, vg) = F2(u,v).
k—o0

Passing to a subsequence, not relabeled, we can assume that F(ug,vg) = F.(u,v),
so that (21) holds. By Proposition 1 we have that v € GSBV?(Q) N LY(Q), v =1
L"-a.e. in ©, and (18) follows from (24). O

Remark 2. The hypothesis of Lipschitz boundary for €2 is used only to state the
estimate from above in the case n > 1. Indeed, in the proof of that estimate we
shall use a local reflection argument and the approximation Theorem 6.1 which is
proved under this hypothesis.
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In the case n = 1 the functional ®, used to express the I'-limit F, is finite only
on the space SBV?(Q). This is stated in the following proposition which will be
proved at the end of Section 4. Note that the last statements of Section 2 imply
SBV?2(Q) C L*>(Q) in the one-dimensional case.

Proposition 2. Let Q C R be a bounded open set. Then ®g(u) < +oo if and only
if u € SBV2(Q).

Remark 3. Let us note that, if n > 1, then the inequality F,,(u,1) < 400 does not
imply u € BV (Q) nor u € L?(2). Indeed, let 2 be a bounded open set in R” and
consider a sequence of pairwise disjoint balls B, (z;), contained in 2, with centres
x; and radii r; := 27%. Moreover assume that also the balls B, (x;) are contained
in Q and pairwise disjoint. Let u € L*(2) be defined by
[ a; ifxe B, (x),
u(z) := { 0  otherwise, (25)
where a; := 2"V, Clearly u € L*(Q)\ L?(2). Moreover u belongs to GSBV ()
but does not to BV () since

“+oo
[D7ul(Q) =) am" ! = 400,
=1

Let 0 > 2, ¢ = 27" and 7, := €7; this implies o = 0. Let us show that
F! (u,1) < 4o00. To this aim let us consider 0y, := 27k(1=9) and let us define uy, as a;
in By, s, (zi), 0 out of By, 4, (z;), and with constant slope in By, 1, (2;)\Br, s, (Zi),
for i < k; we set u := 0 otherwise. Let v be defined as n in B, ys, () \
Bri*isk (.’Ez), with constant slope in (BTi+5k+6k(1—77k) (xl) \ BTi+5k (xl)) U (Bf‘i*&c (‘rl)\
By, 5y —ey(1—np) (1)), for i <k, and as 1 otherwise. Note that (ug,vx) € HY(Q)xV,
and (ug,v) — (u,1) in LY(Q)x LY (Q). A direct computation shows that

lim inf Fy, (ug, vg) < +00,
k—o0

so that Fy(u,1) < 4o0.

4. Proof of the I'-convergence result in the case n = 1.

Proof of Proposition 1. It is sufficient to prove the statement when §2 is an interval,
since the left-hand sides of (22), (23) and (24) are o-additive with respect to €,
whereas the right-hand sides are o-superadditive. Therefore we can assume ) =
10,1[.

Let (ug,vr) be a sequence satisfying (20) and (21) with bounding constant c.
Note that ¥ (vg) — 0 in L'(Q) by (8) and (21); as ¢(vk) — ¥(v) in LY(Q) we
deduce v =1 L'-a.e. on Q.

Proof of (22). It is not restrictive to assume that the lower limit in the right-hand
side of (22) is actually a limit. Let us divide the proof into two steps.

(a) Since vy, is a Lipschitz function, the set
B ={x € Q:v(z) >1/2}
is relatively open in Q. By Chebyshev inequality we get

B(1/2) L1 (BY) < / Pop)da,
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so that (8) and (21) imply

LY (Bf) — 0. (26)
We write
U oy 7, (27)
1<j<Ni J>Ny
where If,... I}, are the connected components of By such that El(IJ’?) > er/4,

whereas Jj’-€ are the connected components satisfying the opposite inequality. Let
a? and b? be the end points of the interval I jk By changing the numeration, we
may assume that 0 < a’f < b’f < a’§ < b§ <l < aé“vk < b’ka < 1. Moreover we set
bk =0 and aﬁ, =1

By definition v, < 1/2 on Bg; moreover v, < 3/4 on each J]’-“, since at least one
end point belongs to By, the length of Jf is less than €, /4, and |V | < 1/ex Li-a.e.
in Q by (8), (9), and (21). Then v, < 3/4 in [bf,a?H] for j =0,..., Ng. From this
estimate and from (21) it follows that

3o i) < % (28)
J>Ng 1
where Cy := 1(3/4).
Let us show that (Ng) is bounded. To this aim we choose a point r; in each
interval [b¥ |, a¥]. We have vy, < 7/8 in Jr; — %, 7; + %[, since vx(r;) < 3/4 and

|Voi| < 1/ex L1-a.e. in Q. Then

1 [rit#E
— Y(vg)dx > Ca,
€k Jr;—k
where Cy := 1/44(7/8). We note that the intervals |r; — %, r; 4 %[ are pairwise
disjoint, since L!(IF) > €,/4. By summing on the index j we find
CQ(Nk + 1) <ec.
This shows that (Ny) is a bounded sequence of integers. Up to subsequences, we can

assume N, = N for a certain IV; by compactness we can also assume the existence
of the limits

khﬁrgo WY =:b; and klirgo af =: ay, (29)
with 0 =by <a; <by <--- <ay <by <any1 =1. Now, by (26) and (28) we
have

N
D (aky —h) =LYBR) + > L) = 0; (30)
7=0 J>N
it follows that b; = aj41, for j =0,...,N. Let 0 =20 <21 < --- <2y, =1 be an
increasing enumeration of the set {bg,...,bx}.
Let 0 > O be such that x;_1 + 0 < x; — o for i = 1,...,m. For large values of

k we have a bj ¢ [xi—1 + o,2; — 0]. Using (30) and (2¢ ) we can deduce that for
every k and every i there exists j such that

[€i—1 4+ 0,2, — 0] C ]aj,bf[

therefore vy, > 1/2 in [z;_1 + 0,2; — o], for i = 1,...,m. By (8) and (21) we find

Xr;—0O
/ |V |[2dz < 2¢, (31)
Ti—1+0
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i.e., (Vuy) is bounded in L?(z;_1 + o,2; — o), fori = 1,...,m.

(b) Using the Poincaré-Wirtinger Inequality, we deduce from (20) and (31) that
(ug) is bounded in H*(Jz;—1 + o, x; — o[). This ensures that u € H!(z;_1+0,2;—0)
and that up — u weakly in H'(z;_; + 0, 1; — 0).

By the Severini-Egorov Theorem for every p > 0 there exists a measurable set
A, C[zi1 +o0,2; — o], with £'(A4,) < p, such that, up to a subsequence, vy — 1
uniformly in [z;—1 + o,2; — 0] \ A,. Then, fixed § > 0, we have v, > 1 —¢ in
[z;—1+0,2;—0]\ A, for large k. By the weak lower semicontinuity of the L?-norm,
we have

(1-— 5)/ |Vu|*dz < liminf/ v | Vug|?d.
[Ti—1+o,@i—0]\A, k=oo Jo, 140

We pass to the limit first as § — 0 and then as 4 — 0; adding on the index i we
find

Tr;—0 Tr;—0O

Z/ |Vul?dz < likrgian/ v Vg ?da. (32)
i=17/Ti-1to <=

Ti—1+0

As 0 — 0, from (21) we obtain u € H(x;_y,;) for i = 1,...,m. Inequality (22)
follows.

Proof of (23). If u is continuous in a certain x;, then v € H'(x;_1,7;,1) and we
can remove x; from the list. Therefore it is not restrictive to assume that every x;
is a jump point for u, for i = 1,...,m — 1, so that H°(J,) = m — 1. Fix ¢ > 0 such
that 20 < x; — x;_1 for every ¢ and let

6, = min{vg(z) 1z € [w; — §, 2 + 3]}
Let us prove that 512 — 0 as k — oo; by contradiction, we suppose that there exists
a subsequence of (8%), not relabeled, and a constant K > 0 such that 6, > K for
every k, i.e., vy > K > 0in [z; — §,2; + §]. By repeating the argument used
in steps (a) and (b) we find that v € H'(x; — §,2; + §) and this contradicts the
assumption that z; is a jump point.

Now let t}‘C be a minimum point for vy in [x; — 2, + %] For large value of k
we have [t} — ex(1 — 1), t8 + ex(1 — 31)] C Jo; — 0, 2; + 0. Since vy (t}) = §i and
[Vop| < 1/ex L-ae. in Q, it follows that vy, < 2|z —t3] + J}. Since ¢ is decreasing
we deduce

1 1 ti,,+ek(175,i) |1_ _ ti | ) 1 z;+o
2 [ (s)ds= —/ w(ik + 5,@)dx < —/ Y (vg)da;
5 €k tt—er(1-6%) €k €k Jz;—0o
adding with respect to i and passing to the lower limit we obtain (23).

Proof of (24). In the case o = 0 inequality (24) is obtained by adding (22) and

(23).
Let o > 0. Up to subsequences, we have up — u L'-a.e. on Q; we write J, =
{z1...Tm_1}, where 0 = 29 < 21 < -+ < Tyy—1 < T, = 1, and we choose o > 0,

with 20 < x; — x;_1, such that
up(zi—0o) > u(z;—o) and up(xi1+0) 2> u(ric1+o) fori=1,...,m. (33)

We want to estimate from below the integrals

) x;+o 1 x;+o
I; ::/ ok (Vug)*de + 7/ P (vg)dz. (34)

i—0 €k i—0
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To this aim fix 1 <7 <m — 1 and for k large we define
Wy o= {w € H(z; —o,2; + 0), w(x; — o) = up(z; — o), w(w; +0) = up(z; +0)},

Zy = {2 € W (2;—0,2i+0), np < 2 < 1, |[Vz| < 1/ex L -ae. on |z;—0, 2;+0[},

xTi+o 1 x;+0
Hy(w, z) := / 2| Vw|*dz + —/ Y(z)dx, for (w,z) € WiXxZy,
T €k

i—0 T;—0

h := min H .
#(2) = min Hy(w,z2)

By elementary computation we find that this minimum is achieved and that

6]62 1 x;+o
hi(z) = —Zde T T Y(z)d, (35)
T €k Joi—o
/ —dx :
€T;—0O z
where
B = |ug(z; + o) — ug(z; — o). (36)

Let z; be a minimum point for hy in Zy. It follows from the definition of h; and
from (34) that

hi(2x) < I (37)
We note that hy is invariant with respect to symmetric rearrangements of z (see
(2], [9], [13], [15], [17]), therefore we can assume that z; is symmetric with respect
to z; and nondecreasing on [z;, z; + o[. Now we want to prove that z is piecewise
affine.

First of all, by monotonicity and continuity, the sets
Ap = {Zk = ﬂk} N [1'i71'i +0’[ and By := {Zk = 1}0 [xi,xi +0[

are closed intervals of [z;, x; + o[. Let us define

Ck = {T}k <z < 17 |v2k| < l/ek} N [Iiazi +0.[7
Uji = {77k + jl <z <1l-— %} N [mi,xi -1-0'[7 E;, = {|VZ]€‘ < é — %} NUjk,
so that C} is the union of the sets E;, for j € N. For every j, U;; is open

in [z;,x; + of and Ej} is measurable. Suppose £'(Cj) > 0 and fix j such that
LY(Ej k) > 0; let ¢ be a Lipschitz function such that

{¢#0}CUjx and |Vy|<l1p,, L'-ae onR; (38)

then zp + tp € Zj for t small enough. So 0 is a a minimizer for the function
t — hi(zk + te) and, imposing that 0 is a critical point, we find

Me V' (2x) _
[, [ 5a oo @

where \;, := 32(2 ff_ﬁg idm)_Q.
Let us prove that

)\ /
7’2“ + ¥’ (zk) =0 Llae. on Ej L, (40)
Zj €k

arguing by contradiction. Let

A "(z
E;:k::Ej7kﬁ{212€+¢( 8 >0}
k €k
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and suppose El(Ej.'k) > 0. By the continuity of z; and 3’ and by the Lebesgue
Differentiation Theorem there exist xg € EJ'.",C and ¢ > 0 such that

V' (21)

€k

A
[$0—5,$0+5} C Uj}kﬂ{zlg-l- > 0} and ﬁl(Ej,kﬂ [l‘o—57x0+5]) > 0.
k

Now let y be such that
LY(Ejr N[z —6,y]) = L(E;r N [y, zo + 6]),
and let
O(z) := El(Ej,k; N [zo — d,y] N [zo — 9, x]) -t (Eng Nz — 6,2] N [y, zo + 9]),

for x € [z;,z; + o[. In particular 6 is a Lipschitz function satisfying (38), so that

(39) implies

x0+0 Ak '(/)/(Zk)

/ — + Odx = 0; (41)
z0—0 Zk; €k

since § > 0, 0(y) > 0, and i‘—g + %}j") > 0in [xg — d, 2o + J] the integral in (41) is
positive and we get a contradiction. This concludes the proof of (40).

From (40) it follows that z; maps Cj into the set of solutions of the equation
52’ (s) = —Apex, where \pey, is infinitesimal since (A1) is bounded. Then, assump-
tion (11) implies that zj takes only a finite number of different values on Cj and,
by monotonicity and continuity, C is a finite union of intervals. It follows that
[, x; + o[ can be written as union of a finite number of intervals, where either zj
is constant or Vz = 1/¢.

We now estimate from below hg(zx). In order to simplify the computation, we
suppose that z, assumes a unique value & in Ck, np < & < 1, so that Cf is
an interval. Let oy = L(Ay) and v, = L1(Cy); since Vzi, = 1/e;, in [2;,7; +
o[\(Ag U B U Cy), the measure of [z;,x; + o[\(Ar U B UCy) is —egxni + €k so that
LY(Bi) =0 — v — ag + €y — €.

By (35) we get

2
hk(zk) = Bk +2akw(nk)+2’)’kw(£k) + K

20, 0 4 2, 128 ¢y €k €k

Nk &k
2
> L +2(a + %)1#(&@)

25 (o, + ) + G €k

+l{k7

where ¢, = 20 + 2epnp — 2¢; — 2¢ logn, and Ky, = 2 fnlk P(s)ds.
The map
B 4 Y (&r)
t+C e l—m
can be estimated differently in the cases a = 0o and 0 < o < 0.
If a = o0, by (21), (34), and (37) we find

t—

t+ Kk

Bi i
== < hi(z) < I < c
Ck

By (33), this implies, as k — oo,

(o + )~ ulai = 0)? _
20 -7
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As o — 0, we obtain |[u(x;)]] = 0; this contradicts our assumption that z; is a jump
point and proves that H°(.J,) = 0, so that u € H'(Q2) and (24) follows from (22).
If 0 < a < 0o we have

26k<w(€k) T]k>2 . w(é-k) nick +ch S hk(zk) S II::’
1 —n e 1— g e

then taking k£ — oo and summing on the index ¢ we get

m—1 1
Z 2 {(oa/)(O)); |u(z; + o) —u(z; — o) — a(0)o + /0 d)(s)ds]
i=1
m—1 Ti+o
< likm inf ' [vk(Vuk)Qdm + w(evk)} dx. (42)
=1 "% Jai—o k
By adding (32) and (42), as 0 — 0, we obtain (24). O

Proof of Theorem 3.3. By Proposition 2 it is sufficient to take u € SBV?(Q). We
are going to construct a recovery sequence converging to (u,1) in L*(Q)xL(Q).
The case o = oo is trivial since the right-hand side of (19) is finite if and only if
u € H'(Q) and in this case it is sufficient to choose the recovery sequence identically
equal to (u,1).
Now we suppose a < oo. In order to simplify the discussion we assume u has
only one jump point Z. Let (d5) be an infinitesimal sequence and let

Ap =T -0y, T+0;] and Bp:=[T -0y —ex(1—ng), T+ 05 + ex(1 — n)];

moreover let us define vy by n, in Ak, by 1 out of By, and connecting linearly in
By \ Ag; finally let us define uy, by u out of Ay and linking linearly in Ay.
Then (uy,vi) € HY(Q)xV;, and (ug, vg) — (u, 1) in LY (Q)xLY(2)). We have

1 1
lim (vk|Vuk\2 + —w(vk))dx = / |Vu|?de + 2/ P(s)ds,
k €k Q 0

Q\ Ay

[ (el ¥+ o)) = (o +07) - ulw - 5702 + 200) . ()
Ag €L 25k €L

If @ = 0 we take 09 such that 1;/d) — 0 and &Y /e, — 0; by this choice the integral

in (43) converges to 0. Whereas if 0 < a < oo we define 7 := %(ﬁ)%“u(f)ﬂek

and the integral in (43) tends to b |[u(T)]]. O

We conclude this section by proving Proposition 2 on the effective domain of the
I'-limit in dimension one.

Proof of Proposition 2. Let u € GSBV?(Q) N L'(Q). Since J, is a finite set it is
sufficient to prove that u € HY(Q\ J,). Let M > 0 and let u™ be the truncated
function v = (=M V u) A M. From v € GSBVZ2(Q2) N L>=(2) we deduce
uM € SBV?(Q). This fact implies u™ € H'(Q2\ J,) since J,u C J,. The sequence
(uM) is bounded in HY(Q\ J,) and uM — w in L'(Q2), therefore we conclude
ue HY(Q\ Jy). O
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5. Proof of the estimate from below in the case n > 1. In this section we
use the slicing argument to prove the estimate from below (18) when n > 1. For
every £ € S"! we define

¢ = {yeR":y-sz} and Q§ = {tER:y+t§EQ},
for every y € II¢. For every u : Q +— R we define ug : Q% — R by
ug(t) = u(y + t§).
For the main properties of slicing we refer to [3, Section 3.11]. We collect here only
few properties used in this section.

If (u) is a sequence in L'(Q) such that uj, — u in L'(Q) then for every £ € S7~1
there exists a subsequence (uy,) such that, for Hr lae. y e II8,

(uk])g — ug in Ll(Qi).
If u € BV (), then for every £ € S~ the following properties hold:

/ v - ElAHT (y) = / HO((1)S) A (y), (44)
Ju I1¢

. n—1 — 3 0 n—1
[ et = [ [ wseeo|oesw. o
for H" -a.e. y € TI* we have |V(u§)| = |(Vu)§ < |(Vu)§| L'-a.e. on Qg (46)

Moreover for every & € S~ ! and for H* '-a.e. y € II¢ we have
(Ju)g =J, and |[u]§\ = |[u§]| on Qg (47)

We also make use of the fine properties of GBV-functions collected in [3, Theorem
4.34].

As we have already seen in Section 4, in order to obtain the I'-lim inf inequality
it is sufficient to prove Proposition 1.

Proof of Proposition 1. Let (ug,v;) be a sequence satisfying (20) and (21) with
bounding constant ¢; as in the one-dimensional case we can deduce that v =1 L"-
a.e. in Q. In the first part of the proof we assume that (ux) is bounded in L>°(2)
and we want to prove u € SBV?(() in this case.

Proof of (22) in the bounded case. Given £ € S"~! we extract a subsequence
(tp,v,) of (ug,vy) such that
((ur)§, (0r)5) = (U, 1) in LN(Q5)x L' () for 1™ '-ae. y € II° (48)
and

lim | v, |Vu, € de = liminf/ o [Vug - €[ da. (49)
o) k—o0 Q

700

Let 0 < £ < 1; by the Fubini Theorem and (46) we can write

/m [/Qg ((vr)i IV ((ur)5)| + iw(vrﬁ)dt} aH" (y)

< / (vr |V, |* + Hw(vr)>d:c <gc
Q €r

where the last inequality follows from (21). From the Fatou Lemma it follows that

[t | [ (@05 (90 + St Jat amr= ) <

T—00
¢ Y
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then for H" -a.e. y € II¢

lim inf ((vr)g |V((ur)§)|2 + zw(vT)g) dt < +o0. (50)

T—00 Q‘f]

Let F, , be the one-dimensional functional on the set Qg, defined by

2 1 / .
z|Vw|™dt + — o(z)dt if (w,2) € HY(QS) XV, 1,
Fy,'r(w7 Z) = /Qf, ‘ ‘ €r Qg Y Y
400 otherwise,
(51)
where ¢ := k1 and
1

Vyr = {z € Wl"x’(Qg) i <2< 1,|Vz] < . L'-ae. in Qg} . (52)

The corresponding I'-lim inf will be denoted by F} ,
For 0 < a < oo let @, o: L*(9) — [0, +00] be defined by

/ |Vw|?dx + aH® () + ﬁa/ |[w]|dH® if w e SBVZ(Q)
D, o(w) =< Jab\J, Juw

400 otherwise,

where a is as in (14) and B, := 2(ap(0))!/2. In the limiting cases a = 0 and @ = oo
we define

/ Vwlde +aH0(J,) if we SBV(Q) N LY(QS)
D, o(w) := Q5\ T

400 otherwise,

/ [Vwl?dz  if we H'(Q5)
Dy 00 (w) := § JOf\1, ‘

+00 otherwise.

Thanks to (46) we have [V((v,)5)] < 1/e, L'-a.e. in 5 and then
2 K
By ()5 @)§) = [ @5 [Vt + = [ wtenssar

By (50), for H" l-a.e. y € 1I¢ we can find a subsequence (uy,, V) of (U, v,)
such that

lim <<vm>§ V() + :nw@m)f,)dt

= limin vy)S uy)S g v)8 o0
= i [ (00§ V(D + D Jar < voe. 63)

r—00
so that (48) and (53) in particular imply
Fl (1) < 1 Fy () (6)5) < +oo,

for H"'-a.e. y € II¢. Applying Theorem 3.2 in the case n = 1 (and Proposition 2)
we obtain that u$, € SBV?(Q),

(I)y,a(ug) < F@;,a(uga 1)7 (54)

and that (22) is true for ((um)5, (vm)5)-
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Now let us prove that u € SBV(§2). Let M < +o0 be such that |[um,||p~ @) < M
for every m. Then decomposing the derivative of u§ (see [3, Section 3.9]) we get

D@5 = [ v Y )
Y ug J‘g

<LYQS) + /E V() Pdt + 2MH (] ,¢) < AL+ F,  (u5, 1)],
Qp\J ¢
where in the last inequality A := diam(€2) + 1 + 2 and we have used (54). Since

(u,) does not depend on y, we can integrate on the projection II¢(2) of € on II¢
and we obtain

/ ID(u)|(Q5)dH" ()
¢ ()

< ANTHI@) + A4 [ i Fy (s ()00 )

1€ r—00

< AHTHITE(Q)) + Ac < oo

By taking £ = eq,...,e,, the elements of the canonical basis of R", we get u €
BV (Q) by [3, Remark 3.104]; since u$, € SBV?(Q), we obtain also u € SBV (1)
by [3, Theorem 3.108].

From (22) applied to ((um)$, (vm)5) and from (53) it follows that

r—00

V() Pdt < timinf | ()5 [V(@)$)[* + =@ (0)5) )dt,
-~ Ji o)

for H" '-a.e. y € II¢. Integrating on II¢ and applying the Fatou Lemma we get

/H6 |:/Q§\J E IV(ui)Ith} dH" 1 (y)

it [ [ [ g (005 199 + o ) ar|ae—)

IN

r—00

IN

lim inf ” [/Qg(vk)g ’V((u@i)ﬁdt} dH" M y) + ke,

k—o0

where the last inequality follows from (21) and (49). We observe that (ug,vr) does
not depend on «; as k — 0 in the previous inequality we find

/|Vu-§|2dx§hminf/ o |Vug - €| de, (55)
O k— o0 Q

using (46) and the Fubini Theorem. By taking £ = eq,...,e, and summing the
results we obtain (22).

Proof of (23) in the bounded case. Given & € S"~1, the first subsequence (u,, v;)
of (ug,vg) is now chosen so that (48) holds and (49) is replaced by

i [ | [ Lo ae=o) =i [ | [ Lwga] e,

r—00 s € k—o0 g €L
(56)
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Let 0 < k < 1; by the Fubini Theorem and the Fatou Lemma we find

[ e | [ g (R ITCS + Z o) )ar|arr) <

¢ T—00

and this implies, for H" !-a.e. y € II¢,

lim inf /Qg (H () [V ()] + :r(w(ur)g)> dt < +oo.

r—00

It follows that for H" !-a.e. y € TI¢ there exists a subsequence (U, vy, ) of (uy,v,.)
such that

Jin [ (w05 99 + ) Ja
Qy m
— 1iTrgi£f/Q§ </<; (vr)§ |V((ur)§)}2 + i(w(vr)g))dt < +00. (57)

Let us consider the one-dimensional functional F), , defined in (51), where ¢ is
now set equal to ¢ and V. is as in (52).

By (48) and (57) the sequence Fy,m((mlmum)fj, (vm)§) is bounded, so that Theo-
rem 3.2 in the case n = 1 implies that inequality (23) holds for ((nl/zum)g, (vm)§);
using formula (57) we get

at’(J,¢) < liminf (Ka (W)i |V((ur)§)|2 + ;(w(vr)g))dt.

Yy T—00 Qg

Let us observe that (u,.) does not depend on y. Then we can integrate on IT¢ both
sides of the previous inequality and apply the Fatou Lemma

a | H(J,e)dH" " (y)

< 131; L1/ 5 (@ (9 + 2wt )] ar2 o)
<

< nmmf/HE [/S 1(¢(vk)§)dt}d7{”1(y)+mc,

k—o0 25 €L

by (21) and (56). As k — 0, using (44) and (47) we find
1
a/ |V - EJdH™ ™t < liminf—/ P(vg)de < c. (58)
Ju k—oo €r Jo

Applying (58) with € = e1,..., e, we get H""1(J,) < +oo. Since we have already
proved that u € SBV (), we deduce from (21) and (22) that u € SBV?2().

In order to obtain (23) we use a particular case of the localization method de-
veloped in [8, Theorem 2.3.1]. First we note that (58) holds also for an open set
A C Q, hence

1
a/ vy - EJdH™ ™t < liminf—/ P (vg)de. (59)
JunA k—oo €k Ja

Since v, is a Borel function with values in S"~!, there exists a sequence (w;) of

simple functions with values in S"~! converging to v, pointwise H" !-a.e. in J,,.
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; _l m; i : 1 m;
We can write w; = ; 1311 +o+E; 1B;”j, where £} are unit vectors and Bj, ..., B;

is a Borel partition of J,. By the Dominated Convergence Theorem we have

Mg

lim v - EldH T = H (). 60
jm 3 /| NOR: () (60)
For every j we can find A}, cee A;nj a family of pairwise disjoint open subsets of

such that H" ' ((A} N J,)ABS) < 1/(jmy). Then (60) holds with B replaced by
Ju M A%, Since by (59)

JuﬂA;

. 1
vy - EE|dH ! glikminf—/ Y(vg)d,
; Q

—00 €k

we obtain (23) as j — oo.

Proof of (24) in the bounded case. If & = 0 inequality (24) can be obtained by
adding (22) and (23).

When o = oo by Theorem 3.2 in the case n = 1 we get u$, € H'(Q5) for every
¢ and for H" l-a.e. y € TIS. Since u € SBV?2(Q), this implies u € H(Q) by [3,
Theorem 3.108], therefore (24) follows from (22).

Let now 0 < a < oo. Given ¢ € S"7!, we choose a subsequence (u,.,v,) of
(ug, vx) such that (48) holds and

wm [ ][ g (05 195 + Zwton)s) )ar|are o)

~imint [ | /Qg (oS [Vl + 2 iwn)g) e are o)

By (46), using the Fubini Theorem and the Fatou Lemma we get

g T—00

[t | [ (@B1909F + 2w aew <

and then for H" '-a.e. y € II¢ we have

1

min it

1immf/Q§ ((ur)g IV((u)3)]” + z/;(vr)g))dt < +o00.

Let F, , be the one-dimensional functional defined in (51), where ¢ := 1 and
Vy.r is as in (52). For H" l-a.e. y € IIS we can find a subsequence (um,vym,) of
(u, vy-) such that

lim ((vm)g ’V((um)§)|2 + ;(w(vm)§)>dt

m—r o0 Qg

. 2 1
= lim inf . (urg IV (u5)|” + 6r(¢(w)§)>dt < 4o00; (61)
then Theorem 3.2 in the case n = 1 implies

Qy,a(ug) < lim inf Fym((ur)g, (vr)g)

T—00
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Let us observe that (u,.) does not depend on y; integrating on II¢ both sides of the
previous inequality and applying the Fatou Lemma we get

| ot w)
11¢

<timint [ [ [ 5 (00519 + 2w ). (@)

We now apply the localization method to the measure p = L£"|Q + H" 1| J,
instead of H""1[J,. Since (62) holds with an open set A C € in place of Q, by
(44)-(47) and by the Fubini Theorem we get

J (19 10, + €+ bl e

k—o0

< liminf/A [vk|Vuk €+ iw(vk)}dm (63)

Let us define w := v, on Jy,, w := Vu/|Vu| on {Vu # 0}\ J,, and w := e; elsewhere.
Since w is a pu-measurable function with values in S"~1, there exists a sequence (w;)
of simple functions with values in S™~!, converging to w p-a.e. in Q. We can write

= 51131 —|—£ I 1Bm3, where fi are unit vectors and 31 ...,B;nj is a Borel

par‘mtlon of Q. By the Dominated Convergence Theorem we have

lim Z/l V- €1a s, + v 1@+ boll)L ] dn = Ba(w).  (60)

]—)OO

For every j we can find a family Aj, cee Aj 7 of pairwise disjoint open subsets of
such that u(AABE) < 1/(jm;). Then (64) holds with B} replaced by A?%. By (63)
we find

S [ (9w €P1o, + - €l + b1, ]
i=1 J

1
< liminf/ [vk|Vuk|2 + —w(vk)}dm
k—oo 0 €k

and we obtain (24) as j — oo.

The general case. We now remove the assumption that (uy) is bounded in L ().

Let us fix M > 0 and let us consider the sequence of truncated functions u =

(=M V u) A M. We have that u} — u™ in L1(Q), vy — 1 in L}(2), and by (21)
Fk(uﬁ/[,vk) S Fk(uk7vk) S C.

From the proof in the bounded case it follows that u* € SBV?2(Q2) and that

/|VuM|2dw§liminf/ vk Vg |2 de, (65)

Q

aH " (Ju) < hmlnf—/ P(vg)d (66)
k—oo €

This implies u € GSBV(Q). As |[VuM| = |[Vu|l{y <y by Theorem [3, Theorem
4.34], using the Monotone Convergence Theorem we obtain

/|Vu|2dm: lim /|VuM\2dm,
Q M—oo Jo
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which together with (65) proves (22). Moreover, taking M — oo in (66) we find
(23). Therefore u € GSBV?(Q).

Let us prove now (24). When « = 0, this inequality can be obtained by adding
(22) and (23).

Assume a = oco. In this case we prove that u € H'(€). The proof in the bounded
case, applied to (u}, vy), gives u™ € H1(Q) and by (65) we have that the sequence
(VuM) is bounded in L?(2,R™); using the Poincaré-Wirtinger Inequality and the
fact that u™ — w in L(Q) we obtain u € H'(Q2). Inequality (24) follows from (22).

Let 0 < a < 0o. The proof in the bounded case, applied to (ufy, vg), gives

@, (uM) < liminf {vk|Vuk|2 + iw(vk)} dx < c. (67)
k—oo Jo €Lk

Since u™ € SBV?2(Q), inequality (67) gives |Du™M|(Q2) < L™(Q) + ecmax(1,1/b,)

for every M > 0. From u™ — u in L'(Q), we conclude that u € BV () and

uM — u weakly* in BV (Q). Using the Closure Theorem for SBV [3, Theorem

4.7), we deduce from (67) that u € SBV?2(2). Estimate (67), as M — oo, leads to

(24). O

6. Proof of the estimate from above in the case n > 1. Now our purpose
is to prove the I'-lim sup inequality. In order to work with more regular functions
and jump sets, we first introduce an approximation result. The following theorem
is a small modification of a theorem due to Cortesani and Toader (see [10, Theorem
3.1]).

Theorem 6.1. Let Q C R™ be an open cube, let 1 < p < 2, and let u € SBVP(Q)N
L>(Q). Then for every e > 0 there exist a function v € SBVP(Q) and a set
S = U, S;, with S; closed and pairwise disjoint (n — 1)-simplexes contained in Q,
such that

(a) H"H(S\ Jy) =0;

(b) v e Wke(Q\ S) for every k;
(©) [lv—wullpg) <€

(d) [I[Vo = Vullre(qrn) <€

(e) H" '(Jo) <H" '(Ju) + &
(f)

f |[v]|dH"t </ [u]|[dH™ ™ +e.

Ju Ju
Proof. Using [10, Theorem 3.1] and [10, Remark 3.5] we can find a function w €
SBVP(Q) and a set T = U™, T;, not necessarily contained in @, with T; closed
and pairwise disjoint (n — 1)-simplexes, such that conditions (a)-(f) hold for w in
place of v and T'N @ in place of S. Since T'N @ is a polyhedron, we can adapt the

arguments in [10, Remark 3.5] to obtain a function v and a set S C @ satisfying
conditions (a)-(f). O

Now we can prove the estimate from above of the I'-limit.

Proof of Theorem 3.3. Let u € GSBV?2(Q) N L*(2). We have to construct a recov-
ery sequence (ug,vy) converging to (u, 1) in L*(Q)x L' (Q).

The case @ = oo is trivial since the right-hand side in (19) is finite if and only if
u € HY(Q), and in this case it is sufficient to define (ug,vi) := (u, 1).
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Let o < oco. We consider first the case u € L*(Q2), so that u belongs to
SBVZ(Q)NL>(Q). It is enough to prove (19) for a cube @ and for a function u sat-
isfying properties (a) and (b) of Theorem 6.1. Indeed, if  is an arbitrary bounded
open set Q with Lipschitz boundary and v € SBV2(Q) N L>°(Q), then a local re-
flection argument provides an extension of u to a function @ € SBV?2(Q) N L>=(Q)
such that H"~(J; N 9Q) = 0. Through this paragraph we shall write explicitly
the domain of the integrals in the functionals (8), (13), (15), (16), and (17). By
Theorem 6.1 for every k we can find a function wy, € SBV?(Q) satisfying properties
(a)-(f). Assuming that (19) holds for wy, we have I/ o(wg, 1) < @4 g(wg). Then
by the lower semicontinuity of F&Q we obtain

g’Q(ﬂ,l) < limsup @, 0 (wy)

k—oo
) B 1 2 - a"'ba
< 1 [@ e \Y n
< lziisolip a,Q (1) + 2 + k” |12k )+ k
= D0(a). (68)

Let us check that this implies Fo’l’,Q(u, 1) < &4 0(u). By Theorem 3.2 and inequality
(68) we have

s

FOMQ(ﬁv 1) = @q,0(u) + (pa,Q\ﬁ(a)v

(DQ,Q(U) < F;z,Q(uv 1)7 q)a,Q\ﬁ(a) < F,;,Q\ﬁ(a)7 (69)
so that
Foq(u,1) < F), o(u, 1) + F;’Q\ﬁ(a). (70)

Moreover [11, Proposition 6.17] implies

wo(u, 1)+ F o 5(0) < Foo(a,1);

Q\Q

this estimate together with (69) and (70) gives F o (u, 1) = ®4,0(u).

Therefore, in the rest of the proof we assume that Q = Q, u € SBV2(Q)NL>(Q),
and that properties (a) and (b) of Theorem 6.1 hold for w. Finally, in order to
simplify the computation, we suppose that S is a unique (n — 1)-simplex and that
S C {z, = 0}. We write a point x € R" as z = (T,z,) € R" xR and we orient
Ju so that v, = (0,1). Let

Qi::{zeﬁzixn>0}

and let L be the maximum between the Lipschitz constants of v in QT and Q.

If 0 < a < oo we define 03 (Z) := %ek(%)l/ﬂ[u@, 0)]| for z = (T, x,) €
whereas for @ = 0 we define 6} as any sequence of constant functions such that
nk/8 — 0 and 6 /ex, — 0. Note that 62 is a Lipschitz function since u™ and u~
are; moreover in the case 0 < o < 00, 07(Z) = 0 for (z,0) € 05, where 0S is the

boundary of S in the relative topology of R~ x{0}.
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By I e (1-ny)
B'k B
1 6 1
Al Ak S ¢ k Ay
F1cURE 1. The geometry for o = 0.
We define

1_
By = {x eR": (z,0) € S, 02(T) < || < 6%(T) + Ek(c"’“)}
k,«

LS {z eR™: (Z,0) ¢S, d(z,05) < 5,‘?‘(m)},

B} = {x €R™: (z,0) ¢ S, 67(T) < d(x,05) < 6(T) + Ek(ik—a’lk)}

where d(x, S) is the distance from the point x to the set S and ¢y o := 1 for a =0,
[e3

whereas cj o =1 — ek(W)I/QL for 0 < a < oo (see Figures 1 and 2). For k large
we have that the closure of Ay U By, U A}, U By, is contained in .

FIGURE 2. The geometry for 0 < a < o0.

Let

Ty + 0f

(U(f, 6]?) _u(jv _6?)) +u(§7 _6,1?) ifz e Ak7
u(z) ifxeQ\ (A UAL).



22 GIANNI DAL MASO AND FLAVIANA IURLANO

Here and henceforth 6% denotes 6¢(Z). Let us verify that uy, € WH(Q\ A}). If
x = (T,xn) € Ag, we have

| Druge (T, )|
w(®, 0y) — (T, —0y)

200
@, 6p) —ut(z,0) | wt(Z,0) —u (7,0)  u(T,0) - u(®, —0f)
B 208 268 262
[[u(z, 0)]]
< L+—— 71
s DA (71)

where the last inequality follows from the Lipschitz continuity of v on QF. Using
the previous estimate we also obtain

|Djur (T, 2n)|

- z, o) — z, —0j; - a — « a
< %Dj(ggu(x i) 26;;(96 k) + ’Dju(x7—5k) — Dpu(T, —08)D;58
o ( [u(Z, 0)]]
< . v 70
< D (5 — AL) +3L, (72)

for j=1,...,n—1 and for every (T, z,) € Ag.
By the definition of §7 and the boundedness of u, the quotient |[u(Z,0)]|/d5 is

bounded uniformly with respect to ; since D;dp < (ﬁ)lﬂLek, we deduce from

(71) and (72) that up € WH(Q2\ A4}), so that in the case 0 < a < co we obtain
up € WH(Q). In the case a = 0 inequalities (71) and (72) imply that wuy is
Lipschitz continuous in {z € Q : (z,0) € S}, with Lipschitz constant (M /62)+3nL,
where M := ||u|| ().

To prove that uy, is Lipschitz continuous in £ \ A}, we will show that

4M
fur(@) = ur()] < (S5 +120L) (F =71 + a0 —yul) for .y e Q\Af.  (73)
k

Let z,y € Ay U B U Bj,. It is enough to prove (73) when z,, and y,, have the same
sign. Indeed, if (Z,0) € S we can write

uk(2) — ur(y)| < |un (@, 2n) — k(T yn)l + [uk (@, yn) —ur@yn)l - (74)

and the estimate for the first term in the right-hand side comes from the Lipschitz
continuity of ux in {x € Q:(7,0) € S}. If (7,0) ¢ S and (7,0) ¢ S, then

luk(2) — uk(y)| = lu(@) —u(y)| < [u(@, 2n) = u(@ ya)| + (W@, yn) — (G, yn)]-
Since the segment with end points (T, x,,) and (T, yy,) is contained in Q\ .S, the first
term in the right-hand side is estimated by L|z,, — y,|, whereas the second term is
estimated by L|Z — 7| due to the Lipschitz continuity of u in QF.

Therefore, it is enough to prove (73) when z,, > 0 and y, > 0. If y,, > &9,
then we can write (74) and the right-hand side reduces to |ug (T, ) — ug (T, yn)| +
|w(Z, yn) — u(Y, yn)|- The second term is estimated by L as before. If (z,0) € S the
first term is estimated using the Lipschitz continuity of uy in {z € Q : (Z,0) € S}.
If (z,0) ¢ S, the first term can be written as |u(ZT, x,,) —u(Z, yn)|, which is estimated
by L|z, — ynl, since z,y € QF.
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It remains to consider the case 0 < z,, < §) and 0 < y,, < 6%. If (7,0), (y,0) € S
then z,y € Ay and the estimate has already been proved. If (Z,0),(7,0) ¢ S then
lug(z) — ug(y)] = |Ju(xz) — u(y)|, which can be estimated by the Lipschitz continuity
of w in Q. Assume now (7,0) ¢ S and (7,0) € S. Let (z,0) be an element of 95
in the segment of end points T and 7, and let z := (z,8}). Then

|uku»—uk@n\swuma—u«w++mkw>—uk@ﬂfs(§§+3nL)0x—z+Hz—yD.<7m
We have

lz—z|+|z—y| < |T—% + |20 — 8+ Z =7+ lyn — 6]
|Z —Z| + |2 = §| + 2|zn — 0p| + |Tn — Ynl; (76)

since x ¢ Aj, we obtain
(O0)? <@, 20) = (,0)]* < [T —2* + 2,
so that we can estimate (69 — x,,)? as follows
(0 —2n)? < (0))% — 2 < |z -z (77)

Inequality (73) follows from (75), (76), (77), and from |T —Z| + |z — §| = |T — 7|
This concludes the proof of the Lipschitz continuity of u; in '\ Aj. We are now
in a position to apply the McShane Theorem, so that there exists a function, still
denoted uy, that extends uy to A}, and has the same Lipschitz constant as ug, i.e.,

4M _
|ug (z) — ug(y)| < ( 5 + 12nL>(\x — Y|+ |zn —yn|) forz,y e Q. (78)
Let us define
Nk ifze Ay U A;C,
st (12| — 69) if 2 € By,
k
vg(x) := o
M + ?(d(m,@S) —op) ifx e By,
k
1 otherwise.

Then uy, — u in L*(Q), npg < v < 1 LM-a.e. in Q and vy — 1 in LY(Q); moreover
v € WH(Q) and |[Vog| < 1/ex La.e. in Q by the choice of the constant cjq.
The sequence Fy(ug,vg) can be written now as

Fy(ug,vg) = / | Vug|?dx Jr/ | Vug|?de + / v | Vul?d
Ay, Al Q\(ArUAY)
1 1 1
+— Y(n)dx + — Y(v)dz + — P(vg)dz. (79)

Let us study each term in the previous expression. Let us start with the first one.
Using (71) and (72) we obtain that there exists a constant K; such that

/nk|Vuk|2d;U = /nkDuk dx+Z/ nk(Djuy)?dx
Ak Ak

< [ B R s
Ju

«
k
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if @ = 0 the right-hand side of the previous inequality tends to 0, since u € L>(Q)
and 1y, /8 — 0; if 0 < a < oo, by the Dominated Convergence Theorem it tends to

bOt n—1
Q/Ju [ullamn 1.

Let us consider the second term in (79) in the case o = 0, when A} # @. By
(78) we get

/ Ve P < Ko i £7(AL) + K.
Ay k

where K and K3 are constants. First we note that Aj C (95)s, where (95)s =

{z € R" : d(x,0S5) < §2}. From a well-known result about the Minkowski content,
(see, for instance, [3, Theorem 2.106]), we can write

L"(A;) < O((6)%),

so that the second term in (79) tends to 0.
The third term in (79) is estimated by

/ |Vu|2vkdm§/ |Vu|*dz.
Q\(AxUAL) Q

The fourth term in (79) is given by

1
| w(np)dz = W”’“)/ 257 dH" .
€k J Ay €k T

It tends to 0 if @ = 0, whereas in the case 0 < o < oo it tends to

bOt n—1
2/Ju [u] | dH" 2.

As for the fifth term in (79), we get

1—my
1 2 ko
L oyt = 2 [ [ w<nk+%xn>dxn}dw1
€k J B, €k JJ, 0 €k
2

_ (/Olnkw(xn)dxn)H”I(Ju)

Ck,a

and this term tends to aH" "1 (.J,).
Finally, the last term in (79) can be estimated by

1

1
— P(vp)dr < —(me) L™ (A} U By);
€k J A, UB;, €k

arguing as above we obtain

1—
LA, U B}) < O((8 + e ")),
Ck,a
so that the last term in (79) tends to 0. Estimate (19) follows.
In the general case when u ¢ L*°(Q), estimate (19) follows from the previous
step applied to the truncated function u*, from the lower semicontinuity of F/
and from the fact that ®,(u™) < &, (u). O
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7. Convergence of minimizers. The most important result of the paper is the
following theorem on the convergence of minimizers of some variational problems
involving the functionals Fj and F,.

Theorem 7.1. Let g > 1; let (ex) and (nx) be infinitesimal sequences of positive
numbers with o := limy g, /€. Let Vi, be as in (9), let ¢ € C1([0,1]) be a strictly
decreasing function satisfying (11), and let g € LY(QY). For every k, let (ug,vy) €
HY(Q)xV}, be a minimizer of the problem

1
o ([evatars X o [ g oo

Then vy, — 1 in LY () and a subsequence of (uy) converges in L(Q) to a minimizer
u of the following limit problem:

i Vul’dz + aH" " (Ju ba/ dH™ ! / — g|%dz),
sedmin ([ vuPde a0 o | fulldne T+ [ e gltde)

if 0 < a < oo; whereas in the extreme cases @ = 0 and a = oo the limit problems
are

. 2 n—1 _ ql4

min (/|Vu|2dx—|—/|u—g|qu>7
weH (2) \ Jq Q

respectively. Moreover for 0 < a < oo the minimum values of (80) tend to the
minimum value of the limit problem.

Remark 4. If g € L*>(Q), the limit problem for @« = 0 can be formulated in
SBVZ(Q) N L>(Q), since the functionals considered in these problems decrease by
truncation with constants larger than ||g||z~ (). As a consequence of Proposition
2, when n = 1 the limit problem in the case a = 0 can be formulated in SBV?(£2)
even if g ¢ L (Q).

Remark 5. In Theorem 7.1 we assume 7 > 0 only to guarantee the existence of
a minimum point for G. In the case 1 > 0, the thesis of Theorem 7.1 continues
to hold if (uk,vy) is a sequence which satisfies

lim G - inf G =0.
el (V) LEI(Q;QLl(Q) k

The proof is essentially the same.

To prove Theorem 7.1 we shall consider the functionals F, j: LY(Q)xL' () —
[0, +00] defined by

Fyr(u,v) == Fk|Lq(Q)><L1(Q)7

where the functionals (F}) are defined in (8).

The first step in the proof of Theorem 7.1 is the following lemma.
Lemma 7.2. Under the hypotheses of Theorem 7.1, the functionals Fy j, I'-converge
in LY(Q)x LY(Q) to the functional Fy o = Folra)xri(q), where F, is defined in
(16).
Proof. Let F) , and F}, be the I-lim inf and the I-lim sup of Fy x in L¢(2)x L' (2)
and let (u,v) € LI(Q2)x L' ().



26 GIANNI DAL MASO AND FLAVIANA IURLANO

Proof of the estimate from below.
The I'-liminf inequality follows from Féya > F! (see, for instance, [11, Proposition
6.3]) and from Theorem 3.1.

Proof of the estimate from above.
Let u € GSBV?(Q) N L4(Q) with F,(u,1) < +occ.

First we suppose u € L*(€2). Theorem 3.3 ensures the existence of a sequence
(uk, vi) € HY () x Vi (Q) such that (uy,vi) — (u,1) in L} (Q)xLY(Q) and

lim Fy(ug,vg) = Fo(u,1).
k—o0

The I'-limsup inequality follows from this equality, from the convergence of the
truncated functions up’ — u in L9(Q) with M := |[u||1=(0), and from the fact that
Fq’k(uﬁ[, vg) < Fr(ug, vg).

In the general case when u ¢ L*(Q) the I'-limsup inequality follows from the
previous step applied to the truncated function u, from the lower semicontinuity
of F/,, and from the fact that F,(u,1) < Fo(u,1). O

[

In order to obtain Theorem 7.1 we also need a compactness result, whose proof
makes use of the following theorem, due to Alberti, Bouchitté, and Seppecher (see
[1]). For every set F C L'(Q) we define ]-'5 = {ug :u € F} for every ¢ € S™~ 1 and

for every y € II¢.

Theorem 7.3. Let F be an equibounded subset of L>°(£2). Assume that there exist
n linearly independent unit vectors & which satisfy the following property: for every
d > 0 there exists an equibounded subset Fs of L*°(Q2) such that F lies in a §-
neighborhood of Fs with respect to the L'(Q) distance and (F5)$ is pre-compact in
LY(Q%) for H" -a.e. y € Q. Then F is pre-compact in L* ().

The compactness result is given by the following theorem.

Theorem 7.4. Let (uy,vi) be a sequence in LY (Q)x L1 () such that (uy) is bounded
in LY(Q) and

lim inf Fy (ug, vx) < +o00.

k—o0

Then there exists a subsequence (uj,v;) of (ux,v) and a function u € GSBV ()N
LY(Q) such that u; — u L™-a.e. on Q and v; — 1 in L'(Q).

Proof. We can suppose, up to subsequences, that there exists a constant M < +oo
such that
Fk(uk,vk) S M

This implies in particular that vy — 1 in L'(£2). We divide the proof into three
steps.

The bounded case forn = 1. Let n =1 and let (ug) be bounded in L™ (). It is
not restrictive to assume = |0, 1[; if this is not the case we prove the statement
for each connected component and then we use a diagonal argument.

Repeating step (a) of the proof of Theorem 3.2 in the case n = 1, we can find
m~+1 points 0 = xg < - -+ < x,,, = 1 such that Vuy, is bounded in L?(z;+p, 7541 —p)
uniformly with respect to k, u > 0, and ¢ = 0, ..., m—1. This implies by assumption
that ug is bounded in H'(x; + p, 2541 — p) uniformly with respect to k, u, and i.
For every 1 > 0, we can find a subsequence of (uy), not relabeled, that converges in
L2(x; + p,wir1 — p), for i = 0,...,m — 1. Then by a diagonal argument we extract
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a further subsequence (u;) of (ug) that converges in L'(Q) to some u € L>(1).
From this convergence and from Proposition 1 we also deduce u € SBV?(Q).

The bounded case for n > 1. Let n > 1 and let (uy) be bounded in L ().
Let & € R™ be a unit vector and let V,, j, F), 1, be defined as in (52), (51). Moreover
we set

Ay = {y € II* : Fy 1 ((ur)5, (vr)5) < L},
where L is a fixed constant, so that by the Chebyshev inequality we obtain

M (A < -

Let § > 0; we can choose L so that diam(Q)cM /L < §, with ¢ := supy, ||ug||p~. Let

us define
13 3 A
€y (uk)y if y € Ay,
(wk)y(t) { 0 otherwise
and let wy,(y + &) := (wy)5(t), for y € II* and ¢ € Q§ Then
||wk — 'LLkHLl(Q) <ec dlam(Q)anl((Ak)c) < 0.

Let F := (ux) and Fs := (wy), then F lies in a d-neighborhood of F5 with respect
to the L'(£2) distance; moreover Fs is pre-compact by the first part of the proof.
From Theorem 7.3, we deduce the existence of a function u € L*>®(2) and of a
subsequence (uj,v;) of (uy,vy) such that (uj,v;) — (u,1) in L'(Q)xL*(Q) and
|[u]| Lo () < c. Since
Fi(u,1) < li)m Fj(uj,v5) < M,
Jj—o0

by Theorem 3.1 we conclude u € GSBV?2(2)NL>®(Q), i.e., u € SBV2(Q)NL>(Q).

The general case. For every 1 € N we can consider u} := (—p V ug) A g, then
Fy(uh, vi) < Fi(ug, vg)

and by the first part of the proof there exists a subsequence (uf) of (u)) and a
function u,, € SBV?(Q) N L>(2), with |Ju,||pe@) < g, such that uf — u, in
LY(Q) and L™-a.e. in Q. This implies that the complement of the set

A={zeQ: (w4 (x)) converges for every p € N}
is negligible. Let us observe that

(uu(x))k = lim (ué‘(r)))\ = lim uj)‘(:r) =uy(x) for every p > A. (81)

J—o0 j—o0
We claim that the subset of A
E:={z € A:|ux(z)| = X for every A € N}

has measure zero. Indeed, for every A € N and € > 0 we have

1 c
n n A
£(B) < £ ({1 > A=) < 7 [ ugldo < 55
for j large enough, where c is the bounding constant of (u;) in L'(2); as € — 0 and
A — oo we obtain £L"(E) = 0. Let now € A\ E, so that there exists A € N with
lux(x)| < A; this condition, together with equalities (81) gives u,(z) = ux(z) for
every > A.
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Let us define for L™-a.e. x € Q
u(z) := lim uy(x),
A—00

then by (81) uy coincides with the truncated function u* £"-a.e. in 2. This implies
that u; — u L"-a.e. in Q; since (uy) is contained in SBV(Q) we deduce that
u € GSBV (). Finally, since ug\ is uniformly bounded in L!(Q) with respect to A
and j, we also conclude that v € L*(€). O

In the following lemma we compute the I-limit of the functionals introduced in
(80).

Lemma 7.5. Let 1 < g < +o0 and let g € L1(Y). Let us consider the sequence of
functionals (Gy) defined by

Gr(u,v) := Fi(u,v) + /Q |u — g|%dx, (82)

where u,v € LY(Q) and Fy is as in (8). Then (Gy) T-converges in L*(£2)x L1(£2)
to the functional Go: LY (Q)x LY(Q) — [0, +00] defined by

Galt0) = Falu,) + [ Ju— gltda,
Q

Proof. Let G/, and G, be the I-liminf and the I-limsup of G, in L'()x L (Q).
First we observe that the functional H : L*(Q)x L}(Q2) — [0, +0c] defined by

H(u,v) := / lu — g|9dx
Q

is lower semicontinuous.

In the case ¢ = 1 the functional H is continuous; since (Fy) I'-converges to F,
by Theorem 3.1, we can apply [11, Proposition 6.21] about the sum of I-limits to
conclude that G, I'-converges to F,, + H.

Let ¢ > 1. Since H is not continuous, we need a different argument. To this aim
we introduce G/ ,, the I-limsup of Gy in L4(Q)x L' ().

If (u,v) € (LY(Q) \ L4(Q2))x L*(2) we obtain by [11, Proposition 6.17]

+o00 = Fy(u,v) + H(u,v) < G (u,v);
let now (u,v) € L9(Q)x L (). By [11, Proposition 6.3, 6.17, and 6.21], by Theorem
3.1, and by Lemma 7.2 we can deduce that
Fo(u,0) + H(u,v) < Gi(u,v) Go(u,v) < Gy o(u,v) = Fya(u,v) + H(u,v)

= F,(u,v) + H(u,v),
so that the functionals G I'-converge to the functional G,. O
We are now in a position to prove Theorem 7.1.

Proof of Theorem 7.1. We fix k and prove that each functional Gy, defined in (82),
attains its minimum. Let (u;,v;) be a sequence such that

li LU5) = inf .

jggon(uj’vj) Lq(Q%rlel(Q)Gk
Since (Gg(uj,v;)) is bounded, from the definition of Gy we deduce (u;,v;) €
HY(Q)x V. In particular (u;) is bounded in L?(Q2) and (Vu;) is bounded in
L*(Q,R™); this implies that (u;) is bounded in H'(£2). Then we can find a function
u € H'(Q) N LYQ) and a subsequence of (u;), not relabeled, such that u; — u
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weakly in H'(Q2) and L"-a.e. in Q. From the boundedness of (v;) in W1>(Q)
we can deduce the existence of a function v € Wl’OO(Q), with np < v < 1 and
|Vo| < 1/ep L-a.e. on Q, and of a subsequence of (v;), not relabeled, such that
v; = vin L'(Q2) and L"-a.e. in Q. By [8, Theorem 2.3.1] and by the Fatou lemma,
this implies that the estimates

/ |Vul|?vdz < lim inf/ |V ?v;dz, / |u—g|?dx < liminf/ lu; —gl?dz (83)
Q J—00  JO Q j—oo Jq
hold, so that we obtain
Gi(u,v) < Jlggo G, v) = Lq(Q%lele(Q)
This shows that the infimum of Gy, is achieved.

Let now (ug,vy) be a minimizer of Gy, which obviously belongs to H*(2)x V.
Since the sequence (Fj(ug,vy)) is bounded, by the Compactness Theorem 7.4 there
exists a function u € GSBV (Q)NL(Q) and a subsequence of (ug, vx), not relabeled,
such that uj, — u L"-a.e. in Q and vy — 1 in L'(Q). Let us prove that uj — u in
L'(Q). By the the Dominated Convergence Theorem we get [, [ur — u[lpedz — 0,
where By, := {|uy, — u| > 1}; moreover using the Hélder inequality we obtain

1

_1 n _
[ us=alds < ({lus=gllzoior +lu=gllzece ) €7 (B~ < 2lgllza(o " (B,
By

where the last inequality follows from the estimate Gy, (ug, vr) < Gg(0,1) = ||g] |qu(9)
and from (83). Since ur — wu in measure we conclude that £"(By) — 0 and the
convergence uy — u in L(Q) follows.

By the I'-convergence of Gy to G, (Lemma 7.5) and by a general property of
I-convergence (see [11, Corollary 7.20]), we find that (u, 1) is a minimizer for G,
so that uw € GSBV?2(2) N L4()). Moreover we have the convergence of minimum
values and the convergence of minimizer in L!(Q)x L (Q).

Let us prove now that up — w in L4(2), up to subsequences. Since

Falus 1)+ [ Ju—gftde =t (Fito) + [ fon— gltda),
Q k—o0 Q

Fy(u,1) < liminf Fy(ug,vr), and / lu — g|%dx < liminf/ lug — g|%dx,
k— o0 Q k—oo Jq

we obtain
/ |lu — g|%dx = lim / |ug, — g|%dx. (84)
Q k—o0 Q

This fact, together with the L£"-a.e. convergence in € of up — g to u — g, implies
that ur — w in LI(Q2) by the Generalized Dominated Convergence Theorem. O
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