MAGNETIC BV FUNCTIONS AND THE
BOURGAIN-BREZIS-MIRONESCU FORMULA
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ABSTRACT. We prove a general magnetic Bourgain-Brezis-Mironescu formula which extends the
one obtained in [37] in the Hilbert case setting. In particular, after developing a rather complete
theory of magnetic bounded variation functions, we prove the validity of the formula in this class.
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1. INTRODUCTION

The celebrated Bourgain-Brezis-Mironescu formula, (BBM) in short, appeared for the first time
in [8,9], and provided a new characterization for functions in the Sobolev space WP (Q), with p > 1
and for 2 C RY being a smooth bounded domain. To this aim, the authors of [8,9] perform a
careful study of the limit properties of the Gagliardo semi-norm defined for the fractional Sobolev
spaces W9P(Q) with 0 < s < 1. In particular, they considered the limit as s /1. To be more
precise, for any W1P(Q) it holds

: |u(z) — u(y)”
where @, v is defined by

1
(1.1) Qpn — / lw - BPAHN (),
p Jsn-

where S¥ =1 c RY denotes the unit sphere and w is an arbitrary unit vector of RY. This also
allows to get the stability of (variational) eigenvalues for the fractional p-Laplacian operator as
s /1, see [10]. We recall that characterizations similar to (BBM) when s N\, 0 were obtained
in [30,31].

In the following years, a huge effort in trying to extend the results proved in [8] has been made. One
of the first extension was achieved by Nguyen in [32], where he provided a new characterization
for functions in WP(RY). As we already mentioned, the (BBM)-formula proved in [8] covered
the case of Q C RY being a smooth and bounded domain, therefore it was quite natural to try to
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relax the assumptions on the open set  C R¥: this kind of problem was recently addressed in [25]
and [26], where Leoni and Spector were able to provide a generalization of the (BBM )-formula to
any open set QO C RY . The interest resulted from [8] led also to related new characterizations of
Sobolev spaces in non-Euclidean contexts like the Heisenberg group (see [7,18]).

One of the most challenging problems left open in [8] was to provide similar characterizations
for functions of bounded variation. A positive answer to this question has been given by Davila
in [20] and by Ponce in [34]. They completed the picture by showing that,

lim (1 — s)/Q dedy = Q1,n|Dul(2),

s,/ o |z—yNts
for every bounded Lipschitz set Q € RY and every v € BV (). We also recall that the extension
to any open set proved in [25,26] concerns BV functions as well, see also [35].
In order to try to give a more complete overview of the subject, we have to mention that, parallel
to the fractional theory of Sobolev spaces, there exists a quite developed theory of fractional s-
perimeters (e.g. [16]), and also in this framework there have been several contributions concerning
their analysis in the limits s /1 and s \, 0 (see e.g. [2,17,22,23,28,29]).
Very recently the results we have mentioned have been discovered to have interesting applications
in image processing, see for instance [12—15]. One of the latest generalizations of (BBM) appeared
very recently in [37] in the context of magnetic Sobolev spaces W}l’2(Q). In fact, an important role
in the study of particles which interact with a magnetic field B = V x 4, A : R3 — R3, is assumed
by another extension of the Laplacian, namely the magnetic Laplacian (V —iA)? (see [6,27, 36)),
yielding to nonlinear Schrédinger equations like

(1.2) —(V—id)%u+u = f(u),

which have been extensively studied (see e.g. [5] and references therein), where (V —iA4)? is defined
in weak sense as the differential of the integral functional

(13) W) 5 u / IV — iA(z)uf2dz.
Q
If A:RY — R¥ is a smooth function and s € (0, 1), a non-local magnetic counterpart of (1.2), i.e.

: z+y
oo . u(z) — @A Dy (y) c(N,s) _4NT(N/2)
(*A)AU(w)—C(N,S)gl\r‘rg) e o — |2 dy, h}q 1= 9Nz

was introduced in [19,24] for complex-valued functions. We point out that (—A)% coincides with
the usual fractional Laplacian for A = 0. The motivations for the introduction of this operator are
carefully described in [19,24] and fall into the framework of the general theory of Lévy processes. It
is thus natural wondering about the consistency of the norms associated with the above fractional
magnetic operator in the singular limit s 1, with the energy functional (1.3). We point out that
the case s 0 has been studied in [33].

The aim of this paper is to continue the study of the validity of a magnetic counterpart of
(BBM), extending the results of [37] to arbitrary magnetic fractional Sobolev spaces and to
magnetic BV functions. We refer the reader to Sections 2 and 3 for the definitions. On the other
hand, while for p > 1 the spaces W}l’p (©) have a wide background, to the best of our knowledge no
notion of magnetic bounded variations space containing Wi’l(Q) seems to be previously available
in the literature.

As already recalled, this indeed holds for the Hilbert case p = 2, as stated in the following
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Theorem (M. Squassina, B. Volzone [37]). Let  C RY be an open and bounded set with Lipschitz
boundary and let A € C?(€2,RY). Then, for every u € WI}"Q(Q), we have

z+y
fu(e) = VAP D) AP
glfm1 (1—s / / |x — dxdy = Qa N ; |Vu — iA(z)ul“dx,

where Q2 v is the positive constant defined in (1.1) with p = 2.

The goal of this paper is twofold: first we aim to extend this formula to the case of general
magnetic spaces Wj;p for p > 1, and secondly we introduce a suitable notion of magnetic bounded
variation |Du|4(€2) and we prove that a (BBM )— formula holds also in that case.

In order to state the main result we need to introduce some notation: let p > 1 be fixed and let
us consider the normed space (CV, |- |,), with

(1.4) l2lp i= (|(Rz1, - .., Ren)|P + |(S21, . . ., Szn) )P,

where | - | is the Euclidean norm of RY and Ra,3a denote the real and imaginary parts of a € C
respectively. Notice that ||, = |z| whenever z € RY, which makes our next statements consistent
with the case A =0 and u being a real valued function [8, 11,20, 34].

Theorem 1.1 (General magnetic Bourgain-Brezis-Mironescu limit). Let A : RY — RN be of class
C?. Then, for any bounded extension domain Q C RN

ju(a) — @A Du(y)),
liy (1~ ) // e drdy = Qu.x|Dul (),

for all u € BV4(R2), where Qp v is defined in (1.1). Furthermore, for any p > 1 and any Lipschitz
bounded domain Q C RN

AL
lim (1 — s) // [ule |$7 |N(+ps) ()|pdxdy—QpN/|Vu—1A( Julb dx,

s/‘l
for all u € WyP(Q).

We refer to Definition 3.11 for a precise explanation of extension domain. We stress that the
definitions of both the magnetic Sobolev spaces Wfll’p (©2) and of the magnetic BV spaces BV4(12)
made in Sections 2 and 3 are consistent, in the case of zero magnetic potential A, with the
classical spaces W1P(Q) and BV (Q), respectively. Moreover, it holds |Du|4(Q2) = |Du|(f2), so
that Theorem 1.1 is consistent with the classical formulas of [8,20, 34].

In particular, in the spirit of [11], as a byproduct of Theorem 1.1, if @ € R¥ is a smooth bounded
domain, A : RN — R¥ is of class C? and we have

z+ty
ju(2) = AT u(y)
E/Hi (1—2y5) // ]x—y]Nﬂ’S dedy =0, we W, "),
then we get
VRu = —SuA,
VSu = RuA,

namely the direction of VRu, V3Su is that of the magnetic potential A. In the particular case
A = 0, consistently with the results of [11], this implies that u is a constant function.
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We finally notice that for a Borel set E C €, denoting E¢ = Q \ E, the quantity

y1 AT,
Py(F, ]w— |N+s da:dy—l— P ’N+dedy
]e )]1
[E/ |:c— |N+s ey,

plays the role of a nonlocal s-perimeter of E depending on A, which reduces for A = 0 to the
classical notion of fractional s-perimeter of F in 2

1
E) = — _ dzdy.
) /E/C|$y|N+S Y

Then, the main result Theorem 1.1 reads as

lifn%(l —5)Py(E, A) = Q1,n|D1E|4(Q).

The structure of the paper is as follows. In Section 2 we introduce magnetic Sobolev spaces
W}l’p (). In Section 3 we define the magnetic BV space BV4(f) and we prove that several
classical results for BV functions hold also for functions belonging to BV4 (). In particular, we
prove a structure result (Lemma 3.6), a result about the extension to RY for Lipschitz domains
(Lemma 3.12), the semi-continuity of the variation (Lemma 3.7), a magnetic counterpart of the
classical Anzellotti-Giaquinta approximation Theorem (Lemma 3.10) and, finally, a compactness
result (Lemma 3.14). In Sections 4, 5 and 6 we finally prove Theorem 1.1.

2. MAGNETIC SOBOLEV SPACES

In order to avoid confusion with the different uses of the symbol v - w, we define

N
vow = Z(%% + i) (Rw; + iSw;), if v,w € CV.
i=1

Let Q be an open set of R, For any p > 1 we denote by LP(£, C) the Lebesgue space of complex
valued functions u : 2 — C such that

1/p
el ey = ( / |u<x>|gda:) < o0,

where |- |, is as in (1.4). For a locally bounded function A : R — R we consider the semi-norm

1/p
U] 1oy 1= Vu —iA(x)u|Pdx ,
Wi = ( [ V0= i@)lyio)

A

and define Wi’p(ﬂ) as the space of functions u € LP(2, C) such that [U]W}{,p(ﬂ) < 00 with norm

1/p
”“HW}”(Q) = (HuH’ip(Q) + [u]’;vkp(g» .

The space Wolﬁ(Q) will denote the closure of the space C2°(2) in Wé’p(Q). For any s € (0,1) and
p > 1, the magnetic Gagliardo semi-norm is defined as

ulz) — @A), p
v = [ [ 0t
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We denote by W3*() the space of functions u € LP(§, C) such that [ulysr () < oo normed with

1/p
llliryn@y = () + [lfyanggy)

For A = 0 this is consistent with the usual space W*P(Q) with norm || - [|yys.p(q)-

3. MAGNETIC BV SPACES

In this section we introduce a suitable notion of magnetic bounded variation functions. Let Q be
an open set of RV, We recall that a real-valued function v € L'() is of bounded variation, and
we shall write u € BV (1), if

Dul(@) =sup{ [ uletive@)ds | ¢ € CEO.RY), el < 1f <
The space BV (2) is endowed with the norm

lull By @) = llullLr @) + [Dul ().

The space of complex-valued bounded variation functions BV (2, C) is defined as the class of Borel
functions u : © — C such that Ru, Ju € BV (Q2). The C-total variation of u is defined by

|Du|(2) := [DRu|(2) + | DSu|(£2).

More generally, it is possible to define a notion of variation for functions u :  — E where Q ¢ RY
is an open set and (F,d) is a locally compact metric space. We refer the interested reader to [1].
We are now ready to define the magnetic BV functions.

Definition 3.1 (A—bounded variation functions). Let Q C RN be an open set and A : RN — RN
a locally bounded function. A function u € L'(2,C) is said to be of A-bounded variation and we
write u € BV4(Q), if

| Du|a(2) == C1,4.4(22) + C2,44(22) < 00,

where we have set

C1,4u(9) = sup {A%U($)diV¢($) — A(x) - o) Su(z)dz | ¢ € CE(QRY), [l o) < 1},

C.u(9) = sup { /Q Su(z)diveg(z) + A(x) - o) Ru(z)dz | ¢ € CX(QRY), o= < 1} |

A function v € L _(Q,C) is said to be of locally A-bounded variation and we write u € BV 10c(£2),

loc

provided that it holds
|Dula(U) < o0, for every open set U € Q.

We stress that for A = 0, the previous definition is consistent with the one of BV (£2). In order to
justify our definition, we will collect in the following some properties of the space BV4(£2). These
properties are the natural generalization to the magnetic setting of the classical theory [3,21,38].

Lemma 3.2 (Extension of |[Duls|). Let @ C RN be an open and bounded set, A : RN — RN
locally bounded and u € BV4(Y). Let E C Q) be a Borel set then

|Du|A(E) :=1inf{C1 4,(U) | ECU, U CQ open}+inf{Cs 4,(U) | ECU, U C Q open}

extends |[Dula(-) to a Radon measure in 2. For any open set U C Q, C1 44,(U) and Ca 4, (U) are
defined requiring the test functions to be supported in U and |Dula(0) := 0.
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Proof. We note that
v (E) =inf{C14,(U) | ECU, U CQ open}
is the variation measure associated with

© = / Ru(z)divp(z) — A(z) - o(x) Su(z) dx,
Q
and by [21, Theorem 1.38] it is a Radon measure. The same argument applies to
vp(E) :=inf{Cs 4, (U) | EC U, U C 2 open}
and the thesis follows. O

Lemma 3.3 (Local inclusion of Sobolev functions). Let  C RY be an open set. Let A : RN — RN
be locally bounded. Then
W) € BVAe(Q).

loc

Proof. Let u € I/VliCl(Q) U € Q open and consider ¢ € C°(U,RY) with ¢l ooy < 1. Then
/?Ru )divp(x) — A(x) - o(z) Su(x) dac+/U%u(x) divp(x) + A(z) - ¢(x) Ru(z) dzx
—— [ (VRu(a) + ) Su(w) - pla) do — [ (V3u(e) - A(w) Ru(w)) - pls) da
U U
< /U |[VRu(z) + A(z) Su(z)| dz + /U |VSu(z) — A(x) Ru(z)| dx
< [1vRu@lar+ [ 930l de + [Alo) ( [ (Ruto)] + 13ut@de) < o,

which, taking the supremum over ¢, concludes the proof. ]

Next we prove that for W}l’l(Q) functions the magnetic bounded variation semi-norm |Du|(2)
boils down to the usual local magnetic semi-norm.

Lemma 3.4 (BV4 norm on le’l). Let Q@ C RY be an open set. Let A : RN — RY be locally
bounded. Assume that u € Wj}l’l(Q). Then uw € BVA(2) and it holds

| Dul 4 (92 / |Vu —iA(z)u| dx.
Furthermore, if u € BVA(Q2) N C*®(Q), then u € WA’ Q).
Proof. If u € le’l(Q), then we have

VRu+ ASu € LY(Q),  VSu— ARu € L(Q).
For every ¢ € C°(Q, RY) with @l Lo (@) < 1, we have

‘/Q Ru(z)divp(z) — A(z) - p(z) Su(z)dz

= | [ VRu(@) - ¢(@) + AGw) - pla) Su(a)da

< / |VRu + ASu|dz,
Q

as well as

/Q%u(x)diwp(x) + A(x) - p(x) Ru(x)dx

/QVSU(:U) ~p(x) — A(z) - () Ru(z)dr

< / |VSu — ARu|dz,
Q
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which, taking the supremum over ¢, proves u € BV, (€, C) and
(3.1) Dula(©) < /Q IV — iA(2)u]yda.
Defining now f,g € L>®°(Q, RY) by setting

) = { ‘ggzggiﬁgggzggp if x € Q and VRu(z) + A(z)Su(x) # 0,

0, otherwise,

and

Su(z)—A(z)Ru(x .
o(z) = — \§%ugx;—AEx§muEmg\’ if z € Q and VSu(z) — A(z)Ru(x) # 0,
0, otherwise,

we have that [|f]|c,||9]lcc < 1. By a standard approximation result, there exist two sequences
{0 nen, {Untnen C C(Q,RY) such that ¢, — f and 1, — g pointwise as n — oo, with
lenll Lo @) |¥nllpee(@) < 1 for all n € N. By definition of C1 4.,(f2), after integration by parts, it
follows that, for every n > 1,

Conal® > =3 [ (0. u(a) + A0 5300 ).
i=1
By the Dominated Convergence Theorem and the definition of f, letting n — oo we obtain
Cran() > /Q VRu(z) + A(z)Su(z)|de.
Similarly, using the sequence {¢, },en and arguing in a similar fashion yields
C2,4u(2) > /Q |VSu(zr) — A(z)Ru(z)|dz,

which, on account of (1.4), proves the opposite of inequality (3.1), concluding the proof of the first
statement. If u € BV4 () NC>(Q), fix a compact set K C Q with nonempty interior and consider

f = innt(K)a 9 = Xint(K)-

Then, as above, one can find two sequences {©y, }nen, {¥n tnen € C°(int(K), RY) such that ¢, — f
and v, — g pointwise and ||y | oo (int(k))» [¥nll Lo (nt(x)) < 1, for all n € N. Then, we have

O /Q Ru(z)divion () — A(x) - on () Su(z)da

N / Ru(z)diven (z) — A(x) - pn(2) Su(z)de
K

N
= — Z/ (0, Ru(z) + A® (x)%u(x))gogf)(a:)dx
i=1 7K
Since u € C*°(), we have VRu + ASu € L'(K). Thus, by the dominated convergence theorem,
Cran(@) > / VRu(z) + A(z)Su(z)|da.
K
The conclusion follows using an exhaustive sequence of compacts via monotone convergence. [

We endow the space BV4(2, C) with the following norm:

lull Bvae) = llullor @) + [Dula(€).
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Lemma 3.5 (Norm equivalence). Let Q C RY be an open and bounded set. Let A: RN — RN be
locally bounded. Then u € BV4(Q) if and only if w € BV (Q2). Moreover, for every u € BV4(Q),
there exists a positive constant K = K(A,Q) such that

K Yl gy < lullpva) < Klulsv@)-

Proof. Denoting by sup,, the supremum over functions ¢ € C2°(, RN) with ol oo (@) < 1, we get

|Du|(Q2) = |Rul(Q) + |Su| () = Sup/ Ru(z) div o(x) dx + sup/ Su(z) div ¢(x) dx
Y JQ ¥ JQ
= sup/ Ru(z) dive(z) — A(z) - p(z) Su(z) + A(z) - () Sudr
» JQ

+ sgp/g%u(x) divo(x) + A(z) - ¢(x) Ru(x) — A(z) - ¢(x) Ru(x) dx

< Sl;p /Q Ru(z) dive(z) — A(z) - o(x) Su(z) dr + sgp /Q A(z) - p(x) Su(z)dz

®
< C1,a,u() + C2,4,u(R2) + | All oo (@ llull L1 (0)-

Therefore, we have that

+ sup/ Su(z) divp(z) + A(x) - p(x) Ru(z) dx + sup/ Ax) - (—¢)(z) Ru(x) dz
Q P JQ

lull By o) < A+ [|All Lo @)l Bva (-
For the second inequality, we have

Ci,4u(02) < St;p/ﬂﬂ?u(x) div o(x) dz + sg}p/ﬂA(m) (=) (z) Su(x) dz

< IDRU(E) + Al (o) [ [Sulde
and similarly for Cy 4 ,(£2). Therefore, we conclude

[ullBy,) < (1 + [[Allze @) lull Bv(a)-
Calling K := (1 + ||Al[f(q)), concludes the proof. O

Lemma 3.6 (Structure Theorem for BV, functions). Let Q C RN be an open and bounded set,
A RN — RY locally bounded and v € BV4(Q). There exists a unique R?*N -valued finite Radon
measure Uy = (1, Aus H2,Au) Such that

/ u(z)dive(z) +1A(z) - p(z) u(z) de = / Ru(z)dive(x) — A(z) - o(x) Su(z) dx
Q Q
+i /Q Su(z)dive(z) + A(z) - o(x)Ru(z) dx

= [ @) i a+ i 10) @),
Q
for every ¢ € C°(Q,RY) and
[Dula(2) = |p1,4ul(2) + 12,4, ().

Proof. Of course, we have

/Q Ru(z)divio(z) — A(x) - p(r) Su(z) de| < Crau@lele@). Vo € CZ(QRY).
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Then, a standard application of the Hahn-Banach theorem yields the existence of a linear and
continuous extension L of the functional ¥ : C2°(Q,RY) — R

U, p) = /Q§Ru(x)divg0(:v) — A(z) - p(z) Su(z) dz

to the normed space (Ce(Q,RY), || - || 1)) such that
1Ll = 1]l = C1,4,u(92).

On the other hand, by the Riesz representation Theorem (cf. [3, Corollary 1.55]) there exists a
unique R¥-valued finite Radon measure H1,A,u With

L(g) = /Q o(@) - dpran(z), Vo € Co(@RY),

and such that [p1,4,[(Q2) = [[L|. Thus |p1,4.4/(2) = C1,4,4(2). The same argument can be
repeated verbatim for the functional

© / Su(x)dive(z) + A(x) - p(x) Ru(x) dz,
Q
which concludes the proof. ]

Lemma 3.7 (Lower semicontinuity of |Du|4(Q)). Let A : RN — RY be locally bounded. Let
Q C RY be an open set and {uplren C BVa(S)) a sequence converging locally in L'() to a
function u. Then

likminf|Duk|A(Q) > |Du|a(9).

Proof. Fix ¢ € C°(Q,RY) with ¢l oo () < 1. By the definitions of Cj a4, (£2), we have
Ch, A, (Q) > / Rug (z)dive(z) — A(x) - p(z)Suk(x)dz,
Q

Conn (Q) > /Q Sup(@)dive(z) + A(x) - o(z)Rug (z)da.

By the convergence of {uy}ren in Li. (22, C) to u, we get

lim inf C1, 4,4, (2 /?Ru )divp(x) — A(z) - o(x)Su(z)de,

k—o0
likm inf Co 4 4, () > / Su(z)dive(z) + A(z) - o(x)Ru(z)dz.
— 00 9]
The assertion follows by the definition of |Du|4(€2) and the arbitrariness of such functions ¢. O

Lemma 3.8. The space (BVA(S2), || - [[Bv,(n)) is a real Banach space.

Proof. Tt is readily seen that || - [| gy, (o) is @ norm (to this aim, it is enough to check that the map
u — |Du|4(Q2) defines a semi-norm over BV4(2), which is left to the reader). Let us prove that
the space is complete. Let {u,}neny € BVA(2) be a Cauchy sequence, namely for every ¢ > 0
there exists ng € N such that

/\un—ukhda:—l—]D(un—uk)\A(Q)<€, Vn,k > ng.
Q

In particular, {u, }nen is a Cauchy sequence in the Banach space (L1(€2), || - 21 (0)), Which implies
that there exists u € L'(Q) with |lu, — ul 1) — 0, as n — oo. Therefore, in light of Lemma 3.7,
we get

|D(u — ug)|a() < liH}Tinf |D(up, —ug)|a(Q) <e, VEk>mno,
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namely |D(u, —u)|4(f2) — 0, as n — oo, which concludes the proof. O

Lemma 3.9 (Multiplication by Lipschitz functions). Let Q@ C RY be an open set. Let A : RN —
RN be locally bounded and u € BV 10c(2). Then for every locally Lipschitz 1 : Q@ — R the function
wp € BV410c(2) and

(11, Apu = i1 Au — Ru - VLY,
H2,Apu = wMZ,A,u — Qu - VwﬁN
where L denotes the N —dimensional Lebesque measure.

Proof. Consider U € 2 open and let ¢ € C2°(U, RY) be such that ll¢ll ooy < 1. By Rademacher’s
theorem we have 1divp = div(p) — ¢ - Vi a.e. in U. Therefore, up to smoothing v, we get

/U R(u)(z) divep(z) — A(x) - 9(x) S(u)(z)dz
- / (@) Ru(z)dive(n) — A(z) - p(e)i(x)Su(z)dz

:/UéRu(m)div(djcp)@)A(x)- o(x)p(x dx/ Ru(z Vip(z)dz
< CLau(O)19]] oo 7y + Lin() Jull 1 @

A similar estimate holds for the second term, proving u) € BV 10¢(€2). By Lemma 3.6, we have

/QSO(ZE) Ay A
- / Y(z)Ru(z)dive(r) — A() - p(2)Y(2)Su()

/ Rouu(z)div (1) (z) — A(x) - () (x)Su(x)dz — / Ru(z)p(z) - Vib(z)dz

— [ et s~ [ Rutaote) Ttz

and the thesis follows. A similar argument holds also for p 4 4, and this concludes the proof. [J

Let n € Cg°(RY) be a radial nonnegative function with [,y n(z)dz = 1 and supp(n) C Bi(0).
Given € > 0 and u € L'(£2; C), extended to zero out of €2, we define the usual regularization

3.2) w) = v [ () o= [ (T uiy

Next we have the magnetic counterpart of the classic Anzellotti-Giaquinta Theorem [4].

Lemma 3.10 (Approximation with smooth functions). Suppose that A : RN — RN s locally
Lipschitz. Let Q C RN be an open and bounded set and let u € BVA(QY). Then there exists a
sequence {uy}ren C C*(Q,C) such that

lim [ |up —ufide=0 and lim |Dug|a(2) = |Du|a(£2).
k—oco JO k—o0

Proof. We follow closely the proof of [21, Theorem 5.3]. In light of the semicontinuity property
(Lemma 3.7), it is enough to prove that, for every € > 0, there exists a function v. € C*°(£2) such
that

(3.3) / |lu —ve|1de <e, and |Dv.|a(R2) < |Du|a(2) +e.
Q
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Let {Q;} en be a sequence of domains defined, for m € N, as follows

Qj = {:UEQ]dist(x,E?Q)> ,}ﬂB(O,k—l—m), jeN,

m—+ )

where B(0, k + m) denotes the open ball of center 0 and radius k + m.
Since |Dul4 is a Radon measure, given € > 0 we can choose m € N so large that

(3.4) 1Dula(\ Qo) < ¢

We want to stress that the sequence of open domains {€2;} is built in such a way that

0, CQ1CQ foranyjeN, and |JQ;=0
§j=0

We now define another sequence of open domains {U,};en, by setting
UQ = Qo, Uj = Qj-i-l \ﬁj_l, for j 2 1.

By standard results, there exists a partition of unity related to the covering {U;};en, which means
that there exists {f;}jen € C2°(U;) such that 0 < f; <1 for every j > 0 and Zj’;o fi=1on.
We stress that the last property, in particular, implies that

(3.5) iwj =0, on.

Recalling the definition of the norm |- |; given by (1.4), and the classical properties of the convo-
lution, we easily get that for every j > 0 there exists 0 < €; < € such that

(3.6) /Q |(fju)e; — fiu|, dz < co G+,

/ [(uV f5)e, — quj|1 dx < 270+,
Q

We can now define v. := 372 (ufj)e,. Since the sum is locally finite, we have that v. € C*°(, C),
and that u = Z;’;O uf; pointwise. Let us start considering the real part of the linear functional

CE(Y) 39— /Qve(a:)divcp(x) +iA(x) - p(z) ve(z) dz.
We have
/?Rvg(q:)divgp(a:) — A(x) - p(z)Sve(z) dx

= (Ruf;) *ne;) (x)div A(z) - p(x) ((Suf;) *ne,) (x)de =T - I1T.
=3 [ (O ene) xtvote) =3 [ )l (905 1)
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Now

— 1 x — . - .
7= jgo ? /Q /Q Ru(y) fi(y)n < - y) divp(z) dydr = jgo /Q Ru(y) fi(y)div(e * n:,)(y) dy

J

= jZO /Q Ru(y)div (f; (¢ *n-,)) (y) dy — jz(:) /Q Ru(y)V fi(y) - (o ne;) () dy

= Z/ Ru(y)div (f5 (¢ *1e,)) (v) dy — Z/ [(RuV£5) *ne;) (y) = Ru(y)V £;(y)] - o(y) dy
j=07% j=0"7%
—

where in the last equality we used (3.5). For ZZ, we have

Izzjfg [ 4@ (@) [k [ sumsnmm (“2Y) dy] a

j J

=S [ et s (2

y> dxdy
j=0 ~J J

+i;y/9/9(14($) — A(y)) - p(x)Su(y) £5(y)n (x;y> dzdy

j=0 "J J

[e.9]

=3 [ A (502 0t

[ 4@ = ) - e)3uw 100 ("” y) drdy.

J

DenOting f](w*nej) = (fj(gpl * 775]-)7 e 7f](g0'rl * 77€j)) , We note tha‘t ’fg(‘P*UaJ)‘ S 1 fOI' aHYj Z 07
whenever |||z (q) < 1. We also stress that |Z”| < €, because of (3.6). Therefore,

) /Q§Rva(a:)divcp(x) — A(z) - o(x)Sve () dm‘

(3.7) 3 /Q Ru(y)div (f; (0% 1e,)) () = AQy) - (£3(¢ *ne,)) ()Suly) dy
7=0
yE S . -y
+ ;O o~ /Q /Q(A(a:) — A(y)) - (x)Su(y) f3(y)n ( - > drdy| + ¢.
Now,

> /Q Ru(y)div (fj (¢ * 1)) () — Ay) - (Filp *1e;)) ()Suly) dy
=0
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can be treated as in [21, Theorem 2, Section 5.2.2.]. Indeed, recalling that by construction every
point = € €2 belongs to at most three of the sets U;, we have

’ > /Q Ru(y)div (f; (o *ne;)) (W) = Aly) - (File *ne;)) (y)Suly) dy(
=0
= ’ /ﬂﬂ%(y)div (fo (pxn20)) (y) = Ay) - (fole *n=0)) (y)Suly) dy
+) /Q Ru(y)div (f; (o * 1)) (W) = Aly) - (Fi(@ *ne;)) (v)Suly) dy(
j=1

< Crau(2 +ZCIAu ) < Crau() +3C14u(2\ Q)

S CLA,U(Q) + 3 g,

where the last inequality follows from (3.4). It remains to estimate

0 1 N | x—y } B 00 |
>\ [, o) = 4w srsutnstom (22 ) asiy) = 3z

Recalling that A is locally Lipschitz, ||¢[|eq) < 1 and that supp(n) C B1(0), we have

Z]IIIA SLip(A,Q)s/ /Zf] )|Su(y)| dy

J=0

= eLip(A, Q) [$(w) 1) = Ce.

Going back to (3.7), taking the supremum over ¢ and by the arbitrariness of € > 0 we get precisely
(3.3) for the real part. An analogous argument provides (3.3) also for the imaginary part and this
concludes the proof. O

Definition 3.11 (Extension domains). Let A : RV — RY be a locally bounded function. Let
Q c RN be an open set. We say that ) is an extension domain if its boundary €2 is bounded and
for any open set W D €, there exists a linear and continuous extension operator E : BV4(2) —

BVARN) such that
Eu=0, for almost every x € RN\ W, and |DFEu|4(09) =0,
for every u € BV4(9).

Lemma 3.12 (Lipschitz extension domains). Let Q C RY be an open bounded set with Lipschitz
boundary and A : RN — RN locally Lipschitz. Then Q is an extension domain.

Proof. Given an arbitrary open set W D Q, by virtue of [3, Proposition 3.21] there exists a linear
and continuous extension operator Ey : BV (Q,R) — BV (R™,R), such that

Eou =0, for almost every x € RV \ W, and |DEyu|(8Q) =0,

for all w € BV (Q). Given u € BV4(Q2), we have from Lemma 3.5 that v € BV (), which means
that both Ru and Su are elements of BV (2, R). Let us define

Eu := EyRu + 1EySu, U € BVA(Q)

Then |DEyRu|(0Q) = |[DEySu|(02) = 0 and there exists a positive constant Cyy depending on
W and Q with

[ EoRull gy myy < Cwl|Rull v (a), [ EoSull gy @y < Cwl|Sullpy(a)-
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Taking into account Lemma 3.5, we have that

1Bull gy @) = Crapu(RY) + Coa pu(RY) + | EoRul Lz + || BoSull 1 gy

< |DEgRu|(RY) + [| A poo w1 BoSel 2 vy + [ EoRu| 1 vy + [ EoSu| 11y
+ [DEoSul(RY) + | Al oo ) | EoRul 1 vy +
< (1 + [[Al[ oo (wr)) ([ EoRull gy vy + ([ EoSull gy may)
< (14 [[All oo () ) Cw (1Rull By () + ISull By (o)
= (1 + [|A]| oo (w)) Cw |lull BV ()
< (1 + [|Al[ oo (w)) Cw Kl[ull v, ()

Therefore, there exists C' = C(A,Q, W) > 0 such that

HEUHBVA(RN) < Cllullpyy(), for all u € BVa(S).
We have to prove that |[DEu|4(0€2) = 0. We have
|DEu|A(0R) := inf{C1 4 gu(U) | 0Q C U, Uopen} + inf{C 4 ru(U) | 92 C U open}.

Then, for arbitrary U, U’,U"” open with 0Q c U c U’ c U” c W, we have

DEu|4(8Q) < [DEu|a(U) < |DERul(U) + | DEoSul(U) + | Al oy | Bl 101
< [DERu|(U) + |DEoSul(U") + | All oo ) | Bl 3 0.

Taking the infimum over U and recalling that |DEpRu|(0€2) = 0 yields
DEu|4(09) < [DESul(U") + | All ) | Bl 1
Taking the infimum over U’ and recalling that |DFEySu|(0Q) = 0 yields
|DEu|4(09) < || Al ooy | Bl L1 -

Finally, taking as U” a sequence {U}'} jen of open sets such that 9Q C U] C W and with [,N(U]’/) —
0 as j — oo, we conclude that |[DEwu|4(0€2) = 0.

Lemma 3.13 (Convolution). Assume that A : RN — R is locally Lipschitz. Suppose U C RY is
an open set with U € Q and let uw € BV4(Q2). Then, for every sufficiently small e > 0, there holds

[Duc|a(U) < |Dula(Q) + eLip(A, Q)|Jull 1 (q)-
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Proof. Fix ¢ € CHU,RY) with ||¢|| sy < 1. Choose § > 0 such that {z € RY| d(z,U) < §} C Q.
Then we have [[¢c|| () < 1 and supp(pe) C {x € RN d(z,U) < 6} for all small € > 0. Then

/U Ru. (2)div () — A(z) - o(2)Su. (2)dz

_ /Q (Ru), (2)div p(z) — A(z) - (z) (Su), (2)dz

= [ Ruta)(div ). (2) = (A(e) - (). Su(a)da

— /Q Ru(z)div p. () — A(2) - pe(2)Su(r)de

[ [ (552 (a0 - 4@) -t dsutayds

< / Ru(x)div e (z) — A(x) - pe(2)Su(x)dz
Q

1 r—y
+// < >Ay—Aaz dy |Su(z)| dx
o [ (F2) 1w - awayisue
< C1,4u(9) + eLip(A, Q) [Jull L1 (q)-

Similarly, for every ¢ € C}(U,RY) with el ooy < 1, we get

[ Suctopdive(a) + Aw) - ole)Ruc(e)ds < Cap @) + Lin(A D]l
U
By the definition of |Du|4(£2) and taking the supremum over all ¢ we get the assertion. O

Lemma 3.14 (Compactness for BV4(Q) functions). Assume that Q C RY is a bounded domain
with Lipschitz boundary and that A : RN — RN s locally bounded. Let {uy}ren be a bounded

sequence in BVA(Y). Then, up to a subsequence, it converges strongly in L' () to some function
u < BVA(Q)

Proof. By the approximation Lemma 3.10, for any k € N there is vy € BV4(2) NC*(£2) such that
1
(3.8) / |up — vg1de < o sup | Dug|4(2) = C,
Q keN
for some C' > 0. In particular, we have
/ |vg|1dz < / |ug — vi|1dz +/ lug|1dz < C' + 1, ¢’ = sup |kl L1 ()
Q Q Q keN
Now, Lemma 3.4 yields vy, € W}l’l(Q) and
/ |V1)k — iA’Uk’ldx = ‘DUHA(Q)
Q

Therefore, we obtain

/ |Vog|1dz §/ |V g, iAvkhderC'l/ |Av|1dz

Q Q Q

< [Dvg|a(Q) + C1l|All g gy vkl 1 0) < C,

for some C” > 0. Hence we infer that {vj}ren is a bounded sequence in WH1(2). Since 95 is
smooth, from Rellich compact embedding theorem there exists a subsequence {v; }jen of {vx }ren
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and w € L'(Q) such that vy, — w in L'(€). Then from (3.8) we get uy, — w in L'(Q). By the
semi-continuity Lemma 3.7 we obtain

[Dwla($) < liminf [ Dy, |4(Q) < C,

J

which shows that w € BV4(Q2) and concludes the proof. O

4. PROOF OF THE MAIN RESULT

We now state two results that will be proven in the next section. In the following @, v is as in
definition (1.1).

Theorem 4.1 (BVj-case). Let Q C RY be an open bounded set with Lipschitz boundary and
A RN — RN of class C?. Let u € BVa(Q) and consider a sequence {pm}men of non-negative
radial functions with

(4.1) lim pm (r)rN Ldr =1,
m—00 0

and such that, for every 6 > 0,

(4.2) lim pm (r)rN "Ldr = 0.
m—00 5

Then, we have

lim
m—r00

u(z) — @A)y,
/ Ju( WL, (& — y)dzdy = Qx| Dula().

|z — y|

Theorem 4.2 (WA’p(Q) case). Let Q C RY be an open bounded set with Lipschitz boundary and
Aec CYRNRN). Letp>1,uc Wl’p(Q) and {pm}men as in Theorem 4.1. Then, we have

L
/ Ju(z) — @A u(y)p

|z —y|P

lim
m—00

pm(z —y)dxdy = prN/\Vu1Au|pd:C

Remark 4.3. In the notation of Theorem 4.1, assuming (4.1) and (4.2) automatically implies that

4
lim pm (P)rN 1 Pdr =0, for every § > 0 and for every 6 > 0.

m—r0o0 0

In fact, fixed § > 0, taking an arbitrary 0 < 7 < 9, we have

1 T 1
/ pm (PPN 1By = / pm (P)rN B dr 4 / pm (r)rN "By
0 0 T

375/ pm(r)rN_ldr+55/ pm(r)rN_ldr SC’TfB—i-(Sﬁ/ pm(r)rN_ldr,
0

T T

from which the assertion follows by letting m — oo first, using (4.2), and finally letting 7\ 0.

e Proof of the main result (Theorem 1.1) completed. Let rq denote the diameter of €.
Then we consider a function ¢ € C(RY), ¢ (x) = 1bo(|z|) with 1g(t) = 1 for t < rg and ¥ (t) =0
for t > 2rq. Then (| — y|) = 1, for every z,y € Q. Let {sm}men C (0,1) with s,,, 1. For a
p > 1 consider the sequence of radial functions in L*(RY)

p(1 — sm)

(4.3) m(|2]) = W Yo(jz), zeRY, meN.
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Notice that both conditions (4.1) and (4.2) hold, since

rQ ro
lim [ pm(r)r~dr = lim p(l—sm)/ R g A O |
m—o0 J m—00 0 m—00

and

lim e pm(P)rN Ldr = lim p(1 — s,,) e L(r)dr <C lim 1-sp,,=0.
m—00 ra m m—00 m ro rpSm+1-—p - m—oo m

In a similar fashion, for any § > 0, there holds

[e§) 2rq 1
lim pm(r)rN"ldr < C lim p(1 — sm)/ ——dt = 0.
1)

m—o0 Js m—00 tpsm+1-—p

Then Theorem 1.1 follows directly from Theorems 4.1 and 4.2 using p,, as in (4.3). g
We first need the following

Lemma 4.4. Let p > 1. Then, for every v € CN it holds
P

G
|11,

(4.4) lim

m—0o0 RN

pm(h)dh = pQyp N |v[}-

Proof. First of all we observe that, due to symmetry reasons, @, v is independent of the choice
of the direction w € SV~1. We prove that (4.4) easily follows assuming (4.4) with v € RY. Let
v=(vg,...,on) €CYN and h = (hl,... hy) € RN, Then

hP | & nl
(4.5) Vel = 73 S%f—i-l S,
all, = [ Z T 2_: T
p
N N P b »
. + S, = | +(Sv- o
Z \h\ ; !h! ‘ n] I
where we denoted by Rv = (Rvy,...,Roy) and Sv = (Svy,...,Svy). Using (4.5) we get
p h|P p
i S = i = i Sy - —
n}gnm . v ] p,om(h)dh n%gnoo o Rv ] pm(h)dh%—nlgnoo o Sv ] pm/(h)dh

= pQp.N ([R0]” + [Sv[”) = pQp, N [v]}-

In order to prove (4.4) with v € RY, we apply co-area formula, a change of variable and (4.1),

getting
h [P N-1
lim v h)dh = lim / / v Pm( JAH" " (h)dR
= lim pm(R)YRN"1dR / lv- P dHN "L (h)
m—0o0 0 SN-1
P
= [ | e =1op [ np a0 = sl
gN-1 |’U| §N-1 ’

for an arbitrarily fixed w € S¥~1. This concludes the proof. O

Let now {pm }men be as in Theorem 4.1. The following is the main result for smooth functions.
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Proposition 4.5 (Smooth case). Let Q C RN be a bounded set and A € C?>(RN,RYN). Then

z+y
2

1 y)-A(ZY) P
: u(x u(y .
lim / / [ut ]w ) ( )’ppm(x —y)dzdy = pr,N/Q Vu — 1Au\£dx,

m— 00

for every u € C%(Q,C) and for every p > 1. In particular, if p =1 then

ell@—y)-A(TEY)
(4.6) lim / / [u( u(y)hpm(w — y)dady = Q1,n|Du|a(€2).

m—00 |x — y|

Proof. Let p > 1. If we set ¢(y) := ei(mfy)'A(%)u(y), since

Vyply) = el (Vyu(y) —~ iA(x J2r y)u(y) + %u(y)(x -y VyA<x . y))

if x,y € €, since u, A € C%(Q), by Taylor’s formula we get (for y € B(z,p) C Q)

u(z) — @A)

u(y) _ e(x) = »(y) . T—y

= = (Vu(z) — iA(x)u(x)) - + O(|x — y|).
Py P (Vu(z) —iA(z)u(z)) y (lz =yl
Then, taking into account (ii) of Lemma 5.1 below, applied with T'(z) := Vu(z) — iA(x)u(z) we
get

i(z—y)-A(*Y)

u(x) —e u(y)p_ wlz) —iA(2) ulz L ETY P T —
| F— = | i@ - T+ 0l =

For z € Q, if we set R, = dist(z, 0f2), then we get for some positive constant C

_ elle—y)-A(TEY) p_ _; _ )P
u(r) —e 2y Vu(x) —iA(x)u(z)) - (x
() ::/ ‘! (x) W)y — I( p( ) —iA(@)u(z)) - ( y)lppm(x_y)‘dy
0 |z —y|
— — |[(Vu(z) — iA(z)u(z m(T —y)d
LL@&J‘ — | |(vute) —iA@u) - = o~ vy
u(x) — @Y AT )u (y) P )
+/ — (Vu(x) —iA(x)u(x m (T —y)dy
mB@R)H o (Ve i) - = et -y
<C |z — ylpm(z — y)dy + C pm(z — y)dy
B(x,Rz) O\B(z,Rz)
R, )
<C [ pntryrar+C [~ o) lar
0 Ry

where to handle the second integral we used that

u(w) — ATy () v : T p
_ _ N ‘
H iz — ] ) ‘(Vu(m) 1A(z)u(x)) P ‘p‘ <C, forall z,yeQ

Letting m — oo and recalling (4.2) and Remark 4.3 we get ¥,,(x) — 0 for every = € €. Since

\<C/pmx— dy<C/ N lar < C,

the Dominated Convergence Theorem yields ¥,,, — 0 in L'(Q) as m — oco. Then, to get the
assertion, it is sufficient to prove that

i // |(Vu(z) —iA(z)u(z)) - (:c—y)lﬁpm(x_y)dydx :pr,N/Q\VU—iAU|§d~’U-

e o~y
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Fixed x € Q, by virtue of formula (4.4), we can write

PQp [Vu(w) — iA()u(@)] = Tim RN‘(Vu(x)—iA(x)u(x))-’;‘ppm(h)dh
:%gnoo/g‘(Vu(:n)—lA(x)u(:n)) |:C—y\‘ pm(z — y)dy
+ lim )(vu(x) —A(z)u(z)) ’x_ ( (@ — y)dy.

To conclude the proof it suffices to prove that

p

Jim [ 0@ 4w - T o vz =0

For every A > 0, we denote
Q= {z € Q| dist(z,00) > A},
and M := ||Vu — 1AuHLm(Q Then we obtain

// (Vu(z) —iA(z)u(z)) - ‘ — ‘Pm - y)dydz

Q JRV\Q x y‘

_ / / ‘(Vu(m)—iA(x)u(m))~m:“ppm(w—y)dydx
o JRNM\Q)NB(z,))

" /Q /(RN\Q)OB(x,A)C (Vulz) —id(@)u(z))- |=7C |z —y|

:/Q\m /(RN\Q)QB(x,A))(VU(x)_iA<m)U(x>) !w—y!‘pm — e

+ /(RN\Q)HB(I,A)C (Vu(z) - iA(@)u(x))

< M/ / pm (2 — y)dzdy + M/ / pm (T — y)dydz
Q\Qy J(RN\Q)NB(z,)\) Q JRN\Q)NB(z,\)e

< M|\ Q) pm(h)dh + M]|Q] pm(h)dh,
{Ir|<A} {|h|>A}

‘ pm(x — y)dydz

‘ pm(x — y)dydz
I:r—yl

the assertion follows by letting m — oo, recalling formula (4.2), and finally letting A — 0. If p =1
the thesis follows recalling Lemma 3.4. O

5. PROOF OF THEOREM 4.2
We state in the following a few elementary inequalities concerning the norm introduced in (1.4).

Lemma 5.1. The following properties of | - |, are true:
(i) Let m = N or m = 1. There ezists a positive constant C = C(p, N) such that |z - w|, <
C |z|plwly, for all z € C™ w e CN.
(i) If T : RN — CV is a C' function, there exists a positive constant C' such that
T—y P xT—y P
T(@) 2L+ Oz —y))| —|T(@)- < Cle—yl,
H |z —y| P |z —yllp

for all z,y € Q, where O(|z — y|) denotes any continuous function R : R?*N — C such that
|R(z,y)|p|lz —y| ™! is bounded in Q x Q.
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Proof. To prove (i) we proceed as follows: let z € CV,
ol P
|z - wlh = ‘ Z zjw]‘ = (‘ Z RzjRw; — Sz;Sw; + i<§)?zj%wj + %zﬁRug) ‘p)
j=1

N N
p p
= ’ E Rz;Rw; — Szj%wj‘ + ‘ E Rz Sw; + %zﬂ%wj’
=1 j=1

N N N N
P p P p
C p)(‘ Z?sz%wj‘ + ‘ Z%zjgwj‘ + ‘Zﬂ?z]%wj‘ + ‘ Z%zj%wj‘ )
j=1 j=1 j=1 j=1
< O) (IR2[PRw]” + [P [Sw]” + [R2]?|Swl? + [Sz[P[Rw?)

= Clz[} |wb.

The case m =1, i.e. z € C, works in a similar way.
To prove (ii), it is sufficient to combine the inequality b — aP| < M (aP~! + bP~1)|b — al for

r—y r—y
a:=|T(x)- + O(|lz —y)) b:= ‘T(m) .
‘ |z =yl » |z —

with the triangular inequality

r—1Yy r—y

7w E2Y 400 —al)| - |- E22] <1002 - sl < Cla -l

|z =yl p |z

taking into account that a,b are bounded in 2. O

We start with the following lemma.

Lemma 5.2. Let A :RY = RN be locally bounded. Then, for any compact V.C RN with Q € V,
there exists C = C(A,V) > 0 such that

ih- h
[ Tty + 0 = A0 uty)gdy < Ol g

for all u € Wj"p(RN) such that u =0 on V¢ and any h € R with || < 1.
Proof. Assume first that u € C§°(RY) with v = 0 on V¢. Fix y,h € RY and define
o(t) = AW )y (y 1+ th), teo,1].

Then we have u(y + h) — e Alvts) fo ¢/ (t)dt, and since
; h
¢'(t) = e‘(l—t>h-A(y+%) h- (Vyu(y +th) —iA (y + 5)U(y + th)),

(1- thA(y+ )‘

by Holder inequality and recalling that |e < 2 we get

1
luly + h) — P AT+ () < 2|h|P/ ‘Vyu(y +th) —iA(y + g)u(y + th)(pdt.
0 p
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Therefore, integrating with respect to y over RV and using Fubini’s Theorem, we get
1
[ty 1) = A0 Dy <2 [de [ (9, ut )~ ia(y+ 5y + ) dy
RN 0 Rn 2 P
! 1-2
= 2|h|p/ dt/ ‘Vzu(z) - iA(z + 7th)u(z)‘pdz
0 RN 2 p
< C’\h|p/ |Vou(z) =14 (2) u(z)[hdz
R?’L

1—-2¢ P
p _ p
+OP | Az +=—5—n) A(z)(p\u(z)\pdz.

Then, since A is bounded on the set V', we have for some constant C' > 0

[ o+ 1) = A Dupay < cnp ([ 19 -ia @ ueigs+ [ ula:)

= ClRPlully 1o vy

When dealing with a general u we can argue by a density argument [27, Theorem 7.22]. ]
Lemma 5.3. Let A: RY — RY be locally bounded. Let u € le’p(Q) and p € LY (RN) with p > 0.

Then -
[u@) = & u(y) ,
L pla =) dedy < Cllola el 1 g,

where C' depends only on Q) and A.

Proof. Let V. C RY be a fixed compact set with Q € V. Given u € Wj’p (), there exists

NS Wj"p(RN) with @ = u on ©Q and @ = 0 on V¢ (see e.g. [37, Lemma 2.2]). By Lemma 5.2, we
obtain

(5.1) / [y + h) — e A agy Jpdy < CIPIET, 1o gy < ClRPIull L
RN R (Q)

for some positive constant C' dependmg on Q and A. Then, in light of (5. 1) we get

:/RN |W}(/Nr (v-+ ) — A8ty gy ) dh

< Cllolllully,

P(Q)’
concluding the proof. O
We can now conclude the proof of Theorem 4.2. Setting
iy A(ER)
Fr(z,y) = S |z — y| L )Pi{p( -y), z,y€Q, meN,

by virtue of Lemma 5.3, for all u,v € Wfll’p (€2), we have (recall that p, fulfills condition (4.1))
1Epll Le@xa) — 1Fmlle@xe)| < 1Fs — Fallr@xay < Cllu — UHWém(Q),

for some C' > 0 depending on 2 and A. This allows to prove the assertion for functions u € C?({2)
since for every u € Wj"p(Q) there is a sequence {u;}jeny C C*(£2) such that |lu; — unl,p(Q) — 0.

A
Therefore, the assertion follows by Proposition 4.5.
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6. PROOF OF THEOREM 4.1
We first state a technical lemma.
Lemma 6.1. Let Q C RY be open and bounded and A € C?>(RN,RY) and R > 0. For z,y € Q let
P(z) = ei(xfy)'A(xTﬂ“), z € B(0, R).
Then there exist positive constants D1 = D1(A, Q) and Dy = D2(A, 2, R) such that
(6.1) [9(2) = ¥ (0)]; <D1 2| — y| + Dafz*[x — y],
for every z € B(0, R). Moreover, limsupp_,q D2 < 0.

Proof. Recalling (1.4), we can prove (6.1) separately for the real part R¢) and the imaginary part
S. To simplify the notation, for fixed x,y € €2, let us denote

9(2) = (x—y)- A <;“y —i—z) - € B(O,R).

Therefore,
P(z) = Rp(2) +1SY(2) = cos(V(z)) +1isin(d(z)), z¢€ B(0,R).
We start considering first the real part Riy. By Taylor’s formula with Lagrange’s rest, we have

(6.2) Rp(z) — NY(0) = VRY(0) - 2 + %Vzﬂ?w(t_z)z z

for some € [0, 1], where V2R stands for the Hessian matrix of ®¢. A simple computation gives
N

0, R (2) = —sin(9(2)) 0:,0(2) = —sin(9(2)) Y (wx — yx)0:, AW <—2Fy " Z)
k=1

for every j =1,..., N. Therefore, we have

(6.3) VRY(0) = —sin ((z —y) - A(x;y)) (z —y)VA (x‘;y> ,

where VA denotes the Jacobian matrix of A. Another quite simple computation yields

(V%sz(z))h’j:—[cos(l?(z)) <( y) - s A(+z)> (( y) - 8ZJA<+2'>>

(6.4)

+5in(0(2) (&~ y) - 0,02, A ‘; Y2

)

for every i,7 =1,..., N. Now, using (6.2) and (6.3) we get

(6.5)  [Re(2) = RY(0)] <

On the other hand, by (6.4) we get

vA <x+y>“ 2 =yl + 5 12\ |VERG(E2)],  for some # € [0,1].

) |

N

2
2 - Tty -
VIR < [z -y (m—yr ZICN RS

k=

v2A®k) (x Yy tz>

Therefore, (6.1) for R follows taking

Dy := sup VA<$+y)‘ < 00
z,y€e) 2
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and
1 2
Dy :=— sup ’VQA(’g a:—i—y ’+C|x—y|‘VA ﬂ—i—tz ’ < 0.
2 z,yeN 2 2
z€B(0, R)

The fact that limsupp_,o D2 < oo follows observing that Ds decreases as R decreases. Since a
similar argument holds for S, we get the assertion. O

Lemma 6.2. Let Q C RY be an open set and A € C?(RY,RY). Let u € LY(Q). Denote by u. its
regularization as defined in (3.2). Define

Q ={zeQ|dxz0) >r}, ¥Vr>0.

Then, for all >0 and € € (0,r) there holds

1 A(x+y)
u —6 2 U
/ / e \w—y! o (e~ y)dudy
1 4(T+y)
u\x u
//’ !w—y! o (@~ y)dady

T4y

Hu(y)|

) — ellz—y)-A(
uly) e 1

=
-~ n
eN B(0,¢)

[z —y|
and

A(z+y+ )u( ) ei(x—y).A(%)u(y) X
pm(z — y)dxdydz = 0.

1
lim lim N/
e—>0m—oo £ B(O,E)

Proof. Let us extend u to the whole of RY by zero. To simplify the notation, let us still denote by
u its extension. By definition,

|z — y|

i(z—y)-A(ZLY 1 z (—y) A( Y
() — @V AT )y (y) = eN/RNn<€) (u(z — z) — @A)y (y — 2))dz
1 z : z+y
= — — — — l(iv_y)'A(i) _ d
= RIG SRR Pluly - 2))dz.
Thus, for every € € (0,7), there holds
ug(z) — elle-VAC )us(y)‘l
/ / pm(T — y)dxdy
|z =yl

Tty

| () u(z — 2) - Ay — )|
— / / / 77 z Loy (x — y)dzdxdy
-9, JB(0e) 6 [z =yl

z+
<! ‘ ) - At (y)‘l drdydz < T+ 1T
=N // Ep pm(x — y)drdydz <7+ 17,
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where
T+
1 [u(a) — el Ay ()|
7:= o~ / / P pm(x — y)dzxdydz
‘ _ el(z y)-A(RE )u(y)}
/ / Lpm(z — y)dady

[z =yl
and

eilz—y)-A 24y

Ju(y) — AT Dy (y)

1
I:/ // pm(z — y)dzdydz.
eN B(O,E) |:C - y| ( )

Tty

Define 9(z) := @ A(*2"+2)  Then |(2)]1 <2 for all z € B(0,¢) and by Lemma 6.1
[(z) = $(O)l, < Dulzl |z =yl + Dol |z =yl Va,y €,z € B(0,e),
for some D1 = D1(A,Q) and Dy = Ds(A,Q,€) which is bounded as ¢ N\, 0. Therefore,

D z
II<y n () / / u(y)ly |2l pm (2 — y)dzdydz+
B(0,¢) e’ JaJa

Lo G, f o

+ — - w(y)|y [2]“pm(z — y)dxdydz.
¥ oo " C) Jo 1@l |2t =

We have

— nl- w(y)|; |27 pm(x — y)dxdydz
Lo ™ (E) Jo 1@l o =)

Dy z 2 N-1 2
< [ n(E)kPas [l ([ pnte =) dy < 2008l o,

B(0,¢)

since [, pm(x —y)da < [SNTH [T pm(r)r™N ~tdr < 2|SVY, in view of (4.1). Analogously, we have

D z _
N[0 (E) [ 1l ot - p)dedydz < 208 ul e,
€7 JB(0e) N/ JaJq

Hence, we conclude that

lim lim ZZ =0,

e—0m—o0

and the thesis follows. OJ

Lemma 6.3. Let Q2 C RY be an open and bounded set. Denote by xy; := tz+(1—t)y witht € [0, 1]
the linear combination of x,y € Q. There exists a positive constant C = C(N,Q, A) such that

/Q/Q/ol (e (1-D@-y)-A(*3*) _ 1) ‘i — Z’ : <VyU(xyt) —iA (:c;y) U(»Wt))
< C||u||BVA(W)(/01erm(r)dr+ /100 PNy ().

for every open set W 2 Q and for every u € C?>(RN,C) such that uw =0 on W¢.

pm(z — y)dtdzdy
1

Proof. Tt is readily seen that there exists a positive constant C' = C(A4, ) such that

(6.6)

(D) A(%3) _ 1‘1 <Clzr—y|, forallzyeQandalltel0,1].



MAGNETIC BV FUNCTIONS AND THE BOURGAIN-BREZIS-MIRONESCU FORMULA 25

Then, by ) of Lemma 5.1 with p = 1 and by (6.6), we have

y)-A(ZEe) 1) Ty (Vyu(q:yt) —iA <x;y> U(Wt))

[z — |

pm (T — y)dtdrdy
1

ei(1-t)(w—y).A(z§y) - 1’1 ‘Vyu(a:yt) —iA <x;y> u(q;yt)llpm(:zj — y)dtdxdy

<C/// [z — ylpm (> ‘Vuwyt) 1A( ;y>u(:cyt)‘1dtdxdy§I+II

where we have set

r=c[[] o= vlone — )| Vyutow) — A (o) )| dedody

1 T+
1zi=C [ [ o= slonte = n]a (52) = Atew)|latem), dedzay

for some positive constant C' = C'(A,€2). Then we get

= ( [ eatsate ([ Ften) i o] ) dx) i
20 (ot ([ [9tom -t ) as ) a
<0 [ ([ 2000 ([ [t 2 sa0 1210009 ) =)
00 (e ([ [0t 191004 10t 1) ) )

gc/B(Q 2l om(z </ / [Vyuly + 1) A Gy + 1) uly + 1) dtdy) dz

+C/B(071)C p(2) </RN/O Vyuly + 12) A (y + 1) uly +£2)]

<C (/W ‘Vyu(z) A (2) u(z)‘ldz> (/01 N o (1) dr + /100 TN_lpm(r)dr>,

where in the last inequality we used

1
/]RN /0 ‘Vyu(y +tz) —iA(y +tz)u(y + tZ)’ldtdy = /RN ‘Vyu(Z) —iA(2) u(z)’ dz

1

dtdy> dz

as well as
/W ‘Vyu(z) —iA(2) U(z)‘ldz = /RN ‘Vyu(z) —iA (z)u(z)‘ldz_

On the other hand, denoting by Conv(2) the convex hull of 2, and arguing in a similar fashion,
one obtains

72 < il canmien [ [u0)],2) ([ romtesar [~ o5 pirrar)
<0</ ] ) /7“ P )dr+/loorN_1pm(r)dr>,
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for some positive constant C' = C(A, ). The desired assertion finally follows by combining the
above inequalities and then using Lemma 3.4. O

The following lemma is an adaptation to our case of [20, Lemma 3] and [34, Lemma 5.2].

Lemma 6.4. Let A : RN — R be locally Lipschitz and Q@ C RN be an open and bounded set.
Then there exists a positive constant C = C(§2, A) such that for all ,m >0, W 3 Q (i.e. Q is
compactly contained in W) and v € BV4(Q), denoting by @ € BVA(RYN) an extension of u to RN
such that w = 0 in W€, the following inequality holds

pi@—y)-A(ZEY)
//'u u(y)hpm(w—y)dwdy

|z —y|
r Lip(A, E))|[u r
< QulDaa(E) [ (o)t + FER I [T v, 0,
0 0
1 N %) N
‘f'C”UHBVA(W')(/O s pm(s)ds—i-/l s _1pm(s)ds)

C 7 (o'e)
n HuHLl(W)/ SN_lpm(S)dS,

r

where E, := Q+ B(0,r), W' (resp. E.) is any bounded open set with W' o W (resp. E.  E; ).

Proof. For any ¢ € (0,7), let @, be as in formula (3.2) for @ : RN — C. By a change of variables,
Fubini’s Theorem and Lemma 5.1, we have

_ ile—y)A(EEY)
// . (z) — € u(y)|1pm(az—y)dxdy

|z — |

- _ olla—y)- A~ Cllu
. / ( / o) = ) i) dy L Gl v / oo (),
Q NJanB(y,r) |z -y r B(0,r)c

z+y

where C' = C(N) > 0. Let us now define 9 (t) := l1-0(@—y)A(*% )Ee(tac + (1 —=1t)y), t €[0,1].
Then

and since

9/(t) = EEOE DA () (Tt + (1 1)y) - A(“y

Jae(ta + (1= 0y)),

we have

7 (7)) — el@—y)- AL =
/ (/ [i-(x) —e 2 us(y”lpm(az—y)dx)dy <7411,
Q NJanB(y,r) |z —yl

|m_y| (Voreton) - i (S5 ) wton) )|

i(1-t)(z—y)-A(S5L) X =Y <Vyu5(l‘yt) A<m+y> us(wyt)>

|z —y| 2
(Vyug(xyt) _iA < ;y) ug(a:yt)>

where we have set
/ /QﬂB(y, /

QNB(y,r)

/ Lol

pm(z — y)dtdw) dy

pm(z — y)dtdrdy
1

pm(x — y)dtdacdy‘.

|x—y\ 1
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Let W. := {z € RV : d(z,W) < €}, we have . = 0 on W¢ and by Lemmas 6.3 and 3.13

1 [e'e)
IIS@MMmmm</T%%WW+/“ﬂv%Mﬂ“)
(6.7) 0 !

1 00
C (HEHBVA(W’) + eLip(A, W’)HEHD(W/)) (/0 erm(r)dr +/1 TNlpm(T‘)dT> ,

27

for an arbitrary open set W’ W and for some positive constant C = C(N, 2, A). On the other

hand, we have

I< pm (h)dydtdh

<Vy“€(y +th) —id (y + Z) U (y + th)> G 1

pm (h)dydtdh

h
Vyu:(y +th) —iA (y + th) u.(y + th)) - —
1

_l’_

Ue(y + th) — 1A (y + th)u-(y + th) . Pm
( ( :) )il

(V7. (2) —iA ()T (z)>-h1

(4 < o) ~Awrm) gl

|(Vyue(2) —iA (2) u:(2)) - wl, d’HN_l(w)> SN (s)dzds

pm(h)dzdh

Ue(y +th)|, pm(h)dydtdh

B(0,r) /

SNl

. <A <y+2> —A(y+th))

Taking into account that (see the final lines of the proof of Lemma 4.4)

//
Juonk 1
A
oy
I

U (y + th)|; pm(h)dydtdh.

B(0,r) JO

/N1 I w|1d?-[N_1(w) = Q1 n|[¢|1, forany &€ (CN,
we obtain that

1< QLN /OT/E ]Vyﬁa(z) —1A (Z) EE(Z)’:L SN*lpm(S)deZ

1 [ (A(y+];> A(y+th)> e

Whence, taking into account Lemma 3.4 and Lemma 3.13, we finally get

(6.8) I<Q N </E |Vt (2) —iA (2) Ue(2)] dz) /OT pm(s)s™N "Lds
- )) ,

! h
(A (y + 2) —A(y+th Ue(y + th)|y pm(h)dydtdh
Q

<@QinN <’DU\A(E;)/( )Pm(h)dh+€LiP(A7 E;")HUHLl(E;))
B(0,r

Lip(A, E!)||u
N p( i ||L1(W)/ (hlpm (R},
2 B(0,r)

!ua(y + th)|; pm(h)dydtdh.

B(0,r) JO

Al

(h)dydtdh
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where in the last inequality we used Lemma 3.13. Putting together (6.8) and (6.7) we get

_ el Ay
// . 2 ue(y)hpm(w—y)dwdy

!w—y!

L Li(A, B)) [l gy [
< Qun(1DUA(ED) [ punle)s™ s+ cLin(A, ED ey + e WO

o0

1
T O (Jall sy ) + <Lin(A, W)l 11w ( /0 N pra(s)ds +

C a7 [ee)
+||U|LL1(W)/ sV oy (s)ds.

—

g (s)ds)

The conclusion follows letting ¢ — 0. g

e Proof of Theorem 4.1 concluded. Fix r > 0, W 2 Q and let = = Fu € BV4(R") be an
extension of u such that @ = 0 in W€ and | Du| 4 (9€2) = 0, according to Lemma 3.12. Using Lemma
6.2 and Lemma 6.4 for every 0 < € < r we have

_ pila—y)-A(TEY)
/ / o P Wl (o y)dudy
Q,NB(0,1/r) JQ,.NB(0,1/r) |z — y

1 A(Hy)
<[ [ W, (@~ y)dady

[z — |

1 g \e'<x—y>~A(z§y+Z>u(y) - ei(”“'_y)'A(T)“(y)‘l
eN /B(O,a)n<5>/9/ﬂ = =4l | |

r Lip(A, El)||u r
< QuylDala(E) [ pm(s)sas + AT [ v, g0,
0 0

! N Cllallprowy [ n_
wClllpvaon ([ onlss+ [ (spds) + D [T (s

‘1 pm(x — y)dadydz.

1
+ / n
eN B(0,¢)

Letting m — oo, using (4.6), (4.1) and (4.2) we get

|z — |

(z—y)-A(EHY)
Q1N Due|a(2- N B(0,1/r)) < lim /u u<y)’1pm(x—y)d:rdy

M—00 ‘x—y‘
T+ St z+y
1 x—y)-A( y-i-z) (y) _61(5’7 y)-A( 2 )u(y)‘
+ lim /
m—oo eV
< QuN|Dula(E )

. 1
+ hm N/
m—oo g 0 E)

|z — |

=ty (y) — i ACH

|z — y|
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Letting e — 07, using the lower semi-continuity of the total variation and Lemma 6.2 we have

_i(w—y) A(Z5E)
Qun|Dula(Q N B(0,1/r)) < lim Q/g'“(‘” € ’ u(y)hpm(x—y)dxdy

m—00 |z -y
< Qun|Dula(E;),
the assertion follows letting r N\, 0 and observing that
i [Dula(@ 1 B(O,1/r)) = lim |Dula(E}) = [Dula(®)

Indeed, since |Du|4(+) is a Radon measure, then by inner regularity

lim [Du|a(Q2 N B(0,1/7)) = |Du|a(R),
r—0t

and by outer regularity
lim |Du|a(E;) = [Dula(Q) = [Dula(€2).

This concludes the proof. O
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