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Introduction

This thesis is devoted to the study of some aspects of curvature flows both for abstract
and immersed smooth differentiable manifolds. We will be concerned with three kinds of
flows: the Ricci flow, the mean curvature flow (MCF) and a curvature flow which can be
used to make evolve singular immersed initial data in some FEuclidean space.

Geometric flows have been introduced many years ago (see e.g. [10]) to make the metric
of a Riemannian manifold evolve towards a special one. In particular, given a Riemannian
manifold (M, g) and a smooth functional F of the metric and its derivatives, it is possible
to try to make the metric move along the gradient lines of F to investigate the existence
of special metrics corresponding to critical points.

Within this frame, one can date the introduction of the mean curvature flow to the paper of
Mullins (see [30]), where the evolution of some interfaces is studied by means of the gradient
flow of a functional which is proportional to the area of the interface. Another motivation
for the study of the mean curvature flow comes from its geometric applications. Indeed, it is
possible to use this kind of flow to obtain classification theorems for hypersurfaces satisfying
certain curvature conditions, to obtain isoperimetric inequalities and to construct minimal
surfaces (see e.g. [13], [12], [20], [23], [21], [22], [24], [25] and [38]).

The Ricci flow has been introduced more recently by Hamilton (see [16]) as a possible way
to give a proof of the Poincaré conjecture. Despite this kind of flow is not the gradient flow
of any smooth functional of the metric and its derivatives, the discovery of its gradient-like
structure by Perelman (see [32]) both brought to the proof of the Poincaré and Thurston
conjectures (see [34], [33]) and gave a strong impulse to the study of the Ricci flow.
Amongst the most important results obtained along these lines, we mention the proof of
the long standing differentiable sphere conjecture by Brendle and Schoen [2], [4].

This thesis is essentially divided into three parts. In Chapters 1 and 2 we deal with the
Ricci flow and we present a new framework for the description of its gradient-like structure.
Moreover, we give some result on the possibility to obtain monotonicity formulas from the
coupling of the Ricci flow with the MCF.

In Chapters 3 and 4 we study some aspects of the MCF. We show some results which can
be obtained by maximizing the Huisken’s and we give some applications to the study of
the singularities (especially for the case of evolving plane curves).

In Chapter 5, we begin the study of a curvature motion for hypersurfaces with boundary.
Our motivation is to analyze the mean curvature evolution of partitions of Euclidean spaces
in dimension greater than two.

The thesis is structured as follows:
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Chapter 1 is mainly for a notational purpose: we will briefly recall some theorems and
formulae in Riemannian geometry and the basic tools which are used in the study of the
Ricci flow and of the mean curvature flow.

In Chapter 2, we focus our attention on the gradient-like structure of the Ricci flow and,
taking inspiration from Perelman’s work (see [32]), we give a frame which makes it possible
to write this flow - and other flows - in a gradient-like way.

In Chapter 3 we consider the coupling of the Ricci flow with the mean curvature flow. This
kind of coupling can be useful to find new monotonicity formulae for submanifold evolving
by mean curvature. Even if at the moment we miss a general theory for such a kind of
coupling, we will show some new monotonic quantities arising in some special settings.

In Chapter 4 we take as our starting point the Hamilton’s generalization of the Huisken’s
monotonicity formula[18], [19] and we will investigate the structure of the largest set of
functions on which this formula makes sense. In the second part of the chapter we give
some applications, especially to the case of plane curve. Namely, using some techniques
and ideas from Ilmanen [25], Stone [36] and White [39], we will present a unified analysis
for the singularities of the flow which will lead to a short proof of Grayson’s theorem [15].

In Chapter 5 we try to give a setting for a possible generalization of the work done in
[28](which was concerned with the curvature evolution of partitions in the plane) to higher
dimension. As a preliminary step, we will compute the evolution equation for the motion
of codimension one hypersurfaces with boundary in an Euclidean space. The speed of the
motion will have a normal component equal to the mean curvature and a non vanishing
tangential component preserving the parabolicity of the equation. In particular, we will
work out in full detail the dependence of the evolution of the second fundamental form -
and its covariant gradients of any order - on the tangential speed. We plan to continue
this analysis in the near future.
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CHAPTER 1

Preliminaries

1.1. Riemannian Metrics and the Riemann Tensor for abstract Manifolds

In this chapter we fix notation, sign conventions and we give some results in Riemannian
geometry which will be used extensively in the sequel.
Given an abstract differentiable n-dimensional manifold M endowed with a Riemannian
metric g, we denote with V the covariant differentiation associated to the Levi-Civita
connection related to g. If (eq,...,e,) are a local basis for the tangent space of M at
some point, we define the components of the Riemannian metric with respect to this basis
as gij = g(ei,e;) and we denote with g% its inverse. Using the standard abstract index
notation and understanding summation over repeated indices, we can define the norm of

a p-covariant and g-controvariant tensor lel , s

(111) T“ " TZ11 gqgmal e giqaqgjibl T gjpbp .

JiJp

With the same convention we can define the Christoffel symbols of the connection

1
(1.1.2) F?j = g(Viej, ex) = 59“(@'91;’ + 0;9i — 01945)

where 0; is the standard derivative along the direction e;.
If V is a smooth vector field on M with components (v!,...,v"), we have

(1.1.3) Vil = 97 + T oF

Consequently, for a smooth one form w on M, with components (wy, ...,w,), we get:

(114) Vl-wj = OiWj — Ffjwk .

The covariant derivative extends to a (p, ¢) tensor as follows

(1.15) VLT g +ZF“ T ”—ZFM T

Jidp JiJp kr = j1-Jp JrJig1rgp

We define the Riemann tensor as follows

(1.1.6) ViVwe — V;Viw, = Rijelwy = [0;T, — 0L + ThI%, — 5T Jw,
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this way we can express it in terms of the Christoffel symbols as:

J
As an immediate consequence, we have that

(1.1.8) V,Vjok =V, Vb = —RyM'

The Ricci tensor and the scalar curvature are defined respectively by

From (1.1.7), it is immediate to obtain the expressions of R;; and R in terms of the
Christoffel symbols and their spatial derivatives.
All the symmetry properties of the Riemann tensor are determined by

(1.1.10) Riji = —Rjiri = Ry
which in turn imply the following Bianchi identity

(1.1.11) ViRjkr + ViRjkri + ViRjga = 0,

and contracting

(1.1.12) ViRiju = ViRj — ViRji .

One more contraction gives

1

1.2. Riemannian Geometry of immersed Manifolds

Along this section, M will be an n-dimensional smooth differentiable manifold without
boundary and ¢ : M — R"" a smooth immersion. Denoting with (z!,...,2") a local
coordinate system on M at some point and (6%1, . %) := (eq, ..., €,) the associated base
for the tangent space at the same point, the Riemannian metric g naturally induced by ¢

on M via the pullback reads as follows:

(1.2.1) 9ij = (0:0, aj¢>7
where (-, -) denotes the standard scalar product in R"*!. Using the metric ¢ we can endow
M with a Riemannian volume element given by du = y/det(g)dx, where dz denotes the

Lebesgue measure on R”. If X is a vector field on M, the existence of a Riemannian
volume element allows to define the divergence of X (denoted by div X) by the relation



1.2. RIEMANNIAN GEOMETRY OF IMMERSED MANIFOLDS 11

(1.2.2) div Xdp = Lxdp = V; X'du,

where Ly is the Lie derivative with respect to the vector field X and V is the covariant
derivative associated to the Levi-Civita connection of g.

Since ¢(M) has codimension one in R"*1 it follows that M is orientable and at each point
of ¢(M) there is a well defined (up to sign) normal vector field that we call . Within this
setting we define (giving components) the second fundamental form of ¢(M) according to

(1.2.3) A =hy = (v,059),

Y 1]
which immediately implies that A is a well defined symmetric 2-tensor on ¢(M).
The mean curvature of the couple (M, ¢) is defined as the trace of the second fundamental
form and will be denoted by H.
Within this setting, the Gauss-Weingarten relations read

(124) 8%(}5 = Ffj@kqﬁ + hijl/ and O;v = —hikgkl&(b,

where the Ffj are the Christoffel symbols of the Levi-Civita connection associated to g.
Direct computations show that all the properties of the curvature tensor associated with
the metric g are encoded by the second fundamental form. Actually, we have:

Rijr = highy; — hyhjy
(1.2.5) Ri; = Hhy; — hixhy;g™
R = H? — |h|?

and the Bianchi identities for the Riemann tensor of the immersed manifold are given by

(1.2.6) Vil = V;hy, .

In the next chapters, we will make use of the following identity (Simons’ identity, see [35])
while computing the evolution equations of certain geometric quantities:

(127) Ahw = ViVthikhljgkl - |A‘2hw .

If M is compact and we denote its boundary with OM, we have that the divergence theorem
holds when both the manifold and its boundary are endowed with the natural Riemannian
volume elements dp and dn induced by the immersion. If X is a vector field on M, we
have that

(1.2.8) / div Xdp = / (X,n)dn,
B(M) P(OM)

were n is the outward unit normal vector field on ¢(OM) in the tangent space to ¢(M).
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1.3. The Ricci Flow

Given a smooth Riemannian manifold with a time dependent metric (M, g(-,t)), we
say that it evolves by the Ricci flow if

It is possible to prove (see [7] for a reference) that for any M and any admissible Riemannian
metric gy on M, there exists a unique smooth solution for small times to the problem

Agij = —2Ry5
(1.3.2) i !
95 (-,0) = go.-

1.3.1. Evolutions of the Curvature Tensors. We now list the evolution equations
induced by the Ricci flow on the curvature tensors. The proofs consist of computations
worked out in normal coordinates (see [29] for a detailed proof).

(1.3.3) Ol = —g"(ViRy; + V;Ra — ViRyj)
using (1.1.7) we have
ORiji = ARijiy + 2(Bijir — Bijik + Bikji — Baji)
- Risstkl - stRiskl - RksRijsl - RlsRijk:s )

where Bjjn = RipjeRirisg” g%
and consequently

(1.3.4)

(135) (?tRij = ARZJ + QRTSRirjs - ZRZ‘SRSJ' 5

(1.3.6) OR = AR + 2R;;R" .

For the evolution of the volume element associated to the metric ¢ we have

(1.3.7) 8 dV = —RdV .

The backward analogue of the Ricci flow is defined by assigning the following evolution
equation for the metric:

(138) 8tgij = QRU s

which is usually called anti-Ricci flow.
It is possible to compute the evolution for all the curvature tensors following the same
procedure used for the Ricci flow.
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1.3.2. Solitons. In this section we recall some aspects of the theory of Ricci solitons.

DEFINITION 1.3.1. The pair (M, g(t)) is called a Ricci soliton if g(¢) is evolving by
Ricci flow and there exist a smooth positive function p: M — (0, +00) as well as a family
of diffeomorphisms ¢ : m x [0,7) — M such that

(1.3.9) g(t) = pu(t)¢™(t)g(0).
Differentiating (1.3.9) with respect to time, we get

(1.3.10) —2Ricy(r) = f1(t)¢" () go + n(t)d" (1) (Lx o)

where L is the Lie derivative and X is the (possibly time dependent) vector field associated
with the one-parameter family of diffeomorphisms ¢(t). We say that a given soliton is
shrinking (resp. steady, expanding) at a given time ¢y if f(¢) < O(resp = 0, > 0).

The following theorem allows to write each soliton in a canonical form (see [5] for a proof).

PROPOSITION 1.3.2. Let (M, g(t)) to be a Ricci soliton and assume that the Ricci flow
with initial datum gg admits a unique solution among the solitonic ones. Then there exist
a family of diffeomorphisms ¢ : M x [0,7) — M and a constant w € R such that

(1.3.11) 9(t) = (L+ by (t)go m

Notice that, by rescaling the initial metric, we can always restrict to the case w =
—1(resp.0,+1) for the shrinking (resp. steady, expanding) solitons.
If we write the equation (1.3.10) for a given time ¢ = ¢y and we set w = [i(ty), we obtain

(1.3.12) —2Ricy(1) = wgo + L ()90 +

where X (to) = pu(to) X (to) . Using coordinates, removing subscripts and setting X; = g X*
we have

(1.3.13) —QRZ']' = W4Yij + VZ‘X]‘ + Vin .
DEFINITION 1.3.3. Given a smooth manifold M, we say that the triple (g, X,w), with
obvious notation, is a Ricci soliton structure on M if the equation (1.3.13) holds true.

Amongst the Ricci soliton structures, the following ones are of special interest.

DEFINITION 1.3.4. A Ricci soliton structure (g, X,w) is a gradient Ricci soliton struc-
ture if there exists a smooth function f : M — R such that X; = ¢z X* = (df);. In this
case the function f is called the potential of the soliton.

It is possible to prove a canonical form theorem for the case of the gradient Ricci solitons
(see again [5] for a proof):
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PROPOSITION 1.3.5. Suppose that (go, Vg, fo,w) is a complete gradient Ricci soliton
structure on M. Then there exist a solution g(t) for the Ricci flow with ¢g(0) = go, a one-
parameter family of diffeomorphisms (¢) with ¢(0) = Id,; and a one parameter family of
smooth functions f(t) with f(0) = fo such that, if we set

(1.3.14) T=1+wt>0,
we have:

(1) 9(t) is the one-parameter family of diffeomorphisms associated with the vector
field X (1) = 45V fo

(2) g(t) = 7(t)¥*(t)go and f(t) = fo(¥(1));

(3) the following two equations hold for all times

B 9(t)9(t) W _
(1.3.15) Rij(g(t)) + VIV f(t)+27(t)gm(t)—0,
(1.3.16) Of (w,t) = VO F(1)2 ) m

1.4. The Mean Curvature Flow

Let (M, ¢g) be a smooth n-dimensional compact embedded hypersurface in R**1. We
say that the hypersurface moves by Mean Curvature Flow (MCF) with initial datum M, =
¢o(M) if there exists a smooth one parameter family of immersions ¢(-,t) : M x [0,T) —
R™*! which satisfies

O =Hr =Ag,

¢('7 0) = ¢0 )

where v is the inner normal vector to the hypersurface.

From now on we will use the notation M; := ¢(M,t) to denote the image of the hypersurface
along the flow.

Using (1.4.1) and the definitions in the previous sections, one can obtain the following
results:

(1.4.1)

(142) 8tgz»j = 8t<81¢, 8ng5) = —2Hh2] s
(143) atV = —VH,

(1.4.4) Oi\/det g = —H?*y/det g,

(145) 8thij = Ahw — 2thlglkh]m‘ —|— |A|2hw s
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(1.4.6) OH = AH + |A]*H,

(1.4.7) O|AI2 = AJA]? — 2|VA]2 +2/A|*,

while for the generic k-th covariant derivative of the second fundamental form we have

(1.4.8) OVFAP = AIVFAP = 2]V*AP + > VPAX VIA« VA« VFA
ptqgt+r=k

where the symbol * denotes a suitable contraction with the metric tensor g;;.

One of the most important technical tools for the study of the MCF is Huisken’s mono-

tonicity formula.

THEOREM 1.4.1 (Huisken’s monotonicity - Hamilton’s formulation). Given a positive
smooth solution of the backward heat equation dyu = —Au on R"™ x [0,C) and a MCF
which ezists at least on the time interval [0,C'), we have that

at[\/élw(C—t)/Mud,u] ——\/47T(C’—t)/Mu|H—(Vlogu,y>|2d,u
|V, ul? u
—M47T(C—Iﬁ)/M<VZ,VZ,u— +2<C_t))du,

u

(1.4.9)

where V,, denotes the covariant derivative in the normal direction to ¢p(M) m

Notice that in (1.4.9), the first term on the rhs is non positive and the second term on the
same side is non positive thanks to the Li-Yau Harnack estimate (see [26]) and it vanishes
on any backward heat kernel, for which the formula becomes

2

|z—y| lz—y|? 2

e 1T e *e
(1.4.10) at/Mmd“ B _/M [4n(C —t)|2

where y is the center of the backward heat kernel.

(r—yv)

SN T(e)

dp







CHAPTER 2

Perelman’s Dilaton

It is very well known since the 90 that it is not possible to give a formulation of the
Ricci flow as the gradient flow of any smooth functional of the Riemannian metric and its
derivatives. Anyway, one of the most important contributions given by Perelman to the
study of the Ricci flow (see [32]), it has been the discover of its gradient-like structure.
In this chapter we investigate the gradient flow-like structure of the Ricci flow using a
Kaluza-Klein reduction approach. In particular, given a smooth Riemannian manifold, we
will show how the Ricci flow can be presented as a component of the constrained gradient
flow of the Hilbert-Einstein functional on an extended manifold.

2.1. Hilbert-Einstein Action and Perelman’s F-Functional

Let (M™, g) and (N™, h) be two closed Riemannian manifolds of dimension m and n
respectively and let f : M — R be a smooth function on M. On the product manifold
M = M x N we consider a metric g of the form

g=eYgdePlh,

where A and B are real constants and we call the function f dilaton field. Notice that ¢ is
a conformal deformation of a warped product on M.

As a notation, we will use Latin indices, 1, j, . .. for the coordinates on M (we will call them
the "real” variables) and Greek indices, a, 3, ..., for the coordinates on N (the ”phantom”
variables). Within this setting, we clearly have Vi,j € {1,...,m} and Vo, € {1,...,n},

Jia =9 =0,
G — Mg Gos — B pes
Let u, o and pt be respectively the canonical volume measure on M, N and M. By definition
of g, it follows that g = e~ Am;anu X 0.
Remembering (1.1.2), we can compute the following expressions for the Christoffel symbols
of the product metric

~ 1_ - ~ ~
U5 = 5" (0ign + 0590 — 9igi;)

2
1
= §€Afgkl [e™Y (0,950 + 0,90 — D1gij) — Ae™ ™M (Oifgjn + 0; fgu — Oifgij)]
A
=T5 = 5 (0107 + 0,15 — ¢"0ifg5) -

17
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Using the fact that the metric g is zero for a pair of “mixed” indices and that the function
f depends only on the real variables, we get

S T - ~
Iy = 597& (9:9j6 + 9;9i6 — Ipgij) = 0,

~ 1_ ~
FZi = kl (a 9ol + aozgzl algia) = 07

29
= _ L ~ ~ ~ B v
Tis =59 9" (0igap + OpGia — Ougip) = _Eaif(s :
~ 1_ ~ - - B 4
FZ/J’ = §gkl (aaglﬁ + a5gczl - alQaﬂ) = Ee(A B)fgklalfhozﬁ :

Finally, a computation analogous to the one above gives fl 5= ry s
Summarizing we have:

(2.1.1) T =Tk - = (8 f65 + 05 — g 0fgi;)
(2.1.2) I =T% —0
~. B
(2.1.3) Ik, = 5€ A B GRY, fhos
(2.1.4) I, = - Eaifég
(2.1.5) Fhs =T

We now want to compute the Ricci curvature of the metric g. Keeping in mind (1.1.7) and
using equations (2.1.1)— (2.1.5), computing in normal coordinates on both M and N, we
get the following

Ry = ol —oTF —o,T% + kT, + 5T, —ThTy, — T0.T%,
A
= Rju— (2V21f Afg;)
Am Bn
_Vz'zf + TV?zf
A2 ABn
+ (Qdfjdfl IV f] gﬂ) + 4 (Qdfjdfl |vf‘29jl)
A2 5 ’n
—I [(m + Z)dfjdfl — ZIVf‘ gﬂ} — Tdfjdfl .
Collecting similar terms, it becomes
= Am + Bn A Am + Bn
(216 = R+ V5f (T - A) + 590 [Af — |V (T - A)]

1
—i—dejdfl (ZABn + (m —2)A% — an) .
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Proceeding in an analogous way for the phantom indices, we get
5 ™ Tk T Ta Tk
R’BV — aaF57 a Faﬁ + akrﬁ,y + FB'Y ary + Fﬁ,yrzk Fa,yrgk _— g,yraﬁ

B
= Rpy + 56 (4-5) fhﬁv (Af + (A - B)|Vf|2)

B2 AB
—Tne(A_B)fhﬁ~,|Vf|2 _ Tme(A—B)fhm|vf|2
B2 B2
JrIe“‘—B)fhm|Vf|2 + Ie<A—B>fhm|Vf|2 ,
that is,
- B Am + B
(2.1.7) R, = Rg, + 54 hy, [Af — VS (% - A)] .

Finally, it is easy to see that the mixed terms of the Ricci tensor of g vanish, that is:
Rio = 0.
Contracting with the metric, we obtain the formula for the scalar curvature of g:
R = ¢YRM 4 BIRY 4 e Af(Am + Bn — A)
Af
—i—eT\Vﬂz (4ABn — 2ABmn + 3mA® — 24* — m*A? — B*n — B*n?) .

where RM and RY are respectively the scalar curvatures of (M, g) and (N, h).
We now make the following ansatz:

(C1) 2ABn + (m —2)A* — B’n =0
and
Am+ B
(C2) y—AZJL =  Am-2)+Bn=2.

It is useful at this stage to give a motivation for the choice of the constants A and B, which
we guess it is not very clear at this point. Condition (C1) is assumed in order to make
vanish from the expression of ﬁzy the term in df ® df that otherwise appears in doing the
flow by the gradient of the functional [+ il Rdu (see Section 2.3). The second condition,
that clearly also simplifies both Rw and Rag, is instead more related to Perelman’s F—
functional. In writing the functional [ Mde as an integral on M with respect to the
measure ;1 we will see that the only way to get the factor e~/ is to assume condition (C2).
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We now prove that our choice for A and B is not significantly restrictive.

LEMMA 2.1.1. If m +n > 2, we can always find two non zero constants A and B
satisfying (C1) and (C2)m

ProoOF. Notice that A = 0 implies B = 0. If B # 0, dividing both sides of condition
(C1) by B2, it can be expressed in the following form for §# = A/B,

(C1%) (m —2)0%>+2n —n =0.

If m # 2, this second degree equation for # has always two solutions for every choice of the
dimensions m,n € N, which would coincide only in the case m = n = 1, that we excluded.
Notice also that the two solutions have opposite signs. Precisely, they are

—n+/nn+m—2)

0=
m— 2
and in the special case n = 1, we have 6 = ——H;T‘

If m = 2 we have only one solution of equation (C1*) which is § = 1/2.
Then, condition (C2) is equivalent to #(m — 2) + n = 2/B which can be fulfilled, by
homogeneity, if §(m — 2) +n # 0. In the case of equality, we would have

0=0*(m—2)+2n0 —n=nd —n
which would imply # = 1. Hence, m —2+n=0and m =n = 1. U

Under assumptions (C1) and (C2), the last term of ﬁjl in formula (2.1.6) cancels out and
many coefficients become one. Indeed we get the following simplified formulas for the
components of the Ricci tensor of g,

_ A
(2.1.8) Rj = Ryt + Viuf + 591 (Af = V),

~ B,
(2.1.9) Rgy = Rgy + 56(’4 sy (AF = VFIP) -
Then, the scalar curvature of g becomes
(2.1.10) R = eMRY + BIRYN A (AF(A+2) — |VHA+1)) .

From this last formula, it follows immediately the relation between the Einstein-Hilbert
action functional S on M and the Perelman’s F—functional, see [32],

f(guf):/]\/[(RM+|Vf’2)€_fd/L.

THEOREM 2.1.2. Let (M™, g) and (N™, h) be two closed Riemannian manifolds of di-
mension m and n respectively, with m +n > 2 and let f: M — R be a smooth function

on M. On the product manifold M = M x N consider the metric g of the form
g=eYgoePh,
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where A and B are constants satisfying conditions (C1) and (C2).
Then the following formula holds

(2.1.11) S(G) = /Nﬁdﬁ:Vol(N, hF(g, f)+ ( /M elB-4-Df du) /N RY do

M
In particular, if (N,h) has zero total scalar curvature and unit volume, we get S(g) =

Flg,[)m
ProOF. We simply compute

/f{dﬁ:/ /e‘Am;anf{duda
M MJN

:/ /e—<1+A>f [eRM + ePIRN + e (Af(A+2) — |VfP(A+1))] dudo
M JN

:/ /e(HA)ferRNd,udU
MJIN

M — 2 e’ o
w [ IR a2 - VA D) e dud

= </ eB-A-Df d,u) / RN do
M N

+ Vol(N, h)/ [RM + Af(A+2) = |VfP(A+1)] el du

= </ eB=A-DS d,u> / RY do
M N

+ Vol(N, h)/ (RM +|Vf?) el du

where in the last passage we integrated by parts the Laplacian term. O

2.2. The Associated Flow
Under assumptions (C1) and (C2), we have

~ A -
(2.2.1) Rj=Ru+Vif+ 59t (Af =1V, Rin =0,
~ B
(2.2.2) Rgy = Rpy + 56“‘*3“ hay (Af = IV fI)
and
(2.2.3) R = eMRM 4+ BIRYN A (Af(A+2) — |VHA+1)) .

Suppose we have a manifold M = M x N with a time dependent metric g(¢) for ¢ € [0, 7.
Given the initial metric as a warped product g = g @ ph, with ¢ : M — R a smooth
function, (N, h) a Ricci—flat having unit volume, we consider the evolution of the metric
by the gradient of the Einstein-Hilbert action with the constraining the measure =% to
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stay fixed, where 6 is the one given by condition (C1*) and A, B are the correspondent
constants satisfying conditions (C1) and (C2) above.

Suppose there exists a unique solution of this flow, preserving the warped product. We
can assume that for every ¢ € [0, 7] we have g(t) = g(t) ® ¢(t)h(t) with (N, h(t)) always
of volume 1.

Writing down the evolution of A we see that it moves only by multiplication by a positive
factor. As we assumed that (NN, A(t)) is of unit volume, we can conclude that the metric
h(t) is constant and equal to the initial h. Setting f = —+ log ¢, which implies ¢ = e~ B/
and ¢’ = e74f, we can write § = e /g ® e Bfh where g(t) = eA7g(t). Clearly, we also
have that § = ¢?g ® h.

Denote with dg, dg and Jf the variations of g, g and f respectively. Then we have,

6g = e M (59 — Agof) @ e B/ (=Bhof) .

In terms of these variations, the constraint on the measure becomes § f = tr,d¢g/2. Keeping
in mind (2.2.1), (2.2.2), (2.2.3) and that (NN, h) is Ricci-flat, we get

5/ 2R dfi = / 2R10+Rg|5g>
_ /~<—21i?c LRG| e M (59— Agsf) @ e P! (= Bhsf)) di
M

_ /N(—Q(RicM +V2f) | 6g)e Y di
1

- _/ (Af — |V fI))(ABn + 2A — B*n)tr,(69)e™ di
2w

= /N(—2(RicM +V2f)|6g)e M d
M

=— 2/ (RicM™ + V2 f |6g)e™ dp,
M

since, by conditions (C1) and (C2), it follows ABn + 2A — B*n = 0.
Hence, the system
§g = —2(Ric™ + V2f)
5f = —-Af —RM
represents the constrained gradient of the Einstein—Hilbert action functional. The associ-
ated flow of the metric § = e=4/g @ e 7 h is described by

0,9 = —2(Ric™ 4 V2f)
ath - O
8tf - _Af - RMa

that is, g evolves by the “modified” Ricci flow.
Following Perelman [32] and transforming the pair (g, f) by a suitable diffeomorphism, we
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get a solution of

Org = —2RicM
Oif = =Af +|VfP—RM.

This way, up to a factor and a diffeomorphism, the spatial part of the metric g moves
according to the Ricci flow (g is equal to the spatial part of § times the factor e?/).

2.3. Other Flows

It is interesting to see what kind of functionals and flows one can get by varying the
constants A and B.
Supposing that (N, h) has unit volume and zero total scalar curvature, we already com-
puted,

~ Am + Bn A Am + Bn
T T e P I Ce |

1
+Zldfjdfl (24Bn + (m — 2)A* — B*n)

~ B ., Am + Bn
R = e o oot (B0

Am+Bn
2

Assuming the condition — A =1 we have

A
Ry = R+ V?lf + 5 it [Af =V
1
+dejdfl (QABn + (m —2)A% — BQn)

B
Rp, = R57+56(A Bl b, [Af — |V

R = eVRM 4 BIRN £ AAS

+e4f (@) (Af —|Vf>) + % (2ABn + (m — 2)A* — B*n) [V f|?
= MRM L BIRN 4 eMAF

+eM (A4 1D)(Af = |Vf?) + % (2ABn + (m — 2)A® — B®n) [V f[>.
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/f{dﬁ:/ /e‘Am;anf{d,uda
M MJN

= /e_(HA)f [eMRM + ePIRN + eV Af] dudo
N

S

+/M/ e~ WD AN (AL 1) (Af — |VfP) dudo

Af
/ / e OEVEC (24Bn + (m — 2)4* = Bn) |V | dy do
M

+
:/ /e(HA)ferRNduda
mJIN

+/ / [RM—FAf—l—i!Vf\Z(QABn%—(m—Z)Az—an)] e dudo
MJIN

I
—

{RM +|VfI?+ ilVf|2(2ABn + (m —2)A% — B2n)} e~ du
M

Flg )+ Zn(AB) [ (V1P di,
M
with Z,, .(A, B) = (2ABn + (m — 2)A%? — B*n) /4.

We want to see what are the possible values of Z,, ,,, we recall that we have the constraint
A(m —2)+ Bn = 2.

We change variables according to z = A and y = (B — A) so that the constraint becomes
(m+n—2)z+ny =2and 47, ,(A, B) = (m+n—2)z> —ny®. Asy=[2—z(m+n—2)]/n
we get (like before we assume m +n > 2),

4Zmn(A,B) =(m+n —2)z* —n (2—x(m+n_2)>2

=(m+n—2)2*— 4 +2°(m+n—2)*—dz(m+n—2))/n
=2[(m+n—2)— (m+n—2)?/n] +4z(m+n—2)/n—4/n
xZ(m+n—2)(m—2)+x4(m+n—2) 4

n n n
When m = 2, we have B = 2/n and A “free”, then
r(m+n—-2)—1 An—1

Zmn(A,B) = - -

=A—-1/n
which can take every real value as x can vary from —oo to +oo.
If instead, m > 2 the expression
—2 —2 -2 1
m+n—2)(m )+Am+n 1
4an n n

Zmn(A, B) = —A2<
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is a second degree polynomial in A € R with negative leading coefficient, so it can vary only
between —oo and some maximum value. By a straightforward computation one finds that
this maximum value is given by 1/(m — 2) and is evidently independent of the dimension
n.

This means that by a suitable choice of the constants A and B one has

5(F) = /Mﬁdﬁz /M RY + (A + DIV FP)e du,

for every A € (—oo, —5]. Notice that (if m > 2), with the exception of A = 1/(m — 2) one

has always two possible choices of pairs of constants (A, B) for every value .
When A # 0 as

~ A
Rj =R+ Vi f + S (Af = IV £12)gji + Adf @ df) i,

the associated flow is substantially different from the (modified) Ricci flow, indeed if as
before §f = $try(dg) and (N, k) is Ricci-flat, we get

5 /Nzﬁ dji — /J—Qf&: + Rg|69) dii
M M

= /~<—2P/{Tc + Ry | e (6g — Agof) ® e P/ (=Bhéf)) dii
M

- /~<—2(RicM + V2 + Adf ® df) | g)e M dii
M

| [FAQDS — [VIP) + (RY + Af(A+2) — [VFP(A+ 1) tr,(5g)e di

_|_

T

<—2 [RicM L VoY gg(Af - |Vf|2)} ‘ —Agaf>e—Af dji

+ [ [RM+Af(A+2) = |VIHA+1)] (—Amdf)e M dn

T

+ | [-BAf— V)] (=Bnéf)e du

T

+ | [RM+Af(A+2)— |VfP(A+1)] (=Bndf)e M dn

M

:—2/ RicM + V2 f + \df @ df | dg)e ™ du.
M

S—

Hence, as before, the system

6g = —2(Ric™ + V2f + \df ® df)
of = =Af =RM = AV f[?
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represents the constrained gradient of the Einstein—Hilbert action functional and the asso-
ciated flow is

g = —2(Ric™ + V2f + \df @ df)

Oif = =Af —RM - \|Vf]?.
Notice that, like in the case of the Ricci flow, the metric flow 9,9 = —2(Ric+ V2 f+A\df @df)
can be modified by a diffeomorphism to the flow 0,9 = —2(Ric + \df ® df). Anyway,
the extra term df ® df, can not be “cancelled” in this way as it was possible for V2f.
Moreover, as in Perelman’s work, one gets immediately the monotonicity of the associated
F—functional along the flow (see also [27]):

d
pm RM + A+ DIVfP)e du = —2/ |Ric™ 4+ V2f + Mdf @ df |*e ™ du.
M M



CHAPTER 3

Ricci Flow Coupling with the MCF

In this chapter we study the coupling of the MCF with the other geometric flows. In
particular, we will focus our interest on an ambient Riemannian manifold (M, g) and an
embedded submanifold S endowed with the canonical Riemannian metric induced by the
embedding. We will consider the motion by MCF of S meanwhile the ambient metric g
evolves along an other flow and we will deduce some monotonicity formulas for this kind
of coupled flow in some special cases.

3.1. Rigid Ambient Space

In this section we show the extension of Huisken’s monotonicity formula worked out by
Hamilton. Let u be a positive solution of the backward heat equation on a Riemannian
manifold (M, g) on a time interval [0,T),

up = —AMy.

Let us assume that we have a smooth immersed submanifold N with dim N = n evolving by
mean curvature flow on the time interval [0, T), in the ambient space M with dim M = m,
the metric on N is the induced metric and let p the associated measure.

We denote the normal indices with «, 3,7, ... and the tangent ones with 4,5, k, . ...

By mean of a straightforward computation, it is possible to prove the following ”decom-
position” formula for the Riemannian Laplace operator of M:

(3.1.1) AMy = ANy 4 "V, Vau — H'V u .

On the other hand we have that
d

— udp:/ut—i—H“Vau—HQudu:/ —AMy + HOV ou — H?udp .
dt Jn N N

Using (3.1.1) and integrating by parts we obtain

d
— | udp= / —gaﬁvavﬁu + 2H*V u — H*u dp .
Adding and subtracting the quantity Ye*Y"% we get

i udlu = / — (HZU _ 2Ho¢vau + VQUV u) o / vavau . vauv u dlu ‘
dt [y N )/ e
27
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This becomes

d
il duy = —
dt [y /N

Finally, setting 7 = T' — t for some constant 7" € R one obtains, for every t < T,

d m—n m—n
12 —_— 2 d = — 2

—ngn/ VQVO‘U——VO‘UV u+£(m—n)d,u
N

U 2T
m—"n
= — 7 2 /
N

m_n vi U Va \% Q
—7 2 / ( B~ _ uvpu + g_ﬁ) gaﬁudu
N 2T

1,12 «@
Viu udu—/vavau—wdu.
N

u

H-—

2

Viu
U

H—

wdp

2

V4tu

u

H —

wdjs

U u2

— _Tmzn/ ‘H+VLf|26_fd,u
N

N

where in the last passage we substituted u = e~/ asu > 0. Notice that f; = —AM f+|V f|2.
This is Hamilton’s result in [19].

3.2. Moving Ambient Space

Let us now assume that the metric of the ambient space evolves according to g, = —2Q
(if Q = Ric we have the Ricci flow) and the backward heat kernel equation is modified to

u = =AMy + Ku

for some K where with R we denote the scalar curvature of the ambient manifold.

If now we repeat the previous computation we have two extra terms, the first arising from
the modification to the equation for u and the second from the derivative of the measure on
N. Indeed, the associated metric on N is affected not only by the motion of the submanifold
but also by the evolution of the ambient metric on M. After some computations, we get

T =~ (0 + Qug”)p = (—H” — tr Q+ Qasg™)pe.
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Therefore we obtain

d m—n m—n
— p) d = — 2
i (77 f) =

men Vigu  VouV N
_72/ ( g~ _ u gu+g_5> gaﬁudu
N

U u? 21

2

L
V-u wdp

u

H—

- / (K — trQ + Qupg™)udy
N
— _7-’”2"/ |H+VLf‘Qe’fd/L
N

m

(3.2.1) + 775 / (Viﬂf + Qap — %ﬁ) g*Pe T du
N T

m—n

+7 2 /(K—trQ)efdu.
N

This result suggests that a good choice is K = tr QQ, as the last term vanishes and we get

d m—n m—n
—(T 2 /udu>:—7'2/‘H+VLf|Qefd,u

m—n

(3.2.2) + 73 / (viﬁf + Qap — gaﬁ) g dp.
N

27

Moreover, notice that with the choice K = tr QQ, we have

d
— u-/ ut—trQU—/ —AMy =0,
dt Jur M M

hence the integral [,,u = [,, e~/ is constant during the flow.

DEFINITION 3.2.1. If (M, g(t)) is the flow g; = —2Q in a time interval (a,b) and u is
a smooth solution of u; = —AMy + tr Qu in M x (a,b), we say that (g, u) is a monotonic
pair if the quantity

(T—t)m?n/ wdp
N

is monotone nonincreasing in the interval (a,b) N (—oo,T)).
In the case Q = Ric, we say that (g,u) is a Ricci monotonic pair, while in the case
Q = —Ric, we say that (g, ) is a anti-Ricci monotonic pair.

3.3. Ricci and Back—Ricci Flow

3.3.1. Ricci Flow Case. We choose now () = Ric, that is, the metric g on M evolves
by the Ricci flow in some time interval (a,b) C R, and we set K = R to be the scalar
curvature.
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By the previous computation we get

i(Tmz_"/udu> :—7-7"2_”/ ‘H+VLf|26_fd,u

(3.3.1) + 777 / (Viﬁf + Rop — giﬂ> g*Pedu,
N T

for a positive solution of the conjugate backward heat equation
(3.3.2) u = —Au+ Ru

and f = —logu. Hence,

(3.3.3) fi=—-Af+|Vf*—R.

Monotonicity of 777 Il N udp is so related to the nonpositivity of the Li-Yau-Hamilton
type expression (Viﬁ f+Rap — g;—f) g*®. Notice that the same conclusion holds also if
u < —Au + Ru.
If (M, g(t)) is a gradient soliton of the Ricci flow and f its “potential” function, it is well
known that u = e~/ satisfies the conjugate heat equation (3.3.2) and we have
e Expanding Solitons: flow defined on (Tp,, +00) and V2f + Ric = g/2(Tiin — t)
e Steady Solitons: eternal flow and V2f + Ric = 0
e Shrinking Solitons: flow defined on (—00, Tiay) and V2f + Ric = ¢/2(Tiax — t)

Substituting, in the three cases, the above expression becomes

e Expanding Soliton: ™" <T L — ﬁ) which is always negative as t € (Tinn, T).
e Steady Soliton: 25 (——L) which is always negative as t € (—o0,T).
e Shrinking Soliton: " (Tm:ﬁt — ﬁ) which is nonpositive if T < Tiax as t €

(—oo, min{ T, Tryax })-

PROPOSITION 3.3.1. If (M, g(t)) is a steady or expanding gradient soliton and f is its
potential function, then (g,e~') is a Ricci monotonic pair for every T > Thiy.
If (M, g(t)) is a shrinking gradient soliton on (—o0, Thax) and f is its potential function,
then (g,e~7) is a Ricci monotonic pair for every T < Tpax ®

3.3.2. Back—Ricci Flow Case. If we choose Q = —Ric, that is, the metric g evolves
by back—Ricci flow in some time interval (a,b) C R, and we set K = R to be the scalar
curvature.

By the previous computation we get

E(ngn/ud,u) = —ngn/ |H+va‘26_fdp,

(3.3.4) + 7T / (Viﬂf —Rop — giﬂ> g*Pedp,
N T




3.4. LI-YAU-HAMILTON HARNACK INEQUALITIES AND RICCI FLOW 31

for a positive solution of the conjugate backward heat equation
(3.3.5) ur = —Au— Ru

and f = —logu. Hence,
fi=—-Af+|VF*+R

Monotonicity of 777 S N udp is so related to the nonpositivity of the Li-Yau-Hamilton
type expression (Vfw f—Rap— g;‘—f) g*?. Notice that the same conclusion holds also if
u < —Au — Ru.

3.4. Li—Yau—Hamilton Harnack Inequalities and Ricci Flow

e We denote with f;; = V?j f the second covariant derivative of f, then

>*f of
2 £ B
Vil 0z;0x; Y 0xy,
e Let w; a 1-form, then we have the following formula for interchanging of covariant

derivatives

_ S
Vpgwi — Vgpwi = Ry, ws -

Let w;; a 2-form, then
quwij - quwij = quiswsj + qujswis .
e [I Bianchi Identity:
VRijr + ViRijar + ViRijs = 0
contracted,
¢*VRiju — ViRicy + ViRicy =0
that is,
div Riemikl = kaiCil — VlRiCZ'k
contracted again (Schur Lemma),
div RiCk = VkR —div Ri(}],C
that is,
div Ric = VR/2.
e Evolution equations for Ricci tensor and scalar curvature under Ricci flow:
8tRicij = ARICZJ + 2Ricquiqu — 2gquiCipRiqu
OR = AR + 2|Ric|?.
e Evolution equations for Christoffel symbols under Ricci flow:

Ot = —g"(V,Ricj + V,Ricy — ViRicy;) .
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e Interchange of Laplacian and second derivatives:

VIAf =V V; ViV f
= vi<Rjkkpvpf) + ViViV;Vif
— —V,(Ricy,V,f) + ViVAV,V, f
— — V.Ric;)V,f — Ricspfi + ViViViV, f
— — ViRic;,V,f — Ricsyfi + Ruvinfos + Riipfin + ViViViV, f
= — ViRic;,V, f — Ricgp fip — Ricip foj — Rikpj frp + Ve(RirjpVpf) + ViV ViV, f
= — V;Ric;, Vo f — ViR Vip f — Ricjp fip — Ricip fpj — Rikpj frp — Rikps fop + AViV; f
= — (ViRicjy, + V;,Ricy, — ViRic;) Vi f — Ricj, fip — Ricip fpj — 2Rikpj frp + AViV f

where in the last passage we used the II Bianchi identity. Hence,

V%Af — szvjf = —(Vz‘RiCjk —+ v]]\:{ICZ]C — VkRICz])ka — Riijfip — RiCipfpj — 2Rikpjfkp .

3.4.1. Computation I: Ricci Flow. Suppose that u; = —Au + Ru and u > 0, we
want to show the nonpositivity of the term

Gij

2

for f = —logu which satisfies
fe==Af+ VP -R.

Equivalently, if we had chosen f = logu, we can show the positivity of

Yi
V?jf — Ry + 5=

Lj
2T
for f = logu which satisfies

fo=—Af = |VfP+R.

Weset =T — t, Lij = fij — RiCZ‘j, Hij = TLZ'j + 923/2 = T[fij — RlCzJ] + 913/2
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(0, + A)H;; = — Li; — Ricy,
+ 7[Afi; + Vi, fi + (ViRicj, + V,Ricy, — ViRicy;) V" f]
— 7[0Ric;; + ARicj]
= — L;; — Ric;;
+ T[Afij - V?jAf - V?j’vf‘z
+ (V;Ricj + V,Ricy — ViRicy;) VF f]
— 7[2ARicy; + 2Ricy,Ripjq — 2Rici,Ric,; — VZR]
= — L;; — Ricy;
+ 7[(ViRicj, + V,Ricy, — ViRic;; ) Vi f
+ Ricjp fip + Ricip fj + 2Rikp; fup
— V5IVfI? + (ViRicje + V;Ricy — ViRici;) V* f]
— 7[2ARicy; + 2Ricy,Ripjq — 2Ric;,Ric,; — VZR]
= — L;; — Ricy;
+ 7[Ricjp fip + Ricip fj + 2Rikp; frp
— 2fipfip — 2V fVF f 4 2(V Ricje + V;Ricy — ViRici;) VF f)
— T[2ARic;; + 2RicygRipjq — 2Rici,Ric,; — VZR]
= — L;; — Ricy;
+ 7[Ricjp fip + Ricip fpj + 2Rikp; fip
= 2fipfip = Vi V= Vi fVEf + 2(ViRicj + V;Ricy, — ViRicy;) V* f]
— T[2ARic;; + 2RicygRipjq — 2Ric;,Ric,; — VZR]
= — L;; — Ricy;
+ 7[Ricjp, fip + Ricip fpj + 2Rikp; fip
— 2fipfip — 2V fVPf = 2Ry Vi f Vi f + 2(ViRicy, + VjRicy, — ViRicy;) V" f]
— T[2ARic;; + 2Ricy Ripjy — 2Ric;,Ric,; — V°R]
= — L;; — Ricy;
+ T[Ricjp fip + Ricip fpj — 2fipfip — 2V2ijkaf]
— T[2ARic;; + 2RicygRipjq — 2Rici,Ric,; — VZR]
+ 7[2(ViRicj, + V;Ricyy — ViRic;;) VF f
— 2Rikjp for — 2RikjpVp f Vi f]

substituting, Lij = [Hz] — 92j/2]/7_ and fij = [Hlj — gZJ/Z]/T + RiCz’j, we get
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(O + A)H;j = — H;;/7 + gij /27 — Ricy;
+ 7[RicjpRicy, + Rici,Ricy; — 2V Ric;; V* f]
— 27[H} /7> — Hij /7 + ij/47° + RicgRicy; + Ricy Hji,/7 4 Ricj Hye /T — Ricy; /7]
+ [Ric;, H;p + Ricy, Hyj — 2V Hij V" f]
— Ric;;
— 7[2ARicy; + 2RicygRipjq — 2Ricy,Ricy; — Vi R]
+ 7[2(ViRicjy, + V,Ricy, — ViRic;;)V* f]
— 27RipjpRicpr — 2R jp Hpr + Ricy;
—27Rikjp Vo f Vi f
=[H,; — 2H]/7 + Ric; + 7[Ricj,Ricy, + RicgyRicy; — 2V Ricy; V* f]
— 27[Ric;Rick; + Ricy Hji /T + Ricjp Hy /7]
+ [Ric;, Hyp + Ricy, Hyj — 2V, HijVE f]
— 7[2ARic;; + 4RicpgRipj — 2Ricy,Ricy; — Vi R]
+ 7[2(ViRicjy, + V,Ricy, — ViRic;;) V¥ f]
— 2RikjpHpr — 27RikjpVp f Vi f
=[H;; —2H})/7 — 2V Hi;V* f
— [Rici Hjx + Ricjp Hi + 2Rinjp Hpic|
— 7[2ARic;; — 2Ricj,Ricy, 4 4Ricy Ripjg — Vi, R — Ric;; /7]
+ 7[2(V,Ric;), + V;Rici — 2ViRicy;) V* f]
—27Rikjp Vo f Vi f
so finally, we get
(0, + A)Hy; = [Hy; — 2H| /7 — 2V, Hy;V* f — Ricf Hy; — Rick Hy,, — 2Ry HY
— 7[2ARic;; — 297 Ric;,Ricjq + 4Ric" Ry, — ViR — Ricy; /7]
+ 27(ViRicj, + V,Ricy, — 2V Rici)VF f — 27R,,;, VP f VIS .
Notice that the second and third lines gives the Hamilton’s Harnack quadratic with a wrong
term —Ric;; /7.

3.4.2. Computation II: Back—Ricci Flow. Suppose that v, = —Au — Ru and
u > 0, we want to show the nonpositivity of the term

2 Yij
Vijf — Ry — b

for f = —logu which satisfies
fo=—Af+|VfP+R.
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Equivalently, if we had chosen f = logu we can show the positivity of

V?jf +Ry; + i

ij
2T
for f = logu which satisfies
fo=—=Af = |V =R,
e Evolution equations for Ricci tensor and scalar curvature under back—Ricci flow:

8,5Ricz~j = —(ARICU + QRiCquiqu - QquRiCipRiqu)

OR = —(AR + 2|Ric|?).
e Evolution equations for Christoffel symbols under back—Ricci flow:
8thj = gkl(ViRicﬂ + V,Ric; — ViRic;;) .
We set f; = Vif, fi; = Vi, f and Li; = fi;+Ricy;, Hij = 7Lij+gi;/2 = 7[ fij + Ricig] +9i;/2,
(Oy + A)H;; = — L;; + Ric;;
+7[Afij + Vi fi — (ViRicjr + V Ricy, — ViRicy;) V" f]
+ 7[0:Ric;; + ARicyj]
= — fij + TIAfij = VEASf = V3V fI? = (ViRicy + V;Ricy, — ViRici;) V* f]
— 7[2Ric?"R;pjq — 297 RicyRicy; + Vi R]
= — fi; + 7[(ViRicjr + V,Ricy — ViRic;;)VF f + ¢""Ricjp fig + 6" Ricip fo; — 2Ripj f7)]
T[=V5IV S = (ViRicy + V;Ricy — ViRici;) VF f]
— 7[2Ric?"R;pjq — 297 RicyRicy; + Vi R]
= — fij + 7[g"Ricjp fig + 9P Ricip fo; — 2Raipjg f7* — V5|V 7]
— 7[2Ric”"R;pjq — 297 Ricy,Ricy; + Vi R]
= — fij + 7lg"Ricyp fig + 9" Ricip fo; — 2Ripjq f*]
— 7[2Ric?"R,pjq — 297 RicyRicg; + Vi R]
- T[inpfjp + Qv?jkkaf]
= — fij + 7[g""Ricjp fig + g Ricip foj — 2Ripjg f7)
— 7[2Ric” R4 — 297 Ricy,Ricy; + Vi R]
— T[2fipfip + 2V V" [+ 2Ry VP f VO]
Suppose now that at time ¢ > 0, the tensor H;; (which goes +o0 as t — T7) get its
“last” zero eigenvalue at some point (p,t) in space and time, with V* unit zero eigenvector.

We extend V? in space such that VV(p) = V2V (p) = 0 and constant in time. Then if
Z = H,;;V'V7 we have that Z has a global minimum on M x [t,T] at (p,t). At such point
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we have Z = 0, VZ = 0 and AZ > 0, hence, f;;V'V? = —Ric;;V'V? — 1/27, and as
VZ = 0, kaleVJ = —VkRiCijViVj. Then
0< 0,7+ AZ =(0Hyj + AH;;)V'V?
={—fi; + 7[g""Ric;, fiq + gP'Ricip fo; — 2Ripjq f7]
— 7[2Ric" Ry — 297 RicyRicg; + ViR]
— T[inpfjp + 2V2Z]kaf + QRinququf]}ViVj
== {RIC” + gz‘j/QT + T[—2RICZ2] — RiCij/T + ZRiCquiqu + RiCij/T]
— 7[2Ric" Ry — 2¢7RicyRicy; + ViR]
— 7[2Ric; + 2Ric; /T + gij/27° — 2V Ricy; VF f + 2Ry, VP fVA [ VIV
={—Ric;; — 7[2Ric}, + ViR — 2V Ric;; V* f + 2Ry VP VI fF}VIVY
= — 7{V},R + 2Ric}; + Ricy; /7 — 2V, Ric;; V¥ f + 2Ry VP fV VIV
By this computation, it follows that we would get a contradiction by maximum principle,
if the following Hamilton—Harnack type inequality is true.
V2R + 2Ric}, + Ricy; /7 — 2V Ric;U” + 2R UPU > 0.
See [31] and also [11].

3.4.3. Dimension 2. In the special two—dimensional case of a surface with bounded
and positive scalar curvature this inequality holds, see [6, Chapter 15, Section 3].
If a positive function u satisfies
u; = —Au — Ru
for a closed curve moving by its curvature k inside a surface evolving by ¢g; = 2Ric = Ry,
we have

d
— (\/?/uds) < —\/F/‘k—VLlogUQUds,
dt v v

where v is the unit normal to the curve ~.



CHAPTER 4

Maximizing Huisken’s Functional

4.1. Maximizing Huisken’s Monotonicity Formula

Let (M, ¢(-,t)) to be a one parameter family of immersions of an n-dimensional smooth
hypersurface in R*™!, with second fundamental form and mean curvature respectively
denoted by A and H.

According to (1.4.9), we call the quantity

(4.1.1) \/47T(T—t)/MUdllt($)

the Huisken’s functional (evaluated on a suitable function u). Within the spirit of Hamil-
ton’s extension of the Huisken’s monotonicity formula, we want to obtain informations on
the MCF of M by maximizing the Huisken’s functional on the largest class of admissible
functions.

DEFINITION 4.1.1. Let ¢ : M — R™*! be a smooth, compact, immersed hypersurface.
Given 7 > 0, we consider the family F, of smooth positive functions u : R**!' — R such
that fRn .1 udr =1 and there exists a smooth positive solution of the problem

vy = —Av in R" x [0,7),
v(z,0) = u(x) for every p € R™!.

Then, we define the following quantity

o(¢p,7) = sup Vidr7 [ udp.
M

UG-FT
_ o=yl
It is important to notice that heat kernel Kgn+1(x,7) = (fﬂ)(—n 7 of R"™! evaluated at

time 7 > 0 and centered at the point y € R™"! clearly belongs to the family F,. As an
immediate consequence, we have that the quantity o(¢,7) is positive and precisely, for
every p € R"™! and 7 > 0,

_\zfy|2 _|I*y‘2
4T 4T

U(ﬁf)aT)Z\/ﬁ/Mﬁmdu(x):/MWdu(x)>0,

AT

37
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which is the quantity of the “classical” Huisken’s monotonicity formula. Hence,

_le—y|?
(& 4T
4.1.2 > —d 0.
( ) o(o:7) 2 yesﬂgfal /M (477)n/2 ule) >

We now want to show that this inequality is actually an equality, which would mean that
in order to maximize the Huisken’s functional we can take the sup only on heat kernels.
Moreover, by the assumed compactness of M this would also imply that the supremum
would be a maximum.

We work out some properties of the functions u € F,.

Let us to start by recalling the integrated version of Li—Yau Harnack inequality (see [26]).

PROPOSITION 4.1.2 (Li-Yau integral Harnack inequality). Let u : R"* x (0,7) — R
be a smooth positive solution of heat equation, then for every 0 <t < s < T we have

(n+1)/2  |z—y|?
u(e,t) Sufy.s) () e m

Since the functions v : R"™! x [0,7) — R associated to any u € F, are positive solutions
of the backward heat equation, such inequality reads, for 0 < s <t < 7,

(n+1)/2 2
- lo—y]
o(@1) < (y, ) ( ) :

e iGE-s)
This estimate, together with the uniqueness theorem for positive solution of the heat
equation (see again [26]), implies that the function u = v(-,0) is obtained by convolution
of the function v(-,¢) with the forward heat kernel at time ¢ > 0. This fact implies that the
condition [, v(x,t)dz = 1 holds for every t € [0,7), and that every derivative of every
function v is bounded in the strip [0, 7 — €], for every € > 0.

T—1

LEMMA 4.1.3. The functions v(-,t) weakly* converge as probability measures, ast — T,
to some positive unit measure X on Rt such that

lz—y|?
ei 4(T—t)
4.1. = .
( 3) U<x7 t) \/IRTL+1 [47T<7_ _ t)](n+1)/2 d/\(:U)

Conwversely, every probability measure X\, by convolution with the heat kernel, gives rise to
a function v such that v(-,7) € F,, the most interesting case being A = 6, forp € R"*' m

PROOF. Indeed, we know that for every ¢ € [0,7) and s € (¢, 7)

lz—y|?
e 4(t—s)

v(x,t) = /Rn+1 v(y, ) (s — )] dx ,

hence, choosing a sequence of times s; 7 such that the measures v(-, s;)L""! weakly*
|z—yl? |z—y|?

e dE—s) if v t e 4(T—t)
Tn(s—pero/z converges unitormly to pr—s ez on

converge to some measure A. Since
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R as s — 7, we get equality (4.1.3) .

This representation formula also implies that the limit measure A is unique and that actu-
ally lim,_,, v(-, s)£"" = X in the weak* convergence of measures on R™"*1.

Finally, we show that |A\| = 1. This follows by Fubini-Tonelli’s theorem for positive product
measures, as [, u(x)de =1,

1= [ e[
Rn+1 Rn+1 Rn+1 47T7'

\x yI

dx dA\
/Rnﬂ /Rn+1 47T] drr 2 “F ()

[ aw=.

By this discussion it follows that the family JF, consists of the functions

_Jz—

d\(y) dx

yl
T4 (n+1)/2

_le—y[?
4T

€
u(z,t) = /}Rn+1 M—nﬂmd/\(y),

where \ varies among the convex set of Borel probability measures on R™™! (which is
weak*—compact).

As a consequence of this fact, since the integral V47T || 4 Wdp is a linear functional in the
function u, the sup in defining (¢, T) can be taken considering only the extremal points
of the above convex, which are the delta measures in R"*!. Consequently, the functions u
to be considered for the maximization process can be restricted to be heat kernels at time
7 > 0. Thus, it is then easy to conclude that, being the hypersurface M is compact in
R™*1 the sup is actually a maximum.

PROPOSITION 4.1.4. The quantity o(¢,T) is given by

_la—p|?
(A 4T

o(¢,7) = Jax, /M (Imr )i dp(x) -
It is also easy to check that

lz—y/?
e~ A 1 Area(M)
— - <[ — </
0(¢7 T) yeslg’gl /]\4 (47.‘.7->n/2 d'u’(x) — /J\/l (47T7_>n/2 d,u(x) = (47T7_)n/2

We want now to study the scaling properties of o.

PROPOSITION 4.1.5 (Rescaling Invariance). For every A > 0 we have

o\, N°T) = o(p,7) m
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PROOF. Let u € F, and v : R"™! x [0,7) — R the associated solution of the backward
heat equation. Consider the rescaled function u(y) = u(y/A)A~"*1. Using the change of
variable = A=ty it is easy to see that

/RM u(y)dy = A~ nﬂ)/ﬂw u(y/)\)dy:/RnH u(@)dr = 1.

Moreover, the function 9(y, s) = v(y/A, s/A2)A~"FV is a positive solution of the backward
heat equation on the time interval )\27' hence u € Fyz,.
Now, with a straightforward computation, we see that

VAT T | udpng = VAT | udug,
¢ ¢
M M

for every smooth immersion of a compact hypersurface ¢ : M — R"!. The statement
clearly follows. O

By formula (1.4.9), as the second term vanishes when v is a backward heat kernel, it follows
that if ¢ : M x [0,T) — R™"! is the MCF of a compact hypersurface M, we have

% [\/Q(C—t)/MKRnH(:E,p,C’—t) d,ut(a:)]
—/2(C — 1) /M Kgnir1(2,p,C — t)|H — (z — p)*/2(C — )| dpe ()

which is clearly negative in the time interval [0, min{C,T'}).

PROPOSITION 4.1.6 (Monotonicity and Differentiability). Along a MCF, ¢ : M X
0, T) — R"™ if 7(t) = C —t for some constant C' > 0, the quantity o(¢;, T) is monotone
nonincreasing in the time interval [0, min{C,T'}), hence it is differentiable almost every-
where.

Moreover, letting y, a point in R™™ such that Kgni(x,y,,7) is one of mazimizer for
o(¢y, 7(t)) of Proposition 4.1.4, we have for almost every t € [0, min{C,T'}),

(4.1.4) %g(¢t’7) < _/M 2347”4);/2 g (@ —2ZT)W>

or, since this inequality has to be intended in distributional sense, for every 0 < r <t <

min{C, T},

_ |x—y7—|2

2
dpi

|lz— yﬂ—(sﬂ

(415) U(¢T,T(T)) -0 ¢t7 / / 47.(.7_ — n/2 H -

PROOF. As the function o(¢:, 7) is the maximum of monotone nonincreasing smooth
functions, it also must be monotone nonincreasing. Thus, it is differentiable at almost
every time ¢ € [0, min{C,T}).

(& = yr) V)|
27(s)

dusds m
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The last assertion is standard, using Hamilton’s trick (see [17]) to exchange the sup and
derivative operations. U

REMARK 4.1.7. It is interesting to notice that the quantity o can be defined also for any
n—dimensional countably rectifiable subset S of R"!, by substituting in the definition the
term [ 3 Wdp with | gudH", where H" is the n—dimensional Hausdorff measure (possibly
counting multiplicities). If then S is the support of a compact rectifiable varifold, with
finite Area, moving by mean curvature according to Brakke’s definition (see [3]), Huisken’s
monotonicity formula holds. Hence, the previous proposition holds too.

DEFINITION 4.1.8. Under the same hypothesis we define, for 7 = C' — t with C < T,
Y = i
(€)= lim o(d,7),

and X = X(T).

By the previous discussion, ¥ > sup,cgn+1 O(y), where this latter quantity, that we will
call density function, is defined as

_lz—p?
e AT-t)

4.1.6 O(y) = lim 6(y,t) = lim ———dy(x),

( ) (y) T (y ) =T Jus [47T(T—t)]n/2 /’Lt( )

the existence of this limit for every p € R™™! is an obvious consequence of Huisken’s
monotonicity formula.

Moreover, it is easy to prove the existence of max,egn+1 O(y).

DEFINITION 4.1.9. Let ¢ : M — R""! be a smooth, compact, immersed hypersurface.
Then we define

v(¢) =supo(¢,T).

7>0

PROPOSITION 4.1.10. The quantity v(¢) is finite and actually reached by some 7, m
PROOF. Indeed, we have
lim (6, 7) = () > 0,

T—0t

where O(¢) is the maximum (which clearly exists as M is compact) of the n—dimensional
density of ¢(M) in R"*. Then, if ¢ is an embedding, ©(¢) = 1, otherwise it will be the
highest multiplicity of the points of ¢(M).

We show then that

lim o(¢,7) =0.

T—+00

By the rescaling property of o, we have o (¢, 7) = o(¢/v4nT,1/47), hence we need to show
that

lim sup sup / udp =0.
M

T—4+00 uEF]
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1
A (D 2 we have

Since we already know that any function u € F satisfies 0 < u(x) < @

_ ) Vol(M/\/4rT) .. Vol(M) )
lim sup sup /M wdp < limsup OCRE = lim sup —(47r)(2"+1)/2 T =0.

T—=400 ueF T—+00 T—+00

T

g

The following statement can be proved by the same argument of the proof of Proposition

(4.1.6).

PROPOSITION 4.1.11 (Monotonicity and Differentiability — II). Along a MCF, ¢ : M X
0, T) — R" the quantity above v(¢;) is monotone non increasing in the time interval
[0,T"), hence it is differentiable almost everywhere.

Moreover, letting p, € R™ and 14 to be some of the mazimizers whose existence is granted
by Propositions 4.1.4 and 4.1.10, we have for almost every t € [0,T),

\Z—y¢>t\2
d P ((z = yp,), V) 2
4.1.7 — < — H— 24 d
( ) dty(¢t) = AJ (47_‘_7_@)”/2 27_¢t /’Lt('r>
or, since this inequality has to be intended in distributional sense, for every 0 <r <t < T,
_lamwg ? 9

s (= ys.), V)
4.1.8 — — =" dus(x)d
( ) v(gr) —v(¢r) > / / (dmr, 772 o, ws(z)ds m

It is important to observe that it is possible to go through all this analysis for a com-
pact, immersed hypersurface in a flat Riemannian manifold T. Moreover, if the original
hypersurface ¢ : M — R™" is immersed in R"*!, we can choose a Riemannian covering
map I : R""! — T and consider the immersion ¢ = [ o ¢ : M — T. Then, we define as
above, for every 7 > 0, the family Fr ; of smooth positive functions u : T — R such that
Jpudz =1 and there exists a smooth positive solution of the problem

vy =—Av in T x [0,7)
v(y,0) = u(x) for every y € T.

Then, we define the following quantity

or(¢,7) = sup Vinr udu

UEJ:T T

where M refers to the fact that we are considering the immersion ¢ : M — T.

Notice that another possibility is simply to embed isometrically a convex set 0 C R*+!
containing ¢(M) in a flat Riemannian manifold T (during the mean curvature flow a
hypersurface ¢ initially contained in €2 stays “inside” for all the evolution).

As before, these quantities are well defined, finite, positive and monotonically decreasing
as long as ¢, moves by mean curvature.
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2. Applications
4.2.1. A No—Breathers Result.

DEFINITION 4.2.1. A breather (following Perelman [32]) for the MCF in R"™! is a
smooth n—dimensional hypersurface evolving by MCF ¢ : M x [0,T) — R such that
there exists a time ¢ > 0, an isometry L of R"™! and a positive constant A € R for which

REMARK 4.2.2. Notice that in the case of MCF is useless to consider nonshrinking
(steady or expanding) compact breathers because, by the comparison with evolving spheres,
they simply do not exist.

THEOREM 4.2.3. Fvery compact breather is a homothetic solution to MCF m

PRrROOF. By the rescaling property of ¢ in Proposition 4.1.5, fixing C' > 0 we have
o(¢o,C) 2 0(% C —1) = 0(Ao, C 1) = a(¢o, (C — 1) /\?)

— we have C' > ¢, as A < 1 and (C' —1)/\? = C. Tt follows that

o(¢o, C) = o(¢7, C — 1)
and (for such special C'), by Proposition 4.1.6, if 7(t) = C' —t

@ =) ) |*
27(t)

hence, if we choose C' = = /\

|z— yﬂ'(t |

O
/ / (4rr(t "/ 2

This implies that there exists at least one value of ¢ € (0,¢) such that H(z,t) = %

for some p € R"*!, which is the well known equation characterizing a homothetic solution
of MCF. 0

This is the same argument to show that compact shrinking breathers of Ricci flow are
actually Ricci gradient solitons.

Recalling the monotone nondecreasing quantity p of Perelman in [32], along a Ricci flow
g(t) of a compact, n—dimensional Riemannian manifold M,

. Vu
,U(g,T) B S umlf,u>0\/1w<7_ |:R+ U

By the rescaling property p(Ag, A7) = u(g, 7), if we have that g(t) = AdL*g(0) for some
diffeomorphism L : M — M and 0 < A < 1, fixing C' > 0 we have

p(9(0),C) < p(g(?), C — f) = p(AdL7g(0),C — 1) = u(rg(0), €' = 1) = p(g(0), (C =) /A)
hence, if we choose C'= — we have C' > ¢, as A < 1 and (C —t)/\ = C. It follows that

| 2

}—ulogu - % log [4nT] — un) av.

1(9(0),C) = u(g(t),C — 1)

and by the results of Perelman, g(t) is a shrinking soliton.
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4.2.2. Singularities. If ¢ : M x [0,T) — R"" is a MCF of a smooth, compact,
embedded hypersurface, it is well known that during the flow it remains embedded and
that there exists a finite maximal time 7" > 0 for the smooth existence, for which the
curvature A is unbounded as t T
Moreover for every t € [0,7T)

1
sup |[A(p, t)| > ———.
pe]\gll (p,2)] 2(T —t)
If there exists a constant C' > 0 such that also
C
sup [A(p, )] < ——.
peEM 2(T — t)

we say that at T" we have a type I singularity, otherwise we say the singularity is of type II.
We want to show that if at time T we have a singularity, the associated quantity > =
lim; ,7- o (¢, 7) is larger than one.

Indeed, for every p € R™"! such that there exists a sequence of points ¢; € M and times
t; /T with p = lim;_,» ¢(q;, t;), we consider the function ©(p) defined in equation (4.1.6).
By a simple semicontinuity argument, we can see that ©(p) > 1 for every p € R"™! like
above, see [8, Corollary 4.20], hence, as ¥ > sup,cgn+1 O(p) we get 3 > 1.

If then ¥ = 1, it forces ©(p) = 1 for all such points p which implies, by the local regularity
result of White [39], that the flow cannot develop a singularity at time 7" (see also Ecker [8]).
Suppose now to have a type I singularity at time T

By Proposition 4.1.6 we know that along this flow, for C' =T, hence, 7 =T — t,

4(Ts)
o(op, T —1)—0(¢y, T — 1) // I (T n/2 H-—

for every 0 < r <t < T, hence,

(x —yr_s,v) ?
2(T — s)

dus(x) ds

_le—yp_ 52 <(x_yT_s)7V> 9

(4.2.1) C(¢o) = a(¢o, T / / [4m (T — RE H-= 2(T — )

Rescaling every hypersurface ¢; as in [21], around the point yr_; as follows,

P(q,t(8)) — Yyr—u(s)
2T —1(s))

dus(z)ds .

3u(q) = 5= (1) = — loa(T — 1)

and changing variables in formula (4.2.1), we get

\y| W - -
(4.2.2) 02/ > dfi_trogr > / / > [H + (y| D)) dfis(y) ds .
logT

Reasoning like in [21] and [36] (or [37]), we obtain that if the singularity is of type I,
the curvature of the rescaled hypersurfaces ¢, : M — R"*! is uniformly bounded and any
sequence converges (up to a subsequence) to a limit embedded hypersurface M., satisfying
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H = —(z | 7)) which is the defining equation for a homothetic solution of the MCF.
Moreover, By the estimates of Stone [36, Lemma 2.9], this limit hypersurface satisfies

1 ly|

— T2 dH"(y) = li T —t)=X>1.
(271')”/2 /:J\Z)O e (y) tig}_ U(¢t )

Clearly, by this equation, this embedded limit hypersurface cannot be empty. Moreover, it

cannot be flat also, as it would be an hyperplane for the origin of R"*! (the only hyperplanes

satisfying H = —(x | v) must pass through the origin) as the above integral would be one.

PROPOSITION 4.2.4. At a singular time T of the MCF of an embedded compact hyper-
surface the quantity X is larger than one.
If the singularity of the flow is of type I, any sequence of rescaled hypersurfaces (with
the mazimal curvature) around the mazimizer points for the Huisken’s functional at times
t; /T converges, up to a subsequence, to a nonempty and nonflat, smooth embedded limit
hypersurface, satisfying H = —(z|v) m

4.3. Shrinking Curves in the Plane

In this section we apply the previous analysis the case to the motion by curvature of
embedded compact curves in the plane and we will give a short proof of the following
Grayson’s result:

THEOREM 4.3.1. Before the singular time T each initially embedded compact curve
becomes conver m

Using this theorem and the work by Gage and Hamilton [12, 13, 14], we can conclude
that after the curve has become convex, it stays convex along the flow and it shrinks into
a point becoming asymptotically circular.

Just to fix the notation, let v : S! x [0, T') — R? be the curvature flow of a simple, smooth,
closed curve in the Euclidean plane, on a maximal time interval [0, 7). This implies that

(4.3.1) Oy = kv,
(4.3.2) ke = koo + K%
(4.3.3) Otk = kyss + 4Kk, .

We also have that the following interior estimates hold:

THEOREM 4.3.2 (Interior estimates of Ecker and Huisken [9], see also [22]). Suppose
that in a ball Bog(xo) the curve v, fort € [0,7) is a graph of a function over (e1) and let
v=(v|e)™! >0 at time t = 0.
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o Letting ¢(x,t) = R* — |xv — xo|* — 2t, if ¢, denotes the positive part of ¢, we have

(4.3.4) v(z, t)py(z,t) < sup v(z,0)p,(z,0)

TEY0

for every t € [0,7) and x© € 7y, as long as v(z,t) is defined everywhere on the

support of ¢, .
e For arbitrary 6 € [0,1) we have the estimate

1 1
(4.3.5) sup K< CO(1-6)? (—2 + —) sup  v!
¥NByr (7o) R t ) Br(wo)x[0,7)
for allt € [0,7). The constant C is independent of t and v, m

For the case of curves evolving in the plane, we also have the following properties:

THEOREM 4.3.3 (Huisken’s embeddedness measure [23]). Let L; the length of v C R?
and consider the function ®; : v x v — R given by

mlz—y| / i) Tde(z,y) :
®y(x,y) = {1 Ly / sin I ZfiU 7_'é Ys
fr=y,

where dy(x,y) is the geodesic distance inside ;.
For every t € [0,T), we define the following infimum, which is actually a minimum by
compactness for closed curves,
E(t) = inf ®(z,y).
T,YEVt
Then, if the initial closed curve o is embedded, the function E(t) is uniformly bounded
below by a positive constant depending only on vy, for every t € [0,T).

As the function E(t) is positive if and only if v is embedded, a simple closed curve stays
embedded during all the flow m

LEMMA 4.3.4 (Stone [36]). Let Br a ball of radius R > 0 in R?, then the following
estimates on the family of curves ¥, hold uniformly for r € [—% log T', +00),

(1) There exist a constant C independent of Bg such that H'(3,NBg) < CeR*/% where
H! is the one-dimensional Hausdorff measure in R2.
(2) For any € > 0 there exists a uniform radius R = R(e, Length(~,),T) such that

2
1yl

f%\BR(O) e 2 ds<em

LEMMA 4.3.5. For every o € S C R? where
S={recR*|3t; /T and o; € S" such that v;,(e;;) — x},

we have O(zo) > 1.
The set S is non empty and compact, hence, u(t) > 1 for everyt € [0,T) and X > 1 m
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From the results in the previous section, it follows that for every family of disjoint intervals
(a;,b;) C [—31og T, +00) such that Y, (b; — a;) = +o0 we can find a sequence r; € (a;, b;)
such that

2
and
_ly? :
(4.3.7) zliglo E /% e ds = zllglo w(t(r;)) =X

Clearly, the sequence r; converges monotonically increasing to +oo.

From the estimate (4.3.6) on the local length, it follows that the sequence of curves 7,, has
curvatures locally equibounded in L?. Hence, we can extract a subsequence (not relabeled)
that, after a possible reparametrization, converges in C’1 to a limit curve 7. Such curve

satisfies k + (z|D) = 0, as the integral f e ‘k’ + (y | 1/)‘ ds is lower semicontinuous

under C’ic—convergence and it is embedded, indeed, the Huisken’s quantity E is scaling
invariant and upper semicontinuous under the C’icfconvergence of curves, hence, it is
bounded below also for the limit curve by a positive constant, implying that it has no self-
intersections. Moreover, by a bootstrap argument, 7., is smooth, then by the classification
result, it is either a line through the origin or the unit circle.

Since the second point of the lemma implies that

I / \y@ / Iu\2
im —— ds =
im0 \/2T J5,, V2T J5,

and the first limit is equal to 3, by equation (4.3.7), we conclude that if ¥ > 1 then 7 is
the unit circle, if 3 = 1 then 7, is a line through the origin.

Grayson’s Theorem is then a consequence of the analysis of the following two cases.

The Case X = 1.
For every zyp € S we have ©(xy) = 1. Then, this case can be excluded by the following
general local regularity theorem of White [39] (holding in any dimension).

THEOREM 4.3.6. There exists a constant € > 0 such that if a point xo € S satisfies
O(zg) < 1+ ¢, then there exists a radius R > 0 such that in Br(xg) x [0,T) C R? x R the
curvature is uniformly bounded m

Clearly, this theorem gives a contradiction, as (by a compactness argument) it implies that
the curvature is uniformly bounded as ¢ — 7T, which is impossible as T is the maximal
time of existence of the flow.

In our special case of simple curves, the fact that ¥ = 1 implies the boundedness of the
curvature around every zy € S also follows by the interior estimates of Ecker and Huisken.
We give a sketch of the proof.

As ©(z) = 1, by the C'! —convergence of the rescaled curves, for every R > 2 there is
a sequence of times t; ' T and a line L passing for xy such that every curve v, is a
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graph over L in the ball BQR\/m(xO), indeed, the distance of v;, N B2Rm(xo) from
LN B2R\/m($0) in the C'-norm goes to zero.

Then, supposing that xo = 0 and that L is {e;) in R?, the pieces of curves ;N BQR\/M
can be represented as a graph of a function at least for a small time. Moreover, the quantity
v(z,t) = (v(x,t)]eg) ! is small at time ¢t = ¢; and = € , N BQR\/W' As the sphere
0B N is moving by curvature and, choosing £ > 0 small enough, at time ¢ = ¢; it is
contained in the ball B, , Nea=nt by a geometric comparison argument it is not possible

that other parts of the moving curve “get into” the ball B at time ¢ > t;. Hence,

\/ 2(T+e—t)
the only way that v,N B 2T can possibly stop to be a graph is that the tangent vector
to such graph becomes vertical at some time, equivalently, the function v is not bounded.
The interior estimates of Ecker and Huisken (4.3.4) and (4.3.5) exclude this fact if we start
with v small enough. Hence, with a suitable choice of one of the times ¢;, the curvature

of v for t € [t;,T) is bounded in the ball B 2T’ in particular it is bounded in

B\/g(l’o) C B\/m for every te [tz,T>
By a compactness argument, the curvature is then uniformly bounded as ¢ — T'~, which
is impossible as T' is the maximal time of existence of the flow.

REMARK 4.3.7. The key point in getting a bound on the curvature by means of this
argument is due to the C’icfconvergence of the rescaled curves to a line (by the L? bound
on the curvature), which cannot be deduced in higher dimensions.

The Case > > 1.

By what we said above we can find r; /* +00 such that the curves +,, converge in C’ic to
the unit circle. Moreover, being the unit circle compact, the convergence is actually C*
with equibounded curvatures in L? (not only locally).
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Fixing « € N and letting p = r — r;, we look at the evolution of the following quantity,

%/ﬁr@”@“:?”‘”%/%mmﬁ/%kzds
vt =0l [ (VAT =) ds
= VAT [ K (VAT D) [ kb a0y i+ [ R

Yt r

(VAT -0’ / K2ds+ (V2T —0)p / (2hknss + THE?) dis

Yt Yt

_ / (R 4 2y + B+ B2 — 3pk2 + 20kskoss + Tok2R)] ds
Ir

Fr

< / (R T — 2002 4 TPk ds

_ / 2 p(— 202 + ThPT/3)] ds

Fr

< / [—k2 4+ k* + p(—2k2, + CKS + k2)] ds
o

= / [—k2 + k* + Cpk®) ds .

o

Using the following interpolation inequalities for any closed curve in the plane of length L
(see Aubin [1, p. 93]),

- - - C ~ ~ ~ ~ C ~
IElze < Cllksllzllklze + F kN7 and  ([Kllze < Cllks I 1R 22 + 2z k]2

which imply, by means of Young inequality,

3 3
/k4ds§1/2/ kgds+c(/ k2ds> +(//<: ds) + 3(“1
5 7 5 5 L*(%)
_ _ 3 _ 3 8. _ 3
C’p/ kds < (p/ k?ds) +C’(/ k’st) + == (/ k*ds ) |
7 7 7 L) \J5,

2
we can conclude, as we know that L(7,) > f% e~ ds > /2,

3 3 3
i/(?%—p%?)dsﬁ@(/ E2ds> —|—(p/ Efds) —i—C’SC’(/ (%2+p%§)ds> +C,
dr J5, 5 7 5

for a constant C' independent of » > r; and 7 € N. N N
~ (K*+ (r —r)k?)ds in

Integrating this differential inequality for the quantity Q;(r) = f%

the interval [r;,r; 4+ J] it is easy to see that if 6 > 0 is small enough, we have @Q;(r) <

[
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C(4,Qi(r;) = C (6, f% k2 ds) = C(0), for every r € [r;,r; + 2], as the curves 7,, have

uniformly bounded curvature in L?. Hence, if r € [r; + 6, 7; + 28] we have the estimate
/ (02 + 672/2) ds < / (2 + (r — r)l2) ds < C(5)
Fr Fr

which implies

~ ~ 2
/ k*ds < C(0) and / k?dsﬁ@.
~7‘ ﬁr

We can now, as before, find a sequence of values ¢; € [r; + /2, r; + 0] such that

lim — / —""’2'2]7<E+< |~>‘2d 0

im —— e v s=0.

i—00 \/27]' qu y

As this new sequence of rescaled curves 7,, also satisfies the length estimate (4.3.6) and

has k and k, uniformly bounded in L?, we can extract another subsequence (not relabeled)
that, after a possible reparametrization, converges in C? to a limit curve which is still the
unit circle.

Then, the curves 7,, definitely have positive curvature, hence, they are convex. This means
that the same hold for ~; for some time ¢, which is Grayson’s result.

REMARK 4.3.8. Pushing this analysis a little forward, one can also prove along the
same lines the asymptotic convergence of the full sequence of rescaled curves to the unit
circle in C*, as done by Gage and Hamilton in [13, 14].

REMARK 4.3.9. We remark that the interesting point of this line in proving Grayson’s
Theorem (or equivalently, in analysing the possible singularities) is the fact that we did
not distinguish between type I and type II singularities (the type I case is characterized
by the estimate max,, k* < C//2(T —t) for some constant C'). Indeed, the curvature
of the rescaled curves can be unbounded, but the control in leoc is enough to imply the
Clic—convergence which is sufficient to have the smoothness of the limit curve. This is one
of the main reasons why this unitary line of analysis is difficult to be pursued in higher
dimensions, where the control of the mean curvature in Lic is not strong enough to imme-

diately give the C’ic—convergence.



CHAPTER 5

Evolution of Codimension one Submanifolds with Boundary

Let M be a smooth n-manifold with boundary OM and ¢g a smooth embedding of the
pair (M,0M) into R"**. We are interested in studying the following evolution equation
for which we suppose to have existence and uniqueness of the solution for small times:

Op(-,t) =Hr+A=Ap+ A
¢('7 0) = ¢0 .
where A is a smooth tangent vector field on ¢(M, ).

(5.0.1)

REMARK 5.0.10. It is necessary to consider a manifold with non-empty boundary, oth-
erwise any motion with an arbitrary tangential speed component and normal speed compo-

nent equal to the mean curvature vector is just a (possibly time dependent) reparametriza-
tion of the MCF.

5.1. Evolution of geometric Quantities

First of all we compute the evolution of the induced metric on M:

i = 0:(0:p, 0;0) = (0;(Hv + A), 0;0) + (0i¢, 9;(Hv + A))
= H(0,v, 0;¢) + H(0;¢,0;v) + (O;\, 0;¢) + (0; A, 0;0)
(1.2.4) = —2Hh;; + (8;A, 9;¢) + (9;A9;0)
= —2Hhy; + 8;(A, 0;0) + 0;(\, 9;0) — 2(A, 0},¢)
(1.2.4) = —2Hhy; + 0;(A, 0;0) + 0;(A, 0;¢0) — 2(A, T'5,0,0)
= —2Hh;; + Viw,; + Vjw; = 55,

where, given any smooth vector field X on M, w is the one form defined by

(5.1.1)

(5.1.2) w(X) = (A, X).

If we consider (019, ...,0,¢) as a local basis for the tangent space at a generic point on
¢(M,t), we can write A and w in components as follows:

(5.1.3) A=X0b,  wp=Ngw;
while, recalling that the metric is a parallel tensor field, we have

51
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(5.1.4) Vowy = VN g, .
If we set 9,9 = T, since g;;g’* = 0F we have
0igi;g" = Siyg"" + 9T =0,
which immediately implies that
T = 8
Applying this result to the evolution equation (5.1.1), we obtain

(5.1.5) By = 2HhY — (V, + Vyw,)g" g7

By means of a direct computation, we have

(?t\/g = gtr(g”&g;j) = \/759”(—21‘111” + &wj + @wi)
= /g(div A — H?)

Using (5.1.1) and normal coordinates, we can compute the evolution for the Christoffel
symbols of the Levi-Civita connection:

(5.1.6)

(5.1.7)
1
atrf] - égkl(ViSlj + VjSli — VZSU)
(using(1.2.6)) = —Hg"V;h;, — ¢*(V,;Hh;, + V;Hhy — V,Hh;)
1
+ §gkl(vivle — V;Viwj + Vlewi — Vlvjwi + Vivjwl + Vjviwl)
(using(1.2.5)) = —Hg"V;hj;; — ¢"(V,;Hhy; + V,;Hhy — V,Hh;;)
1
+ 59"(2hi;h} = W¥hy — Wiy )w, + ViV + V; Vi)
(using(5.1.3)) = —Hg"V,h,;; — ¢"(V;Hh;, + V;Hhy — V,Hh,;)
1 1
+ ggkl [2h;;h, — hyshy — hyhy] AT+ §[vivjAk + V,; VA"
To compute the evolution for the normal vector, it is sufficient to compute the following
quantities:
<8tu, 8z<b> = —<l/, 818@} = —<V, al(HV + A)>
(5.1.8) = —9,H — (v, 0iA)
= —OH + (O, A) = —O;H — (hyg" 9,6, A) = —;H — hy A",
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which implies

(5.1.9) ow=-VH-V,
where
(5.1.10) Vo= Nhyy,g" 00 = Xl o .

It is important to notice that:

(v, 050) = (v, 5 (N Or))
(5.1.11) = (v, 0N 080 + 0\ 050 + N0, 0)

= 0;A"hyp, + 0\ hay, + A0l + AT hy,
We can now compute the evolution equation for the second fundamental form of the em-
bedding:

LEMMA 5.1.1. The following evolution equation holds:

(5.1.12) O¢hij = Ahy; — 2Hhj6"hy; + |A*hy; + A*Vihy + VA hye + VA hy, m
Proor. Using (5.1.9)-(5.1.11) we have
Othyj = 0i(v, 0},0) = (—VH =V, 0},0) + (v, 0};(Hv + A))
= 97 H + H(v, 9;(hy;6" 019)) + (v, 05A) — (VH + V, 9%0)
= Ah;; — 2Hhj.6"hy; 4 APy + (v, 05A) — (V. 0},0)
= Ah,; — 2Hhj;¢"hy; + [A[*hi; + 0\ hyp + 9,0 hyy
+ N0y, + AT hy — AT by
= Ahw — 2thlglkhki + |A|2hw + 81/\kh]k + 8])\khlk
+ /\kvkhw + /\k(F:khTJ + ]-_‘;khrz>

= Ahz] — 2thlglkhki + |A|2hm + )kakhU + VZ)\kh]k + VJAkhlk

(5.1.13)

g

Contracting with the metric tensor, we obtain the evolution equation for the mean curva-
ture:

O H = 9,(9"hi;)
= [2Hh" — (V,A\*gyq + VoA 04p) 9" ¢
+ [Ahj; — 2hy,¢7hg; + |A|2hij + )‘kvkhij + V’L’)‘khk‘j + Vj)‘khki]gij
= AH +|APH + NV, H.

(5.1.14)



54 5. EVOLUTION OF CODIMENSION ONE SUBMANIFOLDS WITH BOUNDARY

Using (5.1.5) and (5.1.12) we compute the evolution of the squared norm of the second
fundamental form:

(5.1.15)
O AP = 0,(9" 9" hijhan)
= 2[2Hh™ — (VA" + V A g?)|hiha, + 2[Ahy; — 2hy,g7%h,; + |A|*hy;]hag™ g
+ 2[N*Vihij + Vi)l 4+ VA Dy hag g7
= AJA? = 2|VA]? + 2|A|* + NV, A2,
We now want to find out how the evolution of the quantity |[VA|? does depend on A\ and

its spatial derivatives.

LEMMA 5.1.2. The covariant derivative of the second fundamental form evolves accord-
mg to

(5.1.16) — ¢"'[V;Hhy, + V,Hhy)h,; — ¢ [V;Hhy 4+ V;Hhy;|h,,
+ )\SVSthij + Vk)\svshij + ViASthsj + v]‘)\svkhsi | |

NOTATION . From now on, the symbol = will mean equality modulo terms which do
not contain A and its spatial derivatives of any order.

PROOF. Is is easy to check that

(5.1.17) O Vihi; = Vidihi; — 00y — 0 hy

Let us compute the three terms on the rhs of (5.1.17). From (5.1.12) we have:

V;ﬁthzj = Vk[Ahw — 2Hhipgpqhqj + |A|2hz]]

(5.1.18)
+ Vi[A*Vihi; + Vid*hg; + V;A°hy],

while (5.1.7) gives us:

(5.1.19)
—0,Ih,; = [Hg"'Vihy + g™ (Vi Hhy — V;Hhy — V,Hhy,)|h,.;
— 59 2 — Dy — BN — V.V + VT
(using(1.2.5)) = [Hg""Vihy + ¢"(ViHhy — V;Hhy, — V;Hhy,)]h,;
+ %[Rik;" — 2Ry Thyy A — Vi ViATh, — %Rikghmﬁ
= [Hg"Vihy + ¢"(ViHhy — V;Hhyy — ViHhy,) |, — ViVidhy, — Ry hejA°
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and analogously,
0Ty = [Hg"'Vihy + g™ (ViHhy, — V;Hhy — ViHhy)lh,
— ViV;Ahy — Rys; hyi A
Adding (5.1.18), (5.1.19) and (5.1.20), (5.1.17) we have the thesis.

(5.1.20)

O
We are now able to state and prove
LEMMA 5.1.3. The squared norm of the second fundamental form evolves as
(5.1.21) A|VAPENVVA m
PrROOF. Remembering that
VAP = Vihi; Vehag™ g g7
and using (5.1.16) together with (5.1.5), we obtain
O|VA|? = 28,Vhi;Vehag g g7 + Vihi;Veha, 8, (g5 g ¢7*)
=2[N°V,Vihi; + VA’ Vihy + VA Vb, VA + Vihg |V ehg
— Vil Vehay (VN7 + V167 ) g™ ¢7")
= Vihy Vehay (9™ (Vg™ + VX ") g")
— Vihij Veha (979" (VN g7 + VA7)
= 2X°V,Vhy; Vehag™ g™ g"
= MV, |VA?.
O

NOTATION . Given an integer o > 1, we set

(5.1.22) (V(Q)A)ka..‘]Ll = Vka cee Vklh,-j s
where we have set kg =7 and k_; = j.

It is possible to check the following commutation rule for the time derivative and the
covariant differentiation:

a—1
(5.1.23) atvl(cz).‘.klhkokfl = vkaatvl(gijll.)‘.klhkok,l - Z @F;akﬁ(V(a_l)A)kafl‘,,kﬁﬂr,,,kfl,
f=1

Looking at (5.1.12) and (5.1.16), we now prove the following result.
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LEMMA 5.1.4. For any a > 0 we have

(5.1.24) O(VIA)ZNV VDA + Y Vi A(VOA) sty ok, @
y=-1

NOTATION . Throughout all the computations we will use the following shortcuts:

Thye* (VOA) oy == 3 T Vi Vi, Va Vi, -+ Vi Digi
p=-1

Vi, A° % (V@A) (1) = > Vi AV Vi Vi Vi Vighig

y=-1

With this notation, equation (5.1.24) becomes

(5.1.25) (VWA ZN V. V@A + VN % (V("‘)A)(s) .
Y

PRrROOF. By (5.1.12) and (5.1.16), our claim is true for @ = 0 and a = 1 respectively. We

now suppose that (5.1.24) is true for a generic o and we prove that it holds for a + 1 as

well.

Using the commutation rule (5.1.23) and the inductive claim (5.1.24), collecting the terms

as in (5.1.18), (5.1.19) and (5.1.20) we obtain

OH(VENA) =Ty L NVVOA+ Vi X5 (VOA) )] = DT, = (V) 1y

5 B
2V, )\svsv(a)A + )\svsv(a+1)A + ka PSPV (v(a)A)( )

a+1 a+1 S
~

+ N Ryyishy (V(“)A)(;) + Vi

ka PN (V(Q)A)(s)

~

a+1

(5.1.26) . o
= 59" o is = Beogaihigs — Do shigtA” % (VIVA) oy
T 1 T™\S (6%
= Vo Vi A" = 5 Bioiags AT (V' )A)(;)

— Vka+1)\svsv(a)A + )\svsv(a-i-l)A + Vkv)\s * Vka+1(v(a)A)(s) :

~

which is (5.1.24) for a + 1.

Using Lemma 5.1.4 we have

THEOREM 5.1.5. For any integer o > 0 we have:

(5.1.27) O VWAPENV, VWA m
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ProOF. The proof consists of a computation which makes use of (5.1.24), (5.1.7) and
(5.1.25). During the proof we will use the following conventions:

V(;)A = Vg Vg higry

(k,c) e kaca k101gkocogk,lc,1 )

g g .a.g

We can now compute

0V@AP? =20, VIVA VWA ke 4 TN VA 9,gEe
22NV VA + Vi A (VVA) (VA gk

— V(EQ)A VA Z (ghace ... ghovicost (V7 \bs gpes 7\ gPha) ... gh-ie-)
B=—1
= 2\°V,VVA VWA gk

= NV, |V@A]2.

5.2. Partitions of the three dimensional Euclidean Space

In this section we give a possible setting for the evolution of partitions of the Euclidean
three dimensional space with immersions of three copies of the bidimensional disk with their
boundaries suitably identified. All our definitions are given in the spirit of generalizing the
work done in [28] to higher dimensional analogues.

Let D? be the open unit disk in the Euclidean plane and ® : D? — R3 x R3 x R3,
a triple of smooth immersions of D? into R?, which written in components becomes

d = (¢!, 0%, ¢°), ¢*: D* — R? for a € {1,2,3}.
We denote the three correspondent induced Riemannian metrics on ¢*(D?) with “g,;.
Let U : 9D? — R? x R* x R? to be three given smooth embeddings of D* in R* and set
Gij = (lgij,2 gij73 gU) Wlth inverse Gij = (1g”, 2g”, 39”).
If ® = (¢, o, ¢3) : D* — R3, we will use the following notation for considering the triple
of the associated mean curvature vectors:

H(S) = Ag¢(s) = (Ag¢1(8)7 Ag¢2<8)7 Ag¢3<8)) = H(S)V(S) )

where in components we have

(5.2.1) Ay :=* g (

and v is the outward unit normal vector.

82¢a B Fhﬁ
0s'0sI Y Osh
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Let now ® : D? — R? x R? x R? be a given initial datum

®, = Gid, in D? x (0,7),
P — v on 9D? x (0,T),

(5.2.2) S e Z(0,0,0) on D2 x (0,T),
(I)(O) — P in D?.

The first equation shorthands three systems of equations, which expressed in coordinates
read:
60 = ogiep = H' A%, ae{1,2,3}

where, according to (5.2.1),

R
A" =g T = X g e vt a e {1,2,3)

and

(5.2.3) A= g Ty

In Section 5.1 we deduced all the evolution equations for the geometric quantities associated
to a generic immersion ¢ of a codimension-one submanifold into an Euclidean space. It is
important at this point to notice that in principle there would be an obstacle at applying
those computations to our case: from (5.2.3) it is actually clear that A is not a vector
field (since the Christoffel symbols are not the component of any tensor). In the case of
immersions of D?, since we have a single well defined global chart, the non tensoriality of
A does not affect the results. Moreover, even if A is not a tensor, we can formally define its
covariant derivative with respect to the Levi-Civita connection by mean of its expression in
components and check that all the algebraic properties which are used in the computations
hold true.

We can now ready to compute the evolution for the components of A:

LEMMA 5.2.1. The components of A evolve according to

ON = AN — 28 NV, X167 + [hpghg — hgpha]g? g™ A*

(5.2.4) o -
+2gP1gM  Hhy + 2HRPTE,

PROOF. According to (5.2.3) we have
O\ = 0,g"T% + g7 o,Ts.
Using (5.1.5) and (5.1.7) we obtain

(5.2.5) 0,g"TY = [2HR — (VN g + VN g®)TF,

and
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(5.2.6) gijatffj = —g"g"(ViHhj + V;Hhy) + g" Hhlw, — kY hig"w, + ¢* Aw, .

The thesis follows summing the last two equations.

We can now compute the evolution of the squared norm of the tangential speed A.

LEMMA 5.2.2. The following equation holds:

527) QAP = AJAP? = 2|VAP? + 20NV A, A) — ATEV, NN g gy — 20N hyihy, g
o + 4V Hhjyg7 g*" + AHRITE N gy

PrROOF. We begin by observing that

(5.2.8) AJA? = g7V, V(M N g) = 280 Nl gy + 2| VA2

Now, using (5.2.4) and (5.2.8), we can compute

(5.2.9)
A A2 = BN N gry) = 20NN gy + NN, g
= 2[AN" = 2LV N g? + (hijhs — hsihje)g? 6" X + 297 g*" N i Hhj + 2HRVTE N gy
— [2Hhiyg — (VN gr + VIN g ) JAFN
= AJA]? = 2|VAP + 2(X'V A, A) — ATEV N N g7 g — 2X" Nhgihj, ¥
+ 4V Hhjg7 g*" + AHRTE N g

which is the thesis.

We now can compute the evolution for the gradient of the tangential speed.

LEMMA 5.2.3. The following evolution equation holds true:

VAN = AV + NV, VN + NV (hipha ) g™
— AV (hiphys) 9729 — XNV (haphqt) gP2g" + H(RLV A — hi VA
+ 2[hghir — hathg ] VoA 729" + hiphys VIN g™ — hypyhg VA gP g
— 2V [, Vo Xg'™P] 4 2V [HRPT, ]

(5.2.10)

ProOOF. We begin by noticing that we have the following commutation rule:
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(5.2.11)
VAN = g7V V.V A+ g7 R VAN — g7 R, PV N
= AV N — g"V [Rig" N — RIVINF — gP1 R, FV N
= AV A + [V Ris — VRyN g™ + ¢P " Ryi"V A — BRIV — gP R, PV N
= AV N+ [V Hhiy — Vo Hhi + Vi (hiphg)g?? — Vi(hiphgs) "\ g**
+ 297 [hghi® — hah IV N — HRINNE 4 Riphyegt g?? VAR
Using (5.2.4) and (5.2.11) we can compute as follows:

5.2.12
(vkatx')z VAN = 2V, [0 VA G™] + Vil (hpgha — haphg) A1gPg" + 2V [HRPT ]
= AV N + [ViHhys — Vo Hhyy + Vo (hiphgt) 670 — Vi(hiphgs) g7 N g™
+ 267" [hgihis — hiihgs] VoA — HREN X + hiphgsg? g VA — 2V, [TV, A%
+ Vk[(hpqhsl - hSPhql)As]gpqgil + QVk[thqF;q] :

Moreover,

oL N = —Hg"Vhy N\ — ¢ (Vi Hhyy + NV, Hhyy — Vi Hhyg, )\

(5.2.13) 1 o i .
+ 59 [2hkrhsl - hskhlr - hsrhlk])\ A+ 5[2V7«Vk>\ — ers A ])\ .

Adding the two last equations and simplifying we obtain the thesis.
OJ

We would like to conclude making some observations on the methods that we will use to
go on with the analysis.

REMARK 5.2.4. From equation (5.1.24) we can see that it is sufficient to control uni-
formly the norm of the second fundamental form and of the vector field A to have a control
on the derivatives of all orders on A itself. Anyway, from (5.2.7), we can see that if we want
to control |A|, we have to control its higher covariant derivatives too. If we now suppose
to have existence and uniqueness for small times in (5.2.2), we can let the partition evolve
until |A| does not blow up. In case that during this evolution |A| blows up, since |A| is
still uniformly bounded , we can always reparametrize and go on with the evolution.

REMARK 5.2.5. If we want to obtain stronger results, since we are studying the evolu-
tion of manifolds with boundary, we can not use maximum principles in a straightforward
way, as it is done in the case of curvature motion of closed manifolds. We will be forced
to use integral estimates for the relevant quantities as it has been done in [28].
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