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Abstract

This thesis is dedicated to the study of isoperimetric inequalities in some Carnot-
Carathéodory spaces, related to the Heisenberg geometry.

The thesis is organized as follows. Chapter 1 is concerned with some preliminaries: we
consider Carnot-Carathéodory spaces, and we define Grushin spaces and H-type groups.
Then, we introduce the notion of X-perimeter, showing the validity of a non-sharp isoperi-
metric inequality. In Chapter 2, we study the sharp isoperimetric inequality in H-type
groups and Grushin spaces. Several techniques are needed here, such as representation for-
mulas for the X-perimeter, a concentration-compactness type argument, and non-classical
rearrangements. In Chapter 3, we prove quantitative isoperimetric inequalities in the
Heisenberg group H" and in some Grushin spaces. To this purpose, we use a technique,
known in the Calculus of Variations as subcalibration, in a suitable class of sets of fi-
nite X-perimeter. Finally, in Chapter 4, we address the problem of studying quantitative
isoperimetric inequalities in the Grushin plane in a class of symmetric sets, starting from
Euclidean techniques. Crucial differences arise from the lack of invariance under translation
of the X-perimeter and lead us to study a variational problem, which has connections with

the study of soap bubbles in the Grushin plane.






Sunto

La presente tesi ¢ dedicata allo studio di disuguaglianze isoperimetriche in alcuni spazi
di Carnot-Carathéodory, connessi con la geometria dei gruppi di Heisenberg.

La tesi & organizzata come segue. Il Capitolo 1 & introduttivo: consideriamo gli spazi di
Carnot-Carathéodory e definiamo gli spazi di Grushin e i gruppi di tipo H. Introduciamo
quindi la nozione di X-perimetro, mostrando la validita di una disuguaglianza isoperimetrica
non ottimale. Nel Capitolo 2 studiamo la disuguaglianza isoperimetrica ottimale in gruppi
di tipo H e spazi di Grushin. Sono necessarie a questo scopo diverse tecniche, tra cui formule
di rappresentazione per I’’X-perimetro, un argomento di tipo concentrazione-compattezza
e riarrangiamenti non standard. Nel Capitolo 3 dimostriamo una disuguaglianza isoperi-
metrica quantitativa nel gruppo di Heisenberg H" e in alcuni spazi di Grushin. Per farlo
usiamo una tecnica, nota nel Calcolo delle Variazioni come subcalibrazione, in una oppor-
tuna classe di insiemi di X-perimetro finito. Infine, nel Capitolo 4, consideriamo il problema
dello studio della disuguaglianza isoperimetrica quantitativa nel piano di Grushin, in una
classe di insiemi simmetrici, a partire da tecniche Euclidee. Si presentano alcune differenze
sostanziali, dovute alla mancanza di invarianza per traslazioni dell’’X-perimetro, e ci con-
ducono allo studio di un problema variazionale, collegato allo studio delle bolle di sapone

nel piano di Grushin.






Introduction

Isoperimetric inequalities arise as a natural relation between quantities representing vol-
ume and perimeter of regions, and provide both an analytical and a geometrical description
of the ambient space. In the Euclidean space R™, n > 2, the isoperimetric inequality states
that if £ c R" is a Lebesgue measurable set with finite measure, then for some dimensional

constant C' = C(n) >0,
P(E)#1 > CLY(E).

Here, P(E) is the perimeter of E. For the sharp constant C = Cy(n) = P(B)=1/L"(B),
being B the open unit ball in R", equality occurs if and only if F is a Euclidean ball.
Such a set is therefore called an isoperimetric set in R™. Despite the ancient origins of the
isoperimetric inequality, a complete formulation and proof in the generality of Lebesgue
measurable sets in R” was given only in the 1958 work [40] by E. De Giorgi. This was done
thanks to the powerful notion of perimeter, introduced in the paper [38] by De Giorgi, see
also Caccioppoli [26]. As a consequence of the isoperimetric inequality in R"™, the Gagliardo-

Nirenberg inequality

(fR |Du|dz)™ 2 C(n) fR |7 de e WHL(RY)

holds true, see Fleming and Rishel [47]. Such inequality is, in fact, equivalent to the isoperi-
metric inequality. In particular, an embedding theorem for the Sobolev space W (R™) into
the space of n/(n - 1)-summable functions L7-1 (R") is valid (see also Ambrosio, Fusco and
Pallara [7, Section 3.4] for the embedding of BV (R™) into L7-1 (R™)).

A progress on the isoperimetric inequality in R™ is the study of its stability. After
some contributions on the subject (see for instance Fuglede [62], Hall [73], Hall, Hayman
and Weitsman [74]), in [63], Fusco, Maggi and Pratelli prove existence of a dimensional

constant Cg(n) > 0 such that any Lebesgue measurable set E c R™ satisfies
2
P(E) - P(B(0,75)) > Co(n)( min £(E & B(x,7)))

The quantity rg > 0 is chosen in order to have L"(E) = L"(B(0,7g)). We refer to such

inequality as the sharp quantitative isoperimetric inequality in R™.
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In the last two decades an intense investigation on Analysis and Geometry in Metric
Spaces has been carried out by many authors and led to a generalization of classical theories
to these structures: Sobolev spaces (see Hajlasz [71], Hajlasz and Koskela [72]), quasicon-
formal mappings (see Heinnonen and Koskela [76]), functions of bounded variations and
sets of finite perimeter (see Miranda [93], Ambrosio [4], [5], Ambrosio Miranda and Pallara
[10], Korte Lahti and Shanmugalingam [82]), currents and rectifiable sets (see Ambrosio and
Kircheim [8], [9]), see also Heinonen [75], Ambrosio and Tilli [I1]. A very general framework
to study isoperimetric inequalities is therefore established. An important class of Metric
Spaces is given by Carnot-Carathéodory spaces, whose definition is attributed to Gromov:
in [67] (see [68] for the english version, see also Pansu [109], Gromov [69]) the author studies
various distances defined on manifolds, naming “Carnot-Carathéodory” a length distance
used by C. Carathéodory in an ancestral form to axiomatically formalize Thermodynam-
ics (see [30]), and already present in the literature of hypoelliptic differential operators and
nonholonomic mechanics. Given a family of vector fields X = {X1,..., X, } defined in a open
set 2 c R™, the Carnot-Carathéodory distance d.. between two points in € is defined as the
shortest length of horizontal curves connecting them, i.e., absolutely continuous curves that
are almost everywhere tangent to the distribution of planes generated by Xi,..., X,.. If no
horizontal curves connect the two points, d.. is defined to be co. Before a formal definition
of Carnot-Carathéodory spaces was given, a sufficient condition to connect any two points
by means of horizontal curves was proved independently by Chow, [33] and Rashewski [113],
involving the rank of the Lie algebra generated by Xi,...,X,. The same condition has a

key role for the hypoellipticity of the subelliptic Laplacian
T
Ay =Y X7,
i=1

proved by Hormander, in the 1967 paper [77]. Such a condition is known in the literature
as Hormander condition, (also bracket genmerating condition). This result has motivated
many authors to study hypoelliptic operators defined as sum of squares of vector fields sat-
isfying Hérmander condition, see Bony [21], Kohn [81], Rotshild and Stein [119], Folland
[48], [49], Nagel, Stein and Weinger [106], Jerison [79], Varopoulos [123]. In the work by
Fefferman and Phong [45], dated 1981, the study of subelliptic operators which are not as-
sumed to be written as sum of squares is accomplished associating them with a suitable
metric d. This idea gives an impulse to the study of degenerate elliptic operators, via asso-
ciated Carnot-Carathéodory metrics, see Franchi and Lanconelli [54], [55], and Sobolev and
Poincaré inequalities are studied in view of a regularity theory for weak solutions and esti-
mates of the fundamental solution, see Franchi [51], Franchi, Gutierrez and Wheeden [53],
Franchi, Gallot and Wheeden [52], Capogna, Danielli and Garofalo [28], [29], Lanconelli

and Morbidelli [86]. Isoperimetric inequalities with non-sharp constants follow as a result
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of this research branch, see Varopoulos, Saloff-Coste and Couhlon [124], Garofalo and Nhieu
[65], where perimeter in Carnot-Carathéodory spaces is defined following De Giorgi defi-
nition, see Capogna, Danielli and Garofalo [28], Franchi, Serapioni and Serra Cassano[50]
and corresponds to the definition of Miranda in more general metric spaces [93].

From another point of view, the study of isoperimetric inequalities in Carnot-Carathéodory
spaces is induced by geometrical motivations. When a Riemannian metric is defined on a
manifold, the volume of a region and of its boundary are well defined according to the
metric. In [3] (see also Gromov [68]) Ahlfors proves that if M is a complete n-dimensional

Riemannian manifold satisfying for any D ¢ M
vol(D) < Cvol(9D)%,

with o < =25, then there are no quasiregular mappings from R" into M. Motivated by this
result, in [I08], Pansu proves an isoperimetric inequality in the Heisenberg group H!. Such
a group is an example of Carnot-Carathéodory space, being a Lie group on R? endowed
with a left-invariant metric. Pansu’s isoperimetric inequality states that for any Lebesgue
measurable set E c H! )
£3(E) < () Pu(B)?,
0

where Py denotes the perimeter in the Heisenberg group, (see Franchi Serapioni and Serra
Cassano [59] for a systematical study). The constant (12/7)Y3 is not sharp, and, still
in [I08], Pansu conjectures the form of isoperimetric sets in H! as topological balls that
are not metric balls. The sharp isoperimetric inequality in H', which is equivalent to the
characterization of minimizers for the Heisenberg perimeter under volume constraint is still
an open problem.

The present thesis can be included in this framework of Calculus of Variation in Metric
Spaces. Before our work, the only Carnot-Carathéodory space where a sharp isoperimet-
ric inequality was known to hold in the generality of Lebesgue measurable sets, was the
Grushin plane, see [99], and no quantitative inequalities were available. The intention of
this dissertation is to present sharp and quantitative isoperimetric inequalities in Carnot-
Carathéodory spaces connected to the Heisenberg geometry. The original work of the thesis
is presented in Chapters 2, 3, 4. The results of Chapters 2 are published in the work [60],
and part of the results in Chapter 3 are at the base of the work [61]. The results in Chapter
4, instead, are not yet published.

The main features of Carnot-Carathéodory spaces are described in Chapter |1} together
with the generalization of classical tools from Calculus of Variation to such structures, as the
notion of functions of bounded variation. In Section 1.1 we describe the notion of length

of horizontal curves, given a family of vector fields X = {Xy,..., X, }, defining Carnot-
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Caratheodory and sub-Riemannian spaces, and introducing Carnot Groups as examples.
We then focus on H-type groups and Grushin spaces that are subsequent object of study
in this thesis. An H-type Lie algebra is a stratified nilpotent Lie algebra h = b1 & b of
dimension n > 3 and step 2, such that if (-,-) is a scalar product that makes h; and bho

orthogonal, we have
(Jy (X), Jy (X)) = [V (X, X7).

Here J : hy — End(h;) is the Kaplan mapping, introduced in [80] (see and |Y| =
(Y, Y)l/ 2. We call rank of the Lie algebra the dimension of the first layer b as a real vector
space. An H-type group is a Lie group whose Lie algebra is an H-type Lie algebra, and it
is a generalization of the n-dimensional Heisenberg group.

Given a > 0, h,k > 1 integers and n = h + k we define a Grushin space to be R"
endowed with the Carnot-Carathéodory distance d,, associated to the family of vector fields
Xo={X1,...,Xp, Y1,...,Ys} where

X;= 08y, Yj=|2%9y,, i=1,...,h, j=1,... k.

If h=k=1, (R%d,) is called the Grushin plane. In Section 1.2 we recall how to define the
X-gradient of a function u, Xu, and BVx-functions, with a particular attention to lower
semicontinuity of the total variation and compactness of BVx (R™) into L}, .(R™). We then
define the X-perimeter of a set F c R”, denoted by Px(F), showing via an example in
the Grushin plane its difference from the length associated to the family X. Section 1.3
is devoted to a proof of the global non-sharp isoperimetric inequality in Grushin spaces
and Carnot groups, see Proposition that follows the classical approach given by [7]
in R™. The starting point is the validity of a global Poincaré inequality for balls, see in
particular [86]. The chapter is concluded with a review of the most important results about

the isoperimetric problem in Heisenberg groups.

Chapter 2 is devoted to the study of the sharp isoperimetric inequality in Grushin
spaces and H-type groups, under a suitable symmetry assumption that depends on the
dimensions of the layers. For h, k > 1 integers and n = h + k, we endow R"™ with the Carnot-
Carathéodory distance associated to the family X = X, or to the family X = X of Lie
generators of an H-type Lie algebra of dimension n > 3 and rank A > 2. We say that
a set E c R™ is x-spherically symmetric if there exists a set F c [0,00) x R¥ such that
E ={(z,y) eR": (Jz|,y) € F}. Instead, we say that a set is x-Schwarz symmetric if for any
y € R* the section EY = {x e R": (z,y) € E} is a euclidean ball centered at zero in R”. The
definition of y-Schwarz symmetry is analogous (see Section . For any given v > 0 we

consider the isoperimetric problem

inf{Px(E): L(E) =v, EeS,y it h>1} (IPx)



where S, is the class of z-spherically symmetric sets in R"™. In the case h = 1 no sym-
metry assumptions are required. In Theorem we prove existence of solutions to the
isoperimetric problem and we characterize them via a differential equation for the profile

function.

Theorem 1. Let h,k > 1 and n = h + k. There exist minimizers for the isoperimetric
problem (IPx|). Moreover, any isoperimetric set E c R™ is x- and y-Schwarz symmetric,

and up to a vertical translation and a null set, it is of the form

E={(z,y) eR": |y < f(lz]},

for a decreasing function f € C([0,70]) n C*(0,70) n C?([0,70)), for some 0 < 1o < oo. The

function f satisfies the following differential equation

B A fT82a+h—1 k-1 .. Chia
/20 +f12 0 f /82a+f/2 h

with Chra = %, being Q the homogeneous dimension of (R™,dX) (see Definitions

(T1.7) and (T.1.19)).

The proof is done through several Lemmas and Propositions. In Section we prove
Representation formulas for the X-perimeter of sets with regular boundary, in terms of
their outer unit normal (see Proposition and equation . As a consequence, in
Proposition we realize that the H-type perimeter of E € S,, denoted by Py(FE),
is equal to the Grushin perimeter of E for = 1, denoted by P, (FE). This leads us to
study the isoperimetric problem only for P,. In Theorems and we prove

non-classical rearrangements for the a-perimeter, summarized in the next statement:

Theorem 2. For any set E c R" with E € Sy, such that Po(E) < 00 and 0 < L™"(E) < oo
there exists an x- and y-Schwarz symmetric set E* ¢ R™ such that Py(E*) < Py (E) and
LM(E*) = L™(E). Moreover, if P,(E*) = Py(E) then E is x-Schwarz symmetric and there
exist functions c: [0,00) - RF and f:[0,00) - [0, 00] such that, up to a negligible set, we
have

B = {(r,y) € R |y - c(fa])] < f(Ja])).

Theorem [2| leads to the proof of existence of isoperimetric sets in Section 2.4. This is
based on a Concentration-Compactness type argument, adapted to the lack of invariance
under translations of the perimeter P,. Combining Theorem [2| together with the proof
of z- and y-Schwarz symmetry of isoperimetric sets (see Proposition , we provide in
Section [2.5] a characterization of isoperimetric sets through differential equations for their

profile functions. Studying such equations we deduce uniqueness of the isoperimetric set
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in the case k = 1 (see Remark [2.5.2)): up to dilations and vertical translations, the unique
isoperimetric set in (R"*!,d,) is

w/2
B = {(2,y) e R" xR [y < f

sin®* ¢ dt, |x| < 1}.

arcsin |z

We also prove asymptotic and convexity properties of isoperimetric sets for general values
of k (see Proposition and Section [2.6): the profile function f of an z- and y-Schwarz

symmetric isoperimetric set F c R" satisfies for some 0 < rg < oo, f' <0, f(r9) =0, and

!/
N . f'(r) _ Chka
A ) =mee,and s IR et =y

Moreover, it is concave around zero. Uniqueness of isoperimetric sets for general dimensions

may require some further work as explained in Remark

The proof of the sharp isoperimetric inequality for z-spherically symmetric sets in
Grushin spaces R"* k = 1 motivates us to study its stability, starting from the set Eop-
Chapter 3 is dedicated to several applications of a sub-calibration technique yielding to
quantitative isoperimetric inequalities: our proof applies to Heisenberg groups (Section
and Grushin spaces (Section , providing the first examples of quantitative isoperimetric
inequalities in Carnot-Carathéodory spaces, see Theorems and See also Section
MWhere a quantitative inequality in the Euclidean space R" is recovered. We endow R" xR
with the Carnot-Carathéodory metric associated to the Grushin space (R"*!,d,) for a> 0,
or associated to the n-dimensional Heisenberg group, h = 2n. In the first case, we use the

notation Fisp = F whereas in the second case we denote by Fjigp the Pansu set. The

o
isop?
general scheme is thepfollowing: motivated by Theorem [Ijand by Ritoré’s proof of the sharp
isoperimetric inequality in H" in a suitable class of sets, [116], for any 0 < ¢ < 1 we introduce
the cylinder

C.={(z,y) eR"xR:|z|<1, y>e}.

We prove the following quantitative estimates.
Theorem 3. Let F c R be any measurable set with LM (F) = LM (Eigp).

i) If FAEisp cc Cy then there exists a dimensional constant C'(h) >0 such that

Px(F) = Px(Eisop) 2 C(h) L (FAEiop ).

i) If FAEisop cc C; for 0 < e <1, then there exists a constant C'(h,e) >0 depending on

the dimension h and on €, such that

PX(F) - PX(Eisop) 2 C(h75)£h+1(FAEisop)2-
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Precise expressions of the constant C'(h) and C(h,e) are given in Therorems (3.2.1

[3.3.1) and [3.4.1} The proof is based on the existence of a family of hyper-surfaces {3 }ser

foliating the cylinder C; which have constant mean curvature. The mean curvature here

has to be defined according to the ambient space as in (3.2.5)) and (3.3.1). The surfaces ¥

are constructed as the level sets of a smooth function obtained following the next theorem.

Theorem 4. Let 0 < e < 1. There exists a continuous function u : C. - R with level sets
Y = {(x,y) eCe:u(x,y) = s}, s €R, such that:

i) ue Cl(CngiSOp)nC’l(Cg\Eisop) and Xu/|Xu| is continuously defined on Cox{x =0};
“) Uss1 25 =Cen Eisop and Us<y X = Ce N Eisop;'

i) Y is a hypersurface of class C? with constant mean curvature Hy, =1/s for s>1 and

Hy,=1=Hpyg fors<1.

isop

Theorem [3] is implied by Theorem [4] via further estimates for the mean curvature that
are also proved in Theorems (see relations (3.2.32), (3.2.33)), (3.2.34)).

Chapter 4 contains the results so far obtained as a preliminary research in view of a
quantitative isoperimetric inequality for a class of symmetric sets in the Grushin plane. In

Theorem [4.1.1] we prove qualitative stability of the isoperimetric inequality.

Theorem 5. For every € > 0 there exists § = 6(a,e) >0 such that, for any measurable set
E c R? with finite a-perimeter and L2(E) = we, if Po(E) - Po(E2 ) <§ then

isop

Ay (E) = r;%lLZ(E A (B2, +(0,y))) <e.

isop

The quantity A, (E) is called the a-asymmetry of E. We say that the sharp quantitative

isoperimetric inequality in the Grushin plane holds if
Aa(E)? < C(a)(Pa(E) = Pa(Efyp))

for any Lebesgue measurable set E c R? satisfying £2(F) = Ez(Egop). Our purpose is to
understand if a quantitative isoperimetric inequality in the Grushin plane holds in the class
of z- and y-Schwarz symmetric sets in R2. The starting plan in this direction was to follow
the scheme given by the Euclidean proof presented in Section 4 of [63] for axially symmetric
sets in R™. Crucial differences arise from the very beginning, as explained in Section [4.2
The proof in [63] starts observing that, if E c R? is z- and y-Schwarz symmetric, satisfying
L2(E) = £L?(B), the quantitative inequality

(min £7(E & B(p.1))) < C(P(B) - P(B))
peR



follows from
L2((BNE)nZ)?<C(P(E) - P(B)), (Z)

where Z = {(z,y) € R? : || < v/2/2}. Since the a-perimeter is not invariant under rotation
of the axis, relation fails to be sufficient for the quantitative isoperimetric inequality in

the Grushin plane, and it needs to be proved in two stripes, namely:

L2 ((Blyp & B) N Z)? < C(Pa(E) - Pa(EL)) (Z grushin)
and
L2((BLyp & B) N Z2)? < C(Po(E) - Pa(Egyp)), (Z grushin)

where Zo = {(z,y) € R? : |y| < b} for a suitable b > 0. The proof of adapts to prove

(Z2 grushin)), while (Z grushin)) hides deep differences between the a-perimeter and the
euclidean one. The proof of is divided into three steps:

1. The volume L£L2((B ~ E) n Z) is estimated in terms of the length difference between
the intervals Ez = {y e R: (Z,y) € E} and B, = {y e R: (2',y) € B} for some Z,z" > 0.
Namely, there exists C > 0 such that

L2((E A B)nZ) < CiHY(Ez) - HY (By))

where H! denotes the 1-dimensional Hausdorff measure. This step can be proved for
both stripes Z and Zs, as shown in Lemma

2. For any 2- and y-Schwarz symmetric set E c R? satisfying £2(E) = £2(B) and any
suitable choice of Z and z’ as above, there exists an x-spherically symmetric and

y-Schwarz symmetric set E’ c R? satisfying £2(E’) = £L2(E), such that
P(E')<P(E) and [H'(Ez)-H'(Bw)| < CofH' (EG) -H'(Bo).  (Step 2)

The technical key point here is what motivates our further analysis. The set E’ is
constructed to be equal to a Euclidean ball centered at 0 in the stripe {(z,y) € R?:

|z| < 20} for a suitable xg > 0 such that
1 1 2 2 -
H(E,,)=M (Ez) and L*(E)=L*(En{z<z}). (constr.)

The construction of £ doesn’t apply to the Grushin plane in the stripe Z, see Remark
Nonetheless, if it is possible to construct E’ to be equal to a dilation of the set

Eg,p, then estimate (Step 2)) holds true, see Remark As it is shown in Lemma
this happens in the case of the stripe Zs.
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3. For any z-spherically symmetric and y-Schwarz symmetric set E c R? satisfying
L2(E) = L2(B), there exists a constant C3 > 0 such that

[H' (Eo) - H' (Bo)I” < C3(P(E) - P(B)).
The proof adapts to the a-perimeter in both stripes (see Proposition |4.4.1).

The failure of the Euclidean techniques at Step 2, leads us to introduce a minimization
problem for a functional involving the Grushin perimeter, in a class of sets that satisfy
volume and trace constraints representing . Given hq, ha,v1,v9 > 0, we define the
class A, = Az(v1,v2, h1, hy) of all Lebesgue measurable sets E c R? that are z-symmetric,

y-Schwarz symmetric and such that there exists xg = xo(v1,v2, h1, ho) > 0 satisfying

EQ(E;"O_) =01, EQ(E NEp ) =,
[—hl, hl] c tl‘io_E, [—hg, hg] ctr?  F

o+

(class)

where trg ,F are the traces of E at xg in the z-direction introduced in Definition [{4.3.2]
Introducing the functional .#,(E) = Pa(Ey, )+ Pa(Ey,, ) —4h1—4hs, for E € A, we consider

inf{.Z,(E): Ec A,}. (Min %#,)

The study of such a minimization problem is presented in Section [4.3] and constitutes the
heart of the chapter, having possible connections with the study of soap bubbles and minimal

clusters in the Grushin plane.

Theorem 6. Let hi,ha,v1,v2 > 0. There exists a bounded set E € A, realizing the infimum
in and such that, for zo >0 defined by (class), the sets En{|z| < zo}, En{z > 20},
En{z< -z} are conver sets.

If f:[0,00) - [0,00) is such that the set E = {(z,y) e R? : |y| < f(|z|)} € A is such
a minimizer, then f is C%-smooth almost everywhere on [0,00) and there exist constants

c>0, k<0, deR such that

sgnz ¢zt )
fl(x) = —% Zf |l‘| <X,
-3z
(kx+d) x® (kx —d) |z|*

f(z) = if x>z,  fl(x)=

B S e S ——— if x<-xp.
V1-(kx+d)? V1-(kx—d)?

Moreover, if lim,, - f'(x) > —o0, tr,o B = [=h1,h1]. Analogously if lim, .+ f'(x) > —o0,
trys ' = [=ha, ho].

Existence of minimizers is proved in Theorem [4.3.6] via subsequent adjustments of a
minimizing sequence. Characterization of the minimizers via differential equations for the

profile function is instead proved in Sections and



The question arising from the construction at Step 2 is whether a minimizer for (Min .%#,))
is equal to a suitable dilation of Ef,, in the stripe {(z,y) € R? : |z| < 20} or not. In
Proposition we show that this property is not satisfied for the particular choice of
the parameter vy = 0. Hence, it is not clear if the techniques in [63] can be adapted to the

Grushin perimeter.
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Basic notation

n-dimensional Euclidean space
horizontal bundle generated by family of vector fields X

length of curves in AX i.e., horizontal curves

Carnot-Carathéodory distance associated to the family of vector fields X

open ball with respect to d.. of center x € R™ and radius r > 0
FEuclidean distance

open ball with respect to dg of center x € R" and radius r > 0

a Carnot group

left translation by x in a Carnot group

Lie algebra of the Carnot group G

homogeneous dimension

dilation associated to the Carnot group G by A >0

family of canonically generating vector fields of the Carnot group G
open ball with respect to dS, of center x € G and radius 7 > 0
n-dimensional Heisenberg group

anisotropic dilation associated with the Heisenberg group H"
family of vector fields associated with a Grushin space, for a >0
Carnot-Carathéodory distance in a Grushin space, for a >0
length of horizontal curves in a Grushin space, for a > 0
dilation by A > 0 in a Grushin space for a >0

ball with respect to the distance d, of center p € R” and radius r >0
box of center p €e R"™ and radius r > 0

n-dimensional Lebesgue measure

horizontal gradient of the scalar function u

horizontal divergence of the vector function

horizontal divergence in a Carnot group G of the vector function

X1



LP(Q) p-summable functions in Q, 1 <p < oo

Ll (Q) locally p-sumable functions in €2

W)l(’p anisotropic Sobolev space associated with X

| Xu|(©)  X-variation of the scalar function u in Q c R"
BVx(Q2)  space of functions of bounded X-variation in 2

Px(E;Q) X-perimeter of E in Q c R"

P Euclidean perimeter

P X-perimeter, with X = X, where G is a Carnot group
Py H-perimeter

P, a-perimeter

P,(E;Q) a-perimeter of F in 2, with a >0

Cr sharp isoperimetric constant

Eisop conjectured isoperimetric set in H", called Pansu ball
% profile function of Fisp

Egop isoperimetric set in Grushin spaces

Da profile function of E

Sy class of xz-spherically symmetric sets in R"

NE outer unit normal to £ c R"

N, a-normal to E c R"

Ng H-normal to E

HF k-dimensional Hausdorff measure with respect to the Euclidean metric
D(FE) isoperimetric deficit of the set E c R"

A(E) Fraenkel asymmetry of £ c R"

Dy(E) H-isoperimetric deficit with respect to the Pansu ball of the set E ¢ R”
A (E) H-asymmetry with respect to the Pansu ball of £ c R"

D(FE) aisoperimetric deficit of the set E c R?

A(E) a-asymmetry of E c R?

try,- & left trace of E'c R? at x> 0 in the z-direction
try, .+ F right trace of E c R? at x>0 in the 2-direction
tr? B trace of E c R? at zo > 0 in the z-direction
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CHAPTER 1

An introduction to Carnot-Carathéodory structures

in view of the Calculus of Variations

1.1 Carnot-Carathéodory structures: definitions and examples

In this section we introduce the notion of Carnot-Caratheodory and sub-Riemannian
structure on R™. We also introduce as examples H-type groups and Grushin spaces where
we are going to define and study the notion of perimeter in the subsequent Chapters. For

the general definition of a sub-Riemannian manifold see for instance [69], [2], [85], [94].

1.1.1. Vector fields on R"

A wvector field on R™ is a section of the tangent bundle of R™, which can be thought of
as a function

n
X:R" - TR", X(z) =) ai(x)0,, € T,R"
=1

where, given x € R", 0;, is the i-th element of the standard basis of the tangent space to
R"™ at x, and it can be identified with the partial derivative with respect to x; evaluated at
x. A vector field on R” is said to be (Lipschitz, C*,...-) continuous in R™ if its coefficients
a; : R" - R are (Lipschitz, C*....-) continuous. The idea to define a Carnot—Caratﬁeodory
structure on R" is to consider some privileged directions and define an associated distance.
In sub-Riemannian geometry this is done by fixing a sub-bundle A c¢ TR" as the span of
vector fields on R", X,..., X, (1 <r <n) satisfying the so called Hérmander condition (see
below). To be more precise we need to recall the following notions.

Definition 1.1.1 (Lie Algebra). A real Lie Algebra is a real vector space V endowed with
an operation

{, }:VxV >V, (v,w) = {v,w}
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which satisfies the following properties
1. {, } is R-bilinear;
2. {v,w} =—{w,v} for any v,w eV (skew symmetry);
3. the following identity, called the Jacobi identity holds:

{u, {v,w}}+{v,{w,u}} +{w,{u,v}} =0 u,v,w e V.

We say that a vector space W c V is a Lie subalgebra of V' if it is closed under the operation
{, } and properties 1-3 are satisfied.

Given a subset A c V, we call Lie subalgebra generated by A (in (V,{, })) the smallest
Lie subalgebra of V' containing A and we denote it by Lie(A).

There is a classical way to associate to a family of vector fields on R™ a Lie algebra (see

for instance [19], Section 1.1]). Given two smooth vector fields on R"
n n
X = Zaié)xi, Y = Z bjf)xj,
i=1 j=1

we define their composition law as the composition of partial differential operators, which

is denoted by o, namely:
XoY = Z (al(@b])ax] + aibjagimj)
i=1

where ('),%imj is the second order derivative with respect to z; and ;. The commutator [ X,Y ]

between X and Y is defined as
[X,)Y]=XoY -YoX.

The set of C* vector fields on R", X(R") = {X = Y1 a;0y, : a; € C*°(R")}, endowed with
the bracket operation [, | is a Lie-algebra. In particular the commutator of vector fields is
again a vector field. Henceforth, given a family of smooth vector fields X = {Xy,..., X, },
we consider the Lie algebra generated by X in (X,[, ]), and we denote it by Lie(X). It is
easy to see that it coincides with the real span of the iterated brackets of the elements of
X, namely:

Lie(X) =span{[X;, [...[ X;, Xk]]] : 4,5,k =1,...,r}. (1.1.1)

Definition 1.1.2 (Hérmander vector fields). We say that the smooth vector fields on R”
X1,..., X, € X(R™) satisfy the Hormander condition if the Lie algebra that they generate

has full rank on R", namely if
rank(Lie(Xy,..., X;))(z) =n xeR"™, (1.1.2)

where rank(W') denotes the dimension of W as vector space.
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The following result is known as the Chow-Rashevsky theorem or Chow connectivity

theorem, and it was independently proved by Chow in [33] and Rashevsky in [I13].

Theorem 1.1.3 (Rashevsy 1938, Chow 1939). Letp,q e R™. If X = {X1,..., X, } is a family
of vector fields satisfying the Hormander condition, there exists an absolutely continuous
curve 7y : [0,1] = R™ such that
.
~v(0)=p, v(1) =¢q Y(t) =Y ai(t) Xi(y(t)) for some coefficients a; for a.e. te[0,1].
i=1

For a proof we refer to [2, Theorem 3.29].

1.1.2. Sub-Riemannian and Carnot-Carathéodory structures on R"

Associated to the family X = {X,..., X, }, we define a sub-bundle of the tangent bundle:

AX :p&gn Af Aif =span{X1(p),..., X;(p)}
and we call it the horizontal bundle. A vector field Y € AX is called a horizontal vector field.
We drop the upper index X if no confusion arises. We say that an absolutely continuous
curve 7 : [0,1] > R™ is horizontal if Y(t) € A')y((t)
a scalar product g, on A, such that Xy,..., X, are orthonormal, we define the length of an

for every t € [0,1]. Given, for every p e R",

horizontal curve v as

= [ oG di= [ \‘ ﬁ;a%(v(t)) it (1.13)

where §(t) = Sh; ai(v () Xi(7(1)) € A%, .

If the family X satisfies the Hormander condition, it is possible to associate to this
structure a distance through the following steps. By Chow’s theorem (Theorem , any
two points p, g € R™ can be connected by means of horizontal curves. We can therefore define
the following distance on R™, which is called the Carnot-Carathéodory (also sub-Riemannian

or CC for short) distance associated to X:

dX(p,q) = inf {KX(fy) : v horizontal,vy(0) = p, (1) = q}. (1.1.4)

We denote the open ball of center x € R™ and radius r > 0 with respect to the CC distance
by

Bli(x,r) = {y e R" : i (z,y) <r}.
Also in the case of £x, dX. and BX we may drop the index X if no confusion arises. From

now on, by sub-Riemannian structure we mean R" endowed with a family of vector fields

on R" X ={Xjy,..., X,} satisfying the Hérmander condition.
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If a Carnot-Carathéodory distance dgg can be constructed on R" starting from a set
of vector fields X = {Xi,...,X,»} that do not necessarily satisfy Hérmander condition,
we call R" endowed with the family X a Carnot-Carathéodory structure on R™. Clearly

sub-Riemannian structures are Carnot-Carathéodory ones.

Example 1.1.4 (Euclidean distance). The euclidean space R" endowed with the family
X = {0z,,...,0z,} is a sub-Riemannian structure and the CC distance is the euclidean

one dg(p,q) = /", (pi — ¢;)%. In this case we use the notation Bg(z,r) = BX (z,r) for a
euclidean ball of center x € R" and radius r > 0.

Example 1.1.5 (Grushin spaces). In Subsection we introduce Grushin spaces which
are Carnot-Carathéodory structures on R" endowed with a family of vector fields depending

on a parameter a > 0.

1.1.3. Carnot Groups

An important class of sub-Riemannian structures on R"” is given by Carnot groups on
R™, which are Lie groups. We say that G is a Lie group if it is a smooth manifold endowed
with a group operation * such that the composition map (z,y) ~ x *y and the inverse map
rw a2t (zxat =27t 2 = e, unit element) are smooth on G. Fixed x € G we call left
translation by x the map

T.:G->G, (y)=x*y

and right translation by x the map

0::G =G, 0,(y) =y .

The maps 7, 0, are clearly C'* diffeomorphisms of G into itself for any x € G. We say that
a vector field X on G is left-invariant if the following holds

(Xf)orpe=X(fory) forevery feC®(G), x€G. (1.1.5)

The set of all left invariant vector fields is a Lie algebra, which is called the Lie algebra of
G and it is denoted by Lie(G) or g. In the theory of Lie groups, the exponential map is a
map from the Lie algebra of a group to the group itself defined using integral curves of the
vector fields in g:

Exp:g—G, Exp(X)=+%(1) (1.1.6)

where 4% : [0,1] = G is the unique curve such that

70 =€ () =X(y(1) te[0,1].

Notice that here we use smoothness and completeness of left invariant vector fields (see for

instance [19, Remark 1.1.3]).
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Definition 1.1.6 (Carnot Group). A Carnot group of step s is a connected, simply con-
nected Lie group whose Lie algebra g admits a step s stratification, i.e., there exist linear

subspaces Vi, ..., Vs such that
g=Vie-oV, [Vi,Vi] =V, Vs#{0},

where [V7,V;] is the subspace of g generated by the commutators [X,Y ] with X € V4 and
Y eV;.

Remark 1.1.7. The Lie algebra of a Carnot group is nilpotent, i.e., there exists m € N such

that () = {0}, j >m, where g\¥) is defined recursively as follows:
oW =g, gV =[g,gY] =span{[X.Y]: X eg, Y egW}, j>2.
We call the homogeneous dimension of G the number
Q:iidimVi, (1.1.7)
i=1
and the rank of G, denoted by r, the dimension of V;, which is the number of Lie-generators

of the algebra.

Group operation

If G is a Carnot group, the exponential map defined in is a global diffeomorphism.
This guarantees that any n-dimensional Carnot group can be identified with R™. In fact,
any point x € G can be represented by Exp(X) for a unique X e g. If X = Y7, 2, X;, we
call exponential coordinates of x the vector (z1,...,x,). In addition, the Baker-Campbell-
Hausdorff formula holds for any X,Y € g, (see [19, Theorem 2.2.13|, [37, Theorem 1.2.1]),

namely:
Exp(X) * Exp(Y) =Exp(X oY) X,Yeg

where ¢ is the Baker-Campbell-Hausdorff operation whose first terms are the following
1 1
XoY=X+Y+ [X,Y]+ E([X, [X, Y]] - [V, [X,Y]]) + -
The group operation of G can be written through the Baker-Campbell-Hausdorff formula
as
xrxy=x+y+Q(z,y) (1.1.8)

where Q : G x G — G has polinomial, skew-symmetric components (Q(-z,-y) = -Q(z,y)),
such that Q; = --- = Q, = 0 and Q;, j > r depends only on z; and y; for i < j (see [19,
Proposition 2.2.22]. This implies in particular that, identifying G with R™ via exponential
coordinates, the unit element of any Carnot group on R" is 0 € R™ and the inverse map is

given by x — —x.
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Dilations

The Lie algebra g of a Carnot group G is naturally endowed with a family of dilations

modeled on its stratification:
g
5A(

The group G inherits a family of anisotropic dilations parametrized by A > 0 and defined as

i) =AY, YieVi, A>0.

s s
i=1 i=1

35 (w) = o (Bxp( 2 11)) = Bxp( 3 4%7)

Using exponential coordinates, 6§;’ turns out to be of the following form (see [19, relations
(2.49¢), (2.53)])

5;‘3’(:31, cos @) = (AZ1, AT, AT T ATy, )

with o; =1 if Y; e V;, j=r+1,...,n,4=2,...,r. The components of the polynomial Q
appearing in the group operation are homogeneous with respect to the intrinsic dilation 6?:
Qj(&(\;’x,(s(f\;’y) =A9Qj(x,y), j=1,...,n. From (1.1.8) we also deduce that 6&3’ is a family

of automorphisms of G, namely
0w * 5y = 05 (x * y).

Moreover (65)7! = 5%)«

Sub-Riemannian structure on G

A sub-Riemannian structure on G is given considering the first layer V; of the strati-
fication of the Lie algebra as the horizontal bundle. Consider a basis for the Lie algebra
g=Vie---aV

X1y X, X XD x 9 x )

T2

where X1,... X, generates V7, Xl(j),...,Xﬁj) generates Vj for j =2,...,5, ri+---+1r5=n

and such that at the origin it is the canonical orthonormal basis of R" in the coordinate

System
T = (T ooy Ty Ty ads e e vy Trqargy e ooy Lopgotra_q 415 -« oy T )
Namely,
x9(0) = 0 o X9(0) = O o1
Oy tootr;_y 41 ' (oL T—
We extend the scalar product that makes 0,,,...,0,, orthonormal at the origin in a left

invariant way and we call it g, on A,, p € G. Using left invariance, X; can be written in
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the coordinate system z = (z1,...,x,) as follows (see [50, Proposition 1.26)):
n
Xi(x) =0+ Y, qji(2)0y, i=1...r, xeG, (1.1.9)
J=r+1
where gj; = 9,,,Q;j(w,0) is (aj—1)-homogeneous with respect to §$ and g;;(z) = gji(x1,...,7;-1).
In fact, by left invariance, for any u e C*(R™), j=1,...,r, we have

Xiu(z) = (Xju) o 72(0) = X;(uo13)(0) = 0y, (wo ) (0 i g— ag;)j (0).

Then, using (1.1.8))

Xu(x) = i U (535 +0.,05(x,0))

L

=1 ou ou 2 Ou
(Y Qi)+ ), 7 (0r,9))
Zax] n j:Zi;rlaxj o
qj
81)2 j ;1 ﬂ&m
We refer to X1,..., X, as the family of canonically generating vector fields and we use the

notation

)cG»: {)(la'-'aj(T}'

We call the Carnot- Camtheodory distance of the Carnot group G, and denote it by dcc, the
one defined in and associated to a family of canonically generating vector fields:

dec(p,q) =inf{f01\‘;ai(v(t))thw(O) =p, 7(1) = ¢, 7=ga¢X¢}-

We use the notation Bg = ng where X is a family of canonical generators for G. The

following properties of d(gé hold:
e The topology induced on G by dC, is the topology of the manifold;

o dS is left invariant:

cc(TiyaTiZ) d (972)
° dg’: is 1-homogeneous with respect to intrinsic dilations

dS.(6%x,6%y) = MdE.(z,y), x,y,2€ G A >0.
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Metric characterization of Carnot groups

On a Carnot group we can consider a sub-Finsler distance instead of a sub-Riemannian
one, choosing a left invariant norm {| - |,}per» on the horizontal bundle Vj, instead of a

scalar product {gp}pern. The length of an horizontal curve v :[0,1] - G is then defined as

tx = [ AWl d

Carnot groups endowed with a sub-Finsler distance have a precise characterization as metric

spaces, pointed out by E. Le Donne in [84]: they are the only metric spaces S that are:

1. locally compact, i.e., every point of the space has a compact neighborhood (involves

only topology).

2. geodesic, i.e., for all p,q € S, there exists an isometric embedding i : [0,T] - S with
T >0 such that i(0) =p, i(T") = q.

3. isometrically homogeneous, i.e., for all p, q € S there exists a distance preserving home-
omorphism f:S - S (d(f(x), f(y)) =d(z,y) for ever z,y € S) such that f(p) =q.

4. self similar, i.e., the space admits a dilation, namely there exists A > 1 and a homeo-
morphism f:S — S such that d(f(p), f(q)) = Ad(p,q) for all p,qe S.

The fact that any Carnot group with a sub-Finsler distance (G, d) is such a metric space is

easy.

1. The topology of a Carnot group with the sub-Finsler CC-distance is the euclidean
topology;

2. (G,d) is complete and d is defined as a length distance;

3. For any p, g € G, the left translation 7, : G - G, z = Tq(p’l) is distance preserving and

satisfies 7,(p) = g;

4. Carnot groups admits dilations for any A > 0.

1.1.4. Examples

I) Heisenberg groups
Besides the Euclidean space, the most important example of Carnot group is the
Heisenberg group H'. The n-dimensional Heisenberg group, denoted by H”, is C* x R

endowed with the following group operation:

(2,) % (2/,1') = (2 + 2/, L+ ' + 2Tm(22")),
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where 2’ denotes the conjugate of 2’. Identifying C" with R?" through 2z = z + iy ~

(z,y) = (z1,...,Zn,Y1,--.,Yn), the operation can be also written as
(,9,8) % (2, ) = (w2 g+ g/t 4t 423 (ol - waf) ) (1.1.10)
izl

To find a family of canonically generating vector fields of the Lie algebra b of H”, we
look for a family of left invariant vector fields X = {Xy,..., X,,,Y3,...,Y,,, T} which

correspond to the canonical basis of R?"*! at the origin
X;(0) = 0y, Yi(0) = 0y,, T0)=0;, i=1,...,n.
This leads to
Xi(z,y,t) = 0y, +2y;0,, Yi(z,y,t) =0, —2x;0,, T(0)=0, i=1,...,n.

Notice that the only nonzero commutator of the family X is [X;,Y;] = —40; = -4T.
Brackets of order bigger than 2 are zero. Hence, b = Lie(X) with X = {X;,Y; : i =
1,...,n} and the family X satisfies the Hormander condition (1.1.2)): rank(Lie(X)) =
2n + 1. The horizontal bundle is therefore given by A = span{X;,Y; :i=1,...,n}.

Moreover the Lie algebra h admits the stratification
h=Ao[A A], A=span{X; VY;:i=1,...n},

so that H™ is a Carnot group of step 2 and rank 2n. The homogeneous dimension of
H"™ is
Q=2n+2

and the dilations of the group are

S8z, t) = (A2, A%t), A>0, (z,t) eH™

Derivations of the Heisenberg group

While talking about sub-Riemannian structures, it is often said that the Heisen-
berg group is the “easiest” example, apart from the euclidean space. In fact, we
can view the Heisenberg Lie algebra h as the unique three dimensional nilpotent Lie
algebra, with a step 2 stratification h =V} & V5, and rank 2 such that

[Vi.Vi] = Va, [Vi, V2] = {0}
In particular, if Vi = span{ey,es}, V5 = span{e} it is sufficient to impose

[e1,e2] = €. (1.1.11)
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The group law of the corresponding Carnot group is induced by relation (1.1.11)) as
follows. Let £,m e, & =xe; +yes +te, n=1x'e; +y'ey + t'e. Then

[£,n] = 2y'[er, ex] + 2'y[ea, e1] = (zy' — 2"y)e.

In exponential coordinates, if p = Exp(§),q = Exp(n) € H!, we write p = (x,y,t) and
q = (a',y',t"). Therefore, since the Exponential map is a global diffeomorphism, the

group law e of the correspondent Lie group is given by
! !/ 1
() o (2,9, #') = Exp(&) * Exp(n) = Exp(¢ o) = Exp(& + 7+ Sl& nl)
1
= Exp((x +2")er + (y+y')es+ (t+1t")e+ E(xy' - x'y)(—:)
! ! ! ]' ! !
= (:13+x Yty b+t +§(my —my))

Condition (|1.1.11]) leads to the group law e: the group law =, defined in (1.1.10)), is
obtained imposing [ey, es] = —4€, which still implies [V, V;] = V5.

IT) H-type groups
A generalization of the Heisenberg groups is given by H-type groups. Let h = b @ b
be a stratified nilpotent real Lie algebra of dimension n > 3 and step 2. Thus we have
B2 = [b1,b1]. We fix on b a scalar product (-,-) that makes h; and by orthogonal. The
Kaplan mapping, introduced in [80], is the mapping J : hs — End(h;) defined via the
identity

(v (), X') = (Y, [X, X']). (1.112)

holding for all X, X’ € bh; and Y € hs. The algebra b is called an H-type algebra if for
all X, X" ebh; and Y € by there holds
(Jy (X)), Jy (X)) = [V]P(X, X'), (1.1.13)

where |Y| = (Y, Y)Y/2. An H-type group is a Lie group whose Lie algebra is an H-
type Lie algebra, clearly an H-type group is a Carnot group. We can identify h with
R? = R? x R*, h; with R" x {0}, and ho with {0} x R¥, where h > 2 and k > 1 are

integers. In fact, h is always even.

Remark 1.1.8. The subspace 3 c b
3={Zeh:[Z,X]=0VX eb},

is called the center of h. The following general result holds true (see [0, Corollary 1]).
Let h, k € Nx{0}. Then there exists an H-type Lie algebra of dimension n = h+k whose
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center has dimension k if and only if k£ < p(h) where p is the so called Hurwitz-Radon
function, which is such that p(n) = 0 if n is odd. We deduce that there cannot be
H-type Lie algebras of dimension n = h + k, h,k > 1 whith center of dimension k > 1

and h odd, hence h has to be an even integer.

We can assume that (-,-) is the standard scalar product of R™. By the third
fundamental theorem of Lie (see [19, Theorem 2.2.14]), since b is a finite dimensional
Lie algebra, there exists a connected and simply connected Lie group whose Lie
algebra is isomorphic to h. This Lie group is therefore an H-type group and, using
exponential coordinates, it can be identified with R™. Denoting points of R” as
(z,y) € R* = R* x R*¥ the Lie group product * : R* x R® - R” is of the form
(z,y) * (2',y") = (z+ 2",y + ¢y + Q(x,2")), where Q : R" x R* - RF is a bilinear

skew-symmetric mapping. Let ij € R be the numbers
fj =(Q(ei,ej),er), 1,7=1,...,h, £=1,.. .k,

where e;,¢; € R" and e; € R* are the standard coordinate versors. An orthonormal
basis of the Lie algebra of left-invariant vector fields of the H-type group (R”,-) is
given by

(1.1.14)

Example 1.1.9. Heisenberg groups are H-type groups with h = Lie({X;,Y; : j =
17 RN N})7 bl = Span{XJJ}/}}a 62 = [hh bl] = Span{at}- IfT= _4815 € b27

Jr(Y (a; X5 +b;Y5)) = D (=b; X, + a;Y;)

j=i j=1
and (|1.1.13)) is satisfied.

Example 1.1.10 (Complexified Heisenberg group). Another example of H-type
group is given in [19, Example 18.1.3], (see also [114]), and it is R® with the fol-

lowing group law
1 1
Toy= (x(l) +y®, :c§2) + y§2) + §<plx(1),y(1)>’$§2) + y§2) + 5(13233(1)’ y(l)))

where 2 = (200,287, 22 € RS, 2) ¢ BY and o, oY) ¢ .

0 1 1 0 0 -1 1 0
PI:@ -1 0 0 -1 2:@ 1 0 0 -1
2|1 -10 0 1 [ 21 -1 0 0 -1
0 1 -1 0 0 1 1 0
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IIT) Grushin spaces

We now introduce a Carnot-Carathéodory structure on R” which is related to Heisen-
berg groups without being a Carnot group. Let R™ = R* x R*, where h,k > 1 are
integers and n = h+ k. Let a >0 be a real number. A Grushin space is R" endowed
with the following structure on R?: X, = {X1,..., X, Y1,...,Yi},

X,-z@xi, izl,...,h,

, (1.1.15)
Y; = |z|[*0,,, j=1,...,k,

where |z is the standard norm of x € R*. When h = k = 1, R? endowed with the family
X, is called the Grushin plane and it has been considered by Franchi and Lanconelli
in [54] to prove Holder regularity of the weak solutions of Lu =0,
2 2
L= % + |:1:1\2°‘88—x§,
using Moser’s technique. The differential operator L is known in the literature as the
Grushin operator (see also [70]), and it is hypoelliptic for a € N.

In the paper [22], the Grushin plane is identified as a two dimensional almost-
Riemannian manifold (see [2], [22], [24] and references therein). Endowing the Grushin
plane with the Riemannian volume, that degenerates on the y-axis, the authors con-
sider, in the case a = 1, the Laplace-Beltrami operator, that is not the Grushin oper-
ator, and study solutions to the heat equation in such a structure. In the paper [23],
it is more generally considered the case o € R: the authors characterize the solutions
of the heat equation showing that they can flow through the y-axis if and only if
ae(-3,1).

Remark 1.1.11. Notice that the vector fields Y}, j =1,...,k are not smooth for every
a > 0 and we can not test the Hormander condition. Nonetheless, the only non-
horizontal curves in a Grushin structure on R = R" xR¥ are the curves v : [0, 1] - R?
laying on the vertical axis for some time [t1,%3], 0 < t; < to < 1. Hence, any two
points py1,ps € R?, can be connected by means of horizontal curves and the Carnot-
Carathéodory distance can be defined together with all the other tools as the X-
perimeter (see Section |1.2| below).

On the other hand, if « is an integer, the family of vector fields X (z,y) =

0y, Y (x,y) = %0, is a sub-Riemannian structure on R?. In fact, for every (z,y) € R?
[X,Y](z,y) = az®'d,

hence, with « iterated brackets we obtain [X,...,[X,[X,Y]]](z,y) = 0,, which leads
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to

Lie({X,Y}) =span{[[X,...,[X,[X,Y]]]] : commutators of order < a}
= span{0,,d,} = R%,

Condition ([1.1.2)) is therefore proved.

We show a formula for the length of horizontal cuves in Grushin structures. For
(z,y) e R* =R xRk z # 0, and « > 0 consider the metric

ds? =da? +---+da? + (dy? + -+ dy?) (1.1.16)

|x|20¢

where dz;, dy; denote the elements of the canonical basis of the cotangent bundle to R
in the coordinate system (x1,...,2p, Y1, .., Yx). Then ds? makes Xq,..., X, Y1,..., Y
orthonormal. Following , we define the a-length of an horizontal curve ~ :
[0,1] > R =R" x R as

1 Vh , ) 1 k ) )
ea(’y):fo \l;%(t) +|(71(t),.,,77h(t))|2aZ%”(t) dt. (1.1.17)

Jj=1

The Carnot-Carathéodory distance on R™ associated to the family X is denoted by
d,. The Grushin space R® = R* x R¥, with d, can be endowed with a family of

non-isotropic dilations parametrized by A >0
62(5,y) = O, ANy, (2,y) e RExRE =R (1.1.18)

such that do(03p, 0%q) = Ada(p,q), for p,q € R". We define the homogeneous dimen-
sion of the Grushin space R* = R x RF with d, as

Q=h+(a+1)k (1.1.19)

Remark 1.1.12. Grushin spaces are not Carnot groups! In fact, (R”,d,) is a locally
compact and geodesic metric space which admits a dilation. These are three up to
four properties needed in the metric characterization of Carnot groups given by Le
Donne, see [84, Theorem 1.1]. On the other hand, Grushin spaces are not isometrically
homogeneous. We show it for (R2,d,): let P = (0,0), @ = (1,0) and consider a
distance preserving homeomorphism f : R? — R2, ie., do(f(p), f(q)) = dua(p,q) for
every p,q € R2. Since f is a distance preserving homeomorphism, it is a conformal

map, i.e., there exists a function u : R? - (0, 00) such that

iy Qo (f (), (a))
p=q dOé(p7 q)

=u(g)™".
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Applying the characterization of conformal maps in the Grushin metric, proved by
Morbidelli in [102], we deduce f(0,0) = (0,y) for some y € R, hence f(P) # f(Q).
Then the points P and () cannot be joined through a distance preserving homeomor-

phism, which implies that (R?,d,) is not isometrically homogeneous.

Connection with the Heisenberg geometry

The Grushin plane (R?,d,), o = 1, can be identified with a metric quotient of
H!. Namely, we consider the quotient of H! with the one parameter subgroup = =
{(£,0,0) e H!, £ eR}, i.e.,

X={Ep:peH'},

where Zp is the right coset Zp = {(£,0,0) * (z,y,t) : £ e R} = {({+x,y,t—28y) : £ e R}
for every p = (x,y,t) € H'. Consider ¢ : H' - R? o(x,y,t) = (y,t + 2zy). Since
©((£,0,0) * (z,y,t)) = (y,t + 2xy) for every £ € R, ¢ induces a map

¢:X >R §(Zp) = (y,t+2zy).

In particular, choosing for any coset Zp the unique representative (&£,0,0) * p =

(0,u,v) € {(z,y,t) e H' : x = 0}, we identify X with R? via the map ¢ as follows

@(Ep) = QO(O,U,U) = (u,v), (va) e R?.

On X we define the quotient metric

dx(Zp,Zq) = y %gf)ecdﬂl((f,O,O) *p,q), p,qeH".

The map ¢ : (X,dx) - (R?,d,), a =1, is an isometry, i.e.,

dx(Zp,Zq) = da(9(Ep), 2(2q)), p,qeH". (1.1.20)

To prove it, we first introduce new coordinates in H!. Denote [£,u,v] = V(& u,v)

where U : R? — H! is the analytic change of variables

V(& u,v)=(£0,0) % (0,u,v) = (§,u,v - 2&u)

so that, if 7 : H! - X denotes the projection on the quotient, w([£,u,v]) = Z(0,u,v).
Hence in the new coordinates, ¢ o w([&,u,v]) = (u,v). We write X = 0, + 2yd,,
Y =0, -220,. For any fe C*(R?) and (z,y,t) = [£,u,v] e H' we have

O f([§,u,v]) = Du f([E,u,v]) = 200 f([€,u,v]) = Ouf - 290, f

auf([£7u7v]) = ayf([éauvv]) - 2£atf([£7u7v]) = 8yf - 2xatf
avf([£7u7v]) = atf
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hence X = O¢ + 4u0,, Y = 0,, and the push-forward through the map ¢ o 7 read
(pom)eX =4ud, and (pom),Y =09,. In fact, for g: R? > R

(mX)(9) = X (g(@(7([&,u,0])))) = (O +4udy ) (g(u,v)) = 4udsg(u,v),
(@:7.Y)(g) = Oug(u,v).
Notice that the Carnot-Carathéodory distance associated to the vector fields 4ud,
and 0, is d,,.
Now, given any horizontal curve v = (u(t),v(t)), ¢t € (0,1) in (R?,d,), the curve

A(t) = [E(t),u(t), dv(t)] e H', with £(t) =& + fot % ds, & € R, is a horizontal lift of

~ in H', i.e. it is horizontal in H' and ¢ om o4 =~. In fact,
5 = €0 + 10, + 400, = —(X - 4udv) + 1Y + 400, = — X + Y.
u u

Moreover, by definition of length of a horizontal curve, (see (1.1.3) and ((1.1.17)))

. Lolo(s)? .
()= [ J ) i) ds = ta(y).
0 u(s)
From the lifting, we deduce ([1.1.20]) as follows

do(P(Zp), P(Zq)) = da((u1,v1), (u2,v2)) = El%gfeRdHl([ﬁlyuhvlL [€2, U2, v2])

= eIl _dip((£,0,0) % (0,u1,01), (0, 12, v2)) = die(Zp, Eg).

In this explanation we followed [12], where Arcozzi and Baldi review Rotschild and
Stein lifting techniques for vector fields satisfying Hormander condition (see [119)]
Theorem 4]).

CC-Balls in the Grushin plane

In this Section, we resume estimates for the measure of the Carnot-Carathéodory
balls in Grushin spaces, that are used in Section to prove a global isoperimetric
inequality. We denote by B, (z,r) the open ball with respect to d, of center x € R®
and radius r > 0, i.e.,

By(z,r)={y e R" : d(z,y) <r}.

When n = 2, Franchi and Lanconelli (see [54, Theorem 2.7]) proved estimates for
CC-balls in terms of the boxes

Boxa(p,r) =[x =rz+r]x[y-r(lz|+r)*y+r(z|+r)],  p=(z,y) eR? r>0.
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Namely, they prove existence of constants ¢y, cy > 0 such that
Box.(p, 1) € Bo(z,7) € Boxo(p, cor), 7>0, peR2

These inclusions are generalized to Grushin spaces R™ = R x R¥ by Franchi,
Gutiérrez and Wheeden in [53, Proposition 2.2] as follows. For every py = (zo,v0) €
R” =R x RF and r > 0, let

(i) Aa(po,r) = sup |z|* = (jwo| +7)%;

|z—zo|<r

(i) Fa(po,r) =rNa(po,7);
(ili) Boxa(po,r) = Be(wo,) x Be(yo, Falpo,T)).
Then, there exists b > 1 such that
Box,(p,7/b) ¢ Bo(p,r) c Boxy(p,br), r>0, peR™ (1.1.21)
In particular, there exist ci,cy > 0 such that
17" Ao (p,7)¥ < L™(Ba(p, 7)) € cor™Ao(p,7)* 7>0, poe R™. (1.1.22)
Remark 1.1.13. Recalling that A, (p,r)* = (Jx|+7r)** > ro*, the latter estimate implies

L"(B,(p, 7)) 2 c17? for every p e R", r > 0.

1.1.5. Lebesgue measure in Grushin spaces and Carnot groups: dilations

and translations

In this Section, we resume how the Lebesgue measure interacts with the metric

structure in Carnot groups and in Grushin spaces.

Proposition 1.1.14 (Q-homogeneity of the Lebesgue measure). Let {d)} -0 be a
family of anisotropic dilations on R™ defined by 6, : R* - R"?

NP1y 0n) = (NP1, .., A7"Dy), 0 €Ny 1=01<09< <0y (1.1.23)

Let Q = Y1, 0;. Then the n-dimensional Lebesqgue measure L™ is 0)-homogeneous of

degree ), i.e., for every measurable set E c R"

L'(0\(E)) = \LY(E). (1.1.24)
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Proof. Compute the Jacobian determinant of J, at p € R™:

A0 .. 0
0 A2 ... 0

Js,p=det| I EPS (1.1.25)
0 o Ao

Hence

n — — Q —\Qpn
L(E) /ME)dq [EA dp = \2L(E).

Let X be one of the families of vector fields below:

o Xg={Xy,...,X,} generators of a stratified nilpotent Lie algebra associated to
a Carnot group G. In this case, the dilations of the group ) = 0% are as in
, hence the Lebesgue measure is d,-homogeneous of degree (), which is
the number defined in ((1.1.7)).

e X, ={Xy,..., X}, Y1,...,Y,} defining a Grushin strcture on R” = R" x R* as
in (1.1.15)). The dilations 6y = 6% = (Az, A>*1y) are of type (1.1.23)), hence the

Lebesgue measure is dy-homogeneous of degree @ = h + (a + 1)k.

The Carnot-Carathéodory distance d,. associated to X is 1-homogeneous with respect
t0 Ox: dee(0x2,00y) = Adee(z,y) for every z,y € R*. In particular, if B(x,r) denotes
the CC-ball with center x € R" and radius r > 0, we have that

B(x,\r) ={y e R" : doo(x,y) < Ar} = {y eR™: dcc(csix,é%y) < r}

(1.1.26)
= {5Aye]R":dCC<(5%x,y) Sr}:d,\B((Sl/w,r), A>0.
From ([1.1.26)) and (1.1.24)), we deduce that for every r >0, x € R®
L™(B(z,2r)) = 29L"(B(612,7)). (1.1.27)

If X = Xg, left and right translations interplay with the Lebesgue measure in the

following way.

Proposition 1.1.15 (Haar measure in Carnot groups). Let G be a Carnot group
identified with R™. The n-dimensional Lebesque measure, L™, is the Haar measure of

G, namely it is invariant with respect to left and right translations on G:

LM(1(E))=LY(E)=L"(0:(F)) 2eG, EcG measurable. (1.1.28)
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Proof. The proof is a change of variables - see Proposition 1.3.21 in [19]. O

Proposition |1.1.15] together with ((1.1.27]) lead to the doubling property of the
Lebesgue measure in any Carnot group.

Definition 1.1.16 (Doubling measure). A Borel measure p on a metric space (.9, d)

is doubling if there exists a constant Cp > 0 such that
w(B(p,2R)) < Cpu(B(p, R)) for every pe S, R>0,
where B(p, R) ={qe S:d(p,q) < R}.
For a reference see [72].

Proposition 1.1.17 (Doubling property of the Lebesgue measure - Carnot groups).

Let G be a Carnot group and () its homogeneous dimension. Then
L"(Bg(z,2r)) = 2°L"(Bg(x,7)) for everyr>0, v €G.
Proof. We use and (L.1.28):
L"(Bg(z,2r)) = QQE”(Bg((SSQx,r)) = QQﬁn(Bg(TxT_5§;/2x5%2.’IZ,7“)) =29L"(Bg(z,7)).
O

Since Grushin spaces are not isometrically homogeneous, the doubling property
of the Lebesgue measure is not straightforward, and it is based on the estimates for
CC balls proved in [53] (see ((1.1.22))).

Proposition 1.1.18 (Doubling property of the Lebesgue measure - Grushin). Let

h,k >1 be integers and n = h+k. Then there exists a constant C' >0 such that
L"(Ba(p,2r)) < CpL™(Ba(p,r)) for every r>0, peR"

Proof. Let p=(x,y) e R* =R"xRF and r > 0. From ((1.1.27)) we have £*(B(p,2r)) =
QQE“(B((S%p,r)), with @ = h+ (a+ 1)k. We claim that there exists ¢ > 0 such that

L (B(0)5p,7)) < cL™(B(p,7)).

In fact, from (|1.1.22))
b2
,Cn(B((S?/Qp,’I")) < anAa((S(ll/vaT)k < bT’nAa(p,T)k = 3

where we used Aa(éf/Qp,r)k < Ay(p,r)* which holds by definition. The statement
follows with Cp = b22€. O

r"Ao(p,7)* <UL (Ba(p,))
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Remark 1.1.19. In 1983, Nagel, Stein and Wainger proved that the Lebesgue measure
is (locally) doubling in any sub-Riemannian space, see [106, Theorem 1]. Namely, if
X ={Xy,...,X,} is a family of vector fields on R” satisfying the Hormander condition,
and dX is the associated Carnot-Carathéodory distance, for any compact set K cc R”
there exist constants C'= C'(K) >0, Ry = Ro(K) > 0 such that

L(BX(p,2R)) < CL"(BX(p,R)), peK,0<R<R,.

1.2 Functions of bounded X-variation and X -perimeter

In this section we recall the basic notions of the theory of perimeters in the setting
of Carnot-Carathéodory structures on R”, following [28], [65] and [56].
Let X = {Xy,...,X,} be a family Lipschitz continuous vector fields on R” which

are self adjoint, namely X* = X; where

f (Ipijdx:—[ wX;gpdg; gp’qpecoo,jzl,...,r.
R™ R™

If u:R? - R is a C*(R")-function we call the X -gradient or horizontal gardient of u

the following vector field
Xu =) (Xu)X;. (1.2.1)
i=1

Another notation for the X-gradient of a function u is Dxu = Xu. Moreover, given
¢ = (¢1,...,¢,) with C*(R")-components such that X;p; € L} (R") we define the

X -divergence or horizontal divergence as
divyp = > X (1.2.2)
i=1

Remark 1.2.1 (Horizontal gradient and divergence in Carnot groups). If X = Xg
generates a stratified nilpotent Lie algebra, associated to a Carnot group G = (R?, %),
the notion of X-gradient depends on the choice of the family X, while the horizontal
divergence only depends on the first layer V; of the Lie algebra g = Vi & --- @ V,.
Henceforth we use the notation divy = divg. Namely, let Y = {Y},...,Y,} be a
set of canonically generating vector fields, different from X and denote by ( , )x
(respectively ( , )y) the left-invariant scalar product on the tangent bundle such
that X3,..., X, (respectively Y;,...,Y,) are orthonormal. We have in general Xu =
Y (X)X # X0 (Yiu)Y; = Yu, and the gradients Xu and Yu are equal if Xq,..., X,
are orthonormal with respect to (, )y and Yi,...,Y, are orthonormal with respect to
(, )x (see [120, Remark 3.9]).
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On the other hand, let yi,...,y, denote the the coordinates for the family Y.
Then, by (L1.9), Y;(2) = 8y, + Yiss1 ¢i50y,- We write ¢ as a vector field in the basis
Y and compare it to the basis J,,,...,0,,:

0 =2 0iX;= 3 (90 + ¥ ©i6i0y) = 2. 0i0 + 2 (2 54i5) 0y
i=1 i=1 izr+1 j=1 s+l j=1
Using the independence of g;; from z;, we obtain that the Y-divergence is equal to

the euclidean divergence as follows:

n

divp=Y"0y,0;+ . Oy Z;%qz'j) = Z;ayj% + 0 D40y
j= Jj=

j=1 i=r+1 i=r+1j=1
T n T

=2 (0, + X 0,)¢; = ). Yjp; = divy.
7=1 i=r+1 7=1

Let 2 c R™ be an open set. For any m € N, let us define the family of test functions

Fn() = {p € CHOR™) s max |o(w)] = max y ’ 2@?(%) <1},

Definition 1.2.2 (X-variation). For any w € L} () the X-variation of u in € is
defined as

| Xu|(2) = sup { Au(:ﬂ)divxgp(x) dr: e FT(Q)} (1.2.3)
A function u e L}, (Q) is said to be of bounded X -variation in Q if | Xu|(Q) < oo.

Another notation for the X-variation of a function w in Q is |[Dxu|(Q2) = | Xu|(9).
By Riesz representation theorem, if |Xwu|(€2) < oo, then the open sets functional
A~ | Xu|(A) extends to a finite Radon measure |Xu| in © and there exists a |Xul-
measurable function o : 2 - R", with |o] = 1 |Xu|-a.e. such that for any ¢ € F,.(Q2)
there holds

fudivxgodx:—[(gp,a)d|Xu|,
Q Q

where (-,-) denotes the standard scalar product in R".
The vector space of functions of bounded X-variation is denoted by BVx(£2). The
space BVx 1,(§2) is the set of functions belonging to BVx(A) for every A cc Q.

Remark 1.2.3. The following holds
X u|(Q) = [2 Xul(x)dr e WEL(Q) (1.2.4)

where for 1 < p < co, WiP() is the anisotropic Sobolev space WP (Q) = {ueLr(Q):
XjueLr(Q2), j=1,... ,r} which is a Banach space endowed with the norm

[l o) = lulzo) + 2 1 X5l o)
i=1
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For uw e LP(Q), X;u denotes the weak derivative in direction X; defined through the
equality
fu-X]w dr = —f(Xju)-¢dx Vb € C=(Q).
Q Q
We recall the following approximation result which is proved by Franchi, Serapioni

and Serra Cassano in [56, Theorem 2.2.2].

Theorem 1.2.4 (Approximation of BVx functions). Let u € BVx(2). Then there

exists a sequence (up)peny € C(Q) such that

Jim o = ulusey =0, Jim [Xun/(2) = Xul(©)

1.2.1. Lower semicontinuity and compactness of BVx functions

In the Calculus of Variations, a classical technique to prove existence of minimizers

for a minimum problem

CF = mf{F(A) tAe A}

involving a functional F' defined on a nonempty class A of measurable sets in R”, is

to consider a minimizing sequence Ay € A, i.e.,
1
F(4) < OF(l + E)’ keN

and prove its convergence in the L!'-topology to a minimum, i.e., A € A such that
F(A) = Cp. The necessary tools to use this strategy are a compactness theorem to
extract a subsequence Ag, converging to A € A and lower semi-continuity of the

functional F' to obtain
F(A) < hmlan(Akm) < CF.

We show that the definition of X-variation can be used, in this sense, to address

problems from the Calculus of Variations. The following properties hold.

e Lower semi-continuity of the total X-variation. Let X = {Xi,...,X,} be a
family of Lipschitz continuous and self adjoint vector fields on R™. Suppose
Um € BVx(Q) for m e N and u,, > u in L'(€2) as m — co. Then

| X u|(2) < liminf | X u,,|(£2). (1.2.5)
To prove (1.2.5)), let p € F.(2). Then we have:

f udivxp dr = lim Up, divxp dx
Q m—oco JO

m—oo

< liminfsup{ f U divxp dr : p € ]—}(Q)} = lim inf | X'u,,|(©).
Q m—0o0
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The claim follows considering the supremum over all ¢ € F,.(€2) in the left-hand

side.

o Compactness of BVx j.(R") in L, (R"). Assume that X generates a stratified
nilpotent Lie algebra associated to a Carnot group G or X is the family de-
pending on « > 0 defined in (1.1.15) for Grushin spaces. Then BVx j,.(R") is
compactly embedded in L] (R") for 1< ¢ < % This result is proved by Garo-
falo and Nhieu for more general families of vector fields X, see [65, Theorem
1.28].

1.2.2. X-perimeter

Given a Lebesgue measurable set £ ¢ R?, we denote by yg its characteristic

function
1 ifzxekF

xe:R" - {0,1}, XE(JT):{ 0 ifz¢FE.

Clearly xg € L'(R") if and only if L*(E) < oo.

Definition 1.2.5 (X-perimeter). We say that a Lebesgue measurable set £ c R",
has finite X -perimeter in Q if xgp € BVx () and we call X -perimeter of E in ) the
quantity

Px(E;Q) = [Xx£l(2).

If Q= R" we say that E has finite X-perimeter and we use the notation Pyx(F) =
Py (E,R").

As in the case of the X-variation defined in ([1.2.3)), by Riesz representation theo-
rem, if Px(FE, ) < oo, then the open sets functional A » Px(E, A) extends to a finite
Radon measure pg in € and there exists a pg-measurable function vg : {2 — R", called
the horizontal normal of E, with |vg| =1 pg-a.e. such that the following Gauss-Green

integration by parts formula

fdivxcpd:t:—lz(go,yE)duE (1.2.6)
B

holds true for any ¢ € C}(R";R"), where (-,-) denotes the standard scalar product in
R".

Remark 1.2.6. Let OF be a C' surface, ie., OE = S = {p € R* : u(p) = 0}, for a
smooth function u € C*(R") such that Vu # 0. In this case the horizontal normal is

defined in terms of the outer unit normal outside a subset of S, which is called the
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characteristic set of S. The latter is the set of points where the horizontal hyperplane

and the tangent plane to S coincide:
Y(S)={peS: Xu(p) =0}.

For every p e S\ 3(5), we have

Xu

ve(p) = m

Unfortunately, the characteristic set might be “big”. In the paper [13], in fact, the
author shows that in the Heisenberg group H! for any ¢ > 0 there exists a surface
S={t=f(2),z€[-1,1]?} with f € Nogcact C**([-1,1]?) such that £2({z € [-1,1]?:
(z,f(2))eX(9)}>1-e.

The notion of X-perimeter is given according to the De Giorgi definition of perime-
ter in the euclidean space R™ if X = {0,,,...0,,}, we use the standard notation
P = Px.

NotaTIiON: If X = X generates a stratified nilpotent Lie algebra associated to
a Carnot group G, we denote by FPg the X-perimeter and we call it G-perimeter. In
particular if G is an H-type group, we denote Pg = Py and we call it H-perimeter.
Moreover, if X = X, is the family depending on « > 0 defined in for Grushin
spaces, we denote the X-perimeter as P, and we call it a-perimeter. Moreover in this

case we call the a-variation the X,-variation and we denote it with |D,u|(2).

Remark 1.2.7. In the paper [14] the authors prove a Steiner-type formula in the first
Heisenberg group. Here, the H-perimeter appears as the first term of the Taylor
expansion as ¢ — 0* of the volume £3(£).), where, for a set Q c H!, having C*-

smooth boundary, we let
Qe ={peH" :di(p,Q) <}, di(p, Q) = inf{dy(p,q) : ¢ € Q}.

We also define the signed distance from the boundary,

dee(p,0?)  ifpeHINQ
i(p) = e
~dee(p,0Q2)  if peQ

The Steiner-type formula proved in [I4] asserts that, in a suitable open set ) c H!,
including no characteristic points of 02, and for € > 0 small enough, the following

Taylor expansion holds true:

£(0.0Q) = LN Q)+ Pr(9.Q) =+ Yo’y
=2 :
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where
a= [ dive (X8 VO
o0NQ
divi? (Xuo) =1,  div? (Xud) = dive(diviy (Xud) - Xud).

The notation |Vd| indicates the Euclidean norm of the Euclidean gradient of § and
the measure |Vd|~! dH? is the one appearing in the representation of the perimeter
of smooth sets as in below and [28, Equation (3.2)]. The coefficients a; involve
the intrinsic mean curvatures of the set 2 (see below).

X-perimeter in Grushin spaces and Carnot groups: dilations and

translations

In the next proposition we show the homogeneity properties of a-perimeter and

G-perimeter.

Proposition 1.2.8. Let X = {Xy,...,X,} be either one of the families X = Xg
associated to a Carnot group G or X = X, for a > 0 and call () the associated
homogeneous dimension (see (L.1.7), (1.1.19)). Let 0\ = 6% if X = X¢ and 0y = 6%
if X = X,. Then the X -perimeter is dx-homogeneous of degree Q) — 1, i.e., for every

measurable set E c R"

Px(0x(E)) = A Py (E). (1.2.7)
Proof. Let A>0. As in ([1.1.25)), notice that J5, p = A?. Hence

.[SA(E) divye dg = \% v/;(divxgo)(&\(p)) dp.

Moreover, it easy to see that the vector fields X; are d\-homogeneous of degree 1,

namely
X(9080) = A(X;0) (00). (125)
Then divyx (@ o dy))(p) = A divxp(dr(p)), therefore

divp dp =20 [ di 5)(p) d
fBA(E) iV dp L divx(pody)(p) dp
and then, since ¢y is a C''-diffeomorphism,

Px(03(E)) =@ sup { [ divi(p08) dp: e F(RY))

:Aglsup{[EdiVW dp : ¢ e Fo(R")} = A2 Py(E).
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If X = Xg for a Carnot group G identified with (R”, x), the following holds.
Proposition 1.2.9. Let E be a set of finite G-perimeter. Then
Pa(ry(E)) = Pa(E),  peR". (1.2.9)

Proof. For any p € G and ¢ € F,.(R") we have by left invariance of X:

di d:_/ TXiid:/TXii d=/TX¢i d
/7';)(E) ewdd Tp(E)Z; vl E; #i(mp(w)) dw E; (piomp)(w) dw
:[diVG(gporp) dw.
E

Hence, since 7, is a C!-diffeomorphism,

P([;,(TP(E))=sup{fEdiVG(<p07'p) dp : goef,,(R”)}

=sup{fEdivw dp + pe Fi(R")) = Pa(E).

1.2.3. Relations between sub-Riemannian distance and perimeter

In the euclidean setting (R?,dg), the perimeter of a smooth set and the length of
its boundary as a curve coincide. On one hand, the euclidean metric represented as
a 2-covector on the tangent bundle is ds? = dz? + dy?. Hence the length of a smooth

curve 7 : [0, 1] - R? defined in (1.1.3)) is £p(y) = fol V()2 +72(t)2? dt. On the other
hand, if £ c R? is a bounded smooth set and ~ : [0,1] — R? is a parametrization of

its boundary 0F, by De Giorgi Structure theorem for sets of finite perimeter (see [89,
Theorem 15.9]), P(F) = H!(OF) where P(E) denotes the euclidean perimeter of E
and H! denotes the 1-dimensional Hausdorff measure. The connection between these

two sides is given by the Area Formula (see [44], Theorem 1, pag. 96]) as follows.
P(E) =
(De Giorgi ) =H'(OF)

1
(Area Formula) :_/(; |¥|(t) dt

(deﬁnition of EE(’y)) =lp(7)

(1.2.10)

In a Carnot-Carathéodory structure there is no connection in general between the
length of smooth curves and perimeter. We show it with the next example in the case
of the Grushin plane (R?,d,).
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Example 1.2.10 (P,(E) # (,(0F)). We recall that, in the case of the Grushin plane
(R2,d,), the horizontal bundle is given by A = span{d,, |z|*0,} where (z,y) denotes

a point in R?. The metric
ds* = da® +

2
|$|2a dy )

defined for x # 0, is such that ds?(0,, |x|*0,) = 0, ds?(0,, 0;) = 1, ds*(|z|*0y, |z|*0,) = 1.
Hence the length of a curve =y = (71,72) parametrized on [0, 1], is defined as

la(7) = f \l (t));a dt

05 1.0 15

Figure 1.1: The curve v and a set F having v as a part of its boundary.

Let v : [0,1] - R2, ~(t) = (¢,t) and suppose v* = ¥([0,1]) ¢ OF where E c
{(z,y) e R? : x > y} is a smooth set with finite a-perimeter. We have ~/(t) = (1,1)
and the outer unit normal to F is N¥ = (—1/\/5, 1/\/5) at any point in v*. We have

1 1
Ea(v):f 1+—1 dt:f 1 Vit2e +1dt
2c «@
0 t o t

Using the representation formula for the a-perimeter of a smooth set that we will

prove in Chapter [2] (see Proposition below), we have for a > 0,

Pa(Bifr sy, 0<o<ip)= [ \J(NE) + fafe(NE)? R

2c 2
f\/ |x| dH! - f —+t—\/_dt

:f \/1+t2adt<f t—\/1+t2a=€a(7).
0 0 t*

Notice that when a = 0 we find P,(F) = {,(F): in this case, in fact, {, = {g and
P,=P.

The step which fails to hold outside the euclidean setting in ({1.2.10)) is the struc-
ture theorem for sets of finite X-perimeter: the relations between X-perimeter and

Hausdorff measure in spite of a structure theorem is a current subject of investiga-
tion, see [6], [92], [82], [90], [91], [57], [58]. In particular, some recent literature shows



1.3. NON-SHARP ISOPERIMETRIC INEQUALITIES 29

that if G is a Carnot group, the sub-Riemannian perimeter measure can be written in

terms of the spherical Hausdorff measure relative to the CC-distance. For 0 < s < oo,
and A c G, this is defined as

S2(4) = lim §2,5(A),
where for 0 < d < oo

§.5(A) = inf { f}l diam(Bs(2,r,)) <6, Ac J Bo(rara)},

neN

and for E c¢ G, diam(F) = inf{dS.(z,y), =,y € E} is the diameter of E. For any
finite G-perimeter set £ c G the following representation of the perimeter measure
g holds true:

g = B(ve) S¢LOGE,

where () is the homogeneous dimension of the Carnot group G, 95, F is the so called
reduced boundary, and § is a measurable function of the horizontal normal vg (see
[92], Theorem 1.2]).

The study of the spherical Hausdorff measures relative to the Carnot-Carathéodory
distance in comparison with the Hausdorff measures relative to the Euclidean distance

in Carnot groups is carried out in [I5], [16].

1.3 Non-Sharp Isoperimetric Inequalities

We present here the isoperimetric inequality relative to the X-perimeter and the
Lebesgue measure for Grushin spaces and Carnot groups on R”, which relates the
X-perimeter and the Lebesgue measure through the homogeneous dimension (), as-

sociated to the dilations. Namely, we show existence of a constant C' > 0 such that
L(E) < CPy(E)aa (1.3.1)

for every set ' c R™ of finite Lebesgue measure. In Section [1.1.5] the homogeneous
dimension (), associated to the dilations of Carnot groups and Grushin spaces, is

involved to prove the doubling property of the Lebesgue measure
LB (p,2r)) < CpL" (B (p,r)) 7>0

which explains the behavior of the Lebesgue measure with respect to the metric
structure given by the Carnot-Carathéodory distance. As we will stress in Remark

1.3.5] the main tools to prove an isoperimetric inequality are the doubling condition
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of the Lebesgue measure and a global Poincaré inequality on metric balls. Inequality

(1.3.1) is obtained for Grushin spaces and Carnot groups in Propositions and
where we review the classical technique presented in [7, Theorem 3.46].

1.3.1. Poincaré inequalities

Let X = {Xjy,...,X,} be a Carnot-Carathéodory structure on R" and denote by
d.. its Carnot-Carthéodory distance. Let 2 ¢ R™ be an open set. We say that the
space (R”,d.., L") supports a Poincaré inequality in € if every pair u, Xu of a C!

function and its X-gradient (see (|1.2.1))) satisfies

[ 1u) - wsl dp < CpR [ |Xu(p)] dp (1.3.2)

on each ball B = B..(po, R) c Q2 where Cp = Cp(£2) >0 is a fixed constant and

up = ]{BU(p) dp = anB) fBU(p) dp.

The notion of Poincaré inequality has been introduced in the wider class of metric

measure spaces using upper gradients, see for instance [72]. A metric measure space
is (S,d, pu) where (S, d) is a metric space and p is a Borel measure on S. An upper

gradient of a Lipschitz function u is a measurable function g > 0 satisfying
ju(z) ~u(w)| < [ gds

for every pair z,y € S and all rectifiable curves joining x to y. In [72, Proposition 11.6]
it is proved that the notion of minimal upper gradient and of X-gradient coincide.

Poincaré inequalities in Carnot-Carathéodory spaces have been first studied moti-
vated by the analysis of second order degenerate elliptic operators L = }.7;_; O, (@i0x,)
where a;; are measurable coefficients modeled on the Grushin operator and such that
a Carnot-Carthéodory distance can be constructed, see [54], [55, Theorem 3.2]. If
X ={Xy,...,X,}, is a family of vector fields on R” satisfying the Hérmander con-
dition, the second order operator L = ¥ ; X7X; is known to be hypoelliptic, as
established by Hormander in [77]. In this case, a general result by Jerison (see [79])
guarantees the validity of the Poincaré inequality in every bounded set € c R™.
The constant C'p appearing in depends on €2. Poincaré inequalities in bounded
sets 2 ¢ R”™ for non smooth vector fields modeled on the Grushin operator are proved
in [53].

We concentrate our attention on the families X = X,, defined in (1.1.15), or

X = Xg, associated to a Carnot group G. In these cases, global Poincaré inequalities
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are also valid, namely it is possible to replace 2 with R™ in ((1.3.2)). For a proof we
refer to [83, Section 3] if X = X, and [72, Proposition 11.17] if X = Xg(see also
[122]).
Remark 1.3.1. We show that passing from local Poincaré inequalities to global ones
is basically due to the presence of dilations.

The constant appearing in the Poincaré inequality in B..(0, R), R > 0 is indepen-
dent of R, namely there exists a constant C' > 0 depending only on the dimension

such that for any smooth function u

[ - @saonldp<CR [ [Xuldg R>0.
Bec(0,R) Bee(0,R)

Indeed, let Ry, Ry > 0 and A = Ry/ Ry, so that Ry = AR;. We call B; = B..(0, R;) for
1=1,2. Then, by (1.1.26]), By = §,B;. Let u: R” - R be a C' function. We have

1 1
= - - Q -
5 L (By) fBQU(Q)dq XL (By) Ju, )X dp = (1o 00,

hence
[ lu=usl =32 [ u(p)) - (woon)s | dp=X2 [ fuody=(uos)sdp.

On the other hand, it is easy to see that, by (1.1.15) and (1.1.9)), the X-gradient of a
C'-function u is 1-homogeneous with respect to dy, i.e., X(uody)(p) = A(Xu)(dr(p))

for any p € R®. Then we get
[ Xuldg =39 [ 1Xu(@n@)|dp=22" [ |X(uo )] dp.
Therefore, using the Poincaré inequality in By, since u o 0y is still C'', we have
[ lu—up,| dg =\ f [uody—(uody)p|dp<Cp(B)AYR, / | X (wody)|dp
B2 Bl Bl
= Cp(B)R: [ 1Xul(q) da

Thanks to this Remark, given any ball B..(p,7), we consider 2 = B..(0, R) 22
Bee(p,r). Then, the Poincaré inequality (|1.3.2)) applies on B..(p,r) with a constant
Op = OP(Q) = Cp(n), namely

u—-ug, (pm| dg<C nr/ Xul|(q) dg.
-/;cc(pﬂ")| Beolp, )| P( ) Bcc(p,’l‘)| |( )

Remark 1.3.2. By the approximation theorem for BVx-functions (see Theorem (1.2.4))),
and from the Poincaré inequality on R, we deduce the following inequality, which

we still call a Poincaré inequality

jg|u—u3|dpgch|Xu|(B), we BVx(B), (1.3.3)
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for every ball B = BX(p, R) where Cp > 0 is a fixed constant only depending on the

dimension n.

1.3.2. Isoperimetric inequality in Grushin spaces and Carnot groups.

In the following proposition we review and adapt to (R”,d,) the argument given
in [7, Theorem 3.46] to prove the global isoperimetric inequality starting from the
validity of a Poincaré inequality. We recall that in Grushin spaces the global Poincaré
inequality is valid, implied by [83], and the Lebesgue measure has the following
behavior

L"(Ba(p,R))2c1R° R>0 (1.3.4)

from Remark [1.1.13] We start from the following covering Lemma.

Lemma 1.3.3. Let a >0, h,k e N and n=h+k. Let R >0. Then there ezists a
family of balls of radius R covering R", {B; = By(pi, R) Yient, pi = (23, :) € R™ and a
constant M = M («) >0 such that

ZPa(E, B;))<MP,(F)

ieN

for any set of finite a-perimeter E c R™.

Proof. We give the proof in the case h = k = 1, hence n = 2. We recall :
Box.(p, R/b) ¢ B,(p,R) c Box,(p,bR) for every R > 0, p = (x,y) € R?, where for
r>0,

Box.(p,r) = Be(x,r) x Be(y, r(jx| +1)%).

We define the following grid in R?: for 4, j € Z, let
pij = (T3, yij), @ = 22'§, yij = 25 D(i)
with _
D(i) - (%)Ml(zm P 1)

Notice that U, jez Boxa(pij, R/b) = R™ and
Boxa(pijv R/b) N Boxa(pi'j'a R/b) =0 fOI' (Z7]) # (ilaj/)'
In fact, given (i, ) # (i', ), if i #

|ZL’Z' _Ii’l = 2§|Z —7:,| > 2%,
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hence Beye (2, %) N Beye (T, %) =g. Ifi=1d, j+j,
N ey Ryo+1 . o R R\«
v =yl = 2D = 7122(5) (@il + D) =25 (Jal + T)

— —\ O — —\
hence Beucl(yija%<|xi|+%) )mBeucl<yij’7%(|$i|+%) ) =aQ.
Now, consider the covering

B’Lj = Ba(pz]7 R)7 Zuj € Z.
and define for every (i,7) € Z? the following number
Z(i,5) =#{(i',j") € Z* : Bijn Byjs + @}

which represents the number of the balls of the family intersecting B;;. We claim
that there exists M = M («) such that

Z(i,5) < M(a). (1.3.5)
To prove the claim, first notice that
Z(i,5) < #{(i',J") € Z* : Boxa(pij, bR) N Boxa(pirjr, bR) # @} =: T (i, §).

Observe that any two boxes Box, (p;j,bR) and Box,(py;/,bR) have nonempty inter-

section if and only if
|l’i - $i’| < QbR and |y1j - yi’j’| < R(Z) + R(Z,) (136)

where
o

R() = bR(2|i|% + Rb)

The first inequality in ((1.3.6]) is equivalent to |i — 4’| < 2. If ¢ = ¢/, from (1.3.6]) we
deduce |5 — 7| < b*(@*+1) in fact

R a+1 ) ol - )
A7) @il 1)1 =51 = by ~ vy
) R o\ = _ o\«
< 2bR(2|z|€ +Rb) <2bR(2JilbR + Rb)
=2(bR)**(2]i] + 1)~
Notice that the last estimate (for ¢ = i) corresponds to scan the grid vertically, and
count the number of boxes Box, (p;;7,bR) intersecting the one centered at p;;. Since
in this case |j — j'| has a bound independent on i, to estimate J(7,7) it is sufficient

to multiply such number for the number of stripes such that |z; — x| < 2bR, namely

j(l,j) < (2[)2)(2[)2(5”1)) = 4p2(e+2) _ M(C()
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77777

such that Bj; n By, = @ for (i,7) # (i',j') and
M
U U B,,=R"
1=1ijeZ (1)

We are ready for the conclusion. Let E c R™ be a set of finite a-perimeter. Recall
that the map A~ P,(E, A) is a Radon measure measure (see Section , then it
is countably additive. Therefore

M

Z-Pa(EaBij)zz Z Pa(E7B€j)
i,jeN t=14,5e¢Z(1)
= Y PuE,Bj)++-+ > P.EB)
i.jeZ(1) i,jeZ(M)
=P(E, U BY)+-+Pu(E, U BY)<MP.(E).

4,7€Z(1) i,j€Z (M)
]

Proposition 1.3.4. Let h,k > 1 be integers and n = h+ k. Let a > 0 and Q =
h+ (a+1)k. Then there ezists a constant C' >0 such that

L(E) < CPy(B)a1
for every set E c R™ with finite a-perimeter.

Proof. Let E c R" be as in the statement. By assumption, yg is a function of bounded
a-variation. Let p = (x,y) e R" and R > 0. Then, calling 5%(p) = (XE) Ba(p.R)5

_LM(En Ba(p, R))

e P
BR(p) - E"(Ba(p, R)) Ba(p.R) XE dq - En(Ba(pa R)) )

we have

B d
]B;a(p,R) |XE(q) (XE)BQ(p7R))| q

- 1- B3 da+ [ o (p) d
LﬂBa(p,R)| 6R(p)| 1 Ba(p,R)\EBR(p) 4

= L"(En Ba(p, B)) (1= 5(p)) + Br(p)[£" (Ba(p, R)) - L"(E 1 Ba(p, )]

= L"(Ba(p, B))[265(p) (1 - Ba(p))].
Hence, using the Poincaré inequality (1.3.3), since min{a, 1-a} < 2a(1-a) for a € [0,1]
and B%(p) € [0,1], we obtain

CpR

min{5%(p), 1 - B%(p)} < 28%(p)(1 - B%(p)) < 2 (B.(p. R)

P,(E,B.(p,R)) (1.3.7)
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for every pe R® and R > 0. Let

_ C o
R=(3-2P.(E))
&1
where ¢; is the constant appearing in (1.3.4). Using (1.3.4) with R = R, we deduce
from ([1.3.7)) that

CpR
L"(Ba(p, R))

Cp _

——— P (E, B,(p, R
ClRQ_l ( _(p )
_ CPPa(E7 Ba(p7 R)) <

C(32P.(E))

min{3%(p),1 - B%(p)} < Po(E, Ba(p, R))

<

(1.3.8)

)

1

3
By a continuity argument, either 3% (p) € [0,1/2) for every p e R™ or 8% (p) € (1/2,1]
for every p e R™. Assume 3%(p) € [0,1/2) for every p e R™. Then, by (1.3.7) for R = R
CpR

= ﬂ%(p) < mpa(EvBa(pv R))

L"(En Ba(p, R))
L(Ba(p, R))

Therefore
L(En B,(p,R)) < CpRP,(E, By(p, R)), for all peR™ (1.3.9)
Choosing the covering { B} given by Lemma we have

LY(E) <Y LY(EnB.(pi,R)) <CpR) Pu(E,B;)

€N ieN

< Cp(3CP)‘“Pa(E)QI—1MPa(E) - CP(E)a.

8]

Remark 1.3.5. To prove the isoperimetric inequality we used:
(i) the validity of a global Poincaré inequality in R” to obtain ({1.3.7));
(ii) the lower bound for the Lebesgue measure of CC-balls
L"(B(p,R)) > C1R% (1.3.10)

to obtain (1.3.8);

(iii) a covering with bounded overlap.
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The same computation can be therefore performed in a metric measure space (R”, d, i)
when a Poincaré inequality holds for the elements of a disjoint covering of R", and the
measure [ satisfies . In particular if p is a doubling measure on R”, condition
(1.3.10) is obtained as a consequence.

Proposition 1.3.6. Let G be a Carnot group identified with R™ and @ its homoge-

neous dimension. Then

L(E) < CP3(E)@T
for any set E c G of finite G-perimeter.
Proof. The proof is the same as in Propostion [1.3.4] where £"(B,(p, R)) > C1R? in

(1.3.§)) has to be replaced by £*(Bg(p, R)) = C; R?. The validity of a global Poincaré
inequality in Carnot groups is established by Varopoulos in [122]. O

Propositions [1.3.4] and [1.3.6] are related to some well known isoperimetric inequal-

ities. In particular we recover the isoperimetric inequality in H', due to Pierre Pansu
in 1982, see [108], [111].

Corollary 1.3.7 (Pansu’s isoperimetric inequality). There exists a constant C > 0
such that

ol

L3(E) < COPy(E)
for any set E c H' of finite H-perimeter.

Pansu’s proof of the isoperimetric inequality is based on a Santalé type formula
in H'. Santalé type formulas with applications to isoperimetric inequalities in sub-
Riemannian spaces are proved in [112].

In 1994, Franchi, Gallot and Wheeden proved the isoperimetric inequality for
bounded sets in a class of Carnot-Carathéodory spaces, including Grushin spaces, see
[52, Theorem 3.1]. Their proof is based on the weighted Sobolev-Poincaré inequality
proved by Franchi, Gutierréz and Wheeden in [53]: the latter holds for generalized
Grushin spaces where a weight A\ = A\(z) satisfying some regularity and growth as-
sumptions is involved instead of |z|*. Finally, we recall a result due to Garofalo
and Nhieu in 1996, who proved an isoperimetric inequality for Carnot-Carathéodory
spaces in [65, Theorem 1.18]. In this Theorem, a proof of a relative isoperimetric in-
equality for the X-perimeter and the Lebesgue measure is also given, i.e., there exists
Ry > 0 such that for any CC ball B = B..(zo, R) with 0 < R < Ry, one has

min{£"(E n B), LB~ E)} < CR|B|? Px(E, B).
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1.4 Isoperimetric problem

1.4.1. Sub-Riemannian isoperimetric problem

Given v > 0, the minimization problem
min{ Px(F) : E c R", measurable, L"(FE) =v} (1.4.1)

is called the isoperimetric problem relative to the X-perimeter and the Lebesgue
measure. A solution to is a measurable set E c R” such that L*(E) = v and
Px(F) < Px(F) for any measurable set F' ¢ R" such that £*(F') =v. We call such a
set E an isoperimetric set.

Let X = Xg be the family of canonical generators for a Carnot group G or X = X,

for a > 0. In this case the Lebesgue measure and the X-perimeter are homogeneous

with respect to a family of dilations 0, as we showed in Propositions|1.1.14] and [1.2.8|
This allows us to formulate the isoperimetric problem ({1.4.1)) in a scale invariant form
Px(E)?

L:n(E)Q—l

min {ﬂX(E) - :0< L"(E) < oo} (1.4.2)

where @) is the homogeneous dimension. Notice that the isoperimetric ratio Zx is

0x-homogeneous of degree zero:

Px(0x(E))? _ MA@ DPy(E)9
Ix(6r(F)) = L\ (E))e T~ Ae@DLn(F)at - Ix(E).

In this case, isoperimetric sets induce a sharp isoperimetric inequality. Namely,

defining the sharp isoperimetric constant
Cr=inf{Px(FE): L"(F) =1},

existence of isoperimetric sets in the class of Lebesgue measurable sets implies the

following inequality for any Lebesgue measurable F c R™:
Px(B) > CiL(E) @ . (1.4.3)

Equality holds if and only if F is an isoperimetric set. The characterization of
the equality case in the sharp isoperimetric inequality is therefore equivalent to the
isoperimetric problem.

Studying isoperimetric problems means to prove existence of isoperimetric sets,
identifying their geometric or topological properties and, if possible, to characterize
them.
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In Carnot groups, existence of isoperimetric sets is proved by Leonardi and Rigot
in [87, Theorem 3.2] using lower semicontinuity and compactness of functions of
bounded X-variation as explained in Section [I.2.1] In particular, the compactness
theorem gives a minimum once shown that a minimizing sequence can be assumed to
be essentially bounded. This is proved in [87] via a concentration-compactness-type

argument, based on the invariance of the perimeter with respect to left-translations.

The Heisenberg Isoperimetric Problem

The only sub-Riemannian spaces where the isoperimetric problem has been solved
are some types of Grushin structures. The first result is in the Grushin plane: in [99,

Theorem 1.1], the authors prove existence of solutions to
min{P,(E): E cR* L*(F) = v}, for v >0 fixed,

and they characterize them. Namely, minimizers are unique up to vertical translations

and they are obtained through a dilation 0 of the following set

Bl ={(.0) e Ryl <ipa(lal) = [ 7 sin®*(8) dt, [2] <1}. (1.4.4)

Lsop arcsin [z]
In Chapter [2l we generalize this result to Grushin structures on R” = R xR¥ for k£ =1
(see Theorem and Remark and to H-type groups.
There is a famous conjecture about the shape of isoperimetric sets in the Heisen-
berg groups, which was formulated by Pansu in 1982 in H!, see [108], [I11]. Pansu’s
congecture is the following: up to a null set, a left translation, and a dilation, the only

isoperimetric set in H' is

Eiop = {(2,t) e H' : [t| < arccos |z] + |2[\/1 - |2]?, |2] < 1}. (1.4.5)

Pansu didn’t write the formula for the set Eisp, but he described how to
construct it as the surface obtained by rotating a geodesic with respect to the distance
di' between the origin and the point (0,7) € C x R. Formula (1.4.5) makes sense in
H” for any n € N and the conjecture can be naturally extended Heisenberg groups of
any dimensions.

Only partial proofs of the Pansu’s conjecture are known in the literature. The first
results on the Heisenberg isoperimetric problem date back to 2008. In [96], Theorem

1.2], the conjecture is confirmed in the class

R={EcH": if (z,t) € E, then ((,t) € E for || =|z|} (1.4.6)
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of azially symmetric sets. Namely, it is proved that the infimum

PH (E)2n+2

ISOp(R) = inf {W

:EER}

is attained. Moreover, up to a dilation, a vertical translation and a £>*+!'-negligible
set, any axially symmetric isoperimetric set (i.e., a set £ € R such that the infimum
in Isop(R) is attained) coincides with Eisp. On the other hand, in [II8, Theorem
7.2] it is proved that if £ c H! is an isoperimetric set, whose boundary is a C? smooth
surface, then up to a dilation and a left translation, E = Eisp.

In [100, Theorem 1.1] Pansu’s conjecture is proved in H! assuming convexity of
the isoperimetric set.

In [116, Theorem 3.1], the following geometric situation is considered. For any
r>0,let D, ={(2,0) e H" : |z < r|} be the closed Euclidean disk of radius r contained
in {z =0}, and C, = {(z,t) e H" : |z| < r} be the vertical cylinder over D,. Let E c H"
be a finite H-perimeter set such that D, ¢ E c C, for some r > 0. The author uses
a calibration argument to prove that Py(E) > Py(Fisop), and equality holds if and
only if £/ = Eis,p. In Chapter |3 we refine this argument to prove a stability result for
the isoperimetric inequality in H".

For a detailed review on the Heisenberg isoperimetric problem we refer to the book
[31] and to the lecture notes [97].
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CHAPTER 2

Isoperimetric problem in Grushin spaces and H-type

groups

In this chapter, we study the isoperimetric problem relative to the Lebesgue measure
and the sub-Riemannian perimeter associated to H-type groups and Grushin spaces (see
Section for the notation). For h,k > 1 integers and n = h + k, we consider R" endowed
with the Carnot-Carathéodory distance associated with the family X = X, for some a > 0,
or with the family X = Xy of canonical generators of an H-type group H. We recall from
Section that X, is the family

Xa={X1,...,Xh,Y1,...,Yk}, Xi=8xi, Y}Z’l”aayj
while Xy is defined through (1.1.13]). For any v > 0 we consider the minimization problem
inf{Px(F): E c R" measurable, L"(F) =v}

where Px is the X-perimeter, denoted by P, if X = X, and by Py if X = Xy (see Section
for more details on perimeters).

As Example shows, the m-dimensional Heisenberg group H" is itself an H-type
group with A =2m and k = 1, then the isoperimetric problem associated to its perimeter is
included in our study.

A first connection between the isoperimetric problem relative to P, and Py is stressed
in [99] (see Subsection [1.4.1)). The relation between P, and Py comes out noticing that,
when a = 1, the profile function introduced in (|1.4.4))

us

repa(r)= [ 7 sin®N(t) dt, re[0,1]

arcsinr

is % arccosr+7V'1 —r? which is the profile function of the Pansu ball (up to a multiplicative
constant 1/2). Moreover, the boundary of Egop consists of two geodesics in the metric d,

41
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for ae = 1: this facts corresponds to the conjectured property of the Heisenberg isoperimetric
set to be foliated by geodesics.

Another point of view is proposed in [12]. Inspired by the lifting technique introduced by
Rotschild and Stein (see Section III), the authors prove a connection between geodesics
in H! and the following geodesic problems in (R?,d,). Let A > 0, (a,0), (b,0) e R?, 0 < a <b.
If v : [0,1] - R? connects (a,0) and (b,0), denote by Q c R? the set whose boundary

is composed by 7 and the segment connecting (a,0) and (b,0). Consider the minimum

problems
inf{(7) : v:[0,1] = R?, absolutely continuous (AB1)
dx dy
1(0) = (a,0),9(1) = (0,0), [ == a),
inf{lq(v) : 7 : [0,1] = R?, absolutely continuous (AB2)

90 = @02 (1) = (.0), - [ =),

where (, is defined in (1.1.17). The result in [12] is the following: if I' is the geodesic in
H! connecting (0, a,0) to (A,b,0), then the solution to is the projection of I' on the
Grushin plane (identified with X, the metric quotient of H introduced in Section [L.1.4JI1I).
Moreover, under some further geometrical assumptions on A, Problem has the same
unique solution of problem . The problems addressed here, are not of the same type
of the isoperimetric problem considered in [99]: even for a smooth set F, P,(F) is different
from the length of OF as a curve in (R?,d,) (see Example and the volumes in
(ABI)-(AB2) are not the Lebesgue measure (neither the Riemannian one).

2.1 Symmetries and statement of the main result

Our approach starts from the analysis of the relation between P, and Py, introduced
in Section [1.2.2] under some symmetry assumptions. To this purpose we introduce the
following notation. Let R™ = R" x R¥ where h,k > 1 are integers and n = h + k. A point

in R™ is denoted by (z,y) with z € R" and y € R*: in the following we use the notation
R™ = R x RE.

Definition 2.1.1 (z-spherical symmetry). We say that a set F c R x ]R’; is z-spherically

symmetric if there exists a set F' c R* x R¥ called generating set of F, such that

E-= {(x,y) eR": (x|, y) € F}

We denote by S, the class of £ -measurable, z-spherically symmetric sets in R” = R" x R,
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In Proposition we prove that if E € S;, then Py (F) = P,(E) for a = 1. This equality
leads us to focus on two families of isoperimetric problems involving only the a-perimeter.

Given v > 0, we set up the isoperimetric problem for the a-perimeter in two different classes:

ifh=1,k>landn=h+k min{ P, (E): L"(E) = v}, (2.1.1a)
if hk>landn=h+k min{P,(F):EeS,, L'(F) =v}. (2.1.1b)

Notice that Problem includes (in the case a = 1, h = 2m and k = 1) the axially
symmetric case of the isoperimetric problem in Heisenberg group (see [96]).

Recalling the notion of homogeneous dimension @ = h+(a+1)k (see (L.1.19)), we notice
that, for any measurable set £ c R™ and for all A > 0 we have L"(6%(E)) = AL"(E) and
P,(6%(E)) = A9 P,(E). Then the isoperimetric ratio

Po(E)9
Lr(B)Q-T

is homogeneous of degree 0 and the isoperimetric problems (2.1.1al) and (2.1.1b)) can be

formulated in a scale invariant form as follows

joc(E) =

ifh=1,k>landn=h+k min{.#,(E):0< L"(E) < oo}, (2.1.2a)
if hyk>landn=h+k min{ ., (E): EeS;, 0<L"(E) < o0}. (2.1.2b)

In Sections[2.3}2.5] we study existence, symmetry and regularity of the solutions to Problems
(2.1.2a]) and (2.1.2b). We call the solutions isoperimetric sets. We introduce the following

notion.

Definition 2.1.2 (Schwarz symmetry). Let F c R x R’;. We say that E is z-Schwarz
symmetric if for any y € R¥ the section of E at y, EY = {x ¢ R" : (z,y) ¢ E}, is a ball
centered at 0 in R?. Namely if for any y € R¥ there is 7(y) > 0 such that

EY={zeR":|z|<r(y)}.

Equivalently, we say that E is y-Schwarz symmetric if for any x € R" there exists s(z) > 0
such that
E*:={yeR": (v,y) e B} = {y e R": [y| < s(x)}.

Remark 2.1.3. A set E c R" xR* is z- and y- Schwarz symmetric if and only if there exists
a decreasing function f :[0,00) — [0, 00) such that E = {(x,y) e R" : |y| < f(|=])}.

Indeed, let us first assume that E = {(z,y) e R" : |y| < f(|z])}. Let yo € R¥, 29 e R". For
every x € R such that |z| < |zo| there holds f(|z]) > f(Jzo|). Hence

10 € B = (20,y0) € E <= lyo| < f(lzol) = Iyol < f(a]) > x e B®,
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which proves that F is z-Schwarz symmetric. On the other hand, for any y € R* such that

ly| < lyo| we have
yo € B« Jyo| < (Jzo]) = |yl < f(lwo]) = y e E*,

which proves that E is y-Schwarz symmetric.

If £ is 2- and y- Schwarz symmetric, then, for every z € R" there exists s(z) such
that E* = {|y| < s(Jz])}. We define f(|z|) = s(z). We are left to prove that r — f(r) is
decreasing. Let 0 < r; < r5. Assume by contradiction that f(r1) < f(r2). Let y € R* be
such that |y| = f(r2). Then the closed set E” contains {z € R" : |z| = ro}. Since ry > 1, it
also contains {z € R" : |z| = r1}, hence (z,y) € E for every |z| = 71 and |y| = f(r2). Namely,

lyl = f(r2) < f(r1) = f(|z]), which contradicts f(r1) < f(r2).

The main result of this chapter is the following theorem (see [60]).

Theorem 2.1.4. Let h,k > 1 and n = h+ k. There exist x- and y-Schwarz symmetric
minimizers for the isoperimetric problems (2.1.2a)) and (2.1.2b)). Moreover, up to a vertical

translation and a null set, any isoperimetric set E c R"™ is of the form

E={(x,y) eR": |y| < f(|z])}.

for a decreasing function f e C([0,79]) nC*(0,79) n C%([0,70)), for some 0 < rg< co. The

function f satisfies the following equation

o }h/’" garh-1_ k-1 0 Chka 2.1.3)
/r2a+f/2_r 0o ° N TR (2.1

QP (E)
(Q-1)L™(E)"

with Chra =

The proof of Theorem is given in Theorem and Proposition [2.5.3

Notice that equation ([2.1.3) is scale invariant, as isoperimetric problems (2.1.2a)) (2.1.2b))
are formulated in a scale invariant form. In fact, equation (2.1.3]) will be derived from the

following (see Subsection [2.5.2]):
3
af e k-1 s (7 + %)
pre (g (T - (h=1) 5 | = Chta (2.1.4)
It easy to check that, given C1,C2 >0 and a solution f of (2.1.4) for C = C1, the function
r _ G
A SOy
is a solution to (2.1.4]) for C' = Cy. Thanks to this property, in the special case k = 1,
equation (2.1.3) can be integrated and we have an explicit formula for isoperimetric sets.

P =X (), X

Namely, using scale invariance of the equation, we can choose the normalization Chps = h,
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that implies g = 1, and in this case the profile function solving ([2.1.3)) gives the isoperimetric

¢
se ” 1
o= (@) e B sl < [ 7 sin™(s) ds.faf < 1},

arcsin |z|

This formula generalizes to dimensions h > 2 the result of [99]. When k£ = 1 and « = 1,
the profile function satisfying the final condition f(1) =01is f(r) = %(arccosr +rV/1-12 ),
r €[0,1]. This is the profile function of the Pansu’s ball in the Heisenberg group.

With a careful study of the geometric equation we will highlight some important
properties of isoperimetric sets (see Figure below and Proposition [2.5.3]).

Figure 2.1: The profile of any isoperimetric set closes vertically at rg, namely f(rg) =

0, lim,H,,a f'(r) = —oco. Moreover f has the following asymptotic behavior around zero

/
lim f(r) = _Cika
ro0+ potl

concave around zero (see Section [2.6.1)).

. In particular, from this asymptotic behavior we deduce that f is

In Section [2.6] we comment on the problem of uniqueness of isoperimetric sets.

2.2 Representation and reduction formulas

In this section, we derive some formulas for the representation of a- and H-perimeter of
smooth sets and of sets with symmetry. For any open set A c R"™ and m € N, let us define

the family of test functions

Fu(A) - {90 CHAR™): max fo(r ) 1}.
z,y)€

2.2.1. Relation between H-perimeter and a-perimeter

For an open set F c¢ R" with Lipschitz boundary, the Euclidean outer unit normal

NE:OF - R" is defined at H" '-a.e. point of OF, and it can be split in the following way

N”=(NF,N;) with NJ eR" and N, ¢ R".
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For any a > 0, we call the mapping NZ : 9F - R"
NE = (N o NF) (2.2.1)
the a-normal to OF.

Proposition 2.2.1. If E c R" is a bounded open set with Lipschitz boundary then the

a-perimeter of £ in R™ is

Pu(B) = [ INE () an, (22.2)
where H" L is the standard (n - 1)-dimensional Hausdor{f measure in R™.

Proof. The inequality
Pa(B) < [ INE () an, (2.2.3)

follows from Cauchy-Schwarz inequality and the divergence theorem as follows: for any

v e Fr(R™)

h k h k
fzaxi%ﬂﬂaz:ayjsomj dﬂ?dy=f > ilNg, + 12l Y Nyi ey dHE (,y)
Eia i=1 oE 3 j=1

- [ (Na(@,).0) dMi(ay) < [ INa(a )] dHE (2,).

[ Na@p).6) dH @) < [ INa(ay)] i ()

By taking the supremum over all ¢ € F,,(R™) we obtain ([2.2.3]).
The opposite inequality follows by approximating N /|NZ| with functions in F;,(R"). In
fact, by a Lusin-type and Tietze-extension argument, for any ¢ > 0 there exists ¢ € F,(R")

such that
NE d nflz\/ NE d n-1 _ ]
[ Ear s [ INE (@ y)lant -2

The proof of this fact is rather classical and we write it here just for the sake of completeness.
By the monotone convergence theorem, it is sufficient to prove that for any € >0 and R > 0

there exist ¢ € F,,(R™) such that

NEgyan> [ NEFlan - 2.2.4
S N a2 [ N an e, (2:2.4)
where Bp is the open ball centered at 0 with radius R. Given R >0 we define the sets

N ={(z,y) € 0EnBg: N is defined}

Z={(z,y) e N:2=0and N¥(z,y) = 0}.

Define on A \ Z the measurable function

NE(z,y)

Vo i NN 2= RY Val@y) = s ol
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and extend it to 0 on ((En Bgr)\N)u Z. This gives a function v, : 0F — R", which is
measurable because it differs from 7, on a set of measure zero. Since OF n B has finite
H"!-measure we can apply Lusin’s Theorem to get that, given ¢ > 0, there exists a compact
set K. c OF n Bg such that H" 1((0En Bg) \ K.) <¢ and (1/,1)‘[(E is continuous.

Now consider a homeomorphism ¢ : B - (), where B is the unit ball in R™ and @ =
[-1,1]™. By Tietze-Uryshon Theorem applied to each component of v,, we can extend the
map go v, : K. - @ to a continuous function from R" to @@ with compact support in Bpg.
Composing it with ¢! yields a continuous function 1) € Co(Bg, B) such that v = v, on K..
Write

NE n-1 :f W NEyayn! / NE n-1
Sy, W@ a0 @) = [ Ao NEaH [ INE]aH

- NEyaH - [ NEy - |NF|) arr.

Since H" 1 ((OEn Br) \ K.) < ¢, |[¥||loo <1 and ||[NF||o is bounded, there exists C' > 0 such
that

NE — NE d n—1< .
f(aEnBR)\KEW’ )= a|| H' <Ce

Then it follows that

NEYd "‘1>f NE dH" 1 _Ce
»/gaEﬂBR)(w’ a> H = 8EOBR| a(xay)| H (l’,y) Ce

If we approximate uniformly ¢ with {1} ey € C5°(Bgr,R™), by using Friederichs mollifiers,
we can then fix a test function ¢ = s € F,,(Br) for s which satisfies (2.2.4)). O]

If X1,..., X} are the generators of an H-type Lie algebra, thought of as left-invariant
vector fields in R™ as in ((1.1.14)), for a set £ c R"™ with Lipschitz boundary we define the
mapping Ng :0F - R"

Ng = (<NE7X1>1- ><NE7Xh>)
Here, (-,-) is the standard scalar product of R" and X; is thought of as an element of R"

with respect to the standard basis 01, ..., d,. The same argument used to prove (2.2.2)) also
shows that

Pu(E) = [ INF(plan, (2.2.5)

for any set £ c R™ with Lipschitz boundary.

Remark 2.2.2. Formulas (2.2.5) and (2.2.2)) hold also when OFE is H" !-rectifiable.

Proposition 2.2.3. For any x-spherically symmetric set E € S, there holds Py (E) = Py (FE)
with a = 1.
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Proof. By a standard approximation, using the results of [506], it is sufficient to prove the
claim for smooth sets, e.g., for a bounded set F c R" with Lipschitz boundary. By (2.2.5)
and (2.2.2), the claim Py (F) = P,(F) with o = 1 reads

Py(E) = fa \INEP + aPINPRaH, (2.2.6)

where N¥ = (N7, NyE ) € R" xR is the unit Euclidean normal to OE. By the representation

formula (2.2.5)), we have
Py(E) = f i X;, N¥)?) P gyt
oOF ~ () )
where, by (1.1.14)), for any i =1,... h

(X;, N")? = (N£ ZZQ )

(=1j=1
B2 Es 0 B (S e BN
= (V2" =2N;; >0 ) Qi + ( > ZQ,-jachyz) )
¢=1j=1 ¢=1j=1
and thus

h k h h k
SUX, NP = INFP =25 3 Qla;NENL+5 > SQnTiz, NUNY . (2.2.7)
i=1 l=11,5=1 i=14,m=1j,p =1

Since the set F is x-spherically symmetric, the component Nf of the normal satisfies
the identity
NE = Z|NB|, (2.2.8)

x
||
The bilinear form @ : R" xR? - R¥ is skew-symmetric, i.e., we have Q(x,z') = -Q(a', ) for
all z,z" € R" or, equivalently, ij = —in. Using (2.2.8]), it follows that for any £=1,...,k
we have

Z sz ] E |N | Z Q xxj_o (2.2.9)

2,j=1 2,j5=1
Next, we insert into identity (1.1.13]), that defines an H-type group, the vector fields

h k
=X'=Y2X;, Y=Y NV,
i=1 (=1

where z € R, NE (N, y17 . 7N£)7 and X;, Y are the orthonormal vector fields in ((1.1.14]).
We obtain, together with the definition (1.1.12)) of H-type algebra

|2* [Ny = (X, XY = (Jy (X)), Jy (X)),
We write

JY(X,) = JY(X) = i(JY(X)7Xj>Xj = Zh:<Y7 [X7 Xj])‘Xj'
= =
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where, for any j=1,...,h

h k h k h
(X, X1 = 3 [0 = 20 2 QGpn0, ), 00, = 32 3 Qs |

=1 ¢=1p=1 m=1s=1
h k k
= Z {“TZ( - Z Qﬁaym) = 0i5 X 331( - Z ijaye)}
i=1 m=1 =1
h k
=23 > Q770
i=1m=1
hence
5 h k k 5
(Y? [X7Xj:|> ZN 81/2’22 z le:’;aym) - ZN ayw Z Z szxl ym
=1 i=1m=1 (=1 i=1m=1
k 5 h k k h ’
= (2 Ny, aypZ > iQij0yn) = 3 3 Ny, Qiji
=1 i=1m=1 (=11=1
Therefore
h k ‘
Jy(X) = Z ZNngz‘jl’iX
ij=10=1
and we obtain the identity
2| A7E|2 & & L QnNENE
lZ[*IN [P = Y Y QuQEN, N, xjx,. (2.2.10)
£,m=11,j,p=1
From (2.2.7), (2.2.9)), and (2.2.10) we deduce that
L E\2 E|2 2( AT E 2
Z(Xl’N ) :|N:7: +|'1:| |Ny| )
i=1
and formula (2.2.6]) follows. O

2.2.2. a-Perimeter for symmetric sets

Thanks to Proposition [2:2.3] from now on we will consider only a-perimeter.
We say that a set E c R" = R" x R* is 2- and y-spherically symmetric if there exists a
set G c R* x R* such that

E={(z,y) eR": (2], |y]) « G}.
We call G the generating set of E. In the following we will use the constant
Chk = hkwpwy,

where wy, = L™ ({z e R™ : |z| < 1}), for m e N.
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Proposition 2.2.4. Let E c R" be a bounded open set with finite a-perimeter that is x-

and y-spherically symmetric with generating set G c R* x R*. Then we have:

P,(FE) = cpg sup f (sk_lar(rh_lwl) + rh_lmas(sk_lwg)) drds. (2.2.11)
peFa (R xR*) G

In particular, if E has Lipschitz boundary then we have:
P,(FE) = cp LG (NE r N Lsh L anl (r, s), (2.2.12)
where N9 = (N, N&) e R? is the outer unit normal to the boundary OG c R* x R*.

Proof. We prove a preliminary version of (2.2.11]). We claim that if F is of finite a-perimeter

and z-spherically symmetric with generating set F' c R* x R¥, then we have:

k
P,(E) = hwy, sup f <8T(rh711/11) +phlre > 8yj1/11+j)d7“dy =Q(F), (2.2.13)
peFrp (R xRE) JF j=1

where @ is defined via the last identity. For any test function 1 € Fi,,(R* x R¥) we define
the test function ¢ € F,,(R"™)

x
o) = (ol e ) sl ) o ol 20, (2.2.11)
and ©(0,9)=0. Forany i=1,...,h, j=1,...,k, and x # 0, we have the identities
1 .%? xf
axz(pl(xJ/) = (_ - _) 1/)1(|J,‘|,y) + 2 T¢1(|$|7y)’
|z | ||
Oy, n+j (@) = Oy, 14 (|2, ),
and thus, the a-divergence defined by
h 00, ko .
: Soz(l'vy) « 90h+]($,y)
divap(z,y) =) —— + |z —_ 2.2.15
2 e el g (22.15)
satisfies
_ h-1 L
divap(z,y) = |T|¢1(|x|,y) + Opth1 (|z], ) + |2|* Y By, th145 (2], ). (2.2.16)
j=1

For any y € RF we define the section FY = {r >0:(ry)eF } Using Fubini-Tonelli
theorem, spherical coordinates in R”, the symmetry of E, and (2.2.16) we obtain

_ h-1 o -
[Edlvaw dxdyz[l;{k ./Fy /|r|=7"( Y1+ 0Py + 1 j;aijw) AR (z)drdy

r

(h-1 L
= huwy, [Rk /Fy h 1( 1+ Opthy + 7 j;@yji/fnj) drdy (2.2.17)

r

k
= hwh L ar(’f‘h_li/)l) + Ta+h_1 Ziﬁyj 1/)1+j drdy.
]:
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Because v is arbitrary, this proves the inequality > in (2.2.13)).

We prove the opposite inequality when E c R” is an z-symmetric bounded open set
with smooth boundary. The unit outer normal N¥ = (NE, Nf ) is continuously defined on
OE. At points (0,y) € OF, however, we have NZ(0,y) = 0 and thus N¥(0,y) = 0. For any
€ > 0 we consider the compact set K = {(x,y) € OF : |x| > 5}, where 0 > 0 is such that
Po(E;{|x| = 6}) = 0 and

fBE\K INE(z,9)|dH™ " <e. (2.2.18)

Let H c R* x R¥ be the generating set of K. By standard extension theorems, there
exists 1 € Fix(R* x R¥) such that

(N (r,y), 7Ny (r,y))
(N (ryy), v Ny (r, )

The mapping ¢ € F,,(R™) introduced in (2.2.14)) satisfies

NE(z,y)
INE(z,y)’

Then, by identity (2.2.17)), the divergence theorem, (2.2.19), (2.2.18]), and (2.2.2)) we
have

W(r,y) = for (r,y) € H.

o(z,y) = for (z,y) € K. (2.2.19)

k
Q(F) > /F (ar(rh—ldjl) N Th—1+aj;ayj¢l+j)drdy

_ d'add:f NEy gy

fEleoxy 8E(so o )dH

_ NE' d n-1 f NE d n—1
[ NE@ylan ™+ [ (o NDyax

> P,(E) - 2.

This proves when OF is smooth. The general case follows by approximation. Let
E cR™ be a set of finite a-perimeter and finite Lebesgue measure that is x-symmetric with
generating set F' ¢ R* x R¥. By [56, Theorem 2.2.2], there exists a sequence (F})jey such
that each E; is of class U

lim L"(E;AE) =0 and lim P,(Ej) = Py(E).
j—o00

J*}DO

Each Ej can be also assumed to be z-spherically symmetric with generating set F; c R* xR,
Then we also have

lim L% (F;AF) = 0.

]4)00

By lower semicontinuity and ([2.2.13]) for the smooth case, we have

Q(F) <liminf Q(F}) = lim Py (E;) = Po(E).
]—>OO j—>00
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This concludes the proof of (2.2.13]) for any set F with finite c-perimeter.
The general formula (2.2.11)) for sets that are also y-spherically symmetric can be proved
in a similar way and we can omit the details.

Formula ([2.2.12)) for sets E with Lipschitz boundary follows from ([2.2.11]) with the same
argument sketched in the proof of Proposition [2.2.2] O

2.2.3. a-Perimeter in the case h =1

When h = 1 there exists a change of coordinates that transforms a-perimeter into the
standard perimeter (see [99] for the case of the plane h =k =1). Let n =1+ k and consider
the mappings @, ¥ : R" - R"

|:E|a+1

a+1

v = (s @)t a(6) - (@)l s D).

Then we have P oW = ¥ o ® = Idp~.
Proposition 2.2.5. Let h=1 and n=1+k. For any measurable set E c R" we have
P.(E) =sup | L(E) divipdeds : 1  Fo(R")). (2.2.20)

Proof. First notice that the supremum in the right hand side can be equivalently computed
over all vector fields ¢ : R™ - R" in the Sobolev space WOI’I(R”;R”) such that |[¢]e < 1.
For any ¢ € F,,(R™), let ¢ = p o ®. Then for any j=1,...,k=n—1, we have

Be1(€,m) = B (10 @) (&,1) = |(a + 1)E[ 10,01 (D(E, 1)),

(2.2.21)
anj¢1+j(€v"7) = 877j(§01+j ° ‘I))(fﬂl) = angp1+j(q>(£a 77))

In particular, we have 1) € WO1 1(R™R") and || < 1. Then, the standard divergence of

satisfies

divip(€,1) = |(a+ 1)€[ a1 divap( (€, 7).

The determinant Jacobian of the change of variable (z,y) = ®(&,n) is
|det J®(E,n)| = |[(a+ 1)€] a1, (2.2.22)

and thus we obtain
fEdivaw(x,y) dzdy = L(E) divap(P(&,7))|det JR(E, n)|dEdn
(2.2.23)
= di d&dn.
A(E) v (&,m) d&dn

The claim follows.
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2.3 Rearrangements

In this section, we prove various rearrangement inequalities for a-perimeter in R™. We
consider first the case h = 1. In this case, there are a Steiner type rearrangement in the
x-variable and a Schwarz rearrangement in the y variables that reduce the isoperimetric
problem in R™ to a problem for Lipschitz graphs in the first quadrant R* x R*. Then we
consider dimensions h > 2, where we can rearrange sets in R” that are already z-spherically

symmetric.

2.3.1. Rearrangement in the case h =1

Let h=1and n=1+k. We say that a set £ c R" is z-symmetric if (z,y) € E implies
(—z,y) € E; we say that E is xz-convex if the section EY = {x € R: (z,y) € E'} is an interval
for every y € R¥; finally, we say that F is y-Schwarz symmetric if for every x € R the section

E® ={yeRF: (x,y) € E} is an (open) Euclidean ball in R* centered at the origin.

Theorem 2.3.1. Let h =1 and n = 1 + k. For any set E c¢ R™ such that Py(F) < oo
and 0 < L™(FE) < oo there exists an z-symmetric, x-convex, and y-Schwarz symmetric set
E* cR™ such that P,(E*) < Py(FE) and L"(E*) = L™(E).

Moreover, if Py(E*) = Py(FE) then E is x-symmetric, z-convex and there exist functions

c:[0,00) = R¥ and f:[0,00) - [0, 00] such that for L'-a.e. x € R we have

E” = {y e R : |y — c(ja])| < f(la])}. (2.3.1)

Proof. By Proposition the set F' = U(FE) c R” satisfies P(F') = P,(F), where P stands

for the standard perimeter in R"™. We define the measure p on R"
u(F) = [ I+ g7 dgn, (23.2)

Then, by (2.2.22) we also have the identity pu(F') = L"(E).

We rearrange the set F' using Steiner symmetrization in direction £. Namely, we let
Fi={(&n) eR":[¢] < L1(F")/2},

where F7={¢ eR:({,n) € F}. The set F} is {-symmetric and £-convex. By classical results
on Steiner symmetrization we have P(F1) < P(F) and the equality P(Fy) = P(F) implies
that F' is £-convex: namely, a.e. section F" is (equivalent to) an interval.

The p-volume of F is

p(F) = [ e Fagan= [ ([l el dg)an.
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For any measurable set I ¢ R with finite measure, the symmetrized set I* = (-£(I)/2, £ (I)/2)
satisfies the following inequality (see [99], page 361)

[lerade < [ jeraae, (2:3.3)

Moreover, if L}(IAI*) > 0 then the inequality is strict. This implies that p(Fy) > p(F) and
the inequality is strict if F' is not equivalent to an &-symmetric and £-convex set.

We rearrange the set F) using Schwarz symmetrization in R¥, namely we let

€y, L
Fy={(&m) R[] < (—Lkgl))’“}.

By classical results on Schwarz rearrangement, we have P(Fy) < P(F}) and the equality
P(Fy) = P(F) implies that a.e. section Ff is an Euclidean ball

FE = {neRF:n—d(le)] < o(l€])} (2.3.4)

for some d(|¢]) € R¥ and o(|¢]) € [0,00]. By Fubini-Tonelli theorem, the p-volume is pre-

served:
W(Fy) = fR|<a+1>s|-ﬁ.c’“<F§>ds: [R|<a+1>f|-ﬁc’“<Ff>ds=M<F1>. (2.3.5)

Recall that 6¢(z,y) = (Az,\*"y). The set E* = §(®(F2)), with A > 0 such that
L'(E*) = L"(FE), satisfies the claims in the statement of the theorem. In fact, we have

0 < A <1 because

LN(®(Fy)) = p(Fy) = p(F1) 2 p(F) = L(E),

and then, by the scaling property of a-perimeter we have
P,(E") = )\Q—lpa(q>(F2)) <Py (®(Fy)) = P(Fy) < P(F1)< P(F)=P,(F).

This proves the first part of the theorem.

If P,(E*) = P,(F) then we have P(Fy) = P(F}) and A = 1. From the first equality we
deduce that the sections Ff are of the form and claim holds with ¢(|z|) =
d(|z|** /(e + 1)) and f(|z]) = o(|z|**!/(ar+ 1)). From A =1 we deduce that

p(F) = LM(E) = LY(E”) = L*(®(F2)) = p(F2) = p(F1),

and thus F is £&-symmetric and £-convex. The same holds then for E.
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2.3.2. Rearrangement in the case h > 2

We prove the analogous of Theorem [2.3.1] when A > 2. We need to start from a set

E c R"™ that is z-spherically symmetric

E={(z,y) eR": (|z],y) e F'}

for some generating set F' c R* x R*.

By the proof of Proposition see (2.2.13), we have the identity P,(E) = Q(F),

where
k
Q(F)=hw,  sup f (&(rh_lwl) +phmlre 8yj¢1+j)drdy. (2.3.6)
YeF 1 (RO RE) j=1
Our goal is to improve the x-spherical symmetry to the z-Schwarz symmetry. To obtain

the Schwarz symmetry, we use the radial rearrangement technique introduced in [98].

Theorem 2.3.2. Let h>2, k>1 andn=h+k. For any set E c R" that is x-spherically
symmetric and such that P,(E) < oo and 0 < L"(E) < oo there exists an x- and y-Schwarz
symmetric set E* c R™ such that P,(E*) < Py(E) and L™"(E*) = L™(E).

Moreover, if P,(E*) = Py(FE) then E is x-Schwarz symmetric and there exist functions

c:[0,00) = R¥ and f:[0,00) - [0, 00] such that, up to a negligible set, we have

E={(z,y) eR": |y = c(lz))] < f(|«])}- (2.3.7)

Proof. Let F ¢ R* x R be the generating set of E. We define the volume of F via the
following formula
V(F) =wp [Frh_ldrdy =L"(E).
We rearrange F' in the coordinate r using the linear density 7"~ that appears, in
(2.3.6)), in the part of divergence depending on the coordinates y. Namely, we define the
function g : R¥ — [0, 0] via the identity

9(y)
g(y)"* = f ey f ey, (2.3.8)
0 F,

h+«

and we let
Fl = {(r,y) eR*xRF:0<r< g(y)}.
We claim that Q(F*) < Q(F) and V(F") > V(F), with equality V(F*') = V(F) holding
if and only if F¥ = F', up to a negligible set.
For any open set A c R* x R¥, we define

Qo(F;A)= sup [ 0.(r" ") drdy,
peF (A) Y F

Q;(F;A) = . S}}llé)A) Frh_“o‘@ijdrdy, j=1,... k.
€1

(2.3.9)
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The open sets mappings A — Q;(F;A), j=0,1,...,k, extend to Borel measures. For any

Borel set BcR* and j =0,1,...,k, we define the measures

1i(B) = Q;(F;R* x B),
ph(B) = Q;(F;R* x B).

By Step 1 and Step 2 of the proof of Theorem 1.5 in [98], see page 106, we have ,ug-(B) <
pj(B) for any Borel set B c R* and for any j =0,1,...,k. It follows that the vector valued
Borel measures p1 = (o, ..., pux) and pf = (pf, ..., pl) satisfy

FI(RE) < |l (RY),

where | - | denotes the total variation. This is equivalent to Q(F*") < Q(F).

We claim that for any y € R* we have

1
Eg(y)h=fmI rh_ldrzf L dr, (2.3.10)

Y Fy

with strict inequality unless FZE = F, up to a negligible set. From (2.3.10f), by Fubini-Tonelli
theorem it follows that V (F*') > V(F) with strict inequality unless F* = F up to a negligible

set. By ([2.3.8]), claim (2.3.10)) is equivalent to

((h+a)fF rh_lmdr)hia Z(h/}; 'rh_ldr)’ll, (2.3.11)
Y Y

and this inequality holds for any measurable set F;, ¢ R*, for any h > 2, and a > 0, by
Example 2.5 in [98]. Moreover, we have equality in (2.3.11]) if and only if F, = (0,g(y)).

Let E{ c R™ be the z-Schwarz symmetric set with generating set F¥. Then we have
L(EY) = V(F¥) 2 V(F) = L"(B),

with strict inequality unless F! = F. Then there exists 0 < A < 1 such that the set Ef =
§Y(EY) satisfies L"(E") = L"(E). Since A < 1, we also have

Po(EY) = AU Po(BY) < Po(BY) = Q(F') < Q(F) = Pa(E).

If P,(E") = P,(F) then it must be A = 1 and thus F¥ = F, that in turn implies E = E, up
to a negligible set.

Now the theorem can be concluded applying to Ef a Schwarz rearrangement in the
variable y € R¥. This rearrangement is standard, see the general argument in [98]. The
resulting set E* c R" satisfies P,(E™) < P,(F) and also the other claims in the theorem.

O
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2.4 Existence of isoperimetric sets

In this section, we prove existence of solutions to the isoperimetric problem for a-
perimeter and H-perimeter. When h > 2, we prove the existence of solutions in the class of
z-spherically symmetric sets. The proof is based on a concentration-compactness argument.
This is a classical tool to prove existence of solutions to variational problems, used for
example by Leonardi and Rigot to prove existence of isoperimetric sets in Carnot groups in
[87]. Differently from their proof, in the case of Grushin spaces we have to deal with the
lack of left-translations: we use the same “cutting technique” as Fusco Maggi and Pratelli
in [63, Lemma 5.1], where invariance under left translations of the perimeter measure is not
necessary.

For any set £ c R™ and t > 0, we let

Ef ={(z,y) e Btz <t} and Ef ={(z,y) e E:|z|=1},

EY ={(z,y) € E:ly| <t} and EY={(x,y)eE:ly/=t}. (2.4.1)
We also define
vB () = HH(ED), (2.4.2)
and
vp(t) = [E ’ | dH" (2.4.3)

In the following, we use the short notation {|z| <t} = {(x,y) e R" : |z| < t} and {|y| < t} =
{(z,y) e R™ : Jy| < t}.

Proposition 2.4.1. Let E c R" be a set with finite measure and finite a-perimeter. Then

for a.e. t >0 we have
Po(Ef) = Po(E;Ef) +vp(t)  and  Po(E}) = Po(E; E) + vl (t). (2.4.4)

Proof. We prove the claim for EY . Let {¢:}>0 be a standard family of mollifiers in R” and
let

fe(z) = '[E¢g(|z —w|)dw, zeR".
Then f. € C*(R") and f. - xg in L'(R") for € - 0. Therefore, by the coarea formula we
also have, for a.e. t > 0 and possibly for a suitable infinitesimal sequence of €’s,
lim |fe = xpldH™ =0. (2.4.5)
&0 Hlyl=t}
Since F has finite a-perimeter, the set {t > 0: P,(E;{|y| =t}) > 0} is at most countable,
and thus
P,(E;{ly|=t}) =0 for ae.t>0. (2.4.6)
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We use the notation Vo fe = (X1 fe,..., Xpfe, Y1 fe,... Yife), where X;, Y} are the vector
fields (T.1.15). By the divergence Theorem, for any ¢ € C}(R™ R") we have

iy T 2= [ (@A) = (T fep))

) (2.4.7)

= Jo o T N @ [ (Vafe, o)z

{lyl=t} {lyl<t}

where N = (0,-y/|y|) is the inner unit normal of {|y| < ¢}. For any ¢ > 0, we have
I dive d:f divao(2) dz, 2.4.8
fny [ F@dvp()dz = [, divig(a)ds (2.48)

and, for any t > 0 satisfying ,
lim (N, o(2))dH" = f 2[*(N, o(2))dH" . 2.4.9
i [ RN () V() (24.9)
On the other hand, we claim that

I e o)z = f : o 2.4.10
i Jo e Velowldz= | t}{Zw M +Z<ph+z|a:\ e (2.4.10)

where 7} and p% are the distributional partial derivatives of xg, that are Borel measures

on R", because E has finite a-perimeter. For the coordinate yy, we have
ay d =] a/@ - wldwd
f{|y|<t} nre(2)[w]|* Oy, f=(2)dz it onse(2)|7] : 06212 — wl)dwdz
) _f{| |<t} (’Oh+e(z)|$|af aﬁegbsﬂ'z_wl)dwdz
:f{l Pt |af &< (|2 = w])dplf (w) dz
fn '[‘ | t} SO}H_Z( )|x|a¢€(|z w‘)dzd,u, (’u))

where we let w = (£,1) € R" x R*. By (2:4.6), the measure u% is concentrated on {|y| # t}.
It follows that

tig [ ol 0z~ wDdzdig ) = [ o)l du ().

This proves (2.4.10)).
Now, from (2.4.7)—(2.4.10) we deduce that

divyo(z dz:—f z|*(N, o(2))dH™ !
JARR O oy ()
k
f {Z% (2l Y oneedpil ),
{lyl<t} -1

(2.4.11)

and the claim follows by optimizing the right hand side over ¢ € F,(R").
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Proposition 2.4.2. Let E c R™ be a set with finite measure and finite a-perimeter. For
a.e. t >0 we have Py(EL.) < Po(E) and Py (E} ) < Py(E).
Proof. The proof is a calibration argument. Notice that
Po(EL) = Po(EL;{lyl < t}) + Pa(EL; {ly| 2 })
= Pa(E:{lyl < t}) + Pa(E_; {lyl = t}).
Let t > 0 be such that P,(F;{|y| = t}) = 0; a.e. t > 0 has this property, see (2.4.6)). It is

sufficient to show that

Pa(E_i{lyl = t}) < Pa(E:{lyl > t}) = Pa(E;{lyl > t}).

The function ¢(z,y) = (0,-y/|y|) € R, |y| # 0, has negative divergence:

k 2 _ «a
Loy bl

diva(z,y) = =|z|* ), | —
“ e:zl(lyl ly|3 1y]

As in the proof of (2.4.11]), we have

k
0= fEﬂ{lyl>t} g = fEf ol dH™™ - f{\y|>t} \xla;¢h+edu%
2 [ AR = P (> 1),
By the representation formula , we obtain
Pa(BL{lyl = 1) = [ el < Pu(B: (] > 1),
This ends the proof. O

We prove the existence of isoperimetric sets using the validity of the following isoperi-

metric inequality, holding for any £"-measurable set ' c R" with finite measure
Q-1
P, (E)>CL"(E) @ (2.4.12)

for some geometric constant C' > 0, see Proposition [1.3.4]
By the homogeneity properties of Lebesgue measure and a-perimeter, we can define the
constant
Cr=inf{P,(E):L"(E)=1and E€S,, if h>2}. (2.4.13)

Only when h > 2 we are adding the constraint £ € S;. We have C7 > 0 by the validity of
(2.4.12)) for some C' > 0. Our goal is to prove that the infimum in ([2.4.13|) is attained.

Theorem 2.4.3. Let h,k>1 and n=h+k. There exists an x- and y-Schwarz symmetric

set E c R"™ realizing the infimum in (2.4.13)).
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Proof. Let (Ey;)men be a minimizing sequence for the infimum in (2.4.13)), with the addi-
tional assumption that the sets involved in the minimization are z-spherically symmetric

when h > 2. Namely,
1
L"(Ew) =1 and Pa(En) < C; (1 . —) . meN. (2.4.14)
m

By Theorems 2.3.1] and 2.3.2] we can assume that every set FE,, is x- and y-Schwarz

symmetric. We claim that the minimizing sequence can be also assumed to be in a bounded
region of R™.

Fix m ¢ N and let E = E,,. For any ¢ > 0 such that holds we consider the set
Ef =En{|z|<t}eS,.

We apply the isoperimetric inequality with the constant C; > 0 in (2.4.13]) to

the sets E and E \ EY , and we use Proposition [2.4.1

CILM(BL)'T < Poy(BE) = Pa(E; {J2] < 1)) + vi(2)

o (2.4.15)
Cr(1-LY(EL)) @ < Po(E EY) = Po(E;{|z] > t}) + vip(t).
As in (2.4.2)), we let v (t) = H" 1 (EY). Adding up the two inequalities we get
Q- Q-
CrL(EZ) T +(1-L(E")) T ) < Po(E) + 20%(1). (2.4.16)

The function g: [0,00) = R, g(t) = L*(E}.) is continuous, (0,1) c g([0,00)) c [0,1], and it
is increasing. In particular, g is differentiable almost everywhere. For any t > 0 such that
P,(E;{|z| =t}) =0, also the standard perimeter vanishes, namely P(E;{|z|=t}) = 0. With
the vector field ¢ = (x/|z|,0), and for ¢ < s satisfying P, (F;{|z| =t}) = P,(E;{|z| = s}) =0,

we have
h-1
[ —dz = f divpdz
EZ B |zl B NEP.

n-1/px n-1/x n-1
=H E)-H E d
(B -1 ED [ (i

where 0* F is the reduced boundary of E, see [89, Chapter 15] for a definition. This implies
that
lim 1" (E) = HH(EY),

with limit restricted to s satisfying the above condition, and thus
1 S
o/() = lim — / WY ET) dr = H Y (ED). (2.4.17)
s—t s —t Jt
At this point, by (2.4.14)), inequality (2.4.16)) gives

Cr9() @ +(1-g(t)T —1—%) <24'(1). (2.4.18)
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Q-1 Q-1
The function ¢ : [0,1] > R, ¢(s) =s @ +(1-s) @ -1 is concave, it attains its maximum
at s =1/2 with ¢(1/2) = 20 -1, and it satisfies 1(s) = ¢ (1-s), ¥(0) = (1) =0. By (2.4.18)
we have

1 ) > %w(g(t)) + %(w(g(t)) - %)’ (2.4.19)

g'(1)2 (o) - =
for almost every t € R and every m € N. Provided that m € N is such that 2/m < max =
21/Q _ 1, we show that there exist constants 0 < a,, < by, < oo such that inequality
implies the following:

g'(t) > %z/)(g(t)) for a.e. t € [am, b ]- (2.4.20)

In fact, by continuity of g and v, and by symmetry of ¢ with respect to the line {s =1/2},

for m large enough, there exist 0 < a,, < b,;, < oo such that

0<glam) =1-g(m) <5 and (g(an)) = (g(bm)) =

By concavity of 1) and monotonicity of g, it follows that ¥ (g(t)) > % for every t € [am, b ],
and (2.4.20) follows. As m — oo we have g(b,,) — 1, that implies

lim by, =sup{b>0:¢g(b) <1} >0.

Moreover, as m — oo we also have g(a,,) — 0. Since the set F is x-Schwarz symmetric,
there holds g(a) >0 for all a > 0. Therefore, we deduce that a,, — 0.

We infer that, for m large enough, we have a,, < b,,,/2. Integrating inequality
on the interval [b,,,/2, by, ], we find

b

m 4 fbm g'(t) 4 r9lbm) 1 4 11
omog 2 dtg—f dsg—f ds = (5. 2.4.21
2 7 Cr Jom29(g(t)) Cr Jgbm/2) ¥(s) Cr Jo (s) ' ( )

We consider the set B, = Ey . By (2.4.21), E,, is contained in the cylinder {|z| < 2¢;}
and, by Proposition m it satisfies Py(En) < Pa(Ep). Define the set El, = 8y, (Ep),

where A, > 1 is chosen in such a way that E"(E\In) = 1; namely, A, is the number

(1 \e
)\m_(ﬁn(ﬁm)) ’
where
£(En) = £"(En 0 {la] < b)) = 9(b) = 1 - g(am). (2.4.22)

By concavity of ¢, for 0 < s < 1/2 the graph of ¢ lays above the straight line through
the origin passing through the maximum (1/2,4(1/2)), i.e., 1)(s) > 2(2/9 —=1)s. Therefore,
since g(ap,) < 1/2 and ¥ (g(am)) = 2/m, then

1

g(am) < m,



62 CHAPTER 2. GRUSHIN AND H-TYPE ISOPERIMETRIC PROBLEM

and thus
1 1/Q m 1/Q
A | ————— =(— .

1 1
1 m(21/@-1) m=ora

By homogeneity of a-perimeter,
. 1
Po(EF) = A8 P (E) < A9 1P (B < Ag;lcf(l + —)
m

Q-1
<o B)(—m ) F

1
miim = oo

In conclusion, (Eln)meN is a minimizing sequence for C; and, for m large enough, it is
contained in the cylinder {|z| < £}, where £ =2Y@*1¢;.

Now we consider the case of the y-variable. We start again from for the sets
E} for t > 0. Now the set E can be assumed to be contained in the cylinder {|z| < ¢}. In

this case, we have
Vb = [ laldrr T < W (EY) = 09/ (1),
t

So inequality (|2.4.16)) reads
Q-1 Q-1 1
Cr(gt) @ +(1-g() @ -1-—) <2 (1). (2.4.23)
m

Now the argument continues exactly as in the first case. The conclusion is that there exists
a minimizing sequence (E,,)men for (2.4.13)) and there exists £ > 0 such that we have:

i) L"(Ey,) =1 for all meN;

ii) Py(Ep) <Cr(1+1/m) for all m e N;
iii) Epc{(z,y) eR":|z| < ¢ and |y| < £} for all m e N;
iv) Each E,, is - and y-Schwarz symmetric.

By the compactness theorem for sets of finite a-perimeter (see [65] for a general state-
ment that covers our case), there exists a set £ ¢ R"™ of finite a-perimeter which is the

L!-limit of (a subsequence of) the sequence (E,,)meny. Then we have
L'(E) = TrlLl—I}Zo L"(Ep)=1.
Moreover, by lower semicontinuity of a-perimeter
Po(E) < liminf Pa(Ep) = Cr.

The set F is - and y-Schwarz symmetric, because these symmetries are preserved by the

L'-convergence. This concludes the proof. O
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2.5 Profile of isoperimetric sets

In Theorem we proved existence of isoperimetric sets, in fact in the class of z-
spherically symmetric sets when h > 2. By the characterization of the equality case in
Theorems [2.3.1] and 2.3.2] any isoperimetric set F is z-Schwarz symmetric and there are
functions ¢ : [0,00) = R¥ and f:[0,00) - [0, 00) such that

E={(z,y) eR": |y —c(jzD] < f(|z[)}- (2:5.1)

The function f is decreasing. We will prove in Proposition that, for isoperimetric sets,
the function c is constant.
We start with the characterization of an isoperimetric set £ with constant function ¢ = 0.

Let F c R" x R be the generating set of E
E={(z,y) e R": (Jl,|y]) € F'}.
The set F' is of the form
F={(r,s)eR"xR":0<s< f(r), re(0,m9)}, (2.5.2)

where f:(0,r9) — (0,00) is a decreasing function, for some 0 < 7 < co.

By the regularity theory of A-minimizers of perimeter, the boundary OF is a C* hy-
persurface where x # 0, see Theorems 26.3, 27.4 [89, Part III]. We do not need the general
regularity theory, and we prove this fact in our case by an elementary method that gives
also the C'*°-smoothness of the function f in .

2.5.1. Smoothness of f

We prove that the boundary OF c R* x R* is the graph of a smooth function s = f(r).
We rotate clockwise by 45 degrees the coordinate system (r,s) € R? and we call the new

coordinates (g, 0); namely, we let

o+p0 o—-0

W, S = \/§

There exist —oco < a < 0 < b < oo and a function g : (a,b) - R such that the boundary

OF c R* x R* is a graph o = g(0); namely, we have

oF ={(r(0),5(0)) = (9(2_; g’g(é\%— 2) o (ab)}. (2.5.3)

Since the function f is decreasing, the function g is 1-Lipschitz continuous.
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By formula (2.2.12)) and by the standard length formula for Lipschitz graphs, the a-

perimeter of FE is
b
Po(E) = ey [ Vs 4 p2apr? ph=1 =14,
a

where cpi = hkwpwyg. On the other hand, the volume of F is

LY(E) = cn fab(fl;(g) (U—;;)h_l (“—J;)H da) do.

For e e R and ¢ € C°(a,b), let g- = g+eh, sc =s+e¢ :r+£% and let F, c R* x R*

v,
\/57 &g
be the subgraph in o > |g| of the function g.. The set E. c R™ with generating set F; has

a-perimeter

p(e) = Pa(Ec)

b ;2 ”, 2 oy .
:Chk[; \l(s’h&‘%) +(7’+6%) (r’+5%) (r+€%) (s+5%) do,

and volume

n b g(@+ev(e) (o + h-1 . k-1
v(e) = L"(E:) :Chkfa f\gl ( 7 ) ( 7 ) do | do.

Since FE is an isoperimetric set, we have

Cd p(e)? | @@ —p?(Q - 1) R
de v(g)@-1 0 v2@-2 5:0’
that gives
p'(0) = Crrav'(0) =0, where Chpg = %% (2.5.4)
After some computations, we find
(0) = c% b { (r2o! + s’)zw’ + 047“2:1r’2w+
2 Ja s+ r2ep! (2.5.5)
+ \/m[E i 1]¢}rh‘lsk‘1 do,
r s
and
v'(0) = cp fabrh_lsk_lw do. (2.5.6)

From (2.5.4), (2.5.5)), and (2.5.6) we deduce that g is a 1-Lipschitz function that, via

the auxiliary functions r and s, solves in a weak sense the ordinary differential equation

12
d oy TRy o ar2e-ly!
_(Thlskl 2)=rh18k1{

14

+
do s'2 4+ r2ap §'2 4 p2apr? (2.5.7)

+ W[E LR 1] —\@C’hka}-

r S

By an elementary argument, if follows that g € C*(a,b). We show this statement in the

next proposition.
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Proposition 2.5.1. Let r,s: (a,b) - R are Lipschitz functions solving . Then the
Lipschitz function g defined via r, s through (2.5.3)) is of class C*(a,b).

Proof. Fix a test function x € C°(a,b) which has zero mean: fabx(,g)dg = 0. Define a test
function ¢ € F1((a,b)) as the integral of x:

o= [“xwa
hence ¢ (o) = x(0) and ¢ € C°((a,b)). Equation reads

b
0= [ "n(e)' (o) + &) (o) de (25.8)

where
20,/ /
e’ + s 1 B
ph1gk-1

n(e) = V52 + 2002 ’

2c—-1,.12
(ot a1l k-1 h-1 k-1
&(o) { e + V2 4 r2ap [ ot ] \/§Ch;m}r s

Applying (2.5.8) to 9 gives the following, where Zp,, ;1 denotes the characteristic function of
[p,qlcR

0= [ (nox(@) +e(0) [[*x(tyit)de

_ fabn(e)x(g)dw fab([abz[w]g(g)x(t)dt) do
[P aonwa [*( [ Teone)a
:fab(n(t%/tb&(g)dg) x(t)dt.

By arbitrariness of x in the set of zero mean value test functions we deduce that there exists

a constant ¢ € R such that n(t) + ftbf(g)dg = ¢. Notice that the function

r2oaly h-1 k-1
(b(t) f - +\/s?+ r2ar12[ + ] _ ﬂchka}Th_lsk_ldQ

8/2 + 7’20‘7“’2 r S

is Lipschitz because ¢’ is bounded, being r,s Lipschitz functions. Moreover, using the

definition of r and s in , we write

e e (g +1)+ (g’ -1) iy j1 ~
n(t)=c-¢ \/(g’—1)2+r2a(g’+1)2r st =c-¢.

Squaring both sides we obtain a second order equation in g’. Solving this equation we write

¢ as a product of Lipschitz functions. We conclude that ¢’ is Lipschitz, hence g e C11. [
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We claim that for all g € (a,b) there holds ¢'(0) # —1. By contradiction, assume that
there exists g € (a,b) such that ¢/(g) = -1, i.e., 7'(2) = 0 and s'(g) = —v/2. Inserting these
values into the differential equation (2.5.7) we can compute ¢”(9) as a function of g(9);

namely, we obtain
(h=1) = V2Char(2)
7,a(é)2oz+l :

2
9" (e) =2 (2.5.9)

Now there are three possibilities:

(1) ¢"(2) <0. In this case, g is strictly concave at g and this contradicts the fact that £

is y-Schwarz symmetric.

(2) ¢"(0) > 0. In this case, ¢’ is strictly increasing at g and since g’(g) = —1 this contradicts
the fact the g is 1-Lipschitz, equivalently, the fact that E is x-Schwarz symmetric.

(3) ¢"(0) = 0. In this case, the value of g at g is, by (2.5.9),

V2(h-1)

2.5.10
Chka ( )

g(o)=-o+
V2(h-1)

Chika
differential equation (2.5.7)) with initial conditions g(9) given by (2.5.10) and ¢'(2) =

—1. It follows that g = g and this contradicts the boundedness of the isoperimetric

The function G(p) = -0 + , 0 € R, is the unique solution to the ordinary
set; namely, the fact that isoperimetric sets have finite volume.

This proves that g'(o) # -1 for all g € (a,b).

2.5.2. Differential equations for the profile function

By the discussion in the previous section, the function f appearing in the definition
of the set F' in (2.5.2)) is in C*(0,79). The function f is decreasing, f’ < 0. By formula
(12.2.12)), the perimeter of the set E with generating set F' is

P,(F) = cp [Oro V()2 +r2e e ety (2.5.11)

and the volume of F is

LYE) = C% OTO L p (Yo (2.5.12)

As in the previous section, for ¢ € C°(0,79) and € € R, we consider the perturbation f+ e

and we define the set

E. = {(z,y) e R" :|y| < f(|z[) + e(Jz]) }-
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Then we have

p(e) = Pa(E:) = chk ATO \/(f' +e)2 +r2e(f+ Ew)kflrhfldr,

v(e) = £4(E) = A& [T (s ),

and from these formulas we compute the first derivatives at € = 0:

ro k-1 pr
0 e [T

v'(0) = chk.[o ’ fk_lwrh_l dr.

The minimality equation (2.5.4) reads

"o f,fk_l ! - / oY - - —
/0 (\/ﬁq/} + [(k:—l)fk 2 /24 120 _ Cppa f 1]¢)r" Ldr = 0. (2.5.13)

Integrating by parts the term with 1" and using the fact that 1) is arbitrary, we deduce that

f solves the following second order ordinary differential equation:

d _ f/fk—l - / —_— o
_%(T‘h 1\/m)+rh 1[(]{}—1) /f2+,,42 fk Q_Chkafk 1]_0' (2514)

The normal form of this differential equation is

2 200\ 2
n o af 2 2an (K1 f! (f, +7°Y)2
f =T+(f +r )(T_(h_l),,aQoHl —ChkaT, (2515)
and it can be rearranged in the following ways:
/ E_1 / 2, . 2a\3
Q(f_) = (" +r2°‘)(— ~(h-1) f ) _ Chkau
Or \ ro f,,aoc 7'30“'1 7“30‘ (2 5 16)
ol V? k-1 (h-1)f N2 G
=r((5) ) () ~Omal(5) +1)"
Call 6 = arctan f—; Hence
tan ¢ : = sin? I cos v ~
ng=-— sint = ———— L —
With the substitution
f! f
z = sinarctan (7“_0‘) = W, (2.5.17)
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equation (2.5.16f) transforms as follows

h=1_\/ h-2 h-1 T e f’2
(r" 7 z2) =(h=-1)r""z+r (\/mf’2+r2aar(r_a))

/ 3a
= (h—l)rh_Qf—+rh_1( L

/fl2 + r2a (f’2 +—32a)% .

3

f’+7"2a k-1 h-1 (f,2+7'2a)2

' { ro ( f - 2041 f’) - ChkaT})
S A U Vil i I
T /f12 + 20 (f12 " TQC“)% ro r2a+1
~ Chk T3a (fl2 + 7“20‘)% N T‘Sa f/? + r2a k-1 }
Ty (a2t f

(67

ZTh_l{—Chka-i-T'a(k_l) " }

N

Hence we get an equivalent equation for f:

-1
(r"1z) = Ta+h_1—k 7 V1-22 = Chpar™™. (2.5.18)

We integrate equation (2.5.18)) on the interval (0,7). When h > 1 we use the fact that
712 =0 at r=0. When h = 1 we use the fact that z has a finite limit as r — 0*. In both

cases, we deduce that there exists a constant D € R such that

2(r) =ik /OT gath-1 %\/1 — 2 s — %r + Dri h. (2.5.19)

Inserting (2.5.17)) into (2.5.19), we get

S A /T gocht k2L g Cwha, i (2.5.20)
[r2o 4 f72 0 Fy/s2e ¢ f2 h ’ o

If A > 2, from (2.5.20) we deduce that D = 0. In fact, the left-hand side of (2.5.20) is

bounded as r — 0%, while the right-hand side diverges to oo according to the sign of D # 0.

In the next section, we prove that D = 0 also when h = 1, provided that f is the profile of

an isoperimetric set.

Remark 2.5.2 (Computation of the solution when k =1). When k =1 and D = 0, equation

(2.5.20) reads
f __Chka |

S h

and this is equivalent to

fl(r)=-——"F——=, 7r¢[0,m). (2.5.21)
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Without loss of generality we can assume that g = 1 and this holds if and only if Cpi. = h.
Integrating (2.5.21]) with f(1) =0 we obtain the solution

1 Sa+1 /2 sl
f(r)= fr — ds = /arcsmrsm (s)ds.

This is the profile function for the isoperimetric set when k = 1.

2.5.3. Proof that D = 0.

We prove that D = 0 in (2.5.20) in the case h = 1. We assume by contradiction that
D #0. For a small parameter s >0, let fs:[0,79) > R* be the function

) f(s) forO<r<s
fS(r)_{f(r) for r > s,

and define the set
By ={(z,y) e R":[y| < fs(|z]) }-

Recall that the isoperimetric ratio is Z,(FE) = Po(E)?/L"(E)?~!. We claim that for s > 0
small, the difference of isoperimetric ratios

Pu(E)?  Pu(E)?
Ln(ES)Q—l Ln(E)Q—l
_ Pa(BE)OL(E)9! - Po(B)2L"(E)?
) Lr(Eg)@-tLm(E)Q!

Zo(Es) -I4(F) =

(2.5.22)

is strictly negative.

The a-perimeter of F; is

P, (Es) = f°° 12 2a pk-1 h—ld

(Es) = chk ; \/fsTfs r .
ZChk[f(S)k_lj(; ro‘+h_1 d»,«+/ \ /f'2+7'2afk_1 T‘h_l dT‘]
:Pa(E)+Chka [r“f(s)k_l —\/]"2+r20{f"‘3‘1]rh‘1dr7

and its volume is

(B =D [T g = ([ e e [ ar)
= LY(E) + Ch?k 08 (f(s)k B f(r)k)rhfl dr,

80, by elementary Taylor approximations, we find

(B Py(B.)° -
= ,Cn(E)Q_l{Pa(E) + Chi AS [Taf(s)k_l _ \/mfk_l:l ph-1 dT}Q
= En(E)Q_l{Pa(E)Q + dchkpa(E)Q_l( AS [ro‘f(s)k_l _ \/mfk—l] T’h_l d?“)

+ Rl(s)},
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where R;(s) is a higher order infinitesimal as s — 0, and

Pa(B)'LN(E)?" = Pa(B)*{L"(B) + S Os(f(s)k—f(r)k)rh_ldr}Q_l

= Pu(B)S{LM(E)? "+ WLH(E)H [T =) e+ o)),

where Rs(s) is a higher order infinitesimal as s — 0. The difference is thus

A(s) = P(Es)Qﬁn(E)Q_l - P, (E)Qﬁn(E )Q—l

A(s) B(s)
P, (E)_(Q_ )kE"(E)}

= ChkPa(E)Qﬁn(E)Q_l{

where we let

A(s) = f )’C 1 \/f’2+T2afk_1]Th_1dT+R1(S)
B(s) = fo (F(s)k = £(r)F) " dr + Ro(s).

Now we let A =1 and we observe that the differential equation (2.5.19) or its equivalent
version ([2.5.20f) imply that

lim
r—0*

Fir)

So for D # 0 and, in fact, for D <0 (because f is decreasing) we have

A 1-VvD?2+1
lim AG) _ ppr VDL
s>0% sa+h a+h
and
B
() _,

s—0+ 8a+h

It follows that for s > 0 small there holds

(S) F(0)F =Vl b (E)Q1L7(E)? ™ +0(1) < 0.

Then E is not an isoperimetric set. This proves that D = 0.

2.5.4. Initial and final conditions for the profile function
In this section, we study the behavior of f at 0 and rg.
Proposition 2.5.3. The profile function f of an x- and y-Schwarz symmetric isoperimetric

set E c R" satisfies f € C°°(0,79) n C([0,70]) n C2([0,70)) for some 0 < g < o0, f' <0,
f(rg) =0, it solves the differential equation (2.5.20) with D =0, and

!
N f'(r)  Chka
rlg?af (r)=-o00, and rli%h s
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Proof. By Remark it is sufficient to prove that rg < co when k£ > 1. Assume by

contradiction that rg = co. In this case, it must be

lim f(r) =0, (2.5.23)

T—>00

otherwise the set E with profile f would have infinite volume.

For £ >0 and M > 0, let us consider the set
Ky = {rgM:f’(r) 2—5}.

Recall that in our case we have f’ <0. The set K, is closed and nonempty for any M. If
K); =@ for some M, then this would contradict (2.5.23)).

Let 7 € Kp;. From (2.5.15]) we have

— 2 | =2a\3/2
UG- _mk—,l—c'hka%
. " § Ji(r) " (2.5.24)
> _Mza; >0,
2 f(M)

provided that M is large enough. We deduce that there exists § > 0 such that f/'(r) > —¢
for all r € [7,7+ ). This proves that K, is open to the right. It follows that it must be
Kyr =[M,00). This proves that

lim f'(r) =0,

T —>00
and this in turn contradicts (2.5.24)).

Now we have rg < oo and we also have

L= lim f(r)=0.

7‘—>'f’0

If it were L > 0, then the isoperimetric set would have a “vertical part”. We would get a
contradiction by the argument at point (3) at the end of Section m
We claim that
lim f'(r) = —oo.

T—>T‘0

For M >0 and 0 < s < rg, consider the set
Ky={s<r<ro: f'(r)>-M}.

By contradiction assume that there exists M > 0 such that K; # @ for all 0 < s < rg. If
7 € K, we have as above f”(F) > (k- 1)s**/f(s) >0. We deduce that there exists s < ro
such that 0 > f'(r) > -M for all 7 € [s,79). From (2.5.1F)), we deduce that there exists a
constant C' > 0 such that

" O
PO 56y
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Multiplying by f’ <0 and integrating the resulting inequality we find
f'(r)? < 2Clog |f ()| + Co,

for some constant Cj € R. This is a contradiction because lim log|f(r)| = —oo.
Liandiry

To prove that f is C' at 0, it is sufficient to use de I’Hopital Theorem. Since f is smooth

away from 0 and continuous at 0,

£0) =t T 1O _

1
-0t

Moreover, by Section we have D = 0 in (2.5.20). In this case, by (2.5.19) we can

compute the limit

I . B
lim F(r) = lim —% +r‘hf sa+h_1—kf 1\/1—22ds _ _Chka_
0

lim f'(r),

r—0*

r—0+ potl o+ h

In particular,

f(0) = lir(r)l+ f'(r) = lim mraﬂ =0.

ro0+ potl

In the same way

P £10)

f7(0) = 1i im f"(r),
r—0* r r—0*
hence f € C?([0,79)). This concludes the proof. O

Remark 2.5.4. If a =0 we are in the euclidean case and the unique minimizers are balls. If

a >0 we can compute f”(0) as follows

i L) =f1O) S S0
r—0* r - r—0* - r—0+ potl

r® =0.

£"(0) =

We deduce that any isoperimetric set £ ¢ R”™ has a C? boundary. In fact, since f/(0) =
f"(0) =0, the even function

fry ifr>0

LT o

is C? smooth.

On the other hand, this regularity can not be improved, in general. For instance, in the
case a = 1, there holds f"’(0) = -2, hence the boundary of E is not a C® surface at the
point (0, £(0)). This fact will be clarified later (see Proposition [3.3.3)).

Isoperimetric sets are y-Schwarz symmetric

To conclude the proof of Theorem we are left to show that for an isoperimetric set
E of the type (2.5.1), the function ¢ of the centers is constant.
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Proposition 2.5.5. Let h,k>1 and n=h+k. Let E cR"™ be a set of the form

E={(z,y) eR": |y - c(jzl)| < f(jz])}

for measurable functions ¢ : [0,00) = R* and f:[0,00) = [0,00]. If E is an isoperimetric
set for the problem (2.4.13)) then the function c is constant.

Proof. 1f E is isoperimetric, then also its y-Schwarz rearrangement E* = {(z,y) e R" : |y| <
f(|z|)} is an isoperimetric set, see Theorems [2.3.1 and [2.3.2] Then, by Proposition [2.5.3)
we have f e C*(0,70) nC([0,70]) with f(rg) =0 and f’ <0. In particular, f € Lip;,.(0,70).
We claim that ¢ € Lip,.(0,79).

Since E is x-Schwarz symmetric, for any 0 < r; < ry < rg we have the inclusion

{yeR :ly—c(ra)l < f(ra)} < {y e R : |y —e(r1)| < f(r1)}.

Assume c¢(r2) # ¢(r1) and let ¥ = ¢(r2) — c(r1)/|e(r2) — ¢(r1)|. Then we have

c(ra) + 9 f(r2) e {y e R* : [y —c(r1) < f(r1)},
and therefore
le(r2) —c(ri)| + f(r2) =[e(r2) + O f (r2) = c(r1)] < f(r1).

This implies that ¢ is locally Lipschitz on (0,7).
Let F c R* x R* be the generating set of E:

E={(z,y) eR": (|z],y) € F'}.

By the discussion above, the set £ and thus also the set F' have locally Lipschitz boundary
away from a negligible set. By the representation formula (2.2.13)), we have

Po(E) = Q(F) = hwy, faF /N2 + 12| N, 2 rht gk

where (N,, N,) € R is the unit normal to OF in R* x R¥_ that is defined H* almost

everywhere on the boundary. By the coarea formula (see [25]) we also have

/N2 + r2a|N, ]2
Fy=ha [~ [ M dr,
Q(F) = hwy, or N

2

where OF, = 0{y e R : (r,y) e F} = {y e R* : [y — ()| = f(r)}.
A defining equation for OF is |y — c¢(r)[* = f(r)? = 0. From this equation, we find

(y—c, )+ ff
Uy -,y + Ff)2+ ]y -
y—c
V{y=—c,dy+ Ff)2+ly-c’

N, =-

Ny =
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and thus, by translation and scaling in the inner integral,

- hw °°Th—1 (y—c(r),c’(r))+ 'y 2 20 gkl ,
Q) =t | fy—c(T)=f(r)\J{ f(r) PO} +redi ) d

= hwy, ‘[000 Th_lf(r)k_l 4|=1 \/{<ya c(r)) + f’(r)}2 + rla d?-[k_l(y) dr.

For any r > 0, the function ® : R - R*

®(2) = AH \/((y,z) + f’(r))2 + 720 g (y)

is strictly convex. This follows from the strict convexity of ¢ = V72 + 2. The function @ is
also radially symmetric because the integral is invariant under orthogonal transformations.
It follows that ® attains the minimum at the point z = 0 and that this minimum point is

unique.

Denoting by F'* the generating set of E*, we deduce that if ¢’ is not 0 a.e., then we have
the strict inequality P,(E*) = Q(F*) < Q(F) = P,(F), and FE is not isoperimetric. Hence,
¢ is constant and this concludes the proof.

O]

2.6 Remarks about uniqueness and convexity

Let a« > 0, h,k > 1 be integers and n = h+ k. When aa =0 or a« > 0 and k =1 the
isoperimetric set is unique and it is convex (see Remark [2.5.2)). In this section we prove

that any isoperimetric set is convex in a neighborhood of the origin using its profile function,

which satisfies equation ([2.5.15|):

/ 2 Za%
=gt (B ey ) - o T

r2a+l r2a

2.6.1. Convexity

By Proposition we know that, if f is the profile function of an isoperimetric set
EcR”,

f(r)=- C’”““ rett

+o(r**) as r - 0.
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Inserting the latter asymptotics in (2.5.15)), we obtain, as r — 0*

02
f//(r) _ g( _ Cf;bkara+1 i O(T,a+1)) +( Zgarzaw 4oy O(T,2a+2))
T

Chka .o o
] (k—l B h-1 ) - };f r *l +O(T +1))_ thkoz(C’}2zlwc,r20¢+2_i_,’n20¢_’_0(,,“20&2))g
f ro roz+1 7‘20‘ h2

Chka o 200 C}%ka 2 L (k=1)r" Chka
Z—TT + -+ (1+77" +)T—Q(T+(h—1) h +)

Chka™™ [ Ciga 2 3

S (1+ rhay +)

-1

:_%ra_l’_..._i_ra%+..._Chka7'a+...
_ (~Chka + Chrah = Chra = Chkah\ o ay . Chiala+1) o
—( - )r +o(r )——Tr +o(r®).

Therefore we deduce that in a neighborhood of 0, the profile function f is concave, since

the second order derivative has negative sign.

Remark 2.6.1. According to the behavior of the solution in the case k = 1, we expect that

the profile function of an isoperimetric set is globally concave.

2.6.2. Uniqueness

The Cauchy Problem for the differential equation (2.5.15)), with the initial conditions
f(0) =1 and f’(0) = 0 has a unique decreasing solution on some interval [0,d], with ¢ > 0,
in the class of functions f € C*([0,8]) n C*((0,6]) such that

f'(r) _ Chka

lim =- .
r—0+ patl h

This can be proved using the Banach fixed point Theorem with the norm

171 = max |£(r)] + max L0

r€[0,5] re[0,6] rotl’

as shown in the following proposition.

Proposition 2.6.2. Let C'> 0. There exist § >0 and f:[0,6] - R that solve the Cauchy
problem
ode in (0,9)
f(0)=1 (CP)
7(0) =o.

Moreover, the solution is unique.
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To prove Proposition [2.6.2] we need to use another equivalent formulation of equation

2.5.15):

, 2 20(%
_f,,+%+(f12+p2a)(__(h_ ) 2a+1) k)a((f;_fz)=0
af f! ak -1
— -(h-1)— —
-+ oL e
k I 2 20‘%
+ f ( fl—(h‘ )p2£+1)_chm(fZfz):0<=>
var ol sak=1 (k-1 f! (f2 + p2)3
(") =" (p2 f +f2( / _(h_l)p2a+1)_chkap+)

Integrating the differential equation on the interval with end points 0 and p € (0, po] we get

1 Pt k=1 . k-1 f! e 3
OR= S e +t“af’2( 7~ (h-1 )tm) Chrat"™ 750 + £2)2dt.

(2.6.1)

On the other hand
p p
1) =1+ [Trar=1- [T an. (2.6.2)

Proof. To prove Proposition [2.6.2] we use Banach fixed point Theorem. Let 6 > 0. The
space of functions C'([0,d]) x C([0,d]) endowed with the sup-norm

IC79)11= 11+

= [ flleo + lgl”

pa+1

is a complete metric space. The subset X of C([0,6])?

(H1) f(0)=1
Chika
X =1 (f,g) € (C([0,06]))2 : (H2) pwiffg* o (2.6.3)

(H3) f(p) 2 5 for p € [0, 4]

is closed under uniform convergence: clearly, conditions (H1) and (H3) are preserved. To
prove that (H2) is also preserved under uniform convergence, let (g;),jen be a sequence of
continuous functions defined on [0,d] which converges uniformly with respect to the norm
|- |* to a continuous function g. Therefore we can exchange the two limits as follows

=~ = lim lim
j—o0 p—0* pO“'l j—o0

g](p) -1 ( Chkoc) _ Chka
— = |im | - = —

h h
and prove that condition (H2) is stable under uniform convergence. Therefore the metric
space (X, d) is complete with respect to the metric d((f,g), (f,f])) = ||(f—f,g—§])|| Notice
that condition (H2) implies ¢(0) = 0.
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We define the Hlapplng T:X - X7 T(fag)(p) = (fT(p)agT(p))

ffp)=1- fop lg| dt,

T arih [P oh-1vak =1 pi1q of k-
g (p)=p f ¢ +1 g( -(h-1
(p) ; 7 7 ( )

_ Chkathflfga(gz n tQQ)%dt

) (2.6.4)

t2a+1

for p € (0, po], the maximal interval of definition of (f,g). If f is a solution to the Cauchy
Problem (CP)), there exists § > 0 such that (f, f’) € X. In fact, (H1) is obviously satisfied.
Moreover arguing as in Propostition we deduce f € C*([0,8]). Hence, (H3) is satisfied
for a suitable § > 0. In conclusion, assumption (H2) follows as in Proposition m By
definition of the mapping 7" and equations (2.6.1]) and (2.6.2 - the couple (f, ') is therefore
a fixed point of the mapping 7. On the other hand, if a couple of continuous function ( f, g)
solves the fixed point equation T(f,g) = (f,g) then g = f’, f is of class C? and solves the
Cauchy Problem . To show uniqueness of the solution we apply the Banach fixed point
Theorem. We shall see that, for a suitable choice of §, T'(f,g) € X for all (f,g) € X.

(H1): fT0)=1.
(H3): Since 9(p) - —% for p - 0%, there exists § > 0:

pa+1
g(t) < Chka
ta+1

T h
71 =1- [laolars - (S o) [Pt (G ) [E5]

a+2 a+2
:1_(Chka+1)p 21_(Chka+1)5
h a+2 h a+2
1

1 1
which is greater than = if and only if 6**% < = (o + 2) ——.
2 2 _C*;L’m +1

+1 for every t € [0,6]. Therefore

We are left to see that (H2) holds for g”. Let p € [0,6]. We are going to use (H2) for g,
(H3) for f and the de ’'Hopital rule. We have:

i 9 (P)
p—0+ poz+1
1 p k-1 k-1
:pli%{rp_h‘/o‘ th—l+o¢ f th 1- ag2( f —(h 1)t2 +1)_Chkath—l—3a(g2+t2a)%dt
H ooy L ( h1rak =1 hiq 2
p—0+ hph—l

k- h-1-3a/ 2 | 2073
R g( 7 -(h-1) 2a+1)_chka,0 (g"+p )2)
2

3

) 11k=-1 g 3 g)2 2
= lim — | — [ p® h-1 - Chra || = 1
P (p ) ) (h-1) =7 3a+1 ik ((pa +

3
.1 Jk-1 g 2 3 g 2 2
_,)lir(r)l+ﬁ_p - ((p—a) ) (h=-1) = 3a+1 C’mm((p—a) +1

Chka
h
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where we have used

. g _
lim — = lim
p—0+ pOé p—0* p

3 2
lim :fﬂ = lim 9+1 (i) - 0.
P—>0+ p [e% ,0_’0+ pa poz

In conclusion, we may choose ¢ small enough to define T': X — X.

p=0

To apply Banach fixed point Theorem we are left to show that T is a contraction, namely

that there exists A < 1 such that, given (f,g) and (f,9) in X,
157 = o + g™ = 571" < ALS = Fleo + g = 91°)
We have, given p € [0, 6],
7 - 7ol =| [Tl -laoldt| < [Tl lo@) | de
[ () - (0] dt - f ‘g(”mf o

ta’+2 P
o+ 2:|O

1 dt < g - g* [

a+2

A 0 A
By arbitrariness of p € [0,0], we get ||fT - f7| < = I(f-=f,9—3)|- Let’s now see that
o

the same holds for ||g — g|* for a proper A < 1. We have

h-1+« h-1+a 24h-1-« ~2,h—1-«
/p(k;—l)[t t ) +gt _gtA ]dt
0 f f f f

_ ~2 200\ 5 200\ 5
v [Tn- 1)[9 g ]dt+0hka[p(g - zgaﬂ(i L
J(E-1) /p e (f - )]+ [ (g - Nl
- h

9" -q"
pa+1

1

_ph

ff
. 3
(h 1) #*-9*| . . Chka p|(92+1t20‘)2 -(g*+
f t3a+2 h ph '/(; t3a+1fh

::A+B+C’,

where A and B can be estimated as follows:

(k-1) fﬂ\th-“a(f—f)\ |th=1=e (g% f - gf)\
b Jo ff

k- . .
§4( ph ]‘) /pth—1+a‘f_f‘+th—l—a ‘ng—f§2+f§72—§]2f‘dt
_ h+a P .
Al ] (= Flee [0 11 - 1 2115 - 1)

P h+a
4(k 1) aHf fHoo 4(k 1) Apth—l—a+2a+2dt

_h+

A:

9g-9
pa+1

a+1

1o S

(o] ‘ o0
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4k -1 2\’ ) p
+ ( - ) g+1 ||f_f||oo/ th+a+1dt
P p o 0
(o' _F £ ~ * a+2 N _ 7 a+2
(o [PV =l U lg +1 g =a1" 07 + 1317 1f = Fleop
h+a h+a+2
Ak =1)5° [£lloo llg + g1 62+ P
<o = e+ SRS g = gl 4 S | = e

and

g b=l rela-gllg? +99+ 6%, h=1 7 pali-gllg*+ 99+ 6%
= ph 0 3a+2-h - ph 0 ta+l $2a+2

th+2 P h a2
| <l aes 10 =gl

Therefore we can choose d sufficiently small to have g7 (z) - §7(2)| < |(f - f,g - §)| which
leads to the conclusion that 7" is a contraction.

We deduce that there exists a unique fixed point for the equation T'(f,g) = (f,9),
which corresponds to a unique solution of the Cauchy Problem . Moreover, we deduce
that has a unique maximal solution f satisfying the initial conditions f(0) = 1 and
1'(0) =0. O

Remark 2.6.3. From Theorem [2.4.3] and Proposition [2.5.3] there exists a value of the con-
stant Chr > 0 such that the maximal decreasing solution of the Cauchy Problem has
a maximal interval [0, 7] such that f(r¢) = 0. We expect that there exists only one C, such
that the unique soultion to is the profile function of an isoperimetric set, namely we
expect that for only one C > 0 the solution closes at ry. If a characterization of constant
mean curvature surfaces in this context were available, we could probably use it to deduce
this uniqueness property, as it is done in the case of the Heisenberg group (see page 119 in
[96], using [117]).
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CHAPTER 3

Quantitative Isoperimetric Inequalities via

Subcalibrations

A classical tool to prove minimality of the perimeter measure of minimal surfaces in R”
is the technique of calibrations. For instance, the original proof of the minimality of the
Simons cone S c R® by Bombieri, De Giorgi and Giusti [I8] is based on finding a suitable
calibration, i.e., a divergence free vector field with norm less then or equal to 1, which extends
the unit normal to the surface S to the whole R". The “model computation” that proves
minimality through calibrations is the following. If g is a calibration for the boundary of a
set 2 c R™ we formally apply the divergence theorem and use Cauchy-Schwartz inequality:

for any competitor F' c R" such that £ A F cc By

o:[ divg d =f NFVd ”—1-[ NTY apn!
N (8E\F)mBR<g ) dH (8FmE)nBR<g )dH

=H" Y OENF)- NEYqunt Cal
H'(OENTF) (ame>mBR<9’ )dH (Cal)
>H"Y(OENF)-H" Y (OF nE),

where N¥ (resp. NF') denotes the outer unit normal to E (resp. F). Equivalently, integrat-
ingon F\NE,0<H" Y(OF N E) - H"Y(O0E n F), hence

H" 1 (OF) <H" ' (OF).

In [42] and [43], the authors notice that to perform such a computation it is enough to
consider a vector field g whose divergence has a sign inside E and outside F, according
to the inequalities in the model computation above (see (Cal)). Namely, it is enough to
consider g € C1(R",R")

e g(z) = N¥(x) is the outer unit normal to OF for every z € OF;
e divg(x) <0 for z € E, divg(z) >0 for x e R" \ E;

81
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e [g/|<1in R™

Such a vector field is called a sub-calibration (also “quantitative calibration”) for E. As De
Philippis and Maggi show in [42], sub-calibrations also provide estimates for the difference
HL(OF) - H"(OF) in terms of the Lebesgue measure of the symmetric difference E A F,
also known as quantitative estimates.

More generally, given a bounded set EF whose boundary has constant mean curvature
H, we can look for a a vector field g € C! satisfying divg = H, also called calibration for E.
If such a calibration exists for £ c R", the computation can be reformulated to prove
that the set F is isoperimetric.

Ritoré in [I16] uses this approach to prove that the Pansu ball
Eisop = {(2,t) e H" = C" x R : |t] < arccos |z] + |z]\/1 - |22, |2 <1}
is isoperimetric in the class of sets E c H" of finite H-perimeter, such that
{(2,0) e H" : 2| <1} c Ec{(z,t) e H" : |2] < 1}.

In this chapter we show how to refine the argument of Ritoré via a sub-calibration to obtain
quantitative isoperimetric inequalities in H™ (see Theorem |3.2.1). Moreover we show how

to use this technique to prove quantitative inequalities in R™ and in Grushin spaces (see

Sections .

3.1 lIsoperimetric deficit and asymmetry

Given a Lebesgue measurable set £ c R", we denote by P(F) its euclidean perimeter.
The standard isoperimetric deficit of F is defined as the quantity

P(E) - P(Be(0,r(E)))

D) = = B 0.r(2)))

(3.1.1)

where 7(E) = (L"(E)/wn) '™ satisfies L(Bg(0,r(E))) = war(E)™ = L7(F). The quantity
D(FE) describes the gap between the perimeter of E and the perimeter of an isoperimetric
set with the same volume. The Fraenkel asymmetry measures how far a set is from being

isoperimetric through its volume: given FE c R", the latter is defined as

A(E) = min L"(E A Bg(x,7(E)))

min (E) (3.1.2)

A quantitative isoperimetric inequality is an estimate of the Fraenkel asymmetry in terms
of the isoperimetric deficit, see for instance [62], [73], [74], [63], [35], [36], and the review in
[64].
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In [73, Theorem 2|, Hall proves a quantitative isoperimetric inequality for axially sym-
metric sets: for any set £ c¢ R™ which has an axis of symmetry and such that all the

non-empty cross sections of E perpendicular to this axis are (n — 1)-dimensional balls,
D(E) > C(n)A(E)? (3.1.3)

where C' = C(n) > 0 is a dimensional constant. The exponent 2 is sharp (it cannot be
improved). In [63], the sharp quantitative isoperimetric inequality for all sets of finite
perimeter is proved, i.e., holds true for any Borel set £ ¢ R" with finite Lebesgue
measure. We refer to Section for a review of the proof given in [63] of Hall’s inequality.

Remark 3.1.1. For any measurable set F c R", we have

LM(E A B(0,r(E))) _ £"(E) + £L"(Be(0,7(E)))
LM(E) ) LM(E)

Hence, to prove (3.1.3)) it is possible to assume without loss of generality that D(E) < §(n)

for some dimensional constant § = §(n) > 0. In fact, if D(E) >, we have
2
A(E)<2=-"-V6<C(n)\/D(E)
Vo
and (3.1.3) holds true for C > 2/\/6.

A(E) < =2.

3.1.1. Isoperimetric deficit and asymmetry in H"

As the sharp isoperimetric inequality is not established in full generality (see Subsection
, our techniques will give results in a class of sets satisfying certain assumptions.

We introduce the H-isoperimetric deficit, and the H-asymmetry of a Lebesgue measur-
able set E c H" with respect to the Pansu ball Eisp, = {(2,t) € H" : [t| < ¢(|2]), |2| < 1},
where

o(r) = arccosr + V1 -r2. (3.1.4)

Given E c H", we set

£2n+1 (E) )clg
£2n+1 (Eisop)
the dilation of the Pansu ball such that £2"*1(B(FE)) = £L>"*}(E).

B(E) = 6x(g)(Eisop), A(E) = (

Definition 3.1.2 (H-isoperimetric deficit and asymmetry). We call H-isoperimetric deficit
of E with respect to the Pansu ball, the quantity

Py(E) - Py(B(E Py(E) (L (Bisop)\ 5
D) - PHEL-PaBE) | _Pu(B) (L) (Bp)) 5 515)
PH(B(E)) PH(Eisop) L (E)
We also define the H-asymmetry with respect to the Pansu ball, as
. LPU(E ATy (B(E)))
Ap(E) = gﬁ% £ () (3.1.6)
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By the homogeneity properties of Py and £2"*! with respect to the dilations 6y (z,t) =
(A2, A%t) (see Proposition|1.1.14{and Proposition|1.2.9)), both the asymmetry and the isoperi-

metric deficit are scale invariant, namely

Pr(0A(E)) - Pu(B(6A(E)) _ Pu(dr(E)) - Pu(dr(B(E))

Dy (0x(E)) = P (B(0,(E)) P (6, (B(E)) =Dy (E)
. L2(6\(F) & B(6\(FE . L5, (E A B(E
A ) < iy s B gy )
(3.1.7)

This allows us to consider only sets E ¢ H" with £>""1(E) = £**!(Eisp), so that
B(FE) = Eisop-

The result that we would like to prove is the existence of a constant C' = C(n) such that
Ap(E)? < C(n)Dy(E) for all sets E c H" (3.1.8)

satisfying appropriate conditions. In what follows we show some properties of deficit and
asymmetry that are listed in view of showing optimality of the exponent 2 in (3.1.8), in
Example

Figure 3.1: Left translations of the Pansu ball, 7,(Eisop). In orange p =0, in red p = (0,0, 4),
in blue p = (1,0,0), in light blue p = (0,1,0).

Remark 3.1.3. In this remark we collect some facts that help us in understanding the

asymmetry in the sub-Riemannian setting.
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First of all, notice that for every p € H", 7,(Eisop) has the same perimeter of Eigop
since the H-perimeter is invariant under left-translation (see Proposition . Moreover,
since the Lebesgue measure is the Haar measure of every Carnot group, also the volume is
preserved under left-translation.

On the other hand, a left translation of Eisop, 7p(Fisop) is @ euclidean translation of it
if and only if p = (0,0,¢) for some t € R: roughly speaking the shape of isoperimetric sets
changes while left-translating them (see Figure . Namely, if p = (z,y,t) = (2,t) e H"

To(Bisop) = {(2/,#') e " : [t = = 2(ay - 2"y)| < p(I2" - 2]), },

hence, if p = (0,0,t) 7p(Eisop) = Eisop + P, otherwise 7,(Fisop) is not obtained through
euclidean translations or rotations of Fjsp. Nonetheless, the “shape” of isoperimetric sets

is preserved under a certain type of translations, as we show in the next proposition.

We say that a map T : H* - H" is measure preserving if L (T (E)) = L>"*1(E) for

any measurable set £ c H".

Proposition 3.1.4. Let p = (z,t) € C" xR = H", ¢ = (¢,7) € H" be such that |z| = ||
and T = —t. Then there exists a measure preserving automorphism T : H" — H" such that

Tq(Eisop) = T(Tp(Eisop))-

Translated Pansu

-2
-1

[ —
21

Figure 3.2: 7,(Eisop) for p=(1,0,3) and (-1,0,-3).

Proof. Since |z| = |(|, there exists a unitary transformation U € % (n) such that U(z) = (.
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We recall that the unitary group in C", % (n), is defined as the set of complex nxn matrices

Uil U2 ... Uln
uUg1 U222 ... U2n,

U= Uiz eC
Unl Unp2 ... Unn

such that UUT = UTU = I, I, is the identity matrix and UT = (U)7 is the conjugate
transposed of U. Notice that the maps

T:H" - an I(gan) = (gv —77)

W H" ~H", W(&,n)=(U(),n)

(&m) e H”

are automorphisms of H", i.e., Z((§, n) * (£, 1)) = Z(&, ) *Z(&',n") and W ((&,m)* (', n")) =
W (&, n)*W (&', n') for every (£,7),(¢',n") e H". Then the map T = ZoW is an automorphism

of H" itself. Moreover,

T:H"-H", T(&n)=(UE),-n), (&n)eH",

hence it is measure preserving, ({,7) =T(z,t) and for every (§,n) € H”

T(Tp(§7n)) = T((Z,t) * (5777)) = T(Zat) * T(gvn) = (C?T) * T(fﬂ]) = Tq(T(fﬂl)) (319)

Notice also that, by symmetry properties of Eisop, (20,%0) € Eisop if and only if T'(zo,t) €
Eisop, hence T'(Eisop) = Eisop. We conclude from (3.1.9)) that T'(7,( Eisop)) = Tq(Eisop)-
O

Corollary 3.1.5. Let p = (2,t),q = ({,7) € H" be such that |z| = ||, |t| = |7|. Then there

exists a measure preserving automorphism T : H" - H" such that
Tq(Eisop) = T(7p(Eisop)) (3.1.10)

Proof. If t = —7, T is the one given by Proposition If t = 7, recalling that there exists
U € U(n) such that ¢ = U(z), we compose the transformation in Proposition with
WH" - H", W(&n) = (U(€),n)- O

We recall Definition in the case of H". We say that a set £ c H" = C? xRy is 2-
spherically symmetric if there exists a set F' ¢ R* xR such that E = {(z,t) e H" : (|2],t) € F'}.
Moreover, we say that E is t-symmetric if (z,t) € E < (z,-t) € E.

In the case of a z-Schwartz and t-symmetric set E, the transformation involved in

Corollary is such that T'(E) = E. Hence the following holds.



3.1. ISOPERIMETRIC DEFICIT AND ASYMMETRY 87

Lemma 3.1.6. If pg = (20,t0) € H" is such that

£2”+1(E A1, (B(E))
An(E) = £2n+1(pfo5v) )
then we also have
2n+1
Ay(E) = £ E A 7(B(E)) (3.1.11)

£2n+1(E)

for every p = (z,t) e H" such that |z| = |z0| and [t| = [to]-

Proof. Since the asymmetry is scale invariant, it is enough to prove it for sets such that
LY E) = L2 (Eisop). Given p e H" as above,

E2n+1(E A TP(EiSOP)) = 2£2n+1(E N Tp(EiSOP)) = 2(£2H+I(E) - EMH(TP(EiSOP) nE)).

Let T: H" - H" be as in (3.1.10)), such that T'(7,(Eisop)) = 7o (E). Recall that T" is volume
preserving and notice that, by symmetry of E, T(E) = E. Then

£2n+1(7p(EiSOp) nE)= £2n+1(T(7—p(EiSOp) nE)) = £2n+1(7'po (Eisop) N E),

hence L2 E N 7)(Eisop)) = L7 E N 7y (Eisop) ). We conclude

£2n+1(E A Tp(EiSOP)) _ EQMI(E A Tpy (EiSOP))
L2+1(E) B L2+1(E)

- Ay (E).
O

In the next proposition we prove a property of symmetric sets using Lemma |3.1.6] and
following Lemma 2.2 in [63]: the asymmetry with respect to the Pansu ball is equivalent to

the symmetric difference with the Pansu ball itself.

Proposition 3.1.7. Let E c H" = C} xRy be a z-spherically symmetric and t-symmetric,

set. Then
LU E A B(E)) |, (B) > 1 £*"*'(E s B(E))
£2+1(E) = CHAE) = Hontl £2+1(F)

Proof. The first inequality comes from the definition of asymmetry.

To prove the other one, we let Q* = {(z,t) e H" : 2; >0,9; > 0,t >0, for i =1,...,n} and
Q ={(z,t) e H" : 2; <0,y; <0,t <0, fori =1,...,n}. By definition and by Lemma
there exist pg = (0,0,...,0,%0) € @ such that

L2H(E & 7y (B(E)))

An(E) = L2 1(E)
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Moreover (E\ B(E))n Q" c (E~T7,,(B(E))) nQ". Hence, we have

£2n+1(EAB(E)) ) 2£2n+1(E\B(E)) ) 2-22n+1£2n+1((E\B(E))ﬂQ+)

£2n+1(E) £2n+1(E) £2n+1(E)
o2 £ (BN 7 (B(E)) 0 Q) _osa £ (E N 7 (B(E)))
- £2n+1(E) - £2n+1(E)
o2t £ (E A 7 (B(E))) _ one
= 92n+l () =22 Ay (E).

O]

The next example is concerned with the optimality of the exponent 2 in (3.1.8]). The
following construction is based on the one introduced by Maggi in [88, page 382] for the

euclidean quantitative isoperimetric inequality.

Example 3.1.8 (Sharpness of the exponent 2). Let 0 <y < 1/3. For any ¢ > 0 we consider
the set E. = {(z,t) e H" : |t| < f=(|2]), |2] < 1}, with

8(1 - (%)2) +p(e?) if0<r<e”

o) = () ife’<r<1.

The function ¢ is the profile function of the Pansu set, defined in (3.1.4). We show that,

given any 0 < o < 2, it is possible to choose the parameter « € (0,1/3] in such a way that

A E 2-0
fim AHED"T (3.1.12)
e~0 Dy (E:)

This implies that the exponent 2 in is optimal.

Notice that for every € > 0, E. is a z- and t-symmetric set, hence Propositions [2.2.3|and
[2:2:4 apply to calculate the H-perimeter of E.. The euclidean unit normal to the generating
set of E. is N(r,t) = (-f.(r),1), where

£(r) = 227 ifO0<r<eY
: o'(r) if 7 <r<1.

Hence, using a Taylor expansion as € — 0, we obtain

1
Py (E:) = Anwan / V)2 +r2 2t dy
0
e 1

B 4nw2n[ _/ VA2 42 o2 g g / V' ()2 + 72 2l dr]

0 -

e &7
= PH(Eisop) + 4ann|:\/ 482—4')/ +1 / T?TL dr — f /(,0,(7')2 + T'2 ,’,,271—1 dT:I7
0 0

_ _ c1(@n+l)  y(2n+1)
< Prt (Bisop) + 4nw2”[(1 +267 + o(e? 47)) m+1  2n+1 ]
8
= PH(EiSOp) + w82—4’7+7(2n+1) i 0(52—4’y+'y(2n+1))
2n+1
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and as € - 0", we therefore have
Dy (E.) < 127377207 4 o(27377207) (3.1.13)

with ¢ = ¢1(n) > 0. In the following ¢; = ¢;(n) > 0.

Now, the function ¢ has the following Taylor expansion
LI 3 +
wle) =5 —4¢" +o(c"), as 0> 07

We deduce the behavior of the Lebesgue measure of E. as e — 0" as follows:
1
LPYE,) = 4nwoy, f f-(r)r* 1t dr
0

ev 2 1
:4nw2n[/0 (5(1—;7)+¢(57))T2n—1 dr+/ﬁ (p(,r),r,Qn—l dr]

e

_ £2n+1(Eisop) + 4dnwoy, f (5 +p(e7) - P21y _ (P(T))T,Qn—l dr
0

2ny v(2n+2
124 (2n+2)

7r €
= £2”+1(Eisop) + 4nw2n[(5 + 5" 437 + 0(537)) 5 € 5712

2ny v(2n+3)
Tyt + 0(57(27”3))]
2 2n 2n + 3
1 1 4 2
_ p2n+ly 2ny+1( - (2n+3)~y _“ v(2n+3)
=L (Elsop)+4nw2n[e (2n 2n+2)+5 (—2n+3 n)+o(e )].

Since < 1/3, then e2"7*! = o(e(2"+3)7) " as & - 0, hence

1 1

L27YE) = L2 (Biop) + 16nw2n(m - %)a@”*?’) +0(e72+3)y. (3.1.14)
which implies, by Proposition [3:1.7]
1 £**YE.2sB(E
Ap(E:) > L7 (E: (£:)) > o7 (23) 1 o(749)) ag e - 0. (3.1.15)

22n+1 £2"+1(E€)

Then, by (3.1.13) and (3.1.15)), we get for £ > 0 small enough

Au(E 20 (2-0)v(2n+3)
DH(Ee) 82+(2n—3)'y
In conclusion, the limit in (3.1.12)) follows by choosing

2
T 2= n+3) - (2n-3)

3.2 Subcalibration in H”

In this section we refine the calibration argument used by Ritoré in [I16] via a sub-
calibration to prove a quantitative isoperimetric inequality for competitors of Eis,, in half-

cylinders.
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For any 0 < e <1 we define the half-cylinder
C.={(z,t) eH" :[z| < 1 and t > t.}, (3.2.1)

where t. = p(1-¢) with ¢(r) = arccos(r) + rv/1 —r2. The proof provides an inequality with
a variable structure, according to whether € = 0 or € > 0. The main result of this chapter is

the following

Theorem 3.2.1. Let F c ", n>1, be any measurable set with L2 1(F) = L2 (Eigop)-

i) If FAEisp cc Cy then

n 2n+1 3
Py (F) - Py(Fisop) > L FAFE;,)°. 3.2.2
o (F) = Pr(Eisop) 24042 ( p) (3.2.2)
ii) If FAEisp cc C: for 0 <e <1, then
Py (F) - Py(Eisep) > lgiﬁ””(FAEisop)Q. (3.2.3)
Wan

Above, wa,, denotes the Lebesque measure of the Euclidean unit ball in R*™.

Clearly, since by definition of H-asymmetry £***1(FAFEisp) > Ay (F), Theorem

implies the quantitative isoperimetric inequalities

nPH(Eisop) 3 .

D (F) > HT80) 4 f  FccC
n(F)2 = ez Anl) cero
P, Eiso .

Dy (Fy s MR Esn)VE e e pec o

16 Won

In (3:2:2)), the asymmetry index £2"*!(FAEisp) appears with the power 3. In (3.2.3), the
power is 2 but there is a constant that vanishes with e.

The sub-calibration is constructed in the following way. The set Eisop,nC. can be foliated
by a family of hypersurfaces with constant H-mean curvature that decreases from 1, the
H-curvature of 0Eisp, to 0, the curvature of the surface {t = t.}. The velocity of the
decrease depends on the parameter €. The horizontal unit normal to the leaves gives the
sub-calibration.

The H-mean curvature is defined in the following way. Let ¥ c H"™ be a hypersurface

that is locally given by the zero set of a function u € C! such that |Vgu| # 0 on X, where
Vau = (Xiu,..., Xpu, Yiu, ..., Yyu) (3.2.4)

is the horizontal gradient of u. Then we define the H-mean curvature of ¥ at the point
(2,t) € X as

_1 Vau(z,t)
Hy(z,t) = 2nde(—|VHu(z’t)|) (3.2.5)
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where for any given vector field W = Y1, w; X; +w;Y; the H-divergence of W is (see Remark
1.2.1)

n
diVHW = E Xlwl + Y;wl
i=1

The definition depends on a choice of sign. We shall work with orientable embed-
ded hypersurfaces and so we can choose the positive sign, H(z,t) > 0. Then, the boundary
of Eisop has constant H-mean curvature 1. For a set E = {(z,t) € H" : u(z,t) > 0} the
horizontal normal vg is given on OF by the vector

_ VHU
Vel

Vg

The proof of Theorem relies on the construction described in the following result.

Theorem 3.2.2. Let 0 < e < 1. There exists a continuous function u : Cz - R with level

sets ¥ = {(z,t) €C::u(z,t) = s}, s € R, such that:

i) ueCY(Cen Bisop) NCHCe N Eigop) and Vuu/|Vuu| is continuously defined on Co~{z =
0};

“) Uss1 25 =Cen Eisop and Us<1 2s = Ce N Eisop;'

iii) Y is a hypersurface of class C* with constant H-mean curvature Hy,, = 1/s for s > 1
and Hy, =1 for s<1;

iv) For any point (z,¢(|z]) —=t) € X5 with s >1 we have

1
1-Hy, (z,¢(2]) - t) > 2—0752 when € = 0. (3.2.6)
and
1=Hy, (z,0(l2]) -1) 2 %Et when 0 <e<1, (3.2.7)

The estimates (3.2.6]) and (3.2.7)) are the basis of the two inequalities (3.2.2) and (3.2.3)),

respectively.

3.2.1. Proof of Theorem |3.2.2

In C¢ \ Eisop, the leaves X, are vertical translations of the top part of the boundary
OFisop- In Cc N Eigop, the leaves X are constructed in the following way: the surface 0 Fisop
is first dilated by a factor larger than 1, and then it is translated downwards in such a way
that, after the two operations, the sphere S. = {(2,t) € O0Fisop : t =t} with t. = p(1-¢)

remains fixed.
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The profile function of the set Eisop is the function ¢: [0,1] - R

o(r) = arccos(r) +rvV'1—r? 0<r<l. (3.2.8)
Its first and second order derivatives are
—2r2 2r(r? -2
o'(r) = Vi and "(r) = W, 0<r<l1. (3.2.9)
Notice that ¢"'(0) = -4. We also need the function ¢ :[0,1) > R
P(r) =2p(r) —re'(r) =2 (\/;_2 + arccos(r)) . (3.2.10)
-
Its derivative is )
2r
P'(r)=¢'(r) -re"(r) = (=2 (3.2.11)

We start the construction of the function u. On the set C; \ Eisop we let
u(z,t) =@(lz]) —t+1, (2,t) € Cc N Eisop. (3.2.12)

Notice that u(z,¢(|z])) =1 for all |z| < 1 (see Figure on the left).

Figure 3.3: The foliation above and below the Pansu ball.

We define the function u in the set
D, = C: 0 Bisop = {(2,t) € Bigop : |2| < 1 -, t- <t < (|2) }-
as the restriction of a function defined on its closure (still denoted by ) satisfying
S. c{(zt) e D, :u(z,t) = s} for any s > 1. (3.2.13)

We use the short notation r = |z| and 7. =1 - ¢.
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Figure 3.4: The foliation below the Pansu ball is constructed fixing the circle {(z,¢;) e H" :

|z| =72} on every leaf.

We define the auxiliary function F. : D, x (1,00) - R in such a way that F.(z,t,s) =0
if and only if
t= SQ‘P(T/S) +ie = 3290(r€/5)a
where, for any s > 1, the function of r € [0, r.) on the right hand side describes the boundary
of a dilated Pansu ball after a left translation that overlaps the points {(z, s>¢(r-/s)),|z| =

re} and Se. For instance,

F.(z,t,s) = 52(<p(r/5) —p(re/s)) +t- —t.

We claim that for any point (z,t) € D, there exists a unique s > 1 such that F.(z,t,s) = 0.

In this case, we can define the function u(z,t) : D, — R letting
s=u(z,t) if and only if F.(z,t,s)=0. (3.2.14)
If this holds, of course is satisfied, in fact
u(z,t) = s — F.(z,t.,5) =0 < s2(p(r/s) - p(re/s)) +t. -t = 0.
We prove the claim. For any (z,t) € D, we have
8111{1 F.(z,t,8) =p(r)-t>0. (3.2.15)

Moreover, with a second order Taylor expansion of ¢ based on (3.2.9) we see that

T2 T

lim F.(z,t,s) = SILI?O (32[4,0(0) + 0(5_2) —(0) + o

2
lim S—;)])+t6—t:ta—t<0.

Since s — F.(z,t,s) is continuous, this proves the existence of a solution of F.(z,t,s) = 0.

By (3.2.10)), the derivative in s of Fy is
OsF.(z,t,8) = s(¢(r/s) —p(re)s)), (3.2.16)



94 CHAPTER 3. QUANTITATIVE VIA SUBCALIBRATIONS

and thus by (3.2.11)) we deduce that dsF.(z,t,s) < 0. This proves the uniqueness.
We prove claim iii). Namely, we prove that for any point (z,t) € X5 with s > 1 and z # 0,

the H-mean curvature of 35 at (z,t) is

H,(2,1) = —%diVH(— (3.2.17)

We are using definition (3.2.4]). The claim when s < 1 is analogous because ¥ is a vertical
translation of the top part of 0Fjsp.

By the implicit function theorem, the derivatives of u can be computed from the partial

derivatives of F;. Using 0,1 = z;/r and 0,7 = y;/r, withi=1,...,nand z = (z1+iy1, ..., Tp+
1Y), we find
O, Fo(z,1,8) = ﬂcp'(r/s) and 0y, F:(2,t,s) = cp "(r/s). (3.2.18)
r
Letting s = u(z,t), thanks to (3.2.14)), (3.2.16]), (3.2.18)), and |) we obtain
0z, Fe(2,t,8) 2rx;
Oz, u(z,t) = —— = ) 3.2.19
(1) OsFe(z,t,8)  sV/s2—r2(¢(r/s) = (r./s)) ( )
Or, Fe(2,t, ) 2ry;
Oy u(z,t) = —— = ) 3.2.20
iz 1) OsFe(z,t,8)  sV/s2=r2(¢(r/s) —(re/s)) ( )
Fu(zt, 1
O P CILL) , (3.2.21)
8SFE(Z7t’S) 8(1/1(7’/5)—1/1(7’5/5))
and thus
r r
&Eiu = 2xlﬁ&gu and ayiu = 2yzmatu (3222)

It is then immediate to compute
oz + 252 —r2
s\V/s2 =12 (¢(r[s) = (re/s))
2ry; — 2@@
sV/s2=r2((r/s) =¥ (r=/s))

and the squared length of the horizontal gradient of u in D, is

Xiw = O, u + 2y;0pu =

Yiu = 0y,u - 22;0;u =

n
[Vrrul = 3 (Xiu)® + (Yiu)®
i=1

_ n 4T2(x12+y12)+4(x12+yi2)(52—7‘2)
i1 s2(s2-r2)(y(r/s) _w(rs/s)f
492
= ( —7‘2)( (7‘/3) (Ta/s))g-

Note that |Vgu(z,t)| =0 if and only if z = 0. So for any (z,t) € D. with z # 0 we have

X; JEZ_12 o N
ai(z,t) = — =TTV T _Li, VST (3.2.23)
\Viu| rs s rs
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and

Yiu ryi—xiVs?-r? _Yi _ mzﬂ (3.2.24)

Vil B TS s rs

b,-(z,t) =

If (2,t) € Eisop tends to (z,t) € OEjsop with ¢ >0 and z # 0, then s = u(z,t) converges to

1, and from (3.2.23)) and (|3.2.24)) we see that
VHU(Z7t) _ (— —\/1_|’€|2

1m =
(2.)~>(20) |[VEU(2,1)] |Z]

'Y

Y 1_|2|2) Viu(Z,t)

izl 7 |Vau(z 1)

where the right hand side is computed using the definition (3.2.12) of w. This ends the
proof of claim 1i).

Claim ii) is clear. We prove claim iii). The auxiliary function w(r,s) = Vs2-1r2/rs

satisfies
Op. W = E&»w + 0, u0sw, Oyw = %&ﬂw + 0y, u0sw, Osw = L (3.2.25)
i r i i r i 52 /82 — ’)"2
By (3.2.23), (.2.24), (3.2.22), and (3.2.25) we obtain
Xiai + }fzbz = Bxiai + 2y,-8ta,- + 6y1.b,~ - Qxiﬁtbi
=—- x—;@xiu + yi(&&«w + 0,1 8310) + 2yi( - x—;@tu + ;05w 8tu)
s s r s
+ o i’—;ayiu - :Ui(%arw + 8yiu35w) - Qxi( - g—;@tu — x;0sw 8tu)

2 x;0p.u+ ;0 u
==- % +2(2? + y)dsw Opu
s s

2 2;0p,u+y;0yu . 2r(w§ + yf)@tu 2

S 82 52\/ 52 — 7‘2 S '
Summing over ¢ = 1,...,n and dividing by 2n, we obtain (3.2.17)).

We prove claim iv). We fix a point z with |z| <1 —¢ and for 0 <t < ¢(|z]) — t- we define

the function

1
F() = uz,o(l2l) — 1) =5 = ——, (3.2.26)
s
where s > 1 is uniquely determined by (z,¢(|z|)-t) € 3s. The function t — f,(t) is increasing
and f,(0)=1

By , the function f, solves the differential equation
1
P00 (re/ £2()) = (r/ f2(1))

for all 0 < ¢t < ¢(|z]) - te, and since, by (3.2.11)), ¢ is strictly increasing, f, solves the

differential inequality

fo(t) = =0wu(z,(l2]) - 1) =

1
W/ f(1) - )

fit) >
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On the other hand, for any s > 1 we have
re/s ,
5(1/1(7‘5/8)—71') :Sfo P'(r)dr

[T
_8/0 (-2

refs 2
= 3.2.27
STE/O (1= 2y dr ( )

=2r.((1- (o)) ? - 1)

In the case € =0 we have r. = 1 and inequality (3.2.27)) reads

2
Vs—1

Hence, the function f, satisfies the differential inequality

fit) 2 %\/fz(t) -1, t>0.

An integration with f,(0) =1 gives

¢ fir) 1 !
fo deZ]O- §d74=>[2 fz(T)—l]O2

and thus by the relation (3.2.26|) and by the bound ¢ < 7/2 we find

s(1(1/s) - ) <

— f.(t) > 1+t3/16,

N | o+

t2 1,

> >

£(t) T16+12 7 20

1= Hs,(z,¢(2)) - ) =1 -

This is claim (3.2.6]).
When 0 < € < 1, inequality (3.2.27)) implies

S((refs) - 1) < —=.

VE
and thus f.(t) > \/2/2, that gives f,(t) > 1+ t\/2/2. In this case, we find
1 2./¢€t
LB, (2 p(el) 1) = 1~ 2V, 8

() " 4+m 4

This is claim (3.2.7)). This finishes the proof of Theorem

3.2.2. Proof of Theorem |3.2.1

In this section, we prove the quantitative isoperimetric estimates (3.2.2]) and (3.2.3)).
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Let u: C. - R, 0 <e <1, be the function given by Theorem and let Xg = {(z,1) €
C: :u(z,t) = s} be the leaves of the foliation, s € R. On C; \ {|z| = 0} we define the vector

field X : C- \ {|z| = 0} - R?*" by
_ Vhu
Vil
Both u and X depend on €. In particular, X satisfies the following properties:

i) X]=1

ii) for (z,t) € OFisop N C: we have X (z,t) = —vg,_ (2,t), the horizontal unit normal to

isop
OFisop (see Section .

iii) For any point (z,t) € Xy, s € R, we have,

1
2—diVHX(z,t) = Hy (z,t) < Hy, = 1. (3.2.28)
n

We start the proof. Let F' c H" be a set with finite H-perimeter such that £>"*}(F) =
L'2”+1(Eisop) and FAFEjis, cc C.. By Theorem 2.5 in [56], we can without loss of generality
assume that OF is of class C*°. For § > 0, let Efsop ={(2,t) € Bisop : |2|>0}. By (3.2.28) and

by the Gauss-Green formula ([1.2.6)) for the perimeter measure and the horizontal normal,

we have

isop isop

- X, vp)d _f X, d .
2n {faFnEfsop< vr)dir (9ES )\F( VE{ZOP) “E{‘sw}

isop

2n+1 d _ i
c (Eisop\F)_fEé \Fldzdtszé LS dzar
1

Observe that pips = pup,, L{[2] > 0} + fig)256y L Bisop and pig)>6) (Fisop) < C6*1. Letting
isop

0 - 0% and using the Cauchy-Schwarz inequality, we obtain

1
LB Fz—f X d _/ X ve Ndum
( ' ) ) 2n { 8FnEisOp< ,Z/F> MF (8Eisop)\F< ’VElSOP) ME‘SOP

1

2 % {'L”Eisop(cﬁ N F) - HF(EiSOp)} (3229)
1

- _{PH(EiSOp’CE N F) - PH(Fa Eisop)}’
2n

By a similar computation we also have

divy X
L2 (F N Eisop) = f 1dzdt = f “HE gzt (3.2.30)
F\FEisop F\FEisop 21

1
= — X, . d : — / X, d
om { ‘/8EisopﬂF< VEiop )W Breor ( BF)\Eisop( VF) ,up}

1
< 5 Anr(Ce N Bisop) = iy, () }

1
= %{PH(F7 C: N Eisop) - PH(Eisop, F)} (3.2.31)
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On the other hand,
ivg X ivg X
[ T e [ (e (T _1))dzdt
EisopNF 21 Eisop“F 2n

£2n+1 (Elsop N F) [

= ['2n+1(Eisop N\ F) - g( isop F),

diVHX

Eisop \F n

) dzdt

where
G(Eisop N F) = flsop\F diVHX) dzdt.
From and , we obtain
divg X

dzdt

1
% {PH(EisopaCE N F) —PH(F, Eisop)} < Lisop\p 2n

= ['2n+1(Eisop N F) - g(Eisop N F)
= £2n+1(F N\ Eisop) - g(Eisop N F)

1
< % {PH(Fa CE N Eisop) - PH(EisopaF)} - g(Eisop N F),

that is equivalent to

Py (F) - Py (EBisop) > 2nG(Eisop ~ F). (3.2.32)

For any z with [2] < 1-¢, we define the vertical sections Ef, = {t € R: (2,t) € Eisop}

and F* = {teR:(z,t) ¢ F'}. By Fubini-Tonelli theorem, we have

divg X
EISO F f ( ) d dt
g ( P ) Eigop\F 2n ¥

[|1}/Z z(l_w)dtd&

1bop 2n

The function ¢ ~ divgX(z,t) is increasing, and thus letting m(z) = LY(EZ_  \ F?), by

isop

monotonicity we obtain

(ED) i
Q(EISOP\F)>/ [<P (1—M)dtdz
{lz<1} Jo(l2))-m(z) 2n

f |z|<1}f m(Z)( le(t))dtdz’

where f,(t) = u(z,¢(|z|) - ) is the function introduced in ([3.2.26]).
By (3.2.6), when ¢ = 0 the function f. satisfies the estimate 1 —1/f.(t) > t?/20, and by
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Holder inequality we find

1 m(z)
By~ F) > — f f 12dt d
9(Eisop \ F) 20 J{jz|<1} Jo ®
:i/ m(z)?dz
60 J{|z|<1}

1 3
> d
" 60ws, ( f{|z<1} m(z) Z)

1
" 48002,

From ) and (| we obtain

By (3.2.7] -, When 0 < e <1 the function f, satisfies the estimate 1 -1/f.(¢t) > \/et/4 and
we find

(3.2.33)

£2n+1 (EISOpAF)S

Ve [ fm(Z)
Eiop N F) > — tdtd
G(Eisop > 1) 4 Jyz1<1y Jo :

= Ve m(z)*dz
8 J{|z|<1}

\/E 2
2 8way, ( »[{\z|<1} m(Z) dZ)

\/_ 2n+1
—~ LN Bison AF
= Do (BisopAF)?.

From (3.2.34]) and ([3.2.32]) we obtain claim (3.2.3)).

(3.2.34)

3.3 Subcalibration in Grushin spaces and H-type groups.

In Chapter we studied the isoperimetric problem in Grushin spaces and H-type
groups. Given h,k > 1 integers, and n = h + k, we consider for @ > 0 the family of vector
fields on R"

Xa:{Xla"tha}/l?"'aYk})
Xi=0x;, Yi(w,y) =|2|[*0y;, i=1...h, j=1,...k.

In Remark we proved that, when k = 1, the isoperimetric problem for the X-perimeter

and the Lebesgue measure has a unique solution up to dilations and vertical translations,

n /2 Ca
1sop {($ y) eR |y| < (»004(|$|) |£L“| < 1} 9006(|x|) = Sin +1tdt

arcsin |z

in the class of x-spherically symmetric sets
EcR!'xR,, E={(z,y)eR":(Jz],y) € F} for a generating set F c R* x R".

Starting from this profile function, we show that the sub-calibration technique provides a

quantitative isoperimetric inequality also in this setting. More details about isoperimetric
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deficit and asymmetry in Grushin spaces will be given in Chapter [ in the case of the
Grushin plane.

Given a hypersurface ¥ c R" = R? x R which is locally the zero set of a function u € C!
such that |V,u| # 0 on X, where Vou = (0y,u,...,0;,u, |z|*0yu), we define its a-mean
curvature as

HE = ldiva(m). (3.3.1)

For any vector field W = ¥ | w;0,, in R", div, denotes the a-divergence of W, (see (1.2.2))
h
div, W = Z O, Wi + || Oywy,.
i=1

For any € > 0 we define 7. = 1 —¢, y. = 9o(r:). Analogously to (3.2.1)), we define the
cylinder

C’EZ{(Ly)eR”:xeRh, yeR, |z|<re, y>uye}

and

D.=C.nE:

isop*

We also call 7 := 4 (0).

Theorem 3.3.1. Let o >0, h > 1, n=h+1 and F c R" be any measurable set with

LM(F) = L"(Ei,y)-
i) If FAES,, cc Cy then
Po(F) - Po(ER,p) > #L”(FAEISOP)?) (3.3.2)
8(24 + 372 )w?
i) If FAES,, cc Ce for 0<e <1, then
Po(F) = Po(ERp) 2 h/e LM(FAE,). (3.3.3)

" 8(1+ ma)wp,

Remark 3.3.2. In Remark[2.5.2]we proved the sharp isoperimetric inequality for z-spherically
symmetric sets in (R",d,) with n = h + 1. Theorem gives a new class of sets
for which the sharp isoperimetric inequality in the Grushin space (R",d,) is valid, for
n =h+1. Namely, for any set of finite a-perimeter ' ¢ R" such that L"(F) = L"(Eg,,)
and F' A B cc Cy, we have

isop

P (ES

isop

) < Puo(F).

Equality holds if and only if F' = EZ__ (see Theorem and [116]).

isop
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Basically, the argument used to prove Theorem applies directly to prove Theorem
and we are not going to write it again. The analogous of Theorem in this context

is based on the fact that for « integer, the profile function ¢, satisfies for a constant C' <0
0a(r) = a(0) + Cr* % + o(r™*?), 7 > 0. (3.3.4)

The sign of C' is due to the fact that ¢, is strictly decreasing. In the following, for any
m € N we denote the m-th derivative of ¢, at 0, by go(m)(O). The expansion (|3.3.4) is
justified by the following Proposition, which holds true forcing « > 0 to be integer.

Proposition 3.3.3. Let € N. Then o, is differentiable o + 2 times at 0 and there holds
M 0)=0, ifm=1,2,...,a+1 ¢ (0) 0. (3.3.5)

Proof. By Proposition 3 ol (r) = O(r“*t) as r - 0%. This implies that, for any m =
1,...,a+2, go(m)(r) = O(r"‘+2 ). Moreover ¢, (0) = 0. We conclude the proof recursively
form=1,...,a+2. At the first stage we have

' (r) - ! =0 ifa=0
2(0) = Tim £2(7) pa(0) %(7;) a if o
r=0* r r0t ot 0 ifa>0.

To consider derivatives of order higher than 2 in (3.3.5)), we assume a > 0. Let m < a+2,
hence goa )(O) 0. We have

(m-1) _ (m-1) (m 1)
(m)(o) _ hm ()OOL (T) QDOC (0) — 11 (r)
r—0% T r—0* T

=0 ifm<a+l
+0 ifm=a+2.

o) a+2-m+1
= lim M = lim O(r®**™™)
r—0% r r—07t

O

Theorem 3.3.4. Let 0 < e < 1. There exists a continuous function u : Cc - R with level

sets g = {(z,y) € C : u(z,y) = s}, s €R, such that:

i) ue CY(C.nEY
0};

”) Uss1 25 =Cen Eisop and Us<1 25 = Ce N Eisop;'

YNCYCNES, ) and Vou/|Vau| is continuously defined on C-~ {x =

isop 1sop

i) Y is a hypersurface of class C* with constant H-mean curvature Hy, = 1/s for s > 1

and Hg =1 for s<1;
iv) For any point (z,vq(|z|) —y) € X5 with s > 1 we have

1
1-HY (z,0a(z]) -y) > s> when e =0. (3.3.6)
s 8 + Ty
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and

s when0<e< 1, (3.3.7)
1+,

1-Hg (z,0a(lz]) - y) 2

Proof. We only recall the main steps of the proof highlighting the main differences with
respect to Theorem Using the dilations 0y (z,y) = (Az, A**'y), we define the function

u at x as the zero locus of F.: D, - R

F.(z,y,s) = Sa”{soa(g) - %(%)} +Ye = Y,

where we use the notation r = |z|. In this case the limit (3.2.15) becomes

1 Ta+1 ,r_oz+1

. . a+ €

Jim Fo(z,y,8) = lim s*H{0a(0) +o( 7)) = 9a(0) + o(S557) } + 9= -y
= Sli_)rgsaﬂo(sa“)+y5_y:y5_y<0

while F. — @, (r) -y >0 as s > 1*. Moreover
T r s T
OsFe(z,y,s) = +1aa__a_€_—€,_€
(z,y,8) = (« )5; [90 (S)T 14 (3 )] 52 <Pa( 8) (3.3.9)
- fun(D) - bal )] <0

where
Ya(r) = (@ + 1)pa(r) —reg(r) (3.3.9)

is a strictly increasing function:

, o, N potl rotli(a+1 - ow“Q) ~ rotl
¢a(7") _awa(r)_rwa(r)__a\/l_—ﬂ_‘_ (1_,,2)3/2 a (1_7:2)3/2'

Hence

u(z,y) = s if and only if F(z,y,s) =0

is well defined. Claims i) and ii) derive from this definition of u as in Theorem

We show claim iii). This follows applying the implicit function theorem to compute

Op, U = 8171-F_ z;r® 1 Oy ayF !
x; W= T - ’ ’ Y T T .

M () (2)) M ) (@)
Hence

8wiu_ il (‘3yu
52 _ 12
Therefore
h o 2,2«
- e 5 % 9 8°r 1
|Vaul _(i=1(—m) +r )(ayu) 52
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and
Og, xir® 9 1 x; Oyu Oyu s2—r?
= ’u = — = = .
Y res ’ res
Vatt 2 _p2 Oyu S Valt| ——===0,u sro
| o | S T /_82—7”2 Y | o4 | /—2 2

Therefore Hg = 1/s:

diva<| au|) = Z

i=1
To show the estimates at claim iv), analogously to (3.2.26)), we define for 0 < |z| < 1 -¢ and
0 <y < pa(r)—ye the function

1
fz(y) =u(z, pa(r)-y)=s= o if and only if (z,pa(r) —y) € Xs.
Xs

Given |x| < rz, we have for any 0 <y < vq(T) — ye
1 N 1
Lo [alrefs) ~alr/5)] o) [ta(refs) - ama]

f2(y) = =0yu(z, 0o (r) - y)

where am, = 1,(0). Moreover, (see (3.2.27))) we have

T,a+1

refs re/s
Sa(wa(rs/s) - aﬂ'a) =s® fo Pl (r)dr = s /0 m dr

re/s r
Y CETR A

Estimates (3.3.7)) and (3.3.6)) follow from

fo) 2/ fa(y) —re

exactly as in Theorem In particular, when € = 0, an integration with f,(0) =1 gives
fy(x) > 1+¢*/8, hence

2 2
vy

— >
fo(y)  8+y?  8+m2

1-Hy, (z, ea(lz]) -y) =

When € >0, fi(y) >/ fz(y) —r- > /€, hence fz(y) >1+y./c and

L VE VR

1-Hs, (7, 0a(|z]) -y) =1~ /o) 2y1+yﬁ_ Toms
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3.4 Subcalibration in the Euclidean space R"

The proof of Theorems and is based on the following model in R", n > 2 with
the euclidean perimeter. We consider the unit ball in R, B = {z ¢ R” : || < 1} in R™ whose

profile function is given by
¢:[0,1] >R, ¢(r) =vV1-r?

and it satisfies

T 1 r?

¢'(r) = Ve ¢ (r) = - for r € [0,1).

Vier?  (1-r2)32

Givene>0we set 7. =1-c and 25 =¢(1-¢) =y/1- (1-€)2=/1-r2. We call C; = {z =
(Z,2p) 1 |Z] < re, x> 25}, In Co \ B, the leaves 3, are vertical translations of the top part
of the boundary B. We define on

D.=Bn{zx=(&2,) e R": 25 <z, < (|Z]), 2] <7ec}

the functional )
|Z] Te

F.(z,s) = S[qﬁ(?) - d)(;)] +I5 — T

As before, for any z € R™ there exists a unique s > 1 such that F.(z,s) = 0. Hence we
define u(z) = s < F.(x,s) =0 for x € D.. The vector field Vu/|Vu| turns out to satisfy
properties i), ii) and iii) of Theorem and the estimates at point iv) are the following:

for any point (&, ¢(|Z|) — x,) € X with s > 1 we have

1
1 - Hy, (|2], ¢(12]) - zn) > 596,% when € = 0. (3.4.1)
and
1-Hy (Z,0(|2]) — xn) > %x” when 0 <e < 1. (3.4.2)

This construction leads to the quantitative estimates. In the following P(FE) denotes the

Euclidean perimeter of £ c R".

Theorem 3.4.1. Let F'cR", n>2, be any measurable set with L"(F') = L™(B).

i) If FAB cc Cy then
-1 .
P(F) - P(B) > ————L"(FAB)®. (3.4.3)
216wy,
i1) If FAB cc C, for 0<e <1, then

P(F)-P(B) > (q(;—l)ﬁﬁ”“(FAB)Q. (3.4.4)
Wn-1
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In the Euclidean setting, the same foliation as in Theorems [3.2.2] and [3.3.4] can be
explicitly constructed interpreting € > 0 in the vertical direction. Namely, given € > 0, we

call r. = ¢71(¢) = V1 -2 and

C°={z=(2,x,) eR": |Z| <1, xpy>c}, D°=C°nB.

In this case, we prove that for any measurable set F' c R™ such that F' A B cc C°,

there exists ¢1 = ¢1(g) >0, ¢1(e) = 0 as € = 0 such that

_ (3.4.5)
P(F)-P(B) > Mﬁ"(FABV if £>0
nwp,
and
. Co(n B 1) n 3 . _
there exists ¢o > 0 such that P(F) - P(B) > —5——L"(FAB)” if e = 0. (3.4.6)
nw

n

The foliation above the unit ball is obtained translating the upper part of its boundary:
the leaves {u =t} are described for t <0 by (0B n C*) + (0,-t). For any t > 0 we consider
the sphere centered at (0,-t) € R™ passing through the n — 1-dimensional sphere S¢ =
{(,2,) € R" : |Z] = reyxpy, = €}, namely ¥, is the graph {(&,h;(|Z])), |Z| < re}, with
hi(r)=—-t+ W, for 0 <7 <r(t) and r(t) > 0 satisfying h;(r.) = ¢, i.e.,

r(t)2-1+e2-t=¢c < r(t)=Vt2+2ec+1.

00k

i i i
1.0 0.5 0.0 0.5 1.0

Figure 3.5: The foliation below the unit sphere.

Given z = (&, x,) € R, we define the function v : D® — R through the equivalence

u(z) =t <= x, = h(|#]) ie., (z,+t)* =r(t)? - |2
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Hence u(x) = Lol gt holds

2(zn—€)
8“:_ i fori=1,...,n-1
8%1' In — €
ou Tn 1-|z? 2ex, — 12 -1 +|& Tn .
- _ = < - <-1inC.nB
0xy, n—¢ 2(xp-¢)? 2(xzy, —€)? Ty —€ ‘
|Vu|2 _ Z? 11 x2 (2exn —x2 —1+|2)?
(zn )2 A(zy, —e)*
1 . .
- T P =€+ (1= 20 a2 - i)
n
Therefore

Vu=0 <= |Z|(zn—€)=0and 1 -2z, + 22 - |z]* =

which is satisfied only for = = (&, 2,) € R", z,, = ¢ and |£|? = 1 — £2. Moreover

|Vu(z)| > |=—|>1 zeC°nB. (3.4.7)

We define the vector field
vVu

|Vul

which is C' on C¢. Its divergence at the point x € ¥; equals the tangential divergence to
the vector field on the surface >, hence
divX

n-1

= Hy, = forxeXy, t>0

()

where Hy, is the mean curvature of the surface 3.

We start the proof of and that makes of use the following elementary
Lemma. The strategy that we are going to describe represents an alternative argument to
the conclusion of the proof of Theorems and

Lemma 3.4.2. For any M,L,k > 0 and for any measurable function ¥ : [0,M] - [0, L]
there holds
M k+1 LM
( /0 9(s) ds) <(k+1)L ](; s"19(s)ds. (3.4.8)

Proof. Integrating by parts, we obtain

M kM M oy [
fo sﬂ(s)ds:MfO ﬁ(s)ds—k_[o s‘foﬂ(t)dtds.

S
9() = [ ot
0
is nonnegative, increasing, L-Lipschitz and with g(0) = 0. The claim (3.4.8) is equivalent to
the validity of the inequality

The function

g(M)F < (K + 1)Lk(ng(M) -k .[OM s*1g(s) ds)
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which is equivalent to

Mo 1
fo sFlg(s)ds < Eng(M) - kg(M)’“l.

1
k(k+1)L

For any 0 < N < LM, let Ay be the set of the functions g : [0,M] — [0,L] that are
nonnegative, increasing, L-Lipschitz, with g(0) = 0 and g(M) = N. The maximizer of the

maximum problem

is the function

kt

Figure 3.6: The graph of g.

The integral of g is

M +
L tawas= 5 (7) e R 00 (3))

1
— EM]Cg(M)_ )kH—l

—
k(k+1)LF?
which proves the thesis. ]

Let F cc C*. Applying the argument used to prove (3.2.32), we get
divX

n_

P(F)-P(B)>(n-1)G(B\F), G(B\F)-= B\F(1— )dzdt

W claim that there exist constants C1(e), Cy > 0 such that

C() Cl

Q(B\F)Z E"(BAF)Ble—O, Q(B\F)> .C”(BAF)21f€>O

In fact, by the coarea formula, the measure of B \ F is
L'BF) = [ d:[f e dH" ) dt
(BNF) s F XB F )
The function ¢ : [0,00) > R,

ﬂ(t) f XB\F | d/Hn 1
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is nonnegative. By (3.4.7) we have

1
0<d(t) < fz o AH™ <HPL(R,) < HH(9%).

We let L =H"1(2g) = H" 1 (0B)/2 = nwy,/2. On the other hand

G(B~F) = fB\F(1— (:i)i) dzdt

M(e) i
=[ ) f (1-d1VX)LdH”—1 dt
0 M n-1/|vuyl

M(e)
- fo (1- Hy,)0(t) dt,

We consider the case € > 0. Without loss of generality we can assume B A F' cc (.. In
this case ¥(t) =0 for t > M (¢),
1-4¢?
2e
where M is the solution ¢ of the equation u(0,2¢) = t. If t > M(e), the surface ¥, is

M(e) = (3.4.9)

contained in {t < 2e}.

We claim that there exists C' = C'(¢) > 0 such that

1

1-Hy,=1-
V2 + 2t +1

>C(e)t for all t € [0, M (g)]. (3.4.10)

In fact,
1
1= Hy, =1-(1- 5 (2 +2et) +o(t + 2et)) as t > 0",
Therefore there exists t. > 0 such that

1
1-Hy, > Z(tQ +2¢et) > it for t < t..

To conclude we use uniform convergence on [t., M(¢)]. We call I, := [t.,M(g)]. Let C; >0

be a sequence of real numbers such that C; - 0 as j — oco. Since for any j € N
szauxC'jt =CjM(e) -0 as j — oo,
€le

there exists j € N such that Cjt<1-Hy, >0 for any j >jand tel,. Then

1 1
Cit>1 - ——>1 - ——, tel.

! VE2+2%t.+1 V2 +2et+1
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We prove the claim choosing
C(e) = min{Cj,e/4} -0, e » 0.
In conclusion, applying Lemma for k=1, when € >0 and F' A B cc Co,

g(B\F)z[OM(E)(l—HEt)z‘}(t) dtzC(s)foM(s)té’(t)dtz#83)([0]”(5)19(75)&)2,

which proves (3.4.5).
Finally we consider the case when € = 0. The following estimate holds: there exists
C > 0 such that

1-Hy, =1- > C'min{t?,1}, for any t > 0.

1
V1-t2

In fact, since (1+t2)""2 =1 -12/2 + o(t?) as t - 0*, there exists t < 1 such that

1
1-Hy, > 1152 for t < to.
We call I := [tg,1]. For any t € ty, we have uniform convergence

SupC’jt2 =C; >0, j— o0
telp

where C; - 0 as j — co. We conclude as previously that for j big enough C'jt2 <1-Hy, <

1 - Hy, for any t € Iy. Hence for ¢t € [0,1], 1 - Hy, > Ct? for some C > 0.

On the other hand, 1-Hy, > 1-Hy;, = C for any t > 1. The claim follows with C' < min{C,C'}.
By Lemma [3.4.2

g(B\F)zé[oooﬁ(t)min{tz,l}dt=C‘f01t219(t)dt+éf1°°q9(t)dt

> 3(Hn1(%3)/2)2(folﬁ(t)dt)3+éfl°°z9(t)ds

> nQ—C;Q{(/OIﬁ(t)dt)g+(flooﬁ(t)dt)?)}
> nQ(;Q{(folﬁ(t)dt+[m19(t)dt)3}

C

T2 0
n2w?

for C > 0, which proves (3.4.6)).

L"(BAF)?,
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CHAPTER 4

A partitioning problem for the isoperimetric stability

of the Grushin plane

The purpose of this chapter is to study the stability of the isoperimetric inequality in
the particular case of the Grushin plane (R?,d,), where the sharp isoperimetric inequality
is known to hold in the wider generality of measurable sets with finite Lebesgue measure
(see Chapter . So far, we are able to provide only partial results, nonetheless, some new
questions arise from our analysis and we describe their solutions.

For any Lebesgue measurable set E c R?, we introduce the notation

LY(E) )é
L2(EY ’

isop

Ba(E) = 05 (Bfp), A=

St

where ) = a + 2 is the homogeneous dimension of the Grushin plane and

/2
ESyy ={(2,y) e R*: [y < allz]), 2] <1}, @a(r) = sin®*! ¢ dt

arcsinr
is the isoperimetric set in the Grushin plane. We define the a-isoperimetric deficit of E as

_ Poz(E) B Pa(Ba(E))

Da(E) T e

and the a-asymmetry of E as

L2(E & (Bo(E) + (0
yeR £2(E)
These definitions are given in analogy with the euclidean and the Heisenberg ones (see
Section . Since the isoperimetric set in (R?,d,) is unique up to vertical translations,
in the definition of a-asymmetry, comparing E with all the vertical translations of By (F)

corresponds to compare it with all the isoperimetric sets of the same volume (see Theorem

2.1.4). This situation is slightly different from the Euclidean case (see (3.1.1))) and from the

111
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Heisenberg groups (see Definitions , where invariance under left-translations of the
perimeter leads to a wider class of competing sets for F.

A first stability result for the isoperimetric inequality in the Grushin plane is proved in
Theorem where we show that if the a-isoperimetric deficit is small enough, then also
the a-asymmetry is arbitrarily close to zero. This connection between isoperimetric deficit
and asymmetry is known as the qualitative stability of the isoperimetric inequality, and is
also valid in more general Grushin spaces (R",d,) with n = h+ k for h > 1 integer, k = 1
where a sharp isoperimetric inequality is established (see Remark .

In the rest of the chapter, we present preliminary results in view of a Hall-type quantita-
tive isoperimetric inequality in the Grushin plane, see . Our approach is to consider
the techniques of [63] in the class of x- and y-Schwarz symmetric sets in the plane (see
Definition , replacing standard perimeter with a-perimeter. Some crucial differences
from the classical case arise from the very beginning (see Section and Remark ,
and lead us to the study of a partitioning problem for the a-perimeter, that we describe in

Section 4.3

4.1 Qualitative Stability

In this Section, we prove the qualitative stability of the isoperimetric inequality in the

Grushin plane. We introduce the notation
wa = L2(E)
ot 1sop/*

Theorem 4.1.1 (Qualitative stability). For every € > 0 there exists § = 6(a,e) > 0 such
that, for any measurable set E c R? with finite a-perimeter and L2(E) = wq, if Do(E) <8
then Ay (FE) <e.

Notice that Theorem implies a qualitative estimate for any choice of £2(E), thanks
to the invariance under 6§-dilations of the a-isoperimetric deficit and the a-asymmetry. To

prove Theorem we use a compactness argument relying on the following lemma.

Lemma 4.1.2. There exist constants £ = {(a), C = C(«) >0 such that for any measurable
set E c R? with finite a-perimeter and such that L2(E) = wy, there exists a set E' c Qg =
[~£,0]? with L2(E") = w, satisfying

Do (E") < CDu(E), Ao(E) < Ay(E") + CD4(E). (4.1.1)

Lemma is the same as Lemma 5.1 in [63] reformulated for the a-perimeter. Our

proof represents an alternative to the one in [63] and it is based on the choice of symmetric
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cuts: to define the set E’, we consider a dilation of E = E n {(z,y) € R? : |z| < Z} for
some T € R bounded by a constant ¢; = ¢1(a) > 0, instead of considering a dilation of
E=En{(z,y) eR?:z; <x <y} for some 1,29 € R, with |29 — 21| < £1 as in [63]. The
last strategy would need a translation of E’ to be centered at zero, while our choice does
not need any translation and better adapts to the anisotropy of the a-perimeter. Moreover,
in the final part we use Proposition to deduce estimate for the isoperimetric
deficit. We recall the notation introduced in Section For any set £ c R?, and ¢t > 0 we
let

Ef ={(z,y)e E:|z|<t} and E}={(z,y)eE:|z|=t}
E! ={(z,y)e E:ly|<t} and E}={(z,y)eFE:ly|=t}

and

VR = HNED). oh(t) = [ lal" dn"

Proof. (of Lemmal4.1.2)) Let E c R? be as in the statement. Following the proof of Theorem
define the function g : [0,00) — [0, 1],
L2(E}
w

(e}

which is continuous, (0,1) c g(R) c [0,1] and it is increasing, hence differentiable almost
everywhere. In particular, we deduce as in (2.4.17)), that

HU(EF) _vp(t)

« wa

g'(t) =

Consider the set d,(Ey ) with r = g(t)fé. We have £2(5,(E¥.)) = wa, hence, by the sharp
isoperimetric inequality (see [99] and Remark (2.5.2)),

g(1)" T Pa(BE) = Pa(6,(EL)) > Pa(E2,,) (4.1.2)
Similarly,
Poa(BNEE) > (1-g(1)) T Pa(ES,) (4.1.3)

Moreover, by Proposition P,(E}.) = P,(E; EY) +vE(t) and Po(ENEE) = Po(E; EN
E? ) +vE(t). Then, summing up (4.1.2) and (4.1.3]) we obtain

Po(E) + 20%(¢) z{(%)%lqu@)%}awgw) (4.1.4)

o Wa

By definition of a-isoperimetric deficit, Py(F) = Po(E2, )(1+ Dy(E)), hence we deduce

isop

{90 @ + (1-9(1)" @ ~ 1 Da(B)} Pa( L) < 205(0). (4.1.5)
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Q-1 Q-1
Consider the auxiliary function ¢ : [0,1] > R, ¥(s) =s @ +(1-s) @ —1 which is concave,
with maximum ¢ (1/2) = 2% — 1 and satisfying ¥(s) = ¥(1 - s), ¥(0) = (1) = 0. From
(4.1.5) we get

a(

vE(t) > =R (g(t)) + Falli

130p ——{¥(g(1)) - 2Da(B)}.

Now, if 2D,(F) < maxy = 23 — 1, there exist t1,t2 € R such that g(¢1) = 1 - g(¢2) and

¥(g(t1)) =v(g(t2)) = 2D, (F). By concavity of ¢ and continuity of g, this leads to ¥ (g(t)) >
D, (FE) for any t; <t <ty. Then

Wag' (t) = vh(t) > ——22 Fol ‘SOP) P(g(t)), t1<t<ts. (4.1.6)

On the other hand, for D, (E) small enough, from ¥ (g(t2)) =2Dy(F) and 1-g(t1) = g(t2)

we deduce t1 < ty/2. Therefore

to g'(t) 11

2yt / 1<—P B2 dt < —P ES f—ds:

2 ST, Foor) Jie oot Faer) Jy 5)
Let ¢, = 20. We consider the sets E = Ef _and ET = SxE with A > 1 such that £2(E) = w,.
We have £2(ET) = AeA(E) and A(E) = wag(t2) = wa(1 - g(t1)). Notice that, by concavity
of v, for any s € (0, %), P(s) > 2(25 —1)s, hence, applied to g(t1) < %:

0 1 1 1

= < = .
1-g(t1) = 1-26t) 1 _ Dalk)
2(2@-1) 20 -1

In particular, since 2D, (F) < max1) = 25_1, ¥ < 2. Hence, by Proposition m
Po(ED) = A9 1Py (E) < \O'Py(E) < 2@ Po(E) (4.1.7)

and the first inequality in (4.1.1)) is proved.
To prove the second inequality in , let (0,7) € R? be such that waAn(ET) =

LY(E" & EY) with Ej = B2, +(0,y). Then
wado(E) < L*(E A EY)
<LHE & E)+ LB 860 (E))) + L6\ (E)) & EY)
= LY(ENE) + L2(815(EY) 8 50 (ES)) + L2(ES~ 610 (ES))
< )\LQ£2(ET AES)+ L2(ENE)+ L2(EY N 610 (ES))
< woda(E") + C(a)Da(E)
To conclude we start again from replacing E with ET and considering sets (ET)?Z_,

t > 0, which can be assumed to be in the stripe |z| < £;. In this case, for ¢t >0

W (t) = [E el dHY < fwag' (1)
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and inequality (4.1.6) reads in some interval t3 <t < t4:

Twag'(t) 2 vp(t) 2 Fo (B lsop —¥(g(®)).

We deduce (4.1.1)) for £ = max{¢1, ¢} with {5 = 2€/€f‘. O

Proof. (of Theorem [4.1.1)) It is enough to prove the statement for E c @y where £ > 0 is the
constant in Lemma In fact, if F c R? is such that £L2(E) = £?(B), from Lemma
there exists E' c Q) satisfying (4.1.1]) for C' > 0. If the qualitative estimate in the statement
holds for sets contained in @y, for € > 0 fixed, there exists 6; > 0 such that if D,(E") < d1,
then Ao (E") < /2. Defining ¢ = min{5, %1}, we get for D, (FE) <0,
Aa(E) € A(E') +CDy(E) < = + CQC’
We assume by contradiction that there exists € > 0 such that for every n € N there exists
E, c Qp with A\ (E,,) > ¢ and D,(E,) < % Hence

Po(E, )<(1+1)P (Ba) < 2P.(B,) for every n e N (4.1.8)

By the compactness theorem for BV,-functions, see Section (1.2.1)), there exists a subse-

quence converging in L} (R?) to a measurable set E,, with finite a-perimeter. Since the

loc
sets E, are all contained in the same compact @, convergence xg, — Xg., is in L'(R?).

This implies
£2(Ew) = [ xwo = lm [ xi, = lim £2(Ey) = £2(Ba). (4.1.9)
R2 n—oo JR2 n—oo
Moreover, by the lower semicontinuity of the a-perimeter,
P,(FEs) <liminf P, (E,) = Py(By) since Dy (E,) — 0. (4.1.10)
n—oo

We have constructed a set Eo, c R? such that £L2(Ew) = L2(Ba), and Py(Fw) < Pa(B,).
Therefore by Theorem 3.2 in [99], Es coincides up to a vertical translation to the set By,
i.e., Foo = B4(0,y) for some y € R. Hence, by definition of A,

L%(E, A Es)

MalB) € = s

— 0 for n — oo

which contradicts the assumption A\, (E,) > €. O

Remark 4.1.3. The proofs of Theorem and Lemma apply also to the case of
(R™,dy) n = h+ k, with h,k integers such that h > 1, k = 1. In fact, by Remark
the solution of the isoperimetric problem in this case is unique up to dilations and vertical
translations, hence a sharp isoperimetric inequality holds and , can be repro-
duced. Moreover estimates and hold for any choice of h,k > 1 integers and

the same holds for the compactness theorem.
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4.2 Euclidean techniques to prove Hall's theorem

In the seminal paper [63], the authors prove the quantitative isoperimetric inequality in
R™. In a central step, contained in Section 4 of [63], they prove the quantitative inequality
for axially symmetric sets. In this Section, we describe their techniques in the case of z-
and y-Schwarz symmetric sets in R2. Namely, we show how to prove existence of a constant
C > 0 such that

A(E)? <CD(E), (4.2.1)

for all 2- and y-Schwarz symmetric sets E c R2.

In the euclidean setting, the proof of can be reduced to an estimate of the
asymmetry inside the stripe Z = {(ac, y) szl < g} with respect to the isoperimetric deficit,
ie.,

L2((BNE)n Z) < C\/D(E), (4.2.2)
for any z- and y-Schwarz symmetric set F c R? with £2(E) = £2(B), where B = Bg(0,1).

In fact, if Z; denotes the stripe where |y| < g, we have B ¢ ZuU Z;. Then BN E c

((BNE)NZ)U((BNE)NnZs). Now, if L2((BNE)nZ) < L2((BNE)nZ3), the transformation
0:R? > R?, A(x1,22) = (w2, 21) is such that

i. 9(F) is - and y-Schwarz symmetric
ii. P(E)=P(0(F)), A(O(F)) = A(E)
iii. L2((BNO(E))nZ)>L2((BNO(E))n Zy).

Hence, up to a rotation of the axes we can assume L2((B\ E)n Z) > L2(B\ E) n Z3)
which implies
L*(BNE)<2L*((BNE)n Z). (4.2.3)

By definition of asymmetry, we hence get
AE) -w, < LYE 2 B)=2L%B~E)<4L*(BNE)n Z)

and (4.2.1)) follows if (4.2.2) holds. The proof of (4.2.1)) is divided into three steps.

Step 1: From the asymmetry to section estimates

Let £ > 0. There exist C; > 0 and §; = 61(¢) > 0 such that, if E c Q, = [-£,{]?
L2(E) = £L%(B), is x-symmetric and y-Schwarz symmetric with D(E) < 41, there exists
T = Z(F) € [0,4/2/2] such that, if 2’ = 2/(E) > 0 is defined through the equality

!

JA " on(t) dt = [ sy, (4.2.4)
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then
L2(BNE)n Z) < Cilvp(Z(E)) - vp(z' (E))). (4.2.5)

We will prove this estimate in Lemma for the a-perimeter and for every a > 0.

Step 2: From unaligned sections to sections aligned at {z; = 0}.

Let £> 0. There exists C5 > 0 such that for any z-and y-Schwarz symmetric set E c Qy,
with £2(E) = £2(B) such that, if §; > 0, Z(E) and z/(E) are as in Step 1 and D(FE) < 6y,
then there exists a set £ c R? so that

P(E)<P(E),  |vp(2(E))-vp(a'(E))| < C |v(0) - vp(0)]. (4.2.6)

The proof of this fact is based on the two following remarks.

Remark 4.2.1. Given a 2- and y-Schwarz symmetric set E ¢ R? and h > 0 such that vg(z) =
2h for some Z > 0, we construct a az-symmetric and y-Schwarz symmetric set £ c R? that

satisfies:
1. P(E)< P(E);

2. there exists ¢t > 0 such that the ball B = B(0, R) centered at 0 € R? of some radius
R >0 is the central part of E, namely E‘f_ = Bf_;

3. L2(EF)=L*(EX ) and L2(ENEF ) = L2(E N E2);
4. UE(t) = UE(LE) =2h.

The set E is therefore obtained as a minimum of the perimeter under the prescribed partition
of volume in claim 3 and the one-dimensional constraint in claim 2.
We begin the proof observing that there exists a unique euclidean ball B = B £(0,R) c R?

and a unique ¢ > 0 such that
L2(BY)=L*(EZ) and wvg(T)=vz(t)
We let

E'=En{(z,y)ecR*:x<z}, FE =En{(z,y)eR?:z>7},
B'=Bn{(z,y) e R?: z < -}, B"=Bn{(z,y) eR*: x>t}

The set
E= (El+(5;-t))uéf_u (E"+(t—a’:))
satisfies claims 2, 3 and 4. We show that P(FE) < P(E). In fact

£*((B'+ (w0 - #),0)) U EL_ U (B" + (2 - 20),0))) = £2(B),
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therefore, by the equality case in the isoperimetric inequality in R?, we obtain
P(B;{z < -t})+ P(B;{|z| <t}) + P(B;{z > t}) = P(B)
<P((B'+(t-2,0)UEL U (B +(2-1,0))) .
= P(B'+ (t-7,0);{z < -z}) + P(E,{|z| < 2}) + P(B" + (2 - t,0); {x > &})
= P(B;{z < -t})+ P(E,{|z| <z}) + P(B;{z > t})
and claim 1 follows, by writing
P(E) = P(E'+(Z -1,0),{z < ~t}) + P(B; {|z| <t}) + P(E" + (t - 7,0); {z > t})
= P(E' {x <-Z}) + P(B;{|z| < t}) + P(E"; {z > &}) (4.2.8)
<P(E' {x <-%})+P(E;{|z| <z}) + P(E";{z > %}) = P(E).
Remark 4.2.2. Let B = Bg(0,1), B = Bg(0,R) with R >0 and 2’ € (0,v/3/2). Define the
point xg > 0 through the following equality

7

/(;xo v(x) dr = '[Ox vp(z) dx (4.2.9)

Then, there exists a constant Cs > 0 such that
|’UB(.T},)—’UB(x0)|SCQ|’UB(O)—’UB(O)|. (4.2.10)

We stress that the balls B and B have the same center: this property is central in the

argument (see Proposition [4.3.11)).

We give a proof in the case R > 1. In this case we have vz > vp, that implies ¢ < 2’, by

(4.2.9). Notice that
lv(0) —vp(0)| =2(R-1)
Therefore it is sufficient to prove vz (o) —vp(z’) < C2(R-1). To this purpose, notice that

for any 0 < x < xp, we have

2
va(z) —vp(z) =2(VR2 - 22 = V1 -22) =2 -
5 B ( ) \/32—(§)Q+\/1‘(§)2 (4.2.11)
<y R+1 (R-1)<C(R-1)

VR = (925

hence

C?(R— 1) > foxo va(z) —vp(x) dr = /x: vp(z) dz > vg(V3/2)|z' - zo| 2 |z’ - xol.

In conclusion,

vi(70) — vp(z') = (vz(zo) —vB(20)) + (vB(70) - vp(z'))
<C(R-1)+vp(a") +vg(a")(zo - 2") —vp(a")
< CQ(R— 1).
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Proof of . Starting from a z- and y-Schwarz symmetric set E ¢ Qy, such that £2(F) =
L?(B), we consider Z(E) € (0,1/2/2) and 2/(E) > 0 as in ([£2.5). From the proof of (£2.5),
given in Lemmal[d.2.4 below, it will be clear that, assuming D(E) small enough (D(E) < 61),
we have 2/(E) € (0,v/3/2). Applying Remark we obtain a set E ¢ R? and a point
zo > 0 such that £2(E) = £L2(B), P(E) < P(E) and vj(z0) = ve(Z(E)). In particular,
is a ball centered at zero in its central part, hence applying Remark

lE(Z(E)) —vp(z'(E))| = [vg(zo0) —vp(2'(E))| < Calv;(0) —vp(0)]

and (4.2.6) follows. O

Step 3: Estimate of the section-gap in terms of the isoperimetric deficit.

There exist Cs,03 > 0 such that for any z-symmetric and y-Schwarz symmetric set
E cR?, L?(E) = £L%(B) such that D(FE) < 63, we have

lvg(0) - v5(0)| < C3\/D(E). (4.2.12)

The proof starts from replacing the set E with E’, such that P(E’) < P(FE), in the same
spirit of Step 2. In this case, we consider the unique ball B’ centered on the positive z-axis

such that
o L2(B'n{x>0})=L2(E)/2;
[ UB/(O) = ’UE(O).

The set E’ is obtained as the union of B’ n{z > 0} with its reflection with respect to the
y-axis, and it is a minimizer for the perimeter in the class of x-symmetric and y-Schwarz
symmetric sets in R? with prescribed volume and section 8 = vg(0). The final estimate
follows from a Taylor development of D(E’) as a function of 3, to obtain

[0 (0) —vp(0)| < VD(E).

Proof of . Let E c R? be a 2- and y-Schwarz symmetric set. As observed in Remark
we can assume without loss of generality that D(E) < min{d;,d3, 1}. By invariance
of A(F) and D(FE) with respect to dilations we also assume £2(E) = £2(Bg(0,1)). By
Lemma it is enough to prove for E' ¢ g, with £ > 0 as in the lemma, for o = 0.
In fact, by (4.1.1), if (4.2.1) holds for every set contained in @, we have, increasing the

constant C, if necessary:

A(E)<A(E"Y+CD(E)<C(\/D(E") + D(E)) <C(\/D(E)+ D(E)) < C\/D(E).
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Assuming E c @y, we hence apply the three previous steps in the following way

L2((B & Eyy) 0 Z) <op() ~vp()| < [op(0) ~vp(0)| < \/ D(E) < /D(E),

where E c R? is the z-symmetric and y-Schwarz symmetric set found at Step 2. O

4.2.1. Comments on possible adaptations to the Grushin plane

In the Grushin plane the isoperimetric set

us

2 .
By = {(2,1) € Rt [y] < galfal) lo] < 1}, @a(r) = sin®* ¢ dt

arcsinr

is contained in Z U Zy where

V2

Z={(w.y) e R?: o] < 7} Zs = {(z,y) e R?: Jy| < gpa(g)}

Hence, for any set F c R?

LY(E & E,y) = 2L% By N E) <2{L*(Bgop N E)n Z) + L2((Eop ~ E) 0 Z2)}
<4max{L*((Ep N E)nZ), L2((Egop N E) N Z2)}

isop

Differently from the euclidean case, in general, a rotation of the axes changes the a-perimeter
of a set (see Example below). To use Fusco Maggi and Pratelli approach to Hall’s
inequality we must therefore prove estimate in both stripes Z, Z>. In Lemma
we show that the estimate at Step 1, holds for the a-perimeter for every « > 0, in
both stripes Z, Z5. In Lemma we show that the proof of estimate at Step
2 can be easily extended to the a-perimeter in the case of the stripe Zs, while it cannot
be reproduced in the stripe Z since the a-perimeter is not invariant under translations by
vectors (x,0), z € R. This fact leads us to study a partitioning problem to replace the
argument at Step 2 (see Section [4.3)).

Example 4.2.3. The map (z,y) — 6(x,y) = (y,x) fails to preserve a-perimeter, namely
the following property does not hold in general:

Po(E) = Py (0(E)). (4.2.13)

We show an example. Consider the set £ c R?, F =[-1,1] x[-2,2] and define E? = §(E) =

[-2,2] x [-1,1]. By the representation formula for the a-perimeter, we have
Po(B) = [ INE ()] a!

i /{1}x[—2,2ﬁm1 ' [{—1}4—2726]”{1 ' f[—l,ux{f}w aH + f[—l,l]x{—igfla aH

1 1 4
=8+2f |x]adx:8+4f % dr =8+ ,
-1 0 a+1
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while

a+l

2
|:c|°‘d7-[1:4+4f o dr =4+ 40—
0 a+1

Pa(Ee) = 27'11([—17 1]x{2}) +2 f[,g 2]x{1}

Hence P,(F) = P,(0(F)) if and only if
a+2=20"1

which has the only solution « = 0.

From the asymmetry to section estimates in vertical and horizontal stripes

For any set E c R? and any ¢ > 0 we let
wi(t) = H' (EY) (4.2.14)
and we introduce from ([2.4.2)) the notation

V() = (). wl(t)=wh ().

Lemma 4.2.4. Let a >0, £ > 0. Then, there ezist 1 = 01(a,£) >0, C1 = C1(a, £) > 0 with
the property that for any x- and y-Schwarz symmetric set E c Qq, satisfying Dy (FE) < 01,
there exists T = Z(F) € [0, @] such that if ' = 2'(FE) is defined through the equality

foiv%(t) ar= [T d (4.2.15)

then
L2((E & By) 0 Zy) < Cilop(z) - v (2))]. (4.2.16)

Moreover there exists §j = §(F) € [O,gpa(g)] such that if y' = y'(E) is defined through the
equality

] Yy
f wl (t) dt = f wl (1) dt (4.2.17)
0 0
then
L2((E & Ba) 1 Z2) < Cilw}y(y) - wi ()], (4.2.18)
Proof. We prove (4.2.16)). We begin using z-symmetry and y-Schwarz symmetry of F to
write:

V2/2 V2/2
LB o Bly)nZ)= [ HI(E & (Bl dt= [ oh(t) - vi(®)] d.

By the Mean Value Theorem, there exists g € [0, \/75] such that

[0 (0) = vE (20)| > VEL? (B & Efp) 0 Z). (4.2.19)
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We define
xo
va (7o) = vg(20) — va(20), IA(wo)=f0 vg(t) —va(t) dt

If va(z) <0 and Ia(zg) <0, we set T = xo. Then,

!

A dt:fjvﬁ(t) dtgfojfug(t) dt

hence 0 <z’ <Z < ‘/_ By convexity of E  we deduce from (4.2.19) that

va(a') 2 v (7) 2 vi(Z) + V2L ((E & Byp) 0 2)

and (4.2.16) is proved. The same argument applies if va(xg) >0 and Ia(z9) > 0.
If va(xo) <0 and Ia(zp) >0, we consider two cases.

Case 1: The quantity Ia(zo) > 0 satisfies the following bound

In(zo) <m(a)L2((E A B2, )nZ), where m(a)=

isop

(4.2.20)

L2y x(ﬁ)
8V2 V3T L 2

We let Z(E) = x¢. Since Ia(zg) >0, we deduce by that 2'(F) > Z(F). Nevertheless,
by Theorem[d.1.1] for any e > 0, we can choose § > 0 such that [Z(E)-2'(E)| < € if Do(E) < 6.

In particular, we can choose 41 > 0 such that
#'(E)<\/3/2 if Du(FE) <6 (4.2.21)

In fact, assume by contradiction that for some e > 0, there exist a sequence of sets F,, ¢ Qy,
n € N satisfying
1
Dyo(E)< = and |#(E,)-2'(E,)|>e. (4.2.22)
n
Applying the same compactness argument used in the proof of Theoremm (see relations
(@.1.8), @1.9), (£.1.10)), we deduce that the L!-limit of the sequence F,, is the isoperimetric
set E,,. Hence, by (4.2.15), limy, 00 Z(Ey) = limy, 0 2’ (E,) which contradicts (4.2.22)).
For D, (F) < 41, by (4.2.21)), we therefore have the following estimates
V3
z —
w(3)

w/2
:4/ sin®lxdr for 0<t<a'

/3
w(B)-2'(B)l = [ dxsm [ at- jj((g) (4.2.23)

dvg(t) d T2 asl o+l \/§ a+l ,
o = (4 ) = o= S(3F) T for 0<t<s

We deduce, using (4.2.20)) and (4.2.19)

B E) =)+ [ g

v (t) >

> 02 (#(E)) - — (2) m(a)C2((E & B°

CM

>UE(x(E))+(f 1) (EaE2,)n2Z)

)nZ)

isop
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and (4.2.16)) holds with C;(«) = v/2/2.
Case 2: We have Ia(z0) > m(a)L2((E & ES, )N Z). In this case we have

= [T 0 -0 de> V(@) £ (E & Biy) 0 7).
and we can define
7 = max {t € [0, 0] : v (1) = vE () 2 V2m(a) L2 ((E & Bgy,) 0 Z) . (4.2.24)
Then
L7 00 - o) dt < Vom(@) (B & Ey) 0 D)l - o] < m(0) £2(E & Efop) 01 2).

We deduce )
x
f VE(H) — v (t) dit > 0,
0
that reads, through (4.2.15)), 2’ > . By convexity of B, and definition of z, we deduce
[@216) for C; = 1/v2m(a):

vi(2") <vi(7) <vB(E) - V2m(a) L2 ((E & Byp) N Z).
If va(zg) > 0 and Ia(z) < 0, the same argument works considering two cases depending

on the validity of the inequality

1S

v (L a+
Ia(w) 2 —=ma(a)L2((E 8 EZ,,)n Z),  with  ma(a) = %(\/ﬁ) L (4.2.25)

The same reasoning applies to prove (4.2.18]), where the constants m and ms have to be

replaced observing that
wi(t) = 4o (t), for 0<t<pa(0)
where 1), is the inverse function of ¢,, and it is still decreasing and concave. O

Remark 4.2.5. By the proof of Lemma [4.2.4] it is clear that it is possible to choose §; > 0
small enough to have 2'(E) < ? (see (4.2.21)) and y'(E) < gpa(\/Tg).

From unaligned sections to sections aligned at {y=0} in Z

Lemma 4.2.6. Let « >0 and £ > 0. There exists a constant Co = Co(a,£) >0 such that for
any - and y-Schwarz symmetric set E ¢ Qq with L>(E) = Ez(Egop), if 01,9(F) and y'(E)
are as in Lemma there exists a set E c R? so that

Po(E)<Pu(E),  |wlh(5(E)) - wl(y'(B))| < Calus’ (0) - wti(0)]. (4.2.26)
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Proof. The proof follows the scheme given by Remarks and in the euclidean case.

We consider the unique pair of numbers A, yg > 0 such that
L2((05 Bop)-) = £2(BY) and  H'({(w,y) € 65 By < Iyl = y0}) = wih(7)

and we call E = ONEL,,- We let

isop*
={(z,y) e E:y<-g}, E"={(z,y)eE:y>7},
={(x,y)eE)\:y<—yo}, E“:{(x,y)eE‘)\:y>y0}.

With the same reasoning as in (4.2.7)) and (4.2.8)), by invariance of the a-perimeter under

vertical translations, we deduce that the set E = (Ed+ (0, gj—yo)) U(EA)%O_U (E“+ (0, yo—g))
satisfies Py (E) < Po(E).

Figure 4.1: Situation in the proof of Lemma in the stripe Zs.

To conclude we are left to show existence of a constant Cs such that |w4(y") — wa(yo)| <
Colwa (0)-w%(0)]. Asin Remark 2, assuming A > 1, we have [wg (0)-w?% (0)| = 2ma (A1),
hence we only have to prove |wi(y’) - wa(yo)| <C(A-1). We can assume without loss of
generality that y'(E) < ¢a(V/3/2), as observed in Remark (see Figure . This
allows to prove the following estimate: let 0 < t < yg < po(v/3/2) and define Jy(\) =
Ao (/A —apo(t) for X > 1. We have w (t) wi(t) = 4J;(N), then there exists A\* > 1
such that

waA (t) —wi(t) =4J;(\)(A-1) <C(A-1)

since for any A > 1, 0 <t < ¢, (1/3/2) we have

/ / 3
HO) =) - et ) <1+ (D) ()
Then, we deduce
Coa(V3/2)(A-1) f0y° wh () - wh(t) dt
-/ " ut(0) dt 2wl (e (V2D -0l = 23l - .
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The rest of the proof runs as in Remark O

Remark 4.2.7. Since the a-perimeter is not invariant under horizontal translations, namely
there exist E c R? and z € R such that P,(E + (x,0)) # P,(E), it is not possible to argue
as in the previous lemma (or as in Remark to prove an estimate analogous to
in the stripe Z.

In Section[4.3] we show our attempts to solve this problem, studying a minimal partition
problem that replaces the construction in the proof of Lemma In the next Remark
we show that for any dilation of the set E . an estimate as (4.2.26) can be proved.

Remark 4.2.8. For any A > 0, we let F = 0\ Eiyop- For any 7' e (0,/3/2) we let 29 > 0
defined by

o x’
fo vE(t)dt:[O V(1) dt

[va(z") = vg(0)] < Calvg (0) = vg(0)]

can be proved for some constant C > 0 as in the proof of Lemma [4.2.6

Then, the estimate

4.3 A minimal partition problem

In this Section, we describe a minimum problem for the a-perimeter of sets in the plane
having a prescribed partition of volumes. Motivated by the proof of Step 2 and 3 in Section
we want to add a one dimensional constraint to the minimization problem, that can be
described using the notion of trace of a Schwarz symmetric set. To give the definition of

trace we use the result of the following Lemma.

Lemma 4.3.1. Let E c R? be a y-Schwarz symmetric set and let xo € R. Then there exist
y ,y~ >0 such that if T* is the real interval [-y*,y*] c R, the following holds

lim f Ixe(x,y) - xr=(y)| dy = 0.
z—zy JR

Proof. We prove the statement for the limit as z - x5. Let u € C1(R?) and 21,29 € (=00, 7p).
The a-gradient of u is Dyu = (Oyu, |x|*9yu). We have

[ () ~uGer)dy= [ [~ onu(e.y) dsay
< fm,m)xu« 10,ul(€,y) dédy < |Dau| (1, 29) x R).

By the approximation theorem for BV,-functions (see Theorem and [56]), the last

inequality can be extended to u € BV (R?). For u = xr we obtain

[ Ccw(@a,y) = xo(@1,9))dy < Pa(B: (w1,22) x B),
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which implies that for any € > 0 there exists § > 0, such that

IxE(22,") —XE(!EL')HLI(R) <e for xog -0 < z1 < T2 < 0,

which is a Cauchy condition in the complete space L'(R). We deduce that there exists a
function u € L' (R) which is the limit of yg(x,-) as z - x5. Moreover, since the sections of
FE in the vertical direction are real intervals centered at zero, u = x7, for some symmetric

interval T = [-y~,y" ] O

Definition 4.3.2 (Traces of Schwarz symmetric sets). Let E c R? be a y-Schwarz symmetric
set and let zy € R. The interval T~ (resp. T") defined in Lemma is called the left (resp.
r _ (reap tr¥ ). If tr¥ F

To— o+ To—

right) trace of E at xo in the x-direction and it is denoted by tr
and try , F are the same interval, we call it the trace of E at xo in the x-direction and we

denote it by try E. In this case we say that the set E has trace at xo in the x-direction.

Remark 4.3.3. In the same way we can define left and right traces at yg > 0 in the y-
direction for z-Schwarz symmetric sets through the formula |xg(,42) = xe(,v1)|1(®) <€

for g— 0 <y <y2 <.

Remark 4.3.4. If E = {(x,y) e R?:|y| < f(|z|)} is a z-symmetric and y-Schwarz symmetric
set, then for any o >0, trl  E = [-yF, y5] with

A ES -

lim f(z) = y5-

‘T*)xo

In fact, by definition of left and right traces

0= thi% [1% IXE(T, ) = X[-yz.01(W)] dy

= lim £'((E). & [-y5,95]) = 2 lim_|f(2) - 3]
CE—>Z'0 $—>CEO

For any given vy, va, h1, ha > 0, we define the class A, = A, (v1,v9, h1, ha) of all Lebesgue

measurable sets F ¢ R? that are z-symmetric, y-Schwarz symmetric and such that there

exists xo = xo(v1,v2, h1, he) > 0 satisfying

£2(E$0—):,U17 EQ(E\Ezo ):U27

[—hl, hl] c triO_E, [—hg, hg] ctr®  E

To+—"

(4.3.1)

We define the following functional on the class A,:

FolE) = Po(EZ ) + Po(EZ ) - 4hy - 4hy, Ec A,. (4.3.2)

o+



4.3. MINIMAL PARTITION PROBLEM IN THE GRUSHIN PLANE 127

Remark 4.3.5. The functional .#, is non-negative on the sets of the class A,. In fact,
using the Representation formula for the a-perimeter of smooth sets, combined with the

approximation result in Theorem [1.2.4] we get

Fa(E) = Po(E; By, ) + Po(Eg, s {|z] = z0}) —4hy
+ Py (E; E~ E;:O_) + P, (E~ Eufc‘no_; {|lz| = z0}) — 4ho

which is non-negative thanks to the trace assumption.

Moreover, if hy = hy = h, for any set E € A, such that tr§ _FE = try , E = [~h, h], we have
Fa(E) = Po(E; By, ) +4h+ Po(E; ENEy ) +4h —8h = Po(E).
We consider the minimization problem for .%#, in the class A,, defining the constant

C[p = inf{fa(E) B DN .Ax} (433)

The constant C7p is strictly positive thanks to the isoperimetric inequality in the Grushin
plane (see Proposition |1.3.4)).

0.0

AT

Figure 4.2: Example of a set in A, (v1,v2,h1,h2), for hy = hy i.e., a z-symmetric and y-
Schwarz symmetric set whose volume is partitioned into three parts that touch each other

in sections of prescribed length.

Section is dedicated to the proof of existence of bounded minimizers for Problem
, satisfying suitable convexity properties. In Sectionwe deduce differential equa-
tions for the profile function of such minimizers and we use them to prove some elementary
properties of minimizers, see Remark .

In Section we are concerned with trace properties of the minimizers for .
What we expect is that given vy, vo, h1, hy > 0, a minimizer E ¢ A, (v1,va, hi, he) for problem
(4.3.3) satisfies tr% _E =[~hq,hi] and tr% , E = [~h, hy] where 2o > 0 is defined by (4.3.1)).

So far we are able to prove only part of the claim. In Proposition [4.3.9| we prove that if the
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profile function of E has finite derivative at xg, then tr%E =[=hq,h1]. The technique that
we use here does not work in the case of infinite derivative, see Remark

In Section we focus on the following question, motivated by Remark are
minimizers obtained as dilations of £ _ in their central part? In Proposition we

isop

prove that this property fails to hold when vy =0 and h; > 0.

4.3.1. Existence of solutions to the partitioning problem

Theorem 4.3.6. Let vi,v9,hy,hs >0. Then there exists a bounded set E € A, realizing the
infimum in (4.3.3) and such that, for o 20 as in @.3.1)), EF _, En{z >z0}, En{z < -z0}

are convex sets.

Proof. Let (Ep,)men be a minimizing sequence for the infimum in (4.3.3)), namely
1
EmeAy FolEm)< C[p(l + —) m eN.
m

Since E,, € A,, there exists x,, > 0 such that (4.3.1) is satisfied for E = E,,, ©o = .
Moreover, by the symmetry properties of the sets in A, there exists a measurable function
fm such that E,, = {(z,y) e R?: [y| < fn(|z])}. We define y,,y;, > 0 such that tr% ,E,, =

(-y3,, v, ]. By Remark
lim f(x)=v), lim f.(z)=y,, with y' >hs, y. >hi. (4.3.4)
Ty, Ty,

Fix me N and let E = Ep,, 0 = Tm, f = fms Yo = Yms Yo = Yp- The proof is divided into

several steps.

Step 1. (Approximation by smooth sets). We claim that there exists a sequence of -

symmetric and y-Schwarz symmetric sets (€;) ey such that

1. 0&; is a locally C* curve, i.e., for any (x,y) € 0f; there exists r > 0 such that
0&; N B((x,y),r) is a C* curve;

2. lim Po((&)5,) = Pa(E5,-) and lmjco Pa(5 N (€)5,0) = Pa(E N B, ):
3. lim £2((€)%,) = £3(E2, ) and lim £2(&5~ (&)5,) = L3 (B~ 3, ):
j—)OO j—)OO

4. if tr®

20:&i = [—q]*,qj], for some qj >0, we have qj - Y5 as j - oo.

To construct the sequence (&;) ey we introduce a positive symmetric mollifier J € C*(R?),
ie., JeCX(Bg(0,1)), J >0, [p2J(p)dp=1, and J(p) = J(q), for p,q € R?, |p| = |q|. For
any € >0, let J.(p) = E%J(|p|/5), p € R? and define the mollified function h. = J; * Y. For
any t € (0,1), let E = {(x,y) € R? : he(z,y) > t}. Consider a sequence ¢; - 0 as j — oo.
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Then, following [66, Theorem 1.24], we can choose t € (0,1) such that the set & = E.

satisfies 1, 3, and, in addition
JILI?O Poz(gj; (gj)io—) = Pa(E;E;fO—)a ]lir{.lo Poc(gj;gj N (gj)io—}) = Poe(E; E~ E:fo—)‘ (435)

Observe that the sets £;, j € N are y-Schwarz symmetric, i.e., for any (Z,7) € &;, (Z,y) €
& if ly| < §. In fact, since E is y-Schwarz symmetric, xg(Z - 2',5-y") < xg(@ -2,y -y)
for every (2',y") e R? and |y| < |y|. Hence

t <h€j (f,gj) - L o Je(x,ay’)XE(f _ x',gj _ y/) dw'dy'
€5
< [B ©) Je(@' Y )xp(z -2,y -y') da'dy’ = he,(2,y),
€5

which implies (Z,y) € ;. Moreover by symmetry of the mollifier J, for every j € N, &; is
also z-symmetric. Hence the left and right traces of £; are well defined. Let ¢; denote the
profile function of &;, i.e., & = {(x,y) e R?: [y| < ¢;(|z])}, and define

g; = lim ¢;(x0), ¢; = lim ¢;(wo).

By Remark tr7,.&; = [=¢5, ¢ ]. We prove that g — yg as j > oo. The same reasoning
applies to prove aG — Yo, J = o, and claim 4 follows. Let 0 < o <y, by there exists
d =9(0) >0 such that

If(z)-ygl<o for wmop<z<zo+d. (4.3.6)

Choose j(o) € N to have ¢; < min{o, 6(0)/4} for j > j(o). We first claim that for any

j2j(o),if xe(zo+ej,z0+ g) and y € (0,y5 — 20), then

(m_éay_n) EE? for (gan) EB(anj)' (437)
In fact, the following estimates holds true for j > j(o), = € (zo + &5, o + g), —£;<&<¢gy
) )
x0<w—§<x0+§—§<xo+§+aj<a;0+5
hence, by (4.3.6)), for y € (0,y5 —20) and —¢; <n<¢j,
y-n<y+ej<y;-20+0< f(z-¢).

We now deduce from (4.3.7) that

)
Ay = (2o +¢ej,20 + 5) x (0,y0 —20) c &, for j>j(o). (4.3.8)
This follows applying the definition of the set &;, since, for any j > j(0), if (z,y) € A, we
have
hgj(ﬂf,y) = J&j(é)n)XE(x_gvy_n) dfdn: Jaj(&??) dfdn: 1>t

B(075j) B(ngj)
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In particular, (4.3.8) implies

(—ys +20,y5 —20) c tr;(tl,oﬂj%gj for every j > j(o). (4.3.9)
Similarly, we can choose ;(0) € N such that

tr (zg+e;)+E5 © (=Yg = 20,90 + 20) for j > i(0). (4.3.10)

We deduce claim 4 from (4.3.9) and (4.3.10)). Claim 2 follows from claim 4 and (4.3.5)).

Step 2. (Gluing around the y-axis). We claim that there exist z-symmetric and y-

Schwarz symmetric sets é'j, J €N, such that for every j € N, there exist 0 < £; < zg satisfying:
1. the euclidean outer unit normal to é’j exists outside a set of H{'-measure zero;

2. if ¢; : [0,00) — [0, 00) denotes the profile function of £ and D; = inf{Z > 0: ¢;(x) =
0 for > &}, then H'({x € [0, D;]: ¢;(x) = 0}) = 0;

3. Pa((£)%,2) < Pa((£)5,-) and Pu(€; ™ (€))F,2) < Pa(€ ™ (£))5,-);

4. L2((€))3,-) = L2((&)5,-) and L2(E;~ (€))F,2) = L2(E5 N (£))3,-);

5. try, & = try, _&; and try & = try &

To— o+ o+

For any j € N, define the set Z; := {x e R: ¢j(x) = 0} and write Z; = Z} U ij with

Z} ={x€[0,D;]:¢;(x) =0 and ¢;(£) #0 for { € (x -, 2+ ) \ {«} for some 6 >0},
ZJZ:{xe[O,Dj]:3(5>0:¢j(£)=0forfe(x—5,x] oréelx,x+0)}.

By symmetry and smoothness of £;, we have Z} = @. In fact, suppose by contradiction that
there exists x € Z;, and let p = (x,0) € 9&;. Since 0&; is smooth, there exists the outer unit
normal v at p. By y-symmetry of E, v = (+1,0). Moreover, there exists a smooth function
6: B,(p) - R, defined on a euclidean ball B,.(p) = {q e R?:|g—p| < r}, for some radius r > 0
such that

0(q) =0 <= qe9d& nB(p),
0(q) >0 < qe&nDB(p),
0(q) <0 <= qe(R*\&)n B.(p).
We deduce that p+7v ¢ £; for 0 <7 <min{r,d}, which contradicts ¢;(x +7) # 0.
On the other hand, the set ij is the complement in R of the set {x € R : (z,0) € &,

therefore it is open in the R-topology. Hence, ij is the union of at most countably many

open intervals. We diversify the notation for the intervals in ZJZ Nn{xeR:|z| <xzp} and in
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ZJZ Nn{z eR:|z|>xp}: there exists a sequence of points 0 < ajl- < bjl < a? < b? <-e<mp < c} <

djl- <c§ < djz <-e ng, such that
k k k k k
U(CL], j) U U(C]’d]) U U(_ij_aj) U U(_dj’_cj))
keJ keJ

where 3,3 ¢ N. We rearrange £; in at most countably many steps, each one corresponding
to an interval (a?, b;“) for kel
Base step. We define the set

Ejl = (Ej)z}_ u{(z+ a} - b},y) (z,y) €&, x> b}}

u{(z+ b} - a},y) (z,y) €&, x < —b}}

which is z-symmetric and y-Schwarz symmetric. Let le = x0 + a]l - bjl- < xp. Since
& m((aj, ]) x R) = &, we have

CX(E))0) = L2(&)5,-) and L(E] N (E])510) = L& (£))5,-)-
Moreover tr” o 51 = try .&j. We prove that P, ((8 ):‘c _) < Pa((&)z,-)- Since 85; is
locally smooth outside the set {(z,y) e R?: |z| = al} let Nl(p) ( jm(p),ley(p)) be

euclidean outer unit normal to Sjl at p = (z,y) e R?, for || # ajl. If N; is the euclidean

Tox

outer unit normal to 9&;, for (x,y) € OE;, we have
le(:l? —bjl- + a},y) =Nj(z,y) if x> bjl-; le(:n+ bjl- —ajl-,y) =Nj(z,y) if z< —bjl-.
Hence, by the representation formula in Proposition we get

Pa((£))51.) < Pa((gjl)il,_) + Pa((g})ﬁ;_ \ (5})2]1,_)

an1 1
[a(sl)l‘ VL 9)? + 2PN, (2.)2 dH (2. )

[((81)1 @y \/( (x— bl +al,y))? + o - bl + alPA(NL (2 — bl +al, y))? dH"

2 1 1
NLZ 4 :c?aN.l 3 an! +f N2+ 22 N2 )3 dH (z,y
< ey Q" 41l (g NG a0

= Pa(&)).

In the same way follows
Pa(&f ~ (5})%_) < Pa(&5 N (€)7y-)-
Second step. Let SjQ be the z-symmetric and y-Schwarz symmetric set

£ ~{(a,y) e €1 lal < - (B} —a)))
U{(m—;(bﬁ—aé),y):(x,y)eé’;, x>b§—(bj1<—aj1<)}

o{(+ 505 -a) s (e 8, o<+ (05—}
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and ZE? =x0 - Z?zl(bz- - ajl-). Then,
52((5]2)2;_) = L2((£))5,-) and  L7(E] ~ (%2)%_) = L2(E N (€)50-)s

T 2 _ x 1 _ T . : : 2
and trx?igj = trz;iEj = try,.€;. Moreover, as in the previous step, 85]- is locally

smooth outside the set {(z,y) e R?: |z| = a}, |z| = a?—(bjl»—ajl»)}, hence, Pa((ﬁf)iz_) <
J

Pa((&))3,-) and Pa(E7 (%2)%_) < P&~ (E5)zo-)-

Inductive step. Let Ef be the xz-symmetric and y-Schwarz symmetric set

k k-1 N S PR
&; ={(x,y)€5j7 Hz| < af - Z;(b}—a;)}

U{(xé(b;-a;),y) (@) €57 x>b§—f§<b§-—a§>}

k . . k-1 k kol 3 3
o{(r+ B0 -a)): € v <+ B 05-a}:
i=1 i=1

and define .
xf =10 — Z(b; - aé) < x0.

i=1

Then
£2((5f)ﬁ§_) = L%((&))5,-) and  L2(Ef N (ff)ﬁz;_) = L2(E N (£))50-),
Pa((E)% ) < Pa(E1)%-), PalEF N (E7)%0) < Pa(&5 N (€))%,-), and JEJ is locally
J J

smooth outside {(z,y) e R?: |z| = ajl. - Zf;z(b; - aé) for 0=2,...,k}.

Iterating this procedure at most countably many times, we obtain a x-symmetric and y-

Schwarz symmetric set éj satisfying claims 3, 4 an 5 for

=m0 - Y (b —al). (4.3.11)
1€l
Repeating this argument for the intervals (cgC , d? ), k € J, we obtain a set, which we still call

fj, that satisfies also claims 1 and 2. In fact, let

Zj={a - ;(b;_a;):kej}u{cj— > (&) =)k ed)

which is at most countable, and denote by éj be the profile function of éj. Then the outer
unit normal to &; exists outside the set {(z,y) e R?: |z| € Z;}, and {z e R: ¢;(z) = 0} c Z;.

Step 3. (Reflection in the vertical direction) For any j € N, we rearrange the set fj into
a r-symmetric and y-Schwarz symmetric set é'j with profile function gZ;j :[0,00) = [0, 00)

such that
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1. The euclidean outer unit normal to éj exists outside a set of H!'-measure zero;
2. d;](|z|) > qj for z e R, |z]| < Z5;

3, pa((éj)ﬂfj_) < Po((£;)3,_) and Pa(é (@)”f]._) = Po (&5~ (€)F,0);

4 L2((E)5 ) > L2((E5)5 ) and L2~ (§)%,1) = L2(E5~ (E)E.):

~

5. trﬁj,éj = trﬁj,c‘:'j and tr7 | 5 = trg, &
We define the rearranged function ngj :[0,00) = [0, 00),
$;(x) if ¢;(z) > ¢

05(x) = i+ qj :{ 2q; - ¢j(x) if dj(z) <q;
é; () el o

if |:U| < .%j,

éj(w) =

Let c‘fj be the x- and y-symmetric set generated by qASj (see Figure . Clearly éj N (c‘:’j)gj_ =
Ein (éj)gj_ and claims 2 and 5 are satisfied. Claim 4 follows, observing that ¢ ¢ L'(R) and

0j > &y, thus L2(;) > L2(€)),

Figure 4.3: The set éj and the rearranged éj.

Denote by K, the set of points (x,y) € 9€; with (ZBJ(CL‘) = ¢; and for which there exists
§ > 0 such that (&) = q; for § € (z,2+0) or { € (v - d,x). Then, H'(K;) =0 for any j e N
since K; is countable.

By construction, the outer unit normal to 5 exists outside K; U Zj, which has H!-
measure zero, and we denote it by Nj = (ij,Njy) Moreover, if Nj = (N]z,N]y) is the

outer unit normal to 86}, we have for any (z,y) € 8Ej N (ICj U Zj), |z| < Z5,

Ni(z,ly - gj| + ¢5) = (Nju(z,9),580(y - ¢;) Njy (2,)),
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[2, T
e N3, +|zPeN7 dH
25—

J

VN2 P2 art + H ({p e (ENE: Nov(p) =0
{pea(s})gr: Ny ()20} ]$+|$| v H+H ({pe ( J)x]— jy(P) })

hence

Pa((éj)gj—)

— 5

. SRR a3 1 (p e OEE+ F(p) -0
{pea(éfj)%j_: Njy(p)#0} J$+|x| Gy A+ H ({pe ( J)x]— y(P) })
=Pa(£j)-

Step 4. (Convexification) For any j € N, we rearrange the set é’j into a z-symmetric and

y-Schwarz symmetric set c‘:’j, such that there exists 0 < Z; < xo satisfying:

[a—

. the sets (éj)gj_, Ein{(x,y) eR?:x <&} and & n {(x,y) e R?: 2z > 7;} are convex;

[\)

- Po((£))3,0) < Pa((&)7,-) and Po(E5~ (§))3,2) < Pa(&i ™ (€1)3,-);

w

L LA(E))F,) = L2((€)5,) and L2(E;~ (€))7,2) = L2(& ~ (€)5,-);
4. tr%j_gj = tr%ﬁ_gj I} [—qj,qj].

We introduce the function

| |a+1

CR2 L, 2 _ €
R S R U(ay) = (sen(e) ),

which is a homeomorphism with inverse
iR - R2, 0(€,7) = (sen(&)|(a+ 1)&l7, 7).

As shown in [99, Proposition 2.3], for any measurable set I’ c R?, we have
Pu(F) = P(W(F)) and L2(F) = u(¥(F)),

where P denotes the Euclidean perimeter and y is a Borel measure on R? defined on Borel

sets as follows:
w(A) = j;l (o + 1)§|*ﬁ dédn, Ac R? Borel.

For any j e N, let Iy = \If((c‘:'])ij_) c R? and consider its convex envelope in R?, co(Fy).
We show that the transformed set F; = ®(co(Fy)) is convex itself (see [99, page 362]). First
of all, notice that the maps ®, ¥ preserve the symmetries, namely, since co(FjC) is - and
y-Schwarz symmetric, also 7 has such symmetries. We show that it is also a convex set. In
fact, let ¢ € (0,1), for any qi1,g2 € ®(co(F})) there exist p1 = (§1,m1),p2 = (§2,m2) € co(F7).

Since co(FY) is convex, we have
(sen(ter + (1= &) (a+ Dltgr + (1 — 16|51ty + (1= i)

= ®(tp1 + (1 - t)ps) € ®(co(F))

(4.3.12)
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On the other hand, by the concavity inequality
1 1 1
|t£1+(1_t)€2|m 2t|§’1|m+(1_t)|§2|m’ tE(O,l), §1,6220
and by z- and y-Schwarz symmetry of <I>(co(FjC))7 we get from ((4.3.12))

tqu+(1-4)g> = ((a+1){sen(t&1) [t +sen((1-4))|(1-1) €l } 11 +(1-t)a ) € D (co(FY)),
which proves that F7 is convex. The set F satisfies
L2(FS) = p(eo(FE)) 2 p(FS) = L2((€)%, ) 2 £2((E)%, ) 2 £2((&)5,),  (4.3.13a)
Po(F§) = P(co(F§)) < P(F5) = Pa((£)3,2), (4.3.13b)

try T =[-q;,q;]- (4.3.13¢)

By ([£3.13a), we define #; e [0,2;] such that L2((F§)% ) = L((£)%,-)- By z- and y-
Schwarz symmetry of F7, its profile function is decreasing, hence
[-¢;.q;] ctrg _F5.
Define the set
fj = (.7:;)%_ U {(.%' —.’i'j +§;j,y) € R2 : (a;,y) € éj, T > .i‘j}
U{(z+@;-Fj,y) e R : (2,y) €&, o <—ij).
Asin Step 1, we have Po (757 (F)),-) < Po(En ()3, ) LT (Fi)E, ) = L2(EN(EDE)
and tr§j+ﬂ = tr f’j.

Let t; : [0,00) — [0, 00) be the profile function of F;. The same argument used to prove
(4.3.13a)-(4.3.13c]), shows that the sets

€T
T+

Fi=®(co(U(Fjn{z>i;}))) and Fi=d(co(¥(F;n{z<-i;})))
are convex sets satisfying

Fi=A(=z,y): (w,9) € Fj},  L2(FjuF)) > L2(Fj~ (Fpio)
tra; Ff = tra o Fj,  Pa(FjUF]) < Pa(Fi~ (F)E0).
For any j € N, let r; > &; be such that EQ((]-']T’ U.?';)fj,) = L2(& ~ (&)%,_). The sequence
S C\T T I\x .
gj:(f] j]_u(f] U.Fj i ]EN, (4314)

satisfies all the claims of this Step.

Step 5. (Boundedness) We go back to the sequence E,,, m € N and use the following

notation:
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o &'c R? is the sequence at Step 1, with try &= [—q}”*, q;"*];
° gjm c R? is the sequence at Step 4 and z7" >0 is such that tr%;ni = [—qN}”i, q;”i].

By Step 1, for any m € N there exists J(m) € N such that for j > J(m), we have

|47 = yml < % (4.3.15)

and
(€2 ) = PulBn), D] < o [PalEP N €)= Pal B (B, )| <
[ (EE ) - CEE, )] < o [E(E S EEp ) - L2 (Es (B3, )| < -
(4.3.16)

Let (jm)men be an increasing sequence of integer numbers such that j,, > J(m) for any
m € N. We choose the diagonal sequence E,, = 5] , meN. We prove that there exists £ >0
such that

c[-¢,0]x[-¢,¢], forany meN. (4.3.17)

First of all, letting Z,, = """ , we have

J )

sup{Po((En)% _):meN}<oo, and sup{Pa(Em~ (En)i ):imeN}<oo (4.3.18)
by definition of .%, in (4.3.2), and minimality of (Ey,)men. In fact:

maX{Pa((Em gm_),Pa(Em ~ (B, gm_)} <P,((Em Fo)+ J O (Em)gm_)
2
SPy((En)s, )+ Pa(EN (En)y, ) +—
m
2
= Za(Em) +4hy +4hy + — <2C1p + 4hy + 4ho + 2.
m

We prove that the sequence Z,, is bounded. Let ¢,, be the profile function of E,, and
assume by contradiction that x,, - oo as m — oo. In this case, by the Representation
formula in Proposition [2.2.1] we have:

~a+1
PalBn)s, )= [ Vo e laPedrz [Tl = I o s oo

a+1

which is in contradiction with . In the same way we can see that, if r,, is defined
by so that E,, c (Em)fm,, the sequence (74, )men is bounded.

Now, we show boundedness in the vertical direction, namely we show that there exists
L >0 such that E,, c (Em)%_. Suppose by contradiction that for any L > 0, there exists
m = m(L) € N such that (Em)gﬂr \ (Em)%_ # @, then by convexity of (Em)gmf’ it is

equivalent to assume that for any L > 0 there exists j(L) > 0 such that

&m(O) > L for m >m(L), (4.3.19)



4.3. MINIMAL PARTITION PROBLEM IN THE GRUSHIN PLANE 137

We write for x € (0,Z,,)
Onle) == [ dg= [T az.
then ) .
On(0) =l [ 8Ol ag= [ 181,(9)]de.
which implies, by
Jim [N d = T b(0) = oo
Therefore
Pall(Bn), ) =4 [N @) e ae dw> [716], ()] dr — o0 a5 m— oo,

which is in contradiction with (4.3.18]). Similarly, we exclude the case that for any L > 0
(Bm N (Bn)Z )N (En)y_+o.

Step 6. (Existence of a minimum) From (4.3.18)), by the compactness theorem for BV,
functions (see [65, Theorem 1.28 ]), there exists a set Eo which is the Li -limit of E,, as
m — oo. By (4.3.17)), convergence x5 — XE. IS in Ll(RQ). Moreover, since the sequence

(Zm)men 1s bounded, we let 2o, > 0 be the limit up to subsequences of Z,, as m — oco. We

have, by (£3.16),
EQ((EDO)EOO) = lim 52((E'm %m_) = lim EQ((Em im_) =
and

L2(Eoo ™ (Boo)zn) = lim L2(Em N (Ep)% )= lim L2(Em N (Ep)E ) = va.
m—00 m—0oo
Now, since (Em)gm_, Epni{x > in}, Epmn{z < -i,} are convex, we can choose a rep-
resentative for Fo, such that (Fe )i __, Eoo N{Z > Too}, Foo N {Z < —Zs} are convex. By

boundedness of the sequence E,, let y > 0 be such that try . Feo = [-¥%,,ys]. Then, by
(4.3.15) and claim 4 at Step 4, we have

1
Yoo 2 lim gy, > lim gy, > lim y,, — — > hy,
m—>00 m—00 m— 00 m

equivalently y2 > ho. Hence Eo € A, .
By the lower semi-continuity of the a-perimeter together with (4.3.16f), we have

Fa(Bww) = Pa((Boo):__) + Pa(Boo ™ (Boo)E__) - 4hy - 4hy

<liminf Py ((En)% )+ liminf Po(Ep N (E)Z% ) = 4hy — 4ho

9 (4.3.20)
<liminf Py ((Em)y,, ) + iminf Py (Ey N (B, ) + — — 4hy —4ho
m— 00 m—00 m

2
=liminf %, (E,,) + — < Crp.
m

m—>0o0
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In conclusion the set E., ¢ R? is such that
Py(Ew) =inf{P,(E),E € A,}

with Fo, € A,. It is therefore a bounded minimizer for (4.3.3)) such that EZ

Too—"?

Boon {|z] <

Too}, and Foo N {|x| > 2+ } are convex. O

4.3.2. Differential equations for the profile function

In the following proposition we deduce differential equations for a minimizer for Problem

(4.3.3) as in Theorem [4.3.6]

Proposition 4.3.7. Let vi,v2,h1,hy >0 and E € A, be a bounded minimizer for (4.3.3))
such that for xo >0 as in (4.3.1)), By _, En{z>z0}, En{x <-x0} are convex sets. Then

its profile function f:[0,00) — [0,00) is C? smooth almost everywhere on [0,00) and there

exist constants ¢ >0, k<0, deR such that

sgna clz|**

V1-c2z?
(kz+d)

(kx - d) |z|*

V1= (kx-d)?

Proof. Let E c R? be a bounded minimizer as in the statement and let ro = inf{r > 0 :

f(x) = if 7| <o, (4.3.21a)

fl(z) = if x> . (4.3.21D)

f(x) = if  x<-xo. (4.3.21c)

E c EZ }, then rp < oco. By the convexity properties of E, the profile function of E,
f:[0,79) = [0,00) is C*-smooth a.e.

We first prove . For ¢; € C(0,z9) with [ 41 = 0, and ¢ € R, consider the
perturbation z — f(|x|) + e¢1(|x]) and define the set

E. = {(z,y) e R?:[y| < f(|e]) + e (J2])}

Notice that the variation involves only EZ The set E. is still in the class A,, hence

Fo(E:) < Zo(F). Therefore

0—"

d . ~
- SPa((E)E )| =0

e=0

do‘*
— Z,(E
- Fa(E)

e=0

where, by the Representation formula for the a-perimeter of x- and y-symmetric sets (2.2.12))
(see also (2.5.11])), we have

pi(e) = Pa((EE);O_) = 4{ [09”0 \/(f' +e)2 + z2 dr + lim f(:c)},

Z‘_)'IO
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that leads to
dx

/ v d !
O:pl(g)‘s:0:4_/0 £(\/(f’+€1/11)2+x2a) B

[ f@ei) o e d /!
_4/0 \/de— 4_/0 dw(\/m)wl(x)dx.

Using the fact that v; is arbitrary we deduce the following second order ordinary differential

equation satisfied for some C € R

d f'(z)
@ (W) =C forae O<x< xo. (4322)

The normal form of (4.3.22)) is
c a3
(@) = = (f'(@)" +2*)3, (4.3.23)

which implies, by convexity of E; _ that C' < 0. We let ¢ = -C' > 0. Now, since E is x-
symmetric, the function f is even, hence f’ is odd and f” is even. This allows us to extend
(4:3:22) to |z| < zp. Moreover, integrating (4.3.22)), we obtain existence of a constant d € R
such that for some § > 0,

f'(x)

Since f’ is odd we deduce that d =0, in fact for |z| < ¢

=Cz+d for |z| <.

f'(z) f'(-7)
Ca+d= N O RN ey e —(C(~z) +d) = Cz —d.

We therefore get to an ode for f:

/
\/% = Cx for |1'| < (5,
which is equivalent to:
a+1
f(x) = —sgn(x)ﬁ for |z| < d.
1-c2x2

A solution to the latter equation can be extended up to (-1/¢,1/c). This implies 0 < zg < 1/c

and (4.3.21al) is proved.

To prove (4.3.21b)) and (4.3.21c]), we proceed in the same way, considering a function

g € CP(z0,m0), with [ 1) = 0 and the associated perturbation f + 7y for n € R. The

set By = {(z,y) € R? : |y| < f(|z]) + etpo(|z])} is inside the class A, hence, as previously,

minimality of E leads to
i54\(15’) —iP(E N (E)E ) =0
dn (€9 n =0 dn & n n/xo— =0
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and we obtain existence of a constant k € R such that

a4 (L) —k for zo<l|z|<ro. (4.3.24)

da \ /F )2 + a2

In particular, k£ < 0. Let g < x < rg. An integration between zg and x shows that, letting

f'(x)

d=lim —2~"2  — ka,

we have
f(x)
/f’($)2 + x2a
which is equivalent to (4.3.21b)). In particular, |kx + d| < 1 for xo < x < rg.

Analogously, for any x € (-r9,—20), an integration between x and —zy shows that

=kzx+d for wg<xz<ry

!
A:kzm—d for —rg<z<-x,
/f’(a:)2 + 1,204
which leads to (4.3.21c) and |kx —d| < 1 for —rg < x < —x0. O

Remark 4.3.8. If E is a minimizer as in Proposition using the ordinary differential
equations (4.3.21a))-(4.3.21c) we can show, as in Proposition that the function f is
indeed C%([0,z0)) N C?(xq,70) N C?(~r9,~x0), with 7o = inf{r>0: E c E* } < co.

By , we deduce that a minimizer E € A, for Problem as in Theorem

4.3.6], is obtained in its central part through the composition of a dilation and a vertical

translation of E{ , namely there exists y € R such that

T

EZ = (05(Eyp) + (0,1)) (4.3.25)

zo—"

In particular

!
lim f(z) =
=0+ |$|a+1
Moreover, by (4.3.21b)),
f(ro) =0, lim f'(x)=-oo
z—rd

In particular, rq is characterized by the following equality:

!
-1=lim C)) =kro+d,

ToTY A /f/(l‘)Z + p2a

namely,
1+d

k

(4.3.26)

rg = —
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4.3.3. Traces of minimizers

In this Section, we study traces of minimizers. What we expect is that if £ € A, is a

minimizer for (4.3.3) as in Theorem then

trl E=[-hi,h1] and trin =[=ha, h2],

ro—

where ¢ is defined by (4.3.1). In Proposition we prove the claim for the left-trace
assuming that the profile function of £ does not have infinite derivative at xg. The argument
used here does not apply to the case of infinite derivative as shown in Remark The

case of the right trace is analogous.

Proposition 4.3.9. Let vi,v2,h1,hy >0 and E € A, be a bounded minimizer for (4.3.3))
such that for xg >0 as in (4.3.1), EX _, En{z >z}, En{x < -xo} are convex sets. Let

xro—"’

f:[0,70) = [0,00) be its profile function for ro >0 as in Remark[{.3.8 If

lim f'(x) > —oo,

CE—>Z‘0

then
trt _F = [—hl,hl].

Tro—

Proof. Assume by contradiction that f(zg) > hi, where
f(xg) = lim f(z).
m—>x0

We show that in this case, there exists a set F' € A, such that P,(Fy,_) < Pa(Eg,_),
Po(FNFy ) = Po(E N Eg ), hence ., (F) < .7(E), which is in contradiction with the
minimality of E.

For a small parameter € >0, let f.:[0,29) — [0,00) be the function defined by

flz), if0<x<zp-¢

re(z), ifxg—e<ax<zg

fe(z) = {
where r. is the segment connecting the points (xo -, f(xo - z—:)) and (zo, f(zy) —€), ie.,

(@) = () (@ o) + f(a) 2, m(E) = 2(f(a) —& - fwo-2)) <0,

By convexity of EX _, f(z) > r-(z) for 2o —& <z < z9. We define the set E. = {(z,y) ¢ R?:

[yl < f(|2[)}
We compute the difference P, (FE) - P, (E-), using the Representation formula for sym-

metric sets (2.2.12). Since OE; = OE n {|z| = xo} is a vertical segment, the outer unit
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Figure 4.4: Construction of the set F..

normal to E is constant on dEZ . N¥ = (1,0). In the same way the outer unit normal to

xo?

E. is constant on O(E.)7, , NFe =(1,0). Then, we have
0
P,(E* )-P,(E.)=4 7( )2 200 _ 2 20 f 1_[ 1
(Eyy-) (E:) fxo_a \/f (r)?+x \/m(e) + x2% dx + onz, dH o)z, dH
= 4[360 V1 (x)? + 20 - \/m(a)2 + g2 dx+4(f(m6) - (f(zg) —5))
Xo—¢€
= 4{ fxo VI ()2 + 220 —\/m(e)? + 222 dx + 5}.
To—¢€

Let A(e) = (Pa(E3,-) — Pa(E:))/4. On the other hand,

o
£2(E2, ) - LA(E) =4 [ 7 f(@) = (@) da,
To—€
and we define B(e) = (L*(E%,_) - L*(E.))/4. For any ¢ > 0, let y. = B(g)/zo. We claim

that for € > 0 small enough the set
Fe = (B +(0,9:)) u ([0, 20] x [, e ]),
obtained by translating F. in the vertical direction of the quantity ., satisfies
P,(F.) < Py(E). (4.3.27)

It follows that the set F' = FL u (B \ Ey _) satisfies #,(F) < Zo(F). Moreover F € A,
since L2(FZ ) = L*(E.) + 4woye = L2(E% ), and the other properties in (£.3.1)) are clear
by construction. By invariance under vertical translations of the a-perimeter,
B (6))

Lo

To prove (4.3.27)), it is therefore sufficient to show that for € > 0 small enough

Po(F.) = Pa(E:) +4y. = Pu(ES, ) - 4( Ae) -

zoA(e) > B(e). (4.3.28)
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First of all, notice that, by Lebesgue dominated convergence Theorem,
lim A(e) = lim B(e) =0. (4.3.29)
e—0" e—-0"

Let f'(xg) = lim, f'(x). By convexity of E

1‘07

we have f/(z5) <0 f"(zg) = limg, - f(x) <

0. Moreover, the following limit exists

fag) = f(wo - ¢)
€

—1=f'(xg) - L.

111(1;1 m(e) = lim

e—0%

Now, since f'(zg) > —oco, we also have f”(xj) > —o0, hence the following limit exists
' (0) = lim () = lim ={ /(20— 2) - 2[ £ (a1) - f w0 - )]}
i L) - 1)z - ) - (£p) - e+ IR 2) o)

f”(fvo)
S

On the other hand, by the chain rule

Al(e) =1+ f2(wo —€) + (w0 — )2 —/m(e)? + (wp — €)% ~ f J% e

> 14/ f2(z0—e) + (x0 - )2 —\/m(e)? + (mg — £)2

that gives

A'(0) = lim A'(2) > 1+ V2 (ag)? + a2 =/ (f'(a5) ~ 1) + 32 > 0, (4.3.30)

where the last inequality is justified by the following: for any ¢ < a <0, and b € R,

Va2 +b2-Ve2+2>c—-a.
We conclude observing that B’(0) =lim._o+ B'(g) =0, in fact:

B'() = f(wo-2) = reCao =)+ [ L{1(@)~m(e) o - w0) - Flap) 42} do
=f(x0—5)+5m(5)—f(:1:5)+€—/ ’ 1-m/(g)(x - x0) dxjo

To—€
Then, (4.3.28]) follows by (4.3.30) and (|4.3.29). O

Remark 4.3.10. Assume that the profile function of a minimizer as in Theorem [£.3.6]satisfies
f(xg) = lim f'(x) = —o0
=Ty

Using the notation of Proposition we claim that, for € > 0, small enough we have

20A(e) - B(e) = —zgﬁ( )2 4 o(e¥2) <0 for e < e, (4.3.31)
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Hence, the construction proposed in the latter proposition does not apply to this case. To
prove (4.3.31)), we observe that if f'(z7) = —oo, we are in the case when ¢ = 1/z( in equation

(4.3.21al). Hence, for any |z| <z, we have
f(@) = 2§ — - )+ f(x5) (4.3.32)

where ¢, is the profile function of the isoperimetric set Eg

w/2 1
wa(r) = Cosint®™dt, 0<r<L
arcsimn”r
Notice that the map z —» ®,(x) = 1’3”9%(%) is the profile function of a dilation of Ef

such that it closes at zg, i.e., ®4(x¢) = 0. For any ¢ > 0, we have, by (4.3.32) and definition

of m(e)

l‘a+1 o _ £
m(s)=§(f(x5)—5—f($o—€))=‘(1+ - ng(l xO))

We write A(e) =+ A1(e) — Aa(e), where, using the differential equation (4.3.21a)), we let

A ( o 2 2 d o z®
1e) = f Victxrdr=x f —————
) zo—¢ / 0 Juge Vi - x?

Moreover using the definition of r., and (4.3.32)

BE)= [ @) -ree)de= [ ag0n() 4 (55) - ml@) (@ - w0) - f(a5) v < da

= xg*! —/I:_OE @a(%) dr + (% + 1)62

Using De L’Hopital Theorem, we prove the following asymptotic behavior of Aj(e) as

e—0%.

dx, As(e)= f m(e)? + x2 dux.

Aq(e) = \/_330‘+1(x0)1 16_\/4_a O‘+1(x—0)g+o(5g)

To find developments for A, and B we first notice that

3
2

(pa(l - xio) = \/ﬁ(i)é - M(xio) +O(€%), ase— 07,

Zo 6\/2
then " )
m(e) =-1-2zx ( ) +4g\;§3a:a(mi)2+o(\/_) ase—0",
and

3
2

R e

Zo

After some computations that are omitted we obtain

a+1 3 a+2 3
As(e) =2z Ml\ / \/_a:U ( )2 +0(5%), B(e )— ( c )2 +0(5%).
We then deduce 1' since

A(e)=e+Aj(e) — As(e) =

a+l
Lo

5

(;O)gm(ei).
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4.3.4. Center of the solution to the partitioning problem with vy =0

In this section, we present a preliminary analysis of the minimizers obtained in Theorem
4.3.6 The question that arises in view of Remark is to understand if we can assume

a minimizer E € A, to satisfy for some A > 0:

E* = (8%E2,)° (4.3.33)

To— 1sop)zo— .

Let f be the profile function of E. As observed in Remark from the study of the
differential equations in Proposition [4.3.7] it follows

X

_ ya+l
f(x) =X %(A

)+y, 2] <o (4.3.34)

[e7

for some A >0, and y € R, where ¢, is the profile function of the isoperimetric set Eop-

We address the problem of characterizing A and y € R in the easier case of minimizers
for Problem with he = vo = 0. Namely, given h,v > 0 we consider a convex set
E e A (h,v)=A;(v,0,h,0) (see for definitions), that is - and y-Schwarz symmetric,
E c B _ and satisfies Py (E) < Po(F) for any F' € A;(h,v). In the next proposition we

show that, for a = 1, the vertical translation y is in fact strictly negative, i.e., y < 0, and
property (4.3.33) fails with vy = 0.

Proposition 4.3.11. Let a € {0,1}, h>0, v>0. Let E be a convex minimizer for (4.3.3))
with hy = h, v1 = v, ho =v9 =0 and let ¢ > 0 be such that triaE =[=h,h]. Let ¢>0 be as
in (4.3.21a)) and A, y be as in (4.3.34). Then, letting d = cxg, A and y satisfy

A%:% y:h{l_ﬁ%} (4.3.35)
Moreover
{ g = A (4.3.36)
282G o (d) + hag —v =0,
where

1 d arcsind . ol
Ga(d):WfO [a sin®*1¢ 4o dt.

rcsint
Remark 4.3.12. Relation (4.3.35) can be extended to any « > 0 such that (4.3.43)) is true
(see the proof below). If this happens for any « > 0, we notice that y = 0 if and only if
a =0. In fact the function d — @ (d) —d*V1-d? is 0 at d = 1 and it is strictly monotone

decreasing since

da+1 1 5 da+1
—ad*V1-d?+
V1-d? V1-d?

Hence if a >0, @o(d) —d*V/1-d?>0 for 0<d< 1.

(pald) —d*V1-d?) = - <0.
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Proof. Let E c R? be a convex set such that for some xq = zo(E) > 0,

EcE; tr® E=[-hh], L*E)=wv

To—? xro—

and
Py(E)=min{P,(F): FeA,}.

By Proposition the profile function of E, f:[0,29] = [0, o), satisfies (4.3.21a)), for
some ¢ > 0, we then have A = 1/c. By (4.3.34), we deduce f(t) = )\O‘+1g0a(§) +y. Let

B = f(0) > 0. From Propositon we define the functional

xQ o & 1 arcsin cxg
c.10) = Po(E :f 21 +t2adt=f dt = / in® 9 do.
p(B,¢,x0) (E) 0 f2(1) 0 - ()2 s A sin

Notice that p is independent of 3, since P, is independent of vertical translations. Let

d = cxg. We have

1 arcsind
p(d, z0) = 25 ga(d), with go(d) = T fo sin® ¥ do. (4.3.37)

We write the volume and trace constraint in terms of the parameters d and xg. For any

t € (0,29) we write

B t , ~ t CSa+1 ~ 1 arcsin ct . ol
f(t)—5+A f(S)dS—ﬁ—‘/0 md8—5—0a+1A Sin 19d19

Hence the trace constraint f(zq) = h is equivalent to

B=B(d,z0) = h+x§  oa(d), with
(4.3.38)

1 arcsind ol
oa(d) = yrs) [0 sin®™ 9 dv > 0 for d € (0,1),
and, plugging 5 = 5(d,zp) in the expression for f,
a+1 a+1 1 arcsin(%t) coa+l
f@t)=h+zi" ou(d) — xj Tari ](; sin®™ 9 dd, (4.3.39)
that implies
y=f(A) = h+z3ba(d), with
1 arcsind o /2 o
ba(@) = —{ [ st av— [T siny do) (4.3.40)
12 Pa(d)
— oy [ sty = £ <0 for d e (0,1).

The volume constraint [ f = v reads, using the trace constraint 8 = 8(d,zo) in (4.3.38)

o 1 arcsinc_t il 1 cTo arcsin( o+l
V= A (ﬁ - Ca+1 A S1n 19 d'l9) dt = 51'0 - COH-Z A /(; sin 719 d,ﬁ d,r.

1 d arcsint
= (h + mg‘ﬂaa(d))xo — 2yt Jar2 fo A sin®* 19 dod dt,
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hence

v= hmo + 202G o (d), with

arcsin d a+1 arcsmt a+1
Ga(d) = da+2 (d / v di — / f 9 d dt) (4.3.41)
arcsind
T ja+2 [ farcsmt sin®t 9 dv dt > 0 for d e (0,1)

The function
F(d,z0) = 252G o (d) + hao - v.

defines implicitly the constraints of the problem. Existence of a minimizer together with
the Lagrange Multipliers theorem imply that there exists u € R such that Vp(d,zg) =
uVF(d,zp), namely

Oap = PO F' gh(d)xg™ = px§ 3Gl (d)
Oop = 10z F <= { (a+1)2§ga(d) = pu((a+2)2§" Ga(d) + 1) (4.3.42)
F(d,z9) =0 52Go(d) + hrg-v =0

Recalling the definitions of g, and G, in (4.3.37)) and (4.3.41)), we write the expressions for

the derivatives

, B a+1 arcsind s 1
ga(d)__da+2 A Sin 19d19+m

+92 arcsind 1
Gl (d)=-212 f f in®*! 9 do
a( ) do+3 arcsint i " V1-d2

We claim that when a =1 (or o = 0) we have

9a(d) = dG((d) (4.3.43)

- __2 1 _ 2-d?-2V1-¢?
In fact, we have when a = 1, g, (d) = -5 [V1-d* - 1] + NG AR Ve i hence
’ 3 d1 Sln(2’19) arcsind 1
Ga(d) - _ﬁ A 5[19 a 2 ]arcsint dt + /1 — 2

3 d
- = int—tv1-12-arcsind + dv/1 - d?
2d4 /(; (arcsm arcsina + )+ m

1
= i{[tarcsint+\/1—t2+_(1_t2)3/2]d_darcsind+d2 /—1—d2}
2d* 3 0
3 {darcsmd+m+;(1 42y~ 1 1

2d4 3

—darcsind+d2\/1—d2}

1 2-d?-2V1-d?
- Q@+ PWI-B -2+ VIVI- & - d @

d dAN/1 = d2

Going back to any a > 0, we notice that (4.3.43) is equivalent to

arcsind arcsind 1 — d2
{(a+2 f f Sin®1 9 4o dt — (a+ 1 [ sin® 0 d)
) arcsint ( ) d\/l_d2 (4344)

da+2

=(a+2)G,(d) - —(a+ 1)ga(d) + —\/1 d?
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From (4.3.43)), the first equation in system (4.3.42]) gives

_g9a(@) _d 1
H= .%'()G'a(d) - Zo N )\'

Plugging p into the second equation of (4.3.42) we obtain
(a+ D)af M ga(d) = d{(a +2)xl " Go(d) + h},

hence, using (4.3.44]),

xoz+1 _ dh _ dh
o (a+1)ga(d) - d(a+2)Ga(d) B V1-d?

We are left to calculate y = f(\) = f(xo/d) with z¢ = z¢(h,d) given by (4.3.45) and d
satisfying the last equation in (4.3.42)), which reads

(4.3.45)

( dh )%Ga(d) +h d )d"‘11 —v=0. (4.3.46)
V1-a2 1-d2
Expression for y, combined with the last equation for zg in
y = f(%) = h+ 28 b (d) = h - %‘iéﬂ)
= —W%{%(d) -d*V1- 2}
which concludes the proof. ]

4.4 Estimates of the section-gap in terms of the
a-isoperimetric deficit

In this Section, we show that the conclusive estimate of the techniques in [63] holds true

for the a-perimeter in both stripes Z and Zs, in the case when a = 1. In this case we have

LB

1sop) = g and PO!(Egop) =4.

Proposition 4.4.1. Let o = 1. There exists By > 0 such that for any 0 < B < By, any
minimizer E € A;(0,wq,0,8) for Problem (4.3.3)) as in Theorem satisfies

[vE(0) - v5(0)] < CV/ Da(E)

for some constant C' > 0.
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Proof. If E is a minimizer as in Theorem then En{z >0} and En{z <0} are convex
and, by Proposition the profile function of E, f :[0,r9) — [0, c0) satisfies for some
k <0 and d € R the following ordinary differential equation:

(kx+d)x
V1= (ke +d)?
We deduce that |d| < 1, by |kx +d| < 1 for 0 < 2 < rg. Moreover, as observed in Remark
ro = —(1+d)/k. Notice that if z = -d/k, f'(x) =0, hence —d/k is a critical point for

f and we can deduce for geometrical reasons that it is in fact a maximum point.

fi(x) =

0<x <.

By the Representation formula for the a-perimeter, we have

T T d
PuEy= [PV [ e L [
1—(kzz:+d)2 —22

(4.4.1)
= [darcsmz+\/ —z2[ \/1 d? + d(arcsind + — )]
Let x € [-d/k,ro). Then, by Remark
_ (kt+d)t 1 kz+d 22—d z
z) = f(x) - f(ro) = - dz
f@) = 1) = fm) == [ e - [

:i[l(arcsmz z\/l—z2)+d\/ —zQ]k“d

k2l2
1
2k2{ +arcsin (ka +d) + (d - kz)\/1- (kx + )2}

Hence, we have
F(=d/k) = 2k2( +2d)

and, with a similar argument we deduce the same expression for f at x € [0,-d/k]. Hence

f(z) = 2;2{ +arcsin (kx +d) + (d - kx)m} [0,70). (4.4.2)

In particular, there holds

B=1(0)=

On the other hand, by (4.4.2)

552 { +arcsind +dV1 - d2} (4.4.3)

2 wq

d
—:—=/0 f(z)dx=- 2k3./ (g+arcsinz+2d\/1—22—2\/l—22)dz

1 1
= _Q_Iﬁ{g(dJr 1)+ [zarcsinz+ V1-22+d(arcsinz +2V1-22) + §(1 —z2)3/2]}

:—%[d(arcsmd+ )+ (2+d2)m]

Hence, deducing & in terms of § and d in (4.4.3]) and inserting it into the last equation, we
deduce

F(B,d) =0, (4.4.4)
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where F': [0,00) x [-1,1] - R is defined as

2
F(B3,d) = ;(%{g +arcsind + dV'1 —dz})3/2 - d(% + arcsind) 2 gd V1-d2

We let
1
0:[-1,1] >R, £(d)= E{g +arcsind + dv1- 2

hence, we have

' 1 d
(dy=V1-d?> and / (d):—m.
Notice that F'(7/4,0) =0. We have
0 1. /
57 F(8.d) =€)z {¢'(d) - 26°7(d) ?}
and 5
g7 =@

In particular,

48-71% 0 4
— , —F(r/4,0)=——.

T 8 0B (m/4,0) T

Therefore, by the implicit function theorem there exists a neighborhood U4 ¢ R of /4
such that d can be written as a function of 5 around 7/4 with d(7/4) =0 and

0
@F(W/ZL,O) =

oo d oo OgF(B,d(B)) (d) (o a3y -1
d(ﬁ)—dﬁd(ﬁ)— uF(B a8 - 8 {¢'(a) -28*e(d)"1?} . (4.4.5)
Moreover,
¢'(d)d(B) (d)

d(B) = L0 (d) - 283720(d) 12} - B2{(d) - 283/2(d) 1/}

g(d) [e”(d)d - 2(%,81/2€(d)1/2 + %l@3/2gl(d)d€(d),1/2)]
) BL(d) - 2p3/24(d)1/2)2

Now, we consider the functional A that associates to any 3 € U/, the a-isoperimetric deficit

of a minimizer for (4.3.3) with trace [-3, 8] at x9 = 0: from (4.4.1)), since P, (Ef,,) = 4, we
write
B(\/1-d(B)?+d(arcsind + T))

A =Do(F) = o
(8) (£) %{g+arcsind+d\/m} :

The proof is concluded once we show that

A(r/4) =A(r/4) =0 and A(x/4)>0 (4.4.6)

In fact, in this case
2
)

Do(E) = A(B) = A(x/4) (8- 7/4)* + o((8 - 7/4)?) 2 C(vE(0) - v2(0)) , B eUnp.
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To prove (4.4.6) we simply use the expression of A and the derivatives of d. We have

a(l)- 1.9

L.
2

1
2
Moreover, a computation yields

A(B) = bd —(arcsind + 7/2)

——(V1-d?+d(arcsind + w/2)) + @

ﬁ(d)

5(@ +d(arcsind + 7/2))
((d)>?

~ V1 -d2+ (arcsind + 7/2)(d + dj3) - de'(d)

t(d) (d)?

Hence, since d(7/4) = 8/(8 — n2) (see ([#.4.5)), we have

A(f)—(1 g 8 W)4 16 8 m _4(8- 72+ 72) - 32

: 2 - 0.
4 8-m24 m8-md (8—m2)m

¢(dyd

B(V1-d? +d(arcsind + 7/2)).

A computation done with the help of the software Wolfram Mathematica gives the values

~11>0.

(T 67(16 — 7 (T —-64 + 4072 - 374
A7) (7(r )2)’ A(3)- (+7r2—8)2

This completes the proof. O
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