A MINIMAL PARTITION PROBLEM WITH TRACE CONSTRAINT
IN THE GRUSHIN PLANE.

VALENTINA FRANCESCHI

ABSTRACT. We study a variational problem for the perimeter associated with the Grushin
plane, called minimal partition problem with trace constraint. This consists in studying how
to enclose three prescribed areas in the Grushin plane, using the least amount of perimeter,
under an additional “one-dimensional” constraint on the intersections of their boundaries. We
prove existence of regular solutions for this problem, and we characterize them in terms of
isoperimetric sets, showing differences with the Euclidean case. The problem arises from the
study of quantitative isoperimetric inequalities and has connections with the theory of minimal
clusters.

1. INTRODUCTION

Carnot-Carathéodory spaces are metric spaces in which the distance is defined in association
with a family of vector fields X = {X1,..., X, } on a n-dimensional manifold, n > r. The theory
of perimeters in such spaces has been developed starting from the 1990s in [3], [12], [18], and
isoperimetric inequalities in Carnot-Carathéodory spaces are a current object of investigation in
Calculus of Variations and Analysis on Metric spaces, see [25], [18], [9], [10], [26]. In particular,
Pansu’s conjecture on the sharp isoperimetric inequality in the Heisenberg groups is still an open
problem (see [21], [29], [27], [23]). The Grushin plane is an example of Carnot-Carathéodory
space, introduced in the context of hypoelliptic operators by Franchi and Lanconelli in [11].

In this paper, we study a variational problem for the perimeter in the Grushin plane, that
we call minimal partition problem with trace constraint. We were led to this problem studying
quantitative isoperimetric inequalities, as we will explain at the end of the introduction. The
minimal partition problem with trace constraint has connections with the theory of minimal
clusters.

Let a > 0. The Grushin plane is defined endowing R? with the family of vector fields
X, = {0z, |2|*0,}, where (z,y) denotes a point in R? and 9, 9, respectively denote the partial
derivative with respect to the first and to the second coordinate. Given a Lebesgue measurable
set £ C R?, the a-perimeter of E is defined as

1
Po(E) = Sup{/E(amSol + [2]°0yp2) dady : 1,00 € Co(R?), max (p] + ¢3)* < 1}- (1.1)

Notice that when o = 0 the a-perimeter is the standard Euclidean perimeter, that we denote
by P. If E C R? is a bounded set with Lipschitz boundary, we have

Pu(B) = [ NG+ laPo (N ) d e, (1.2)

where N¥ = (NE, NyE ) is the outer unit normal to ' and H! is the one dimensional Hausdorff
measure, see [22, Theorem 2.1], [14, Proposition 2.1]. By the representation formula (1.2), it is
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2 V. FRANCESCHI

clear that a-translations modify the a-perimeter with o > 0, i.e., there exists £ C R? such that
P,(F) = P,(E + (z,0)), if and only if |z| = 0. This is an essential difference with the classical
perimeter, or with the one defined in Carnot groups. In fact, the Grushin plane for o > 0
is not isometrically homogeneous (i.e., there exist p,q € R? such that no distance preserving
homeomorphism connects p to ¢), and it doesn’t admit any group structure (see [19]).

An important feature of the Grushin plane is that isoperimetric sets are completely charac-
terized. Given v > 0, the isoperimetric problem for the a-perimeter is

min{ P,(E) : E C R?, L*(E) = v}, (1.3)

where £2 denotes the two-dimensional Lebesgue measure. Solutions to (1.3) have been studied
in [22], and in [14] in Grushin structures of dimension » > 2: up to a vertical translation
7(x,y) = (w,y +t) and an anisotropic dilation dy(z,y) = (Az, A%Tly), the unique solution to
problem (1.3), called isoperimetric set, is

™

B2, = {(2,9) € B : Jy| < gallal), lo]| <1}, walr) = / (sint)*t dt, r> 0. (14)
arcsinr

The one parameter family of dilations &y is such that P,(6,E) = A?71P,(E), L2(6,\F) =
NCL2(E), where Q = a + 2 is called homogeneous dimension. In particular, (1.4) implies the
validity of the following sharp isoperimetric inequality for any measurable set E C R? with finite

measure:
1

Q a+1 T o ey
L) < cle)Pa(B) T, efa) = 22 /0 sin®(1) dt) ",

When « = 1, the profile function ¢, corresponds to the conjectured isoperimetric profile function
of the Heisenberg groups.
The minimal partition problem with trace constraint consists in studying how to enclose three

prescribed areas in the Grushin plane, using the least amount of perimeter, under an additional
“one-dimensional” constraint on the intersections of their boundaries.

We say that a set £ C R? is z-symmetric (resp. y-symmetric) if (x,y) € E implies (—z,y) € E
(resp. if (z,y) € F implies (z,—y) € E). We say that E is y-convez if the section E, = {y €
R : (z,y) € E} is an interval for every x € R; finally we say that E is y-Schwarz symmetric if
it is y-symmetric and y-convex. We denote by .7, the class of £?-measurable, z-symmetric sets
in R? and by S the class of L?-measurable and y-Schwarz symmetric sets in R2.

Given vy, vg, h1, hy > 0, we define the class A = A(v1, ve, h1, ho) of all sets E € .7, N.#,; such
that for some xg > 0, called partitioning point of E, the sets

El:{(a:,y)EE:x<—x0}, EC:{((I},y)EEI’fE‘<Z’0}, Er:{($7y)€EZ$>x0}
satisfy
L2(E°) =wv;, L2(EY)=L%(E")=u/2, (1.5a)
[—hl, hl] C tI‘gOfE, [—hg, hg] C tr£0+E, (1.5b)
where try , E/ denote the left and right traces of the set £/ at the point g, introduced in Definition
A.2. Choosing hy = ha = h > 0, the trace constraint (1.5b) is a relaxed version of the trace
equality
E,, = E_4, =[—h,h)]. (1.6)

In other words, a set E € A is such that E', E°, E" have prescribed areas and E° touches E”
and E' in segments of a prescribed length, see Figure 1.
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FIGURE 1. A set in the class A, for hy = hy = h.

Given vy, v9, h1, ho > 0, we study existence of regular solutions of
inf{Z,(F) : E € A(v1,v2, h1,h2)}, (1.7)

where
Po(E) = Po(E') + Po(E®) + Po(E") — 4hy — 4hy (1.8)

measures the total amount of a-perimeter of the partition {E!, E¢, E"}. The quantity 4hy + 4hs
is the total perimeter of the common parts counted with multiplicity.

The first solution to the minimal partition problem with no trace constraint and with two
prescribed volumes in the Euclidean plane dates back to the 1993 paper [7], where it is proved
that the unique minimizers are the so called double bubbles. For general dimensions, several
open questions about minimal clusters are still open (see [24]).

Our interest in Problem (1.7) comes from the study of the stability of the isoperimetric
inequality. In the seminal paper [16], the authors present a symmetrization technique in R™,
n € N, to prove existence of a dimensional constant C'(n) > 0 such that any Lebesgue measurable
set & C R™ satisfies

P(E) — P(B(0,rg)) > C(n)<£$ LY (EAB(x, TE)))Q. (1.9)
Here, B(0,7) = {p = (p1,-.-,pn) € R": p? + -+ p2 < r?}, and the quantity rg > 0 is chosen
in order to have L"(E) = L"(B(0,7g)). Such inequality is known as the sharp quantitative
isoperimetric inequality in R™, see also [5], [6], [8], [20]. The minimal partition problem (1.7)
is used in [16] to prove (1.9) in a class of symmetric sets in R™. In [16, Lemma 4.3] the
authors implicitly use the solution E to problem (1.7) with trace constraint given by (1.6), in
the Euclidean setting (o« = 0). The solution is, for some xq, 19 > 0

E=E'UE‘UE", E°=DB(0,r0)N{(x,y) € R?: |z| < z}. (1.10)

<
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FIGURE 2. The solution of the minimal partition problem in the FEuclidean setting.
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Notice that the central part E€ is the portion of an isoperimetric set lying in a vertical stripe,
see Figure 2. This is due to the invariance under translations of the standard perimeter P.

Quantitative isoperimetric inequalities have been studied in Riemannian manifolds providing
results in the Gauss space (see [4]), in the n-Sphere (see [1]) and in the Hyperbolic space (see
[2]). Quantitative isoperimetric inequalities in a subRiemannian setting are presented in [15] in
the case of the Heisenberg group.

An interesting task would be to study quantitative isoperimetric inequalities in spaces with
less isometries, such as the Grushin plane. However, in this paper we show some unexpected
obstacles that prevent an adaptation of the techniques in [16] to the Grushin plane. In particular,
we will show that, when o > 0, solutions to the minimal partition problem (1.7) are not obtained
in their central part as portions of isoperimetric sets lying in a vertical stripe.

In the first part of this paper we establish existence of solutions.

Theorem 1.1. Let o > 0, vy,v9,h1,hs > 0. There exists a solution E = E'UECUE" €
A(vy,v2, h1, ha) to the minimal partition problem with trace constraint (1.7) such that E€ is a
convez set and E', E" have Lipschitz boundaries.

Minimizers as in Theorem 1.1 are called reqular. In Proposition 3.3 we show, under a tech-
nical assumption, that any regular minimizer F € A assumes the least possible traces at the
partitioning point zg > 0, i.e., try _E = [~hy1, hi], and trg , B = [~ha, ho].

When a € {0,1} and vy = hg = 0, the geometry of regular solutions can be described in a

more precise way.

Theorem 1.2. Let a € {0,1}. Given vi,hy > 0, let E = E'UE°U E" € A(v1,0,h1,0) be a
regqular solution for Problem (1.7) such that try E = [—hi,hy]. Then B¢ = {(z,y) € R?: |y| <
f(z), |z| < zo}, where the function f is given by

r

F(r) = X"pa(5) + v, (1.11)
for some X = A(a,v1,h1) >0 and y = y(a,v1,h1) <0 such that y =0 if and only if « = 0.

Due to the presence of the vertical translation y in (1.11), we deduce by Theorem 1.2 that a
regular solution of the minimal partition problem is not obtained as the portion of an isoperi-
metric set 5,\(Ei?s‘0p) lying in a vertical stripe, unless = 0. This result shows a delicate point
where the techniques of [16] fail in the case of the Grushin geometry.

The paper is organized as follows. In Section 2, we prove existence of regular solutions of
the minimal partition problem. The argument is divided into several steps. Lemma 2.1 is an
approzimation theorem, that generalizes the classical results in [12]. In Lemma 2.2 we show how
to modify a set in the class A in order to decrease the perimeter &, and gain some regularity
properties. Finally, in Theorem 2.4 we combine lower semicontinuity of the a-perimeter together
with a compactness theorem for sets of finite a-perimeter to prove existence of minimizers.

In Section 3, we characterize regular solutions of the minimal partition problem. In Propostion
3.1 we find differential equations for the profile function f of a regular minimizer £ = {(z,y) €
R? : |y| < f(|z])}. In Section 3.2 we prove, under a technical assumption, that regular solutions
of the minimal partition problem (1.7) satisfy the trace equality (1.6). We conclude showing
formula (1.11) in Proposition 3.5, which is proved under the assumptions o € {0,1}, vy, h; >0
and vy = hy = 0. To this purpose, we use the differential equations of Proposition 3.1 to write
the parameters A and y in terms of a and of the given constraints.

Appendix A is dedicated to the notion of trace of a y-Schwarz symmetric set.
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2. EXISTENCE OF MINIMIZERS

In this section we prove existence of solutions to problem (1.7). The proof is divided into
several steps that we present in Lemmas 2.1 and 2.2.

We first introduce some notation.

We say that a set E C R? is locally Lipschitz (resp. locally C*) if its boundary OF is a
locally Lipschitz (resp. locally C*°) curve, i.e., for any (z,y) € OF there exists r > 0 such that
OENDB((x,y),r) is a Lipschitz (resp. C°) curve, where B((z,y),7) = {p € R? : [p— (z,y)| < r}.

For any set £ C R? and t > 0 we let

Ef ={(z,y) e E:|z| <t} and Ef ={(x,y) € E:|z|=1t}

In the following, we use the short notation {|z| <t} for {(z,y) € R?: |z| < t}.
We call the profile function of a set E' € /N7, the measurable function f : [0, 00) — [0, 00)
such that
E={(z,y) e R" : [y| < f(|=])},
that exists by definition of z-symmetry and y-Schwarz symmetry.
In the next lemma we show that it is possible to approximate the sets in A by smooth sets
in such a way that the symmetries are maintained and the trace constraint is preserved in the

limit. This result is a refinement of the well known approximation theorem for sets with finite
a-perimeter, see [12, Theorem 2.2.2].

Lemma 2.1 (Approximation by smooth sets). Given vy, va, hi,hy >0, let E € A(vy,v2,h1,h2)
be a set with finite a-perimeter. Let xg > 0 be the partitioning point for E and y(jf be such that
try,+ E = [—yac,yg:]. Then there exists a sequence of locally C* sets £ € S, NS, j € N such
that

e lim Po((&5)z,-) = Pa(EZ,—) and lim Po(&\ (&5)z,—) = Fa(E\ Eg,_); (2.1a)
j—00 j—00

o lim £2((&))2,) = £2(EZ,_) and i L&\ (€)5,) = LA(E\EL ) (2.1b)
]A)OO ]*)OO

o iftry L& = [—qji,qj[], for some qj[ >0, we have qj[ — y(jf as j — oo. (2.1c)

Proof. To construct the sequence (&j)jen we introduce a positive symmetric mollifier J €
C*>(R?), ie., J € C(B(0,1)), with B(0,1) = {p € R* : [p| < 1}, J > 0, [z J(p) dp = 1,
and J(p) = J(q), for p,q € R?, |p| = |g|. For any € > 0, let J.(p) = % J(|p|/e), p € R? and de-
fine the mollified function h. = J. * xg. For any t € (0,1), let E; = {(z,y) € R? : he(z,y) > t}.
Consider a sequence €; — 0 as j — oo. Following [17, Theorem 1.24], we can choose ¢ € (0,1)
such that the set & = E.; is a locally smooth set satisfying (2.1b), and, in addition

lim PalE: (€),) = Pal(B3 B2, ), lim Pa(€:6\ (€)%, 1) = Pa(B:ENE, ). (2)

Observe that the sets &, j € N are y-Schwarz symmetric, i.e., for any (z,y) € &;, (Z,y) € &;
if |y| < g. In fact, since E is y-Schwarz symmetric, xp(Z —2',§ — ') < xp(Z — 2,y — /) for
every (z',y') € R? and |y| < |7|. Hence

t <he(z,7y) = / Ty ) xE(@ — 2§ —y) de'dy’
B.,(0)

< / Je(a' Y )xp(@ — 2,y — ) da'dy’ = he,(Z,y),
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which implies (Z,y) € £;. Moreover, by symmetry of the mollifier J, for every j € N, &; is also
z-symmetric. Hence the left and right traces of &; are well defined. Let ¢; denote the profile
function of &j, i.e., & = {(z,y) € R?: |y| < ¢;(|z|)}, and define

g; = lim ¢;(x), ¢f = lim ¢;(wo).
I—)$0 CC—)CUO
By Remark A.3, try & = [—qj:,q]i]. We prove that q; — yg as j — oo. The same argument

applies to prove ¢; — y,, j — 00, and (2.1c) follows. Let 0 < o < yg, by (2.12) there exists
d = 0(0) > 0 such that
1f(z) —yg| <o for mop<z<zp+6. 2.3)
Choose j(0) € N to have ¢; < min{o, d(c)/4} for j > j(o). We first claim that for any j > j(o),
if v € (x0 +¢€j, 70+ 3) and y € (0,yg — 20), then
(x—=&y—mn)eE, for (§n) e B(0,¢;). (2.4)

In fact, the following estimates holds true for j > j(o), = € (¢ + &5, 0 + %), —g; <& <¢gj:

1) 1)
x0<$—§<$0+§—§<$0+§+€j<.%'0+(5

hence, by (2.3), for y € (0,y7 — 20) and —¢; <7 < ¢,
y—n<yte <y —20+0< flz—§).
We now deduce from (2.4) that

)
Ay = (mo +ej,20 + 5) x (0,y0 —20) C &, for j > j(o). (2.5)

This follows applying the definition of the set &;, since, for any j > j(0), if (z,y) € A, we have

)= [ et Gy dsin= [ g6 ddn =11

B(O,Ej)

In particular, (2.5) implies

(—yg + 20,y —20) C tr(p4e,)+ &5 for every j > j(o). (2.6)

Similarly, we can choose j(c) € N such that
(2 4e,)1€5 C (—yd — 20,90 + 20) for 5> (o). (2.7)
We deduce (2.1c) from (2.6) and (2.7). Statement (2.1a) follows from (2.1c) and (2.2). O

Lemma 2.2 (Regularization). Let vi,ve, h1,hy > 0 and E € A(vi,ve,h1,ha) be a locally C*°-
set with finite a-perimeter. Then, there exists a set E € A(vy,va, h1, ha) such that, if & is the
partitioning point for E, there holds:
(1) E%O_ is convex and E \ E%O_ has locally Lipschitz boundary;
(2) Po(E) < Po(E), in particular Po(EZ,_) < Pa(E%, ) and Po(E\EZ,_) < Po(E\EZ, )
where xqg is the partitioning point for E.

Proof. Let try E =[—q ,q | and tr} , E = [-¢*,¢*]. We divide the proof into the following

To—
steps, corresponding to operations performed on the set E.

Step 1. (Gluing around the y-axis). Starting from E, we construct a set Ee., N.#, such that
there exist 0 < 29 < z¢ satisfying:

(1) the Euclidean outer unit normal to E exists outside a set of H'-measure zero;
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(2) if ¢ : [0,00) — [0,00) denotes the profile function of E and D = inf{d > 0 : ¢(z) =
0 for z > d}, then #'({z € [0, D] : ¢(zx) = 0}) = 0;

(3) PolEf, ) < Pa(EZ, ) and Pa(E\ B2, ) < Pa(B\ EE, )

(1) L2(B2, ) = £2(EZ, ) and L2(E\ BE,_) = L2(B\ EZ,_);

(5) trf,_E =tr E and tr} , E = tr] E.

To—
.E E

FIGURE 3. From FE to E.

Let ¢ : [0,00) — [0,00) be the profile function of E. Define the set Z := {x € R : ¢(z) = 0}
and write Z = Z' U Z?% with
Z' ={x € [0,D]: ¢(x) =0 and ¢(&) #0 for £ € (x — 6,2+ 6) \ {x} for some § > 0},
Z?={xc]0,D]:30>0:¢(&)=0for £ € (x—6a]orécz,z+5))

By symmetry and smoothness of E, we have Z! = (). In fact, suppose by contradiction that
there exists € Z!, and let p = (x,0) € E. Since JE is smooth, there exists the outer unit
normal v at p. By y-symmetry of E, v = (£1,0). Moreover, there exists a smooth function
6 : B,(p) — R, defined on a Euclidean ball B,(p) = {q € R? : |¢— p| < r} for some radius r > 0,
such that

0(q) =0 <= q € OEN B.(p),

0(q) >0 < q€ ENDB.(p),
0(g) <0 < g€ (R*\ E)N B, (p).

We deduce that p+ 7v € E for 0 < 7 < min{r, 0}, which contradicts ¢(x £+ 7) # 0.

On the other hand, the set Z?2 is the complement in R of the set {x € R : (2,0) € E},
therefore it is open in the R-topology. Hence, Z? is the union of at most countably many
open intervals. We diversify the notation for the intervals in Z2 N {z € R : |z| < 20} and in
Z2N{x € R: |z| > x0}: there exists a sequence of points 0 < a3 < by < ag < by < --- <1 <
c1 <dy <cg<dy <---<D,such that

22 = U (ak, bk) U U (Ck, dk) U U (—bk, —ak) U U (—dk, —Ck),
ked keJ ked keg

where J,J C N. We rearrange F in at most countably many steps, each one corresponding to
an interval (ag, by) for k € 7.

Base step. We define the set
Ei=(E): _U{(x+ar—b1,y): (z,y) €E, >b}

a1 —

U{(x+b —ay,y): (z,y) € E, z<—bi}

which is x-symmetric and y-Schwarz symmetric. Let 1 = xg+a1 —b1 < xg. Since EN ((al, by)
R) = ), we have

C2((Br)g, ) = £2(By, ), LA(B\ (B, ) = LB\ Ef, ).
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Moreover try o Fy = try . E. We prove that Py ((E1)7, ) < Po(Eg,_). By smoothness of 0F;
outside {(z,y) € R? : |z| = a1}, we let N1(p) = (N14(p), N1,(p)) be the Euclidean outer unit
normal to Ey at p = (z,y) € R?, for |z| # a1. If N = (N, N,) is the Euclidean outer unit
normal to OF, for (x,y) € OF, we have

Ni(z,y) =N(x —a1 +b1,y) if z>ay;

Ni(z,y) =Nz —b1 +ay,y) if =< —a.

Hence, by the representation formula (1.2) we get

Poa((B1)z,-) < Pa((E1)g,-) + Pa((E1)z, - \ (E1)g, -)

- / (Nia(,9)? + 22 Nuy (2, 9)2) dH ()
O(En)

T
al—

+ / (Na(x — a1 + b1, y)* + |2**Ny(z — a1 + by, y)?)z dH (z,y)
a(m)z, \EDz, )

:/ (N2 + |z[2*N, %)z d’HlJr/ (N2 + |z — by + a1[**N2)? dH (2, )
a(E)

. o(Bz,_\(B), )
g/ (N2 + 22N, %)z dH! +/ SngJr 2P N,2)z dH' = Po(EZ_).
aB)E, o(Ez, \(B), _

In the same way it follows
Po(Er\ (E1)z, ) < Po(E\ Eg, ).

Second step. Let E5 be the xz-symmetric and y-Schwarz symmetric set

Ey ={(z,y) € E1: |z| <ag — (b1 —a1)}

U{(x—f:(b,- —ai),y) S (z,y) € En, x> by — (by —al)}

=1
U {(as+ i(bi —ai),y) t(zyy) € Br, < —by+ (b1 — al)},
i=1

and 3 = 9 — >.7, (b; — a;). Then,

L2((En);, ) = L2(Ey, ) and L2(Bx\ (Bn)y, ) = L2(E\ By, ),
and try,, Fo = try 4 FE1 = try E. Moreover, as in the previous step, dFE; is locally smooth
outside the set {(z,y) € R*: |z| = a1, |z| = az — (b1 — a1)}, hence, Py((E2)%, ) < Po(EZ )

and Py (E2 \ (E2);, ) < Po(E\ E7, ).
Inductive step. Let Ej be the x-symmetric and y-Schwarz symmetric set

B :{(fﬂay) €Ly |z]<ap— kz_i(bl _ ai)}
i=1
U {(m - i(bi - ai)7y> (z,y) € Ep_1, x> b — %(bi _ ai)}
= i=1
e k—1

U {(:chZ(bl — ai),y> s (x,y) € Bg—1, x < —bg +Z(bi — ai)},

i=1 =1
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and define
k

T = T9 — Z(bz — az-) < xp.
i=1
Then
L2((By)g,-) = L2(E,-) and  LX(Ep\ (By)3,-) = LB\ E3,_),

Po((Ek)5,—) < Pa(Eg,_); Pa(Ep\ (Er)z,—) < Po(E\ B3, ), and OE} is locally smooth outside
{(z,y) € R? : |z| = a1 — 2522(@ — a;) for £ = 2,...,k}. Tterating this procedure at most
countably many times, we obtain a z-symmetric and y-Schwarz symmetric set F satisfying
claims 3, 4 and 5 for

.ﬁo =Xy — Z(bz — ai). (2.8)

1€L
Repeating this argument for the intervals (cg, dy), k € J, we obtain a set, which we still call E,
that satisfies also claims 1 and 2. In fact, let

k—1 k—1
Z = {ak—Z(bi—ai):keﬁ}u{ck—Z(di—q):keﬁ}
=1 =1

which is at most countable, and denote by QAS be the profile function of E. Then the outer unit
normal to F exists outside the set {(z,y) € R?: |z| € Z}, and {z € R: ¢(x) =0} C Z.

Step 2. (Reflection in the vertical direction) We rearrange the set F into a r-symmetric and

y-Schwarz symmetric set E with profile function ¢ : [0, 00) — [0, 00) such that

(1) The Euclidean outer unit normal to E exists outside a set of H'-measure zero;
(2) (\m|) >q forz€R, |z] <Zo;

(3) Pal(E)%,-) < Pal(EE, ) and Po(E\ (E);, ) = Pa(E\ (E)F,);

(4) L2((& )io ) > L3(EF,_) and ﬁZ(E\ (E)f,-) = LAEN\ (B)S,-);

(5) tri, E = ter,E and tr§ | F =t  E.

We define the rearranged function gb :[0,00) = [0, 00),

A Y R OETE
o(x) if || > Zo.

Let F be the z- and y-symmetric set generated by ¢ (see Figure 4). Clearly E \ (E ) Fo_ =

E \ (F )‘o— and Claims 2 and 5 are satisfied. Claim 4 follows, observing that qﬁ € LY(R) and
&> &, thus L2(E) > L2(E).

N T
YN oL AR

TH>

o)
Q:

FIGURE 4. The set £ and the rearranged E.
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Denote by K, the set of points (z,y) € OE with ¢(z) = ¢~ and for which there exists § > 0
such that ¢(&) # ¢~ for € € (z,2+6) or £ € (x — ,2). Then, H'(K) = 0 for any j € N since K
is countable. A

By construction, the outer unit normal to E exists outside KU Z, which has #!-measure zero,

and we denote it by N = (Nz, Ny) Moreover, if N = (Nx, Ny) is the outer unit normal to 9F,
we have for any (z,y) € OE \ (KU Z), |z| < o,

~

N(z,ly—q | +q7) = (No(z,y),38n(y — ¢ ) Ny(z,)),

Pa((B)2, ) _/6 Rz ey
= / o VN2 + |z2N2 dH + H ({p € O(B)L,_ : Ny(p) = 0})
{p€OET _: Ny(p)#0}
< N2+ |a2eN2 dH +H ({p € OB, Ny(p) = 0})

{peoEg _: Ny(p)#0}

Step 3. (Convezification and regularization) We finally rearrange the set E into a r-symmetric
and y-Schwarz symmetric set E, such that there exists 0 < g < x( satisfying:

(1) (E)z,— is convex, and E\ E%O_ is locally lipschitz;
(2) Pa((E)Z,-) < Po(ER, ) and Poa(E\ (E)7,-) < Po(E\ Eg,);
(3) L2((E)3,—) = L2(Eg,_) and LX(E\ (E),_) = L2(E\ B3, _);
(4) tr%,_ED[~q ,¢ Jand tr3 , E D [—¢",¢"].
This will conclude the proof.
We introduce the function

TR 5 R?, U(x,y) = (sgn(az) 27 y)
) ) a+ 1 Y )

which is a homeomorphism with inverse
R R, 0(¢,n) = (sen(§)l(+ 1)¢[7,n).
As shown in [22, Proposition 2.3], for any measurable set F' C R?, we have
Po(F) = P(¥(F)) and L*(F) = p(¥(F)),

where P denotes the Euclidean perimeter and 1 is a Borel measure on R? defined on Borel sets
as follows:

H(A) = / (0 + e[~ dedy, A R Borel
A

Let F¢ = W((E)2 ) ¢ R? and consider its convex envelope in R?, co(F°). First of all,

To—
notice that the maps ®, ¥ preserve the symmetries, namely, since co(F°) is z- and y-Schwarz
symmetric, also F° has such symmetries. We show that it is also a convex set. In fact, let
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(0,1), for any q1,q2 € ®(co(F*°)) there exist p1 = (§1,m),p2 = (§2,1m2) € co(F*°). Since
co(F°) is convex, we have
1
(sem(t€1 + (1 = )&) (@ + Diter + (1 = &l =Tt + (1 — o) 09
= O(tp1 + (1 —t)p2) € (co(F*))
On the other hand, by the concavity inequality

1 1 1
11+ (1 = )&|oFT > t& [T + (1= 1|51, 1€ (0,1), &,6 >0
and by z- and y-Schwarz symmetry of ®(co(F)), we get from (2.9)

tqr+(1=t)gz = ((a+1){sen(t€)|t€1 |55 +sgn((1-1)E) [(1=0)& 757}ty +(1—t)m2) € B(co(F7)),
which proves that F°¢ is convex. The set F'° satisfies
L2(F) = p(co(F©)) > p(F°) = ﬁz(@)ﬁo_) > L2(EF, ) > LX(E;, ), (
Pu(F®) = P(co(F9)) < P(F*) = Pa((E)%, ). (2.10b)
tri, = [_q_a q_]

xro—

2.10a)

(2.10¢)
By (2.10a), we define &g € [0, Zo] such that £2 ((Fc)gof) = L?(EZ% _). Notice that Po((F)%,_) <

P, (F*°): this follows using the same calibration argument as in [14, Proposition 4.2]. Moreover,
we deduce

[_q_a q_} C trg,_F°

To—

by z- and y-Schwarz symmetry of F¢, that implies decreasing monotonicity of its profile function

Prag

Pall

Ke)

(=]

FI1GURE 5. The convexified set F¢, cut at Zg.
Define the set

F=(F)% _U{(x—&0+70,y) €R*: (z,y) € E, x> i}

U{(x + 2o — Zo,y) €R?: (z,y) € E, z < —do}.

Arguing as in Step 2, we have Py(F\ (F)2, ) < Po(E\(E)Z, ), L2(F\(F)2,_) = L2(E\(E)Z, )
and try I = trngJrE.

Now, the same argument used to prove (2.10a)-(2.10c), shows that the sets F" = ®(co(¥(F N
{z > %p}))) and F!' = {(—x,9) : (x,y) € F"}, obtained combining the changes of variables ®
and ¥ with a convexification in the plane Ré )’ satisfy

LHETUF) > LF\ (F)}_)  trag F7 =tz F,  Pa(F'UFT) < Po(F\ (F)3,).
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Moreover, since co(¥(F N{z > Zp})) is a convex set and ® is C>°-smooth outside 0, the set F”
is locally Lipschitz. Let r > Zy be such that £2((F" U F')_) = L*(E\ EZ _). The set

E=(F9% U(F UFHT (2.11)
satisfies all the claims of this Step. O

To—

Remark 2.3. Given a set F' € A(vy,v2, h1, he) with partitioning point o > 0 it is always possible
to construct a set & € A(v1, v, hi, ha) such that P (E) < P (F), E,_ = Iy, _,and E\ £},
is locally Lipschitz.

: - : ) 2 ) 2
This follows combining the changes of variables W : R(x’y) — R(&m) a{ld D . R(f,n) — ]R(x’y)

with a convexification in the plane Ré o s we did to construct the set E defined in (2.11).

0—

We prove that Problem (1.7) admits solutions satisfying suitable regularity properties. Given
v1, V2, h1, ho > 0, we define the constant

Cyp = inf{Z,(F) : E € A(vi,v2,h1,h2)}.
Notice that, for any E € A, P (F) > P(E). This follows from the formulas
Po(Ef) = Po(B; B ) + H'(E}) and  Po(B\ BL) = Po(E; E\ Ef) + H'(E})
holding for a.e. ¢t > 0 and any set E with finite measure and finite a-perimeter, see [14,

Proposition 4.1]. Moreover, if hy = ho = h, for any set E € A(v1, vz, h, h) such that tr; E =
tr} B = [—h, h], the functional &, corresponds to the a-perimeter:

Po(E) = Po(E; %) +4h + Po(E; E\ EZ, ) + 4h — 8h = Po(E).

We hence deduce that the constant Cjsp is positive thanks to the validity of the following

isoperimetric inequality: for any £2-measurable set E C R? with finite measure
atl

Po(E) > CL*(E)a+2
for some geometric constant C' > 0, see [9], [10], [18] (see also [13, Proposition 1.3.4]).

Theorem 2.4. Let vy, v, h1,ha > 0. There exists a bounded set E € A with partitioning point
xo > 0 realizing the infimum in (1.7) and such that Ej _ is conver, and E \ Eg _ is locally

Lipschitz.

Proof. Let (Ep,)men be a minimizing sequence for the infimum in Problem (1.7), namely
1
E,cA c@(X(E'nﬁ < CMP<1 + E) m € N.

Let x,, > 0 be the partitioning point for E,, and f,, : [0,00) — [0,00) be its profile function.
Moreover, let y;-,y;f > 0 be such that tr? , E,, = [—y~ yE]. By Remark A.3,
Wm fo(2) =y, Hm fio(2) =y, with g > ha, yp > hy. (2.12)

x—m% T—Tm
Let m € N. By Lemma 2.1, let £" € %, N7, j € N be a sequence of smooth sets approxi-
mating F,,, i.e., satisfying (2.1a)-(2.1c). Define qu > 0 such that trg & = [—qu, q]im] For
any j € N, apply Lemma 2.2 to £, obtaining a x-symmetric and y-Schwarz symmetric set £,
such that there exists 0 < z7" < xp, satisfying:

(1) (é:;”)%n, is convex, and g]m \ (5?1)%7717 is locally lipschitz;
(2) Pal(&7")3m-) < Pal(€]")z,,—) and Pa(&]"\ (€]")3m_) < Pu(&5\ (£]")3,,-);

(3) L2(())%,-) = L2((€)5,-) and L&\ (§)3,-) = L2\ (€))5,-);

ro—
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G - - 3 +
(4) tr%_n_gjm D [=q;,q;] and t17 | & D [—q], q]].
By (2.1c), for any m € N there exists J(m) € N such that for j > J(m), we have
1

(G = Vil < — (2.13)
and
Pal(EPVEp) = Pal(Bw), )] < 0 [PalEP\ (€)32) — PalBn\ (BT, )| <
2 (EP) ~ C(EL )] < - |EEN ENE) — LEa\ (B, )] <
(2.14)

Let (jm)men be an increasing sequence of integer numbers such that j,, > J(m) for any m € N.
We choose the diagonal sequence FE,, = 5]’-1’31, m € N and prove that there exists £ > 0 such that
E,, C[—0,0] x [-£,¢], for any m € N. (2.15)

First of all, letting Z,, = a;] , notice that

sup{Pa((Ep)% ) :m €N} < oo, and sup{Po(En\ (En)% _):meN}<oco. (2.16)
In fact:
max{Ps ((En)}, - ), Pa(En \ (En)},-)} < Pa((Em)3,,-) + Pa(En \ (Em)3, )
< Po(Em) + 4hy + 4ha + % < 2Cnp + 4hy + 4ho + 2.

We prove that the sequence Z,, is bounded. Let <Z~>m be the profile function of E,, and assume
by contradiction that x,, — oo as m — oco. In this case, by the representation formula (1.2) we

have:
a+1
P,(( / \/ O ()2 + |z|20 d:c>/ \a:|°‘— [ 00 Mmoo

which is in contradiction with (2.16). In the same way we can see that, if r,, is such that
E,, C (En)¥ the sequence (7, )men is bounded.

Tm—"

Now, we show boundedness in the vertical direction, namely we show that there exists L > 0
such that E,, C (E,)% _. Suppose by contradiction that for any L > 0, there exists m = m(L) €
N such that (E,, )% 2.\ (Ep, )% _ # 0, then by convexity of (Ep,)% _, we can equivalently assume
that for any L > 0 there exists j(L) > 0 such that

q}m(O) > L for m > m(L), (2.17)
We write for z € (0, Z,)
__/”gggn dé = / &)] de,
then -
G (0) = ili)% )| dé = / &)| de,

which implies, by (2.17)

lim [ 196, (€)] de = lim_ dn(0) = oo.
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Therefore

Pa((Bu)2, ) =4 / @ @) + a2 dn > / " \B(@)] dz — 00 as m - oo,

which is in contradiction with (2.16). Similarly, we exclude the case that for any L > 0 (Em \
(Em),-) \ (Em);_ #0.

We conclude the proof showing existence of a solution to Problem (1.7). Thanks to (2.16),
by the compactness theorem for BV, functions (see [18, Theorem 1.28 |), there exists a set Ex
which is the Llloc
Moreover, since the sequence (Z,,)men is bounded, we let xo, > 0 be the limit up to subsequences
of Z,, as m — oco. We have, by (2.14),

[,2((EOO)”500_) = lim 52((Em)xm_) = lim L*(En)% ) =,

T T T —
m—00 m—00 m

-limit of E,, as m — oo. By (2.15), convergence XE,, ~— XBo 18 in LY(R?).

and
(B \ (Bl ) = lim £2(E \ (B, ) = lm £2(Ey\ (En)3, ) = va.

x
Too—"?

Now, since (Em)gm_, is convex, we can choose a representative for Eo, such that (Ey) is
convex. By boundedness of the sequence E,,, let y& > 0 be such that tr? L Eo = [—yL, yZ]

Then, by (2.13) and claim 4 at Step 4, we have
Yoo 2 M G > lim gy, > lim g, — — 2> h,

equivalently yX > ho. Hence FEo, € A.
By the lower semi-continuity of the a-perimeter together with (2.14), we have

Pa(Ex) = Pa((Fo)z,,—) + Pa(Eoo \ (Eoo)ioc_) — 4hy — 4hy

Too
< liminf Py((Ep)% ) 4 liminf Py(Ep \ (Ep)E ) — 4hy — 4hy
m—00 m m—00 m

2 2.1
< liminf Po((Ex)%,, ) + lminf Po(En \ (B)i, _) + — — 4h1 — 4hs (2.18)
m—0o0 m—o0 m

2
= lim inf <g.a(E'm) + — < Cuyp.
m

m—ro0

By Remark 2.3 applied to F' = E., there exists a set Eo, € A(v1,v2, h1, ha) such that P, (FEs) <

Po(Ex), Eoo \ (Eso)®_ _ is locally Lipschitz and (Ea)®__ = (Es)®__. In conclusion the set

Eoo C RR? is such that
Po(Es) = inf{P,(E),E € A}

with Eo € A. It is therefore a bounded minimizer for (1.7) such that (Ex)2__ is convex and

Eoso \ (Ex)®__ is locally Lipschitz. O

Too—

3. PROFILE OF REGULAR SOLUTIONS

In this section we describe the solutions to the minimal partition problem (1.7) found in
Theorem 2.4. If E € A(v1,v2, h1, he) with partitioning point z¢p > 0 is a bounded solution to
Problem (1.7) such that £ _ is convex and E\ Ef _ is locally Lipschitz, we say that E is a regular
solution of the minimal partition problem. In this case, writing E = {(z,y) € R? : |y| < f(]z])},
the profile function f : [0,00) — [0,00) is decreasing in [0, x¢) and locally Lipschitz in [zg, 00).
With a little abuse of notation, in the following we sometimes consider f to be extended to an
even function defined on the whole R, and we still call it the profile function of E.
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3.1. Differential equations for the profile function. In the following proposition we deduce
differential equations for regular solutions of the minimal partition problem.

Proposition 3.1. Let vy, va, hi, ho > 0 and E C R? be a regular solution of the minimal partition
problem (1.7) in the class A = A(vi,v2, hi, ha), with partitioning point x¢g > 0. Then, writing

E={(x,y) e R*: |y < f(a)},
the even function f satisfies

sgnz c|x|*t!

V1 — cx?
(kx +d)
V1= (kx +d)?
(kx — d) |z|*

1 — (kx —d)?

flx) = if |zl <o, (3.1a)

fi(z) =

if x> . (3.1b)

f(z) = if  x < —x (3.1c)

for some constants ¢ > 0, k, d € R.

Proof. By boundedness of the regular minimizer F, let 7o = inf{r > 0: E C E¥_} < occ.
We first prove equation (3.1a). For ¢ € C2°(0,z0) with [¢1 = 0, and € € R, consider the
function = — f(|z|) + 1 (|z|), € R, and define the set

E. = {(z,y) € R?: |y| < f(lz]) + evu(l2])} € A.

By the Representation formula for the a-perimeter (1.2), let

n© = Pal(E5, ) =a{ [ VT e+ lim £},

:E—)(EO

By minimality of E, we then have
dx

. o d , /
0= pl(g)’8:0 = 4/0 Ig(\/(f + €¢1)2 + x2a> o

YA T TCRRY LY (f> (o) da
0

0 /f2(z) + 22 dr [F72 | z2a
By arbitrariness of 71, we deduce the following second order ordinary differential equation,
holding for some C' € R

d /(=) _
% <W> =C forae O0<x< xIQ. (32)
The normal form of (3.2) is
P = 20 Py 4t (3.3

Hence, since f is even, f’ is odd and f” is even, f satisfies (3.3) for any x € R, |z| < z¢ and we
extend (3.2) to |z| < zp. Integrating (3.2) around 0, we obtain existence of a constant d € R
such that for some § > 0,

/()

———"— =Cz+d for|z] <.
f/(x)Q +x2a
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Since f’ is odd we deduce that d = 0, in fact for |z] < ¢
e few)
VP@ - P+ (oPa

Cx+d= =—(C(—z)+d)=Czx —d.

Hence (3.2) reads

/
&) _ utor 2l <6,
f/2(1') + 2o
which implies, by monotonicity of f, that C < 0. Letting ¢ = —C > 0, we hence get the

following ordinary differential equation for f:

C| x‘a—i—l
V1 —c2z?
A solution to the latter equation can be extended up to (—1/¢,1/c¢). This implies 0 < 9 < 1/c
and (3.1a) is proved.

f'(z) = —sgn(z) for |z| < 0.

To prove (3.1b) and (3.1c), we proceed in the same way, considering a function ¢y € CS°(xq,19),
with [1)2 = 0 and the associated perturbation f + mis for n € R. The set E, = {(z,y) € R? :
ly| < f(Jz|) + eva(|z])} is inside the class A, hence, as in the previous case, minimality of E
leads to

d d
— 2, (F = —P,(FE E): _ =0
and we obtain existence of a constant £ € R such that
d !
d(__f@) =k for xzo<lz| <rmop. (3.4)
dx fl(l.)Q +$2a

Let g < x < rg. An integration between xy and x shows that, letting

!
A= tim — &,
zﬁmg \/ ,({12‘)2 + x2a
we have
f'(x)
f/(x)Q +1’2a
which is equivalent to (3.1b). In particular, |kz + d| < 1 for g < z < ry.

=kr+d for zg<z<mg

Analogously, for any = € (—rg, —x¢), an integration between x and —z( shows that

!/
_F@ g d for —ro <o <
f’(l‘)2 +1:2a
which leads to (3.1c) and |kz — d| < 1 for —rg < & < —zyp. O

Remark 3.2. Let E be a regular solution of the minimal partition problem with partitioning
point g > 0. Then, its profile function f is defined on some bounded interval [0, 7] and it is
a locally Lipschitz function satisfying in a weak sense the ordinary differential equations (3.1a)-
(3.1c). By an elementary argument, that is omitted, it follows that f € C2([0,x0)) N C?(zq,70) N
C?(—rg, —0).

Notice that equation (3.1a) is scale invariant, i.e., given ¢1,c2 > 0 and a solution g to (3.1a)
for ¢ = ¢1, the function

x C1
gr(z) = )\a+19(x)a A= g
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is a solution to (3.1a) for ¢ = co. In this sense, in [22, Theorem 3.2], the authors show that the
unique solution to equation (3.1a) is the function

Yalr) = /2 sin®tl(t) dt, = e€[-1,1], (3.5)
arcsin |z
obtained integrating (3.1a) for ¢ = 1. In other words, there exist A > 0 and y € R such that
flz) = Aa“%(%) +y, |z <o (3.6)
In particular
im L&) g

z—0t ’1"0‘—"1
Moreover, by (3.1b),
f(ro) =0, lim f'(z) = —oo,

+
x_)'/‘o

and rq is characterized by the following equality

—1= lim =kro+d,
Ty f/(:E)2 4 x2« 0
Namely,
1+d
ro = —T (37)

3.2. Traces of regular solutions. In this section, we study traces of minimizers. What we
expect is that if ' € A(v1,v9, h1, ha) is a regular solution of the minimal partition problem with
partitioning point zg, then

tr;OE == [—hl, hl] and tI‘:OE == [—hg, hz]

In Proposition 3.3 we prove the claim for the left trace, under the additional assumption that
the profile function of E does not have infinite derivative at xg. The case of the right trace is
equivalent.

Proposition 3.3. Given vy,v2,h1,hy > 0, let E € A(vi,v2,hi,ha) be a regular solution of
Problem (1.7) with partitioning point xo > 0, and let f : [0,00) — [0,00) be its profile function.
If

lim f'(z) > —oo,
T—To

then
tr, B = [—hl, hl]

o

Proof. Assume by contradiction that f(x,) > hq, where
f(zg) = lim f(z).

Z'—>Z'O
We show that in this case, there exists a set ' € A such that Py (Fy, ) < Pa(Ejy ), Po(F\
Fy ) = Po(E\ E,_), hence Z,(F) < P, (F), which is in contradiction with the minimality
of E.
For a small parameter € > 0, let f. : [0,29) — [0,00) be the function defined by

fg(m):{ fz), f0<z<z9—c¢

re(z), ifxg—e<z<xg
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where 7. is the segment connecting the points (zo — €, f(zo — €)) and (zo, f(zy) —¢), i.e.,
. 1 _
re(w) = m(e)(z —wo) + flag) —e, mle) = Z(f(zg) — e~ flao—¢)) <0.
By convexity of EZ _, f(x) > re(x) for 29 — e < x < xo. We define the set E. = {(z,y) € R?:

lyl < fe(lz])}-

e e e

/'(Xlo)—s X0 xeR

FIGURE 6. Construction of the set FE..

We compute the difference P,(F) — P,(E.), using the Representation formula for the a-
perimeter (1.2). Since OE; = OE N {|z| = wo} is a vertical segment, the outer unit normal to
E is constant on OE; , Ng = (1,0). In the same way the outer unit normal to E. is constant
on 0(E.)% , Ng. = (1,0). Then, we have

o)

)
Po(E7, ) — Fa(Ex) :4/ VI (@) + 220 — \/m(e)? 4 22 d:r—i—/ dH! —/ dH?
ro—¢€ 8E£0 8(E£

)2,

T

[ @R mEE a2 da + A(f(ag) - (flag) - )

= 4{ /m:; VI @)2+ 220 — /m(e)? + 22 dx + 5}.

Let A(e) = (Pa(E5,_) — Pa(E:))/4. On the other hand,

/J?(Ejo_) —L%(E.) = 4/I0_ f(z) —re(z) dx,

and we define B(e) = (L2(E%,_) — L*(E.))/4. For any € > 0, let y. = B(e)/zo. We claim that
for £ > 0 small enough the set
F. = (E. + (0,9:)) U ([—w0, m0] X [—¥e, ),
obtained by translating F. in the vertical direction of the quantity ., satisfies
P,(F.) < P,(E). (3.8)

It follows that the set ' = F. U (E \ Ej ) satisfies &2, (F) < P4(E). Moreover F € A, since
L2(FE ) = L*(E.) + 4zoy. = L*(E% ), and (1.5a) and (1.5b)are clear by construction. By
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invariance under vertical translations of the a-perimeter, we have

Po(F.) = Po(E.) + 4ye = Po(EZ,_) — 4(‘4(5) N Bx(j)>

To prove (3.8), it is therefore sufficient to show that for & > 0 small enough

zoA(e) > B(e). (3.9)

First of all, notice that, by Lebesgue dominated convergence Theorem,
lim A(e) = lim B(e) = 0. 3.10
5 A© = S PE (310

Let f'(zy ) = lim,, f!(x). By convexity of Ef _, we have f'(z;) <0 f"(zy) = lim,, f(x) <
0. Moreover, the following limit exists

lim m(e) = lim flzg) — flzo—¢)
e—07t e—0t e

—1=flay) - L.

Now, since f’(z;) > —oo, we also have f”(x;) > —oo, hence the following limit exists

1

m'(0) = lim m'(e) = tim ~{ f/(e0 — <) — ~[F(a) ~ flzo— )]}

e—0*t e—0t €
I "o o.— 1 — — roo— "y
= tm NP~ e [ sg) — (1) — fag)e+ T2 o))
)
S
On the other hand, by the chain rule
A'(e) = 14+ /f2(z0 — €) + (z0 — €)2* — /m(e)2 + (w9 — £)2* — /xo T:l((ilr)niim dzx
>/ f2(xg —€) + (w0 — €)2% — /m(e)? + (zp — )2
that gives
A(0) = lim A'(e) > 1+ /22 + 030 — /(') ~ 2423 >0, (311)

where the last inequality is justified by the following: for any ¢ < a < 0, and b € R,
\/a2+b2—\/02+b2 >c—a.
We conclude observing that B'(0) = lim,_,q+ B'(¢) = 0, in fact:

B'(e) = f(xo — ) — re(xo —E)—l—/% d {f(ac) —m(e)(z — xo) —f(xa)—l—e} dx

Tro—E€ d€

:f(xo—z—:)—I—sm(s)—f(a:a)jLs—/xo_ 1—m/(e)(x — x0) dxjo

To—€

Then, (3.9) follows by (3.11) and (3.10). O
Remark 3.4. Assume that the profile function of a minimizer as in Theorem 2.4 satisfies

f(zg) = lim f'(z) = —o0.
T—T(
Using the notation of Proposition 3.3, there holds, for € > 0 small enough:
:Ea+2 €
roA(e) — B(e) = == +0(e¥?) <0 fore < eq. 3.12
0A(e) — B(e) 673 (x ) (€77) 0 (3.12)

Hence, the construction proposed in the latter proposition does not apply to this case.
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3.3. Center of regular solutions. In this section, we show that we cannot in general expect a
regular minimizer for the minimal partition problem to be obtained in its central part as a dila-
tion of the isoperimetric set Eios‘op. In fact, we show that, for particular choices of vy, vs, h1,ho > 0
and o > 0, a regular minimizer E € A with partitioning point xg > 0 does not satisfy for any

A>0
I D— (5§‘Egop)f” (3.13)

ro— Tro—"
Let f be the profile function of a regular solution of the minimal partition problem E. As
observed in Remark 3.2, from the study of the differential equations in Proposition 3.1, it
follows
x

F@) = A ga (3
for some A > 0, and y € R, where ¢, is the profile function of the isoperimetric set ¢  defined

1SO
n (3.5). We characterize the parameters A and y € R in terms of the data hy = h, v; :pv in the
case of regular solutions of Problem (1.7) with he = v = 0 and a = 0,1, see Proposition 3.5.
We deduce that, if @ = 1, the translation y is strictly negative (see Remark 3.6), hence (3.13)
does not hold. On the other hand, in the case when o = 0, the a-perimeter corresponds to
the Euclidean perimeter and we prove that regular solutions of the minimal partition problem

satisfy (3.13).

)+ya |‘T|<x0

FIGURE 7. For a > 0, a regular solution for the minimal partition problem is
not obtained as a dilation of the isoperimetric set E{ , in its central part. Its
profile function is in fact the profile of an isoperimetric set vertically translated

of a negative quantity y.

Proposition 3.5. Given a € {0,1}, h >0, andv > 0, let E € A(v,0,h,0) be a regular solution
of Problem (1.7) with v1 = v,hy = h,ve = hy = 0, and partitioning point xo > 0, satisfying

tr,, B = [~h,h]. Let f :[0,20] — [0,00) be its profile function. Then there ewists d € [—1,1]
such that
x
F(t) = X" pa(3) +y (3.14)
with
o Pa(d)
A= — =hel - ———. 3.15
Tov=h{l- e (3.15)

Proof. If E € A is as in the statement, it is a convex set such that £ C E , and Z,(F) =
P,(F) < #,(F) for any F € A. By Propostion 3.1, the profile function f satisfies for a constant
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c>0

) sgnz c|x|*t!

T) = ———
V1= c2a?

hence, as observed in Remark 3.2, there exist A > 0, y € R such that
_ ya+l z
f@) =X pa(3) +u, o] <o

In particular A = 1/c. Let = f(0) > 0, and define

p(B, ¢, 10) = PalE) = /0 D T dt =

1 arcsin cxg
/ sin® ¥ d9d.
0

xQ ta
dt =
A /1 — (Ct)2 ca+1

Notice that p can be thought of as a functional depending on S, ¢, zy where the triple (5, ¢, z¢)
identify a unique minimizer E € A as in the statement. In particular, p is independent of 3, as
well as P, is independent of vertical translations. Let d = cxg, that leads to A = zy/d. With a
slight abuse of notation, we write p in terms of d and z( as

N ) 1 arcsin d -
(A, 20) = 2 g0(d). with go(d) = g /0 §in® 9 do. (3.16)

We write the volume and trace constraints satisfied by the minimizer E in terms of the param-
eters d and z(. For any t € (0, xg), there holds

1 arcsin ct
+ ) ds = / - / sin®t1 9 4.
y /f 6 h =P |

Hence the trace constraint f(xg) = h is equivalent to

B = B(d,xo) = h+ 2§ oa(d), with

1 arcsind a1 (317)
aa(d):daH/O sin®™ 9 dv > 0 for d € (0, 1).
Plugging 8 = (d, z¢) in the expression for f we get
) ! aurcsm(gcd0 t) )
f@t)=h+aiton(d) —af" da+1/0 sin®*™t 9 dv, (3.18)
that implies
y=f(\) =h+25"b,(d), with
1 arcsin d /2
bo(d) = —— / sin®t 9 d — / sin®*1 9 dy
daJrl{ 0 0 } (319)
1 7T/2 < a+1 @a(d)
=~ et /arcsmdsm v dd = ot 0,1).

Using (3.17) and the expression for f, the volume constraint [ f = v reads

o 1 arcsin Ct arcsinr
v = / (g — / n*ty d19) dt = Bro — —— / / n**t 9 di dr
0 0

arcsint
= (h+ag*0 (d))xo — ot /O /O sin® 19 do d,
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hence

v = hag + 152Gy (d), with

1 arcsin d a+1 arcsin t a+1
Gald) = 2 (d 9 do) — 9 do dt) (3.20)
arcsind
= / /msmt sin®™t ) di) dt > 0 for d € (0,1)

The functional
F(d, o) = 232G o(d) + hag — v.
defines implicitly the constraints of the problem. Existence of a minimizer together with the

Lagrange Multipliers theorem imply that there exists u € R such that Vp(d, z¢) = uVF(d, z),
namely

8dp _ MadF ga(d) a+l _ an+2G/ (d)
Opop = 10z, F = { (a+ 1):::0 go(d) = p((a+ 2)z§ T Go(d) + h) (3.21)
F(d,z0) =0 232G o (d) + hog —v =0

Recalling the definitions of g, and G4 in (3.16) and (3.20), we write the expressions for the
derivatives

1 arcsin d 1
9o (d) = s / sin® 9 di) +

e N
, o« +2 arcsind . 1
G a da+3 / /arcsint o vad+ m
it easy to see that when a = 0,1 we have
go(d) = dG,,(d) (3.22)
We check it for a = 1. In this case ¢/, (d) = _d%[m 1]+ d\/11_d2 _ z_gﬁ\_/?’ and
3 I 1 Sin(279) arcsin d 1
! = — — —
Ga(d) B d* 0 2 [19 2 ]arcsint dt + \/m
3[4 .
=5 int—ty/1—1t2— ind+dv1— d2
244 /0 (arcsin arcsind + dv/1 — d2 ) + —
1
:%{[tarcsint-s- 1_t2+§(1 t )3/2] darcsmd—deM}
1 1
2d4{darcsmd+ 1—d?+ 5(1 I s

— darcsind + d*\/1 — d2}

1 2—d2—2v/1—d2
=—{(24+d)V1—-d2 -2 1V1—d2 = )
al2+d) b+ V1 TN

Notice that (3.22) is equivalent to
1 d parcsind 1 arcsin d 1— d2
= (a—|—2)/ / sin® ﬂdﬁdt—(a—i—l)/ sinaﬂdﬁ}—i—i
do+? { arcsint 0 dv1—d? (323)

= (0 +2)Ca(d) ~ 50+ Dgald) + 3v/1— .
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From (3.22), the first equation in system (3.21) gives
gold) _ d _1

T wGh(d) w0 A
Plugging u into the second equation of (3.21) we obtain
(o + 1)$8+19a(d) =d{(a + 2)$8+1Ga(d) + h},

hence, using (3.23),

R dh S (3.24)
(a4 1)ga(d) —d(a+2)Ga(d) V1 —d2
We are left to compute y = f(\) = f(zo/d) with ¢ = zo(h,d) given by (3.24). Expression
(3.19) for y, combined with (3.24) gives

_ (%0 _ a+1 _,dh pa(d)
y_f(d>_h+$0 ba(d)_h /1 — d2 do+1
h (0%
v UL
which concludes the proof. ]

Remark 3.6. Let a > 0 and E = {(z,y) € R?: |y| < f(|=|)} be a regular minimizer of Problem
(1.7) with f asin (3.14). We deduce by (3.15) that y = 0 if and only if @ = 0. In fact, for any
a > 0 the function d — pa(d) — d*V1 —d? is 0 at d =1 and it if @ > 0 it is strictly monotone
decreasing since

—ad® 1 - d2 +

(SOa(d)—damy:—iw T—

Hence if a > 0, pq(d) — d*V/1 —d? > 0 for 0 < d < 1. In particular, y < 0. On the other hand,
if @« =0, po(d) = V1 —d?, that leads to y = 0.

This implies that the central part of Euclidean solutions of Problem (1.7) are portions of
isoperimetric sets lying in some stripe {|z| < x¢}, while this property fails to hold in the

da+1 da+1

< 0.

Grushin plane with o = 1.

APPENDIX A. TRACES OF SCHWARZ SYMMETRIC SETS

For a set £ € . and a point z¢ € R, the notion of trace of E at z¢ can be defined thanks
to the following Lemma.

Lemma A.1. Let E € & and let xo € R. Then there exist yT,y~ > 0 such that if TT =
[—y*,y*] and T~ = [~y~,y~], there holds

lim [ |xe(z,y) — x7r+(y)]| dy = 0.
z—zy JR
Proof. We prove the statement for the limit as z — 2. Let v € C1(R?) and x1, 29 € (—00, 20).
Consider the a-gradient of u, Dou = (Oyu, |z|*0yu). We have

2

/ (u(xa,y) — u(z1,y))dy =/ dru(€,y) dédy
R

R Jxy

< / 19,ul(€, ) dédy < |Dat|((21, 22) X B).
(xl,IQ)XR
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By the approximation theorem for BV,-functions, see [12], the last inequality can be extended
to u € BV, (R?) and for u = yg we get

/ (xe(z2,y) — xE(21,Y))dy < Po(E; (21, 32) X R),
R
It hence follows that for every € > 0 there exists § > 0, such that
Ixe(z2,) — xE(71,")||L1(R) < € for T — 6 < 71 < T2 < T, (A1)

which is a Cauchy condition in the complete space L'(R). We deduce existence of a function
u € L'(R) which is the limit of xg(z,-) as @ — x,. Moreover, since for any z € R, the section
E,={y €R: (z,y) € E} is a real interval centered at zero, u = xp-, for a symmetric interval
T~ =[-y ,y~] for some y~ > 0. O

Definition A.2 (Traces of Schwarz symmetric sets). Let £ € .7 be a set with finite a-
perimeter and let g € R. The interval T~ (resp. T") defined in Lemma A.1 is called the left
(resp. right) trace of E at xo and it is denoted by try, (resp. trj ). If

trf _E=tr%  F = [—yo, 0,

&

we set try E' = [~yo,y0] and we call it the trace of E at xo in the x-direction. In this case we
say that the set E has trace at xg in the x-direction.

Remark A.3. If E € .7, N .} has profile function f : [0,00) = [0,00), i.e., E = {(z,y) € R?:
lyl < f(Jz|)}, then left and right traces at xp > 0 can be computed as follows:
try o F = [—ygt,y(jf] with limi f(z) = yat. (A.2)

x%zo
In fact, by definition of left and right traces, we have
0= lim_ | [xp(2,y) = X{_yz .+ ®)| dy=lim L' (E)sA[~yy,95]) =21lim_|f(2) —y5 .
r—xgJ R T—T, T—Ty

Remark A.4. If E C R? is a-spherically symmetric and z-convex, i.e., the section EY = {z € R :
(z,y) € E} is an interval for every y € R, we can define left and right traces at yo € R in the
y-direction through the formula |[xg(-,y2) — x£(, y1)llpi®) < € for yo — 0 < y1 < y2 < yo (see
(A.1)). In this paper we are interested in studying traces in the z-direction.
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