C! REGULARITY OF
ORTHOTROPIC p—HARMONIC FUNCTIONS
IN THE PLANE

PIERRE BOUSQUET AND LORENZO BRASCO

ABSTRACT. We prove that local weak solutions of the orthotropic p—harmonic equation in R? are
C! functions.
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1. INTRODUCTION

1.1. The result. Let © C R? be an open set and let u € VV&?(Q) be a local weak solution in €2 of
the orthotropic p— Laplace equation

(1.1) (1t [P~% ;) ,, = O

2
=1
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2 BOUSQUET AND BRASCO

This means that for every Q' € Q and every ¢ € VVO1 P(QY), we have

2
(1.2) Z/ |, P2 g, 0, d = 0.
i=1 7

In the recent literature, such an equation has sometimes been called the pseudo p— Laplace equation.
We decided to adopt the terminology orthotropic p— Laplace equation in order to emphasize the role
played by the coordinate system. Indeed, let us recall that if u € I/Vlif (Q) is a local weak solution
of the usual p— Laplace equation, i.e.

(IVulP2u,,) =0,

xi

Mw

=1
then for every linear isometry A : R? — R2, w o A is still a local weak solution of this equation
on A~(Q). This property fails to be true for equation (1.1), but it still holds if A belongs to the
dihedral group Dg, i.e. the group of symmetries of the square (—1,1) x (—1,1).

Equation (1.1) is the prototype of degenerate/singular elliptic equations with orthotropic struc-
ture, whose interest arose for example in the context of Optimal Transport problems with congestion
effects. We refer to the introduction of [4] for a detailed description of the framework and the model
leading to this kind of equations.

A function u € VV&)?(Q) is a local weak solution if and only if it is a local minimizer of the functional
2
1
Flp ) =) - / |z, P dz, e WLP(Q), @ € Q c R%
- P Jo

This easily follows from the convexity of the functional §. We recall that u € VV&)?(Q) is a local
minimizer of § if

F(u; ) < Fp; ), for every u — ¢ € Wy P(Q), @' € Q.
In the recent paper [3], we proved that for p > 2 any such local minimizer is a locally Lipschitz

function (actually, the case 1 < p < 2 is a mere application of [9, Theorem 2.2]). The aim of this
paper is to go one step further and prove the following additional regularity.

Main Theorem. Fvery local minimizer U € Wﬁ)f(Q) of the functional § is a C' function.
Remark 1.1. It is easy to see that the function
_p_ _p_ 2
u(wy, v2) = 21|77 — |zo|P-T,  (71,22) € R,

is a local weak solution of (1.1). Observe that for p > 2, u is not C?, but only ctY/e-1) . We
conjecture this to be the sharp regularity of local weak solutions.

1.2. Method of proof. The proof of the Main Theorem is greatly inspired by that of [13, Theorem
11] by Santambrogio and Vespri, which in turn exploits an idea introduced by DiBenedetto and
Vespri in [7]. However, since our equation is much more singular/degenerate than theirs, most of
the estimates have to be recast and the argument needs various nontrivial adaptations. In order
to neatly explain the method of proof and highlight the differences with respect to [13], let us first
recall their result.

In [13] it is shown that in R?, local weak solutions of the variational equation

(1.3) divVH (Vu) =0
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are such that © — VH(Vu(z)) is continuous, provided that:
o VH(Vu) e Whin L2

loc loc?

e H:R? - [0,00) is a C? convex function such that there exist M > 0 and 0 < A < A for
which

(1.4) A2P72 € < (DPH(2)€,6) < AP [¢f?, for every £ € R?, [2] > M.

The last assumption implies that (1.3) is a degenerate/singular elliptic equation, with confined
degeneracy/singularity. Indeed, on the set where the gradient of a Lipschitz solution u satisfies
|Vu| > M, the equation behaves as a uniformly elliptic equation. By using the terminology of [3],
we can say that (1.3) has a p— Laplacian type structure at infinity.

The proof of the continuity of VH(Vu) in [13] relies on the following De Giorgi-type lemma:
given a ball Bg of radius R, if a component H,, (Vu) of the vector field VH(Vu) has large oscil-
lations only on a small portion of Bg, then the global oscillation of H,,(Vu) on the ball B/, is
reduced (in a precise quantitative sense). Such a result amounts to an L estimate for (a nonlin-
ear function of) the gradient, which in turn relies on the Caccioppoli inequality for the linearized
equation

(1.5) div (D*H (Vu) Vug,) = 0.

On the contrary, if H;,(Vu) has large oscillations on a large portion of Bpg, then one exploits the
fact that a function W12 N L> in the plane is such that:

(A1) either its Dirichlet energy in a crown contained in Bp is large;

(A2) or the function itself is large on a circle contained in Bp.

When (A2) occurs, the structure of the linearized equation (1.5) allows to prove a minimum prin-
ciple for Hy,(Vu), which implies that H,,(Vu) is large on the whole disc bounded by the above
mentioned circle. This again leads to a decay of the oscillation of Hy, (Vu) (this time because the
infimum increases when shrinking the ball).

Then the continuity result of [13] is achieved by constructing inductively a decreasing sequence
of balls and using the dichotomy above at each step. The important point is that since Hy, (Vu)
has finite Dirichlet energy, then possibility (Al) can occur only finitely many times. Hence, the
oscillation of Hy,(Vu) decays to 0, as desired.

Unfortunately, our equation (1.1) has not a p—Laplacian structure at infinity, i.e.(1.4) is not
satisfied. Indeed, in our case we have

|21 |P~2 0

0 et |0 2= (m) €Y

2 (0P
H(z)= Zﬂ sothat D?H(z)=(p—1)
=1 p

In particular, D?H(z) is degenerate/singular on the union of the two axes {z; = 0} U {22 = 0} and
our equation does not fit in the framework of [13]. Thus, even if the proof of the Main Theorem will
follow the guidelines illustrated above, we have to overcome the additional difficulties linked to the
more degenerate/singular structure of (1.5). In particular, in the case p > 2, we will need a new
Caccioppoli inequality, which weirdly mixes different components of the gradient (see Proposition
3.1). This is one of the main novelties of the paper.

Remark 1.2 (Stream functions). For 1 < p < oo, let us set p’ = p/(p—1). When Q C R? is simply
connected, to every local weak solution u € VV&({’(Q) of (1.1) one can associate a stream function
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v e WP (Q), such that
loc ’
2 2
Vgy = |Ugy [P 7 Uy, and Vgy = —|Usy [P7% Uy, .

Existence of such a function v is a straightforward consequence of the Poincaré Lemma, once it is
observed that (1.1) implies that the vector field

(|U:c1 ’p_2 Uz s |Uz, |p_2 U:vg) )
is divergence free (in the distributional sense). It is readily seen that v is a weak solution of
2
Z (|v$i|p/_2 Uﬂci) =0.
i=1 o
This would allow to reduce the proof of the Main Theorem to the case 1 < p < 2 only. However,
this kind of argument is very specific to the homogeneous equation and already fails in the case
2
Z (N “Iz)zl =AER,
i=1
which on the contrary is covered by our method (indeed, observe that the previous equation and
(1.1) have the same linearization (1.5), thus the Main Theorem still applies). More generally, we
observe that our method of proof can be adapted to treat the case (as in [13]) of

2
Z (|uxi|p_2 uxl)xl =/
=1

under suitable (not sharp) assumptions' on f. For these reasons, we avoided to use this argument
based on stream functions.

1.3. Plan of the paper. First, it should be noticed that almost every section is divided in two
parts, one for the degenerate case p > 2 and the other for the singular one 1 < p < 2 ( the case
p = 2 corresponds to the standard Laplacian). Though the methods of proof for the two cases look
very much the same, there are some important differences which lead us to think that it is better
to separate the two cases.

In Section 2 we introduce the technical machinery and present some basic integrability properties
of solutions and their derivatives, needed throughout the whole paper. Section 3 is devoted to
some new Caccioppoli inequalities for the gradient of a local minimizer. The core of the paper is
represented by Sections 4 and 5, concerning decay estimates for a nonlinear function of the gradient
(case p > 2) or for the gradient itself (case 1 < p < 2). Finally, the proof of the Main Theorem is
postponed to Section 6. The paper ends with two Appendices containing technical facts.

Acknowledgements. The idea for the weird Caccioppoli inequality of Proposition 3.1 comes from
a conversation with Guillaume Carlier in March 2011, we wish to thank him. Peter Lindqvist is
gratefully acknowledged for a discussion on stream functions in June 2014. Part of this work has
been written during some visits of the first author to Marseille and Ferrara and of the second author

2,1
loc?

1As in the case of the ordinary p—Laplacian (see [12, Corollary 1.6]), the sharp assumption should be f € L
the latter being a Lorentz space. For p > 2 our proof requires

P2
|ua;| 2 ua; € W2 (),

loc

a result which is true only when f enjoys suitable differentiability properties.



ORTHOTROPIC p—HARMONIC FUNCTIONS IN THE PLANE 5

to Toulouse. Hosting institutions and their facilities are kindly acknowledged. The second author
is a member of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni
(GNAMPA) of the Istituto Nazionale di Alta Matematica (INAAM).

2. PRELIMINARIES

2.1. Notation. Given A > 0 and a ball B C R? of radius R > 0, we denote by A B the ball with
the same center and radius A R.
We define for every ¢ > —1 the function g, : R — R as

(2.1) go(t) = [t|7t,  teR.
Then g, is a homeomorphism and g, = 9—q/(q+1)- Observe that
Hit<a <  t<|o| T aq

a fact that will be used repeatedly.

Let U € Wﬁ)’f(ﬂ) be a given local minimizer of §F. We fix a ball B € . There exists A\g > 1
such that Ap B € Q as well. If {p.}.~0 C C§°(Be) is a smooth convolution kernel (here, B, refers
to the ball with center 0 and radius ¢), we define U® := U * p. € W1P(Q,) where Q. := {z € Q:
dist(z, 0§) > e}. By definition of U there exists 0 < g9 < 1 such that for every 0 < € < gg

(2.2) U lwrwz) = VU 2oy + U 2oy < IVU o2 g B) + U]l L0 (25 B)-

2.2. Regularization scheme, case p > 2. As in [3], we consider the minimization problem

2
1 -1
(2.3) min{zp /wai|Pd:v_|_p2 5/B|Vw\2dm : w—Ué‘eWOl:p(B)}.
i=1

Since the functional is strictly convex, there exists a unique solution u®, which is C? on B (see
e.g. [3, Theorem 2.4] for the Lipschitz regularity and [11, Theorems 8.6 & 10.18] for the higher
regularity). Moreover, u® satisfies the Euler-Lagrange equation

2
Z/ (Jug, P72 + (p— 1) ) u, g, dz = 0, for every ¢ € Wol’p(B).
=178

We take ¢ € C? with compact support in B. Then for j € {1,2}, the partial derivative P, 1s still
an admissible test function. An integration by parts leads to

2
(2.4) Z/B (yu;i|p—2 + 5) Uy, P dr =0, j=1,2.
i=1
As usual, by a density argument, the equation still holds with ¢ € VVD1 ’Q(B). We now collect some

uniform estimates on u¢.

Lemma 2.1 (Uniform energy estimate). There exists a constant C' = C(p) > 0 such that for every
0 < e < gg the following estimate holds

(2.5) / IVufPdz < C </ IVUP dz + 72 \B[) .
B A B

Moreover, the family {uf}o<c<e, converges weakly in WP(B) and strongly in LP(B) to U.
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Proof. The estimate (2.5) is standard, it is sufficient to test the minimality of u® against U¢, which
is admissible. In particular, the family {uf}o<c<<, is uniformly bounded in W1?(B). Moreover, by
[3, Lemma 2.9] there exists a sequence {&x. }ren C (0,&0) such that u* converges weakly in W1?(B)
and strongly in LP(B) to a solution w of

2
1
min{zp / |z, [Pdx = p—U € Wolvp(B)}.
=17 7B

Since U is a local minimizer of § and the solution of this problem is unique (by strict convexity),
we get w = U and full convergence of the whole family. O

Lemma 2.2 (Uniform regularity estimates). For every 0 < € < g9 and every B, € B we have

(2.6) |u]| oo B,y < O
(2.7) VUL (B,) < C,
and
p=2 2 .
(2.8) /B ’v (|u;j| : u;j)’ dz<C, =12,

for some constant C > 0 independent of € > 0.

Proof. The proof of the L™ estimate (2.6) is standard, it can be obtained as in? [11, Theorem 7.5].

The Lipschitz estimate (2.7) is more delicate and is one of the main outcome of [3]. Indeed, we
know from [3, Proposition 4.1] that there exists C' = C(p) > 0 such that for every B, € B € B

8 2+1
gc( al > [][ |Vu€]pda:+1] T i=1,2,
L>°(B,) R—r Br

With the notation introduced in [3], this corresponds to the particular case 61 = d2 =0 and f =0
there. By combining this with (2.5), we get (2.7).

£
T

(2.9) ‘ u

We now prove the W2 estimate for the nonlinear function of Vu®. We take n € C§°(B) a standard
cut-off function such that

0<n<1, n=1on By, n=0on R*\ Bg, |V77’§R :
—r

2. With standard manipulations, we get the Caccioppoli

Then we test (2.4) against ¢ = ug, .
inequality

)

2
2
772 dr < C Z/ (|u§i|p—2 + e) |”fcj|2 |77w1.|2 dx.
i=1

é/ (jug, P2+ <)

2The standing assumption required throughout [11, Chapter 7], namely the property (7.2) there, is satisfied in our
framework since for every z € R? one has
2
1 1 -1
Gl < S lal + B e sl < C (2 + 1),

i=1

for some C = C(p) > 0.
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By dropping the term containing € on the left and observing that

p=2
(jus, 1" 5,
Tj

2

£

uxixj

_ 4
’U;\p 2 =3

Y

we get
(2.10) (jug, 177" 4, Cde< 22:/ (15,772 4 <) s, d
@i i) o, T(R-r)P = VT R
where we used the properties of 7. In order to conclude, it is sufficient to use again (2.5). O

From the bounds obtained in Lemma 2.2, we can deduce the following convergence result.

Proposition 2.3 (Convergence). With the notation above, for every B, € B we have:

i) {u}o<e<e, converges uniformly to U on B,;

it) {\uw \7 us, }0 converges to |le|% Uy, weakly in WY2(B,.) and strongly in L*(B,).
<e<ep

T

In particular, we have

Uail % U, € WH2(B,);

iii) {Vu®}ocecs, converges to VU strongly in LP(B,).

Proof. We already know from Lemma 2.1 that u® converges to U weakly in W1?(B) and strongly
in LP(B).

In view of (2.6) and (2.7), the Arzela-Ascoli Theorem implies that the convergence is indeed
uniform on B, for every B, € B.

By (2.8), there exists a sequence {ej}ren C (0,e0) such that

p—2 .
{|u§,k,| 2 u} . i=1,2,
‘ *) keN

converges to some function V; € W12(B,), weakly in W12(B,) and strongly in L?(B,). In partic-
ular, this is a Cauchy sequence in L?(B,). By using the elementary inequality

_ _ 2
\t_s|pgc\|t|¥t—|s|¥s‘ . tseR,

where C' > 0 depends only on p, we obtain that {u3*}ren is a Cauchy sequence as well, this time
in LP(B,). This implies that

lim [|Vu*™ — VU5, =0.

k—+o0

We now prove that V; = |Uxi|(p_2)/ 2U,,. We use the elementary inequality

1 15" s| < C (11" + 18" ) [t —sl,  tsER
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valid for some C' = C(p) > 0. Then we obtain

—2 —2
[ [ s - 5 v,
By

2 _ —9\ 2
de < C / (\u;f;\%z + |Uxi|"72) sk — U,,,|? da
B,

p—2

p—2 p—2 % p
gC(/ (103415 + U, |"°) dx)
Br
2
p
><</ |u§’;—Uxi1pdaz> .
B

By using the strong convergence of the gradients proved above, this implies that V; = |Uy, |(p_2)/ 2U,,.
Since the above argument can be repeated for every subsequence of {u°}o<ce<s,, it follows from the
uniqueness of the limit that the convergence holds true for the whole family {u®}o<c<s,, both in
i1) and 14i1). The proof is complete. O

From the convergence results stated in the above proposition, we can obtain some regularity
properties for the local minimizer U that we state in the following theorem. These properties,
which come with local scaling invariant a priori estimates, have already been established in [3, 5]

and [9].

Theorem 2.4 (A priori estimates, p > 2). Fvery local minimizer U € VVlif (Q) of the functional §
is a locally Lipschitz function, such that for every o > p/2 we have

Up |7 Uy, e WH(Q),  i=1,2.

ocC

Moreover, for every Br € ) we have

1
(211) HUJ:Z'HLOQ(BR/Q) < C (][ IVU‘p dl’) P , 7 = 172,
Br

2a
D

(2.12) / |V (|Ug, | Um)\? dx < Ca? <][ yvm%) : i=1,2,
R/2 Br

for some C(p) > 0.

Proof. Let us prove the estimates (2.11) and (2.12). By taking the limit as € goes to 0 in (2.9) and
using the convergence result of Proposition 2.3, we obtain

2+1
)U <C[][ |VU\de+1} =12
L*>(Bg/2) Br

z;
In order to obtain (2.11), it is sufficient to observe that if U is a local minimizer of §, then for
every A > 0 the function AU is still a local minimizer of the same functional. Thus the previous
Lipschitz estimate holds true, i.e.

241
)\HUxi <C [A”][ VU dx+1] =12
Br

L (Br/2)

This can be rewritten as

P
A2p+1

Us,

_p
v C)\p][ VUIP de < C, i=1,2,
L*>(Bg/2) Br
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for a different constant C' = C(p) > 0. If we now maximize the left-hand side with respect to A > 0,
we get (2.11) as desired.

We already know from Proposition 2.3 that |U,,|?P~2/2U,. € VV&)CQ(Q) By passing to the limit in
(2.10) and using the convergences at our disposal from Proposition 2.3, we obtain

/BR/2 ‘V (\le|% Ugcl_)‘2 dx < % /BR VU da,

which is (2.12) for a = p/2. In order to prove (2.12) for a general o > p/2, it is sufficient to observe
that

— 21 -
(2.13) U7 U, = 1022 U | 1022 U,

and the function t — [t|/(2*~P)/P¢ is C'. By using that
-2
Uil 2 Ui € Wil () 0 LEL(9),

we get that |U,,|* 1 U,, € WI})CZ(Q) N L2 (2) as well. Finally, to prove the estimate, we observe
that (2.13) implies

a— 2 20— p—2 2
/B ‘V (\lel ! le)‘ dr < Co? HU”“HLEY"(gR/z) B ‘V (’UIZ‘ ’ le)’ dr.
R/2 R/2
By using (2.11) and (2.12) for a = p/2, we get the desired conclusion. O

We proceed with a technical result which will be needed to handle the case p > 2.

Lemma 2.5. Let p > 2 and let U € VVlif(Q) still denote a local minimizer of §. Let f € R and
set

p [t |p=2
F(t):§ 5|S| 2 (s— )4 ds, teR.

Then F(U,,) € W%(Q) and we have

J loc

p=2 .
(2.14) (\ij| 2 Ux])xk (Us; — B)+ = (F(Uxi))xk ,  almost everywhere in €.

Proof. In order to prove that F(U,.) € W;22(Q), we can observe that if we introduce the function

J loc

2-p
2-p It‘T t —2
GwzFoﬂfﬂzgé 5152 (s — ). ds,

then we have

(2.15) F(U,,) =G (|ij|pr2 ij) .

With the simple change of variable 7 = |s|(P=2)/2 5, the function G can be rewritten as

G(t):/p;pﬁ;ﬁ (]T\Q_TPT—ﬁ>+ dr.

Hence, G is a C! function. By using Theorem 2.4 and (2.15), we thus get that F(U, ) € W22(9).

J loc
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In order to prove (2.14), we use the approximation scheme introduced in this section. For every
g > 0, thanks to the smoothness of u®, we have

(2.16) (lug, ")), = B0 = (FC05))

zp
By Proposition 2.3, we know that Vu® converges to VU strongly in LP(B,) and
y t'rop
‘U;A% uij weakly converges in W12(B,) to |U$j]p% U,

This implies that the left-hand side of (2.16) converges weakly in L!(B,) to the left-hand side of
(2.14).

By using the uniform bounds of Lemma 2.2, the local Lipschitz character of G and the relation
(2.15), we get

_ 2
/ VF(E )de_/ G (1,177 o) da:<C/ (jug, 17" o, )| ar <,
", B, ’ j

and
: € e (=2 . 2
il_I)I(l) 5 ‘F(ij) —F(uxj)‘ dx = hm ‘G(\Uw |72 )—G(]uxj] 2 u%)‘ dx
< C lim ’]Um\ — "7 e =0,
e—0

where we used Proposition 2.3 for the last limit. We thus obtain that F' (uij) converges weakly in
W'2(B,) and strongly in L?*(B,) to F(U,,). We can then pass to the limit in the right-hand side
of (2.16). O

We end this subsection with two results on the solutions u® of the problem (2.3). The first one
is a standard minimum principle.

Lemma 2.6 (A minimum principle, p > 2). With the notation above, let B, € B. We have
—2
|uz, Ea z uz, > C, ondB, = |u§]|pT uz, > C, in B,.
Proof. In the differentiated equation (2.4) we insert the test function
(C’—\ua |p74u5) in B
(b — T Tj + 9 )
0 , in B\ By,
which is admissible thanks to the hypothesis. Observe that
2
(2.17) W |70, <€ = W <7 G

thus we obtain

2

>/ oy (P77 4 e) o 7
{xGBr:u§j§\0|T c} !

=1

2
dz = 0.

€
u:BiZDj
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Observe that the two terms are non-negative, thus for i = j we can also infer

€
TjTy

|2 (=2 ? dx

O—/ _ |us,
{IGBT cus <|o) 7 C} I
J
4 2/ ‘( R
= — us, |4 \P~ )u€_>

(3p—2> {zGBr ug, <|C| Pp C} | $J| i x;
4 2
() ), fom i e
3p—2 B, Ly

where we used that

2— —2
(2.18) w, <017 0 = Ui i <0 C
This entails that

(mln{\us |4 (P=2) G £ }) =0, a.e. in By,
T

j
so that the Sobolev function

mln{|u5 ]4(1’ 2) 102 ED C'}

does not depend on the variable z; in B,. By assumption, this function is constant on 0B,. The
last two facts imply that

-2 —2
min {|u;j|% =25 |05 c} — |05 ¢, ae inB,
which is the desired conclusion, thanks to (2.17) and (2.18). O

Finally, we will need the following result about convergence of traces.

Lemma 2.7. Let B, @ B. With the notation above, there exists a sequence {ey}ren C (0,€0) such
that for almost every s € [0,r], we have

p—2 P
lim |[Jugs| "2 ut = |0, O, —0, j=1,2
k—4o00 fuz5| &~ Us| “illLe@By) I
Proof. We first observe that
€ p—2 c p—2
= —|U,.| 2 .
{\u%\ Ya; Uy | > U, O<e<eo

weakly converges to 0 in W12(B,), thanks to Proposition 2.3. Thus for every 0 < 7 < 1, there
exists a subsequence which strongly converges to 0 in the fractional Sobolev space WT?(B,.). We
take 1/2 < 7 < 1 and observe that the previous convergence implies that we can extract again a
subsequence which strongly converges to 0 in W™2(0By), for almost every s € [0,7] (see Lemma
B.2). In order to conclude, it is now sufficient to use that for 1/2 < 7 < 1, the space W™2(dB;) is
continuously embedded in C°(9B;) (since dB; is one-dimensional, see [, Theorem 7.57]). O
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2.3. Regularization scheme, case 1 < p < 2. In this case, the functional in (2.3) is not smooth
enough, in particular is not C?. Thus the regularized problem is now

2
1 »
(2.19) min {Zp /B (e + \wxip)? cw—U*f € WolvP(B)} :
=1

This problem admits a unique solution u®, which is C? on B, see again [3, Theorem 2.4] and
[11, Theorems 8.6 & 10.18]. Moreover, the solution u® satisfies the corresponding Euler-Lagrange
equation, i.e.

2
(2.20) Z/ (e + |u§;l|2)% ug, Pz, dr =0, for every p € Wol’p(B).
i=17B

We still have the following uniform estimate. The proof is standard routine and is left to the reader.

Lemma 2.8 (Uniform energy estimate). There exists a constant C = C(p) > 0 such that for every
0 < e < gg the following estimate holds

(2.21) / |Vuf P dz < C </ IVUP dz + &2 |B|) .
B Ag B

Moreover, the family {uf}o<e<e, converges weakly in W P(B) and strongly in LP(B) to U.

We will rely on the following Caccioppoli inequality to obtain certain bounds on the family
{u€}0<€<€0'

Proposition 2.9 (Caccioppoli inequality for the gradient, 1 < p < 2). Let ( : R — R be a C*
monotone function, then for every n € C? with compact support in B we have

2 -
3 / (e + s, )2 | (u)|
=1

(2.22) <c / (e + [Vus )8 |¢'(uS, )| [Vl do

2
n* dx

5
u
zj T

+0 [+ 19T 0l (190 + ol D) do,
for some C = C(p) > 0.

Proof. We suppose that ¢ € C?, then the general result can be obtained with a standard approxi-
mation argument. In order to obtain (2.22), we use a trick by Fonseca and Fusco [9] to avoid the
use of the upper bound on the Hessian of

see also [8] and [10].
We start by testing (2.20) against ¢ = (((ug,) 1n?)z;- Thus we get

2 2

p—=
S [ e ) i (G0, )y =
=1
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By using the smoothness of u® and 7, we have

(C(u;]) 772)a:j T — (C(ui]) 772)a:i x;
(s, s, o + 2005 ) e, )

= (¢ 0, o) 42 (005 )

J Ty

By using an integration by parts, we thus obtain

2
—2
3 (DT u) ) s, P de
=178 3 v

2
—2
+2) /B(s + [, )2, (C(us,) NN, )x, do = 0.
i=1

With simple manipulations, this becomes

p—2
2
C/(ui‘j ) uij T4

2
n? dx

g [ ()

2 p—4 9
Fo-2 3 [ (e P) 7 s PO [, o de
i=1“B
(2.23) , 2
pP—<
=23 [ (el B 0, ) 0,
=1
2 2
pP—2
2} /B (6 + s, 112 S, Cu,) (17701
=1
‘We now observe that
2 2
pP—<
3 /B (e + s, )2 ¢ (ws,) Jug, o] w2 da
=1
2 p—4 9
2
F -2 Y [ (e P) T PO, fus,] e
=1
2 - )
-y /B (e + S, )22 (e + (0 — D) [, [B) ¢ (2,) |ug, o] w2 da
=1
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so that the left-hand side of (2.23) has a sign. Thus we obtain®

2
p—4
2/B<s+|u;.|2>*’z e+ (-1 s, 2 ¢ @) e, o] P
(2.24) <2Z/ (4 Jug, )72 s, 116" ) [u, o | 11
—2
2 Z/B<s+u;|2>”2|u 1G] | (70, |
=1
We now estimate the left-hand side of (2.24) from below
2
—4
Z/B(H\UQIQ)%(€+(p—1)u§i|)|<( e ol 2o
- 2
Z/s+|u 222 ()| [, | 0 de
£ 2 2
Z/wumr e ) |z, o] 0 de
p—l e12NE=2 | ./ e £ 2 2
+TZ (e 19 () i | P
=1

where we used that p — 2 < 0. We will use the last term as a sponge term in order to absorb the
second derivatives of u® contained in the right-hand side.
As for the first term in the right-hand side of (2.24)

[ el Py e 16, ) o
B

Tj Tj
£ ZE /(. € 5
s/B<e+|uxi| VT () 65, . 1]
/B(”‘W' VT |2 ) [0, o | 7 |

1 P
< E12\S | (,,E 2
< g7 [, IV I, )| 9 de

€ 2 2
Uy ;| 1 da.

3 [ e+ TPy s, )
2 /g J
Also, for the last term of (2.24), we simply get

/B<e+ruz\> 0, 1CE,)] (7702 )e, |

—1
< [ I9u Py )] (1907 + ol 0% do
Br

3Recall that by hypothesis, ¢’ has constant sign.
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By using these estimates in (2.24) and taking 7 = (p — 1)/2 in order to absorb the Hessian term
on the right-hand side, we obtain

2 € NP2 € € 2 2
i=1
(2.25) <C [ e+ V)R ¢ (5] [Vl da
Br !
HO | e+ IV 1) (19017 + ol D) da
R
which is exactly (2.22). O

We now collect some bounds on the family {u®}ocecs,-

Lemma 2.10 (Uniform estimates, 1 < p < 2). Let 1 < p < 2, then for every B, € B we have

(2.26) [u[| oo (B,) + IVU || Lo (B,) < C,
2 o2 9
(227 ) MG 0 Rl U0 I R B )
i=1"YBr
and
(2.28) / Vug Pde<C, j=1,2,

T

for some C' > 0 independent of ¢.

Proof. The L estimate can be found in [11, Chapter 7] again, while the Lipschitz estimate follows
from [9, Theorem 2.2]. More precisely, for every ball By such that Bys € B,

(2.29) sup (e + |Vu5|2)g de < C ][ (e + |Vu€]2)g dzx.
Bs Bos

By covering a given ball B, € B with a finite number of balls By such that Bss € B and using the
bound on the LP norm of Vu®, one easily gets the Lipschitz estimate in (2.26) for some constant
C > 0 which may depend on B, but not on ¢.

In order to prove (2.27), we introduce two balls B, € Br € B and a standard cut-off function
n € C? such that
0<n<1, n=1on By, n=0on R*\ Bg,

C
V| < : D < ——.
Vil < | ”'—(R_r)2
By taking ((¢) =t in (2.22), one gets
2 2
> [t Py o, | o
) i=1

(2.30
<C [ [VuP)E (VnP da - C [ (e 4 [V )F [us, | (V0 + D) da

By recalling the uniform bound on the LP norm of Vu®, (2.30) gives (2.27).
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We now observe that

2

—2
3 /B (e +us, )7
=1

£

u
z; T

p=2
2
> (4 196 i) © [ o

2
n? dx

2 _
n*dx Z/(€+ \Vus\Q)pTQ
B

€
u
TjT;

2
dx.

€
TjXq

2—p

By appealing to (2.30), this yields

C €112 2 / e12\E
/Br G (I emy) © [ (e V)

In order to conclude, it is sufficient to use (2.26) for the ball By € B and again the uniform
estimate on the LP norm of Vu?®. O

2
dx <

€

Uy .
TjT;

Proposition 2.11. With the notation above, for every B, € B, we have:
(1) {uf}o<e<e, converges uniformly to U on B;
(2) {Vu}ocece, converges to VU weakly in WY2(B,) and strongly in L*(B,). In particular,
we have
Uy, € WH(B,);

(3) {(6 + ]uchP)p%Q uii}o converges to ]UMFT_2 Uy, weakly in WY2(B,) and strongly in
<e<ep

L*?(B,). In particular, we have
Ui "2 Uy, € WH(B,).

Proof. We already know from Lemma 2.8 that u® converges to U weakly in W'P(B) and strongly
in LP(B).

By (2.26) and the Arzela-Ascoli Theorem, the convergence of {u}o<c<z, to U is uniform on B,
for every B, € B.

From estimates (2.26) and (2.28), we get that {ug, }o<c<c, i uniformly bounded in W'?(B,). By
Rellich-Kondragov Theorem, we can infer strong convergence in L?(B,) to U,,, for every i = 1, 2.

We now observe that

_9 2
V(e s, )5 u,)|

2
p—2 p=6 2 p—2
PSR Y sV + e B Ve,

6 2
= (e + Ju, )2 [Vug 12 |2 Jug, 12 + ]
—2
< (e+ g, ) |V, P,
where we used that 1 < p < 2. By (2.27), this implies that

(2.31) {4 lug, 1) s, i=1,2,

)
}O<s<eo

is bounded in W'2(B,). Again by Rellich-Kondrasov Theorem we can assume that, up to a
subsequence (we do not relabel), it converges to some function V; € W12(B,), weakly in W12(B,)

and strongly in L?(B,). We now show at the same time that V; = |Uwi|%Uwi and that actually
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we have strong convergence in L*?(B,). Indeed, by using the elementary inequality of Corollary
A.3, we obtain

el B g, - )5 v

4
p

dx

4
P

gc/‘%+mwau (e U ) U] da

4
Ug,|” dx

L e e

<C/ ._ ZZ

By using the strong convergence of the gradients proved above (for the first term) and the Dom-

4
d$+0/ 5+|U |) xi_|Uwi|¥U$ipdm‘

inated Convergence Theorem (for the second one), this implies that V; = \Uwil¥Uwi and the
convergence of the full original sequence in (2.31), weakly in W'2(B,) and strongly in L*?(B,).
The proof is complete. O

Using the above convergence result, one can establish the following regularity properties for the
local minimizer U.

Theorem 2.12 (A priori estimates, 1 < p < 2). Every local minimizer U € VVlif(Q) of the
functional § is a locally Lipschitz function, such that for every a > p/2 we have

U, [ U, e WE2(Q),  i=1,2.

loc

In particular, we have VU € VV&J’S(Q;R%. Moreover, for every Br € €2, we have

P
(2.32) HUIJ‘HL(’O(BR/Q) < <][B \VUI|P dx) , 7 =12,
R

2a

(2.33) /ﬂ \VQU%P_WQJdeSCb<f?|VUWd%)p, j=1,2,
Bry2 Br

for some Cy; = C1(p) > 0 and Cy = Ca(p, ) > 0.

Proof. Local Lipschitz regularity and the scaling invariant estimate (2.32) follow from [9, Theorem
2.2.

We already know from Proposition 2.11 that |U,,|?=2/2U,. € VVI})CQ(Q) In order to get (2.33) for
a =p/2, we first recall that

p—2 2 P2
W(G+myﬁ4z@>’gG+m;Q Vs, 2.

We multiply the above inequality by the cut-off function n? as in (2.30), associated to the balls
Br/y @ Bg. Integrating the resulting inequality, we get

/;R/Q

2 p—2
2
dx < /BR (5 + |u§]|2) |Vu§j|2n2 dzx.

p—2

(o))
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Using (2.30), this implies

p=2 2 C
/ \% ((6 + ]uiﬂ\Q) ! uij) dx < 2/ (e + [Vu]?)
Br/o R Br

By taking the limit in the previous inequality and using the convergences of Proposition 2.11, we
get (2.33) for a = p/2.

The last part of the statement now follows as in Theorem 2.4 above (observe that this time
0<p/2<1). O

b
2

dz.

Remark 2.13. For later reference, we observe that for every k,7 =1, 2,

p=2 D p=2
(2.34) (10,12 ij)zk = U | Unje, e on {U, # 0}

Since the function ¢t — |t|p772t is not C! for 1 < p < 2, nor locally Lipschitz, the identity (2.34)
does not follow from the chain rule in a straightforward way. We start instead from the following
identity, which results from the classical chain rule for smooth functions:
p 2
2-p e+ = Jug |
1 p—2 2 7%
(2:35) (b)) T (e he, M), = | iy | e
J
In the left-hand side, (¢ + [ug, |2)(2=P)/4 is uniformly bounded on Br € B and converges (up to a
subsequence) almost everywhere to |Uy, |(2=P)/2 wwhile
—2 . p—=2
<(6 + |ugz, ]2)pTuxj)xk weakly converges in L?(Bg) to (|ij|p2 ij)wk
Hence, the product converges weakly in L?(Bg) to |Us, |(2=)/2 (|Us; |(p=2)/2 Usz;)ay-
A similar argument proves that the right-hand side of (2.35) converges to (p/2) Ug,s, weakly in
L?(Bpg). We have thus proved that for almost every = € Bp,

2— —2
Uz, 2 (10,7 Usy) =2 Vs
Ty

The identity (2.34) follows at once.

As in the case p > 2, we end this subsection on the case 1 < p < 2 with two additional results
on the solutions u® of the problem (2.19).

Lemma 2.14 (A minimum principle, 1 < p < 2). Let B, € B. With the notation above, we have
u;j >C, ondB, — uf:j >C, in B,.

Proof. By inserting in (2.20) a test function of the form ¢, with ¢ smooth with compact support
in B and integrating by parts, we get

2

—2
> [ (e mF ) pado=o
i=1 B Tj

This is the same as
2

2

p=2 p—4 2
> [ DT ey pn e+ 0=2 Y [ 4 1 BT [ i, 0 da =0,
=1 =1



ORTHOTROPIC p—HARMONIC FUNCTIONS IN THE PLANE 19

By regularity of u®, the previous identity is still true for functions ¢ € WO1 ’Q(B). In the previous
identity, we insert the test function

o= (C—ug,)+ , in By,
0 ,in B\ By,

which is admissible thanks to the hypothesis on ug . We obtain

2
3 / (e + [, [2) 7
i—1 {LEGBT : uij §C’}

2
dx

€
i

2
—4
+o-2Y | (c+ s, )2 e [* [uz, | dw =0
i—1 {zeBr:ugj SC} ’
The previous can be rewritten as
2
e |2y 4 €12 € 2
>/ (e + 15, (e 4+ (0= D, ) [u, | e =0,
i—1 {xEBr:ugj SC}
which in turn implies
2 2 2
Z/ Uy .| dr=0, ie. / ‘Vui dx = 0.
i—1 {zeBr : uij gC} ’ {xEBT :ugj SC} J
From this identity, we get that the Sobolev function
(C - uij)-i-v
is constant in B, and thanks to the fact that u‘;j > C on 0B, we get
(C— uij)Jr =0, in By,
as desired. 0

Lemma 2.15. Let B, € B. With the notation above, there exists a sequence {e}ren C (0,€0)
such that for almost every s € [0,7], we have

Egloo luzt = Us; |z (0m.) = 0, Jj=12

Proof. Observe that {ui} — Uy, Yo<e<e, weakly converges to 0 in Wh2(B,), thanks to Proposition
2.11. The proof then runs similarly to that of Lemma 2.7. O

3. CACCIOPPOLI INEQUALITIES

3.1. The case p > 2. One of the key ingredients in the proof of Theorem 1.1 for p > 2 is the
following “weird” Caccioppoli inequality for the gradient of the local minimizer U. Observe that
the inequality contains quantities like the product of different components of VU.
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Proposition 3.1. Let ® : R — R be a C? function such that ®®" > 0 and ( : R — RT be a
nonnegative convex function. For every B € Q, every n € C§°(B) and every j, k € {1,2},

2

22:/ ‘ (102,17 U,

=1

Tk

2 3
(@' (Us)]? C(Usy) 0 de < C <Z/ Us, [P2 @ (Uy, ) \nmi\Qdﬂc>
(3.1) =1

1

2 2

x (Z/‘Uxi|p_2C(UIj)2‘nfEi’2d$> -
i=1

Proof. By a standard approximation argument, one can assume ( to be a smooth function. We
fix e > 0 and we take as above u® the minimizer of (2.3), subject to the boundary condition
u® —U*® € T/VO1 P(B). We divide the proof in two parts: we first show (3.1) for «¢ and then prove
that we can take the limit.

Caccioppoli for uf. We consider equation (2.4) with & in place of j and plug in the test function
o= W(us,) C(ug,) n, with W(t) = ®(t) /(1)

where 7 is as in the statement. In order to simplify the notation, we write u in place of «® in what
follows. Since

Pa; = Uzy, mz\IJ,(uxk) C(Um]) 772 + U(ug, ) (C(UIJ))% 772 + 20N, U(Uay) C(Uﬂﬁj)a

we obtain

2
S [l ) e ) Gl o
=1 ,
(3'2> - Z /(|ux¢|p_2 + 8) Ug;xy, \Il(ul“k) (C(u%))xz 772 dx
=1

-2 i /(\uwi\p_Q + €) Uy, ¥(Uay ) C(tg;) 17N, div.
i=1
For the second term in the right-hand side, the Young inequality implies
2 [ + )ty W) )10, <5 [l 4001, @1, ) o
2 [l 2) Bl (a2, do

where we used the definition of W. The first term can be absorbed in the left-hand side of (3.2),
thanks to the fact that

\I/, — ((I) (b/)/ — @/2 _|_ (b@” Z @/2'
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Hence, for the moment we have obtained

2
3 / (a2 + €)@ ()2 (i, ) o dt
=1

2
(3.3) <23 [ (a4 &) W) | (G, | 7
=1

2
+4) / (s [P~ + &) D (ugy )¢ (ugy ) 3, da.
=1

In the particular case when ¢ = 1, we observe for later use that

2
;/(|uxi|p—2 +¢) ‘((I)(uxk))xi

2
2
Pdr=3 / (a2 1 )2, @ (upy)? 0P da
(3.4) =

2
< 42 /<‘u$1 P72 +¢) ‘I’(Uzk)z 779262. dz.
i=1

We go back to (3.3). By Holder inequality, we can estimate the last term of the right-hand side:

1
2 2

2
> / (Jua, P72 + €) D(ua,, ) ¢ (ua, ) 1z, da < (Z / (Jua, |77 + &) @ (uay ) 117, dx)
(3'5) i=1 i=1

1
2 2
x (Z / (It [P=2 + 2) C 1t ) 2, dw) -
i=1
In a similar fashion, for the first term in the right-hand side of (3.3), we have

(

n? dx

3.6)
2

[l 40 Jaan | )] | (6,
=1

%

IN

2 % 2 %
(Z/ﬂurz ’p—2 +€) u?zzzxk ‘I’(umk)%?z dx) (Z/(‘uwi|p_2 +¢) ’(C(Umj))xl i 772 dm)
i=1 i=1
2
% <Z/(”U/xz ) ’(@(umky)xirnz dx)
i=1

In the last equality, we have used the fact that

NS

(Z [0 (¢t [ 7 dx) y

ufmk U(uy,,)* = % ((@(umk)Q)xl)Q
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It follows from (3.3), (3.5) and (3.6) that

2
3 / (g P72 + )., B (1, )2, P dit
=1

1
2

I /02
Ei dff) <Z/(qui\p_2 +e) ‘(C(Uzj))xir 0 dw)
i=1
2 % 2
+4 (Z / (Jua P72 + ) @(uz, ) 11, dw) (Z / ([t P2 + &) (1, ) > 2, dm)
i=1 i=1

By (3.4) with* ®2 in place of ®, one has

2 9 2
> [l ) [(@un ), [ e <43 [l + ) @) 42, do
=1 i=1

2
ux'p_Q Uka )
é(Z}/(' P2 ) (B )?),,

NI

Similarly, by using (3.4) with ¢ in place of ® and j in place of k,

2 9 2
S [l ) [(clun), | e <437 [(ualr® 2 ¢lur, P o2, do
i=1 =1

Hence, we have obtained

2
3 / (a2 4 €) 02,0, B ()2 (i, ) dt
=1

NI

2 % )
<C (/Z(\uggi\z?ﬂ+6)<I>(uzk)4n§i d:c) </Z(’uwip_2+€)é(uzj)2 2, d$> 7
i=1 —

for some universal constant C' > 0. We now observe that
2

_ _ 4
(‘u$z|p 2 + 6) uill‘k 2 ‘uwz|p zuiiﬁk = P

p—2
(™
T

I

thus, by restoring the original notation u®, we get

2 —2
> [ (= )
i=1 Tk
7) , o
=1 =

Passing to the limit ¢ — 0. By Lemma 2.2, for every B, € B the gradient Vu® is uniformly
bounded in L*°(B,). Moreover, by Proposition 2.3, up to a subsequence (we do not relabel),
it converges almost everywhere to VU. By recalling that n has compact support in B, then
the Dominated Convergence Theorem implies that the right-hand side of (3.7) converges to the
corresponding quantity with U in place of u* and € = 0.

2
@ (0, )? (5, ) P da

T

(3.

2

4Observe that ®? still verifies ® (®2)” > 0. Indeed, (®?)” = 2(®')*> + 2P " > 0, by hypothesis.
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As for the left-hand side, we use the fact that for a subsequence (still denoted by u®)

o) ], SO Vs ) = () s )n. e
and that

|u;]p772 ug, weakly converges in Wh2(spt(n)) to \UIZ|¥ U,

[

still by Proposition 2.3. Hence, we can infer weak convergence in L?(spt(n)) of

p=2

Finally, by semicontinuity of the L? norm with respect to weak convergence, one gets

/‘(!Uu\”f Us),

This yields the desired estimate (3.1) for U. O

2 2

' (g, )? (uz,) n? da.

(U, )? ¢(Uy,) n?dx < liminf/ ‘ <\uil\% uiz>
e—0 Tl

3.2. The case 1 < p < 2. In this case, the Caccioppoli inequality we need is more standard.
Proposition 3.2. Let ¢ : R — R be a C! monotone function. For every B € Q, everyn € C§°(B)
and every j = 1,2 we have

2

Ug, P2 Z(Ug;)).
(3.8) ;/{UwéO}' | )( (Uz,)),,

2
n? dx

<c [ Ivup (V01 W)l + 6,1 (199 + fnl D)) da
where Z : R — R is the C! function defined by
t
(3.9) Z(t) = /0 V1T ds.

Proof. We fix ¢ > 0 and we take as above u® the minimizer of (2.19), subject to the boundary
condition u® — U*® € Wol’p(B). Then by Proposition 2.9, we have

2
(e + [, %) 7 ¢/ ()|
>/

<c / (e + [V )% ¢/ (w5, [Vn[2 da

€

Uy .
TjT;

2
n? dx

+C [+ 19T fo(us, )| (1992 + lnl D) da.
for some C' = C(p) > 0. Since p < 2,

p—2
(e +Jug, )= 1< (g )l |ug, o
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Hence,
2 - 2
> [ ((eriep =), Jictsi)
i=1 7
(3.10) <C [+ V0P ¢ )| 1V da

-1
+C [+ 196 P)E fo(us, )| (1992 + Il D% da.

In order to pass to the limit as € goes to 0, we observe that by Lemma 2.10, for every B, € B
the gradient Vu® is uniformly bounded in L*°(B,). Moreover, by Proposition 2.11 it converges
almost everywhere to VU (up to a subsequence). By recalling that 7 has compact support in B,
then the Dominated Convergence Theorem implies that the right-hand side of the above inequality
converges to the corresponding quantity with U in place of u® and € = 0.
As for the left-hand side, we observe that by Proposition 2.11
(e + |u§l|2)% uf  weakly converges in W12 (spt(n)) to |sz\z%2 Usz,,

T

and (up to a subsequence),

[Vicwsinl,. .. e icws)in= icw)ln ae

Thus as in the case p > 2, we can infer weak convergence in L?(spt(n)) of

—2
(e+hsm5uw,) /icws)ln
J
By the same semicontinuity argument as before, we get
2 , 2 2 ,
. . p—2 p—=
it Y [ (41,0, i0Ge)in) o= [|(10a 7)o@l
i=1 =1
The right-hand side is greater than or equal to
2 L 2 9 2
S (o), | e =5 [
i=1 {Uwﬁéo} T =1 {

The last equality follows from (2.34). Now, applying the standard chain rule for the C* function
Z defined in (3.9) (remember also that U, € VVéCZ(Q) N L2 (Q)) yields

loc

2 2
. e (222 ¢ !
hgn_}lonf i_g 1 / (((8 + \uxj ) @ u“)g:j I (ui*])‘ 77) dx

2
n* dz.

2
dz.

p—=2 2
Uz,| 2 Uz, o,

¢ (Usy)| 1 da.

|

In view of (3.10), this completes the proof. O
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4. DECAY ESTIMATES FOR A NONLINEAR FUNCTION
OF THE GRADIENT FOR p > 2

We already know from Theorem 2.4 that
U, |2 Uy, € WE2(9) N LiS().

loc loc

This nonlinear function of the gradient of U will play a crucial role in the sequel, for the case p > 2.
Thus we introduce the expedient notation

p—2 .
’UJ:|U1.J’ 2 ij7 ]:1’2

For every Bpr € (1, we will also use the following notation:

(4.1) m; :iélfvj, Vi =v; —mj, M; = sup V; = oscvyj, ji=1,2,
R Br Br

and

(4.2) Lr =1+[|VU| 1 (Bg)-

4.1. A De Giorgi-type Lemma. We first need the following result on the decay of the oscillation
of vj. This is the analogue of [13, Lemma 4]. As explained in the Introduction, our operator is
much more degenerate then the one considered in [13], thus the proof has to be completely recast.
We crucially rely on the Caccioppoli inequality of Proposition 3.1.

Lemma 4.1. Let Br € 2 and 0 < a < 1. By using the notation in (4.1) and (4.2), there exists a
constant v = v(p,a, Lg) > 0 such that if

2p+4(1—%)
v > (1—a)M]~}mBR) <vM, |Bxl,
then N
0<V; < (1-5) My, on B,

Proof. We first observe that if M; = 0, then V; identically vanishes in Br and there is nothing to
prove. Thus, we can assume that M; > 0.
For n > 1, we set

a o R R
kn:Mj<1—§—27>, Rn:§+27, An:{‘/j>kn}mBRn,
where the ball Bg, is concentric with Br. Let 6,, be a smooth cut-off function such that
2n
0<6, <1, 0, =1on Bpg,,,, 6, =0 on R*\ Bp, , IV6,| < (JE.

Recalling the definition (2.1) of g4, we then set for every n > 1
2-p
(4.3) B = Gy (M + k) = |myj + k| 7 (m + Kn),
2
with m; defined in (4.1). We start from (3.1) with the choices

d(t)=t, ((t)=({t—pF)7 and  n=0,.
Observe that
C(ng) = (ij - ﬂn)?i- >0 — ij > ky,
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and also®
2

0 ((Us,) < |95 (15) = o2 (my + Kn)

(4.4)
4 4
SC’]vj—mj—kn\EgCMjp, a.e. on Bp, .
By using (4.4) and the definition of A, we then obtain

Z/mm >92<c< 1022 0 1600 ) ( [ 1o ews,)? i n>xi12dx>
<M </ yvanP)z / \venP)Q.
Br,, Ap

In view of the properties of 6, it follows that

2m 1 1
Z/| 0)aal? C(U,) 62 dx < O L, M7 <R> B, \ B 214,

m\»—t

4
<c4a" Lk Mp

R ?
for some C' = C(p) > 0. Here, we have used that
2

R
|Br, \ Br,,| =7 (R — R2,,) = 7 (Rn — Rnt1) (Rn + Rpt1) < Tz 27T R = T
In the left-hand side, we only keep the term i = j and use that by Lemma 2.5
(v9)ax \/C(Us;) = (F(Us)),, -
where

p t p—2 P t p—2
—2/ Is| 2~ \/C(s)ds:2/ |s| 2 (s — Bn)+ds, teR.
Bn Bn

We thus obtain

1
1A |2
/‘ ac] Ik‘ 92d$<C4”LpMp|;{‘2.
Summing over k = 1,2, this yields an estimate for the gradient of F'(Uy;), i.e.
1
)2 62 npp ase [Anl?
(4.5) |V(F(Uyg,))|” 0, dv < C4" Ly M” 7

Since m; < m; + kn, < mj + M; = supg, v; and by definition of Lg, [m; + ky| < L%z. Hence, by
definition of 5, see (4.3),

(4.6) |Bn| < Lpg.
By keeping this in mind and using Lemma A.1 below,

0< F(U,) < C (10,7 + 16T ) U, ~ o)} < C Ly (U, )2

5In the second inequality we use that ¢ — 9&1_2)/2(15) is 2/p—Holder continuous.
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This implies that F'(U,;) = 0 on Bpg, \ A, and also that

;2
0< F(U,) < CLE ((Us)<CLiE Mp
for some C'= C(p) > 0. In the last inequality, we have used (4.4). Hence,

/|ve 2(F(Uy,))?de < C LYy QMP/ |V, |? d
An

(4.7) o
<C4an 2Mp |A | <C4TLLP M? ’An’2
R?

where in the last inequality we used that [A,|'/? < /7 R and M; < QL%/ ’. By adding (4.5) and
(4.7), with some simple manipulations we get

4
/ IV(F(Us,) 0,) < C4™ L, M?
Br,

where as usual C' = C(p) > 0. We now rely on the following Poincaré inequality® for the function
F(Uy,) 0, € Wy*(Bg,)

|{z € Bg, : F(Us,) 6, > 0} ; IV(F(Us,) 0,)? do > c/B |F(Us,) 0| da.
Rp, Rn

Since 6, =1 on Bgr_ ., and by construction

|Ap| > {F(Uy,) 6n > 0},

n+1

one gets
n LP »

4 P
/ |F(Uy,)[Pde < C —B 54,3,
BRn+1 R

for some C' = C(p) > 0. By using that F' is non-decreasing and
A?’H-l = {‘/] > kn-i-l} N BRn+1 = {UJJJ > /Bn-‘rl} N BRn+17

we obtain
/ F(U,,) P de > / F(U) P di > | Anir| F(Bai1)?
BRnJrl A7z+1
This gives
4
,  AnIhM?
(45) Anial F(Brn)? < 0 =220 4, 3.

We now use the lower bound of Lemma A.1 to get
(49) F(Bn+1)2 >c (/Bn—i-l - Bn)p+2-

6For every bounded open set Q C R2, the Sobolev embedding WOI’I(Q) < L*(Q) implies that for every f €

Wy (), )
[ifar<c (/IVfldw> e (/{w Vfld:c> <Clta: 1@ #0)| [ 195 s

where C' is a universal constant.
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Remember that
Bo=gpa(mj+ka)  and  Bug1 = gy (my+ knta).
2 2

If we use again that for every s,t € R,

—2 -2
gua (6) = g ()] < C (1H1°2" + 1512 Jt =),

then one gets
2 p=2 p=2\P+2
bt =kl = (s m3) = (bt m) |72 < O (1Bl 18207 )" (B = )"

By using (4.6) and (4.9) we obtain

p2—4

1 = En"T2 < CLp* F(Bni)*.
so that by (4.8),

pP-442p 4
"L, 2 M?
Anl kn 1_knp+2§0 R J An%
+ + R

By definition of k,, the previous inequality gives

3
] _ (200 2o ) 14\
R2 <C abt2 LR ’ Mjp R2 :

Since M; > 0, the right-hand side is well-defined. If we now set Y, = |A,|/ R?, this finally yields

2
—442 4
p +2p Z_p

3
Yoi1 < (Co Lp * M/ 2> (207" 2, for every n € N\ {0}.

for some Cyp = Cy(a, p) which can be supposed to be larger than 1. If follows from Lemma B.1
below that

_ _ (206 4 ey, 2pHd (1—%)

ngr—ir-loo Y, =0, provided that Y; < Tg Ly, p .

The condition on Y; means
2p+4 (1-2 ) (2ptH)=6 4 o
(4.10) {Vj > (1 —a) M;} N Bg| < v M, (1-3) |Br|, WlthVZZWLRp P
By assuming this condition and recalling the definition of Y,,, we get
) @
Vi< lim k= (1—5) M;,  a.c on Bpp.

This completes the proof. O

Remark 4.2 (Quality of the constant v). For later reference, it is useful to record that
2p+4 (1—%) - 1

J 2

This follows by direct computation, using the definition of v and observing that

v

M;j < 2||vjl[oo(Bg) = 21Uz <2(Lr—1).

g
J ||L°°(BR)
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Also observe that by its definition (4.10), the constant v is monotone non-increasing as a function
of the radius of the ball By (since R — Lp is monotone non-decreasing and 4 — p?> — 2p < 0 for
p=2).

4.2. Alternatives.

Lemma 4.3. We still use the notation in (4.1) and (4.2). Let Br € Q and let v be the constant
in Lemma 4.1, for o« = 1/4. If we set

then one of the two following alternatives occur:
(B1) either

7
(4.11) gig v; < 3 %slgvj,
(B2) or
1 2p+4 (1-2
(4.12) / Vo, |? da > v M2 M, (-3),
BR\B(SR 5127 J

Proof. We can suppose that M; > 0, otherwise there is nothing to prove. We have two possibilities:
either

4(1-2

3 2p+
’{Vj>4Mj}mBR <VM]‘ ( p> |Br|,

or not. In the first case, by Lemma 4.1 with @ = 1/4 we obtain
oscvj < 0sc vj < < 0SCUj,
Bsr Br/a 8 Br

which corresponds to alternative (B1) in the statement. In the first inequality we used that § < 1/2,
see Remark 4.2.
In the second case, we appeal to Lemma B.3 with the choices

q=2, e =1Vj, M = M; and y=vM
with ¢ as in the statement above. It follows that:

e cither

2p+4(1-2
/ Vi da > oazar 08,
BR\BLSR 5127’[’ J J

e or the following subset of [0 R, R]

A= {s € [0R,R] : V; > gMj’ Hl—a.e. on BBS},

has positive measure.
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If the first possibility occurs, then we are done since this coincides with alternative (Bag).
In the second case, we consider u® the solution of the regularized problem (2.3) in a ball B € 2
such that B € B. Then we know from Lemma 2.7

lim H]ui’; \%2 uk —wv

e ]H —0, forae scl0,R)]
k—+00 j L(8B,)

for an infinitesimal sequence {ej},en. Since A has positive measure, we can then choose a radius
s € A such that the previous convergence holds. For every n € N\ {0}, by taking k large enough
we thus obtain
‘ugk‘% uzt > > P+ mj — E H'—a.e. on OB
T Tj; — 8 J i n? .. S
We can now apply the minimum principle of Lemma 2.6 with C' = 5/8 M; + m; — 1/n and get

- 5 1
(4.13) Jut |7 ugk > o Mj+mj— . inB.

Thanks to Proposition 2.3, we know that {\uiﬂprQ uzh tken converges strongly in L*(Bs) to v;. It
then follows from (4.13) that
v->§M<+m-—l a.e. in B tha‘cisV>§M-—l a.e. in Bs.
J= g T s> i= g T s
Hence, by arbitrariness of n we get

3
oscv; <oscv; <supV; —infV; < =M
BaRj_BsJ_BSJ B, 7~ 8 7

which implies again alternative (Bj). The proof is complete. O

5. DECAY ESTIMATES FOR THE GRADIENT FOR 1 < p < 2
5.1. A De Giorgi-type Lemma. For every Br € (2, we introduce the alternative notation

(5.1) m; = inf Uy, Vi = U, —my, M; =sup V; = osc Uy, i=1,2,
Bgr Br Br

and still use the notation (4.2) for Lg.

Lemma 5.1. Let Br € Q and 0 < o < 1. By using the notation in (5.1) and (4.2), there exists a
constant v = v(p,a, Lg) > 0 such that if

(Vi>(1—a)M}n BR( < v M?|Bgl,

then N
0<V; < (1—5) M;, on Bx.
2
Proof. We first observe that if M; = 0, then V; identically vanishes in Br and there is nothing to
prove. Thus, we can assume that M; > 0.

For n > 1, we set
a o« R R
:M~<1————> =42
kn J 2 2n 9 R?’L 2 +2n7

where the ball Bg, is concentric with Bgr. Let 6,, be a cut-off function such that

0<6, <1, 0, =1 on Bg 6, =0 on R?\ Bp,

A, ={V; > k,} N Bg,,

n+17
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2n 4n

i and |D?0,| < C —

IV0,| < C =

We then set for every n > 1
(5.2) Bn = m; + kn.
For every § > 0, we take a C'! non-decreasing function &5 : R — [0 + oo) such that”

&(t) =0, fort <0, I&5(1)] < C, for t € R,
and

&(t) =C, for t > ¢,

for some universal constant C' > 0. This has to be thought as a smooth approximation of the
“positive part” function, up to the constant C' > 0. In the setting of Proposition 3.2, we take

((t) =&(t—PBn)  and  n=0bh
We observe that
C(t) < C (t - 5n)+a
so that

(53) C(Umj)SC(ij—mj—kn)+§CMj§QCLR.
By using (5.3) and the properties of ¢, one gets from (3.8)

2
cy | U7 Uiy o 202 do < C VUP (196, + D%,]) dz

b [ U (90 +10%0,) do
{Us, 260}

<Cr, / (|v9n12 + yDQeny) dz.
{Us, >60}

Since p < 2 and |Uy,| < Ly a.e., one gets

2
Z/ |ijxi|20,2Lda:§C’L%/

Here, we have also used the fact that U, ., = 0 a.e. on the set {U,, = 0}. We now take the limit
as ¢ goes to 0 in the left-hand side. By the Monotone Convergence Theorem, we get

2
Z/{U > }|U$W’20gdx = CL%/
i=1 Y {Uz;2Pn

{Us, Bn}

(|ven\2 + \D29n\) dz.

(|ven\2 + \D%\) d.
In view of the properties of 8, it follows that

(5.4) /‘V (Uz; — Bn)+‘2 02 dx < C L% 4" |Ay|

R2’

"One can take for example the function &5 of the form

0 ,for ¢ <0,
&(t) = ¢ t3/82 Jfor 0 <t <6,
3t—2§ ,fort>4.
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for some C' = C(p) > 0. Observe that
|[Anl
R2’

(5.5) / V02 (Us, — Ba)2 di < C L34
thanks to (5.3). By adding (5.4) and (5.5), we get

A,
/ IV ((Uz; = Bn)+ 6n) |2d:c§C4”L%%| 2‘,
Br, R

where as usual C' = C(p) > 0. We rely again on the Poincaré inequality and obtain

[{z € Br, : (Us; — Bn)+bn > 0}\/3 IV ((Us, = Bn)+ bn) |” da

> ¢ / (U, — B Ou]? da.
Bg,,

Since 6, = 1 on Bg,, and by construction

|An| > [{(Uz; = Bn) 4 6n > 0},
one gets
5 4n L3, A
Br (U.ZJ - Bn)+ dx S C R2 ‘ ’I’L’ )

n+1

for some C' = C(p) > 0. By using that
An+1 = {V] > kn—i—l} N BRn+1 = {Um]. > Bn—&-l} ﬂBRn+1,

we obtain
U= 0uRode > [ Wy = B> A (s — 5o
BRn+1 An+1
This gives
2 oo LR
(5.6) | Ant1| (Bat1 — Bn)” < C R |[An|”.

By recalling the definition of 3,, and k,, the previous inequality gives

|[Anta] £2m o\ (14
23 <C (5 LM, =)

Since M; > 0, the right-hand side is well-defined. As before, we set Y, = |4,|/R? and obtain

Yo < (CO 3 Mf) 16"Y2,  for every n € N\ {0},
for some Cy = Cp(a, p) > 1. Again by Lemma B.1 we get
lim Y, =0, provided that Y; < w Ll_f M?,
n—+o0o C() J
This means L
{V; > (1 — ) M;} 1 Br| < v M? | Bg|, Withyzzlc%wL}_f.

By assuming this condition and recalling the definition of Y,,, we get

V; < lim k, = (1 — %) M; a.e. on BR/Q.

n—-+00
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This completes the proof. O

Remark 5.2 (Quality of the constant v). For later reference, as in the previous case we observe

that
1

57
and that the constant v is monotone non-increasing as a function of R.

VM]-2<

5.2. Alternatives.

Lemma 5.3. We still use the notation in (5.1) and (4.2). Let B @ Bog € Q) and let v be the
constant in Lemma 5.1, for oo = 1/4. If we set

_ Va0
6=/ M2,

then one of the two following alternatives occur:
(B1) either

7
. x; <= T
(5.7) ging_S%ssUj
(Ba) or
1
5.8 Uy, |* dx > M.
(58) /BR\BSR’v J‘ $—5127r’/ ’

Proof. We can suppose that M; > 0, otherwise there is nothing to prove. We have two possibilities:
either

< v M; |Bg|,

3
’{V] > 1 Mj} N Br
or not. In the first case, by Lemma 5.1 with oo = 1/4 we obtain

7
oscU,. < osc U,. < —oscU,.
Bsp 7 T Bppn 0T 8Br

which corresponds to alternative (Bj) in the statement. In the first inequality we used again that
0 < 1/2, see Remark 5.2.
In the second case, we appeal to Lemma B.3 with the choices

q=2, e=1Vj, M = M; and 'y:VMjZ,

with 0 as in the statement above. It follows that:

1
|VVi|? dz > —— v M};
/BR\B(SR ! 512w 7

e cither

e or the set
A= {s €[0R,R] : Uy; —mj > gMj, H'—a.e. on 835},

has positive measure.
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Again, if the first possibility occurs, then we are done since this coincides with alternative (Ba).
In the second case, we consider u the solution of the regularized problem (2.19) in a ball B € 2
such that B € B. Then we know from Lemma 2.15

kEI—ir—loo [uzt = Uz, [l @m,) = 0, for a.e. s €0, R].

for an infinitesimal sequence {ej }ren. Since A has positive measure, we can then choose a radius
s € A such that the previous convergence holds. For every n € N\ {0}, by taking k large enough
we thus obtain

5 1
uij > §Mj+mj_ﬁ’ H —a.e. on OB;.

By proceeding as in the proof of Lemma 4.3 and using this time the minimum principle of Lemma
2.14 and Proposition 2.11, we obtain

By arbitrariness of n, we get

Bsr

: 3
osc Uy, < ogchxj < (sgs Uz; — mj> — (1}1315 Uz; — mj> < éMj’
which implies again alternative (B1). The proof is complete. U

6. PROOF OF THE MAIN THEOREM

6.1. Case p > 2. We already observed that for every ¢ > —1 the function ¢ — ¢ |¢|? is a homeo-
morphism on R. This implies the following

Lemma 6.1. Let f : E — R be a measurable function such that for some q > —1 the function
|f12 f is continuous. Then f itself is continuous.

In view of this result, in order to prove the Main Theorem in the case p > 2 it is sufficient to prove
that each function ,
p—z .
Uj:’Umj’ 2 ij, j:1,2,
is continuous on 2. Thus Theorem 1.1 for p > 2 is a consequence of the following

Proposition 6.2. Let p > 2, zy € Q and Ry > 0 such that Bg,(zo) € Q2. We consider the family
of balls { Br(xo) }o<r<r, centered at xo. Then we have

lim < 0sC vj> =0, j=12.
RN\O0 \ Bgr(zo)

Proof. For simplicity, in what follows we omit to indicate the center z of the balls. Since the map
R — oscp, vj is non decreasing, we only need to find a decreasing sequence { R, }nen converging

to 0 such that
lim (osc vj> =0.
n—+oo \ Br,

For simplicity we now drop the index j and write v in place of v;. We set

2p+4 (1-2
My = osc v and 50:\/’/0M0p ( p>7
Bry 2
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where 1 is the constant of Lemma 4.1 for R = Ry and o = 1/4. We construct by induction the
sequence of triples {(R,, My, 0p) }nen defined by

2p+4 (1-2
Vanp ( p>’ Rn+1 = 6n Rna

M, = Op =

n gii v, n 9

and v, is the constant of Lemma 4.1 for R = R,, and o = 1/4. Since 6,, < 1/2 for every n € N (see

Remark 4.2), the sequence { R, }nen is monotone decreasing and goes to 0. In order to conclude,
we just need to prove that

(6.1) lim M, = 0.

n—oo

Observe that we can suppose M,, > 0 for every n € N, otherwise there is nothing to prove. We set

1 2p+4 (1-2
[:= neN:/ Vo2 dz > v M, ( ”>Mg ,
BRn\BRn+1 5127

v 2p+2+4 (1-2 1 2p+2+4 (1-2
51§WZM” ( p)§512w > va Mn 08
(6.2) nel nel

< Z/ |Vo|? dz S/ |Vv|? de,
nel Y BrRo\BR, Bpr

0

and we have

thanks to the fact that v, > 1y > 0 for every n € N (see Remark 4.2). We now have two
possibilies: either I is infinite or it is finite. If the first alternative occurs, then (6.2) and the fact
that v € VV&’?(Q) imply

lim M, =0.

Ion—o0
This means that the monotone sequence {M, },en has a subsequence which converges to 0, thus
we have (6.1) and this completes the proof in that case.
Otherwise, if I is finite then there exists ¢ € N such that for every n > ¢ we have

1 2p+4(1-2
/ V|2 da < vp My, ( p)Mg.
BRn\BRn+1 5127’(’
By Lemma 4.3, this in turn implies that
7 7
Mpi1= osc v< - oscv=—-M,, for every n > /.
BRn+1 Bgr, 8
This again implies (6.1). The proof is complete. O

6.2. Case 1 < p < 2. The case 1 < p < 2 is similar, but more direct. This time Theorem 1.1
follows from the following result, whose proof is exactly as above. It is sufficient to use Lemma 5.1
in place of Lemma 4.1 and Lemma 5.3 in place of Lemma 4.3. We leave the details to the reader.

Proposition 6.3. Let 1 < p <2, zg € Q and Ry > 0 such that Br,(xo) € Q. We consider the
family of balls {Br(xo) }o<r<Rr, centered at xo. Then we have

li Uz | =0 i =1,2.
o, (e, ) =0 9



36 BOUSQUET AND BRASCO

APPENDIX A. INEQUALITIES

In the proof of Lemma 5.1 we crucially relied on the following double-sided estimate for the

function .
_— / 1s|"2" (s — B)4 ds, teR.
2 Jp

Lemma A.1. Let € R and p > 2. There ezists a constant C = C(p) > 1 such that for every
t € R,

(A1) L= B < F) <0 (17 + tmax{0,-)'T ) (¢ - 912

Proof. Since F(t) = 0 when t < 3, both inequalities are true in this case. Thus let us assume that
t > B. Moreover, if § =0,

t _
F(t)zg/s”zsds:iztpf, for ¢ >0,
0 p

which implies the result.

Case § > 0. By Holder’s inequality

([ </;w )
(-
2

[SIiS]

-

) ([ 200

p=2
t - B)-}— )
where we used that (s — 8); < s and this gives the lower bound in (A.1). As for the upper bound,
by the change of variables 7 = s/ one has
X —
F(t) = Bp;ﬂ F. (5) where F+(X):§/ i (t —1)dr, T> 1.
1

Observe that

Fi(X) = _’;2 (X”+ —1)-()(%—1), X > 1

Moreover, by convexity of the function X + X?/2 we have
—(X% —1> < —%(X—l),

while a second order Taylor expansion gives

X 2 _
P (pr—1)_p(X—1)+p/ ' (X —s)ds < P(x — 1)+ x% (x — 1)
p+2 1 8

Thus we obtain

and finally for ¢ > 3
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which proves the upper bound in (A.1).
Case § < 0. This case is slightly more complicated. We introduce the function

P ez D (2
F(x)=2 / 1s]"2 (s +1)ds = (yxy - 1) (yxy X+ 1) X>-1
2 )4 p+2
It is sufficient to prove that there exists C' > 1 such that

(A.2) C(X+1) <P (X)<C (|X|%+1) (X +1)2.

Indeed, F(t) = |3|®*t2/2 F_(t/|3|) and this would give
1 p+2 9
~(t— <
S(t=9)F <FO <O (7 +18"7) (-8
as desired.
The upper bound in (A.2) for —1 < X < 0 can be obtained as before, by using a second order

Taylor expansion for the first term and using that 7 — |7|?=2)/2 7 is concave on —1 < 7 < 0. This
gives

(X (1x1%° = 1) + (1x1"%° x +1)
(X) = p+2 X[ x|
p2 (X
S—Q(X+1)+4/ \S\T(X—s)der (X +1)
-1
P2
§§(X+1)2.
Observe that the upper bound is trivial for 0 < X < 1, since
<|X| > <|X| X+1)§2§2(|X|%+1>(X+1)2'
P+2

Finally, for X > 1 we still use a second order Taylor expansion for the first term and the elementary
inequality

I3

1
X 1<§X F(X 4102

for the second one. These yield

p2 X p—2 p2 1 p—2 2
F_(X)§4/ Is| 2 (X —s)d8+ X (X+1) <8+2) X2 (X +1)°
-1
In order to prove the lower bound, we just observe that the function
+
(X +1)7
X —" X >-1
F (X) ~’
is positive continuous on (—1,400) and such that
+ pf2
(X +1)z X+
—_— d 1 —_— .
xoly+ E(x) ST o e T F(x) ST
Thus it is bounded on (—1,+00) and this concludes the proof of the lower bound. O

Lemma A.2. Let 1 < q <2, for every zy, z1 € RY we have

(A.3) 1201972 20 — |21]T 2 21| < 227920 — 21|77 L
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Proof. The proof is the same as that of [6, Lemma 4.4], which proves a slightly different inequality.
We first observe that if z; = zp there is nothing to prove, thus we can suppose |21 — z9| > 0. Let
us set

ze=(1—1t)z0+t 2, t €10,1],
then we have

1 1
21|77 21 — [z0l" % 20 = / % (121772 2e) dt = (g = 1) / 2072 (21 — z0) dt,
0 0
which implies
1 q—2
(A1) 27 20— a7 21| < (g~ 1) — 0] /0 0] — tlex — zol|”

where we used that ¢ — 2 < 0. We now distinguish two cases:
either  |zg] > |21 — 20| or |z0| < |21 — 20

In the first case, we have

1 o1
: 2 2zl = (lz0] = 21 = 20)
/ )‘Z0|—t|2’1—20|’ dt:/ (|Zo‘—t’21—2’0‘) dt =
0 0 (¢ —1) |21 — 20|
|21 — 20]7°
g—1
which inserted in (A.4) gives the desired conclusion. In the second case, let 0 < k < 1 be such that

)

|z0] = K |20 — 21,
then we have

i

1

q—2 K q—2 92
dt:/ (‘Zo|—t|2’1—20|> dt+/ (t|Zl_ZO|_|ZO‘> dt
0

K

|z0| —t]z1 — 20

q—1
| 20|97t (|z1 — 20| — |Zo|>
T (gDl -z (- 1]z -
< 92—4 M
< 1
In view of (A.4), this gives the desired conclusion. O

Corollary A.3. Let 1 < p <2, for every e > 0 and every t,s € R we have

p—2 2

(€+t2)Tt—(€+S2)%28 322%?\t—s|g, t,s € R.

Proof. We use (A.3) with the choices

2
N =2, q:]%, zZ0 = (t, \@) and z1 = (s,\/E).
This implies

‘(5—1—752)%2 (£,VE) — (e +80)"T (s,VE) ‘ <2%3" |t — s|5.
By further observing that

p—2

’(e+t2)p%2 (t,VE) = (e +52)"T (5,v7) ‘ > ’(s+t2)¥t—(s+52) T s
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we get the conclusion. O

APPENDIX B. SOME GENERAL TOOLS

In the proof of Lemmas 4.1 and 5.1, we used the following classical result. This can be found for
example in [11, Lemma 7.1].

Lemma B.1. If {Y, },en is a sequence of nonnegative numbers satisfying
Yo <edb” YRHB, Y1 < c_l/ﬁb_(ﬁﬂ)/BQ, for some ¢, 5>0,b>1,
then lim, 4 Y, = 0.

The next lemma is a Fubini-type result on the convergence of Sobolev functions. We denote by
H! the one-dimensional Hausdorff measure.

Lemma B.2. Let 0 < 7 < 1 and 1 < p < co. Let Br(xg) C R? be the disc centered at xo with
radius R > 0 and let {upneny C WTP(Bg(zo)) be a sequence strongly converging to 0, i.e. such

that
_ P
lim / |un|pdx—l-// [un(@) gj:T(y)‘ dx dy
799 | J Br(xo) Br(z0)xBr(zo) |z —y[>*7P

Then there exists a subsequence {un, }ien such that for almost every r € [0, R|, {un, }ien strongly
converges to 0 in WTP(0B,(xo)), i.e.

_ p
lim / [ |7 dHY + // nc () = W)V 3314y it )| = 0
=00 | /9B, (z0) OBy (w0)xOBr(zo) 1T — y[HTTP

Proof. Let us consider the convergence of the double integral, that for the LP norm being similar
and simpler. Without loss of generality, we can assume xy = 0, then we omit to precise the center
of the ball. We use polar coordinates = pe’”. We need to show that up to a subsequence, for
almost every ¢ € [0, R] we have

=0.

_ tw)|p
B.1 lim [u, )P, = i [un(0€”) = un(e e )" \o 0
(B.1) nl_go[u ]Wf,p(dBe) Lm0 //027r><[027r] 77 — gl w =10

For every u € W™P(R?) and ¢ > 0, we introduce

ey —u(petv d
/ // QH? ) iw(lg+"r )’ dv dw é1)+7-9
02rx[02x | — @[t p
We claim that

c — u(y)?
(B.2) W) < Z llyraen = 2 [, |$_ i dw .

for some constant C' = C(p, 7) > 0. Let us assume (B.2) for a moment and explain how to conclude:
we can extend {u, }nen to a sequence {ty }neny € WTP(R?) such that

Un = U,, on Bp and [ﬁn]ng(RQ) <C [un]WTp( )’
see [1, Lemma 7.45]. The latter and (B.2) imply that
lim Wk (uy) =0, for every € > 0.

n—o0
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By definition of W;, this means that the sequence of functions

Y |un(ge“9) —up(0e')[?
falo) = / , : 4 dw,
( ) Ql+Tp [0,27]x[0,27] |6u9_euu‘1+7'p

converges to 0 in L'((e, R)). Hence, there exists a subsequence {fn, }ien which converges almost
everywhere to 0 on (e, R). By taking a sequence {ej }ren converging to 0 and repeating the above
argument for each ¢, a diagonal argument leads to the existence of a subsequence still denoted by
{fn, }ien which converges almost everywhere to 0 on (0, R). Equivalently, {uy, }ien satisfies (B.1)
for almost every o € [0, R].

Let us now show (B.2). The proof is similar to that of [2, Lemma A.4]. For p > ¢, ¢ > 0 and
Y, w € [0,27] we have

u(oe'’) —u(oe™ )‘ <C‘ u(oe' )—U((Q+t) M)‘pﬂtC‘U(a)H) 'M)—U(gew)
and (for ¥ # w)
o P! |em9 zw’ rp—1 —(1+7p) /OO [t+g|€m_ewq—rp—2 "
0

Thus from the definition of W;(u), we obtain with simple manipulations

w\ |P
u(ge'”) — ((Q+t) i ))
<C/ / / , , odv¥ dwdodt.
027r]><[027r]

(t+ olei? — 777

p

)

Observe that

- 94w
‘9 —(e+t)e —e e,
hence,
w |P
u(oe”) = ul(o+1) e 57
<C/ / /[027r x[0,2 7] ‘Qezﬁ (Q“‘t) 19+w 2+Tp Qd'ﬂdwdé’dt
<9 [u(ee'?) — uls )P sdd dy do ds
- ¢ loei? — sel¥|2tTP e o as,
[0,00)x[0,00) J[0,27]x[0,27] 1@
which completes the proof of (B.2). O

The following result is a general fact for bounded Sobolev functions in the plane. This is exactly
the same as [13, Lemma 5], we reproduce the proof for the reader’s convenience.

Lemma B.3. Let ¢ > 1 and let ¢ € W9(Bg) N L¥(Bg) be a function such that 0 < o < M. Let
us suppose that there exists 0 < v < 1 such that

3

If we set § = \/7/2, one of the following two alternatives occur:
(Ay) either

> v|Bg].

R2-
Volld — vy M1
Fomane 72142 G g 1M
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(Ag) or the following subset of [0R, R)
{s €[0R,R] : ¢ > gM, H'—a.e. on 835},

has positive measure.

Proof. We first observe that thanks to the hypothesis we have

{o= a0\ B

3 3

> v |Bg| — |Bsg| = (v — 6%) | Bg|.

By definition of 4, we get

{o>3arh e\ B

v
> — |Bp]|.
_2| Rl

wt) o},

= / / 1{<P>3/4 M} d/HI dS
X JOBs

§27r/ sds < 2w R|X)|.
X

We define the set
X = {s € [0R,R] : H' <{x € 0Bs : ¢(x) >

= w

Then

3
2 1Bl < Hso> 4M} N (Br\ Bsr)

This in turn implies that
Y
X|>-=R.
21> 7

Let us now suppose that alternative (Ay) does not occur. This implies that

5
H! ({x € 0B; : p(x) < SM}) > 0, for a.e. s € [R, R).
Thus for almost every s € X', we have

3 5 M
LV
or = 1 8 8

By observing that 0B, is one-dimensional, we obtain

1

M it q

<ocos [ Welant <@en ([ wpnan)",
OB 0B

where V., denotes the tangential gradient (by using polar coordinates = ge’?, this is nothing but
the ¥—derivative). By taking the power ¢ in the previous estimate and integrating in s € X' | we

get
M\1 1
wqdzz// vwd#z() — X
/BR\B(;R’ | x BBS| | 8 (QWR)qfly |

Using the lower-bound on |X| yields alternative (Aj). O
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