C! REGULARITY OF
ORTHOTROPIC p—HARMONIC FUNCTIONS
IN THE PLANE

PIERRE BOUSQUET AND LORENZO BRASCO

ABSTRACT. We prove that local weak solutions of the orthotropic p—harmonic equation in R? are
C! functions.
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1. INTRODUCTION

1.1. The result. Let Q C R? be an open set and let u € VV;?(Q) be a local weak solution of the
orthotropic p— Laplace equation

(1.1) (1t [P~% ;) ,, = O

2
=1
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This means that for every Q' € Q and every ¢ € VVO1 P(QY), we have

2
(1.2) Z/ |, P2 g, 0, d = 0.
i=1 7

In the recent literature, such an equation has sometimes been called the pseudo p— Laplace equation.
We decided to adopt the terminology orthotropic p— Laplace equation in order to emphasize the role
played by the coordinate system. Indeed, let us recall that if u € I/Vlif (Q) is a local weak solution
of the usual p— Laplace equation, i.e.

(IVulP2u,,) =0,

xi

Mw

=1
then for every linear isometry A : R? — R2, w o A is still a local weak solution of this equation

on A~(Q). This property fails to be true for equation (1.1), but it still holds if A belongs to the
dihedral group Dg, i.e. the group of symmetries of the square (—1,1) x (—1,1).

A function u € VVlif (€) is a local weak solution if and only of it is a local minimizer of the functional
21
= ZE / lpuPdz, @€ WEP(Q), Q' € Q C R
=1

This easily follows from the convexity of the functional §. We recall that u € I/Vl(l)f(ﬂ) is a local
minimizer of § if

F(u; Q) < F(p; ), for every u — ¢ € Wol’p(Q’), e
In the recent paper [3], we proved that for p > 2 any such local minimizer is a locally Lipschitz

function (actually, the case 1 < p < 2 is a mere application of [8, Theorem 2.2]). The aim of this
paper is to go one step further and prove the following additional regularity.

Main Theorem. Fvery local minimizer U € Wllof(Q) of the functional § is a C* function.
Remark 1.1. It is easy to see that the function
_p_ _p 2
w(zy, wg) = 1771 — |wg|P-T,  (21,32) € R,

is a local weak solution of (1.1). Observe that for p > 2, u is not C?2, but only C1V/®=1_ As in
the case of the standard p—Laplacian, we conjecture this to be the sharp regularity of local weak
solutions.

1.2. Method of proof. The proof of the Main Theorem is greatly inspired by that of [12, Theorem
11] by Santambrogio and Vespri, which in turn exploits an idea introduced by DiBenedetto and
Vespri in [6]. However, since our equation is much more singular/degenerate than theirs, most of
the estimates have to be recast and the argument needs various nontrivial adaptations. In order
to neatly explain the method of proof and highlight the differences with respect to [12], let us first
recall their result.

In [12] it is shown that in R?, local weak solutions of the variational equation

(1.3) divVH(Vu) =0
are such that © — VH(Vu(z)) is continuous, provided that:
o VH(Vu) e Whin L2

loc loc?
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e H:R? > [0,00) is a C? convex function such that there exist M > 0 and 0 < A < A for
which

(1.4) MzP2 e < (D?H(2)€,€) < AP~ [€]?, for every £ € R?, [z > M.

The last assumption implies that (1.3) is a degenerate/singular elliptic equation, with confined
degeneracy/singularity. Indeed, on the set where the gradient of a Lipschitz solution u satisfies
|Vu| > M, the equation behaves as a uniformly elliptic equation. By using the terminology of [3],
we can say that (1.3) has a p— Laplacian type structure at infinity.

The proof of the continuity of VH(Vu) in [12] relies on the following De Giorgi-type lemma:
given a ball Bg of radius R, if a component H,,(Vu) of the vector field VH (Vu) has large oscil-
lations only on a small portion of Bg, then the global oscillation of H,(Vu) on the ball Bg/, is
reduced (in a precise quantitative sense). Such a result amounts to an L estimate for (a nonlin-
ear function of) the gradient, which in turn relies on the Caccioppoli inequality for the linearized
equation

(1.5) div (D*H (Vu) Vug,) = 0.

On the contrary, if Hy,(Vu) has large oscillations on a large portion of Bpg, then one exploits the
fact that a function W12 N L™ in the plane is such that:

(A1) either its Dirichlet energy in a crown contained in Bp is large;

(A2) or the function itself is large on a circle contained in Bp.

When (A2) occurs, the structure of the linearized equation (1.5) allows to prove a minimum prin-
ciple for Hy,(Vu), which implies that H,,(Vu) is large on the whole disc bounded by the above
mentioned circle. This again leads to a decay of the oscillation of H, (Vu) (this time because the
infimum increases when shrinking the ball).

Then the continuity result of [12] is achieved by constructing inductively a decreasing sequence
of balls and using the dichotomy above at each step. The important point is that since Hy, (Vu)
has finite Dirichlet energy, then possibility (A1) can occur only finitely many times. Hence, the
oscillation of Hy,(Vu) decays to 0, as desired.

Unfortunately, our equation (1.1) has not a p—Laplacian structure at infinity, i.e.(1.4) is not
satisfied. Indeed, in our case we have

1P 0

O oz | t=nm R

2 |..p
H(z)= Zﬂ sothat D?H(z)=(p—1)
=1 p

In particular, D?H (z) is degenerate/singular on the union of the two axes {z; = 0} U{z2 = 0} and
our equation does not fit in the framework of [12]. Thus, even if the proof of the Main Theorem will
follow the guidelines illustrated above, we have to overcome the additional difficulties linked to the
more degenerate/singular structure of (1.5). In particular, in the case p > 2, we will need a new
Caccioppoli inequality, which weirdly mixes different components of the gradient (see Proposition
3.1). This is one of the main novelties of the paper.

Remark 1.2 (Stream functions). For 1 < p < oo, let us set p’ = p/(p—1). When Q C R? is simply
connected, to every local weak solution u € VV&)’?(Q) of (1.1) one can associate a stream function

vE Wé’f,(Q), such that

Uzy = |ux2|p—2 Uzo and VUgy = —|Uay |p—2 Ugy -
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Existence of such a function v is a straightforward consequence of the Poincaré Lemma, once it is
observed that (1.1) implies that the vector field

(’um ’piz Uz s |ux2 |pi2 ua:z) s
is divergence free (in the distributional sense). It is readily seen that v is a weak solution of
2
Z (’vri‘p/_Q Uﬂri) =0.
i=1 i
This would allow to reduce the proof of the Main Theorem to the case 1 < p < 2 only. However,
this kind of argument is very specific to the homogeneous equation and already fails in the case
2
Z (|u%‘|p_2 ufﬂz)zl =AeR,
i=1
which on the contrary is covered by our method (indeed, observe that the previous equation and
(1.1) have the same linearization (1.5), thus the Main Theorem still applies). More generally, we
observe that our method of proof can be adapted to treat the case (as in [12]) of
2

)

(lua, P uflfz)xZ =/
=1
under suitable (not sharp) assumptions' on f. For these reasons, we avoided to use this argument
based on stream functions.

1.3. Plan of the paper. First, it should be noticed that almost every section is divided in two
parts, one for the degenerate case p > 2 and the other for the singular one 1 < p < 2 ( the case
p = 2 corresponds to the standard Laplacian). Though the methods of proof for the two cases look
very much the same, there are some important differences which lead us to think that it is better
to separate the two cases.

In Section 2 we introduce the technical machinery and present some basic integrability properties
of solutions and their derivatives, needed throughout the whole paper. Section 3 is devoted to
some new Caccioppoli inequalities for the gradient of a local minimizer. The core of the paper is
represented by Sections 4 and 5, concerning decay estimates for a nonlinear function of the gradient
(case p > 2) or for the gradient itself (case 1 < p < 2). Finally, the proof of the Main Theorem is
postponed to Section 6. The paper ends with two Appendices containing technical facts.

Acknowledgements. The idea for the weird Caccioppoli inequality of Proposition 3.1 comes from
a conversation with Guillaume Carlier in March 2011, we wish to thank him. Peter Lindqvist is
gratefully acknowledged for a discussion on stream functions in June 2014. Part of this work has
been written during some visits of the first author to Marseille and Ferrara and of the second author
to Toulouse. Hosting institutions and their facilities are kindly acknowledged. The second author
is a member of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni
(GNAMPA) of the Istituto Nazionale di Alta Matematica (INAAM).

LAs in the case of the ordinary p—Laplacian (see [11, Corollary 1.6]), the sharp assumption should be f € Li;i,
the latter being a Lorentz space. For p > 2 our proof requires

p=2
e, |2 ua, € WE(S),

loc

a result which is true only when f enjoys suitable differentiability properties.



ORTHOTROPIC p—HARMONIC FUNCTIONS IN THE PLANE 5

2. PRELIMINARIES

2.1. Notation. Given A > 0 and a ball B C R? of radius R > 0, we denote by A B the ball with
the same center and radius A R.
We define for every ¢ > —1 the function g, : R — R as

(2.1) go(t) = [t|7t,  teR.

Then g, is a homeomorphism and g, e 9—q/(q+1)- Observe that

it <a <=  t<l|o| ia,
a fact that will be used repeatedly.
Let U € W,"?(€) be a given local minimizer of . We fix a ball B € €. There exists Ag > 1

loc

such that Ap B € Q as well. If {p-}.~0 C C§°(Be) is a smooth convolution kernel (here, B, refers
to the ball with center 0 and radius ¢), we define U® := U * p. € WP(€),.) where Q. := {z € Q :
dist(x,0Q) > e¢}. By definition of U there exists 0 < g9 < 1 such that for every 0 < e < gg

(2.2) U lwrw gy = IVU | Losy + U 2oy < IVU 2o g B) + U225 B)-

2.2. Regularization scheme, case p > 2. As in [3], we consider the minimization problem

2
1 -1
(2.3) min{Zp/wai’Pdaﬁ+p2 g/B\Vw\de : w—UEeWOLP(B)}.
i=1

Since the functional is strictly convex, there exists a unique solution u®, which is smooth on B (see
e.g. [3, Theorem 2.4]). Moreover, u® satisfies the Euler-Lagrange equation

2
Z/B(\UEJP_Q + (p — 1) e) ug, @u, drv =0, for every ¢ € Wol’p(B).
i=1

We take ¢ € C? with compact support in B. Then for j € {1,2}, the partial derivative P, is still
an admissible test function. An integration by parts leads to

2
(2.4) Z/B (10,772 4 €) s i dr =0, j=1,2.
i=1
As usual, by a density argument, the equation still holds with ¢ € VVD1 ’2(B). We now collect some

uniform estimates on u®.

Lemma 2.1 (Uniform energy estimate). There exists a constant C' = C(p) > 0 such that for every
0 < e < egg the following estimate holds

(2.5) / IVuf|Pde < C </ VU dx + 72 |B|> .
B g B

Moreover, the family {uf}o<e<e, converges weakly in W P(B) and strongly in LP(B) to U.

Proof. The estimate (2.5) is standard, it is sufficient to test the minimality of u® against U¢, which
is admissible. In particular, the family {uf}o<c<., is uniformly bounded in W1?(B). Moreover, by
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[3, Lemma 2.9] there exists a sequence {&x }ren C (0,&0) such that u* converges weakly in W1?(B)
and strongly in LP(B) to a solution w of

2
1
min{zp /B‘%Ci’pdx : @—UGWOLP(B)}_
i=1

Since U is a local minimizer of § and the solution of this problem is unique (by strict convexity),
we get w = U and full convergence of the whole family. O

Lemma 2.2 (Uniform regularity estimates). For every 0 < e < g9 and every B, € B we have

(2.6) [l Lo () < €,

(2.7) V|| oo,y < C,

and

2.8 V(e 5w ) dw<co =12
(2.8) A T A A R

for some constant C' > 0 independent of € > 0.
Proof. The proof of the L> estimate (2.6) is standard, it can be obtained as in [10, Chapter 7].

The Lipschitz estimate (2.7) is more delicate and is one of the main outcome of [3]. Indeed, we
know from [3, Proposition 4.1] that there exists C' = C(p) > 0 such that for every B, € B € B

8 241
gc( a > [][ |Vu€|pd9:—|—1] T i=12
L>(B,) R—r Br

With the notation introduced in [3], this corresponds to the particular case §; = d2 =0 and f =0
there. By combining this with (2.5), we get (2.7).

3
T4

(2.9) ‘ u

We now prove the W12 estimate for the nonlinear function of Vu.. We take n € C§°(B) a standard
cut-off function such that

0<n<1, n=1on B, n=0on R?\ Bg, |Vn| <

R—r
Then we test (2.4) against ¢ = ufcj n?. With standard manipulations, we get the Caccioppoli
inequality

3

2 2
2
> [ (2 +) e <€ Y [ (P 2) i, P b o
i=1 =1

By dropping the term containing € on the left and observing that

4 _
i, P72 Jus (117" s,
Tj

TiTj

_p2

we get

2
(2.10) ; /B

where we used the properties of 1. In order to conclude, it is sufficient to use again (2.5). O

2 2
p—2 C -
(e U) o< m= e g/BR (1, 1772 4 &) s, | da,

J

From the bounds obtained in Lemma 2.2, we can deduce the following convergence result.
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Proposition 2.3 (Convergence). With the notation above, for every B, € B we have:

i) {uf}o<e<e, converges uniformly to U on B,;

p—2 . 2 . 2
ii) {\u |2 u;}o converges to |Uy,| 2 Uy, weakly in WY2(B,.) and strongly in L*(B,).
<e<eg
In particular, we have

Uai] % Uy, € WH2(B,);
iii) {Vu}ocecs, converges to VU strongly in LP(B,).
Proof. We already know from Lemma 2.1 that u® converges to U weakly in W1?(B) and strongly
in LP(B).
In view of (2.6) and (2.7), the Arzela-Ascoli Theorem implies that the convergence is indeed

uniform on B,., for every B, € B.
By (2.8), there exists a sequence {ej}ren C (0,0) such that

—2
us ”?u%} L i=1,2,
{7 it}
converges to some function V; € W12(B,), weakly in W12(B,) and strongly in L?(B,). In partic-
ular, this is a Cauchy sequence in L?(B,). By using the elementary inequality

_ _ 2
u—ﬂpchﬁﬁﬁqﬂ%% . tseR,

where C' > 0 depends only on p, we obtain that {ui’: }ren is a Cauchy sequence as well, this time
in LP(B,). This implies that

[V = VUl s,y = 0.

We now prove that V; = |Uxi|(p_2)/ 2U,,. We use the elementary inequality
117" ¢ = 151" s| < € (11172 +1sI"=" ) [t =5, ts€R,

valid for some C' = C(p) > 0. Then we obtain

_ _ 2
[ s - v o
Br

_ _ 2
mgc/'@@%fﬂwff)m%—%fm
B

p—2

B o\ 2P >
<c (/ (gt =% 4 10,12 ) " dw)
B
2
P
X </ ]ui’z — Uy, |P dw)
B

By using the strong convergence of the gradients proved above, this implies that V; = |Uy, |(p_2)/ 2U,

Since the above argument can be repeated for every subsequence of {u°}o<e<s,, it follows from the
uniqueness of the limit that the convergence holds true for the whole family {u®}o<c<s,, both in
i1) and 4i1). The proof is complete. O

From the convergence results stated in the above proposition, we can obtain some regularity
properties for the local minimizer U that we state in the following theorem. These properties,
which come with local scaling invariant a priori estimates, have already been established in [3], [4]
and [8].
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Theorem 2.4 (A priori estimates, p > 2). Every local minimizer U € VVI})f(Q) of the functional §
is a locally Lipschitz function, such that for every o > p/2 we have
Uy, |*" U, e WEAHQ),  i=1,2.

loc

Moreover, for every Br € () we have

1
(211) ||U:ci||L°°(BR/2) <cC <][ |VU|p dﬂ?) P : 1=1,2,
Br

2a

(2.12) / IV (|0, * U [P de < C o (f yVU|pdx> =12,
Br/2 Br

for some C(p) > 0.

Proof. Let us prove the estimates (2.11) and (2.12). By taking the limit as € goes to 0 in (2.9) and
using the convergence result of Proposition 2.3, we obtain

.

In order to obtain (2.11), it is sufficient to observe that if U is a local minimizer of §, then for
every A > 0 the function AU is still a local minimizer of the same functional. Thus the previous
Lipschitz estimate holds true, i.e.

2+
<C [7[ |VU|P dx+1} , i=1,2.
L>(Bg/2) Bgr

241
)\‘Uxi gc[»’][ ]VU|pdx+1] =12
Bgr

L (Br/2)

This can be rewritten as

p
)\2p+1

T

_Dp
2t —C N\ ][ VUP dz < C, i=1,2,
L*>(Bg/2) Br

for a different constant C' = C(p) > 0. If we now maximize the left-hand side with respect to A > 0,
we get (2.11) as desired.

We already know from Proposition 2.3 that |U,,|?=2/2U,, € W.12(€). By passing to the limit in

loc
(2.10) and using the convergences at our disposal from Proposition 2.3, we obtain

/BR/2 ‘V (\le\% Ugcl_)‘2 dx < % /BR VU da,

which is (2.12) for & = p/2. In order to prove (2.12) for a general a > p/2, it is sufficient to observe
that

_ 2a-1 _
(2.13) Un [0 Uy = W00 U™ 10212 U,

and the function t — [t|/(2®~P)/P¢ is C'. By using that

U |"2" Usy € WiH2(9) N LES(9),

loc loc
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we get that |U,,|* 1 U,, € Wif(Q) N LY,
that (2.13) implies

/BR/?\V(\UWWM)} dx<C'HUxZ||i?o ,@R/z/ ‘V(\U |*Ux)

By using (2.11) and (2.12) for a = p/2, we get the desired conclusion. O

(©) as well. Finally, to prove the estimate, we observe

dz.

We proceed with a technical result which will be needed to handle the case p > 2.

Lemma 2.5. Let p > 2 and let U € VVI})f(Q) still denote a local minimizer of §. Let f € R and

set
t —
_ / |2 (s — B)sds, teR
2 Js
Then F(Uy,) € VV&)’CZ(Q) and we have
_2 .
(2.14) <|ij|PT ij):):k (Us; — B)y = (F(U%))zk ,  almost everywhere in €.

Proof. In order to prove that F(Us,) € W.12(€), we can observe that if we introduce the function

2—p
. Ut
2-p p p—2
G®=F0ﬂpﬂ=24 51" (s — B) ds.
then we have
p=2
(2.15) F(U,) =G (yijy : Uzj>.

With the simple change of variable 7 = |s|(?=2)/2 5, the function G can be rewritten as

G(t):/p;pﬁ;ﬁ (]T\Q_TPT—ﬁ>+ dr.

Hence, G is a C! function. By using Theorem 2.4 and (2.15), we thus get that F(U,,) € VVl})CQ(Q)
In order to prove (2.14), we use the approximation scheme introduced in this section. For every
g > 0, thanks to the smoothness of u®, we have

(2.16) (lug, 17", ) (s, = B0y = (FGu5)))

By Proposition 2.3, we know that Vu® converges to VU strongly in LP(B,) and

Tk

|u§]|% uij weakly converges in W12(B,) to |ij|% Uz

This implies that the left-hand side of (2.16) converges weakly in L'(B,) to the left-hand side of
(2.14).

By using the uniform bounds of Lemma 2.2, the local Lipschitz character of G and the relation
(2.15), we get

/ IV F(us )]2d:p—/BT’VG<|u;j]p§2u dx<C/ \ux\ 7l ))2 dz < C,
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and
1 € 2 e 1852 ¢ 2
il_I)I(l) B ‘F(ij)—F(uzj)‘ dx—hm ‘G(\Ux\ )—G(]uxj] P u%)’ dx
2
< Cling [ 101" Uy = 15, I'F 5, [ do =0,

where we used Proposition 2.3 for the last limit. We thus obtain that F' (uij) converges weakly in
W'2(B,) and strongly in L?(B,) to F(U,,). We can then pass to the limit in the right-hand side
of (2.16). O

We end this subsection with two results on the solutions u® of the problem (2.3). The first one
is a standard minimum principle.

Lemma 2.6 (A minimum principle, p > 2). With the notation above, let B, € B. We have
p=2 p=2 .
luz,| 2 ug; = C, on OB, = luz,[ 2 ug; = C, in By
Proof. In the differentiated equation (2.4) we insert the test function
p=2 .
& — (C’ — [ug, |2 uij)+ , in By,
0 , in B\ By,
which is admissible thanks to the hypothesis. Observe that

i=1

—2 2-p
(2.17) Wi T us, <O = u <07 G
thus we obtain
2
p—2 2
Z/ - <|u |- +5) e |2 |us,, | dz=o0.
{mGBr:ufch\C|T C} ’ !

Observe that the two terms are non-negative, thus for i = j we can also infer

0—/ 2-p \uxj
{xEBr:u§j§|C| P C’}

2
= (3;‘_2) /{xeBr s, <(C] 2-p C} ‘(|u§j|i(p—2) ufﬂj)xj
() Ll )

where we used that

2— —2
(2.18) w, <[00 e [0 <0 C

2
dx,

This entails that
(mm{\uE \4 (r=2) O]z £ }) =0, a.e. in By,
xT

J

so that the Sobolev function
mln{|u6 ]4 (P=2)y, 5l B C}
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does not depend on the variable z; in B,. By assumption, this function is constant on 0B,. The
last two facts imply that

—2 —2
min {|u;7_|% =2 O c} — |05 ¢, ae. inB,
which is the desired conclusion, thanks to (2.17) and (2.18). O

Finally, we will need the following result about convergence of traces.

Lemma 2.7. Let B, € B. With the notation above, there exists a sequence {ex}ren C (0,€0) such
that for almost every s € [0,r], we have

p—2 p—2
lim |[just |5 gt — UL, |2 UL, =0, j=12
k—+o00 | x]| 5 | 96]| Zj L>(8By) ’ J ’
Proof. We first observe that
e 1222 ¢ p—2
2 — 2
{17 o, = 0,7 O, f

weakly converges to 0 in W2(B,), thanks to Proposition 2.3. Thus for every 0 < 7 < 1, there
exists a subsequence which strongly converges to 0 in the fractional Sobolev space W™2(B,). We
take 1/2 < 7 < 1 and observe that the previous convergence implies that we can extract again a
subsequence which strongly converges to 0 in W™2(9B,), for almost every s € [0,r] (see Lemma
B.2). In order to conclude, it is now sufficient to use that for 1/2 < 7 < 1, the space W™2(dB;) is
continuously embedded in C°(9Bs) (since dBs is one-dimensional, see [1, Theorem 7.57]). O

2.3. Regularization scheme, case 1 < p < 2. In this case, the functional in (2.3) is not smooth
enough, in particular is not C?. Thus the regularized problem is now

2
1 »
(2.19) min {Zp /B (e+ ‘wxiP)Q cw—U*f € WolvP(B)} :
=1

This problem admits a unique solution u®, which is smooth on B, see again [3, Theorem 2.4].
Moreover, the solution u* satisfies the corresponding Euler-Lagrange equation, i.e.

2
(2.20) Z/ (e + |u§;l|2)% ug, Pz, dr =0, for every ¢ € Wol’p(B).
i=17B

We still have the following uniform estimate. The proof is standard routine and is left to the reader.

Lemma 2.8 (Uniform energy estimate). There exists a constant C = C(p) > 0 such that for every
0 < e < g the following estimate holds

(2.21) / |Vuf P do < C </ IVUP dz + &2 |B|) .
B Ag B

Moreover, the family {uf}o<c<e, converges weakly in WP(B) and strongly in LP(B) to U.

We will rely on the following Caccioppoli inequality to obtain certain bounds on the family
{UE}O<€<50~
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Proposition 2.9 (Caccioppoli inequality for the gradient, 1 < p < 2). Let ( : R — R be a C*
monotone function, then for every n € C? with compact support in B we have

£

u
TjXq

2
n*dx

2 b2
> [l Py i)
=1
(2.22) <c / (e + [V ?)8 |¢'(ug, )| [Vl de

-1
+C [+ 19u D) It (1992 + lnl D)) da

for some C = C(p) > 0.
Proof. We suppose that ¢ € C2, then the general result can be obtained with a standard approxi-

mation argument. In order to obtain (2.22), we use a trick by Fonseca and Fusco [8] to avoid the
use of the upper bound on the Hessian of

2
1
H.(z) ::Z§(5+|zil2)g, z € R?

see also [7] and [9].
We start by testing (2.20) against ¢ = (((u,,)n?)s,. Thus we get

Tj

2
3 /B (6 + 5, 1212 2, (C(2,) 1Py o = 0.
=1

By using the smoothness of u® and 7, we have
(S 1)y 00 = (GO 7))
= (¢, w5, o+ 2€ (3 ) )
J

= (G, ), +2(C05) )

Tj Tj

By using an integration by parts, we thus obtain

J

2
p—2
Y [ (B ) ) da
=1

2
-2
+2) /B(s +ul ) ug, (CuS,) N0y, dz = 0.
i=1
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With simple manipulations, this becomes

£

Uy o
;T

2
n? dx

g/B( )T )
2 p—4
DY [ (eI ) s s,

2
o\ 2=2
=2 Z/B(8+ \u;] ) 2 ug, ,(u;j)uijﬁj N7, dx
=1

£

u$]' ZTq

2
n? dx

(2.23)

2
—2
+230 [ (e ) 1, G (), do
i=1
We now observe that

£

U
TjT;

2
n*dx

2 —2
> /B (e + us, )7 ¢(u)
2 p—4
_ € |2 2 € 12 A/ €
e 2>izl/B(e+|uzi|) g, [2¢/(u5,)

2
_ c u 2%6 _ uEQ /ua
=3 [P e+ - D P

2
n? dx

3
U’:Ej ZTq

€
u )
z; T

2
n? dx

so that the left-hand side of (2.23) has a sign. Thus we obtain?

€

u
TjXq

2
n? dx

2 —4
;/B(g—f— s, ) (e + (0 — 1) ug, ) [¢ ()|

2
p=2
(2.24) <2y /B (e + Jus, 1)) 7" Jus, | ¢/ (u5,)
=1

2
p—2
+2) /B(€+Uiil2) 2 Jug, [ 1Sz )l [(07e,)a, | da.
=1

2Recall that by hypothesis, ¢’ has constant sign.

13
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We now estimate the left-hand side of (2.24) from below

2 2
€ |2 % -1 € |2 1(, € € 2d
S [ e P e o= 1) P, ) [ [ 7o
=1
2 ) 9
bp—<
>p-1)Y /B (e + s, )2 (e )] s | n?
=1
p_]. 2 p—2 2
2P S [ s B ) s, e
=1
p—1 2 2 2
- p—=z
P2 S [ 1) () fu | o
=1

where we used that p — 2 < 0. We will use the last term as a sponge term in order to absorb the
second derivatives of u® contained in the right-hand side.
As for the first term in the right-hand side of (2.24)

p—2
/B (e + [ug, )2 Jus, 1€/, )|
-

p—1
S/B(8+|u;-|2) 2 |¢ (g )| g o1 (0| doe

€
U . e
TjTj

p—1
< /B (e + IVu[2) 22 |5, [0, o | 7 |

1 0
< oo | eIV R I ()] [V de

— 2T Br
T p=2 2
3 [+ IV 1) [, [ 7P

Also, for the last term of (2.24), we simply get
p—2
[ 6 T 16 ()| d

-1
< [ (e vy s, (V0 + 1D do.
R

By using these estimates in (2.23) and taking 7 = (p — 1)/2 in order to absorb the Hessian term
on the right-hand side, we obtain

2
_ 2
2/<5+|u;_|2>%2|¢<u;)| i | de
— B 4 J j Li
(2.25) <C | (e+|VeE)2 (W) |Vl do
Br
-1
+O [ e+ 9a )T I )| (|90 + ol ID%n]) do
R
which is exactly (2.22). O

We now collect some bounds on the family {ueoce<s,-
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Lemma 2.10 (Uniform estimates, 1 < p < 2). Let 1 < p < 2, then for every B, € B we have

(2.26) vl Lo (B,) + VUS| oo (B,) < C,
2 p—2 2

(227) O M CEAIA D Il T A R B )
=1 T

and

(2.28) /B Vu [Pde < C,  j=1,2

for some C > 0 independent of .

Proof. The L estimate can be found in [10, Chapter 7] again, while the Lipschitz estimate follows
from [8, Theorem 2.2]. More precisely, for every ball By such that Bys € B,

(2.29) sup (e + |Vu€|2)g de < C ][ (e + |Vu‘€]2)g dzx.
Bs Bos

By covering a given ball B, € B with a finite number of balls By such that Bss € B and using the
bound on the LP norm of Vu®, one easily gets the Lipschitz estimate in (2.26) for some constant
C > 0 which may depend on B, but not on ¢.

In order to prove (2.27), we introduce two balls B, € Br € B and a standard cut-off function
n € C? such that
0<n<1, n=1on By, n =0 on R?\ Bg,

Vil< g 1D e
By taking ((t) =t in (2.22), one gets
2 i 2
> [l Py fus, | o
) i=1

(2.30
<C [+ [Py s (VuP do+ C [ (e [Va)'F Ju,| (199 + D) da

By recalling the uniform bound on the LP norm of Vu®, (2.30) gives (2.27).

‘We now observe that

2

—2
3 /B (e + s, )7
=1

£

u
TjT;

€
u
x5 T

2
n?dx

2 _
n? dx Z/(&?—i— ‘VUE‘Q)%
B

> (5 + HVUEHLOO(BR)) /B Uy | dz.
By appealing to (2.30), this yields
i [ar<—C (= + Vel ) (e + Vi )} do
B, | % = (R—1)2 L>(Bg) Br '

In order to conclude, it is sufficient to use (2.26) for the ball B € B and again the uniform
estimate on the LP norm of Vu°®. O
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Proposition 2.11. With the notation above, for every B, € B, we have:
(1) {u}o<e<e, converges uniformly to U on B;

(2) {Vu}ocece, converges to VU weakly in WY2(B,.) and strongly in L*(B,). In particular,
we have
Uz, € WLQ(BT)?

(3) {(6 + ]uch]Z)pzt;Q uii}o converges to ]Uggl\p%2 Uy, weakly in WY2(B,) and strongly in
<e<ep

L*?(B,). In particular, we have
Ui "7 Uy, € WH(B,).

Proof. We already know from Lemma 2.8 that u® converges to U weakly in W1P(B) and strongly
in LP(B).
By (2.26) and the Arzela-Ascoli Theorem, the convergence of {u}o<c<z, to U is uniform on B,
for every B, € B.
From estimates (2.26) and (2.28), we get that {ug, }o<c<z, is uniformly bounded in W'?(B,). By
Rellich-Kondragov Theorem, we can infer strong convergence in L?(B,) to U,,, for every i = 1,2.
We now observe that
2
1V ((e+ g, ) 2, [ =

—6 —2
| Vs, + (e + S, )T Vs,

p—2
' (e + s, ]2

2
p=6 D 2
= (e [u5, )% Vg, 2 | Juz, P + ]
—2
< e+ [u5,1)7 Vg, 2,
where we used that 1 < p < 2. By (2.27), this implies that

(2.31) {(s+ g, [2)57 e, i=1,2,

}0<€<Eo ’
is bounded in W'2(B,). Again by Rellich-Kondrasov Theorem we can assume that, up to a
subsequence (we do not relabel), it converges to some function V; € W12(B,.), weakly in W2(B,)
and strongly in L?(B,). We now show at the same time that V; = |Uxi|%Uxi and that actually
we have strong convergence in L*?(B,). Indeed, by using the elementary inequality of Corollary
A.3, we obtain
) —2
[ e s Py, - )5 v
Br

4
p

dx

AT

<C [ e e BTk, - (e 0 O o
Br

4
P
dx

€ [ e )T U= U]
B

<C ’u‘; - U,
B,

i

4
*dz+C / ‘(ﬁJr |Ux¢|2)% U, — |Uxi|% Us.|” da.
By

By using the strong convergence of the gradients proved above (for the first term) and the Dom-
—2
inated Convergence Theorem (for the second one), this implies that V; = |U,,|"z U,, and the
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convergence of the full original sequence in (2.31), weakly in W'2(B,) and strongly in L*/?(B,).
The proof is complete. O

Using the above convergence result, one can establish the following regularity properties for the
local minimizer U.

Theorem 2.12 (A priori estimates, 1 < p < 2). Every local minimizer U € VVlif(Q) of the
functional § is a locally Lipschitz function, such that for every a > p/2 we have

Uz, |* 7 Us, € W2(Q),  i=1,2.

loc

In particular, we have VU € VV&?(QRQ) Moreover, for every Br € (), we have
1
p .
(232) HU:E] HLOO(BR/Q) S Cl (][ IVU‘p d.%') y ] = 1’ 2,
Br
2a
a—1 2 P .
(2.33) / IV (|U,|* M Us))|” da < O <][ VU P dg:) ) j=1,2,
Bry2 Br

for some Cy = Ci(p) > 0 and Cy = Ca(p, ) > 0.

Proof. Local Lipschitz regularity and the scaling invariant estimate (2.32) follow from [8, Theorem
2.2].

We already know from Proposition 2.11 that |U,,|?=2/2U,. € VV&)CZ(Q) In order to get (2.33) for
a = p/2, we first recall that

p—2 2 p—2
4 2
‘v ((5+ |u§j\2) u)’ < (5 v |u;j|2) Vs, 2.

We multiply the above inequality by the cut-off function n? as in (2.30), associated to the balls
Br/2 € Bg. Integrating the resulting inequality, we get
.

p—2 2 p=2
[ ((rnem)” u)\ o< [ (4 ) (9 Pt
Br/2 Br

Using (2.30), this implies

p—2

4
/ v<(5+yu;j|2) ux>
Bry2

By taking the limit in the previous inequality and using the convergences of Proposition 2.11, we
get (2.33) for a = p/2.

The last part of the statement now follows as in Theorem 2.4 above (observe that this time
0<p/2<1). O

2
P
2

dz.

C
dr < RZ/BR (E—i- |Vu5|2)

Remark 2.13. For later reference, we observe that for every k,j =1, 2,

p=2 D p=2
(2.34) (1,172 ij)xk = 2|0, " Vs, ae. on (U, #0}.
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Since the function ¢t — |t|p772t is not C! for 1 < p < 2, nor locally Lipschitz, the identity (2.34)
does not follow from the chain rule in a straightforward way. We start instead from the following
identity, which results from the classical chain rule for smooth functions:

D e 2
€+§|Ux]| .

uxjxk °

2—p
e 12) 4 e 12122 ¢ _
(2.35) (e+hs,?) ™ (e +hePFs,) = THER
In the left-hand side, (e + |ug, |2)(2=P)/4 is uniformly bounded on Br € B and converges (up to a
subsequence) almost everywhere to |Uy, (2=P)/2 while
((5 + ug, ]2)?4;2%3])901c weakly converges in L?(Bg) to (|ij|p2;2ij)

Tk

Hence, the product converges weakly in L?(Bg) to |Us, |(2=P)/2 (|Us; |(P=2)/2 Usz;)ay-
A similar argument proves that the right-hand side of (2.35) converges to (p/2) Ug,s, weakly in
L?(Bgr). We have thus proved that for almost every = € Bg,

2-p p=2 P
0,13 (10,2 0,,) =
Tk

5 Usjzy-
The identity (2.34) follows at once.

As in the case p > 2, we end this subsection on the case 1 < p < 2 with two additional results
on the solutions u® of the problem 2.19.

Lemma 2.14 (A minimum principle, 1 < p < 2). Let B, € B. With the notation above, we have
aj >C, in B,.

T

uaj >C, ondB, == U

x

Proof. By inserting in (2.20) a test function of the form ¢, with ¢ smooth with compact support
in B and integrating by parts, we get

2 2

.
5 :/ (e + 18,25 05,) pude =0,
i—1 B Tj

This is the same as
2 2
-2 —4
S [P il erdat -2 Y [ P [,
i—17/B i=17B

By regularity of u®, the previous identity is still true for functions ¢ € WO1 ’2(B). In the previous
identity, we insert the test function

(I)_{ (C_ui’])Jr ) in BTa

2 &
Uz, 2, Pa; dx = 0.

0 , in B\ By,
which is admissible thanks to the hypothesis on ug . We obtain

2
4|l 9\ 2=2
Z‘Z; /{wEBT:ui]_ SC} (E ’uxz‘ ) 2

2
_ us 2
L p-2) ZZI/{%GBT:%SC}@H = )

€
i

2
dx

p—4
- 3
2

”U/xi
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The previous can be rewritten as

2

p—4
3 /{ ) <C}<e+|u;.|2>2 e+ (p— 1) [us, 2
i=1 BAS TZ'LL;J__

which in turn implies

2
Z/ r=0, Iie / ‘Vui
i—1 {mEBr : ufcj SC} {:EGBT :u;]_ SC’} !

From this identity, we get that the Sobolev function

(C—ug, )+,
is constant in B, and thanks to the fact that uij > C on 0B,, we get

(C—wui)r=0, inB,

J

as desired. O

£

u
XTj Ty

2
dx = 0,

2 2
dz = 0.

£
u
TjXq

Lemma 2.15. Let B, € B. With the notation above, there exists a sequence {ex}ren C (0,0)
such that for almost every s € [0,r], we have

kll}r-‘zloo HU?; - UﬁjHL‘X’(aBS) =0, Jj=12

Proof. Observe that {ui,] — Uy, Yo<e<e, weakly converges to 0 in Wh2(B,), thanks to Proposition
2.11. The proof then runs similarly to that of Lemma 2.7. U

3. CACCIOPPOLI INEQUALITIES

3.1. The case p > 2. One of the key ingredients in the proof of Theorem 1.1 for p > 2 is the
following “weird” Caccioppoli inequality for the gradient of the local minimizer U. Observe that
the inequality contains quantities like the product of different components of VU.

Proposition 3.1. Let ® : R — R be a C? function such that ®®" > 0 and ¢ : R — Rt be a
nonnegative convex function. For every B € Q, every n € Cg°(B) and every j, k € {1,2},

2 - 2 2
> [|(or=v), | weraw,)pe<c <Z 1o ew,,)! |nmi\2d:c>
i=1 k i=1
) :
x (Z / |Uxi|P—2c<ij>2|nxi|2dx> .
=1

Proof. By a standard approximation argument, one can assume { to be a smooth function. We
fix e > 0 and we take as above u® the minimizer of (2.3), subject to the boundary condition
u* —U*® € T/VO1 P(B). We divide the proof in two parts: we first show (3.1) for «° and then prove
that we can take the limit.

1
2

(3.1)

Caccioppoli for u°. We consider equation (2.4) with & in place of j and plug in the test function

= W(uz,) C(ug,) 0, with ¥ (t) = o(t) ®'(2),
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where 7 is as in the statement. In order to simplify the notation, we write u in place of «° in what
follows. Since

we obtain

2

3 / (a2 + )2, W () C (g, ) 7

=1

2
(3'2) == Z /(|uxl|p2 + 6) Ug;xy, \I/(uxk) (C(u%))mz 772 dx
=1

-2 i /(|umi|p_2 + €) Uy, WUz, ) C(tg;) 1N, d.
i=1
For the second term in the right-hand side, the Young inequality implies
2 [l 4 ) iy W) S, 1 <5 [ Q™ 4 201, @' (1, ) 0
2 [l 42) Bl (a2, do

where we used the definition of W. The first term can be absorbed in the left-hand side of (3.2),
thanks to the fact that

\Ij/ — ((I) (b/)/ — @/2 _|_ @@// Z @/2'

Hence, for the moment we have obtained
2
Z /(|uxz ’p_Q + 5) ug‘ll’k (I)/(uxk)Q C(ux]) 772 d'ZE
i=1

n*dx

2
(33) <230 [ (a7 &)l | V() [ (6(uz),
=1

2
4y / (T P + ) Bz, )¢z, ) 1, o
=1

In the particular case when ¢ = 1, we observe for later use that

2
;/(pr 2+ 2) (@),

2
2
=Y / (s, P72+ £) 02y, @ ()2 o dt
(3.4) =1

2
< 42 /(|ugci|p2 +¢) (uy, )? ngi dzx.
i=1
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We go back to (3.3). By Holder inequality, we can estimate the last term of the right-hand side:

2

2
Z/(!um\p2 +) @(ug,)* C(ug,) 1z, dx < (Z/(!%”Q +e) ®(uz ) 13, dfl?)
i=1

i=1

(3.5)

2 2
X (Z /(’uiti‘p_Q +¢) C(uzj)Q 7792ci d:c) :
=1

In a similar fashion, for the first term in the right-hand side of (3.3), we have

(3.6)

2
S [l 40 | )] (Gl
=1

2 % ) %
< (Z/“Url ’p—2 + 5) u?z:z:ck \I/(ka)znz d.’E) (Z/(‘uxAp—Z + 6) ’(C(umj))xl 2 772 dx)
=1 2
L 2 p— 2
2 @/ (s P2 4+ 9) | (@1, )2),. nzdx>

In the last equality, we have used the fact that

n? dx

S

N

(Z [0 (¢, [ 7 dx) y

(®(?),,)"

> =

It follows from (3.3), (3.5) and (3.6) that

2
3 / (a2 + ) g, @ (11 )2 (i,
=1
) L :
< <z:/(|zm|p_2 +¢) ‘(¢(“wk)2)xi‘2772 d:p) <Z/(|szi‘p_2+€) ‘(C(u%))mr n? d$>
=1 =1
) L, !
L (Z [l 40 Bl dx) (z [l ) a2, dx>
=1 =1

By (3.4) with® ®? in place of ®, one has

2 9 2
> [l o) (@G ), [ e <43 [l + ) @) o2, do
=1 =1

Similarly, by using (3.4) with ¢ in place of ® and j in place of k,
2 2
p—2 2 2 p—2 2,2
S [ Qa4 e) [(Cluay), | ntde <43 [ (a2 + 2) Cluay) 02, d
=1 =1

30bserve that ®? still verifies ®2 (#2)” > 0. Indeed, (®2)"” = 2(®')? + 2@ ®” > 0, by hypothesis.
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Hence, we have obtained

2
S [l )02, ) Gl P
=1
1
2

2 % )
<C (/Z(\uxilpﬂ+6)‘I>(umk)4n§i dm) </Z(’“mp_2+€)4'(uxj)2 2, dx) ’
i=1 =

for some universal constant C' > 0. We now observe that

_ _ 4
(‘uz’z|p 2 +E) uixk 2 |ul'1|p QUiimk = ZT

-2
(e
T

)

thus, by restoring the original notation u®, we get

Z/‘Oui TUEZ>$I€ 2 (I)/(uik)Q C(ui])UZ d
37 2 |
uev p—2 c > o ) )
SC(;/O PP ol ) nl d ) (Z/I 1P +e) (w)%d>

Passing to the limit ¢ — 0. By Lemma 2.2, for every B, € B the gradient Vu® is uniformly
bounded in L*°(B,). Moreover, by Proposition 2.3, up to a subsequence (we do not relabel),
it converges almost everywhere to VU. By recalling that n has compact support in B, then
the Dominated Convergence Theorem implies that the right-hand side of (3.7) converges to the
corresponding quantity with U in place of v* and € = 0.

As for the left-hand side, we use the fact that for a subsequence (still denoted by u®)

o) ], o SO s )0 = () o) e
and that
]uizl% ug,, weakly converges in W12 (spt(n)) to \le\¥ U.

still by Proposition 2.3. Hence, we can infer weak convergence in L?(spt(n)) of

p—2
(luz, |72 wg,),, @ (ug,) /C(us) 0.

Tj

Finally, by semicontinuity of the L? norm with respect to weak convergence, one gets

/‘(!Uxi\”f U)

This yields the desired estimate (3.1) for U. O

2 2

/ 2 _ 2 <1 : € p=2 5
O (Up )2 ((Us,) o da < Timm in / ‘(\umA )

3.2. The case 1 < p < 2. In this case, the Caccioppoli inequality we need is more standard.
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Proposition 3.2. Let ( : R — R be a C! monotone function. For every B € Q, every n € C§°(B)
and every j = 1,2 we have

2

U$ip—2 2(U.))
(3.8) ;/{WO}’ 2 |(2(0,)),,

2
n? dx

<c [ Ivupt (V01 W)l + 6,1 (1998 + fnl D)) da
where Z : R — R is the C! function defined by
t
(3.9) Z(t) = /0 V1T ds.

Proof. We fix € > 0 and we take as above u® the minimizer of (2.19), subject to the boundary
condition u® — U® € I/VO1 P(B). Then by Proposition 2.9, we have

2 _—
3 / (6 + s, )72 | )|
=1

<C [(e+ (Va1 )| IV da

£

U
TjT;

2
n*dx

-1
€ [+ 196 fo(us, )| (199 + fnl D)) da

for some C' = C(p) > 0. Since p < 2,

2
(e + g, )2 e e[ o2 > (((6+\u§ 2)3 u;i)x_\/w(u;j)m) |
Hence,
2 i 2
> [ (e @), Jicws)
i=1 J
(3.10) <c / (e + [V )% I¢'(u5,)| [Vn[? da

-1
+C [+ 196 P fo(us, )| (199 + Il D% do.

In order to pass to the limit as € goes to 0, we observe that by Lemma 2.10, for every B, € B
the gradient Vu® is uniformly bounded in L°°(B,). Moreover, by Proposition 2.11 it converges
almost everywhere to VU (up to a subsequence). By recalling that 7 has compact support in B,
then the Dominated Convergence Theorem implies that the right-hand side of the above inequality
converges to the corresponding quantity with U in place of u* and ¢ = 0.

As for the left-hand side, we observe that by Proposition 2.11

(e + |u§31|2)¥ ug,,  weakly converges in Wh2(spt(n)) to ]UMLEZ Uz,

and (up to a subsequence),

[Vicwsinl,. .. <6 ict)in= el ae
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Thus as in the case p > 2, we can infer weak convergence in L?(spt(n)) of
p=2
(e uw,) /icts)ln
J

By the same semicontinuity argument as before, we get

2
o p=2 p=2
gt S [ (4 e ) (i) e Z/\(w 20, i)
i=1
The right-hand side is greater than or equal to
2 P2 2
)P de =13 [
Z/UI 40} ’ 4 Z;

{Ux,; #0}
The last equality follows from (2.34). Now, applying the standard chain rule for the C' function
Z defined in (3.9) (remember also that Uy, € I/VlOC (Q) N Le.(92)) yields

loc

hgggfi / (((aﬂu;j D)yl >|n)2dx
2 [ ), |

In view of (3.10), this completes the proof. O

d:L".

In

2 , 9
Va7 U,y | 1 (Uay) ? d

p=2
(11 U,
Tj

0 da.

4. DECAY ESTIMATES FOR A NONLINEAR FUNCTION
OF THE GRADIENT FOR p > 2

We already know from Theorem 2.4 that
’UJI ‘ U € Wl 2(9) N LlOC(Q)

loc

This nonlinear function of the gradient of U will play a crucial role in the sequel, for the case p > 2.
Thus we introduce the expedient notation

= U, | Uy, =12
For every Br € 2, we will also use the following notation:
(4.1) my =iy, Vi=v—my, M ZSEE‘GZ%SISUJ', i=12,
and
(4.2) Lr =1+ [|VU|[pBp)-

4.1. A De Giorgi-type Lemma. We first need the following result on the decay of the oscillation
of vj. This is the analogue of [12, Lemma 4]. As explained in the Introduction, our operator is
much more degenerate then the one considered in [12], thus the proof has to be completely recast.
We crucially rely on the Caccioppoli inequality of Proposition 3.1.
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Lemma 4.1. Let B € Q and 0 < o < 1. By using the notation in (4.1) and (4.2), there exists a
constant v = v(p,a, Lg) > 0 such that if

2p+4(1-2
{‘/j>(]‘_a)Mj}ﬂBR)SVMjp ( p)!BR\,

then o
0<V; < (1—5) M;, on Bax.
2

Proof. We first observe that if M; = 0, then V; identically vanishes in Br and there is nothing to
prove. Thus, we can assume that M; > 0.
For n > 1, we set

R R
a O‘), Ay ={V; > kn} N Bp,,

=M (1= 5 = 5 o =5+ 5

where the ball Br, is concentric with Br. Let 6, be a smooth cut-off function such that
0<0,<1, 0, =1on Bg,,,, 0, =0 on R*\ Bpg,, |V0n\§0%.

Recalling the definition (2.1) of g4, we then set for every n > 1

(43) B = ks my ) = Kl 7 (),

with m; defined in (4.1). We start from (3.1) with the choices

(I)(t) =t, <(t) = (t - /Bn)a- and n= O,
Observe that

and also*
2

0 < ((Us) <

9ps (V) = gpts (M + ky)
(4.4) 2 2

4 4
< Clvj —myj —kp|? < CMY, a.e. on Bp, .
By using (4.4) and the definition of A,,, we then obtain

Z/mzk\ v, 92<0<Z/|U P2 U [ (00 dw) (Z/\U%rﬂc o) 1(6): de)

1
4 2 %
<CrLhM! (/ yv9n|2> / |ven\2> .
BRn An

In view of the properties of 6,,, it follows that

Z/y U)ap|” C(Uy,) 02 dz < C L, M” |BRn\BRn+1| A2

l\)\»—l

%A

<C4"LE M
R

4In the second inequality we use that ¢ — 9&1_2)/2(15) is 2/p—Holder continuous.
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for some C' = C(p) > 0. Here, we have used that
R 2
|BR, \ BRos| = (R - Rn+1) =7 (R — Rnt1) (Bn + Rpg) < o+l 2T R = Ton:

In the left-hand side, we only keep the term ¢ = j and use that by Lemma 2.5

()er \/CUs,) = (F(Uyy))

i
where
p /t 15|52 /C(s) ds = P /t 15|72 (s — Bu)o ds, tER.
2 Jp, 2 Jp,
We thus obtain
/! Us,))ay|* 02 dz < C 4™ L2 Mf ‘A]’%‘

Summing over k = 1,2, this yields an estimate for the gradient of F'(Uy;), i.e.

SIS

4
(4.5) /\v Uy;))? 07 dz < C4™ L M?
Since m; < m; + k, < mj + M; = supp, v; and by definition of L, Im; + kn| < LI;%/Q. Hence, by
definition of 3, see (4.3),

(4.6) |Bn| < Lg.

By keeping this in mind and using Lemma A.1 below,

0< F(U,,) < O (JUs, " + 18,0 ) (Us, — B} <O L (Us, — B3

This implies that F'(U,;) = 0 on Bpg, \ A, and also that

4

p=2
0< F(Uy;) <CLR ¢(Us )<C’L2 My,
for some C' = C(p) > 0. In the last inequality, we have used (4.4). Hence,

/|va R(F(U,)? de < C L2 2zw/ V0,2 da
ATL

1
<o prryy Bl o ognpp 140l
R?

(4.7)

where in the last inequality we used that [4,|/? < /7 R and M; < 2[@{2. By adding (4.5) and
(4.7), with some simple manipulations we get
[Anl?

R )

4
/ IV(F(Usy) 0,) < C4™ L, M?
Br,
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where as usual C' = C(p) > 0. We now rely on the following Poincaré inequality® for the function
F(Uy,) 0, € Wy*(Br,)

|{z € Bg, : F(Us,) 6, > 0} i IV(F(Us,) 0n)? do > c/B |F(Us,) 0 da.
Rp, Rp

Since 0, = 1 on Bpg,_, and by construction
[An| > [{F(Us,) 0 > 0},

one gets
4

4n P MP
/ |F(Uy,)|?de < C R 14,2,
Br

n+1

for some C' = C(p) > 0. By using that F' is non-decreasing and

An+1 = {‘/J > kn+1} N BRn+1 = {ij > /BTL+1} N BRn+1a

we obtain
[ Pz [ F)P e A PP
BR7L+1 An+1
This gives
mMr
(4.8) | A1 F(Bns1)? < C TJMn‘?-

We now use the lower bound of Lemma A.1 to get

(4.9) F(Bnt1)? = ¢ (Bps1 — Ba)P 2.

Remember that
Bn = gé (mj + kn) and Brt1 = 9;7—12 (mj + kn+1)~
2 2
If we use again that for every s,t € R,

p=2 p—2
go2 () = guzz ()| < C (12" + 15127 ) [t — s,

then one gets

—2 —2\ pt+2
bt = ka2 = |(n1 +m5) = (b + 1) 72 < C (1Basa] = + 1817

By using (4.6) and (4.9) we obtain

(/Bn—i—l - 6n)p+2-

p?—4
‘kn—&-l - kn|p+2 < CLR2 F(Bn+1)2-

SFor every bounded open set Q C R?, the Sobolev embedding WOI’I(Q) — L?*(Q) implies that for every f €

W),
[tz <c (/IVfIdm)2 e (/{#O} Vfldw> <Cl(w: f(@) 20} [ IViTdz,

where C' is a universal constant.
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so that by (4.8),

pl-4t2p 4
n 2 P 5
Anl kn 1_knp+2§0 R J Anﬁ.
+ + R

By definition of k,, the previous inequality gives

3
|An+1 ‘ 2" (p+4)  p2-ts2p 2—p—2 |An’ 2
R2 <C abt2 LR ’ Mjp R2 :

Since M; > 0, the right-hand side is well-defined. If we now set Y,, = |A,|/R?, this finally yields

p2—4+2p

4_, 9 3
Y1 < (CO Lp * M/ P ) (2p+4)n Y2, for every n € N\ {0}.

for some Cy = Cy(a,p) which can be supposed to be larger than 1. If follows from Lemma B.1
below that

. B . (20H) 6 4 2y, 2pta(1-2)

ngrfoo Y. =0, provided that Y; < 073 Ly f ,

The condition on Y; means
2p+4 (1-2 . (2076 ey
(4.10) {Vj > (1 —a) M;} N Bg| <vM, (1-3) | Br|, WlthV::WLRp P
By assuming this condition and recalling the definition of Y,,, we get
. o
Vy < lim k= (1—5) M;,  ace on By

This completes the proof. O

Remark 4.2 (Quality of the constant v). For later reference, it is useful to record that
2p+4 (17%) . 1

J 2

This follows by direct computation, using the definition of v and observing that

v

P
2 .

M;j < 2||vjl[ oo (Bg) = 21Uz <2(Lr—1)

g
i ||L°°(BR)

Also observe that by its definition (4.10), the constant v is monotone non-increasing as a function
of the radius of the ball Br (since R + Lp is monotone non-decreasing and 4 — p> — 2p < 0 for
p>2).

4.2. Alternatives.

Lemma 4.3. We still use the notation in (4.1) and (4.2). Let Br € Q and let v be the constant
in Lemma 4.1, for o = 1/4. If we set

then one of the two following alternatives occur:
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(B1) either

7
(4.11) gig v; < 3 (J)SSRCUj’
(B2) or
1 2p+4(1-2
(4.12) / |V |* dz > VMJ.QM.p ( P>.
Br\Bsr 8127 ’

Proof. We can suppose that M; > 0, otherwise there is nothing to prove. We have two possibilities:
either

<1Vﬁdfp+4<li>ﬁBR,

3
‘{VJ > 1 Mj} N Bpr
or not. In the first case, by Lemma 4.1 with o = 1/4 we obtain
oscvj < 0sc vj < < 0SCUj,
Bsr Bry/a 8 Br

which corresponds to alternative (B;) in the statement. In the first inequality we used that § < 1/2,
see Remark 4.2.
In the second case, we appeal to Lemma B.3 with the choices

q=2, p=1Vj, M = M; and y=vM
with ¢ as in the statement above. It follows that:

e cither

2p+4(1-2
/ VViPde > v M2M ( ");
BR\BJR 5127’[’ J J

e or the following subset of [0 R, R]

A= {se OR,R] : V; Zg i Hl—a.e. on 835},

has positive measure.

If the first possibility occurs, then we are done since this coincides with alternative (Bs).
In the second case, we consider u® the solution of the regularized problem (2.3) in a ball B € 2
such that B € B. Then we know from Lemma 2.7

=0, for a.e. s € [0, R],

—2
lim Hyu;k_ 1527 s — ujH
k=00 i i L (0Bs)
for an infinitesimal sequence {ej},en. Since A has positive measure, we can then choose a radius
s € A such that the previous convergence holds. For every n € N\ {0}, by taking k large enough
we thus obtain

p—2 ) 1
€k €k . C_ 1_
|uxj| 2 U > j+m; e H*—a.e. on JB;.

8
We can now apply the minimum principle of Lemma 2.6 with C' = 5/8 M; + m; — 1/n and get
- ) 1
(4.13) Jut |7 k> S Mjtmj— . inB.
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Thanks to Proposition 2.3, we know that {\ujfﬂ%2 uzk tken converges strongly in L%(Bs) to vj. It
then follows from (4.13) that

5 1 5 1
vj > §Mj+mj_ﬁ’ a.e. in By, that is V; > §Mf_ﬁ’ a.e. in Bs.

Hence, by arbitrariness of n we get
3
oscv; <oscv; <supV;, —infV, < -M,
BJRJ_BSJ_BEJ B, 7= 877

which implies again alternative (B1). The proof is complete. U

5. DECAY ESTIMATES FOR THE GRADIENT FOR 1 < p < 2

5.1. A De Giorgi-type Lemma. For every Br € (), we introduce the alternative notation

(5.1) mj:iélfoj, Vi =Uyg; —my, Mj:suij:%chxj, ji=1,2,
R Br R

and still use the notation (4.2) for Lg.

Lemma 5.1. Let B € Q and 0 < a < 1. By using the notation in (5.1) and (4.2), there erists a
constant v = v(p,a, Lg) > 0 such that if

{V; > (1= ) M;} 1 Bg| < v M} | Bal,

then o
0<V; < (1—5) M;, on Bx.
2

Proof. We first observe that if M; = 0, then V; identically vanishes in Br and there is nothing to
prove. Thus, we can assume that M; > 0.
For n > 1, we set

Q o R R
kn:M~<1————>, R,=—+ —,
J 2 on 2+2n

where the ball Bg, is concentric with Br. Let 6,, be a cut-off function such that
0<6, <1, 0, =1on Bg, ., 6, =0 on R*\ Bpg,
2n 4n

VO,| < C% and |D?6,,| < C 5

A, ={V; > k,} N Bg,,

We then set for every n > 1

(5.2) B = m; + .

For every § > 0, we take a C'!' non-decreasing function &5 : R — [0 4 o0) such that®
&(t) =0, fort <0, I&5(t)] < C, for t € R,

and

&(t) =C, for t > ¢,

60ne can take for example the function &s of the form

0 ,for t <0,
&(t) = ¢ t3/82 Jfor 0 <t <4,
3t—26 ,fort>é.
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for some universal constant C' > 0. This has to be thought as a smooth approximation of the
“positive part” function, up to the constant C' > 0. In the setting of Proposition 3.2, we take

C(t) = &s(t — Bn) and n=0n.
We observe that
C(t) <C (t - Bn)-i-a
so that

(5.3) CUz;) < C(Ug; —myj —kp)y <CM; <2C Lp.
By using (5.3), the definition of A, and the properties of (, one gets from (3.8)

2
cy | s P2 |Us 22 62 dv < © VUP (16,2 + 0%0,) d
=1 {Uzj zﬁn+5}m{UIi5’é0} {Uzj 2/371}

b [ U (90 +10%0,) do

<CrL, / (|v9n12 + yDQeny) dz.

Since p < 2 and |Uy,| < Ly a.e., one gets

2
Z/ |Uxm|2931dngL%/
=1 {Uzj 2/3’”+6} {Uzj 2,811}

Here, we have also used the fact that Uy, ., = 0 a.e. on the set {U,;, = 0}. We now take the limit
as ¢ goes to 0 in the left-hand side. By the Monotone Convergence Theorem, we get

2
Z/ |ijxi|20,2ldx<CL%/
=1 Uz 280} {

In view of the properties of 6,,, it follows that

(|ven\2 + \D?@n\) dz.

(|ven\2 + |D29n|) dz.
U‘L] Zﬁn}

2 n An
(5.4) /(V(ij—ﬁn)+‘ 02 dx < C' L34 |R2\7
for some C' = C(p) > 0. Observe that

An
(5.5) / IVOu|* (Uz, — Bn)3 du < C L 4" |R2|,
thanks to (5.3). By adding (5.4) and (5.5), we get
An
/ IV ((Us, — Bn)+0n) [Pdz < CA™ L} ’R2‘,
Br,

where as usual C' = C(p) > 0. We rely again on the Poincaré inequality and obtain

(o € Br, : (Us, — Bu)s On > 0}\/8 IV (Us, — Bu)s 0n) P do

>c / |(Uz, — Bn)+ Onl” da.
Br,
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Since 0, =1 on Bp, , and by construction

[An| = ‘{(ij — Bn)+ 0n > 0}

+1

)

one gets

4" L3
2 R 2
[, =B <O TR A

n+1

for some C' = C(p) > 0. By using that

An—i-l - {V] > kn—i—l} N BRn+1 - {UI]' > Bn—&-l} N BRn+1a

we obtain
/ (Uzj - 671)3- dz 2 / (ij - /Bn)a- dz Z ’An-l—l’ (5n+1 - 671)2
BRn+l An+1
This gives
4n 12
(5.6) [Ans1] (Busr = Bn)? < C =5 |An]?.

By recalling the definition of 3,, and k,,, the previous inequality gives

|An+1‘ 42n 2 -2 |An| ?
e SO M7 )\ )

Since M; > 0, the right-hand side is well-defined. As before, we set Y;, = |A,|/R? and obtain

Yoir < (CO 13 Mj_2> 16"Y2,  for every n € N\ {0},

for some Cy = Cp(a, p) > 1. Again by Lemma B.1 we get

. . (16)°2 5
ngr—ir-loo Y, =0, provided that Y; < Co Ly M7,
This means
2 ; 1672
{V; > (1 —a)M;} N Bg| <vM;|Bg|, WlthV::CTLR .
O ﬂ-
By assuming this condition and recalling the definition of Y,,, we get
) @
V; < nll)l}_loo ky = (1 — 5) M; a.e. on Bps.

This completes the proof.

O

Remark 5.2 (Quality of the constant v). For later reference, as in the previous case we observe

that

1
2
VM] < 5,

and that the constant v is monotone non-increasing as a function of R.
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5.2. Alternatives.

Lemma 5.3. We still use the notation in (5.1) and (4.2). Let B €@ Bag € Q and let v be the
constant in Lemma 5.1, for a = 1/4. If we set

_ [V
6=1/5 M2,

then one of the two following alternatives occur:
(B1) either

7
. :1:-<7 Tj»
(5.7) ging_ES%SISUJ
(B2) or
1
2 4
. v | de > M.
(5 8) LR\B5R IVU j‘ xTr = 5197 v j

Proof. We can suppose that M; > 0, otherwise there is nothing to prove. We have two possibilities:
either

3
HV} > 4Mj} N Bg| < v M?|Bgl,

or not. In the first case, by Lemma 5.1 with o = 1/4 we obtain
7

oscU,. < osc U,. < —oscU,.,

Bsg 7 7 Bprjp 8 Bp 7
which corresponds to alternative (Bj) in the statement. In the first inequality we used again that
0 < 1/2, see Remark 5.2.

In the second case, we appeal to Lemma B.3 with the choices
q=2, o=1Vj M = M; and fy:VMjQ,

with § as in the statement above. It follows that:

e cither
/ |V‘/}\2d:u201/M]4,
Br\Bsr

for some universal constant ¢ > 0;

e or the set
5
A= {s € [0R, R) : Uz, —mj > o M, H'—a.e. on 835},
has positive measure.

Again, if the first possibility occurs, then we are done since this coincides with alternative (Bg).
In the second case, we consider u® the solution of the regularized problem (2.19) in a ball B € 2
such that B € B. Then we know from Lemma 2.15

Erfoo |ugt = Us;llLeeom,) = 0, for a.e. s € [0, R].
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for an infinitesimal sequence {ej}ren. Since A has positive measure, we can then choose a radius
s € A such that the previous convergence holds. For every n € N\ {0}, by taking k large enough
we thus obtain

5 1
uij > §Mj+mj_ﬁ’ H —a.e. on OB,

By proceeding as in the proof of Lemma 4.3 and using this time the minimum principle of Lemma
2.14 and Proposition 2.11, we obtain

5 1 .
Ug; —myj > §Mj_ﬁ’ a.e. in Bs.

By arbitrariness of n, we get
< < inf < 3M
gigij _o‘icij < sgstj—mj — 1]1315 Uy, —my = M,
which implies again alternative (B1). The proof is complete. O

6. PROOF OF THE MAIN THEOREM

6.1. Case p > 2. We already observed that for every ¢ > —1 the function ¢ — ¢|¢|? is a homeo-
morphism on R. This implies the following

Lemma 6.1. Let f : E — R be a measurable function such that for some q > —1 the function
|f|2 f is continuous. Then f itself is continuous.

In view of this result, in order to prove the Main Theorem in the case p > 2 it is sufficient to prove
that each function

_92 .
v = U, |7 Usy =12,

is continuous on 2. Thus Theorem 1.1 for p > 2 is a consequence of the following

Proposition 6.2. Let p > 2, zg € Q and Ry > 0 such that Bg,(zo) € Q2. We consider the family

of balls { Br(xo) }o<r<r, centered at xo. Then we have

lim ( 0SC vj> =0, j=12
RN\0 \ Bgr(zo)

Proof. For simplicity, in what follows we omit to indicate the center xg of the balls. Since the map
R — oscp, vj is non decreasing, we only need to find a decreasing sequence {Rj, }nen converging

to 0 such that
lim <osc vj> =0.
n—+oo \ Bg,

For simplicity we now drop the index j and write v in place of v;. We set

2p+4(1-2
My = osc v and 50—\/VOMOP ( p),
Ry 2

where 1 is the constant of Lemma 4.1 for R = Ry and o = 1/4. We construct by induction the
sequence of triples {(R,, My, 0p) }nen defined by

2
vp o 2p+4(1-2
M, = osc v, Op = ?Mn < p>, Ryi1 =0, Ry,
Rn
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and v, is the constant of Lemma 4.1 for R = R,, and a = 1/4. Since d,, < 1/2 for every n € N (see
Remark 4.2), the sequence { Ry, },en is monotone decreasing and goes to 0. In order to conclude,
we just need to prove that

(6.1) lim M, = 0.

n—oo

Observe that we can suppose M,, > 0 for every n € N, otherwise there is nothing to prove. We set

1 2p+4 (12
I:= nEN:/ |Vo|? dz > ynan ( p>M2 ,
BRn\BRn.H 5127T

and we have

Y 2p+2+4(1-2 1 2p+244(1-2
5137TZM” ( p)§5127r > vn Mn 08
(6.2) nel nel

< / |Vv|2dx§/ |Vv|? de,
Z BRn\BRn+1 By

nel

thanks to the fact that v, > vy > 0 for every n € N (see Remark 4.2). We now have two
possibilies: either I is infinite or it is finite. If the first alternative occurs, then (6.2) and the fact
that v € I/VI};CQ (©) imply

lim M, =0.

Ion—o0

This means that the monotone sequence { M, },en has a subsequence which converges to 0, thus
we have (6.1) and this completes the proof in that case.
Otherwise, if I is finite then there exists ¢ € N such that for every n > ¢ we have

1 2p+4(1-2
/ |Vo|? da < l/nan ( p> M2,
BRn\BRn+1 5127

By Lemma 4.3, this in turn implies that

7 7
Mpyt+1 = osc v<—= oscv=—M,, for every n > £.
Rn+1 BRTL 8
This again implies (6.1). The proof is complete. O

6.2. Case 1 < p < 2. The case 1 < p < 2 is similar, but more direct. This time Theorem 1.1
follows from the following result, whose proof is exactly as above. It is sufficient to use Lemma 5.1
in place of Lemma 4.1 and Lemma 5.3 in place of Lemma 4.3. We leave the details to the reader.

Proposition 6.3. Let 1 < p < 2, xy € Q and Ry > 0 such that Br,(zo) € Q. We consider the

family of balls { Br(xo) }o<r<Rr, centered at xo. Then we have

lim < 0sc Ux) =0, j=1,2.
RN\O \ Bp(zo)
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APPENDIX A. INEQUALITIES

In the proof of Lemma 5.1 we crucially relied on the following double-sided estimate for the

function .
_— / 1s|"2" (s — B)4 ds, teR.
2 Jp

Lemma A.1. Let € R and p > 2. There ezists a constant C = C(p) > 1 such that for every
t € R,

(A1) L= B < F) <0 (17 + tmax{0,-)'T ) (¢ - 912

Proof. Since F(t) = 0 when t < 3, both inequalities are true in this case. Thus let us assume that
t > B. Moreover, if § =0,

t _
F(t)zg/s”zsds:iztpf, for ¢ >0,
0 p

which implies the result.

Case § > 0. By Holder’s inequality

([ </;w )
(-
2

[SIiS]

-

) ([ 200

p=2
t - B)-}— )
where we used that (s — 8); < s and this gives the lower bound in (A.1). As for the upper bound,
by the change of variables 7 = s/ one has
X —
F(t) = Bp;ﬂ F. (5) where F+(X):§/ i (t —1)dr, T> 1.
1

Observe that

Fi(X) = _’;2 (X”+ —1)-()(%—1), X > 1

Moreover, by convexity of the function X + X?/2 we have
—(X% —1> < —%(X—l),

while a second order Taylor expansion gives

X 2 _
P (pr—1)_p(X—1)+p/ ' (X —s)ds < P(x — 1)+ x% (x — 1)
p+2 1 8

Thus we obtain

and finally for ¢ > 3
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which proves the upper bound in (A.1).
Case § < 0. This case is slightly more complicated. We introduce the function

X
p P2 p p+2
Fx)=2 [ |5 s+1ds:—(X2—1)+(X X+1) X > -1
) =5 [ bl e+ nas= L5 (1x] x|
It is sufficient to prove that there exists C' > 1 such that
1 _
(A.2) 6(X+1)“2 Fo(X )gc(|X|¥+1) (X +1)%

Indeed, F(t) = |8|®+2)/2 F_(t/|3|) and this would give

S-p)F <Py <0 (T +16°) (- BY,

as desired.

The upper bound in (A.2) for —1 < X < 0 can be obtained as before, by using a second order
Taylor expansion for the first term and using that 7 +— |7'|(p_2)/ 27 is concave on —1 < 7 < 0. This
gives

F_(X) = +2 (|X| ) (\X| X+1>
2 X
§—2(X+1)+i/1\s|p2( —s)ds+ 2 (X +1)
<1Dj(X+1)2
<3 .

Observe that the upper bound is trivial for 0 < X < 1, since
p+2 (X% =1) + (1IX1%° x +1) <222 (1X)"7 +1) (X +1)%

Finally, for X > 1 we still use a second order Taylor expansion for the first term and the elementary
inequality

I3

1
xb+1<o X7 (X112

for the second one. These yield

p2 X b2 pQ 1 b2 )
F(X)§4/ ls| 2 (X —s)d8+ X (X+1) <8+2) X2z (X+1).
-1
In order to prove the lower bound, we just observe that the function
+
(X +1)"z
X—H-—— X>-1
= T >
is positive continuous on (—1,+400) and such that
(X+1)%<+ 1 i (X+1)%<+
im ———— 00 an im ——— 00.
X—(-n+  F_(X) X400 F_(X)

Thus it is bounded on (—1,400) and this concludes the proof of the lower bound. (]
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Lemma A.2. Let 1 < q <2, for every zy, z1 € RY we have
(A.3) 20772 20 — |21|97% 21| < 22720 — 2|17

Proof. The proof is the same as that of [5, Lemma 4.4], which proves a slightly different inequality.
We first observe that if z; = 2y there is nothing to prove, thus we can suppose |z; — z9| > 0. Let
us set

ze=(1—1t)z0+t 2z, t €10,1],

then we have

1 1

d

|21]972 21 — |20]? 2 20 = / — (|zt|q_2 zt) dt = / |2:|972 (21 — 20) dt
o dt 0

1
L g-2) / (22|74 (20, 21 — 20) 22 .
0

which implies

1 -2
(A4) 120972 20 — 21972 2| < (g — 1) |21 — 20| / 20] = 21— 20| a,
0

where we used triangle inequality and ¢ — 2 < 0. We now distinguish two cases:
either  |zo] > |21 — 20| or |z0| < |21 — 20]-

In the first case, we have

q—1
1 g2 1 g-2 20|t — (\Z0| — |21 - Z0|>
/ 120l — £ — | dt—/ (120l — t1z1 — z0l)" dt =
0 0 (g —1)]z1 — 20|
|21 — 20"?
qg—1

which inserted in (A.4) gives the desired conclusion. In the second case, let 0 < xk < 1 be such that

I

|z0] = K |20 — 21,

then we have

1 q—2 K q—2 1 q—2
/ ‘|Zol—t|21—2’0" dt:/ <‘Zo|—t|21—20|> dt—i—/ (t|2’1—2’0|—|2’0‘> dt
0 0 K

g—
PG (|Zl — 20| — |Zo|)
= +
(¢ —1) |21 = 20 (¢ = 1) |21 = 20l
< g2—q 71— G
< i1
In view of (A.4), this gives the desired conclusion. O

Corollary A.3. Let 1 < p <2, for every e > 0 and every t,s € R we have

E+t) T t— e+ T s| <2 |t—s|f, tseR
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Proof. We use (A.3) with the choices
p+t2

N =2, =75

z0 = (t, \@) and z1 = (S, \ﬁ) .
This implies
‘(s+t2)‘%2 (t,VE) — (e +52)"T (5,17) ‘ < 2% |t — s|5.

By further observing that

—2

[+ )T (1VE) — (45D (5,vE) |2 [+ T t— (e +57'F 5

we get the conclusion. O

)

APPENDIX B. SOME GENERAL TOOLS

In the proof of Lemmas 4.1 and 5.1, we used the following classical result. This can be found for
example in [10, Lemma 7.1].

Lemma B.1. If {Y, },en is a sequence of nonnegative numbers satisfying
Yo <eb" VP v < VB (B+1)/B° for some ¢, B >0,b>1,
then limy,— o0 Yo = 0.

The next lemma is a Fubini-type result on the convergence of Sobolev functions. We denote by
H! the one-dimensional Hausdorff measure.

Lemma B.2. Let 0 < 7 < 1 and 1 < p < oo. Let Br(xzg) C R? be the disc centered at xo with
radius R > 0 and let {up}nen C WTP(BRr(xo)) be a sequence strongly converging to 0, i.e. such

that
lim / |tn |P dz + / / fun (@ ;Lz(yﬂ dz dy
n—oo BR(:DO Br :I:o) Br a?o) |.’,U - | TP

Then there exists a subsequence {uy, }ien such that for almost every r € [0, R], {un, }ien strongly
converges to 0 in WTP(0B,(xo)), i.e.

p
100 0By (x0) OBy (z0) v/ 0Br(z0) “T - y‘ P

Proof. Let us consider the convergence of the double integral, that for the L” norm being similar
and simpler. Without loss of generality, we can assume xg = 0, then we omit to precise the center
of the ball. We use polar coordinates = pe’?. We need to show that up to a subsequence, for
almost every p € [0, R] we have

(B.1) nILI%o[U”]?;VTvP(aBQ) =

AN Tw)|p
lim o? / |un(9¢ ) .un(ge ) d9 dw = 0.
[0,2 7] x[0,2 7]

n—00 ‘ezﬁ_ezw|1+7—p

. For every u € WT™P(R?) and ¢ > 0, we introduce
iw d
o [ Hee) e g, 20
0,27]x[0,27] ‘ez - ezw’ e TP

¢
g

We claim that

’P
(B.2) WE(U) S [ ]WTp(]R2 - /]‘%2 /]RQ ‘m_ ‘2_,’_7_1) d.%’dy,
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for some constant C' = C(p,7) > 0. Let us assume (B.2) for a moment and explain how to conclude:
we can extend {u, }nen to a sequence {ty }neny € WTP(R?) such that

Up = Up, on Bp and Wn]?vf,p(Rz) <C [un]WTp(BR)
see [1, Lemma 7.45]. The latter and (B.2) imply that
ILm We(uy) =0, for every e > 0.

By definition of W, this means that the sequence of functions

0 [un(0e’”) — un(oe)[P
falo) = / = v duw,
( ) Q1+Tp [0,27]x[0,2 7] |eu9_ezw‘1+7'p

converges to 0 in LP((e, R)). Hence, there exists a subsequence {fp, }ieny which converges almost
everywhere to 0 on (e, R). By taking a sequence {ej }ren converging to 0 and repeating the above
argument for each ¢y, a diagonal argument leads to the existence of a subsequence still denoted by
{fn; }ien which converges almost everywhere to 0 on (0, R). Equivalently, {uy, }ien satisfies (B.1)
for almost every p € [0, R].

Let us now show (B.2). The proof is similar to that of [2, Lemma A.4]. For 9 > &, ¢t > 0 and
Y, w € [0,2 7] we have

u(pe”) — u(gei“’)‘p <C ‘u(gem) —u ((Q+t) ei#)‘p +C ‘u <(Q+t) einw) —u(pe'®)
and (for ¥ # w)

p

)

. o0 . . —Tp—2
Q—Tp—l |€z19 zw| Tp—1 (1 +Tp) / [t—{— Q|6“9 _ ezw@ dt.
0

Thus from the definition of W;(u), we obtain with simple manipulations

- 94w p
u(ee?) —u((o+1)e 5]
<C/ / / , , od¥dwdpdt.
[0,2 7] %[0, 27r]

(t+ olei? — )77

Observe that

‘Q —(o+t)e e
and
. . w9 . .
67,19 _ez% zﬂ_ezw‘.
Hence,
; 9w | |P
iz [ [ L
21rp ¢ wag
0,2 7] x[0,2 7] ‘Qezﬁ (Q+t) 19+w tre
<2¢ / [u(ee’ )_“(Sew)‘pgsdﬁdwdgds
e Jooo)x[0,00) J02m]x[0,27] o€l = selv|2HTP ’
which completes the proof of (B.2). O

The following result is a general fact for bounded Sobolev functions in the plane. This is exactly
the same as [12, Lemma 5], we reproduce the proof for the reader’s convenience.
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Lemma B.3. Let ¢ > 1 and let o € WH4(Bgr) N L>®(Bg) be a function such that 0 < o < M. Let
us suppose that there exists 0 < v < 1 such that

3
If we set § = \/7/2, one of the following two alternatives occur:
(Ay) either

> v |Bg|.

/ Vgl7d B e
olfdr > —————7 ;
Br\Bsr 8.4 (2m)i-t
(Ag) or the following subset of [0R, R)
{s €[0R,R] : ¢ > gM, H'—a.e. on 838},

has positive measure.

Proof. We first observe that thanks to the hypothesis we have
3 3 3
{g0> 4M} N (Bg\ Bsr)| = ng> 4M} N Br| — H<p> 4M}nB5R

> v |Bg| — |Bsg| = (v — 6?) | Bg|.

By definition of 4, we get
3
{o>arh e\ o

~
> - .
25 | Br|
We define the set

X = {se [6R,R] : H' ({we@BS s (x) > iM}) >0}.
Then

3
%\BR\ < HSD>4M}Q(BR\BaR)

—/ / 1{¢>3/4M} d'Hl ds
x JoB;
<27 / sds <27 RI|X]|.
X
This in turn implies that
x| > %R.

Let us now suppose that alternative (Ag) does not occur. This implies that
5
H! ({az € 0B;s : p(x) < 8M}> > 0, for a.e. s € [0R, R).

Thus for almost every s € X', we have
3 5 M
>-M—-M=—.
65.7 =17 8 8

By observing that 0B, is one-dimensional, we obtain

1
M it q
<socos [ Welawt <@en ([ wpnan)",
8 T 0B 0B, 0B,
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where V. denotes the tangential gradient (by using polar coordinates z = p 'V, this is nothing but
the ¥—derivative). By taking the power ¢ in the previous estimate and integrating in s € X' | we

get
M1 1
Vgoqd:cZ// chqd?—[12<> — X
/jE%R\BgR’ | X 8BS| | 8 (QWR)Q_1’ |

Using the lower-bound on |X| yields alternative (Aj). O
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