FROM VISCO TO PERFECT PLASTICITY IN THERMOVISCOELASTIC MATERIALS

RICCARDA ROSSI

ABSTRACT. We consider a thermodynamically consistent model for thermoviscoplasticity. For the related PDE
system, coupling the heat equation for the absolute temperature, the momentum balance with viscosity and
inertia for the displacement variable, and the flow rule for the plastic strain, we propose two weak solva-
bility concepts, ‘entropic’ and ‘weak energy’ solutions, where the highly nonlinear heat equation is suitably
formulated. Accordingly, we prove two existence results by passing to the limit in a carefully devised time
discretization scheme.

Furthermore, we study the asymptotic behavior of weak energy solutions as the rate of the external data
becomes slower and slower, which amounts to taking the vanishing viscosity and inertia limit of the system.
We prove their convergence to a global energetic solution to the Prandtl-Reuss model for perfect plasticity,
whose evolution is ‘energetically’ coupled to that of the (spatially constant) limiting temperature.
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1. Introduction

Over the last decade, the mathematical study of rate-independent systems has received strong impulse. This
is undoubtedly due to their ubiquity in several branches of continuum mechanics, see [Mie05, MRI15], but also
to the manifold challenges posed by the analysis of rate-independent evolution. In particular, its intrinsically
nonsmooth (in time) character makes it necessary to resort to suitable weak solvability notions: First and
foremost, the concept of (global) energetic solution, developed in [MT99 MT04, Mie05], cf. also the notion of
quasistatic evolution, first introduced for models of crack propagation, cf. e.g. [DMT02, DMET05a].

Alternative solution concepts for rate-independent models have been subsequently proposed, on the grounds
that the global stability condition prescribed by the energetic notion fails to accurately describe the behavior
of the system at jump times, as soon as the driving energy is nonconvex. Among the various selection criteria
of mechanically feasible concepts, let us mention here the vanishing viscosity approach, pioneered in [EMO6]
and subsequently developed in the realm of abstract rate-independent systems in [MRS09, MRS12, [MRS] and,
in parallel, in the context of specific models in crack propagation and damage, cf. e.g. [TZ09, [KMZ08| [LTTT,
KRZ13], as well as in plasticity, see e.g. [DDS11] [DDS12, BFMT12] [ES13]. In all of these applications, the
evolution of the displacement variable is governed by the elastic equilibrium equation (with no viscosity or
inertial terms), which is coupled to the rate-independent flow rule for the internal parameter describing the
mechanical phenomenon under consideration. In the ‘standard’ vanishing-viscosity approach, the viscous term,
regularizing the temporal evolution and then sent to zero, is added only to the flow rule.

Recent papers have started to extend the vanishing-viscosity analysis to coupled systems, typically for the
displacement and the internal variable. In the context of the rate-dependent model, both the displacements
and the internal variable are subject to viscous dissipation (and possibly to inertia in the momentum balance),
and the vanishing-viscosity limit is taken both in the momentum balance, and in the flow rule. The very first
paper initiating this analysis is [DMST14], obtaining a perfect plasticity (rate-independent) system in the limit
of dynamic processes. We also quote [Scal6], where this kind of approach was developed in the realm of a
model for delamination, as well as [MRS16], tackling the analysis of abstract, finite dimensional systems where
the viscous terms vanish with different rates.
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The model for small-strain associative elastoplasticity with the Prandtl-Reuss flow rule (without hardening)
for the plastic strain, chosen in [DMS14] to pioneer the ‘full vanishing-viscosity’ approach, has been extensively
studied. In fact, the existence theory for perfect plasticity is by now classical, dating back to [Joh76l [Suq81]
KTR83|, cf. also [Tem83]. It was revisited in [DMDMO06] in the framework of the aforementioned concept of
(global) energetic solution to rate-independent system, with the existence result established by passing to the
limit in time-incremental minimization problems; a fine study of the flow rule for the plastic strain was also
carried out. This variational approach has apparently given new impulse to the analysis of perfect plasticity,
extended to the case of heterogeneous materials in [Sol09, [FG12] [Sol14l [Sol15]; we also quote [BMR12] on the
vanishing-hardening approximation of the Prandtl-Reuss model.

In [DMS14], first of all an existence result for a dynamic viscoelastoplastic system approximating the perfectly
plastic one, featuring viscosity and inertia in the momentum balance, and viscosity in the flow rule for the
plastic tensor, has been obtained. Secondly, the authors have analyzed its behavior as the rate of the external
data becomes slower and slower: with a suitable rescaling, this amounts to taking the vanishing-viscosity and
inertia limit of the system. They have shown that the (unique) solutions to the viscoplastic system converge,
up to a subsequence, to a (global) energetic solution of the perfectly plastic system.

In this paper, we aim to use the model for perfect plasticity as a case study for the vanishing-viscosity
analysis of rate-dependent systems also encompassing thermal effects.

Indeed, the analysis of systems with a mized rate-dependent/rate-independent character, coupling the evo-
lution of the (absolute) temperature and of the displacement/deformation variables with the rate-independent
flow rule of an internal variable, has been initiated in [Roul0], and subsequently particularized to various
mechanical models, among which we mention perfect plasticity [Roul3] and damage [LRTT14]. In the latter
paper, a vanishing-viscosity analysis (as the rate of the external loads and heat sourced tends to zero) for the
mized rate-dependent/independent model, has also been performed.

Let us stress that, instead, here the (approximating) thermoviscoplastic system will feature a rate-dependent
flow rule for the plastic strain, and thus will be fully rate-dependent. First of all, we will focus on its analysis.
Exploiting the techniques from [RRI5], we will obtain two existence results, which might be interesting in
their own right, for two notions of solutions, referred to as ‘entropic’ and ‘weak energy’, by passing to the
limit in a carefully tailored time discretization scheme. Secondly, in the case of ‘weak energy’ solutions we will
perform the vanishing-viscosity asymptotics, obtaining a system where the evolution of the displacement and
of the elastic and plastic strains, in the sense of (global) energetic solutions, is coupled to that of the (spatially
constant) temperature variable.

Let us now get further insight into our analysis, first in the visco-, and then in the perfectly plastic cases.

1.1. The thermoviscoplastic system. The reference configuration is a bounded, open, Lipschitz domain
Q Cc R d € {2,3}, and we consider the evolution of the system in a time interval (0,7). Within the small-
strain approximation, the momentum balance features the linearized strain tensor E(u) = % (Vu + VUL),
decomposed as

Eu)=e+p in Q x (0,7, (1.1)
with e € MZX¢ (the space of symmetric (dxd)-matrices) and p € M&*¢ (the space of symmetric (dxd)-matrices
with null trace) the elastic and plastic strains, respectively. In according to Kelvin-Voigt rheology for materials
subject to thermal expansion, the stress is given by

o =Dé + C(e — E9), (1.2)
with 1 the absolute temperature, and the elasticity, viscosity, and thermal expansion tensors C, D, E depending

on the space variable  (which shall be overlooked in this Introduction for simplicity of exposition), symmetric,
C and D positive definite. Then, we consider the following PDE system:

9 — div(s(9)VI) = H + R, p) +p:p+Dé:é —9ICE : ¢ in Q x (0,7), (1.3a)
pii — dive = F in Qx (0,7), (1.3b)
RV, p) +p > op in Qx(0,7). (1.3c)

The heat equation ([1.3a]) features as heat conductivity coefficient a nonlinear function x € CO(R*), which shall
be supposed to have a suitable growth. In the momentum balance (1.3b)), p > 0 is the (constant, for simplicity)
mass density. The evolution of the plastic strain p is given by the flow rule (1.3c|), where op is the deviatoric
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part of the stress o, and the dissipation potential R : Rt x MdDXd — [0, +00) is lower semicontinuous, and
associated with a multifunction K : Rt = MdDXd, with values in the compact and convex subsets of MdDXd, via
the relation
R(W,p) = sup mp for all (9,p) € RT x MdDXd
TeEK (V)

(the dependence of K and R on x € Q is overlooked within this section). Namely, for every ¥ € RT R(,-) is the
support function of the convex and compact set K (¢), which can be interpreted as the domain of viscoelasticity,
allowed to depend on x € Q as well as on the temperature variable. In fact, R(¥,-) is the Fenchel-Moreau
conjugate of the indicator function I (), and thus (1.3c) (where d; denotes the subdifferential in the sense of
convex analysis w.r.t. the variable p) rephrases as

p € 0lkw)(op—p) < p=o0p —Prw)(op) (1.4)

in Q2 x (0,7), with Pg gy the projection operator onto K (). The PDE system (1.3) is supplemented by the
boundary conditions

ov=yg on I'ney % (0,7), (1.5a)
u=w on I'piy x (0,7, (1.5b)
k()Viv =h on 90 x (0,7, (1.5¢)

where v is the external unit normal to 92, with I'yey and I'p;, its Neumann and Dirichlet parts. The body
is subject to the volume force F', to the applied traction g on I'ney, and solicited by a displacement field w
applied on I'p;,, while H and h are bulk and surface (positive) heat sources, respectively.

A PDE system with the same structure as was proposed in [Roul3] to model the thermodynamics of
perfect plasticity: i.e., a heat equation akin to and the momentum balance were coupled to the rate-
independent version of the flow rule (1.13b)), cf. (1.13b)) below. While the mixed rate-dependent/independent
system in [Rould] calls for a completely different analysis from our own, the modeling discussion developed in
[Rouldl Sec. 2] can be easily adapted to to show its compliance with the first and second principle
of thermodynamics. In particular, let us stress that, due to the presence of the quadratic terms p : p, Dé : é,
and JCE : é on the right-hand side of , system is thermodynamically consistent.

The analysis of (the Cauchy problem associated with) system ([1.3] poses some significant mathematical
difficulties:

(1): First and foremost, its nonlinear character, and in particular the quadratic terms on the r.h.s. of
(T-34), which is thus only estimated in L'((0,T) x €2) as soon as p and é are estimated in L*((0,T) x
Q;ME*?) and L2((0,T) x Q; ngxrff), respectively. Because of this, on the one hand obtaining suitable
estimates of the temperature variable turns out to be challenging. On the other hand, suitable weak

formulations of (|1.3a)) are called for.

In the one-dimensional case, existence results have been obtained for thermodynamically consistent (visco)-
plasticity models with hysteresis in [KS97, [KSS02 [KSS03|]. In higher dimensions, suitable adjustments of
the toolbox by BocCARDO & GALLOUET [BG89| to handle the heat equation with L!/measure data have
been devised in a series of recent papers on thermoviscoelasticity with rate-dependent/independent plasticity.
In particular, we quote [BROS|, dealing with a (rate-dependent) thermoviscoplastic model, where thermal
expansion effects are neglected, as well as [BR11], addressing rate-independent plasticity with hardening coupled
with thermal effects, with the stress tensor given by 0 = DE(u;) + Ce — CEY, and finally [Roul3|, handling the
thermodynamics of perfect plasticity. Let us point out that, in the estimates developed in [BRI1Il Roul3], a
crucial role is played by a sort of ‘compatibility condition’ between the growth exponents of the (¥-dependent)
heat capacity coefficient multiplying 9, and of the heat conduction coefficient x(«#). This allows for Boccardo-
Gallouét type estimates, drawn from [Roul0)].

Here we instead suppose that the heat capacity coefficient is constant (cf. also Remark ahead), and
develop different arguments to derive estimates on the temperature variable. Along the footsteps of [FPRQ9,
RR15], analyzing thermodynamically consistent models for phase transitions and with damage, respectively,
we will rely on a growth condition for the heat conduction, only. Namely, we shall suppose that

K(9) ~ O with p > 1. (1.6)
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We shall exploit upon testing by a suitable negative power of ¢ (all calculations can be rendered
rigorously on the level of a time discretization scheme). In this way, we will deduce a crucial estimate for ¥ in
L2(0,T; HY(Q)). Under we will address the weak solvability of in terms of the ‘entropic’ notion
of solution, proposed in the framework of models for heat conduction in fluids, cf. e.g. [Fei07, [BEM09], and
later used to weakly formulate models for phase change [FPR09] and, among other applications, for damage in
thermoviscoelastic materials [RR15]. In the framework of our plasticity system, this solution concept features

the momentum balance ((1.3b)) and the flow rule (1.3c), stated a.e. in Q x (0,7, and coupled with

- the entropy inequality

/ /log gpdxdr—/ / 9)V log( )V@—n(ﬁ)%V]og(z?)Vﬁ) dzdr
< /Q log(9(t))p(t) da — / log(d(s))p(s) dz (1.7)

Q
¢
—//(H+R(ﬁ,p)+|ﬁ\2+Dé:é—ﬁB: dxdr—// he dzdr
s JQ o

with ¢ a sufficiently regular, positive test function,
- the total energy inequality

B/ la(t)[2dz + E(I(L), e(t))

/|u VP da + E(9(s),e(s)) + /t (L, 0=0) 1 (o //dedr—i—/ /mhder (1.8)
+p</ () ()da:—/uow dx—//uwdxdr) //a B dzdr

involving the total load £ associated with the external forces F' and g, and the energy functional
&, e) = [9dz + [, iCe:edx.

Both (1.7)) and (|1.8) are required to hold for almost all ¢ € (0,7] and almost all s € (0,¢), and for s = 0.

While referring to [FPR09, [RRI15] for more details and to Sec. for a formal derivation of 7,
let us point out here that this solution concept reflects the thermodynamic consistency of the model, since it
corresponds to the requirement that the system should satisfy the second and first principle of Thermodynamics.
From an analytical viewpoint, observe that the entropy inequality has the advantage that all the quadratic
terms on the right-hand side of feature as multiplied by a negative test function. This allows for upper
semicontinuity arguments in the limit passage in a suitable approximation of 7. Furthermore, despite
its weak character, weak-strong uniqueness results can be obtained for the entropic formulation, cf. e.g. [FN12]
in the context of the Navier-Stokes-Fourier system modeling heat conduction in fluids.

(2): An additional analytical challenge is related to handling a non-zero applied traction g on the Neu-
mann part of the boundary I'yey. This results in the term fOT (L, u)Hl(Q;Rd) dt on the r.h.s. of ,
whose time discrete version is, in fact, the starting point in the derivation of all of the a priori estimates.
The estimate of this term is delicate, since it would in principle involve the H!(£2; R?)-norm of #, which
is not controlled by the left-hand side of . A by-part integration in time shifts the problem to
estimating the H'(£2;R%)-norm of u, but the Lh.s. of only controls the L?(; Mg}f(rg) -norm of e.
Observe that this is ultimately due to the form of the stress o.

To overcome this problem, we will impose that the data F' and g comply with a suitable safe load condition,
see also Remark (4.4l

Finally,

(3): the presence of adiabatic effects in the momentum balance, accounted for by the thermal expansion
term coupling it with the heat equation, leads to yet another technical problem. In fact, the estimate
of the term fOT Jo 9CE:E(w) dx dt contributing to the integral fOT Joo ¢ E(w)dzdt on the r.hs. of
(1.8)) calls for suitable assumptions on the Dirichlet loading w, since the 1.h.s. of only controls the
LY(Q)-norm of ¥, cf. again Remark
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As already mentioned, we will tackle the existence analysis for the entropic formulation of system
by approximation via time discretization. In particular, along the footsteps of [RR15], we will carefully devise
our time-discretization scheme in such a way that the approximate solutions obtained by interpolation of the
discrete ones fulfill discrete versions of the entropy and total energy inequalities, in addition to the discrete
momentum balance and flow rule. We will then obtain a series of a priori estimates allowing us to deduce
suitable compactness information on the approximate solutions, and thus to pass to the limit.

In this way, under the basic growth condition ([1.6) on x and under appropriate assumptions on the data,
also tailored to the technical problems (2)&(3), we will prove our first main result, Theorem [i] stating the
existence of entropic solutions to the Cauchy problem for system (1.3} [1.5).

Under a more stringent growth condition on k, we will prove in Theorem [2] an existence result for an
enhanced notion of solution, featuring

- a ‘conventional” weak formulation of the heat equation (1.3a)), namely

(0, @) +/ k() VIVepda = / (H+R(,p)+p:p+Dé:e—9CE: é)pdz +/ hedS (1.9)
Q Q o0

for all test functions ¢ € WP(Q), with 9 € WL1(0, T; W1P(Q)*) and p > 1 sufficiently big, and
- the total energy balance, i.e. (1.8]) as an equality.

In view of the latter feature, we will refer to these improved solutions as ‘weak energy’.

1.2. The perfectly plastic system. In investigating the vanishing viscosity and inertia limit of system
, we shall confine the discussion to the asymptotic behavior of a family of weak energy solutions. In fact,
the case of entropic solutions could be also encompassed in our approach, but the final result would be less
meaningful due to the weak character of the formulation of the heat equation. Furthermore, we will extend the
analysis developed in [DMS14] to the spatially heterogeneous case, i.e. with the tensors C, D, E, and the elastic
domain K, depending on z € 2. However, we will drop the dependence of K on the (spatially discontinuous)
temperature variable .

Mimicking [DMS14], we will supplement the thermoviscoplastic system with rescaled data F© g%, w®, H®, he,
with f¢(¢t) = f(et), for ¢t € [0,T/e] and for § € {F, g, w, H, h}. Correspondingly, we will consider a family
(9%, u®, e, p®). of weak energy solutions to (the Cauchy problem for) system , defined on [0,T/¢], We
will further rescale them in such a way that they are defined on [0, T, by setting ¥, (t) = 9¥°(¢/¢), and defining
analogously u., e, p. and the data F., g., we, He, h.. Hence, the functions (J.,u.,e.,p.) are weak energy
solutions of the rescaled system

el — div(k(0)V0) = H 4+ eR(9,p) + 2p : p+ & Dé : € — ICE, : é in Qx(0,7), (1.10a)
peii — div (eDé + C(e — E.9)) = F in Q x (0,7), (1.10b)
RV, p) +ep > (eDé + C(e — Ecv))p in Q x (0,7), (1.10c)

supplemented with the boundary conditions (1.5 featuring the rescaled data g., we, h.. Observe that we will
let the thermal expansion tensors vary with e.

For technical reasons expounded at length in Section [B] we will address the asymptotic analysis of system
(1.10} [1.5)) only under the assumption that the tensors E. scale in a suitable way with e, namely

1
MExdxdxd and o > 3 (1.11)

Under (1.11)), the formal limit of system (1.10] then consists of

- the stationary heat equation

—div(k(9)VY) =H  in Qx (0,T), (1.12)

E. =¢“E with a given E €

supplemented with the Neumann condition (1.5¢));
- the system for perfect plasticity

—dive = F in Q x (0,7), (1.13a)
8PR(@,p) S 0D in Q x (O,T)7 (1.13b)



6 RICCARDA ROSSI

with the boundary conditions (1.5a)) and (|1.5b), complemented by the kinematic admissibility condition
and Hooke’s law

Eu)=e+p in Qx(0,7), (1.13¢)
o =Ce in Q x (0,7). (1.13d)

In fact, system (|1.13)) has to be weakly formulated in function spaces reflecting the fact that the plastic strain
p is only a Radon measure on , and so is E(u) (so that the displacement variable u is only a function of
bounded deformation), and that, in principle, we only have BV-regularity for ¢ — p(t).

Our asymptotic result, Theorem [3] states that, under suitable conditions on the data (F: g, we, He, he)e,
up to a subsequence the functions (9, u., e, p: ). converge as € | 0 to a quadruple (0, u, e, p) such that

(1) © is constant in space,

(2) (u,e,p) comply with the (global) energetic formulation of system (L.13), consisting of a global stability
condition and of an energy balance;

(3) there additionally holds a balance between the energy dissipated through changes of the plastic strain
and the thermal energy on almost every sub-interval of (0,7T), i.e.

Var(ps s, 1) = [

Q

Observe that couples the evolution of the temperature to that of p, and thus of the solution triple
(u,e,p).

Finally, based on the arguments from [DMS14], in Theoremwe will also obtain that (u, e, p) are, ultimately,

absolutely continuous as functions of time. This is a special feature of the perfectly plastic system, already
observed in [DMDMO06]. It is in accordance with the time regularity results proved in [MT04] for energetic

O(s)dz — / O(t)dz for almost all s,t € (0,7) with s < t. (1.14)
Q

solutions to rate-independent systems driven by uniformly convex energy functionals. It is in fact because of
the ‘convex character’ of the problem that we retrieve (global) energetic solutions, upon taking the vanishing-
viscosity and inertia limit, cf. also [MRS09, Prop. 7]. Also in view of the similar vanishing-viscosity analysis
developed in [LRTTI4] in the context of a thermodynamically consistent model for damage, we expect to
obtain a different kind of solution when performing the same analysis for thermomechanical systems driven by
nonconvex (mechanical) energies. We plan to address these studies in the future.

Plan of the paper. In Section ] we establish all the assumptions on the thermoviscoplastic system
and its data, introduce the two solvability concepts we will address, and state our two existence results,
Theorems 1] & Section [ is devoted to the analysis of the time discretization scheme for . In
Section [ we pass to the time-continuous limit and conclude the proofs of Thms. [[]& 2] In Section [§ we set up
the limiting perfectly plastic system and give its (global) energetic formulation. The vanishing viscosity and
inertia analysis is carried out in Section [ with Theorem [3] whose proof also relies on some Young measure
tools recapitulated in the Appendix.

Notation 1.1 (General notation). In what follows, R* shall stand for (0, +o00). We will denote by M¢*? (
Mdxdxdxd) the space of dxd (dxdxdxd, respectively) matrices. We consider M?*¢ endowed with the Frobenius
inner product n : § := 7, 1;;&;; for two matrices 1 = (1;;) and € = (&;;), which induces the matrix norm |- |.
ngxrg stands for the subspace of symmetric matrices, and MdDXd for the subspace of symmetric matrices with
null trace. In fact, ngxn‘f =M&* @RI (I denoting the identity matrix), since every n € ngxrg can be written
as

),

d

with np the orthogonal projection of 1 into MdDXd. We will refer to np as the deviatoric part of .

n=1mnp+

With the symbol ® we will denote the symmetrized tensor product of two vectors a, b € R?, defined as the

symmetric matrix with entries % Note that the trace tr(a ® b) coincides with the scalar product a - b.

Given a Banach space X we shall use the symbol (:,-) for the duality pairing between X* and X; if X is
a Hilbert space, (-,-)x will stand for its inner product. To avoid overburdening notation, we shall often write
| - llx both for the norm on X, and on the product space X x ... x X. With the symbol B; x(0) we will
denotes the closed unitary ball in X. We shall denote by the symbols

(i) B([0,T]; X), (i) Coeai([0,T); X),  (iii) BV([0,T]; X)

weak
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the spaces of functions from [0, 7] with values in X that are defined at every t € [0,T] and (i) are measurable;
(ii) are weakly continuous on [0, T7; (iii) have bounded variation on [0, T].

Finally, we shall use the symbols ¢, ¢/, C, C’, etc., whose meaning may vary even within the same line, to
denote various positive constants depending only on known quantities. Furthermore, the symbols I;, 7 = 0,1, ...,
will be used as place-holders for several integral terms (or sums of integral terms) popping in the various
estimates: we warn the reader that we will not be self-consistent with the numbering, so that, for instance, the
symbol I; will occur several times with different meanings.

2. Main results for the thermoviscoplastic system

First, in Section for the thermoviscoplastic system we establish all the basic assumptions on
the reference configuration €2, on the tensors C, D, E, on the set of admissible stresses K (and, consequently, on
the dissipation potential R), on the external data g, h, f, ¢, and w, and on the initial data (Y9, ug, %o, €, Po)-
In Section later on, we will revisit and strengthen some of these conditions in order to deal with the limiting
perfectly plastic system. In view of this, to distinguish the two sets of assumptions, we will label them by
indicating the number of the section (i.e., 2 for the thermoviscoplastic, and 5 for the perfectly plastic, system).

Second, in Sec. we introduce the weak solvabilty concepts for the (Cauchy problem associated with the)
viscoplastic system , and state our existence results in Sec.

2.1. Setup.
The reference configuration. Let  C R? be a bounded domain, with Lipschitz boundary; we set Q := (0,7) x Q.
The boundary 92 is given by
0 =I'pyy U'ney UOT with T'pyy, Tnew, O pairwise disjoint,
I'pir and ey relatively open in 02, and OT" their relative boundary in 9%, (2.Q2)
with Hausdorff measure H4~1(9T") = 0.

We will denote by || the Lebesgue measure of 2. On the Dirichlet part I'p;,, assumed with H?~!(T'p;,) > 0, we
shall prescribe the displacement, while on I'yey we will impose a Neumann condition. The trace of a function
v on I'py or I'yew shall be still denoted by the symbol v. The symbol H]IDir(Q;Rd) shall indicate the space
of functions with null trace on I'p;;. The symbol Wé’if (;RY), p > 1, shall denote the analogous W!P-space.
Finally, we will use the notation

Wi’p(Q) ={(eW"P(Q): {(z) >0 foraa z€Q}, and analogously for wWhP(Q). (2.1)

In what follows, we shall extensively use Korn’s inequality (cf. [GS86]): for every 1 < p < oo there exists a
constant Cx = Ck (2, p) > 0 such that there holds

lullw oz < Cx|E@)l| o qagaxs,  for all u € WhZ(Q;RY). (2.2)

bty
Kinematic admissibility and stress. First of all, let us formalize the decomposition of the linearized strain E(u)

as the sum of the elastic and the plastic strain. Given a function w € H'(Q;R%), we say that a triple (u, e, p)
is kinematically admissible with boundary datum w, and write (u, e,p) € A(w), if

uwe H'(QRY), ee LP(MEY), pe L2(ME), (2.3a)
E(u)=e+p ae. in , (2.3b)
w=w on I'pi. (2.3c)

The elasticity, viscosity, and thermal expansion tensors are symmetric and fulfill
C, D, E € L (Q; Lin(MZ5Y)), and
CLIAZ < C(x)A: A< C2lAP, (2.T)
CLIA? < D(2)A: A < C2JAP2,
where Lin(M%XZ) denotes the space of linear operators from M%%? to M2X4. Observe that with (2.T) we also

sym sym sym *
encompass in our analysis the case of an anisotropic and inhomogeneous material. Throughout the paper, we

will use the short-hand notation

3CE, CE 0L, C3 >0 foraa. z€Q VAe M.

sym

B:= CE (2.4)
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Remark 2.1. In [DMS14] the viscosity tensor D) was assumed (constant in space and) positive semidefinite,
only: In particular, the case D = 0 was encompassed in the existence and vanishing-viscosity analysis. We are
not able to extend our own analysis in this direction, though. In fact, the coercivity condition required on D
(joint with E(u) = é+p, following from kinematic admissibility), will play a crucial role in estimating the term
J[ 9B:E(4)dxdt, which arises from the mechanical energy balance ahead.

Ezxternal heat sources. For the volume and boundary heat sources H and h we require

H e LY0,T; L' (Q) n L*(0,T; H(Q)*), H>0 ae inQ, (2.H;)
h e L*0,T; L*(09)), h>0 ae. in (0,7) x 09. (2.Hy)

Indeed, the positivity of H and h is necessary for obtaining the strict positivity of the temperature .

Body force and traction. Our basic conditions on the volume force F' and the assigned traction g are
F e L*(0,T; Hby (G RY*), g€ L2(0,T; Hyjt (Trews RY)Y), (2.Ly)

recalling that H(%?FDH (FNeu;Rd) is the space of functions v € Hl/Q(FNeu;Rd) such that there exists 4 €
HE (9 RY) with 4 = v in I'neq.

Furthermore, for technical reasons that will be expounded in Remark ahead (cf. also the text preceding
the proof of Proposition , in order to allow for a non-zero traction g, also for the viscoplastic system we
will need to require a uniform safe load type condition, which usually occurs in the analysis of perfectly plastic

systems, cf. Sec. |5| later on. Namely, we impose that there exists a function ¢ : [0,7] — L2(Q;ngxn‘f) solving
for almost all t € (0,7") the following elliptic problem
—div(o(t)) = F(t) in Q,
{Q(t)'/ =9(t) on I'Neu
such that
0 € WHH0,T5 L2 (;MEd)  and  op € L'(0,T5 L= (Q; ME*Y)). (2.Ly)

Indeed, condition will enter into play only starting from the derivation of a priori estimates on the
approximate solutions to the viscoplastic system, uniform with respect to the time discretization parameter 7.
When not explicitly using , to shorten notation we will incorporate the volume force F' and the traction
g into the total load induced by them, namely the function £ : (0,T) — Hp. (Q;R%)* given at t € (0,7) by

<L (t)a u>Héir(Q;]Rd) = <F(t)7 U>H]13ir(Q;Rd) + <g(t)7 ’LL>H1/2 (PNew;R9) for all u € Hll)lr(Q7 Rd)v (25)

00,Tpjr
which fulfills £ € L?(0, T; HL, (Q; RY)*) in view of (2.L4)).
Dirichlet loading. Finally, we will suppose that the hard device w to which the body is subject on I'p;; is the
trace on I'ps; of a function, denoted by the same symbol, fulfilling

w e L0, T; Wh(Q; RY)) n W20, T; HY(Q;RY)) N H2(0, T; L* (4 RY)) . (2.W)

We postpone to Remark some explanations on the use of, and need for, conditions (2.W]). Let us only
mention here that the requirement w € L'(0,T; W1 (€2; R?)) could be replaced by asking for B:E(w) = 0 a.e.
in @, as imposed, e.g., in [Roul3].

The weak formulation of the momentum balance. The variational formulation of (1.3b), supplemented with the

boundary conditions (1.5a)) and (1.5b)), reads

p/Q i(t)vde + /Q (Dé(t) + Ce(t) —¥(t)B) : E(v)dx = <L(t)7U>H11)ir(Q;Rd)

for all v € HY, (Q;RY), for a.a. t € (0,T).

(2.6)

We will often use the short-hand notation —divp;, for the elliptic operator defined by

<—diVDir(0),’U>H]13ir(Q;Rd) = /QU s E(v)dz for all v € Hp, (Q;RY). (2.7)
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The plastic dissipation. Prior to stating our precise assumptions on the multifunction K : Q x RT = MdDXd,
following [CVT7] let us recall the notions of measurability, lower semicontinuity, and upper semicontinuity, for
a general multifunction F : X = Y. Although the definitions and results given in [CV77] cover much more
general situations, for simplicity here we shall confine the discussion to the case of a topological measurable
space (X, ), and a (separable) Hilbert space Y. For a set B C Y, we set

F{(B):=={ze X : F@)NB # 0}

We say that
F is measurable if for every open subset U C Y, F~Y(U) € .4 (2.8a)
F is lower semicontinuous if for every open set U C Y, the set F~(U) is open; (2.8b)
F is upper semicontinuous if for every open set U C Y, the set {x € X : F(z) C U} is open. (2.8¢)

Finally, F is continuous if it is both lower and upper semicontinuous.

Let us now turn back to the multifunction K : Q x RT = MdDXd. We suppose that

K:Q xRt =2 MY is measurable w.r.t. the variables (z, 1),

K(z,)): Rt = MdDXd is continuous for almost all = € 2. (2K1)
Furthermore, we require that
K(z,9) is a convex and compact set in M, for all ¥ € RT, for almost all z € Q, (2.Ks)
J0<c¢ <Cgr foraa ze€Q, V9eRT : B, (0)C K(z,9) C Boy(0). o
Therefore, the support function associated with the multifunction K, i.e.
R:Q xRt x MdDXd — [0,400) defined by R(x,9,p) := sup w:p (2.9)

reK (x,9)

is positive, with R(z,9,-) : ME*? — [0, +00) convex and 1-positively homogeneous for almost all z € Q and
for all ¥ € R*. By the first of (2.K4)), the function R : Q x RT x M&*? — [0, +00) is measurable. Moreover,
by the second of (2.K;)), in view of [CV77, Thms. I1.20, I1.21] (cf. also [Sol09, Prop. 2.4]) the function

R(z,-,-) : RT x M&*? — [0, 400) is (jointly) lower semicontinuous, (2.10a)

for almost all x € €, i.e. R is a normal integrand, and

R(z,-,p) : RY — R* is continuous for every p € M%<, (2.10b)
Finally, it follows from the second of (2.Ko|) that
erlpl < Rz, 0,p) < Crlp| for all (9,p) € RT x M&*? for almost all = € Q, (2.11a)

and that
OpR(V,p) C 9R(9,0) = K(z,9) C Bc,(0) for all (9,p) € RT x M&*?  for almost all z € Q. (2.11b)

Finally, we also introduce the plastic dissipation potential R : L'(Q;RT) x L'(Q; ME*?) given by

R, p) ::/QR(xﬁ(x),p(:r))dx. (2.12)

The plastic flow rule. Taking into account the 1-positive homogeneity of R(z,d, ), yielding the following char-
acterization of 9;R(z, 9, p) : ME*? = ML

:n < R(z,? for all n € M4*? IR(x,9,0) = K (z,9
CeORn.p) o { s tmn) fralln el { A ER T
¢:p=R(z,9,p), ¢:p=>R(z,9,p),

the plastic flow rule

OpR(z,V(t, x),p(t, ) + p(t,x) > op(t, z) for a.a. (t,x) € Q, (2.14)
reformulates as
t,x) —p(t,x)) : n < Rz, I(t for all n € M&*?
{(UD(’I) p(,;z:)) 7_7_ (2, 9(¢, ), m) c-)ra <M for a.a. (t,2) € Q. (2.15)
(JD(tax) _p(ta .’E)) :p(tax) > R(x,ﬁ(t,x),p(t,x))
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Cauchy data. We will supplement the thermoviscoplastic system with initial data

Yo € L*(Q), fulfilling the strict positivity condition 319, > 0 : ing2 Jo(x) > Vs,
e

(2.16a)

and such that log(dg) € L' (),
ug € Hpy, (% RY), 1ig € L2 (4 RY), (2.16b)
ey € LQ(Q;MS},XH‘?), po € L2(ME*?)  such that (uo, eo, po) € A(w(0)). (2.16¢)

2.2. Weak solvability concepts for the thermoviscoplastic system. Throughout this section, we shall
suppose that the functions C, ..., R, the data g,...,w, and the initial data (¥, wo, G, €o, po) fulfill the condi-
tions stated in Section We now motivate the weak solvabilty concepts for the (Cauchy problem associated
with the) viscoplastic system with some heuristic calculations.

Heuristics for entropic and weak solutions to system . As already mentioned in the Introduction,
we shall formulate the heat equation (1.3a) by means of an entropy inequality and a total energy inequality,
featuring the stored energy of the system. The latter is given by the sum of the elastic and of the internal
energies, i.e.

F) := [, 0dz,

2.17
9e) := 3 [,Ce:edx. (217)

&, u,e,p) =E(V,e) :==F(W) + Q(e) with {

Let us formally derive (in particular, without specifying the needed regularity on the solution quadruple
(9, u,e,p)) the total energy inequality (indeed, we will formally obtain a total energy balance), starting from
the energy estimate associated with system . The latter consists in testing the momentum balance
by @ — w, the heat equation by 1, and the plastic flow rule by p, adding the resulting relations and integrating
in space and over a generic interval (s,t) C (0,7"). More in detail, the test of and of yields, after
some elementary calculations,

g/Q|u(t)|2das+/:/ﬂ(ID)é+(Ce—19]B%):E(a)dxdr+/5t/ﬂ(|p|2+R(19,p)) dzdr

t t
:g/ﬂ\u(s))|2dx+/ (£,0 =) g (ouper dr+/ /Q(]D)éJr(CefﬂB):E(w)dxdr (2.18)

+p(/Qﬂ(t)w(t)dx—/Qicow(O)dx—/:/Q{m}dxdr> +/:/QO'D s pdadr.

Now, taking into account that F (i) = é+ p by the kinematical admissibility condition, rearranging some terms

¢ t ¢
/ /(]D)é—i—(Ce—ﬁB):E(u)dxdr:/ /(Dé:é—i—(Cé:e) dx—/ /ﬂB:édxd
s JQ s JQ s JQ

¢
+/ /(Dé—i—@e—ﬂlﬂ%):pdxdr.
s JQ

one has that

Substituting this in (2.18)) and noting that f; Jo (Dé + Ce — 9B) : pdadr = f; Jo oD : pdadr, so that the last
term on the right-hand side of (2.18)) cancels out, we get the mechanical energy balance, featuring the kinetic
and dissipated energies

g/Q|u(t)|2da: + /S/Q(Dé:é+|ﬁ|2) dxdr+/8 R, p)dr  + Qle(t))
N————

kinetic dissipated

¢ ¢
— g/ﬂ 4(s)[*da + Q(e(s)) +/ (L, a—) g1 (qura) dr —|—/ /Qmﬁ; . édzdr
S s

+p(/Q u(t)u')(t)dx—/Qu(s)w(s)dx—/:/ﬂuwdmdr> —|—/:/Q(]D)é+(Ce—z9B):E(w)dxdr,

which will also have a significant role for our analysis.

(2.19)



FROM VISCO TO PERFECT PLASTICITY 11

Summing this with the heat equation tested by 1 and integrated in time and space gives, after cancelation
of some terms, the total energy balance

L | Ji(t)? e+ (1), (1)

2
/|u (5)]2dx + E(I(s), e(s)) + /t (Loa—) (ora //deerr/ /mhdsclr (2.20)
+p</ U(t)w ()dx—/uow dw—//uwdxdr) //0 E(w)dzdr.

As for the entropy inequality, let us only mention that it can be formally obtained by multiplying the heat
equation (|1.3a)) by ¢/9, with ¢ a smooth and positive test function. Integrating in space and over a generic
interval (s,t) C (0,7) leads to the identity

//atlog godxerr// 9)V log( )V@*H(ﬁ)%VIOg(ﬁ)Vﬁ) dzdr o)

¢
://(H+R(19,p)+|p|2+Dé:é—ﬁIB%:é)fdmdr—i—// he dedr.
s JQ v s JOoQ Y

The entropic solution concept given in Definition below will feature the inequality version of (2.21)), where
the first term on the left-hand side is integrated by parts in time, as well as the inequality version of ([2.20)).

Definition 2.2 (Entropic solutions to the thermoviscoplastic system). Given initial data (o, uo, G0, €o, Po)
fulfilling (2.16)), we call a quadruple (9,u,e,p) an entropic solution to the Cauchy problem for system

(L3, i

9 € L*(0,T; H(Q)) N L>=(0,T; L' (), (2.22a)
log(¥) € L*(0,T; H*(Q)), (2.22b)
u € HY0,T; Hp, (4 RY) n W0 (0, T; L2 (3 RY)) N H2(0, T; Hp;, (R ™), (2.22¢)
e € H'(0,T; L*(Q; MEx), (2.22d)
p € HY(0,T; L (0 ME*?)), (2.22¢)

(u,e,p) comply with the initial conditions

w(0,z) = uo(z), u(0,x)=1up(x) for a.a. x €, (2.23a)
e(0,2) = eg(x) for a.a. z€Q, (2.23b)
p(0,z) = po(x) for a.a. x €, (2.23¢)

(while the initial condition for ¥ is implicitly formulated in (2.25) and (2.26) below), and with
- the strict positivity of 9:
39 >0 for a.a. (t,z)€Q : I(t,x) > U; (2.24)

- the entropy inequality, to hold for almost all t € (0,T] and almost all s € (0,t), and for s =0 (where
log(¥(0)) is to be understood as log(y)),

//log (pdxdr—// )V log( )V@—H(ﬁ)%Vlog(ﬁ)Vﬁ) dzdr
< [ 1og(0(0)p(t)ds - | log(0(s))els)do (2.25)
Q Q

t
—//(H+R(19,p)+\}'?|2+]]])é:é—19153 dmdr—// he dedr
s JQ o2

for all  in L>°([0, T]; Wh>°(Q)) N H(0, T; L5/5(Q)), with ¢ > 0;
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- the total energy inequality, to hold for almost all t € (0,T] and almost all s € (0,t), and for s = 0:

8/ ()| da + E(D(2), e(t))

/|u V> da + E(V(s), e(s)) + /t (L =) (upay //dedr—i—/ /thder (2.26)
+p(/ au(t)w ()dx—/uow dx—//uwdxdr) //a E(w)dzdr,

where for s = 0 we read 9(0) = ¥y, with the stress o given by the constitutive equation
o =Dé+ Ce— 9B a.e. in Q; (2.27)
- the kinematic admissibility condition
(u(t,x),e(t,z),p(t,z)) € A(w(t,x)) for a.a. (t,x) € Q; (2.28)

- the weak formulation (2.6]) of the momentum balance;
- the plastic flow rule (2.14)).

Remark 2.3. Observe that with the entropy inequality (2.25)) we are tacitly claiming that, in addition to
(2.22a)) and (2.22D)), the temperature variable has the following summability properties

K(9)|[Vieg(@)[*¢ € LY(Q),  #(9)Vlog(¥) € L1(Q)

for every positive admissible test function . In fact, we shall retrieve the above properties (and improve the
second one, cf. (2.34)), within the proof of Theorem Furthermore, note that the integral [, log(¥(t))¢(t)dz
makes sense for almost all ¢ € (0,7T), since the estimate

for a.a. (t,x) € Q,

S

|log(¥(t, x))| < I(t,x) + <9I9(t,z) +

1
I(t, x)
(with the second inequality due to (2.24))), and the fact ¥ € L>(0,7;L'(Q)), guarantee that log(d) €
L>®(0,T; L1(R)) itself. Finally, the requirement that ¢ € H'(0,T; L%%(Q)) ensures that fst Jo log(9)pdadr is
a well defined integral, since log(9) € L?(0,T; L5(2)) by (2.22D).

We refer to [RR15, Rmk 2.6] for a thorough discussion on the consistency between the entropic and the
classical formulation of the heat equation (|1.3a)).

In our second solvability concept for the initial-boundary value problem associated with system , the
temperature has the enhanced time regularity below, which allows us to give an improved variational
formulation of the heat equation (L.3a)). Observe that, in [RRI5] this solution notion was referred to as weak.
In this paper we will instead prefer the term weak energy solution, in order to highlight the validity of the total
energy balance on every interval [s,t] C [0,T], cf. Corollary 2.5 below.

Definition 2.4 (Weak energy solutions to the thermoviscoplastic system). Given initial data (99, uo, o, €0, Do)
fulfilling (2.16)), we call a quadruple (9, u,e,p) a weak energy solution to the Cauchy problem for system

[L.3). if
- in addition to the regularity and summability properties , there holds
9 € WHH0, T; Wh2(Q)*), (2.29)
- in addition to the initial conditions , ¥ complies with
9(0) =Yg in WhH(Q)*. (2.30)

- in addition to the strict positivity (2.24)), the kinematic admissibility (2.28)), the weak mometum balance

(2.6), and the flow rule (2.14), (¥,u,e,p) comply for almost all t € (0,T) with the following weak
formulation of the heat equation

<197S0>W1,oo(ﬂ)+/ H(ﬁ)VﬁV(pdx
? (2.31)

:/ (H-I-R(ﬁ,;f?)—l—|p|2—|—]D)é:é—19B:é)godx+/ hodS  for all p € W (Q).
@ o2
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Along the lines of Remark we may observe that, underlying the weak formulation (2.31) is the property
k(9)VY € L'(Q;R?), which shall be in fact (slightly) improved in Theorem

We conclude the section with the following result, under the (tacitly assumed) conditions from Sec.

Lemma 2.5. (1) Let (9,u,e,p) be either an entropic or a weak energy solution to (the Cauchy problem

for) system , Then, the functions (¥, u,e,p) comply with the mechanical energy balance
for every0 < s <t<T.

(2) Let (¥, u,e,p) be a weak energy solution to (the Cauchy problem for) system . Then, the total
energy balance

£ [ HOP dz+ 00). Dy oy +2(elt)

=& [P dz+ 006), iy m ) +9lels >>+/t R //dedw[/mhder

+p</ w(t)w ()dx—/uow dx—//uwdxdr) //U E(w)dadr

holds for all 0 < s <t <T.

(2.32)

Observe that, since ¥ € L>(0,T; L(Q)), there holds (dJ(t), Dyyzareq) = JoO(t) dz = F(I(t)) for almost all
€ (0,T) and for ¢t = 0.

Proof. The energy balance (2.19) follows from testing the momentum balance (2.6)) by @ — w, the plastic flow
rule by p, adding the resulting relations, and integrating in time.

As for (2.32)), it is sufficient to test the weak formulation (2.31)) of the heat equation by ¢ = 1, integrate in
time taking into account that ¥ € WhH(0,7; W (Q)*), and add the resulting identity to (2.19). O

2.3. Existence results for the thermoviscoplastic system. Our first result states the existence of entropic
solutions, under a mild growth condition on the thermal conductivity x. For shorter notation, in the statement
below we shall write (2.H) in place of (2.H,)), (2.Hz)), and analogously (2.L), (2.K).
Theorem 1. Assume ( , , (2.H), (2.L), (2.W), and (2.K). In addition, suppose that

the function k : R™ — RY s continuous and ( )
2.k
Jeg,e1 >0 p>1 VIERT ¢ co(1+9*) < k(9) <cr(1+9M). !

Then, for every (Yo, uo, o, €0, po) satisfying (2.16]) there exists an entropic solution (9,u,e,p) such that, in
addition, ¥ complies with the positivity property

-1
It ) > 0= (cT + 1;) for almost all (t,z) € Q, (2.33)

where ¥, > 0 is from (2.16a) and ¢ := ‘C‘é , with C} > 0 from [2.T)). Finally, there holds

k(9)Vlog(¥) € L1+‘§(Q;Rd) with 6 = % and a € [2—pu, 1), and

L277(Q;RY) for all n € (0,1] ifd=2, (2.34)

L3270 RY)  for allp € (0,1/2] if d =3,
s0 that the entropy inequality (2.25) in fact holds for all positive test functions o € L>([0,T]; Wha+¢(Q)) N
HY(0,T;L5/5(Q)), for every e > 0.

k() Vlog(d¥) € LY(0,T; X)  with X = {

Remark 2.6. In [LRTT14] we proved an existence result for a PDE system modeling rate-independent damage
in thermoviscoelastic materials, featuring a temperature equation with the same structure as . Also in
that context we obtained a strict positivity property with the same constant as in . Moreover, we showed
that, if the heat source function H and the initial temperature 9, fulfill

H(t,x) > H. >0 for a.a. (t,z) € Q and 9¢(z) > \/H,/C for a.a. x € Q,
with é > 0 from (2.33)), then the enhanced positivity property

I(t,z) > max{d,/H,/¢} foraa. (t,z) €Q (2.35)
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holds. In the setting of the thermoviscoplastic system , too, it would be possible to prove . Observe
that, choosing suitable data for the heat equation, the threshold max{d, /H,/¢}, and thus the temperature,
may be tuned to stay above a given constant. Choosing such a constant as the so-called Debye temperature
(cf., e.g., [Wed97l Sec. 4.2, p. 761]), according to the Debye model one can thus justify the assumption that
the heat capacity is constant.

Under a more stringent growth condition on x, we obtain the existence of weak energy solutions.

Theorem 2. Assume (2.9))), , (2.H), (2.L), 2.W), (2.K), and (2.s1)). In addition, suppose that the
exponent p in (2.x1) fulfills

. (2./12)
we (1,%) ifd=3.
Then, for every (Yo, uo, to, €0, Po) satisfying (2.16)) there exists a weak energy solution (J,u, e, p) to the Cauchy
problem for system satisfying (2.33)—(2.34), as well as
V(k(9)) € W1+5(Q) for some § > 0, (2.36)
with & a primitive of k. Therefore, (2.31) in fact holds for all test functions ¢ € W1’1+1/5(Q) and, ultimately,
¥ has the enhanced reqularity 9 € WH1(0, T; WHH1/0(Q)*).

{ue (1,2) ifd=2,

As it will be clear from the proof of Thm. in the case d = 3 the exponent ¢ is in fact given by 6= %
for all o € (@, 1) with & := max{p — 2,2 — p}: The condition 1 < 3 for d = 3 in fact ensures that it is possible
to choose a < 1 with a > p — % Also, note that for every « in the prescribed range we have that 6 <2, 80
that 1+ 1/ > 3. This yields

WhIHA(Q) c L) for d € {2,3}, (2.37)
so that every ¢ €~W1’1+1/‘§(Q) can multiply the L'-r.h.s. of and, moreover, has trace in L?(0).
Therefore, WH1*1/9(Q) is an admissible space of test functions for ([2:31). Clearly, in the case d = 2 as well
one can explicitly compute §, exploiting the condition u < 2, leading to a better range of indexes.

The proofs of Theorems [T] and [2} developed in Section [4 shall result from passing to the limit in a carefully
tailored time discretization scheme of the thermoviscoplastic system (|1.3] , analyzed in detail in Section

3. ANALYSIS OF THE THERMOVISCOPLASTIC SYSTEM: TIME DISCRETIZATION

The analysis of the time-discrete scheme for system shall often follow the lines of that developed for
the phase transition/damage system analyzed in [RRI5] (cf. also the proof of [LRTT14, Thm. 2.7]). Therefore,
to avoid overburdening the exposition we will not fully develop all the arguments, but frequently refer to
[IRR15, LRTT14] for all details.

In the statements of all of the results of this section we will always tacitly assume the conditions on the
problem data from Section [2.1

Given an equidistant partition of [0,7], with time-step 7 > 0 and nodes tf =kr, k =0,...,K,, we
approximate the data F', g, w, H, and h by local means as follows

1 [t 1 [t 1 [t
FF .= f/ F(s)ds, gr = f/ g(s)ds, wh = 7/ w(s)ds,
T Jik—1 T Jk—1 T Jek—1
T . T T (3.1)
1 [t 1 [t
HF = = H(s)ds, hF = 7/ h(s)ds
T tf—l T tﬁ—l
for all k=1,..., K,. From the terms F* and H* one then defines the elements £ which are the local-mean

approximations of £. Hereafter, given elements (v’j) k=1,. K, in a Banach space B, we will use the notation

P

k k—1 k k—1 k—2

v — g 9 v — 2077 vy

Dirv)i= T D} (1) = g .

We construct discrete solutions to system (1.3} [1.5]) by recursively solving an elliptic system, cf. the forth-
coming Problem where the weak formulation of the discrete heat equation features the function space

X :={0ec H Q) : x(0)VOVv € L}(Q) for all v € H(Q)}, (3.2)
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and, for k € {1,..., K,}, the elliptic operator

AR X 5 HY(Q)* defined by (A%(6),v) (g = /

K(0)VOVvdr — / hFvds. (3.3)
Q

ble)

We also mention in advance that, for technical reasons connected both with the proof of existence of discrete
solutions to Problem 1| (cf. the upcoming Lemma, and with the rigorous derivation of a priori estimates on
them (cf. Remark. 3.2/ below), it will be necessary to add the regularizing term —7div(|e¥|7=2e¥) to the discrete
momentum equation, as Well as the term 7|p¥|7=2pk to the discrete plastic flow rule, with v > 4. That is why,
we will seek for discrete solutions with e¥ € L7(€; Mgfn‘f) and p¥ € LY(Q;MEY), giving E(uk) € L7(9; M)
by the kinematic admissibility condition and thus, via Korn’s inequality , uk € Wé’i;’ (;RY). Because of
these regularizations, it will be necessary to supplement the discrete system with approximate initial data

(€2), ¢ LY(;MEXd)  such that sup7'1/”||eg||m(Q maxay < C and e — eg in L2(Q; M%),
7>0

sym dxd sym
(p9)- C L7(ME*?)  such that sup TP o (uagxy < C and p) = po in L2(Q; MB*). 34

Problem 3.1. Let v > 4. Starting from
92 =y, ud = g, u;t = uy — T, e :=¢?, pY = pl, (3.5)

find {(0F, uk, ek, pE)M T € X x W RY) x LY(Q; MEXE) x LY(Q;ME*?) fulfilling for allk =1,..., K,

sym
- the discrete heat equation

Dy (9) + AF(95)

k k—1 2 % R (3.6a)
= HT +R (197—7 7Dk,7'(p)) + |Dk,7'(p)| + DDk,T(e) : Dk,T(e) - ﬂq—B : Dk‘,ﬂ'(e) mn H (Q)*v
- the kinematic admissibility (u®, ek p¥) € A(wF) (in the sense of (2.3));
- the discrete momentum balance
p/QD%’T(u)vder/Qaf :E(v)dx = (L’j,mH]lDir(Q;Rd) for all v € Wi (Q;RY); (3.6b)
- the discrete plastic flow rule
¢+ Dy r(p) + 7PE2pE 5 (6F)p,  with ¢F € ;R (951, Dy - (p)) a.e. in €, (3.6¢)

where we have used the place-holder o% := DDy, ;(e) + Cek + ek [V =2k — 9rB.

Remark 3.2 (Main features of the time-discretization scheme). Observe that the discrete heat equation
is coupled with the momentum balance through the implicit term 9¥*, which therefore contributes to
the stress o in and in . This makes the time discretization scheme fully implicit, as it is
not possible to decouple any of the equations from the others. In turn, the ‘implicit coupling’ between the
heat equation and the momentum balance is crucial for the argument leading to the (strict) positivity of the
discrete temperatures: we refer to the proof of [RRI5, Lemma 4.4] for all details. In fact, the time discretization
schemes in [BR11) [Rould] are fully implicit as well, again in view of the positivity of the temperature (though
the arguments there are different, based on the approach via the enthalpy transformation in the heat equation).
F|7=2¢F) and 7|p¥|7~2pk, added to the discrete momentum equation and plastic
flow rule, respectively, is to ‘compensate’ the quadratic terms on the right-hand side of . More precisely,

The role of the terms —7div(|e?

they ensure that the pseudomonotone operator by means of which we will reformulate our approximation of
system (3.6]), i.e. (3.14) ahead, is coercive, in particular w.r.t. the H'(Q)-norm in the variable . This will
allow us to apply a result from the theory of pseudomonotone operators in order to obtain the existence of

solutions to (3.14) and, a fortiori, to (3.6).

Proposition 3.3 (Existence of discrete solutions). Under the growth condition (2-r1)), Problem [3.1] admits a
solution {(V*, uT,eT,pT)}k 1- Furthermore, any solution to Pmblem.fulﬁlls

VE>9>0 foralk=1,... K, (3.7)
with 9 from (2.33)).

Along the lines of [RR15, [LRTT14], we will prove the existence of a solution to Problem by
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(1) constructing an approximate problem where the thermal conductivity coefficient & is truncated and,
accordingly, so are the occurrences of 9 in the thermal expansion terms coupling the discrete heat and
momentum equations, cf. system below;

(2) proving the existence of a solution to the approximate discrete problem by resorting to a general
existence result from [Rou05] for elliptic systems featuring pseudomonotone operators;

(3) passing to the limit with the truncation parameter.

As the statement of Proposition suggests, the positivity property can be proved for all discrete
solutions to Problem (i.e. not only for those deriving from the aforementioned approximation procedure).
Since its proof can be carried out by repeating the arguments for positivity in [RR15, [LRTT14], we choose to
omit it and refer to these papers for all details. We shall instead focus on the existence argument, dwelling
with some detail on the parts which differ from [RR15, [LRTT14].

The proof of Proposition [3.9] will be split some steps:
Step 1: existence for the approximate discrete system. We introduce the truncation operator

—-M ifr<-—-M,
Tu R — R, Tu(r):=q r if |r] < M, (3.8)
M ifr> M,

and define

=

(—M) ifr<—M,
kam(r) == k(T (r)) =< k(r) if |r| < M, (3.9)
k(M) ifr>M,

Al s HY(Q) = HY(Q)" by (A3,(0),0) 1) = /Q ki (0) VOV da — " hFvds. (3.10)

For later use, we observe that, thanks to (2.x4]) there still holds ks (r) > ¢o for all » € R, and therefore

Vé>0 3Cs>0V0ec HY(Q) : (A8 (0),0) 1 () > CO/Q VO] dz — 610]|72(a0) — CsllPE (7200 - (3-11)

The approximate version of system ({3.6)) reads (to avoid overburdening notation, for the time being we will
not highlight the dependence of the solution quadruple on the truncation parameter M):

Dir(9) + Ay (75)

= HF + R (957", Dy (p)) + |Di~(p)* + DDx 7 (€) : Dy r(€) — Tas (95)B : Dy 1 (e) in H'(Q)7; (3122)
p/QD%’T(u)vdx —i—/ﬂaf :E(v)dr = <L£’U>H$ir(Q;Rd) for all v € Wp (2 R?); (3.12b)
CE+ D (p) + 7IPE72pk 5 (o, -)p,  with ¢F € R (057", Dy - (p)),  ae inQ, (3.12¢)

coupled with the kinematic admissibility
(uf, €f,py) € A(wy), (3.13)

where now

o¥ ;= DDy, (e) + Ce¥ + 7|ek 72k — T (95)B.

The following result states the existence of solutions to system (3.12) for k € {1,..., K} fixed: in its proof,
we make use of the higher order terms added to the discrete momentum equation and plastic flow rule.

Lemma 3.4. Under the growth condition , there exists T > 0 such that for 0 < 7 < T and for every
k=1,...,K, there exists a solution (9%, uk e¥ pk) e H(Q) x W (4 RY) x LY(;MEX9) x LY(Q; ME*?) to

T sym

system (3.12)), such that 9% complies with the positivity property (3.7).

Proof. The positivity (3.7)) follows from the same argument developed in the proof of [RR15, Lemma 4.4]. As
for existence: For fixed k € {1,..., K}, we reformulate system (3.12)), coupled with (3.13)), as

Oy (9% uk — wh, pk) 4+ o, (9%, uF — wk, p¥) 5 A4, (3.14)
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where the elliptic operator .27, : B — B*, with B := H!(Q) x Wé’iZ(Q; R%) x LY (§); I\/JId]:)Xd)7 is given component-
wise by

. _ _ 1 2 _
0 (0,1, p) =0 + A (9) =Ry~ p—pr ") — —Ipl* = Zp i pf!

- %]D) (E(i+wk) — p): (B(i + w) — p) — =D (B(ii + wk) — p) :eh™! (3.15a)
Ty ()B (Bl +uk) —p— 1),
(9,1, p) = p(t — wF) — divp;, (T]D (E(a+wk) —p) + 7°C (E(@ + wk) — p)
72 (3.15b)
+ 73| B+ wh) — p| 7 (Bli + wh) — p) — TQTM(ﬁ)IEB),
29,1, p) = p+73p|"%p — (]D) (E(a+wk) —p) + 7C (E(@ + wk) — p)

_9 (3.15¢)
+ 72| E(@ 4 wk) —p|’y (BE(a+wh) —p) — T‘J’M(ﬂ)IB%>D,

with —divp;, defined by (2.7), while the vector %), € B* on the right-hand side of (3.14) has components

1 1
Br = HF + —|pF=112 4 “Dek~1 . F1) (3.16a)
T T
B2 = L 4 20uF7 — puFT — divpg, (TDeF ), (3.16b)
B = pFTt — (Deb)p, (3.16¢)

and 0¥, : B =2 B* is the subdifferential of the lower semicontinuous and convex potential ¥y (9, 4,p) =
R(9*~1,p— pF~1). We shall therefore prove the existence of a solution to the abstract subdifferential inclusion
by applying the existence result [Rou05, Thm. 5.15], which amounts to verifying that % : B — B* is
pseudomonotone and coercive.

To check coercivity, we compute

(@ (0, 4, p), (9, 4, p))g = <%k1(197ﬁﬂp)719>H1(9) + <dk2(197ﬁ7p)7ﬂ>wl’7(ﬂ;ﬂ§d) + /Q 'Q{ks(ﬁ7ﬂ’7p) cpda

Dir

@ N .
> [0l 32() + ol VOlL2(q) + pllallZ ) + (TC + 72CE) |E@@) + E(wr) = pllE2 g

+ PE@) + B@) — pll 3 g + 9022y + 72100y = It — T2 — Is
(3.17)
where (1) follows from (2.T]) and (3.11]), with § > 0 to be specified. Taking into account (2.11a)), again ([2.TJ),

and the fact that |y ()| < M a.e. in 2, we have
I = _5||19H2L2(aﬂ) - Cé||h’:”2L2(aQ)

_ 1 2, 4
— Crllp — P 2@ 19 20 — ;HP||2L4(Q)H19||L2(Q) - ;||P’ﬁ Hlza@llpllza 19122

2 (3.18a)
fﬁEN Ewky —pl|? 9 — C||E(@) + E(w*) — k=1 9
BB(a) + Bwk) — pliyao) Wl 2@ — CIBG) + ) — pluson b~ zsco 19l 2oy
— C|E(@) + E(w) —plZ20) — C||€¢_1||i2(9) .
as well as
I = —pllill 2y 1wt 2oy — CIE@) + E(wE) — pll 2oy | (@) — pllzao)
\ ) o i i (3.18b)
=7 [ 1800 + Bwd) — o B(wh) ~plde — C [ 5G]
and
Iy = ~CIlB(@) + Bw) = plooy o) — 72 [ 180+ B(wd) =l plde =C [ plda. (3150

Now, with straightforward calculations it is possible to absorb the negative terms I, I5, I3 into the positive
terms on the right-hand side of (3.17)): without entering into details, let us only observe that, for example, the
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sixth term on the right-hand side of (3.18a) can be estimated by means of Young’s inequality as

02 -
—NB@) + Bwy) = pllLs Pl @) = =019l 0) = CIE@) + B(wr) = plliso)

3
T _
> =692z (0 — 5 I1E(@) + BE(w}) =l —

using that v > 4. The fourth term can be dealt with in the same way, so that one of the resulting terms is
absorbed into 72|p||], (o). The other terms contributing to Iy, I3, and I3 can be handled analogously. Let
us now observe that the positive terms on the right-hand side of bound the desired norms of 9, w, p.
Indeed, also taking into account that, again by Young’s inequality

2
. T
I1E@) + B(wy) = pliz) > dlB@)|720) = CIE@IL0) = oM7) = €
and repeatedly using the well-known estimate (a + b)7 < 277 1(a” +b?) for all a, b € [0, +00), which gives

B 2 7_3 ~ 7_2
T E(@) + E(w)) = pl ) + TPl 2 —1E@) + B} o)+ ( — =7 ) 1P} @
(@) @ < 9y ©) 1 )

3

2
-
2 5= 1B @0y + g Py 0) = 37= 1IIE( LIRS

(where we have also used that, for 7 < 7 := 1/8, there holds 72/8 > 73), we end up with

(0 5,0), (9,72 > e (1910 + 1313200) + IE@ N0y + 1@ @) + 191320 + 101} 0) — €

for two positive constants ¢ and C, depending on 7, on M, and on w. Thanks to Korn’s inequality (2.2)), this
shows the coercivity of @7,. Its pseudomonotonicity ensues from standard arguments. We thus conclude the
existence of solutions to system (3.12]). O

Step 2: a priori estimates on the solutions of the approximate discrete system. Let now

(19M ‘r’uM ‘r7eM ‘r7pM T)M

be a family of solutions to system (3.12)). The following result collects a series of a priori estimates uniform
w.r.t. the parameter M (but not w.r.t. 7): a crucial ingredient to derive them will be a discrete version of the
total energy inequality (2.26)), cf. (3.20)) below, featuring the discrete total energy

1
&.(9,e,p) ::/ﬁdx+§/ ce;edx+3/ (le|” + [p|") dz. (3.19)
Q Q Y Jao

Lemma 3.5. Let k € {1,...,K,} and 7 € (0,7) be fized. Under the growth condition (2.x1)), the solution
quadruple (ﬁMT,u’jWT,eMT,pMT) to (3.12) satisfies

2
k k-1
uk,  —wu
M,7 T k k k

da + &7 (Inrr, €0s,r Phs )

dx—l—ET(ﬁ’ﬁ_l,e’j_l,p’;_l)—i—T/Hfdx—i—T/ Rk dz
Q o9

(3.20)

+ 7 (Lk M—Dk (w)) —i—T/Uk : E(Dg +(w))
v v @y Jo M7 "

1
T Hp,,

uk ket
+ p/ (MTT - Dk_l,T(u)> Dy - (w)dzx.
Q

Moreover, there exists a constant C' > 0 such that for all M > 0

3.21a
Pl my + 7 e | sy + 7 NSl guagaay < 3.21b
1950 e @) + 1057 Nl Loy < O with p> 1 from @d)), (3.21c
||Cf||Loc(Q;MgX"') <C, (3.21d

where ¢F € RO, (py . —pk~1)/7) fulfills (3.12d).

||19§4,T||L1(Q) + ||UIX/I,7—HL2(Q;]R’1) + H6§€\4J||L2(Q;ngxnf) <C,

— =
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Proof. Inequality - follows by multiplying (3.12a)) by 7, testing (3.12b)) by uﬁ/“ —wk — (uFt — k),
and (3.12c)) by p’MT Pk M -- We integrate in space the resulting relations and develop the following estimates

1% _ _ _ _
L i () Gy ) e
_ 3.22
e A | 022
- k)
2 L2@) 2 T L2(Q)
k k—1
e —e
/Q]D)< M’TT s ) E(uk,  —uf"1)dz
k k=1 _k k—1 k k-1 (3:22b)
e —el e —er e —el
- /ID) Mgz Tr My Tt dx+/DW77:(p’fu,rp’i’l)dx,
T T Q T
/CeMT T_uﬁil)dz:/cellc\/[,r : (6?\477_6571)4_@6?\47' (pMT_p'IrC' 1)d$
@ (3.22¢)
> [ (506 ik, — AT ek Ok s o=k )
k -2 k k k—
[)leM,T|7 26M,‘r : E(U’M,‘r —Ur 1>d.’L'
k -2 k k k— k -2k k k—
:/Q|6M,T|’Y 26M,T : (eM,T_eT l)dx+/52|eM,‘rP/ 26M,T : (pM,T_pT l)dx (322d)

1 _ _ _
> [ (ie%,fl”—vleﬁ ek, P2k s (o 1)) da.

Observe that f mimic the calculations on the time-continuous level leading to and in fact
rely on the kinematic admissibility condition. The terms on the right-hand side of cancel with the
fourth term on the r.h.s. of , multiplied by 7, and with the analogous term deriving from , tested
by p’MT —pk=1. In the same way, the last terms on the r.h.s. of (3.22d) and (3.22d) cancel with the ones coming
from (3.12d). In fact, it can be easily checked that, with the exception of 7HY, all the terms on the r.h.s. of
cancel out: for instance, 7 [, R(UF™, ph; . —pki~") da cancels with the term [, ¢¥ \r:(pf; . —p5 ') dz in
view of . In this way, we conclude .

In order to derive estimates 7, we observe that that the first four terms on the right-hand side of
are bounded, depending on the quantities ||uf || z2(qra), E- (P51, b1 pE=1) || HE[ 10y, 1P 200

» T

whereas the remaining ones can be controlled by the ones on the left-hand side. In fact, we have

S
T<L£,W777Dk.,-(w)>

T ’ HE, (RY)

E ok Bl k
< 6fjups—w ||H1(Q ray +0ur - 1||§{1(Q;Rd) +C§||LT||?{1(Q;R‘1)*

< (5CK||E(UM ‘r)HLZ(Q MEXd) +C

yn

(3)
< 260K||6MTHL2(Q ded +26CK||pMTHL2(QMd><d +Ca

T/ O’ﬁ/lﬂ_ : E(Dg - (w))dz
Q

@ 5
< e, — et

= - eM,r — L2 QMdXd) + §T||€MT||L2 QMdXd) + C5||E(Dk,’r( >)||L2 Qngde

+ C||E(Dk77(w))||Lx(Q;ngxrg) (/Q |19IXJ,T| + |e§w77‘7*1 dx)
bkl

p/ (A/[’TT—D;CLT(u) Dy (w)dz SB/

Q T 4 Jg

2

+ POk~ (W) |72 (may »
where 6 > 0 in (1) and in the other estimates is an arbitrary positive constant, to be specified later, while
(2) ensues from Korn’s inequality (2.2)) and from the bounds on the quantities ||Lk||H]13 (QR)* Nkl @irays

k E—112

Upng,r — Ur

P
dz + Z”Dk*l,‘r(u)”%?(Q;R‘i)

lwE= g1 @iray, 105 o uray 5 and (3) from the kinematic admissibility condition. For (4) we have used that
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oy - = DDy r(e)+Cek +7]ek[72ek — Ty (9%)B, as well as the fact that |Tas (95, )l < 9% @) Ttis
now immediate to check that the terms on the right-hand sides of the above estimates are either bounded, due
to our assumptions, or can be absorbed into the left-hand side of ([3.20]), suitably tuning the positive constant
6. All in all, we conclude that

/

for a constant independent of M. Estimates (3.21a)) and (3.21b)) then ensue, also taking into account Korn’s
inequality.

Estimate (3.21c) is proved in two steps, by testing (3.12a)) first by ‘J’M(WMT), and secondly by 19];/[’7. We
refer to the proof of [RR15, Lemma 4.4] for all the calculations.

Estimate (3.21d) follows from the fact that ¢¥ ,, € &;R(9E1, (p, . —pk~")/7) and from ([2.11b). O

2
dx+8 ( MTﬁelX/IT7pMT) SC

k k—1
Upg,+ Uz

)

T

Step 3: limit passage in the approximate discrete system. With the following result we conclude
the proof of Proposition From now on, we suppose that M € N\ {0}.

Lemma 3.6. Let k € {1,...,K.} and 7 € (0,7) be fized. Under the growth condition (2.ki)), there emist
a (not relabeled) subsequence of( by e ok m and of (CF ), and a quadruple (19’C uk ek pF) e
HY () x W (9 RY) x L7 (€, MEX D) x L7 (4, ME*Y) and ¢k € L=(Q; MdDXd), such that the following convergences

sym
hold as M — oo

Oy, — 0% in H'(Q) N L3#T5(Q), (3.23a)
iy, = uy in W7 (;RY), (3.23b)
ehr, — et in L7(8; M‘Si;n‘f) (3.23¢)
Phir — pE in LY (Q; ML*9), (3.23d)

G in L (Q; M54, (3.23¢)

and the quintuple (9% u¥ ¥ pk ) fulfill system (3

Proof. 1t follows from estimates (3.21]) that convergences (3.23a)), (3.23¢), and the weak versions of ([3.23b)-
(3.23d) hold as M — oo, along a suitable subsequence. Moreover, there exist e € LY/ (=1(Q; Mfyxnf) and
7k e L/ O=1(Q; ME*?) such that

=k i D0 (@M.

)

lefe A" 2eh, = er i LYOTH(Q ML), [P,

)

Furthermore, from (3.23a)) one deduces that ﬁlfwﬁ — 9% strongly in L3#+6=,(Q) for all p € (0, 3u + 5]. Hence,
it is not difficult to conclude that

M5, ) =95 in L3F67P(Q) for all p € (0,3u + 5). (3.24)

With these convergences at hand, it is possible to pass to the limit in (3.12b)—(3.12c|) and prove that the
functions (9%, u k ek k) fulfill

) 7'7 ‘r7p7'7 T 7'7 7'
pD? - (u) — divpy(6%) = £ in H}, ()",

(3.25)
CF 4+ Dy, (p) + 7% = (3F)p a.e. in

with ¥ = DDy . (e) + CeF + & — ¥*B. In order to conclude the discrete momentum equation and plastic flow
rule, it thus remains to show that

P=leR ek, wk =k, P e ROk — i), (3.26)
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With this aim, on the one hand we observe that

lim sup (/ (ﬁM:pﬁLde—&-T/ |p§’4’7|’7dx—|—7’/ eﬁzﬁﬁdx)
M —o00 Q Q

M Phir —P5" .
< limsup | — [ ——— :pjy,dz+ (O'MT)D pMTda:+T lers |7 dz
M—00 Q T Q Q
k
(2)_ p‘r ple s koo k kK kv
< : pidz + lim sup o Euly ) Ot €y +TleN 7 de
Q T M—oo JQ —_—
= Jﬁ/lﬂ_ : E(u’fwﬁ—w’_ﬁ) + 0'§4’7_2E(w7’?)
k—1 ko _ o k—1 k—2
3 uyy . — 2l +u
(:)f/ % .p’jdaﬁLlimsup(f/p M, T2 T (uf,  —wF)dx
Q T M—00 Q T ’

<Lk uMT w$>HI1)ir(Q;]Rd)+/Qo-lk\:477':E(w7]f)dx

e’fw — ekl
—/ D—T T 4Cek, —Tp (9%, )B :e’fwde)
Q T ' ’ ’

(4) k—1
<- / PeP prda—p / D (u)(uf—wy) dw + (L5, ug—wi) . o) + / or:B(wy)dz
Q Q ir ? Q

T

ok _ k-1
— / (ID)TT+(Ceﬁ—19’ﬁ]B) ek da
Q T
@/Cf:p’jdac—&—/ ‘FE"YdJ}-‘r/ lek |7 da.
Q Q Q
(3.27)

In (3.27), (1) follows from testing (3.12c)) by p’fV[J, (2) from the weak convergence pﬂ“w — p¥in L2(¢ MdXd)
and the discrete admissibility condition, (3) from rewriting the term [, aﬁ/lT : E(u’fVIT—w ) dz in terms of
(3-12b)) tested by uﬁ/[’T—wT, and from using the explicit expression of O'MT (which leads to the cancelation
of the term fQ T|€ﬁ4j|7 dz), (4) from the previously proved convergences via lower semicontinuity arguments,

and (5 ) from repeating the above calculations in the frame of system (3.25)), fulfilled by the limiting seventuple

(9% uk ek pk (k ek 7F). On the other hand, we have that
hmlnf/(TMpMde>/Ck liminf/ |pﬁ4,7|7dw2/ |7k dez,

(3.28)
hmlnf/ |eMT|'de>/ ek dx,

where the second and the third inequalities follow from the weak convergence of (p Mﬁ) M and (e’fVLT) A to ik
and £¥, whereas the first inequality ensues from

M—o0

lim inf (/ CfM:p’&T—Cf:p’i> da Zliminf/ CfM:(p’&T—pﬁ)déHliminf/( Fu—C)phde
Q" : M—oo Jo T : M=o Jo o7
(1) (2)
> tinint [ (RS phy - pE ) ROELpE - pE ) de 2 0
Q

M—o0

with (1) due to the fact that nyM € BPR(ﬁlﬁ_l,p’X/ﬁT pk=1) and from Qf)M Sk in Loo(Q M) as M — oo,
and (2) following from the lower semicontinuity w.r.t. to the weak LQ(Q;MdDXd)—convergence of the integral
functional p — [, R(¥%~!, p — p5~1)dz. Combining (3.27) and (3.28) we obtain that

. W _
imar oo Jo CFppphy - de = [ CEphde = (Fe RO, pk —phi=t),

Y g P e I S G )
limp/ o0 [, \eﬁ/lﬁpdx = [ e da = eﬁLT — ek in L7(Q;M&L*9)
with (1) due to Minty’s trick. Hence we conclude convergences (3.23d)-(3-23d) (and (3.23b), via the kinematic

admissibility E(uMT) = eﬂ“wﬁ —|—p’MT and Korn’s inequality), as well as (3.26]). Therefore (9%, u*, ek, p¥, ¢F)
fulfill the discrete momentum balance (3.6b)) and flow rule (3.6¢)).

Exploiting convergences (3.23a)) we pass to the limit as M — oo on the right-hand side of (3.12a)). In order
to take the limit of the elliptic operator on the left-hand side, we repeat the argument from the proof of [RR15,
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Lemma 4.4]. Namely, we observe that, due to convergence (3.24), kar (95, ) = w(Ta (9% 1)) — w(9%) in LI(Q)
forall1 <g<3+ %, and combine this with the fact that VWMT — V¥ in L?(€2), and with the fact that, by
comparison in (3.124), (A%, (9%, ))ar is bounded in H'(Q)*. All in all, we conclude that A%, (19?\/[’7) — AF(9%)
in H1(Q)* as M — oo, yielding the discrete heat equation . ]

4. PROOF OF THEOREMS [1] AND 2]

In the statements of all of the results of this section, leading to the proofs of Thms. [[] & [2} we will always
tacitly assume the conditions on the problem data from Section

We start by fixing some notation for the approximate solutions.

Notation 4.1 (Interpolants). For a given Banach space B and a K, -tuple (h* ) 7y C B, we introduce the
left-continuous and right-continuous piecewise constant, and the piecewise linear interpolants of the values

{bE}i,, e,

b, :(0,T7] — B defined by 1§, (t) := b%,

b :(0,7] —» B defined by b_(t) := b5t for t € (th=1 tF),
be: (0,T] — B defined by b (t) := =l ph 4 Lz=tyh-1

setting b, (0) = b (0) = b,(0) := kY. We also introduce the piecewise linear interpolant of the values {Dy. () =
k k—1 .
W},ﬁl (which are the values taken by the piecewise constant function ), viz.

(t =t (th -

by (0,T) — B defined by by (t) := Di~(h) + U= Op L) forte (L,

Note that d;b, (t) = D7 ,.(h) for t € (5=, 5],

Furthermore, we denote by t, and by t_ the left-continuous and right-continuous piecewise constant inter-
polants associated with the partition, i.e. t.(t) := tF if tF=1 <t <tk and t (t) ;== tF~Lif th=1 <t < ¢k, Clearly,
for every ¢ € [0,T] we have t.(t) | t and t.(¢t) T ¢t as 7 — 0.

In view of ( , , and (| it is easy to check that the piecewise constant interpolants (H, ),
(hy),, and (£, ) of the values HEF, hk and Lk of. (31), fulfillas 7, 0

H, — H in L'(0,T; L*(Q)) N L*(0,T; H'(Q)*). (4.1a)
hy — h in L*(0,T; L?(0%2)), (4.1b)
L, — L in L*(0,T; Hp, (Q; RY)*). (4.1¢c)

Furthermore, it follows from (2.W)) that
W, — w in L'(0,T; W (Q;RY)), w, —w in WYP(0,T; HY(Q;RY)) for all 1 < p < oo,

4.1d
@, —w in WHH0,T; HY (Q;RY) n HY(0, T; L2 (; RY)). (4.1d)

We now reformulate the discrete system in terms of the approximate solutions constructed interpolating
the discrete solutions (9%, u®, eﬂpT) P Therefore we have

0,0, (1) + A (3, (1))

o _ (4.2a)
(1) + RO, (1), r (1) + [pr (8)|* + Dér ()60 (t) = I (B = & (1), in H' (),
p | Oii-(tvdr + [ 7 (t):E(w)de = (L.(t),v) 1 (ray forallve Wé}Z(Q; R%), (4.2b)
Q Q Dt
GO + () + 7B (07?5 (8) 3 (@ (1)) ae. in Q (4.2c)
for almost all t € (0,7, with (. € 9;R(J,,pr) a.e. in Q, and where we have used the notation
G, = Dé, + Ce. + 7le-|" e — U, B. (4.2d)

We now show that the approximate solutions fulfill the approximate versions of the entropy inequality (2.25)),
of the total energy inequality (2.26)), and of the mechanical energy (in)equality (2.19). These discrete inequal-
ities will have a pivotal role in the derivation of a priori estimates on the approximate solutions. Moreover, we
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will take their limit in order to obtain the entropy and total energy inequalities prescribed by the notion of
entropic solution, cf. Definition [2:2]

For stating the discrete entropy inequality below, we need to introduce discrete test functions. For
technical reasons, we will need to pass to the limit with test functions enjoying a slightly stronger time regularity
than that required by Def. Namely, we fix a positive test function ¢, with ¢ € C°([0,T]; W (Q)) N
H'(0,T; L/5(2)). We set

1 [t
oF = f/ p(s)ds fork=1,...,K,, (4.3)
T JiE-1
and consider the piecewise constant and linear interpolants @, and ¢, of the values (goT) . It can be shown

that the following convergences hold as 7 — 0
7. — @ in L0, T;WHe(Q) and 9y — dyp  in L2(0,T; L5 (Q)). (4.4)

Observe that the first convergence property easily follows from the fact that the map ¢ : [0, 7] — W1>°(Q) is
uniformly continuous.

Lemma 4.2 (Dlscrete entropy, mechanical, and total energy inequalities). The interpolants of the discrete
solutions (9%, uk, T,pT)k 1 to Problem.fulﬁll

- the discrete entropy inequality

(1) t- (1) . i
[ tos, () dadr = [ [ k(@) V1023 0) V) dodr

t(s) t-(s)
. . t- (t) _ r _
< [ toe@- ()%t de ~ [ 108 (5))7.(5)de - / | vt S”Tr’v §(T. (1)) VT, (r) dudr
(4.5)
tr (t) _ 3. (r
S N ACACES TACY <r>>+pf<r>|2+Der<r>:er<r>—m(r)B:er(r))j;’fgr;dxdr
/tr(t) 2 454
5.)

for all0 < s <t <T and for all ¢ € CO([0,T]; WH>(Q)) N H' (0, T; L/%(Q)) with ¢ > 0;
- the discrete total energy inequality for all 0 < s <t <T, viz.

g/ﬂ|¢Lr(t)|2dx+87(@(t),@(t))

t(t)

< g/ |U’F(S)|2d$+ 87(5‘1’(3)7@(8)) +/(6) <LT(T)7/L'I’F(T)_wT(T)> His, (QR) dr

—I—/tr(t (/H dx—l—/mhrdS) (4.6)

()

—|—p U ()w-(t)de — p [ - (s)w-(s)dz —p ﬁ Uy (r — 7) 0w, (r)dxdr
Q t-(s)

/tr(t /O’T (r))dadr

with the discrete total energy functional €, from (3.19);
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- the discrete mechanical energy inequality for all 0 < s <t < T, viz.

[ lin (o) dz + " [ (Déx(r)er(r) + R ()5 () + [ () dedr + © [ Cot) () do
t(s) 2 Jo

+Z / (O] + B () de

R -
< g/§2|ﬂ7(s)|2dx+/ (L (), i (r) =7 (1)) i1 e dr+/ /19 )B:é, dodr (4.7)

t-(s

)
£ (1)
+ p/ Ur ()1 () do — p/QuT(s)wT(s) dz — p/ U (r — 7) 0w, (1) da dr

t(s)
tr (1)
/ / A (r))dadr.

Below we will only outline the argument for Lemma referring to the proof of the analogous [RRI5,
Prop. 4.8] for most of the details. Let us only mention in advance that we will make use of the discrete by-part
integration formula, holding for all K -uples {h*}:) C B, {vF};, € B* in a given Banach space B:

K. K.

7 (0}, Dir(0) g = (07,057 5 = (02,02) 5 = ) 7 (Dier(v),0571) 5., (4.8)

k=1 k=1

as well as of the following inequality, satisfied by any concave (differentiable) function 1 : dom(¢)) — R:

(@) —v(y) <¢'(y)(x—y)  forall z, y € dom(y)). (4.9)

Sketch of the proof of Lemmal[].2 The entropy inequality (4.5]) follows from testing (3.6a) by g—,'f, for k €

{1,..., K, } fixed, with ¢ € CO([0, T); W5 (Q))NH' (0, T; L5/5(Q)) an arbitrary positive test function. Observe
k

that 27 € H(2), as ¥% € H*() is bounded away from zero by a strictly positive constant, cf. (3.7). We then

obtain”

/(H +R (951, Dy - (p ))—|—|Dk7r(p)|2+DDk,T(e):Dk,T() OB Dy, (e Td +/ h’;‘gg ds
Q
k—1

:/ =9y or dx+/ k(OF)VEV (22 ) da

Q T Q 19’“
O [ log(¥ 10g(19k Y o K0%) ook k _ B0%) o ok
< d -V 9 d
< cdas [ (EEVokvet - TRIVRE ) da

where (1) follows from with ¢ = log. Then, one sums the above inequality, multiplied by 7, over
k=m,...,j, for amy Couple of indices m, j € {1,..., K, }, and uses the discrete by-part integration formula

. k
(4.8) to deal with the term 7 _ M ’ﬁ . This leads to (4.5]).

-

As for the discrete total energy inequality, with the very same calculations developed in the proof of Lemma
one shows that the solution quadruple (9%, u*, e*, pT) to system (3.6]) fulfills the energy mequahty -
Note that the two inequalities, i.e. the one for system ((3.6)) and (| - for the truncated version (3.12]) of (3.6| .,
in fact coincide since they neither involve the elliptic operator in the discrete heat equation, nor the thermal
expansion terms coupling the heat equation and the momentum balance, which are the terms affected by the
truncation procedure. Then, ensues by adding over the index k = m,...,j, for any couples of
indices m, j € {1,..., K, }.

The mechanical energy inequality is derived by subtracting from the discrete heat equation
multiplied by 7 and integrated over €. O

4.1. A priori estimates. The following result collects the a priori estimates on the approximate solutions of
system (4.2). Let us mention in advance that, along the footsteps of [RR15], we shall derive from the discrete
entropy mequahty a weak version of the estimate on the total variation of log("J,), cf. (4.10m]) and (4.34]
below, which will play a crucial role in the compactness arguments for the approxmlate temperatures (; )T.
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Proposition 4.3. Assume (2.x1|). Then, there exists a constant S > 0 such that for all 7 > 0 the following
estimates hold

% |l os (0,751 (2R 4)) < S (4.10a)
tr | 22 0,7 57 (smaY) AW o0 (0,7 L2 (25R4Y) < S, (4.10b)
1@ [| 2 0,7 1 (@R )AL (0,73 L2 (R4 AW 17/ (= (0, ;W7 (sRA) ) < (4.10c)
el oo 0,752 ety < 5 (4.10d)
”e”'”Hl(O,T;L?(Q Mixdy) < S, (4.10e)
T el Lo o 1 ity < S (4.10f)
1P: [l oo 0,7 L2 (pazxay) < S (4.10g)
12 Il 11 0,722 (max gy <55 (4.10h)
TY B oo (0,727 0ty < S (4.101)
[ 1og(9-) || 20,7511 (2)) < S, (4.10j)
19711 L2 0,111 (@)L (0,752 (2)) <5 (4.10k)
1) T2 Lo i s 1) =2 2o mimnayy < C - for all a € [2 = p1,1) (4.101)
sup Var( (log(9,), Plwrarea; [0, T]) < S. (4.10m)

PEWLAT<(Q), llelly1,dte ) <1

Furthermore, if k fulfills E, there holds in addition

sup 197 lBv (jo,77;w 1.0 (2)) < S (4.10m)

The starting point in the proof is the discrete total energy inequality , giving rise to the second of ,
the first of (4.10c)) (4.10dJ), (4.101), (4.101), and the second of : we will detail the related calculations, in
particular showing how the terms arising from the external forces F' and g, and those involving the Dirichlet
loading w can be handled. Let us also refer to the upcoming Remark [£.4] for more comments.

The dissipative estimates, i.e. the first of , , and 7 then follow from the discrete me-
chanical energy inequality . The remaining estimates on the approximate temperature can be performed
with the very same arguments as in the proof of [RR15] Prop. 4.10], to which we shall refer for all details.

Proof. First a priori estimate: We write the total energy inequality (4.6)) for s = 0 and estimate the terms
on its right-hand side:

g / |t ()2 da 4 E- (07 (1), 8, (£), 5. (1)) < Ty + Io + I3 + Iy + I5 + I, (4.11)
Q
with
h=§/W%W%%HH@®M%%@®DSC
Q

thanks to (2.16a)), (2.16b)), (3.4), and (3.5). To estimate I3 we use the safe load condition (2.Lg|), namely

()
I, = /0 (Lr(r), m(r)_wT(r)>H11)ir(Q;Rd) dr

t(t) t (1)
:A <ﬂvawwwm&mmm+A (G ()i (1) = (7)) e 7

00,T'pjy

t(t)
aA A@WWMmm%Mmm»mw

0 [FO £ (1) £(0)
= /QT() dxdr+/ /QT Cpe(r dzdr—/ /Q.,_ (r))dxdr
0

=D+l +1z3

(4.12)

where F., G, 0,, o- denote the approximations of F, g, 0. Equality (1) follows from the kinematic admissibility
condition E(4,;) = é- + p,. Observe that, thanks to (2.Ls)), there holds

1211 0w 0,722ty + lerllwin o2 @mazdyy + 1@ )nll i o, r; 100 aaxayy < C- (4.13)
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Now, using the discrete by-part integration formula (4.8)) we see that

- (t)
Ba=- [ [ atre@ddrs [0 ie@de- [ 2.0):60)4d
0 Q Q Q
2) @) . Oé B ) B )
< / HQT(T)HLQ(Q;MSS/X"?)||QT(T)||L2(Q;M;1VXH(3) dr + EH@r(t)HLQ(Q;M:sz) + OHQT(t)HLQ(Q_MdXd) +C
o : & M

1
where estimate (2) follows from Young’s inequality. The choice of the coefficient (f—g will allow us to absorb
the second term into the left-hand side of (4.11]), taking into account the coercivity property (2.T)) of C, which

ensures that €, (Y, (t),&-(t),p,.(t)) on the left-hand side of (#.11)) bounds Hér(t)Hzm(Q;ngX,gy As for Iy, using

the discrete flow rule (4.2¢) and taking into the expression of (¢;)p we gather

t-(t) . .
Iy = / / (@ () (Dér (1) + Cer (1) + e (7) =28, (r) — T (1) B — T, (r) — 7[5, (1) 2P () dzdr
0 Q
=Iho1+Io20+Io03+Ioo4+ 1225+ Ia26

and we estimate the above terms as follows. First, for I 21 we resort to the by-parts integration formula (4.8])
with the very same calculations as in the estimate of the integral term I ;. Second, we estimate

sym ) ’

cL _
I27272 < Tg ||6f'(t)|| |iZ(Q;ngXn§l) + OHQ‘I’(t) || |2L2(Q;Md><d
In the estimate of I5 5 3 we use Holder’s inequality
t (1) tr (1)
’7"}/ _ T _
Baa < 5 [T @I g @+ 5= [ 1, g -

For Iy 5 4 we resort to estimate (&13) for (g,)p in L*(0,T; L (2 ME*?)), so that

- (t) _
Baa <C [ 1@l aaegeo 170 2oy

again, this term will be estimated via Gronwall’s inequality, taking into account that €. (¥, (t),e-(t),D.(t)) on
the left-hand side of ll bounds U (t)||z1(q). Finally, since ||Cr(t)||Loo(Q;ngd) < Cp thanks to (2.11b)), we
find that I 25 < Cr fgr(t) ||§T(r)||L1(Q,Mded)dr < C by (4.13)), while with Holder’s inequality we have

oy O . I
Bao < 5 [ @I, g 5 [ IO g -

This concludes the estimation of I 5. Finally, we have

t-(t)
I3 < /0 ”@r(r)||L2(Q;Md><d)HE(wr(r))”m(Q;ngxn;i)dr <C

sym

in view of (4.13) and (4.1d)), which provides a bound for w;,, and we have thus handled all the terms contributing
to I,. We also have

t-(t) . _ _ —
I3 = / (/ H-dx +/3 h,rdS) dr < ||Hr|[z10,m;01 ) + 1hellzr 0,702 00) < C,
0 Q Q
due to (4.1));
0
I = p/ i (810 (£) s — p/ ot (0) dz — p/ i (1 — 7)0y () dar iy
Q Q 0

@ . : SACIN _
<08 i oF otz [ i OPdztp [T i)l |0 (s + 7)o s,
0
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where (1) follows from (2.16b)), (3.5)), and (4.1d), and we are tacitly assuming that u, extends identically to
zero on the interval (—7,0). Moreover,

()
Iy = /t’ [ (Bet) + €)= 3,018 s 1)

t (1)
/Q]D)e,,() E(w ())dxf/Q]D)e,.(O) E(wT(O))dxf/O LD@(TfT):E(ath(T))dxdr

- (t) L) _
+C(%/0 ||Er<7')||L2 MdXd)||E(w‘r<r))||L2(n;Mgly§g)dT+C/O ||19T(7“)HL1(Q)HE(wT(T))HLoo(Q;ngan)dr

sym

sym ) sym )

C([l; ) t- (1) R
<o+ E [moPaos [T (IBOB Doz + 1B 0D amgsn) 160 s aagisy &

t-(t)
[ B0l B )] ety O
’ (4.14)
where (2) follows from integrating by parts the term [[ Dé :E(uw,) (again, setting & = 0 on (—7,0)). Collecting
all of the above estimates and taking into account the coercivity properties of £, as well as the bounds provided

by (4.13) and (4.1d)), we get
2 T |-
e / i (7 a4+ [0 (1) + FOBE O s gy + 2 o O sy + 5 PO s
& (1) £ (¢ _
<C+ / 6 () 2 oy e ()| 2ty dr + C / 1@ (Dl gy 157 () 1 ey
0 0
W=7 _
o [T 10l + 1) eaune i (9 e d
0
- (t)
- / (@0 (M) | quaagty + 1B D ooty ) 1 () 2 oty 47

sym

(1) _
€ [ 1B () gty 1T e
Applying a suitable version of Gronwall’s Lemma (cf., e.g., [Dra03] Thm. 21]), we conclude that

HuTHL‘”(O,T;LQ(Q;]Rd) + ST(ET(t)aér(t%ﬁT(t)) < 07

whence the second of (4.10b)), the first of (4.10c), (4.10d)), (4.1014), (4.10i), and the second of (4.10k).

Remark 4.4. The safe load condition (2.Ls)) is crucial handling fg’r(t) <ZT,’L'1¢711/,.)HB (o;re) dr on the r.h.s.

of , cf. . In fact, this term involves the dissipative variable ., whose L?(£2;R%)-norm, only, is
estimated by the r.h.s. of . Condition then allows us to rewrite the above integral in terms of
the functions o, and é;, p,, and the resulting integrals are then treated via integration by parts, leading to
quantities that can be controlled by the Lh.s. of m

Without -, the term fo Lo, — wT>H1 (Q:RY) dr could be treated only by supposing that g = 0, and
that F' € L*(Q;RY).
The estimates for the term fOET(t) Jo@r:E(u,) do dr, cf. ([&.14), unveil the role of the condition w €

LY(0,T; Wh>(Q; R?)), which allows us to control the term fot’(t) Jo U:B:E(iy) dz dr exploiting the L'()-
bound provided by the Lh.s. of . Alternatively, one could impose some sort of ‘compatibility’ between
the thermal expansion tensor B = CE and the Dirichlet loading w, by requiring that B:E(w) = 0, cf. [Rould].
Analogously, the condition w € W21(0, T; H'(€; R%)) has been used in the estimation of the term I5, cf. .
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Second a priori estimate: we test (3.6a)) by (9¥)*~!, with a € (0, 1), thus obtaining

[ (B4 R (957 Dir (1) + [Dir () + DDy (0): Dir(e)) (95)7 o

—/m(ﬁﬁ)Vﬁ§V(ﬁﬁ)a*1dx+ hk(Wky=1ds (4.15)
Q oN
1 ’l9k a ,lgkfl a
< / <(T)(7) + OB - Dkﬁ(e)(ﬁ’j)al) dz
Q (0% T

where we have applied the concavity inequality (4.9)), with the choice (d) = éﬁo‘, to estimate the term
L[ (0k—0k=1)(9k)>=1 dz. Therefore, multiplying by 7, summing over the index k and neglecting some
positive terms on the left-hand side of -, we obtain for all ¢t € (0,7

1_a /w/ (9)|V (9, 0‘/2)2dxds—|—/tr(t)/Cﬁ)|é/r2(19,r)a—1dxds
0 Q (4.16)
< I1 + Iz + I,
with
B = ¢ [ @) de < 2=y + O < C (417)
via Young’s inequality (using that a € (0,1)) and the second of (£.I0K); similarly I, = —X [ (J)* dz <

L19o|| 1) + C, whereas

() _ t (1) _ t ()
13_/ /19 OB & (1) (0, (1)t da <7/ /\@| ) 1dxds+c/ / 9. deds. (4.18)

All in all, absorbing the first term on the right-hand side of (4.18)) into the left-hand side of (| and taking
into account the growth condition (2.x1)) on x, which yields With easy calculations that

tr (1) _ (1) tr (1) _ . tr (1) -
/ / ((0)?))2dxds > c/ / |0, |# =2 | VD, |2 dads = c/ / |V (0,)H+)/212 4z ds,
0 Q 0 Q

(4.19)
we conclude from (4.16) that

- (t) _ t(t) _
c/ / V(@) /22 4 ds < C+C/ /(0T)a+1dxds. (4.20)
0 Q 0 Q

From now on, the calculations follow exactly the same lines as those developed in [RRI15, (3.8)—(3.12)] for the
analogous estimate, in turn based on the ideas from [FPR09]. While referring to [RR15] for all details, let us
just give the highlights. Setting & := (¥, v 1)#+®)/2 we deduce from (#.20) the following inequality

£ (1) _ B() () ()
| [Iverwas<oro [T a4 [Tl @ds+C [ I ds, (321

,u—‘—oz > a+1

with ¢ € [1,6) satisfying The very last estimate ensues from the Gagliardo-Nirenberg inequality,
1 6 1-6

which in fact yields
1€ ey < CanlIVE, ||L2 QiRY) 1€, |L7(Q) + Cll& N Lr (o) for 6 € (0,1) s.t. . 6 + - (4.22)

with 7 € [1,¢]. Then, s in is a third exponent, related to ¢ and r via (4.22). In [RR15] it is shown that
the exponents ¢ and r can be chosen in such a way as to have ||, ||z (0,7;z~)) < CllY7 || (0,701 (0)) +C < C
thanks to second of (4.10K). Inserting this into one concludes that [[VE |[r2(0.7r2(;re)y < C. All in
all, this argument yields a bound for & in L?(0,T; H'(2)) N L>(0,T; L"(Q)). Since &, = (9, vV 1)#+2)/2 we
ultimately conclude that

137 ) T 2| L2 0,111 (90 (0,157 (2)) < C- (4.23)
Then, from inequality (1) in (4.19) we deduce that fOT Jo IVU-?dzds < C provided that
pta-2>0 & a>2—p (4.24)

Thus, we infer the first of (4.10k|) via the Poincaré’s inequality. Interpolating between the two estimates in
(4.10k) via the Gagliardo-Niremberg inequality gives

[0/l 1n () < € with b = g ifd=3and h=3ifd=2. (4.25)
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Estimate (4.10j) follows from taking into account that

| log (9-)|| 20,501 02)) < C (1 + 10: || 20,7511 (02)))

thanks to the strict positivity (3.7)). For later use, let us also observe that
_ _ _ C _ _
/Q|V(197)(“_a)/2|2dx - C/QwT)u—a—2|V19T‘2dx < 197&/(2(197)#+a—2|v1%|2d$ <c

thanks to (£.23). Then, taking into account that (d,)#=)/2 < (¥,)#+2)/2 £ 1 ae. in Q, and the previously
proved (4.23]), we conclude estimate (4.101)).

Third a priori estimate: We consider the mechanical energy inequality (4.7]) written for s = 0. We estimate
the terms on its right-hand side by the very same calculations developed in the First a priori estimate for the
right-hand side terms of (4.6)). We also use that

L) t- (1) _
/ / Uy (r)B:é, dadr < 6/ / & |? dzdr + Cs 1|91 720 1,22 )
0 Q 0 Q

via Young’s inequality, with the constant § > 0 chosen in such a way as to absorb the term [[ |é;|? into the
left-hand side of (4.7]). Since ||§T||2L2(07T;L2 oy < C by the previously proved (4.10k]) , we ultimately conclude
that the terms on the right-hand side of (4.7)) are all bounded, uniformly w.r.t. 7. This leads to (4.10€) and

(4.10h)), whence (4.10g]), as well as (4.10a) and the first of (4.10b)) by kinematic admissibility.

Fourth a priori estimate: It follows from estimates (4.10d)), (4.10€]), (4.10f)), and (4.10kl) that the stresses
(@:)r are uniformly bounded in LY/O=D(Q;MZxd). Therefore, also taking into account (£.1d), a compari-
son argument in the discrete momentum balance (4.2b) yields that the derivatives (0;u;), are bounded in
LY/ =10, T; W (Q; R%)*), whence the second of (#.10d).

Fifth a priori estimate: We will now sketch the argument for (4.10m]), referring to the proof of [RR15] Prop.
4.10] for all details. Indeed, let us fix a partition 0 = 0y < 01 < ... < oy =T of the interval [0,T]. From the
discrete entropy inequality (4.5 written on the interval [o;_1,0;] and for a constant-in-time test function we
deduce that

/Q (log(B, (02)) — log(@r (1)) pdz + Air () > 0 for all o € WhH(),

(4.26)
/(log(@(m,l)) —log(F,(07)))pdz — Ay () > 0 for all o € WHTE(Q),
Q
where we have used the place-holder
£ () £ (1)
/ / )V log (¥, )Vpdzdr +/ / B:é,pdadr
t-(0i—1) /Q t(oi—1) JQ
ai) _ (p . tr(04)
/ / k(0;) =V (log(d,)) VY, dzdr —/ / hr dsSdr (4.27)
% (o Q r (0io1) Joo  Ur
/ (Hy + R, pr) + |+ 2 + Dériéy) = dadr.
tr(oi-1) Q 197—
Arguing as in the proof of [RRI5 Prop. 4.10], from (4.26]) we deduce that
J — —
> | Gog@ (02)) = 10g(@ (0i-1)): D)1 a1
i=1 (428)

J
<3 [ 08( (7)) ~ o8 )l -+ s ) + 143 + [ ()

for all ¢ € WH4+¢(Q). Then, we infer the bound by estimating the terms on the right-hand side of
, uniformly w.r.t. ¢. In particular, to handle the second, fourth, and fifth integral terms arising from
A; - () (cf. ([£.27)), we use the previously proved estimates (4.10€]), (4.10h)), as well as the bounds provided by
and on H, and h,, cf. [RRI5)] for all details. Let us only comment on the estimates for the first
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and third integral terms on the r.h.s. of ([4.27). We remark that for every ¢ € W4+¢(Q) we have

tr(o'z)
/ / )V log (¥, )Vpdadr

(oi—1)

tr(Uz
S C’/ (|19 |V, |+ |V19 |) V| dadr
t(oi—1) /Q

t-(04) a— R — —a 1 3
/ /,J,Jr 2)/2 V197| (197)(# )/2 |v | 7|V§T||v(‘0|dxdr (429)
t(0i—1)

® 0D (uta—2)/2 — =\ (n—a)/2
< C/( : | (9-) g V- || 2y || (9F) g  Lar @) IVl Late(may dr
tr(oi—1

t(o3) _

20 [ IVl ey
tr(oi—1

where (1) follows from the growth condition on k, (2) from the discrete positivity property , and

(3) from Holder’s inequality, in view of the continuous embedding

€[l,00) ifd=2,

4.30
=6 if d = 3. (4.30)

HY Q) c LY (Q)  with d* {

Therefore, observe that only ¢ € Wh4+¢(Q), with ¢ > 0, is needed. Then, we use estimates (4.10k) and (4.101)
to bound the terms on the r.h.s. of (4.29)). As for the third term on the r.h.s. of (4.27)), we use that

t-(04) — . p _ B
/m(ﬂf)fV(log(ﬂT))Vﬂdedr
Er(<7i—1) T
)
4 t-(04) N B
<o [ (rAvar « HIVaE) leldedr
t-(0i-1) U
® (o) +o—2 2 2
< Cllellzee (o) / / |9, | VO, |2 + |V, |* dxdr,

(0i-1)

with (4) due to (2.s1)) and the positivity property (3.7), and (5) following from the estimate [J.[*~2 <
|9,[#+2=2 + 1, combined with the fact that p € What¢(Q) C L>*(Q). Again, we conclude via the bounds
(E.10K) and (@.101).

Sixth a priori estimate: Under the stronger condition (2.k2|), we multiply the discrete heat equation (3.6al)
by a function ¢ € WH°°(Q). Integrating in space we thus obtain for almost all t € (0,7

/QﬂT(t)godx < 4 /Qlu)gadx 4

where we have used the place-holder J,(t) := Hy (t) + R (9, (£), pr () + [pr (8)|* + Dér(£) : éx(t) — 0 (8)B : é,(1).
Now, in view of (4.1a)) for H, and of estimates ([4.10€)), (]4.10h|) and (4.10k]), it is clear that
Iy < 3 (Ol  with 3-(t) = [[J- ()l L1(0)
Observe that the family (J,), is uniformly bounded in LI(O,T). The third term on the r.h.s. of (4.31)) is
analogously bounded thanks to . As for the first one, we use that
L < CJ|(0r) = F22 ) 2 ||( ) EHTDEY | 2 ame) IV L (uma) + CIVI L2 () [Vl 2 (@m0,

based on the growth condition on k. By (2.k2)) we have u < 5/3if d =3, and p < 2 if d = 2. Since «
can be chosen arbitrarily close to 1, from we gather that (9, )#~*+2)/2 is bounded in L?(Q). Therefore,
also taking into account (4.23) and (4.10k) we infer that I; < K (t)||¢| L (o) with (X.), bounded in L'(0,T).
Hence, estimate follows. O

(0 (£) VT, (1) Vipda

h,,(t)tpdS‘ =L+ 1L+, (4.31)
o0

4.2. Passage to the limit. In this section, we conclude the proof of Theorems [1| & [2} First of all, from the
a priori estimates obtained in Proposition we deduce the convergence (along a subsequence, in suitable
topologies) of the approximate solutions, to a quadruple (9, u, e, p). In the proofs of Thm. respectively),
we then proceed to show that (¢,u,e,p) is an entropic (a weak energy, respectively) solution to (the Cauchy
problem for) system (|1.3 . by passing to the limit in the approximate system , and in the discrete
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entropy and total energy inequalities. Let us mention that, in order to recover the kinematic admissibility, the
weak momentum balance, and the plastic flow rule, we will follow an approach different from that developed
in [DMS14]. The latter paper exploited a reformulation of the (discrete) momentum balance and flow rule in
terms of a mechanical energy balance, and a variational inequality, based on the results from [DMDMOG]. Let
us point out that it would be possible to repeat this argument in the present setting as well. Nonetheless, the
limit passage procedure that we will develop in Step 2 of the proof of Thm. [1| will lead us to conclude, via
careful lim sup-arguments, additional strong convergences that will allow us to take the limit of the quadratic
terms on the r.h.s. of the heat equation .

Prior to our compactness statement for the sequence of approximate solutions, we recall here a compactness
result, akin to the Helly Theorem and tailored to the bounded variation type estimate (4.10ml), which will have
a pivotal role in establishing the convergence properties for (a subsequence of) the approximate temperatures.
Theorem below was proved in [RR15], cf. Thm. A.5 therein, with the exception of convergence . We
will give its proof in the Appendix, and in doing so we will shortly recapitulate the argument for [RR15, Thm.
A.5]. Since in the proof we shall resort to a compactness result from the theory of Young measures, also invoked
in the proof of Thm. [3] we shall recall such result, together with some basics of the theory, in the Appendix.

Theorem 4.5. Let V and Y be two (separable) reflexive Banach spaces such that V.C Y* continuously. Let
(k) C LP(0,T;V)NB([0,T];Y*) be bounded in LP(0,T; V) and suppose in addition that

(0x(0))r C Y™ is bounded, (4.32)
3C>0 YoeBiy(0) VEEN :  Var( (fy,9)y;[0,T]) < C, (4.33)

where, for given £ € B([0,T];Y*) and ¢ € Y we set
J
Var( (¢, )3 [0,T]) := sup{Z| (i), )y — (U(0i—1),9)y| : 0=00 <01 <...<0;=T}. (4.34)
i=1

Then, there exist a (not relabeled) subsequence ({x)y and a function £ € LP(0,T; V) N L>(0,T;Y*) such
that as k — oo

b, > in LP(0,T; V)N L>®(0,T;Y"), (4.35)
l(t) = L(t) imV fora.a. t€(0,T). (4.36)

Furthermore, for almost allt € (0,T) and any sequence (tg)r C [0,T] with ti, — t there holds

Geltr) — €(t)  in YY" (4.37)

We are now in the position to prove the following compactness result where, in particular, we show that,
along a subsequence, the sequences (9, ), and (4,), converge, in suitable topologies, to the same limit 9. This is
not a trivial consequence of the obtained a priori estimates, as no bound on the total variation of the functions

9, is available. In fact, this fact stems from the ‘generalized BV’ estimate ({.10ml), via the convergence property

(4.37) from Theorem
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Assume (2.x1)).

Then, for any sequence 1 | 0 there exist a (not relabeled)
subsequence and a quintuple (9, u, e, p, () such that the following convergences hold

Upy, — in H(0,T; H' (4 RY)) n W (0, T; L*(Q;RY)), (4.38a)
Up,, Uy, — U in L0, T; H'=¢(Q;RY)) for all € € (0,1], (4.38b)
Ury = U in CO([0, T]; H (% R%)) for all € € (0,1], (4.38c¢)
Uy, — T in C2 ([0, T); L2 (4 RY)) N L2(0, T; H' =¢(Q;RY)) for all e € (0,1],  (4.38d)
Oy, — i in L0~V 0, T; WH(Q; RY)*), (4.38¢)
e, e in L™ (0, T; L*(; M&:)), (4.38f)
€, — € in H'(0,T; L*(%; ngxrg)) (4.38g)
e, o in O ([0, TT; L2(0 M), (4.33h)
e, "%, =0 in L=(0,T; L/ O~ (Q; ML), (4.381)
Pr, =D in L(0,T; L*(; M%), (4.38))
Pr, =P in H'(0,T; L*(;M&5)), (4.38k)
P =D in C ([0, T; L (M), (4.381)
P, ", = 0 in L0, T; L/ 01 (Q; ME* ), (4.38m)
Oy, — 0 in L?(0,T; H'()), (4.38n)
log(¥d,,) = log (") in L2(0,T; HY(2)) N L0, T; Wh4T€(Q)*)  for every € > 0, (4.380)
log(d;, (t)) — log(¥(t)) in H'(Q) for almost all t € (0,T), (4.38p)
log (¥, (t)) — log(¥(t)) in H*(Q) for almost all t € (0,T), (4.38q)
Oy, — ¥ in L"(Q) for all h € [1,8/3) for d =3 and all h € [1,3) ifd = 2, (4.38r)
9, =0 in L™(Q) for all h € [1,8/3) ford =3 and all h € [1,3) if d = 2, (4.38s)
(0, ) HHe)/2 s luta)/2 in L?(0,T; HY(R)) for every a € [2 — p, 1), (4.38t)
(0, ) H=)/2 s glu=a)/2 in L*(0,T; H'(Q)) for every o € [2 — p, 1), (4.38u)
G, ¢ in L (Q; M{y4). (4.38v)
The triple (u,e,p) complies with the kinematic admissibility condition , while ¥ also fulfills
9 € L0, T; L*(Q)) and ¥ > I a.e. in Q (4.38w)
with ¥ from .

Furthermore, under condition we also have ¥ € BV ([0, T]; W1>(Q)*), and
Oy, — 0 in L2(0,T;Y) for all Y such that H*(Q) € Y ¢ Wh>(Q)*, (4.38x)
O, (1) = 9(t) in Wh(Q)* for all t € [0,T). (4.38y)

Let us mention beforehand that, in the proof of Thm. [I] we will obtain further convergence properties for
the sequences of approximate solutions, cf. also Remark [£.7] ahead.

Sketch of the proof. Convergences (4.38a])—(4.38¢|), (4.381)—(4.38hl), (4.38j)—(4.38l), and (4.38v)) follow from the
a priori estimates in Proposition via well known weak and strong compactness results (cf. e.g. [Sim8&7]),
also taking into account that

[Er, —er | Lo (012 (umey) < CT/° =0 as k — oo, (4.39)

and the analogous relations involving p, , pr,, etc. Passing to the limit as £ — oo in the discrete kinematic
admissibility condition (%, (t), &, (), Dy, (t)) € A(wy, (t)) for a.a. t € (0,T), also in view of convergence
for w,,, we conclude that the triple (u,e,p) is admissible. In view of estimate for (4, )k, again by
the Aubin-Lions type compactness results from [Sim87] we conclude that there exists v such that @,, — v in
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L2(0,T; H*=<(Q;RY)) N CO ([0, T); L2(Q; R?)) for every e € (0, 1]. Taking into account that

weak
~ . /24 ~
i, — i [l 0,512 8y < 7104 |l 120, i1y < ST, (4.40)
we conclude that v = 4, whence (4.38d)). It then follows from (4.40) that
U, (1) = a(t)  in L*(Q;RY)  for every t € [0,T). (4.41)

Moreover, thanks to ([f40) we identify the weak limit of 8,4y, in LY/(=D(0,T; W7 (Q;RY)*) with i, and
(4.38€]) ensues. In order to prove (4.381) (an analogous argument yields (4.38ml)), it is sufficient to observe that

L S il Gl N PP eriy B

thanks to estimate (4.10f).

For the convergences of the functions (9., )r, we briefly recap the arguments from the proof of [RRI15l
Lemma 5.1]. On account of estimates (4.10j) and (4.10ml) we can apply the compactness theorem to the
functions ¢, = log(V,, ), in the setting of the spaces V.= H(Q), Y = Whdt¢(Q), and with p = 2. Hence we
conclude that, up to a subsequence the functions log(v,, ) weakly* converge to some X in L%(0,T; H*(Q)) N
Loo(0, T; Whate(Q)*) for all € > 0, i.e. (£.380)), and that log(d,, (t)) — A(t) in H'(Q) for almost all ¢ € (0,T),

i.e. (4.38p). Therefore, up to a further subsequence we have log(v¥),,) — A almost everywhere in Q. Thus,
9, — ¥ := e* almost everywhere in ). Convergences (4.38n)) and ([4.381] then follow from estimates
and , respectively. An immediate lower semicontinuity argument combined with estimate allows
us to conclude ; the strict positivity of ¥ follows from . Concerning convergence , we use
to deduce that (J,,)#H+)/2 — gluted/2 iy 2/ (kte)(Q) for h as in ([{381). Since (I, )" +)/2 is itself
bounded in L?(0,T; H*(2) by estimate , ensues, and so does by a completely analogous
argument.

Let us now address convergences and for the sequence (9., ). On the one hand, observe that
estimates (.10j)—(#.10m)) also hold for (9,, ). Therefore, we may apply Thm. [4.5to the functions log(¥,, ) and
conclude that there exists A such that log(d,, ) = A in L2(0,T; H'(Q)) N L>(0, T; Whd+<(Q)*) for all € > 0,
as well as log(¥,, (t)) = A(t) in H*(Q) for almost all ¢ € (0,T). On the other hand, since ¥, (t) = ¥y, (t — 7%)
for almost all ¢ € (0,7), from we conclude that log(d,, (t)) — log(d(t)) in WH4T¢(Q)* for almost all
t € (0,T). Hence we identify A(t) = log(¥(¢)) for almost all ¢ € (0,T). Then, convergences and
ensue from the very same arguments as for the sequence (Y, )i (in fact, the analogue of also holds for
log(?,, )k)-

Finally, under condition , we can also count on the BV-estimate for (¥;),. We may then apply
Lemma 7.2], which generalizes the classical Helly Theorem to functions with values in the dual of
a separable Banach space, and conclude the pointwise convergence . Convergence follows from
estimate combined with , via an Aubin-Lions type compactness result for BV-functions (see,

e.g., [Rou05, Chap. 7, Cor. 4.9]). O

We are now in the position to develop the proof of Theorem [1] Let (1) be a null sequence of time steps,
and let

(197'k’ﬁ7'k7ﬂTk’mk7u'7'k’q7’rk7€rk7erk’ﬁTk7ka7<7'k)k’
be a sequence of solutions to the approximate PDE system for which the convergences stated in Lemma
hold to a quintuple (9, u, e, p, ). We will pass to the limit in the time-discrete versions of the momentum
balance and of the plastic flow rule, in the discrete entropy inequality and in the discrete total energy inequality,
to conclude that (¢, u,e,p) is an entropic solution to the thermoviscoplastic system in the sense of Def.

Step 0: ad the initial conditions (2.23|) and the kinematic admissibility (2.28)). It was shown in Lemma
that the limit triple (u,e,p) is kinematically admissible. Passing to the limit in the initial conditions (3.5), on
account of (3.4) and of the pointwise convergences (4.38¢|), (4.38h]), (4.38l), and (4.41]), we conclude that the
triple (u, e, p) comply with initial conditions (2.23)).

Step 1: ad the momentum balance (2.6)). Thanks to convergences (4.381))—(4.38i) and (4.38nf) we have that

Gy, = Dér, + Ce,, + 7le, | %e, — 0, B — 0 = Dé + Ce — B in L7010 (Q; MXd). (4.42)

sym

Combining this with convergence (4.38¢) and with (4.1d) for (£, ), we pass to the limit in the discrete
momentum balance ([@2b) and conclude that (9, u,e) fulfill [2.6) with test functions in W37 (Q;RY). By
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comparison in (2.6)) we conclude that ii € L%(0, T; Hp; (Q; RY)*), whence (2.22d). Moreover, a density argument
yields that (2.6] holds with test functions in Hp; (Q;R?). This concludes the proof of the momentum balance.

Step 2: ad the plastic flow rule (2.14). Convergences (4.38k)—(4.38m)), (4.38v), and (4.42) ensure that the
functions (¢, e, p, ¢) fulfill

(+p>o0p a.e. in Q. (4.43)

In order to conclude (2.14) it remains to show that ¢ € J;R(¥,p) a.e. in @, which can be reformulated via
(2.13)). In turn, the latter relations are equivalent to

fo ¢mdadt < fOT R(I(t),n(t))dt for all n € L*(Q;ME*?), (4.44)
[fo Cpdadt > [ RI(E), p(1)) dt. '
To obtain (4.44) we will pass to the limit in the analogous relations satisfied at level k, namely
{ [fo Comdzdt < [ R(W,, (), 7(t))dt for all n € L3(Q;ME?), (4.45)
o Coibry dzdt > [T R, (£), pr, (1)) dt.

With this aim, we use conditions (2.10)) on the dissipation metric R. In order to pass to the limit in the first
of ([E45) for a fixed n € L*(Q; ME*?), we use convergence ([38v]) for (¢;, )k, and the fact that

lim // R(Qm,n)da:dt:// R(9,n) dxdt.
k—o0 Q Q

The latter limit passage follows from convergence (4.38s) for ¥,, which, combined with the continuity property
(2.10b), gives that R(d,,,n) — R(¥,n) almost everywhere in Q. Then we use the dominated convergence
theorem, taking into account that for every k € N we have R(9,, ,7) < Cr|n| a.e. in @ thanks to (2.11al).

As for the second inequality in (4.45]), we use (2.10a)) and the convexity of the map p — R(¥,p), combined
with convergences (4.38k) and (4.38s)), to conclude via the Ioffe theorem [Iof77] that

T T
timint [ R, 0.5, (0)dt = [ R, 5l0) . (4.46)
0 0

k—o0

Secondly, we show that

1imsup// Zm:pm dedt < // C:pdadt. (4.47)
k—o0 Q Q

For (4.47) we repeat the same argument developed to obtain (3.26)) in the proof of Lemma and observe
that

lim sup (// Gy Pr dxdt—|—// |p7k|2dxdt+// Dé,, :ér, dzdt)
k—o00 Q Q Q

@ lim sup (// (Dér, + Cey, + 7[6r, [V~ 28r, — Oy, B) y, dadt + // Dé,, 6., dxdt) + lem Th // By, | dadt
Q Q oo Q

k—o0

=0

(2) —_

< limsup // (Dé,, + Cey,, + 7lE-, " %e,, — U7, B) :E(tty, — tiy,,)dzdt 4 limsup // Trp B () dedt
Q Q

k—o0 k—o0

= o (Erytim, —tn ) g1 (idy+ At = p [ Ol (i, —ir, ) dz dt

— liminf // (Cer, + 7ler, 7%, — 0 B) iy, dadt
Q

k—o0

e (T
§/0 <L,ﬂ—w>Héir(Q;Rd)* dt—//Q (pi(v—w)+0:E(w)+Ce:é—9B:é) dadt

@ // C:pdxdt—i—// |p|2dxdt+// Dé:édzdt,
Q Q Q

where (1) follows from testing the discrete flow rule (4.2c)) by pr, , (2) from the kinematic admissibility condition,
yielding p;, = E(4,) — é, = E(U;,—r,) — é, + E(4r,), which also leads to the cancellation of the term



FROM VISCO TO PERFECT PLASTICITY 35

fo Dé,, :é.,. The limit passage in (3) follows from convergence ) for (L, )k, from (4.38b)), ) for
(wr, )k, and from ) and (4.49) below. In fact we have

lim sup < // PO, (T u')Tk)d:Edt>
k—o0

< —hminfg/ \%(T)\deng/ |itr, (0)]*dz — lim p/ 04Ty, 1y, dxdt (4.48)
k—o0 k—o0 Q

(4)
g - /|u |2dx+p/|uo| dz — // o dzdt
with (A) due to (4.38¢)), (4.1d), and (4.41). Furthermore,
—liminf// Ce,, :6;,, dadt < —hmmf/ =Ce, (1), (T dx—l—/ 5Ceg:epdx
Q

k—o0

(B) L N
< —/ sCe(T):e(T )dx+/ 5Ceozeq,
Q

(©)
—likminf// 7|, |V 2E,, 6, dadt < —hmlnf 7|érk(T)|”’dx+/ Zleo|"dz < 0,
- Q

lim // ETkIB:érkdxdt = / IB:édxdt,

with (B) due to 4.38h, (C) due to (4.381) and (3.4), and (D) due to (4.38g) and (4.38r). Finally, (4) follows

from testing (2.6) by o — w, and ( - by p. From the thus obtained lim sup-inequality, arguing in the very

(4.49)

same way as in the proof of Lemma [3.6] we conclude that

lim // G, iPr, dadt = / (:pdxdt,
k—o00

Bro =D in L2(Q;M&%), (4.50)
Er, = € in L2(Q; M&x) .

Hence, combining the first of (4.50)) with (4.46)), we take the limit in the second inequality in (4.45)). All in all,

we deduce (4.44). Hence, the functions (¥, e, p, ¢) fulfill the plastic flow rule (2.14)).
Step 3: enhanced convergences. For later use, observe that (4.50]) give

er, — e in HY0,T; L2 MEXD)) . p, —p in H'(0,T; L2(Q;ML*Y)) . (4.51)

Sym

Moreover, by the kinematic admissibility condition we deduce the strong convergence of E (i, ) in L?(Q; MZX9),

sym
hence, by Korn’s inequality,
U, —u in HY(0,T; H'(Q;RY)). (4.52)
Finally, repeating the limsup argument leading to (4.50) on a generic interval [0, ¢], we find that
i, (t) — a(t) in L2(Q;RY)  for every t € [0, 7). (4.53)

All in all, also on account of (4.381) and (4.38ml), we have that convergence (4.42)) improves to a strong one.
Therefore, from (4.2¢) we deduce that

ZT]C = (ETk) ka - Tk‘karY _> 0D — p C a.c. in Q
We will use this to pass to the limit in the pointwise mequahty
G (@) (P(t, 2)—pr, (@) + R(Y,, (E, @), pr,, (t, @) < R, (¢,2),p(t, 2)) for a.a. (t,z) € Q.

Indeed, in view of (4.50)), which gives limg_, CTk:(pprk) =0 a.e. in Q, of convergence (4.38s) for J_,
the continuity property (2.10b)), from the above inequality we conclude that

limsup R(¥,, (7,1), pr, (z,1)) < R(I(x,t), p(z,1)) for a.a. (x,t) € Q.

k—o0

and of

Combining this with the lower semicontinuity inequality which derives from (2.10al), we ultimately have that
R(Y,,,pr) — R(¥,p) a.e. in Q, hence

R(U,,.pr,) = R(¥,p)  in L*(Q) (4.54)

by the dominated convergence theorem.
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Step 4: ad the entropy inequality . Let us fix a positive test function ¢ € CO([0,T]; WH>(Q)) N
H'Y(0,T; L5/5(Q)) for , and approximate it with the discrete test functions from : their interpolants
©,, ¢r comply with convergences and with the discrete entropy inequality , where we pass to the
limit. We take the limit of the first integral term on the left-hand side of based on convergence
for log(J,, ).

For the second integral term, we will prove that

(0, )V 1og(dy, ) — x(9)V log(d) in LH‘S(Q;RCZ) with § = % and @ € [2 — p, 1), (4.55)

cf. (@.24). First of all, let us prove that (k(7,, )V log(dy, )k is bounded in L'*9(Q; R%). To this aim, we argue
as in the proof of the Fifth a priori estimate from Prop. and observe that

_ _ _ 1 _
|(0r, )V log(¥-,)| < C <|797-,C|"1 + qg) [VIr, | a.e. in Q,

by the growth condition (2.x1)) and the positivity (2.33). Let us now focus on the first term on the r.h.s.: with
Holder’s inequality we have that, for a positive exponent r,

//Q ([0 [ V1) ddt < (|1 |47 2)7 | sz @ | ([T | F 22V ) | 22 (et

< OY([Fr =) | sz )

where the second inequality follows from the estimate for [J,, |(#t*=2/2V3, in L?(Q;R?) thanks to (&.101).
The latter also yields a bound for (95, )#*+®)/2 in L?(Q), hence an estimate for (dJ,, )(#=®)/2 in [2(rta)/ (=) ().
Therefore, for r = (u+ a)/p = 1 + /i we obtain that ||(@Tk|("*a)/2)r||L2/<27T)(Q) < C, and the estimate for

k(U,,, )V log(d;, ) follows. For the proof of convergence ([4.55)), relying on convergences (4.38nl)—({4.381]), we refer
o [RR15, Thm. 1]. Therefore we conclude the first of ([2.34]).

To take the limit in the right-hand side terms in the entropy inequality (4.5), for the first two integrals we
use convergence (4.38p|) combined with (4.4). A lower semicontinuity argument also based on the Ioffe theorem
[[of77] and on convergences (4.4), (4.380)), and (4.381]) gives that

£, (0) @ ORI _
lim sup / / U) 29 log ([, Vs, dadr | = ~liminf / k(@ )7, |V log (@) 2 dardr
Tk Q

k—o0 k=oo Ji, (s)

/ / 9) |V log( )\dedr,

which allows us to deal with the third integral term on the r.h.s. of (4.5). Finally, we take the limsup,_, ., of
the last two integral terms taking into account convergences (#.1a)), (&.1b]), (&.381]), which yields

1 1
5—%5 in LP(Q) for all 1 <p < oo,
Tk

L
Tk

Finally, we establish the summability property x(9)V log(¥) in L'(0,7T;X), with X from , by com-
bining the facts that 9*+2=2/2vy ¢ L?(Q;R?) thanks to convergence , with the information that
YH=)/2 ¢ [2(0,T; HY(Q)) by , and by arguing in the very same way as in the proof of the Fifth a
priori estimate from Prop. In view of , the entropy inequality in fact makes sense for all
positive test functions ¢ in H'(0,T; L%/%(Q)) U L>(0,T; W1 4t¢(Q)) with € > 0. Therefore, with a density
argument we conclude it for this larger test space.

since < i ae. in Q, as well as the previously established strong convergences and ( -

%

Step 5: ad the total energy inequality . It is deduced by passing to the limit in the discrete total energy
inequality (4.6]). For the first integral term on the left-hand side, we use that u, (t) — (t) in L*(Q;R?) for
all t € [0,T), cf. (4.41). For the second term we observe that liminfy_, &+, (Jr, (), &, (t)) > E(V(t),e(t)) for
almost all t € (0,T) by convergence for ¥, and by , combined with . The limit passage on
the right-hand side, for almost all s € (0,t), follows from ([£.52), again (4.381) and (£.51)), from convergence
for @, , which turns out to hold strongly in view of , and from convergences for the interpolants
(Hm)fﬁ (h’r )kv (L )kv (wTk)k'

This concludes the proof of Theorem [
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We now briefly sketch the proof of Theorem [2| The limit passage in the discrete momentum balance and in
the plastic flow rule, cf. (4.2b)) and (4.2¢)), follows from the arguments in the proof of Thm.

As for the heat equation, we shall as a first step prove that the limit quadruple (9, u, e, p) complies with

(W), () W) — //ﬁ@tdxds—i—// ¥)ViVedrds

t
:/190<p(0)dx—|—/ /(H+R(19,p)+|ﬁ\2+Dé:é—19Bé)<pdxds+/ / hedSds.
Q 0 JQ 0 JQJoQ

for all test functions ¢ € CO([0,T]; W= (Q)) N H'(0,T; L%%(Q)) and for all ¢ € (0,T]. With this aim, we
pass to the limit in the approximate temperature equation (4.2a)), tested by the approximate test functions
from (4.3]), Where we integrate by parts in time the term [ fQ U7, @, dzdt. For this limit passage, we exploit
convergences as well as (4.38x]) and (4.38y)).

For the limit passage in the term [[,, k(J,, )V, Vg, dz dt we prove that x(Jr, )V, — K(9)VY in

LY(Q;RY), with & > 0 given by (2.36 ([2:36). Let us check the bound

(4.56)

[[( Tk)VﬁTkHLIM(Q Ry S C, (4.57)
by again resorting to estimates (4.10k|) and m Indeed, by (2.4 m we have that
|6(0,, )V, | < C|T,, |H=0FD/2g, |WHa=2/217y_ |+ C|VY,,| ae in Q, (4.58)

and we estimate the first term on the r.h.s. by observing that [J,, |(#+*~2)/2|V,, | is bounded in L?(Q) thanks
to m On the other hand, in the case d = 3, to which we confine the discussion, by mterpolatlon arguments
Uy, is bounded in L"(Q) for every 1 < h < §. Therefore, for a>pu—% (so that p —a+2 < ) the functions
(|9, |(#=2+2)/2) . are bounded in L"(Q) Wlth 1<r< m Then, (4.57) follows from via the Holder
inequality. The corresponding weak convergence can be proved arguing in the very same way as in the proof
of [RR15, Thm. 2], to which we refer the reader. Therefore we conclude that x(9)Vd € L'*°(Q;R?). Observe
that k(9)VY = V(&(9)) thanks to [MMT79]. Since #(«}) itself is a function in LH‘S(Q) (for d = 3, this follows
from the fact that &(9) ~ 9#F1 € LM/ W+D(Q) for every 1 < h < &), we conclude (2-36).

The limit passage on the r.h.s. of the discrete heat equation (4.2a]) results from (4.1al), from (4.38x]), the

strong convergences , and (| -

All in all, we obtam , whence for every ¢ € W>°(Q) and every 0 < s <t < T
(9(t) = I(s), 90>W1°°(Q)

t t
// VﬁVg@dxdr—f—/ / (H+R(19,p)+|p|2+Dé:é—19E%é)cpdxdT+/ // hodSdr.
s JQ s JQJIQ

From this we easily conclude the enhanced regularity . Thanks to [DMDMO06, Thm. 7.1], the absolutely
continuous function ¥ : [0,T] — W1°°(Q)* admits at almost all ¢ € (0,7 the derivative 9(t), which turns
out to be the limit as h — 0 of the incremental quotients w, w.r.t. the weak*-topology of W1 (Q)*.
Therefore, the enhanced weak formulation of the heat equation follows.

Recall (cf. the comments following the statement of Thm. that & is small enough as to ensure that
WLIHL/3(Q) © L>(Q). Therefore, the terms on the r.h.s. of can be multiplied by test functions
@ € WL1+1/5(Q). Thanks to (2:36), also the second term on the Lh.s. of admits such test functions.
Therefore by comparison we conclude that ¢ € LY(0,T; Wl’Hl/‘;(Q)*) and, with a density argument, extend
to this (slightly) larger space of test functions. This finishes the proof of Theorem ]

Remark 4.7 (Energy convergences for the approximate solutions). As a by-product of the proofs of Theorems
and [2| we improve convergences (4.38) of the approximate solutions to an entropic/weak energy solution of
the thermoviscoplastic system. More specifically, it follows from (4.38r) and (4.50)—(4.53) that we have the
convergence of the kinetic energies

Q/ |i1,,k(t)|2dx—>g/ a()2dz for all £ € [0,T],
2 Ja 2 Ja

of dissipated energies

T T T T
/ /Dérk:érkdxdte/ /]D)é:édxdt, / R(ﬁm,pfk)dt%/ R, p)dt
0 Q 0 Q 0 0
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and of the thermal and mechanical energies

F(0,, (t)) = F(I(t)) for a.a. t € (0,7), Q(e,,) — Q(e) uniformly in [0, 7.

5. Setup for the perfectly plastic system

As already mentioned in the Introduction, in the vanishing-viscosity limit of the thermoviscoplastic system
we will obtain the (global) energetic formulation for the perfectly plastic system, coupled with the stationary
limit of the heat equation. Prior to performing this asymptotic analysis, in this section we gain further insight
into the concept of energetic solution for perfect plasticity.

For the energetic formulation to be fully meaningful, in Sec. [5.1] we need to strengthen the assumptions,
previously given in Section [2.1] on the reference configuration €2, on the elasticity tensor C, and on the elastic
domain z € Q = K(x) C MdDXd (indeed, we will drop the dependence of K on the (spatially and temporally)
nonsmooth variable ¢). Instead, we will weaken the regularity requirements on the Dirichlet loading w.

Preliminarily, let us recall some basic facts about the space of functions with bounded deformation in 2.
The space BD(Q; R?). Tt is defined by

BD(RY) := {u € L' (% RY) : E(u) € M(Q;ME5D}, (5.1)
with M(€; MZ%Y) the space of Radon measures on € with values in M%<, with norm ||)\||M(Q;ng><md) = |A|(Q)

and || the variation of the measure. Recall that, by the Riesz representation theorem, M(€2; M%<?) can be

identified with the dual of the space Co(£2; M%) of the continuous functions ¢ : Q@ — MZX9 such that the sets

Sym sym

{l¢| > ¢} are compact for every ¢ > 0. The space BD(Q; R?) is endowed with the graph norm

lullep(o;re) = lullLr@ra) + 1B (W)l qumaxe

sym )’
which makes it a Banach space. It turns out that BD(2; R?) is the dual of a normed space, cf. [TS&0)].

In addition to the strong convergence induced by || - [|[gp(o;re), this duality defines a notion of weak*
convergence on BD(Q; R?) : a sequence (ux) converges weakly* to u in BD(Q; R?) if ux — u in L'(€2;R?) and
E(uy) = E(u) in M(£; MZ%4). Every bounded sequence in BD(€; R?) has a weakly* converging subsequence
and, furthermore, a subsequence converging weakly in L% (=1 (Q; R?) and strongly in LP(Q;R?) for every
1<p< %.

Finally, we recall that for every u € BD(€;R?) the trace u|pq is well defined as an element in L!(9Q;R?),
and that (cf. [Tem83, Prop. 2.4, Rmk. 2.5]) a Poincaré-type inequality holds:

3C >0 YueBDRY) ¢ llullp oz < C (Iulleoum + 1@z ) - (5.2)
5.1. Setup. Let us now detail the basic assumptions on the data of the perfectly plastic system. We postpone
to the end of Section a series of comments on the outcome of the conditions given below, as well as on the
possibility of weakening some of them.

The reference configuration. For technical reasons related to the definition of the stress-strain duality, cf. Re-
mark later on, in addition to conditions (2.€)) required in Sec. we will suppose from now on that

OS2 and 9T are of class C?. (5.9)
The latter requirement means that for every & € OI there exists a C2-diffeomorphism defined in an open
neighborhood of = that maps 99 into a (d—1)-dimensional plane, and 9T into a (d—2)-dimensional plane.

Kinematic admissibility and stress. Given a function w € H'(Q; R?), we say that a triple (u, e, p) is kinematically
admissible with boundary datum w for the perfectly plastic system (kinematically admissible, for short), and
write (u,e,p) € App(w), if

u e BD(Q;RY), ee L*(MEY),  pe M(QUIpi; ME*?), (5.3a)
E(u) =e+p, (5.3b)
p=(w—u)® vl on Tpy,. (5.3c)

Observe that ([5.3a)) reflects the fact that the plastic strain is now a measure that can concentrate on Lebesgue-
negligible sets. Furthermore, (5.3c) relaxes the Dirichlet condition w = u on I'p;, imposed by the kinematic
admissibility condition (2.3)) and represents a plastic slip (mathematically described by the singular part of
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the measure p) occurring on I'pi;. It can be checked that A(w) C App(w). In the proof of Theorem 3| we will
make use of the following closedness property, proved in [DMDMO06, Lemma 2.1].

Lemma 5.1. Assume (2.Q) and (5.Q). Let (wy) C HY(Q;R?) and (uy, ek, pr) € App(wy) for every k € N.
Assume that
Wy, — Weo in HY(QRY), Up = us in BD(Q;RY),

er — eoo in LE(Q;MIX9), pr — p in M(QU Ipy,;; ME*Y).

Sym

(5.4)

Then, (uoou eooapoo) € ABD (woo)

In the perfectly plastic system, the stress is given by o = Ce, cf. (1.13d)). Following [DMDMO06!, [Sol09, [FG12,
Sol14] in addition to (2.T)), we suppose that for almost all € € the elastic tensor C(z) € Lin(M2X9) maps

Sym

the orthogonal spaces MdDXd and RI into themselves. Namely, there exists functions

Cp € L*>®(Q; Lin(M%X9)) and n € L®(Q;RT) s.t. VA € M4 C(z)A = Cp(z)Ap + n(x)tr(A)I,  (5.T)

sym sym
with I the identity matrix.
Body force, traction, and Dirichlet loading. Along the footsteps of [DMDMO06], we enhance our conditions on
F and g (cf. ), by requiring that

F e AC([0, T LY(RY), g € AC([0,T]; L (Teu; RY)). (5.L1)
Therefore, for every t € [0,7] the element L(¢) defined by belongs to BD(Q; R%)*, and moreover (see

[DMDMO06, Rmk. 4.1]) £(t) exists in BD(Q;R?)* for almost all ¢ € (0,T). Moreover, we shall strengthen the
safe load condition from (2.Ls) to

o€ WHH0,T; L2(; M%) and op =0, (5.5)

sym

cf. Remark [5.2 below.

Remark 5.2. The second of is required only for consistency with the upcoming conditions on
the stresses o. associated via the safe load condition with the forces (F.). and (ge). for the thermoviscoplastic
systems approximating the perfectly plastic one. The feasibility of is completely open, though. Hence,
we might as well confine the discussion to the case the body force F' and the assigned traction g are null. We
have chosen not to do so because (5.5) is the natural counterpart to (6.3b]).

Further, we consider the body to be solicited by a hard device w on the Dirichlet boundary I'p;,, for which
we suppose
w € AC([0,T; H' (; RY)), (5.W)
which is a weaker requirement than (2.W]).

The plastic dissipation. Since the plastic strain (and, accordingly, the plastic strain rate) is a measure on
QUTI'pir, from now on we will suppose that the multifunction K is defined on QUTI'p;,. Furthermore, following
[Sol09], we will require that

K:QUI'p, = MdDXd is continuous (5.K1)

in the sense specified by (2.8) and that

K(z) is a convex and compact subset of MdDXd for all z € QU I'p;, and (5.K)
30<e¢, <Cgr VzeQUIpy : B (0) C K(x) C Be,(0).
In order to state the stress constraint op € K a.e. in € in a more compact form, we also introduce the set
K(Q) :={¢ € LX(Q;ME*Y) : ¢(z) € K(z) for a.a. z € Q}. (5.6)
We will denote by P (o : L2(Q; M) — L2(Q; ME*?) the projection operator onto the closed convex set
K(Q), induced by the projection operators onto the sets K(x), namely, for a given o € L?(Q; MdDXd),
£ =Py (o) if and only if  £(z) = Pg()(0o(x)) for a.a. x € Q. (5.7)
We introduce the support function R : € x M%Xd — [0, +00) associated with the multifunction K. In order

to define the related dissipation functional, we have to resort to the theory of convex function of measures
[GS64l [Res68], since the tensor p and its rate p are now Radon measures on Q U I'p;,. Therefore, with every
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p E M(QUFDlr,MdXd) (for convenience, we will keep to the notation p for the independent variable in the

sym _
plastic dissipation potential) we associate the nonnegative Radon measure R(p) defined by

R(p)(B) == / R (x, ;;(m)) d|p|(x) for every Borel set B C QUI'py,, (5.8)
B

with p/|p| the Radon-Nykodym derivative of the measure p w.r.t. its variation |p|. We then consider the plastic
dissipation potential

R : M(QUI by, M2X9) — [0, +00) defined by R(p) := R(p)(QUI'py, ). (5.9)

sym

Observe that the definition of the functional R on M(QUI'p;,; M4%?) is consistent with that given on L*(£; M2X4)

sym Sym

in 2) (in the case the yield surface K does not depend on ¥), namely

R(p) = /QR(J:,p(x))dx if p e L' MED). (5.10)

This justifies the abuse in the notation for R.

It follows from the lower semicontinuity of x = K(z) that its support function R is lower semicontinuous
on Q X MdDXd. Since R(z,-) is also convex and 1-homogeneous, Reshetnyak’s Theorem (cf., e.g., [AFP05,
Thm. 2.38]) applies to ensure that the functional R from is lower semicontinuous w.r.t. the weak*-
topology on M(QUI'p;,; M%%4). Accordingly, the induced total variation functional, defined for every function

sym

p:[0,T] — M(QUFDlr,Mgfrg) by
N
Varx (p; [a,b]) := sup {ZfR(p(ti) —p(tic1)) ta=tg<t1 <...<ty_1=tn= b} (5.11)
i=1
for [a,b] C [0,T7, is lower semicontiuous w.r.t. the pointwise (in time) convergence of p in the weak* topology
of M(QUT pyy; MEX9).

Finally, we recall [DMDMO06, Thm. 7.1], stating that for every p € AC([0, T]; M(QUT p;,; M2%4)), there exists

p(t+h) —pt)

p(t) := weak™ — lim for a.a. t € (0,T),

—0 h
where the limit is w.r.t. the weak*-topology of M(QUI'piy; ngrg) Moreover, there holds
b
Varx (p; [a,b]) = / R(p(t))dt for all [a,b] C [0,T7, (5.12)

cf. [DMDMO06, Thm. 7.1] and [Sol09, Thm. 3.6].
Cauchy data. We will supplement the perfectly plastic system with initial data

up € BD(Q;RY), (5.13a)
eo € L3(; M‘:yxnﬁl) po € M(QUI'pi,; ME*Y)  such that (ug, e, po) € App(w(0)). (5.13b)

5.2. Energetic solutions to the perfectly plastic system. Throughout this section we will tacitly suppose
the validity of conditions (5.€)), (5.Ki))—(5.Kz). We are now in the position to give the notion of energetic
solution (or quasistatic evolution) for the perfectly plastic system (in the isothermal case).

Definition 5.3 (Global energetic solutions to the perfectly plastic system). Given initial data (ug,eq, po)
fulfilling (5.13]), we call a triple (u,e,p) a global energetic solution to the Cauchy problem for system (1.13]),
with boundary datum w on Upi, if

u € BV([0,T]; BD(Q;RY)), (5.14a)
e € BV([0,T]; L*(2; MZ%9)), (5.14b)
p € BV([0, T]; M(€; M&x9)), (5.14c¢)
(u, e, p) comply with the initial conditions
u(0, z) = uo(z), e(0,z) = eg(x), p(0,2) = po(x) for a.a. x €9, (5.15)

and with the following conditions for every t € [0,T]:
- kinematic admissibility: (u(t),e(t),p(t)) € App(w(t));
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- global stability:
Qe(t)) = (L), u(t) pparey < AE) +R(P—p(t) = (£(1), Wpprsy  for all (a,é,p) € App(w(t)) (S)
- energy balance:
t t
O(e(t)) + Vara(p: [0,1]) = Q(eo) +/ / o+ B(i)dads — / (£,15) s ey s
0o Jo 0
. (E)
+ (£(1), u(t»BD(Q;Rd) - <L(0)7UO>BD(Q;Rd) _/0 (£, U>BD(Q;Rd) ds,
with the stress o given by o(t) = Ce(t) for every t € [0,T].
Remark 5.4. It follows from [DMDMO06, Thm. 4.4] (cf. also [DMS14, Rmk. 5]), that is equivalent to the
condition that
p € BV([0, T]: M(: M),
Q(e(t)) + Vara 4 [0.8) — [ olt) s (elt)-

Q

t)))dz (5.16)

= Q(ep) f/Qg(O) : (eo—E(w(0)))dx + ; /QO’ s E(w)dzds 7/0 /Qg : (e—FE(w))dxds
for every ¢ € [0,T].

In the above definition, for consistency with the standard concept of energetic solution, we have required only
BV-time regularity for the functions (e,p) (and, accordingly, for «). On the other hand, an important feature
of perfect plasticity is that, due to its convex character, the maps t — u(t), t — e(t), t — p(t) are ultimately
absolutely continuous on [0,T]. In fact, the following result ensures that, if a triple (u,e,p) complies with
and at almost all t € (0,T), then it satisfies said conditions for every t € [0,T], and in addition the maps
t — u(t), t — e(t), t — p(t) are absolutely continuous. The proof of Thm. given for [DMSI4, Thm. 5]
carries over to the present case of a spatially-dependent dissipation metric R.

Theorem 5.5. Let S C [0,T] be a set of full measure containing 0. Let (u,e,p) : S — BD(Q;R%) x
L2(Q;M§;n‘f) x M(Q; M%*%) be measurable and bounded functions satisfying the Cauchy conditions (5.15) with

a triple (ug,ep,po) as in (5.13), as well as the kinematic admissibility, the global stability condition, and the

energy balance for every ¢t € S. Suppose in addition that p € BV([0,T7; M(Q;MdDXd)).
Then, the pair (u,e) extends to an absolutely continuous function (u,e) € AC([0, T]; BD(Q; R?)x L2(£); ngxnff))

Moreover, p € AC([0, T]; M(; MdDXd)) and the triple (u, e, p) is a global energetic solution to the perfectly plastic
system in the sense of Definition[5.3}

In the proof of the forthcoming Theorem |3| we will also make use of the following result, first proved in
[DMDMO06, Thm. 3.6] in the homogeneous case, and extended to a spatially-dependent yield surface in [Sol09)
Thm. 3.10].

Lemma 5.6. Let S C [0,T] be a set of full measure containing 0. Let (u,e,p) : S — BD(€;R?) x L2 (€; MZ%d) x
M(Q;MdDXd) fulfill the kinematic admissibility at t € S. Then, the following conditions are equivalent at t:
- (u(t), e(t), p(t)) comply with the global stability condition (S));

- the stress o = Ce satisfies o(t) € K(Q) and the boundary value problem
—divpi(o(t)) = F(t) inQ,
J(t)l/ - g(t) on 1—‘Neua

with the operator —divps, from (2.7)).

(5.17)

Remark 5.7. In the proof of Thm. Lemma [5.6] will play a pivotal role in the argument for the global
stability condition . In the spatially homogeneous case addressed in [DMDMO06], the proof of the analogue
of Lemma relies on a careful definition of the duality between the (deviatoric part of the) stress o, which is
typically not continuous as a function of the space variable, and the strain E(u), as well as the plastic strain p,
which in turn are just measures. In particular, the regularity conditions on 90 and JI" entail the validity
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of a by-part integration formula (cf. [DMDMO06, Prop. 2.2]), which is at the core of the proof of [DMDMO6,
Thm. 3.6]. Another crucial point is the validity of the inequality (between measures)

R(p) > [op:p), (5.18)

where R(p) is the Radon measure defined by (5.8), and the measure [op:p] (we refer to [DMDMOG, Sec. 2] for
its definition), ‘surrogates’ the duality between op and p.

In [Sol09] it was shown that, if K : QUI'p;, = MdDXd is continuous, then holds also in the spatially
heterogeneous case and, based on that, Lemma was derived. However, it was observed in [FG12| that the
continuity of K is a quite restrictive condition. Adopting a slightly different approach to the proof of existence
of ‘quasistatic evolutions’, the authors carried out the analysis under a much weaker, and more mechanically
feasible, set of conditions on the multifunction K. Such conditions were later revisited in [Soll4] in a more
abstract framework.

We believe that the asymptotic analysis developed in the upcoming Section [6] could be extended to the
general setting of conditions proposed in [FGI12]. We have stayed with the continuity requirement on
K, though, to keep the presentation simpler, in order to focus on the outcome of the vanishing-viscosity analysis
in the case with temperature.

6. FROM THE THERMOVISCOPLASTIC TO THE PERFECTLY PLASTIC SYSTEM

In this section we address the limiting behavior of weak energy solutions to the thermoviscoplastic system
as the rate of the external loads F), g, w and of the heat sources H, h becomes slower and slower.
Accordingly, we will rescale time by a factor ¢ > 0. Before detailing our conditions on the data F, g, w, H,
and h for performing the vanishing-viscosity analysis of system , let us specify that, already on the
“viscous” level, we will confine the discussion to the case in which

the elastic domain K does not depend on ¥ but only on x € Q, and fulfills (5.K))—(5.Kal).

Moreover, we will suppose that the thermal expansion tensor also depends on ¢, i.e. E = E., with the scaling
given by (1.11). Hence, the tensors B, := CE. have the form

1
B. =¢*B  with a > 5 and B e L (Q; R, (6.1)

We postpone to Remark some comments on the role of condition (6.1)).

Let (He, he, F:, ge, we )e be a family of data for system (1.3] , and let us rescale them by the factor € > 0,
thus introducing

He(t) :== H. (et), h®(t):=he(et), F°(t):=F.(et), ¢°(t) :=gc(et), w(t):=we (et) te {0, Z} )

Correspondingly, we denote by (9°,u®,e®,p®) a weak energy solution to the thermoviscoplastic system, with
the tensor B, from (6.1), starting from a family of initial data (92,12, €2, p?).: under the conditions on the
functions (H., he, F., g, w.). and the data (92, u?,e?, p?). stated in Sec. the existence of (¢, u, e, p) is
ensured by Thm. [2| We further rescale the functions (9¥¢,u%,e®, p°) in such a way as to have them defined on

the interval [0, T, setting

D (t) = 0 (t) uelt) 1= e (t) er(t) = e (t) pe(t) 1= p* (t) te 0T,

For later reference, here we state the defining properties of weak energy solutions in terms of the rescaled
quadruple (¥, ue, e, pe), taking into account the improved formulation of the heat equation provided in The-
orem [2| In addition to the kinematic admissibility E(u.) = e. 4+ pe, we have:

- strict positivity: 9. > 9 > 0 a.e. in Q, with J given by (2.33);
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- weak formulation of the heat equation, for almost all ¢ € (0,T) and all test functions ¢ € W11+1/3(Q),
with § > 0 such that (2.36) holds:

€ <798(t) O, 1+1/5(0) +/Q k(U (1)) VI () Vpdx

= /Q (He(t) 4+ eR(z, pe () 4+ €2pe(t) : pe(t) + ®Déc(t) : é-(t) — ede(t)B. : é-(t)) pda (6.2a)

+ / he(t)pdS
00

- weak momentum balance for almost all ¢ € (0,7) and all test functions v € HY, (Q;R?)

pe? /Q e (Hvde + /Q (Deée (t) + Cee(t) — V- (HB:) : Ew)dz = (£e().0) 1 oz (6.2b)

for almost all ¢t € (0,T), with £, defined from F. and g. as in (2.5));
- the plastic flow rule ([1.10c)), rewritten (cf. (1.4))) for later use as
Oc — €Pe = PK(Q)((US)D) a.e. in Qa (626)
with 0. = eDé. + Ce. — J.B. and the projection operator Py (q) from (5.7).
We also record the

- (rescaled) mechanical energy balance

t
/|u5 |2dx+5/ /ID)e8 éedxdr + = //|p5|2dxdr+21 / d*((o.)p, K())dt
0

+ [ R(pe)dr + Q(ec(t))
| a2

t

t
Pe /|u0 |*dz + Q(e2) + / (Leytie— wE>H1 (@R dr—!—/ 9B, : é.dxdr

+ pe? (/ e (t )we()dxf/u we (0 dzf/ /uswedxdr) / /crs: () dz dr

for every t € [0,T], where we have used (6.2c), yielding that

. €. 1 ) .
6|pg|2 = *|Pe\2 + — loe — 8p5|2 a.e. in Q,
2 2e —_—
= d*((o<)p, K())
with d(-, fK(Q)) the distance function from the closed and convex set K(£2).

Finally, adding (6 with ( ) tested by é we obtain the
- rescaled) total energy balance

/ (O o+ (9e(t), Dygnn+5 [ Ceclt)ie(t)da

_pe? /‘u02dx+8 (Y, 6)+/ (Levtie=0e) 1 (upa) dr—i—// ~H. d:cdr—i—/ /mfh dSdr (6.2e)

+ pe (/Que(t)wa(t)dx /u 0 dx—/ /ugwadxdr> / /05. (vp.) dzdr

for every ¢ € [0, T].
Indeed, ((6.2¢]) will be the starting point in the derivation of the priori estimates, uniform w.r.t. the parameter
g, on the functions (U, ue, €, pe)e, under the following

Hypotheses on the data (He, he, F, ge,we)e and on the initial data (99,u?,42,€%, p?).. We require that there
exists a constant C' > 0 such that for every ¢ > 0

|Hc | 20,7500 (00)) < C, [hellLr 0,220 < Ce. (6.3a)

As for the body and surface forces, for every ¢ > 0 the functions F. and g. have to comply with (2.L)) and
the safe-load condition (2.Lo)), with associated stresses o.. We impose that there exist F' and g as in (5.L;))
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to which (F;). and (g.). converge in topologies that we choose not to specify, and that the sequence (o).
converge to the stress ¢ from (5.5)) (hence, with op = 0) associated with F' and g, namely

0 — 0 in in Wh(0,T; L2 (Q; M%),

sym

(6.3b)

||(Q€)D||LI(O7T;LOO(Q Mg;if,i)) < 057 H(QE)D”Ll(O,T;Lz(Q ngéff)) < CS

For later use, let us record here that, since (L.(t), U>H]13. (QRY) = Jq 0=(t):E(v) dx for every v € Hp, (Q;R?) by
the safe load condition, and analogously for L., it follows from (6.3b)) that

L. — L in WHY0,T; HY, (Q;RY)), (6.3c)

with £ the total load associated with F' and g.

Furthermore, we impose that the Dirichlet loadings (w.). C L'(0,T; W5 (Q; R?))NW?21(0,T; H*(Q; RY))N
H?(0,T; L*(9; Rd (cf. (2:W)), fulfill

elltbe]| oo (0,75 11 (raY) < Cs el o701 (ray) < C, 61/2HE(wE)||L1(07T;Lac(Q;ng>;;i)) <C, (6.3d)
and that there exists w € H'(0,T; H*(;R%)) (cf. ( - ) such that
we —w in HY(0,T; H' (% RY)). (6.3¢)
Finally, for the Cauchy data (92,42, 42, €%, p?). we impose the bounds and the convergences
el|i|| p2mray — 0, 92 — g in L'(Q),

ul = ug in BD(Q;RY), e = e in L2(Q; MIX9), P2 5 py in M(QUpyy; ME<9).

sym

(6.31)

Observe that, since (u?, 42, e2,p?) € A(w.(0)) C App(w:(0)), convergences (6.3¢) and (6.3f), combined with
Lemma ensure that the triple (ug, €, po) is in Agp(w(0)).

We are now in the position to give our asymptotic result, stating the convergence (along a sequence ey, | 0)
of a family of solutions to the thermoviscoplastic system, to a quadruple (0, u,e,p) such that (u,e,p) is an
energetic solution to the plastic system, while the limit temperature © is constant in space, but still time-
dependent. Furthermore, we find that (0, u, e, p) fulfill a further energy balance, cf. ahead, from which
we deduce a balance between the energy dissipated by the plastic strain, and the thermal energy.

Theorem 3. Let the reference configuration 2 and the elasticity tensor C comply with (5.)) and (5.T)),
respectively. Let (O¢, ue, e, pe)e be a family of weak energy solutions to the rescaled thermoviscoplastic systems

, with heat conduction coefficient k fulﬁllmg and , tensors B satisfying (6.1)), and with
data (H, he, F., g.,w.)- and initial data (99,u?, e, p?). fulﬁlling conditions (6.3]).

Then, for every sequence € | 0 as k — oo there exist a (not relabeled) subsequence (Ve , Ue, , €y, s Dey, )k aNd
functions © € L>=(0,T), u € L=(0,T; BD(Q;R?)), e € L=(0,T; L*(Q; R?)), p € BV([0, T]; M(QUT pj,; ME*?)
such that

(1) the following convergences hold as k — oo:

1 ifd=2
¥, — O in L"(Q) for every h € {{1: :]/3 z; g3 (6.4a)
e, (1) = u(t) in BD(Q;RY) for a.a. t € (0,7T), (6.4b)
ee, (1) — e(t) in L*(Q; ngxn‘f) for a.a. t € (0,T), (6.4c)
Pe, (1) = p(t) in M(QUT p;,;; M&*9) for every t € [0, T]; (6.4d)

(2) © is constant in space;
(8) (u,e,p) is a global energetic solution to the perfectly plastic system, with initial and boundary data
(up, €0,p0) and w, and the enhanced time regularity

u € AC([0,T;BD(;R?), e € AC([0,T); LA MG)),  pe AC(0,T; L2(:M{*);  (6.5)

Sym
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(4) the quadruple (¢, u,e,p) fulfills the additional energy balance

E(O(t),e(t)) = E(Do, e0) 7/ 0(0) : (ep — E(w(0)))dz +/0 /Qa s E(w)dzds

Q

+ /Q o(t) : (e(t) — E(w(t)))dz —/0 /Qg : (e—E(w))dxds
for almost all t € (0,T), and therefore there holds
Var(p; [s,t]) = F(O(s)) — F(O(t)) = |2/(O(s) — O(t)) for almost all s,t € (0,T) with s <t.  (6.7)

Observe that, by virtue of convergence ((6.4al), the limiting temperature © inherits the strict positivity property
O(t) > 9 > 0 for almost all ¢ € (0,7).

Remark 6.1 (An alternative scaling condition on the heat conduction coefficient «). For the vanishing viscosity
and inertia analysis carried out in the frame of the damage system analyzed in [LRTT14], a scaling condition
on the heat conduction coefficients x., allowed to depend on ¢, was exploited, in place of . Namely, it was
supposed that

—r(9)  with k € C°(RT) satisfying ([2.r2]). (6.8)

This reflects the view that, for the limit system, if a change of heat is caused at some spot in the material,
then heat must be conducted all over the body with infinite speed. In fact, as well led us to show that
the limit temperature is constant in space, like in the present case.

This scaling condition was combined with the requirement that the Dirichlet boundary I'p;, coincides with
the whole 912, and that the Dirichlet loading w is null, in order to deduce

(1) the convergence (along a subsequence) of the temperatures 9. to a spatially constant function ©;
(2) the strong convergence ce(t.) — 0 in L?(Q; Mdxd

sym
on the homogeneous character of the Dirichlet boundary conditions.

), by means of a careful argument strongly relying

In this way, in [LRITT14] we bypassed one of the major difficulties in the asymptotic analysis, namely the
presence of the thermal expansion term [ [ ¥.B:é. dadt on the r.h.s. of the rescaled mechanical energy balance,
which in turn is the starting point for the derivation of a priori estimates uniform w.r.t. € for the dissipative
variables é. and p..

In the present context, we have decided not to develop the approach based on condition . In fact,
it would have forced us to take null Dirichlet loadings for the limit perfectly plastic system, and this, in
combination with the strong safe load condition [5.5], would have been too restrictive.

We will develop the proof of Theorem [3]in the ensuing Sec.

6.1. Proof of Theorem We start by deriving a series of a priori estimates, uniform w.r.t. the param-
eter e, for a distinguished class of weak energy solutions to system . In fact, in the derivation
of these estimates we will perform the same tests as in the proof of Prop. in particular the test of
the heat equation by 92, with o € [2 — p,1). Since ¥< is not an admissible test function for the rescaled
heat equation due to its insufficient spatial regularity, the calculations related to this test can be ren-
dered rigorously only on the time discrete level, and the resulting a priori estimates in fact only hold for the

weak energy solutions arising from the time discretization scheme.

Proposition 6.2 (A priori estimates uniform w.r.t. €). Assume (5.€)) and (5.T)). Assume conditions (2.1))
and [2.k2)) on K, (6.1) on the tensors B, and (6.3) on the data (He, he, Fr, ge,we)e and (92,4, €2, p?)..
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Then, there exist a constant C > 0 and a family (9., uc,e.,p:)e of weak energy solutions to the rescaled
thermouviscoplastic systems u) such that for every € > 0 the following estimates hold:

1B (e)l oo 0,111 (QsMdxdy) T € /2||E(Ua)||L2 MExd (6.9a)
( (2;Msym)) (QiMsgy
+ ellttel| Lo 0,22 (umay) + €2 lltel| L2071, (uma)) < C
||65HL00 0,T;L2(;MExd +e'/? H65||L2 MExd <C, (6.9b)
(0,T5L2( ym ) (Q;Msym)
[Pell o 0,701 (:M4xdy)y T [1Pel .1 omixdy T € 1/2 [1Pell 2 omixdy < C, (6.9¢)
( ( ym ) ( ym ) ( ym )
1
51W||d((as)D»9<(Q))||L2(0,T) <C, (6.9d)
1 3 ifd=2,
el oz + 10ellir@) + I VVelzomrey <€ forh= {8 =3 (6.9¢)
3 — 9%

with o > % from (6.1)).

Proof. We will follow the outline of the proof of Prop. referring to it for all details.
First a priori estimate: We start from the rescaled total energy balance and estimate the terms on
its right-hand side. It follows from (6.3f) that 52||u0||L2 a.rey < C and &Y e ) <C.

E’E

As for the third term on the r.h.s., we use the safe load condition, yielding

¢ ¢
/0 <Ls,urwe>Héh(Q;Rd) dr:/o /QQEZ(E(I'LE)fE(U'/E))dIdT
W [t ¢ ¢
:/ /gszésdxdr—i—/ /ggzpsdxdr—/ /QE:E(u')E)dxdr
0 Jo 0 Jo 0 Jo
¢ ¢
@ —/ /Q’E:esdxdr—i—/ gg(t):eg(t)dm—/ QE(O):egdx—i—/ /(gs)DpEdmdr
0o Jo Q Q 0o Jo
t
—/ /QEZE(wE)dJ}dT
0 Jo

=L+L+I3+14+ 15
(6.10)
with (1) due to the kinematic admissibility condition, and (2) following from integration by parts, and the fact
that p. € ME*? a.e. in Q. We estimate

R0 [ e lsoqpags el s

1) Ct
|B2] < Cllec®)ll 2oy < 76 e Oz g +

Mgy )

(2)
I3 < C”eg”m(QMdXd <C

sym )
where (1) and (2) follow from the bound prov1ded for ll0ell oo (0,7:22 (0 qdxay by condition (6.3D), and from
- Instead, for Iy we use the plastic flow rule ( , rewritten as ep. = (0<)p — (e, Wlth CE € OR(:,p:)

a.e. in Q. Then,
¢ t
I, :/ / %(QE)DZ(O'E)Dd.T—/ / L0 )piCedr = In1 + I g,
0 Q 0 Q
and
t
1= / / £ (0e)p: (Déc + Cec — 0-Be)p dwdr = Lig + Inao+ Ians
0 Ja
with

t
14,171:—/ /%(gs)DzDededr—i—/ %(ge(t))D:DeE(t)dx—/ %(QE(O))D:]D)egdx
0 Jo Q Q

t
< C/O é”(gE)DHLZ(Q;M%Xd)||65||L2(Q ngfg dr + < ||(Q€)D||Loo 0,T;L2 (2 ded))
! 012
+ 7”66( )||L2 Q: denf + C”esHLz(Q;ngXH;i)a
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and, analogously,

t
[Lan2] < C/O %HQeHLz(Q;MgM)||€e||L2(Q;ngxrg)dT

t
Ha15] < C/O zlloell o gy 192l 1 ) dr

Instead, for the term I, 2 we use that |(.| < Cgr by (2.K3)), so that |I; 2] < %H(QS)DHLI(Q,ded). Finally, we
WD
have

t
B < [ Neclsangeo 1B s patssy dr < ©

sym )

thanks to (6.3b)) and (6.3€]).
The fourth and the fifth terms on the r.h.s. of (6.2¢) are bounded thanks to condition (6.3a]). We estimate
the sixth term by

2 t
pe ) . . .
e /2 | (¢)|* da + P5/ el 2 (rayellWe | L2 (ouray dr + C + 052||ws||2Loo(o,T;L2(Q;Rd)
¢ 0

where we have also used (6.31]).

As for the last term on the r.h.s. of (6.2¢]), arguing in the very same way as in the proof of Prop. we
estimate

/ / €D65+(C€E— e ) (wg)dxdr—161+162+163,

with
Ton = — /0 /Q eDe. : E(i.)dadr + /Q eDe.(t) : B(w.(t))dz — /Q eDe? : B(. (0))da

T
. C .
< /0 Hes||L2(Q;ngxrf)€||E(w5)”L%Q;Mgfg} + TgH@s( )”Lz(Q MEXD) + C€2||E(w5)||ioo(07T;L2(Q Mdxd +C,

sym )

where we have also used (6.3f). We also have

|E(w5) ||L2(Q_Md><d d?“,

yWlsym

t
ol < C/O lecll 2y

dr,

sym)

t
los] < C /0 A P oIern ] Fp—

thanks to the scaling (6.1) of the tensors B..
All in all, taking into account the bounds provided by conditions (6.3)), we obtain

62/0|u5(t)\2dx+/9195(t)dx+/g|ea(t)|2dx

t
<C+ C/o (||Q5||L2(Q mddy T %”(QE)DHB(Q;MCZD”) + %HQEHL%Q ML +€||E(w6)”L2(Q MEXE ) ”66HL2(Q;MdXd dr

sym ) sym ) sym )

|> 19|l L1 () dr

sym ) sym )

t t
+C/0 EHwEHLZ(Q;Rd)EHuEHL2(Q;JR‘1)dr+C/0 (%HQE”LOO(QMdXd +€1/2”E(w6)HLOO(QMdXd

Applying the aforementioned variant of the Gronwall Lemma from [Dra03|, we obtain €| || 1o (0,7;12(0;r)) +
supyepo, 1] €(Ve(t), ec(t)) < C, whence the third bound in (6.9a)), and the first bounds in and .

Second a priori estimate: We (formally) test the rescaled heat equation (6.2a)) by ¥2~! and integrate on
(0,%), thus retrieving the (formally written) analogue of (4.16]), namely

/ / IV( 190‘/2)|2da:dr+520D/ o209 dzdr

<5/ /19190‘ ldxerrs/ /19]]3% e M dadr (6.11)

:7/(19 () dx——/(ﬂo) dx+5/ 9B 9O dadr = 1) + I + Is.
Q Q

(67 «
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in view of the scaling (6.1]) for B.. The first two integral terms on the r.h.s. can be treated in the same way as
in (4.17)), taking into account the previously proved bound for ||,z (0, 7;1(q))- We thus obtain

I +1; < Ce. (6.12)

Again, we estimate

e2Ch . 12901 2 [ at1
I3 < 1 léc|“9¢ ™ dadr + Ce 92T dadr.
Q 0 Jo

While the first term in the above formula is absorbed into the Lh.s. of (6.11]), the second one is handled by
the very same arguments developed in the proof of Prop. In this way, also taking into account (6.12)), we
obtain,

HVﬁsnzL?(Q;Rd) + Hv(ﬁa)(qua)/QH%%Q;Rd)) + ||V(19s)(”7a)/2||3:2(Q;Rd)) < Ce+C'e, (6.13)
whence, in particular, the third bound in . The second bound follows from interpolation arguments, cf.
(4.25]).

Third a priori estimate: We now address the (rescaled) mechanical energy balance (6.2d|). The scaling (6.1))
of B. yields for the third integral term on the right-hand side

t t t
/ /19818%:51/2é5d:z:dr g/ / \195|2dzdr+5/ / 6|2 dadr, (6.14)
0 Q 0 Q 4 0 Q

so that the latter term can be absorbed into the left-hand side. The remaining terms on the r.h.s. are handled
by the very same calculations developed for the First a priori estimate. Therefore, from the bounds for the
terms on the Lh.s. of , we conclude the second of , and thus, by kinematic admissibility, the
first two bounds in (6.9a). We also infer (6.9d).

Fourth a priori estimate: The last bound in follows from a comparison argument in the rescaled
momentum balance ((6.2b]), taking into account the previously proved estimates, as well as the uniform bound

(6.3c]) for £.. In the same way, a comparison in the heat equation (6.2a]) leads to the last estimate in .
This concludes the proof. O

Remark 6.3. Condition (6.3b)), imposing that the functions (¢.)p tend to zero (w.r.t. suitable norms) has
been crucial to compensate the blowup of the bounds for p., in the estimate of the term f(f fQ(gg)DpE dz dr

contributing to fot <LE,uE)H11)_(Q;Rd) dr on the right-hand side of the total energy balance (6.2¢]). A close

perusal at the calculations for handling fot (Le,ue) HL (Q:RY) dr reveals that, taking the tractions g. null would
not have allowed us to avoid (6.3b]), either (unlike for the thermoviscoplastic system, cf. Remark [4.4)).
For estimating the term [[ 9.B:e/2¢.dxdt it would in fact be sufficient that the thermal expansion tensors

B. scale like £1/2: As we will see in the proof of Theorem [3| the (slightly) stronger scaling condition from (6.1)
is necessary for the limit passage as € | 0 in the mechanical energy equality.

6.2. Proof of Theorem We split the arguments in some steps.

Step 0: compactness. It follows from that V9., — 0 in L?(Q;R?). Therefore, also taking into account
the other bounds in 7 we infer that, up to a subsequence the functions (¥, ), weakly converge to a
spatially constant function © € L*(Q), with h as in . In fact, we find that © € L*°(Q) since for every
t € (0,T) and (sufficiently small) r > 0

t+r t+r
| 8loyds < timint [ 02,1y ds < 20
t k—o0

—r t—r
where the first inequality follows from Y., — © in L'(Q) and the second estimate from bound (6.9¢). Then,
it suffices to take the limit as r | 0 at every Lebesgue point of the function ¢ — ||©(t)| 11 (o) = |©(t)[|2|.

On account of the continuous embedding L'(Q;M%L*?) ¢ M(QUI'p;,; ME*?) we gather from that
the functions p. have uniformly bounded variation in M(QUI'pj,; MdDXd). Therefore, a generalization of Helly
Theorem for functions with values in the dual of a separable space, cf. [DMDMO06], Lemma 7.2], yields that there
exists p € BV([0, T]; M(QUI'pi; ME*?)) such that convergence holds and, by the lower semicontinuity
of the variation functional Varg, that

Varx (p; [a,b]) < likm inf Varg (pe, ; [a, b]) for every [a,b] C [0,T]. (6.15)
—00



FROM VISCO TO PERFECT PLASTICITY 49
For later use, we remark that, in view of estimate (6.9¢)) on (p;)e,
T
- / R(pe ) dt =0, expe, — 0 in L2(Q: ML), (6.16)
0

In fact, we even have that
e/ %pe, — 0 in L2(Q; ME*9), (6.17)

Indeed, by (6.9¢) there exists w € L?(Q; MdDXd) such that a,t/zpsk — w in LQ(Q;MdDXd). We now show that
w = 0. With this aim, we observe that, on the one hand the weak convergence in L?(Q; M&*?) entails that

/Qg(z) (/Ot s;/2p5k(s,x)ds> dx%/gf(x) </0tw(s,:17)d5) da

for every t € (0,T) and € € L?(Q;ME*?), i.e. fg ellc/ngk ds — fg wds in L2(Q; ME*?). On the other hand, we

have that

t

1/2. _ H 1/2 1/2 0
€ e, dr =lle e, (1) — e e —0
’/0 K Pe Lt(o;ME* ) ¢ per) b P LY (QMEx )
in view of estimate (6.9¢c)). Hence, (6.17]) ensues.
Up to a further subsequence, we have
e, e in L®(0,T; L?(Q; MEXD). (6.18)

Due to (6.9b)), with the same arguments as for (6.17) we have that

enée, = 0in LA(QMAL), /e, = 0in L2(Q: M), (6.19)

We combine the estimate for E(u.) in L“(O,T;Ll(Q;Mgﬁr‘f)) with the fact that the trace of u. on I'piy
(i.e., the trace of w.) is bounded in L*°(0,T; L'(T'py; R?)) thanks to (6.3¢). Then, via the Poincaré-type
inequality (5.2) we conclude that (u.). is bounded in L*(0,7;BD(Q;R?)), which embeds continuosly into

L>(0,T; LY(d=1)(Q; R?)). Therefore, up to a subsequence

Ue, = u  in L0, T; LY @D (Q; RY)). (6.20)

Again via inequality (5.2)) combined with estimate (6.3d]) on ., we deduce from the estimate for e'/?E(,)
in L2(Q;ngxn‘f) that €'/24,. is bounded in L?(0,T;BD(Q;R?)), hence in L?(0,T; L@~V (Q; R?)). Therefore,

taking into account (6.20)), we get that

1/2

%4, — 0 in L2(0,T; LY @D (Q; RY)).

Thus, also yields
Exlic, — 0in L®(Q; L2(4RY)),  eliie, — 0 in L*(; Hp, (G RY*). (6.21)

Step 1: ad the global stability condition for almost allt € (0,T). We will exploit Lemma and check that

(1) the stress o belongs to the elastic domain K(£2);
(2) it complies with the boundary value problem ([5.17));
(3) the triple (u,e,p) is kinematically admissible.

Ad (1): It follows from the scaling of the tensors B, and from estimate on () that the term
¥.B. strongly converges to 0 in L2(Q;ngxxg). Therefore, also taking into account convergences and
, we deduce that

0., — o =Ce in L2(Q; M2x4). (6.22)

Sym
Hence,

T T
/ (o, K(Q))dt < lim inf / (02, ), K(Q)) dt = 0,
0 0

k—o00
where the last equality follows from estimate deduced from the (rescaled) mechanical energy balance
(6.2d)). Therefore, the limit stress o complies with the admissibility condition o(t) € K(Q) for almost all
te(0,T).
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Ad (2): Exploiting convergence (6.3c]) for the loads L., and (6.21) for the inertial terms ii., , we can pass
to the limit in the rescaled momentum balance (6.2b)) and deduce that o complies with

/Qo(t):E(v)dx: (L(t),v)y HL, (QRY) —/F Uda:—|—/FNCu g(t)vdS for a.a. t € (0,7,

whence ([5.17)).

Ad (3): In order to prove that (u(t),e(t),p(t) € App(w(t)) we will make use of the closedness property
guaranteed by Lemma [5.1] and pass to the limit in the condition (u. (%), e<(t),p(t)) € A(w.(t)) C App(we(t))
for almost all t € (0,7). However, we cannot directly apply Lemma as, at the moment, we cannot count
on pointwise-in-time convergences for the functions (u., )r and (ec,)r. In order to extract more information
from the weak convergences and , we resort to the Young measure compactness result stated
in the upcoming Theorem m Indeed, up to a further extraction, with the sequence (ue,,éc,)r, bounded
in L>®(0,T;X) with X = L¥/d=1(Q; Rd) x L2(; ML), we can associate a limiting Young measure p €
#(0,7;X) such that for almost all ¢ € (0,7) the probability measure yu; is concentrated on the set L; of
the limit points of (u., (t),e., (t))r w.r.t. the weak topology of X, and we have the following representation
formulae for the limits u and e (cf. (A-3))

(u(t),e(t)) = /X(u,e) dpg(u,e) for a.a. t € (0,7).

Furthermore, for almost all ¢ € (0, 7)) let us consider the marginals of y;, namely the probability measures yu}
on L¥@=D(Q; R?), and p? on L?(;M%X?), defined by taking the push-forwards of y; through the projection

sym

maps 71 : X = LY @=D(Q;RY), and 73 : X — L2(Q;MEXY), ie. pf = (m)spu for i = 1,2, with (m;) 44 defined
by (m:)gpe(B) := pi(m; H(B) for every B  LY@=D(Q;R?) and B C L*(Q; MZE%d), respectively. Therefore,

) =m ([ weamwe) = [ mwedutue = [ s o V) (6.232)

and, analogously,

e(t) = / edu?(e). (6.23b)
L2(Q;ME%T)

By (A.2) in Theorem the measure pi (u?, respectively) is concentrated on Uy := (L), the set of the
weak-L% (4= (Q; R?) limit points of (ue, (t))x (B := ma(L;), the set of the weak-L?(Q; M%X¢) limit points of

sym

(ec, () respectively). We now combine (6.23)) with the following information on the sets U; and E;. Indeed,

U; Cc BD(;R?)  for a.a. t € (0,7). (6.24a)

Indeed, pick u € U, and a subsequence u.t (t) possibly depending on ¢, such that u. () — LY@=1)(Q; R9).
J

Since (ue)e is bounded in L*°(0,T; BD(Q R9)), we may suppose that the sequence (uz: ) is bounded in
BD(Q;R%) and, a fortiori, weakly*-converges to u in BD(Q; R?), whence (6.24a)). Ultimately,

u = | v = [ uded)
LA/(d=1) (Q;R?) BD(Q;R¢)

E(u) =e+p(t) for every (u,e) € Uy x E; and for a.a. t € (0,7). (6.24b)

This follows from passing to the limit in the kinematic admissibility condition F(uc, (t)) = ec, (t) + pe, (t),
taking into account the pointwise convergence (6.4d)). Finally,

p(t) = (w(t)—u)@vt1 on I'pj; for every u € U, and for a.a. t € (0,7T), (6.24c¢)

Furthermore,

which ensues from Lemma also taking into account convergence (6.3¢€]) for (w.). Then, integrating ((6.24b))
w.r.t. the measure y;, using that

/ E(u)dpe(u, ) = B / udpue(u)) = B( udpid (v) = E(u(t))
Ld/(d=1) (;R4)

by the linearity of the operator E(-), and arguing analogously for the other terms in ((6.24b)), we conclude that
E(u(t)) = e(t) + p(t). The boundary condition on I'p;, follows from integrating (6.24c|). This concludes the
proof of the kinematic admissibility condition, and thus of , for almost all t € (0,T).
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Step 2: ad the upper energy estimate in for almost all t € (0,T). We shall now prove the inequality < in
(E)). With this aim, we pass to the limit in the (rescaled) mechanical energy balance (6.2d]), integrated on a
generic interval (a,b) C (0,T). Taking into account that the the first four terms on the Lh.s. are positive, we
have that

b bt
likminf/ (Lhus. of (6.2d)))dt Zlikminf/ / R(Pe,) dsdt+11m1nf/ Qee, (t
— 00 a — 00 a 0
b
z/ Varg (p: [0,t])dt+/ O(e(t)) dt.

The first lim inf-inequality follows from the fact that

(6.25)

t 9
lim inf/ R(Pe, ) ds likm inf Varg (pe,;[0,t]) = Varx(p;[0,t]) for every ¢ € [0,T]
0 — 00

k—o0
and from the Fatou Lemma. The second one is due to the weak convergence (6.18]) for the sequence (e, ).

As for the r.h.s. of (6.2d)), we have that
b

lim [ (rhs. of )dt:/ab (Q(eo)—/QQ(O) (eo—E(w dac—i—/ /0 E(w)dzds

k=00 Jq
+/Qg(t):( (t)—E dx—/ / dxds)dt.

In fact, the term % Jo, 142 |2 da on the r.hus. of (6.2d)) tends to zero by (6.3f). For the term [ (L., , e, —tie,)
we use the safe-load condition, yielding

bt bt bt
/ / (Lepstiey, =t ) 1 (qurey dsdi :/ / / Oey B (e, ) dzdsdt —/ / / 0, B (e, )daxdsdt .
a JO . a JO JQ a JO JQ

In order to pass to the limit in the first integral term, we replace E (1., ) by éc, +De, via kinematic admissibility,
and integrate by parts the term featuring g, éc,, thus obtaining the sum of four integrals, cf. equality (2) in
(6.10). Referring to the notation Iy, ..., I4 for the terms contributing to (6.10)), we find that

(6.26)

f;[ldt i—z —f:fotfﬂ o:edrdsdt
o Tdt = [ [ o()e(t)dt

3
7 Iyat (44 — [" [, 0(0):e(0) dt
a9 oo,

as k — oo, with convergences (1) & (2) due to the first of (6.3b) combined with (6.18)), while (3) follows from

(6-3D) joint with (6.3f). Finally, (4) ensues from

|14 = ‘/ /st Pe, daxds

where the last estimate is a consequence of ((6.3b|) and of estimate (6.9¢)) for p., . Finally, again thanks to (6.3b))
joint with (6.3€]), we find that

b t
a 0 Q
b t
—>—/ / /Q:E(w)dxdsdt
a 0 Q
b
:/ /g(t): ))dadt — // dxdt—l—///g E(w)dzdsdt,
a Q

the last equality due integration by parts.
To pass to the limit in the fourth integral term on the r.h.s. of (6.2d) we use that

1/2 1/2
S & / sk”(QEk)DHLZ(OtL%Q de‘i))gk ”pEkHLZ(O #L2 QX)) S Cey, =0

( a—

1
< EkaHﬂak||L2(Q)||éak||L2(Q X d < CEk 250

sym

t
/ Ve, Be, 6, duds
Q

for all t € [0, 7], with (2) following from the scaling (6.1)) for B., and estimates and (6.9¢). The fourth
integral term on the r.h.s. of (6.2d]) tends to zero thanks to estimate for (4, )r and to convergence (6.3¢€)
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for (we, ). Combining ([6.22)) with (6.3¢]) we finally show that

bt bt
/ / /Uek:E(wek)dxdsdt—)/ / /U:E(w)dxdsdt.
a JO JQ a JO JQ

In view of all of the above convergences, ((6.26]) ensues.
Combining (6.25)) and (6.26)) we obtain for every (a,b) C (0,7T)

/ab (Q(e(t))+Varx(p; [0,t])) dt < /ab (Q(eo) - /Q 0(0) : (ep—E(w(0)))dz + /Ot/ﬂa : E(w)dzds

—I—/Qg(t) : (e(t)—E(w(t)))dx—/t/ ¢ (e~ E(w))drds) dt.

Then, by the arbitrariness of (a,b) C [0,T], we conclude that for almost all ¢ € (0,T) there holds

Q(e(t))+Varg (p; [0,¢]) < Q(eg) — /Q 0(0) : (eg — der/ / o: E(w)dzds

+ /Q o(t) : (e(t) — E(w(t)))dz —/0 /Q@: (e—E(w))dxds

Step 3: ad the lower energy estimate in for almost all t € (0,T). We use a by now standard argument
(cf. [DMET05D) [Mie05]), combining the stability condition with the previously proved momentum balance
to deduce that the converse of inequality holds at almost all ¢ € (0,T). We refer to the proof of
[DMS14, Thm. 6] for all details.

Step 4: conclusion of the proof. It follows from Steps 1-3 that the triple (u,e,p) complies with the kinematic
admissibility and the global stability conditions, as well as with the energy balance, at every ¢t € S, with
S C [0,T] a set of full measure containing 0. We are then in the position to apply Thm. and conclude that
(u,e,p) is a global energetic solution to the perfectly plastic system with the enhanced time regularity .

(6.27)

We also conclude enhanced convergences for the sequences (ue, ) and (e, ) by observing that

b b
limsup/ (Lh.s. of (6.2d))) dt < limsup/ (r.hus. of (6.2d)) ar & / (r.hus. of (E)) at & / (Lh.s. of (E)) dt
a k—oc0 a

k—o0 a

where (1) follows from the limit passage arguments in Step 2 and (2) from the energy balance . Arguing in
the very same way as in the proof of Lemma and Thm. |1} we conclude that for almost all ¢ € (0,T)

b 2
lim &/ i, (t)]?dxdt = 0 whence epi, (t) — 0 in L?(Q; R?),
k—o0 a 2 Q )
b t
Jim [ ey / / Dé., : éo,dzdrdt =0 whence &/%¢., — 0 in L2(0, 1 L2(; MEXD)), (6.28a)
=X Ja 0 JQ
b t
klim / 5k/ / e, | dedrdt = 0 whence s,lf/Zpsk — 0 in L*(0, t; L*(Q; ME*),
=X Ja 0 JQ
as well as the convergence
/ (ec, (1)) dt — / ))dt whence e, (t) — e(t) in L*(Q;M%5Y) for a.a. t € (0,7). (6.28b)

We use - to conclude n With the very same arguments as in the proof of [DMS14] Thm. 6] we also
infer the pointwise convergence (|6.4b)).

Furthermore, exploiting (6.28)), the weak convergence (6.4a) for (., ), and the arguments from Step 2, we
pass to the limit in the (rescaled) total energy balance (6.2€)), integrated on an arbitrary interval (a,bd) C (0,7T).
We thus have

b, b
lim (PQ /Q |u5k2dx+8(195k(t),egk(t))> dt — / E(O(t), e()) dt, (6.29)

k—oo J,

whereas, also taking into account (6.3al) and (6.31]), arguing as in Step 2 we find that

lin;o ab (r.hus. of (6.2€)) dt = /ab (8(190,60) - /Q 0(0) : (eg—E(w(0)))dx + /Ot/ﬂa : E(w)dzds

k—
. (6.30)
+ /Q o(t) : (e(t)—E(w(t)))dx _/0 /Qg: (e—E(w))dxds) dt.
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Combining (6.29) and (6.30) and using the arbitrariness of the interval (a,b), we conclude the energy balance
. A comparison between and yields (6.7). This concludes the proof of Theorem ]

APPENDIX A. AUXILIARY COMPACTNESS RESULTS

The proof of Theorem and the argument in Step 1 of the proof of Thm. [3] hinge on a compactness
argument drawn from the theory of parameterized (or Young) measures with values in an infinite-dimensional
space. Hence, for the reader’s convenience, we preliminarily collect here the definition of Young measure with
values in a reflexive Banach space X. We then recall the Young measure compactness result from [MRST3],
extending to the frame of the weak topology classical results within Young measure theory (see e.g. [Bal84l
Thm. 1], [Val90, Thm. 16]).

Preliminarily, let us fix some notation: We denote by .Z(o 1) the o-algebra of the Lebesgue measurable
subsets of the interval (0,7T") and, given a reflexive Banach space X, by Z(X) its Borel o-algebra.

Definition A.1 ((Time-dependent) Young measures). A Young measure in the space X is a family
p = { it }ee(o,ry of Borel probability measures on X such that the map on (0,T)

t— pus(A) is  Lory-measurable  for all A € B(X). (A.1)
We denote by % (0,T;X) the set of all Young measures in X.

The following result subsumes only part of the statements of [MRS13, Theorems A.2, A.3]. We have in fact
extrapolated the crucial finding of these results for the purposes of Theorem [4.5] and also for the proof of Thm.
They concern the characterization of the limit points in the weak topology of LP(0,T;X), p € (1,+00],
of a bounded sequence (¢,,), C L?(0,T;X). Every limit point arises as the barycenter of the limiting Young
measure pt = (ft)¢e(0,7) associated with (a suitable subsequence (£, )r of) (£y)n. In turn, for almost all
t € (0,T) the support of the measure p; is concentrated in the set of limit points of (¢,, (t))r with respect to
the weak topology of X.

Theorem A.2. [MRS13| Theorems A.2, A.3] Let p > 1 and let (¢,), C LP(0,T;X) be a bounded sequence.
Then, there exist a subsequence ({y, ) and a Young measure p = {it}eo0,m) € #(0,T;X) such that for a.a.

e 0,1 -
put s concentrated on the set Ly := 2y {€n,(t) : k> p} (A.2)

of the limit points of the sequence (£y, (t)) with respect to the weak topology of X and, setting

/ Idpe(1) for a.a. t € (0,T),

there holds
by, — £ in LP(0,T;X) as k — oo (A.3)
with — replaced by — if p = co.
Furthermore, if py = d¢(¢) for almost all t € (0,T), then, up to the extraction of a further subsequence,
ln,(£) = L(t) inX fora.a. te(0,T). (A.4)

We are now in the position to develop the proof of ([£.37) in Theorem (recall that the other items
in the statement have been proved in [RR15, Thm. A.5]). Following the outline developed in [RR15] for Thm.
A5 therein, we split the argument in some steps.

Claim 1: Let F C ELy(O) be countable and dense in El,y(O). There exist a subsequence ({n, )i of (bn)n, a
negligible set J C (0,T), and for every ¢ € F a function £, : [0,T] — R such that the following convergences
hold as k — oo for every ¢ € F':

(ny, (), 0)y = Zp(t)  for every t € [0,T], (A.5)
Uy (), )y — Lo(t)  for every t € [0,T\J and for every (t)r C [0,T] with t), — t. (A.6)
Convergence ((A.5)) was already obtained in the proof of [RR15, Thm. A.5], therefore we will only focus on the
proof of (A.6). With every ¢ € By v(0) we associate the monotone functions V¥ : [0,7] — [0, +00) defined

by V¥ (t) := Var( (€n, ¢)y; [0,1]) for every ¢t € [0,T]. Let now F C By,y(0) be countable and dense and let us
consider the family of functions (V¥),cn, ocr and the associated distributional derivatives (v¥)nen, pcF, in fact
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Radon measures on [0,7]. It follows from estimate , combined with a diagonalization procedure based
on the countability of F', that there exist a sequence of indexes (ng)i and for every ¢ € F a Radon measure
such that 17 Sy as k — oo, Set VL () := v£([0,t] for every t € [0,T]. Since the function V£ is
monotone, it has an at most countable jump set (i.e., the set of atoms of the measure v¥ ), which we denote
by J,. The set J = UeperJ, is still countable.

In order to show that (A.6]) holds, let us fix ¢ € F. The sequence ( (¢n, (tx),¢)y )k is bounded for every
¢ € F and therefore it admits a subsequence (not relabeled, possibly depending on ¢), converging to some
E_QD € R. Observe that

V&

. . W
B = Lo = 1 |l (t6),0)y — (b (8), @)y | < imsup Var( (b, )y [1,14])

k—o0
) (2) (3)
= limsup vy ([t,t]) < v ({t}) =0,

k—o0
where (1) follows from supposing (without loss of generality) that ¢ < ¢ for k sufficiently big, (2) from the
upper semicontinuity property of weak* convergence of measures, and (3) from the fact that ¢ ¢ J is not an
atom for the measure v¥ . Therefore lzp = Z,(t) and, a fortiori, one has convergence (|A.6]) along the whole
sequence of indexes (ng)g.

Claim 2: Let (¢, ) be a (not relabeled) subsequence of the sequence from Claim 1, with which a limiting Young
measure p = {f1s}re0,m) € Z(0,T;V) is associated according to Theorem . Then, there exists a negligible
set N C (0,T) such that for everyt € (0,T)\ N the probability measure ji; is a Dirac mass oy, with £(t) € V
fulfilling

(L(t), o)y = Z,(1) for every v € F, (A7)

and (4.36) holds as k — oo.
We refer to the proof of [RR15, Thm. A.5] for this Claim.

Claim 3: Set J := NUJ. For every t € [0,T]\ J and for every (t;)r C [0,T] with tx — t there holds
O, (E) — L£(t) in Y*.

Indeed, the sequence (¢, (tx))r is bounded in Y*, and therefore it admits a (not relabeled) subsequence weakly
converging in Y* to some £. It follows from and that (€, @)y = Z,(t) = (L(t), ) for every p € F.
Since F is dense in B; v(0), we then conclude that ¢ and £(¢) coincide on all the elements in By v (0). Hence
£ =1{(t) in Y* and the desired claim follows. This concludes the proof of (4.37). ]
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