THE REGULARIZATION EFFECT OF WILLMORE ENERGY

XIN YANG LU

ABSTRACT. We consider the functional

EpA(R) := / dist? (z, OR) dz 4+ A / kordHlor,
R OR

where p > 1, XA > 0 are given parameters, R varies among compact, convex sets of R? with Haus-
dorff dimension equal to 2, R denotes the boundary of R, dist(z, dR) is the Hausdorff distance
between {z} and OR, and kar denotes the (signed) curvature of R. The term fR dist? (z, OR) dx
quantifies the “average distance” of points (of R) to the boundary, and fBR kir dHlop is the in-
tegrated squared curvature. We make no a priori assumptions on the regularity of the boundary
OR, hence even existence of minimizers is unclear. The aim of this paper is to prove existence
and C"! regularity of minimizers of E, .

Keywords. average-distance problem, regularity, Willmore energy
Classification. 49Q20, 49K10, 49Q10,

1. INTRODUCTION

The curvature of boundaries plays an important role in many biological models. For instance,
the elasticity of cell membranes is strongly correlated to its bending, and thus to its curvature.
One way to quantity the bending energy per unit area of closed lipid bilayers was proposed by
Helfrich in [9], and is now commonly referred to as “Helfrich energy”. A related notion, from
differential geometry, is the “Willmore energy”, which measures how much a surface differs from
the sphere. In 2D, the Willmore energy simplifies to the integrated squared curvature.

Easy access to the boundary is also relevant: many processes such as heat dissipation, waste
disposal and nutrient adsorption, are more efficient when the whole body has “easy access” to its
boundary. One way to quantify the “easiness” for points of a set R to access its boundary OR is
an energy term of the form

/ dist?(z, OR) dz. (1)
R
The functional is formally similar to the average-distance functional

E>—>/ dist?(z, X) dz,
Q

where () is a given domain, and the unknown 3 varies among compact, connected sets of €2
with Hausdorff dimension equal to 1. The average distance functional is used in many modeling

applications, such as urban planning and optimal pricing. For a (non-exhaustive) list of references
1
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on the average distance problem we refer to the works by Buttazzo et al. [l 2] 3, [4, [l [6l [7, [§].
Also related are the papers by Paolini and Stepanov [13], Santambrogio and Tilli [14], Tilli [16],
Lemenant and Mainini [II], Slepéev [I5], and the review paper by Lemenant [10]. . However,
a crucial difference is that the domain is given in the average-distance functional, while it is a
variable in the functional . This makes the proof of existence significantly more involved.

In this paper we consider the two-dimensional setting, with the main functional being

Eya(R) = /R dist?(z, OR) dz + A /8 KR dMlap, 2)

where p > 1, A > 0 are given parameters, the argument R varies among compact, convex,
Hausdorff two-dimensional sets of R?, R denotes the boundary of R, and

dist(z,OR) := inf |z —y|.
(z,OR) o |z =yl
The choice to work with convex sets is due to technical reasons. The term
2 1
/ kor A oR (3)
OR

is the integrated squared curvature. Since we made no a priori assumptions on the regularity of
the boundary OR, the integrand kgr may be a curvature measure (instead of a function). For
future reference we will define it as follows:

dk 2
/ dHfR dHlyp if kor < Hlgp,
OR
/ kiR dH g == LOR (4)
OR
+00 if kor £ Hlgp-
drar

Here the notation denotes the Radon-Nikodym derivative.

dH!

The choice to deﬁn:ea?t as +oo when rgr & H!yp is due to the following argument: if kopp &
H!yp, then by definition there exists a set Q@ C OR such that H'(Q) = 0 but |kor(Q)| =
fQ |kor| dHlyr > 0. Let @, be a monotonically decreasing (with respect to set inclusion) sequence
of sets converging to @, that is

+oo

Q12@22 2@, 2 2(Qk=0Q.

k=1
Then it follows
H (Qn) 0, [ror(Qn)| \ |kor(Q)],

and, by the monotone convergence theorem,

|kor(Qn)* _

/]/{aR|2dHEaR: lim |’€8R|2dHEaRZ lim = 400
Q Qn

n—-+o00 n—-+o00 ?{1(an)

Clearly, the functional Ej, ) is invariant under rigid movements. Further details about the space
of convex sets, and its topology, will be discussed in Section [2l The main result is:
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Theorem 1.1. Given p > 1, X > 0, any minimizer R of E, ) is CY-regqular with Lipschitz
constant at most
Y =Y(p,A) :=202XA " "'p(Dpx + 1)P 17Dl \ + K »),
where
1
Dpyi= (24- 272 (p+ 1) (p+2)(1 + mA)?A 1) 757, (5)
7/V2 1 < 2 2¢/2(m + 1))
Koy=——"7"-4+2](A 2 D2 (A1 +2 6
A ()\1+27r * )( T2m) O T+omZ A lt2n VDA +2m), (6)

are geometric constants independent of R. That is, the boundary OR admits a C“'-reqular,
arc-length parameterization v : [0, H(OR)] — R? such that

17 (t1) =4/ (to)| < Y|t1 — to

for any to, t1.

There are essentially two main difficulties in our analysis:

(1) the space of compact, convex sets of R? with Hausdorff dimension equal to 2 (i.e., the
space X defined in below) is not closed with respect to the symmetric difference
distance (i.e., the distance d defined in below). Thus even existence of minimizers is
unclear.

(2) Since we made no assumption on the regularity of admissible minimizers R, we need first
to prove that all potential minimizers have an uniform bound on the integrated squared
curvature. Moreover, since the proof of Theorem is done by comparing the minimizer
with suitable competitors, care is required in constructing such competitors to achieve
non-trivial estimates.

Issue (1) is overcome via estimates (both from above and below) on the diameter (Lemmas
and and area (Lemma of minimizing sequences. Issue (2) is overcome by carefully
constructing competitors (for the actual construction, we refer to the proof of Theorem in
Section 3) while preserving the regularity.

2. PRELIMINARY RESULTS
Since we are mainly considering compact, convex, Hausdorff 2-dimensional sets of R?, we set
X :={R: R is a convex, compact, Hausdorff 2-dimensional set of R?}, (7)
and endow X with the distance
d(Ry, R) := H*(R1ARy), A := symmetric difference (8)

One of the key difficulties in our analysis is that X is not complete with respect to d, which makes
unclear if F, y admits minimizers in X. Set

X := completion of X with respect to d.
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We will overcome the non-completeness of X via estimates on diameter (see Lemma [2.1)), perime-
ter (see Lemma [2.3]), and area (see Lemma [2.2)) of elements of minimizing sequences.
To simplify notations, for future reference, given points z,y € R?, we denote by
[[xay]] = {<1 - S)[I} tsy:se [07 1]}
the line segment between x and y. Moreover, given 7 > 0, we will denote by B(z,r) the ball with

center x and radius 7.

Lemma 2.1. Given p > 1, A >0, for any R € X it holds

47\
diam(R) > ————. 9
(R) = EoA(R) (9)
Then, for any minimizing sequence R, C X (that is, Ey x(Ry) — infx E, ») it holds
27
di n) > =:0 1
1am(R)_1+7T)\ A (10)

for all sufficiently large n. Finally, any minimizer (if they exist at all) satisfies estimate (10]) too.

Proof. Consider an arbitrary R € X. Choose x,y € OR such that |x — y| = diam(R). Note that
R C B(x,diam(R)), hence due to the convexity of R, it follows

H'(OR) < mdiam(R).

As OR is a closed convex curve with winding number equal to 1, it follows

/BR \kop| dH!gp = 27,
and by Hélder’s inequality it holds

412\ 4T
E > ordH g > =
pA(R) > )\/8R kordH pp = HY(OR) ~ diam(R)’

hence @

To prove (L0), we show first that infy Ej, 5 < +oco. Consider the unit ball B := B((0,0), 1),
and note that

inf By x < Epa(B) = / dist? (z, OR) dz + )\/ ki dHlyp <1427 (11)
B 0B

Let R, C X be an arbitrary minimizing sequence. Clearly, since E, \(R,) — infx E,, 5, for all
sufficiently large n it holds

Eypa(Ra) <inf Epp +1 < 2+ 27,

27

and (9) gives diam(R,) > 1I
i
diameter with respect to the convergence in (X, d). O

R hence . The last part follows from the continuity of the
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Lemma 2.2. Givenp>1, A >0, and R € X, it holds

27 \2
2
R)> ———. 12
Moreover, given a minimizing sequence R, C X, it holds

2

9 A
R, > ——— = 13
PR 2 57y = o (13)

for all sufficiently large n. Finally, any minimizer (if they exist at all) satisfies estimate (13)) too.

To simplify notations, for future reference, given a point z € R?, the notations z, (resp. z)
will denote the z (resp. y) coordinate of z.

Proof. Consider an arbitrary R € X. Choose arbitrary points ,y € JR such that |z — y| =
diam(R). Endow R? with a Cartesian coordinate system, with origin at the midpoint (Z + %)/2,
such that 7 = (— diam(R)/2,0), y = (diam(R)/2,0). Let v : [0, H!(OR)] — OR be an arc-length
parameterization, and without loss of generality, we impose v(0) = . We claim
e +(0), = 0.

Assume the opposite, i.e., v/(0), # 0. For |¢| < 1, since 7 is C'-regular, it holds y(¢) =

Z +¢e7'(0) + ve, for some vector v, with |vz| = o(e) as € — 0. Since y — & is parallel to the

r-axis, it follows

= 7,(0)15 7& 07

d, _ Cly—(@+ey(0)| = |y — x| +o(e
Aol g = O = =3+ o)
dt =g €0 €

hence ¢ = 0 is not a maximum for ¢t — |y — y(¢)|. This contradicts
y — x| = diam(R) = y —
|9 — 2| = diam(R) = max [§ — x|,

and the claim is proven.

Without loss of generality, we can further impose +/(0) = (0,1). Consider the region RN{y > 0}.
Set

to == inf{t : 7/(t), = 1/2},

where 7(t), denotes the y-coordinate of v(t). By Hélder’s inequality it follows

1 H'YQIJ”%"V(O to) 2 1
4—:7’§/ K2 dHl o < — 1y >
to to OR

Ep’A(R) A
A - 4Ep7/\(R) '
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FIGURE 1. Schematic representation of the construction.

Since 1/2 < 7, (t) < 1 for any ¢ € [0,%o], it holds 7(t9), > to/2. Due to the convexity of
RN {y > 0}, both line segments [y(to), z] and [y(to),y] are contained in R, hence Azy(to)y C R.
By construction, the triangle Azvy(to)y has base [z, y] and height [vy(to), (7(t0)z,0)], hence

L3 (0)5) = 317~ 31 (ko) > T (15)

Repeating the same construction for RN {y < 0} gives the existence of t1 > ;"7 ); ® such that
p,
the triangle Azv(t1)y satisfies

_ _ 1, _ diam(R)¢
W83 (0)5) = 117 — 31 (i) > DO (16)
Combining and gives
i i (14) 2
H2(R) > diam(R)tg N diam(R)ty @Z. 27

- 4 4 Ep A (R)?’
hence .
To prove , note that the above arguments give
02 27x2 @ 72
n) = > )
o (Rn)? 2(14mA)?

for any sufficiently large n, and proof of is complete. The last part follows from the continuity
of the H2-measure with respect to the convergence in (X, d). (]

2

Lemma 2.3. Givenp>1, A >0, for any R € X it holds

diam(R) < "/24 - 2(p + 1)(p + 2) Epn(R)2/\. (17)
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Moreover, for any minimizing sequence R, C X (that is, E, \(R,) — infx E, ) it holds

diam(R,) < "H/24 - 2042(p + 1)(p + 2)(1 + 7A)2/A = Dy » (18)

for all sufficiently large n, with D, » defined in . Finally, any minimizer (if they exist at all)
satisfies estimate (18) too.

Proof. Similarly to the proof of Lemma consider an arbitrary R € X, and choose arbitrary
points 7,3 € OR such that |7 — j| = diam(R). Endow R? with a Cartesian coordinate system,
with origin at the midpoint (z + y)/2, such that z = (— diam(R)/2,0), y = (diam(R)/2,0).

In the proof of Lemma we have shown the existence of a point ¢ € OR (e.g., the point
v(to)) such that

AZqyC R, gyl = (19)

8E,\(R)

FIGURE 2. Schematic representation of the construction. Here represented only
the region RN {y > 0}.

Let g. be the incenter of AZqy, and note that for any z € AZq.y it holds
dist(z, 0(Azqy)) = dist(z, [z, y]).
Denote by ¢ € [z, 7] the projection of ¢. on [Z,%], and set

Dy = |j'—qcl|, Dy = |§—C_ICL|, ri= ‘QC_ch|'
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Clearly, Dy + Dy = diam(R), and direct computation gives

/ dist?(z,0R) dz > / dist?(z,0R) dz > / dist?(z, [z, y]) d=
R N AZqly

]

Dy Lz Do Lz
:/_ _zgdz:/ /Dl ypdydx+/ /D2 yP dy dz
Azgty 0 0 0 0

(DY + DY r(diam(R)PH
P+D+2) ~ 22+ 1+2)
To estimate r, note that the sides [z, ¢.] and [y, g.] satisfy

|7 — y| = diam(R) > max{|Z — qc[, |y — ¢c[}.
Since

_ 1 . . _ _
HA(AZqey) = 5 diam(R)|gy| = 5 (diam(R) + |7 — qc| + 5 — ¢c|)r,

N

we infer

lay] A
3 24E, \(R)’

M3

r >

Plugging into gives
A (diam(R))P*1
24E, \(R) 2*(p+ 1)(p + 2

) g/ dist?(z,0R) dz < E, A(R),
R

hence .

To prove , note that for any minimizing sequence it holds

E

(11) ()
A (Rn) D 2(1 + \) = diam(R,) D afg 2+2(p + 1)(p + 2)(1 + 7A)2/\

(20)

for all sufficiently large n. The last part follows from the continuity of the diameter with respect

to the convergence in (X, d), concluding the proof.
Now we can prove the existence of minimizers in X (instead of just X).

Lemma 2.4. For any p > 1, A > 0, the functional E, \ admits a minimizer in X.

O

The following classic result (see for instance [I5], to which we refer for the proof) will be useful.

Lemma 2.5. Given a compact set Q C R?, and a sequence of curves {vx} : [0,1] — Q satisfying

sup [ykllBY < o0, Sl;le(’Yk([()’ 1])) < +o0,

where || - ||py denotes the BV norm, then there exists a curve v : [0,1] — Q, such that (upon

subsequence) it holds:
(1) v — v in C* for any « € [0, 1),
(2) v, =~ in LP for any p € [1,00),
(3) v =~ in the space of signed Borel measures.
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Proof. (of Lemma [2.4) Consider a minimizing sequence R,, C X. This assumption, instead of
R, C X, is not restrictive since X is dense in X. Since E), ) is invariant under rigid movements,
we can assume that R, 2 (0,0) for any n. In view of ([11)), without loss of generality, we can also
impose

sup Ep \(Rp) < 2(1+ 7).
n
Then by Lemma [2.3 we get sup,, diam(R,,) < D, , hence
R, C B((0,0),D, ) for any n.

Thus R, is a sequence of uniformly bounded, compact sets, and there exists (upon subsequence,
which we do not relabel) a limit set R € X such that R,, — R in the metric d (defined in (§)).

We claim
/ dist’(z,0R)dz = lim / dist?(z,0R,,) dz, (21)
R n——+oo Rn
/ KJ%R d?‘[&aR § lim inf K)(%R dH&aR . (22)
OR n—+0co JoR, " "

Step 1. Proof of . This follows from the arguments from [12, Lemma 2.1]. We report the
proof for completeness. We split the sums

dist?(z,0R,) dz = / dist?(z,0R,,) dz + dist?(z, 0R,,) dz,
Rp Rn\R RnNR
/ dist?(z,0R) dz :/ dist?(z,0R) dz + dist?(z, OR) dz,
R R\Rn, RnNR

and note that

dist?(z,0R,) dz — / dist?(z,0R) dz
R

’Rn

< / dist?(z,0R,) dz + dist?(z,0R) dz (23)
R.\R R\R,,
+ | dist?(z, OR,,) — dist?(z, 0R)| d=. (24)
RrNR
Moreover,
/ dist?(z,0R,,) dz < H*(R,\R) diam(R,) < H*(R,\R)D, » — 0,
R, \R
/ dist?(z,0R) dz < H*(R\R,,) diam(R) < H*(R\R,,) D, — 0,
R\R,,
hence

lim dist?(z,0R,) dz = lim dist?(z,0R) dz = 0.
n—-+o0o Rn\R n—+00 R\R,
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To prove

lim | dist?(z, ORy,) — distP(z,0R)| dz = 0,
n—-+4oo R,.NR

denote by dy the Hausdorff distance, and by the Mean Value theorem, it holds
/ | dist? (2, OR,,) — dist?(z, OR)| d=
R,NR

—1
S/ | dist(z, OR,,) — dist(z,0R)| -p sup (max{dist(z,8Rn),dist(z,8R)})p dz
R,NR 2€RpNR

< H*(Rp N R)dy(OR,, OR) - pDE! < wD2 \dyy(0Rn, OR) - pDEL! — 0.
Thus both terms and converge to zero, and is proven.

Step 2. Proof of . Let
Yo 1 [0, HY(OR,)] — ORpn,  m:[0,H'(OR)] — OR

be arc-length parameterizations. Note that the hypotheses of Lemma [2.5] are satisfied, since all
the v, are valued in B((0,0), D, »), and, due to their convexity,

s%p |villry = 27, s%p Hl(ﬁRn) < 27D, < 400,

with ||-||7v denoting the total variation semi-norm. Thus v” = ~” in the space of Borel measures.
Note that R,, C B((0,0), D, ), and by convexity, it follows that the perimeters are also uniformly
bounded, i.e.,

L* .= supH'(OR,) < +oc.
n
Thus we can define the curves

oo |0, L*] — ORy, Y : [0, L*] — OR
Yu(t) if t <HYOR,),

Y (HY(OR,)) if HY(OR,) <t < L*,

(1) = y(t) it <HY(OR),

' Y(HY(OR)) if H'(OR) <t < L*.

g
=
N~—
Il
—

Note that
L*
| b, dMlon, = [ 100",
ORn, 0

and

E,\(R
sup / kor, AHloR, < sup Epalftn)
OR, n

n
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Thus the densities (v;:)” are uniformly bounded in L?(0, L*;R), and converging to (7*)” in the
weak-* topology. Thus, by the lower-semicontinuity of norms, we infer

L* L*
timinf [ |0 Pde= [ 100 Pt = [ b dHlon,
0 OR

n—+oo Jo

hence . Combining with gives

Ep(R) < lim inf B, 5 (Ry) = i%f Ep

hence R is effectively a minimizer of E, ).

Step 3. Proof of R € X. Observe that Lemma gives H2(R,) > ay > 0 for any n, and
the continuity of the H2-measure under convergence with respect to d gives H2(R) > ay > 0.
Moreover, Lemma gives sup,, diam(R,) < D, ), and since we assumed that R, > (0,0) for
any n, it follows also R 3 (0,0). Therefore, R is bounded. Since R, is compact and convex for
any n, R is also compact and convex. Combining all the above observations gives R € X. ([

3. PROOF OoF THEOREM [L.1]

Now we are ready to prove the main theorem. In both the proof of Theorem and Lemmas
and we will use the “O(-)” notation: expressions of the form “some quantity X € R is
less than or equal to O(g%) (resp. “some quantity X € R is greater than or equal to O(g%)) (for
some « > 0 and € — 0) will mean that there exists a constant C' € R (independent of ¢) such
that X < Ce® (resp. X > Ce®) for any sufficiently small e.

Proof. (of Theorem [1.1)) Let R be a minimizer of E,, 5, and let v be an arc-length parameteri-
zation of OR. Assume there exist M, e, ty < t1 such that

' (to) =7 (t1)| = Me,  t1—to=e.
The goal is to find an upper bound for M.

Without loss of generality, upon rigid movements, we can assume ty = 0, t; = € and 7/(0) =
(0,1). Endow R? with a Cartesian coordinate system with

Y0) €{z>0,y=0} () e{y=0x=0}  +'(0)=(0,1) (25)

The exact orientation of x-axis is not relevant. We first give an estimate on ~(¢),. Using Hélder’s
inequality, and recalling the fact that

dror
dHlyp

Kor K H&a}b € L*(0, H'(0R); R),
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for any ¢ € [0, ], it holds

t / A 2 / 112
EP,)\(R) > / H%R ngaR _ / |’y”|2 ds > 17 (t) —~'(0)] > Iy (t)y 1
A ([0,4]) 0

g 5
= [Y(8)y — 1] < \eEpa(R)/A,

hence
(1 — 2B, \(R)/)) < 5(1 - sup |7/(t)y|>
< h(e)y =100 = hr(Enl < =(1+ sup 1Y (41) < (1 + EEpa(R)/A).

In particular, since we imposed (¢), > 0, we have y(g), =€ + O(e3/?).

Construct the competitor R in the following way:

(1) denote by t+ the two times such that +/(t+) = (£1,0), and by ¢, the time such that
v (t1) = (0,—1). Since we imposed 7'(0) = (0,1), without loss of generality we can
assume that the tangent direction turns counterclockwise, i.e.,

e<t.<t, <ty <H (OR).

Note that
V2 () — A () / 2 qqt < Eoa(B) @
= < KppdHlgp < 2= < XM+ 2r
t—1 t—t- Aoy TR N

—t; —t_ >\ 2 /V2
Similarly, we get
min{H (OR) —ty, ty —ty, t_} > (A"t 4 27)/V2.
(2) Define the vector field v : [t_,t,] — R? as
(cos (3(1+ =) sin (5(1+ £49))) iftelt ),
<cos (%(1 + tit_ti )), _<ti+:ti>2 sin (g(l + tit_ti ))) , iftefty,ty].

Note first that v is continuous (smooth outside ¢ ), and direct computation gives

v(t) == (26)

T (—sin (30 + £50)) s cos (3(1+ £450)) it et t)),
V) =4 (e (5004 550), 2B () eos (50 + 50)

ty—t . T to—t .
+2555 0 sin (301 + 250))) if e (t,ty]
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In particular,

2 2
lim v'(t) = ™2 0.-1),  tim () = L
t—t7] ] —t- t—tt ty —t1

(Oa _l)a

i.e., the left and right limit differ just by a multiplicative constant. This observation is
crucial, since it implies that the tangent derivative of the arc-length reparameterization of
v does not jump at t =t (recall also that 4" does not jump at ¢t = ¢, , hence the tangent
derivative of the arc-length reparameterization of v 4 cv does not jump at t = ¢, , for any
¢ > 0). We claim:

/2 /2
tL—t_ "ty —t
2 2V/2(m + 1)
A 1+2m)2 A l42rn
The proofs of both claims, being quite technical, are presented in Lemma [3.1] below.
(3) Let 7= be the curve such that

(29(8)e 27(t)y) if ¢ € [0,2],
W)+ (0,7(e)y) if e et )
e(t) = A(t) +1(e)yv(t) ifte [t (29)
(Y0 (14 5725 ) = Sty 1)) it € [t OR))

Let OR. be the image of 7., and R, be the bounded region of the plane delimited by JR..
This will be our competitor. Observe first that, as 7/(t4.) = (1,0),
0)z
~(0) 0> ,

i (0= (10 0) it = (1 ST

t%t; t~>t

[V ||Le < max{ + 2} +2 =: py < 400, (27)

“ A l42n

0" || L < =: vy < +o00. (28)

i.e., the left and right limit differ just by a multiplicative constant. This observation is
again crucial, since it implies that the tangent derivative of the arc-length reparameteri-
zation of v + y(e),v does not jump at t =t,.
Intuitively, for t € [e,t_] the competitor 7. is constructed from ~ by:

(1) a homothety of center (0,0) and ratio 2 for ¢ € [0, ¢],

(2) a translation of the vector (0,v(¢g),) for t € [e,t_],

(3) adding the smooth vector field v(e),v(t) for t € [t_,t],

: 7(0)z

(4) a scaling of factor 1 4+ S P

for t € [ty, H (OR)).

It is straightforward to check compactness and convexity for R.. Moreover, denoting by 7. the

in the x direction (with fixed line being = = v(t1)z)

arc-length reparameterization of ~., the curvature of 4. is still a function (instead of a more
generic measure), as the is 7. always constructed from v via translation, scaling, or sum with



14 XIN YANG LU

Y-axis ) Y(H'(OR))
T-aXis =7(0)

v(t+)
=Ye(t+)

>

r-axis {z =7(t+)s}

FIGURE 3. Representation of the construction of the competitor ~., for t € [0, €]
(left) and t € [t, H (OR)] (right).

smooth vector fields, and the tangent derivative 4. never jumps at “junction points” (i.e., for
t=e,t_,ti,ty, H' (OR)).
Next, to estimate Ep (R:) — Ep A (R), we claim

dist?(z,0R.) dz — / dist?(z,0R) dz < € - 2p(Dy» + 1)P~'7DZ \ + Pt D, 5, (30)
R. R
M
/ W dMlyp — / W dHlon < 2(Kpp — 5 ) + O, (31)
OR. OR
with
Ky = (A1 +2m) + uA\/wD;A(/\—l +2m)
defined in @
Step 1. Proof of . Using the notation from , we make the following claims:
/ KkirdH g = / k3r. dHlor.,  (32)
y(let-1) Y= ([e;t-1)
/ K3r, dH g, — / kirdHlgp < O(E¥?), (33)
Ve ([t+ H (OR)]) Y([t+,H (OR)))
/ Kir. dHlop. — / Ko dMlgp < Kpae + O(e%/?), (34)
Ve ([t—st+]) Y([t—st+])
Me
2 1 2 1
Ko dHL — / Ko - d?‘[La - 2 -_—. (35)
/mo,e]) B0 oy OO T 2

The proof of all four assertions are quite technical, and for reader’s convenience, will be done in

Lemmas and below. Combining , , , and gives

M
/ K%RS d%ERf < / ’{%R de&R + 5(Kp,/\ - ?) + 0(63/2),
R R

€
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hence .

Step 2. Proof of . Recall that, the construction of the competitor R in gives also

(1) for t € [e,H'(OR)] the competitor 7. is obtained by translating v by a vector of length at
most €,
(2) for t € [0,¢], the competitor ~, is is obtained by scaling « by a factor of 2.

Hence for all ¢ it holds |y:(¢) — v(¢)| < 2e, and
dy(OR:,0R) < 2e.
Thus, by the Mean Value Theorem, for each point z € R. N R it holds
dist?(z, OR.) — dist?(z,0R) < (dist(z,0R.) — dist(z,OR))-

-p( sup max{dist(z, dR.),dist(z, OR)})P!
2€ER:NR

< ¢ -2p(diam(R) + 2¢)P~* - 2p(Dpy + 1P 1,
with D), 5 defined in . Thus, since clearly
H?(R. N R) < H?(R) < m(diam(R)/2)?,
it follows
/R dist?(2,0R.) da /R dist?(z, 0R) dz < e - 2p(Dyx + 1)~ "H2(R. N R)
E <e-p(Dpr+ 1P 'aD2 /2 (36)

Then note that, since by construction we have dy (OR.,OR) < 2¢, it follows

/ dist?(z, OR.) dz < 2:PH2(R:\R) < " H(OR). (37)
RA\R

Combining and gives
dist?(z, OR.) dz < / dist? (2, OR) dz + & - 2p(Dyr + 1P~ 'H2(R- O R) + 2"} (OR)
R: R

< / dist?(z, OR) dx + € - 2p(Dp » + 1)P ' D2 5 4 2ePT'7D,, 5, (38)
R

since Lemma gives H*(R.NR) < H*(R) < WDS’/\ and H'(OR) < 7D, ». Thus is proven.
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Combining (30 and we finally infer
EP,A(RE) - Ep,A(R)

= dist?(z,0R:) dz — / dist?(z,0R) dz + /\(/ H%RE d?—[&aRs — / Kip dHE@R)
Re R OR. OR

M
< 2p(Dpx+ 1) nDpy + 287w Dy + A(E<Kp,A - 7) t 0(53/2))
Note also that the term 2eP™!7 D, , can be absorbed into O(e%/?), due to condition p > 1, hence

M
Ey\(R:) — EpA(R) < A(a(lep(Dp,A + 1P D2\ + Ky — 7) + 0(53/2)).

The minimality assumption on R, and the arbitrariness of € > 0 then imply
2/\_1P(Dp,/\ + 1)p_17rD127,)\ + Kpx — % >0
= M <202\ 'p(Dyx + 1P D2 \ + Ky ),
and the proof is complete. O
Lemma 3.1. Under the hypotheses of Theorem assertions and hold.

Proof. We use the same notations from the proof of Theorem Since

2 . t—t_ t—t_ .
i (o (304 20)) oo (§(14520))). - ifre )
I 2 . (r ty—t /2 ti—t - ty—t
vit) = (t-:r—u s (5(1 + t:—n))’ tf—n (t-s-th) cos (5(1 + tj—ﬁ )>
tyo—t . ty—t .
+2¢ = sin (g(l + t:—tl))) ifte(ty,ty],
it follows
2
WOl <2 forany tefit),
t —t_
and
, /2 N2 . 9T ty —t /2 N2/ tp—t N4 5 ty —t
t)] = T4t Za
[V (2)] <t+—tL) S (2( +t+—tl))+(t+—tl> (t+_tj_) o (2( +t+—ﬁ)>
t+—t 2 .9 (T t+—t
4 i
+ (t+—tL) S (2( +t+—tL))
/2 sty —tN\3 7 te—t o . T ty —t ]2
4 2 g
+ t+—tL(t+—tL> 008(2( +t+—tl)>sm(2( +t+—tL)>
9 1/2
S{( 7T/2)+4+ U ] < T2
te —t1 te —t1 te —t1

for any t € (t,,t4]. Thus is proven.
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To prove , note that for ¢ € [t_,t, ) it holds

2
v /2 T t—1t_ LT t—1t_
v (t) = — i <cos (5(1+M_L)),sm (5(1+M—L)) ,
" 7r/2 2 i .
hence [v"(t)| < ; ; . Similarly, for t € (¢, 4], it holds
J__ —
”(t) ( 7T/2 2 (7r(1+ t+—t))
v =| — cos | =
ty —t) 2 ty —t, /)’
/2 —2(tL —t T t. —t to—t\2 7/2 T t. —t
/ (b )cos(—(1+ u ))—i—( + ) / Sin(—(1+ + ))
ty —t1 | ty—t1 2V T~ ty—t./) ty —t1 2V T~
to—t 7/2 T to—1t 2 T t,. —t
— 9t / cos(—(l—i— + ))— sin(—(l—i— + ))),
te —tity —t1 2 te —t, ty —t, 2 te —t,

hence, using the convexity of the norm, and ¢, —t; > (A~! + 27)/v/2 (proven in the proof of
Theorem |1.1])

/2
ty —11

hence is proven. O
Lemma 3.2. Under the hypotheses of Theorem assertions , and hold.

2 om42 _ 2 2/2(m + 1)

"t <2
(@)l ty —t; — (A1 +42m)2 Al on

Proof. We use the same notations from the proof of Theorem

Proof of . By construction, for any ¢ € [e,t_], v.(t) differ from ~(¢) by a translation, thus
the curvature of these two segments are always equal, hence .

Proof of (33). For t € [t4,H'(OR)] we have
0= (>0 (” <t+> ) - o)
9= (0t (15 0 Y iy,
0= (0% (14 5 m) %)
We claim
O R N O e T
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In view of (25), and noting that for any ¢ € [0,¢] it holds

E R t / A 2
oA (1) > / K2 dH Ly = / P2 ds > V' (t) —+'(0)] >
A ~([0.4) 0 €

— 1 (0)a] £ EBpa(R)/A
1O =)l = 10l < [ 1 (0] dt < 2 Ba (B

Now recall that by construction 7/(¢;) = (1,0), v (H*(OR)) = v/ (0) = (0,1), |/| = 1 for a.e. t,
and let 7 € (t,,H'(OR)) be time for which +/(7) = (1/2,/3/2). Thus

T / A 2
Epa(R) 2/ R%Rd’HEasz 2 ds > V() =) 1
A Y([t+57) te

T—t+ T—t+
7ty > \Ep(R),

and since v, > 0 on [to, H*(OR)], and 7, (t)’ > 1/2 for all t € [t,, 7], it follows v(0), — Y(t4)z >
, hence is proven. Consequently,

‘ 7(0)z
Y(0)z = v(t+)a
Observe that for ¢t € [ty, H'(OR)] we have
1—2 2 7(0)z 2 / 2)
=Ll )
7 = (P S )

xT

' (8)]
&g

it follows

D, S
2E, A (R)

< 2(eEpn(R)/N)? = O(3?).

-1

~1
27(0), A () P 3/2
= (14 P + P — 14 0(¥?),
( el o =@ T o — s (=)
and
HHOR) |y HOR) 27(0)
dt:/ (7”2+fy;’2 - )1+O€3/2 dt
[ = (P b e A o)
'HI(BR)
= [ R+ 0,
iy
hence (33)).

Proof of . In the time interval [0, ¢], the competitor is obtained by scaling by a factor of
2, and direct computations give that the integrated squared curvature scales by a factor of 1/2.

Thus
el d 7/)2 1 2¢e d ’7,
4G o 11405
/0 dt(lv’l o8 Jo |de\|y]

/
>1/‘5 d<7)
~2Jo [dE\]Y|

2
1
dHl_aRE

2

M
d/HEaR Z ?ﬁ, (40)
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hence . O
Lemma 3.3. Under the hypotheses of Theorem assertion holds.

Proof. We use the same notations from the proof of Theorem . In the time interval [t_, 4],
~e is given by

Ye(t) = () +y(e)yv(t),  te [t ty].
Note first that since R is a minimizer of £, 5, it must hold

/ /1(293 dHEaR < +o0,
’7([t*7t+])

and recalling our definition of integrated squared curvature in , it follows that the Radon-

Nikodym derivative d%:?:R is square integrable. In terms of the parameterization ., this gives
d / ! //’ /
(’Yf ) — F}% _,y(/€<’75/2;a> ELQ(O,HI(aR),R)
di\|yel/ el 7l

Recall that

€ — 53/2\/Ep,,\(R)/)\ <H(e)y <e+ 53/2\/EP7A(R)/)\.
As v is parameterized by arc-length (i.e., |y/| = 1 for a.e. t), and v was defined in (in
particular, |v'| was uniformly bounded from above), it follows

el = 1+ 2e(y/,0) + O(e9/2).

Then, for any o € R and sufficiently small €, we have

VLl =1+ ae(y,v) + O(*/?). (41)
Thus
d ( 'Yé ) Vg /<7g7'7;> i ’7; T, 2, 1 "o ’oon
T = -7, = - (<’y,’y>+€<’l}71}>+€<’Y,’U>+€<’Y,’U >)
dt \ || oA N AT V] AR

Now observe:
(1) since 7 is parameterized by arc-length,

1d

"ol 12
= —— = 0' 42
() =55 (42)
(2) As both [v/| and [v"] are uniformly bounded from above, the term £2{v"” v') is of order
O(£?).
(3) The norm of e7.(v',v") /|73 is estimated by

/ / 2 / "

)
| < < el + O, (43

g g

(4) The norm of ev.(y",v")/|7L|? is estimated by
AL P VR CA

(44)
AR AR
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Thus combining , and gives

ty "o\ (2 ty / 2
[ s = [ e () 2000y et o) ety )
t VL] A

i+
< [Tl ) 2l ) P de+ O

Ly
§2A VL (e, V) P + ey, ")) dt + O(h)

ty ty
=222 [Tl )P e+ O < 2620 e [ I e+ O,

In view of , we get

Ty Ty
[t e [Cpar<e | dpdily < oo,
t t— OR

hence
Ly
20/ [ I dt < O(ED)
Thus
A AR
/ YUEEL L dE < O(e%?),
t_ ’75‘
and
/ 2 gyl /t+ d(7é>2 /t+ v V) ? .
K L = —_— = -7,
TS B /N P AN AR K
ty "2
- e | dt 4 0(e32).
t— ’7&‘

Again, in view of , it follows

ty 2 ty
[l =,
i t

,_yél ,y// + €,U//
oA kA

t
= [ B 2 ) S - 257, 0) + O de
t_

2 t
dt = / T+ e A"+ er™) (1 = 26+, 0') + O(3/2)) dt
t

ty ty
< (Ut 2e0lom) [Pt 200 o [ 1t O

t4 ty 1/2
< (@ 2el=) [P dt+ 2elom (HOR) [P ) 4 O

t
< [ At 220 e By (R) A+ 22 0" e[ HHOR) Bpa(R) A+ OE). (45)
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Note that

20/ | e Ep A (R) /A + 2|0 [ 0o \/ HH (DR) By r(R) /A

< (A4 2m) + V)‘\/WD1277>\()\_1 +27) = K.\

in view of (@, , and . Hence follows from (45]). O
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