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Abstract

We consider a numerical scheme for the one dimensional time dependent Hamilton-Jacobi equation
in the periodic setting. This scheme consists in a semi-discretization using monotone approxima-
tions of the Hamiltonian in the spacial variable. From classical viscosity solution theory, these
schemes are known to converge. In this paper we present a new approach to the study of the rate
of convergence of the approximations based on the nonlinear adjoint method recently introduced
by L. C. Evans. We estimate the rate of convergence for convex Hamiltonians and recover the
O(v/'h) convergence rate in terms of the L™ norm and O(h) in terms of the L' norm, where h is
the size of the spacial grid. We discuss also possible generalizations to higher dimensional prob-
lems and present several other additional estimates. The special case of quadratic Hamiltonians
is considered in detail in the end of the paper.
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1. Introduction

We consider in this paper a semi-discretization of the one dimensional time dependent Hamilton—
Jacobi equation in the periodic setting:

1.1
U = U, on T x {t =0}, (L)

{ut—i—H(uw):O7 in T x (0,00),
providing approximations and error estimates for the viscosity solutions.
As for the Hamiltonian H : R — R, we assume

(H1) H smooth and convex;
(H2) H coercive. i.e. lim, o H(p) = +o00.

Moreover, ug : T — R is a given smooth function, and T is the one dimensional torus identified,
when convenient, with the interval [0,1]. Several authors investigated equation (1.1) and related
problems, and a number of results are available in literature (see [10, 25, 5, 2, 12, 21, 3, 17, 4, 19,
23, 20, 6, 24, 1, 16, 9, 18], to name just a few).

The aim of this note is to take a first step on a new approach to this problem, using the adjoint
method recently introduced by Evans (see [14], and also [27, 7, 15, 8]). Indeed, we will show how
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it is possible to recover some results, which are already well-known in literature, with new and
easy proofs.

For the sake of simplicity we consider only the one dimensional setting. Nevertheless, most of
the results can be extended without major changes to higher dimensions, with the exception of
Section 3.4, where the argument we use is indeed one dimensional (See Section 3.3 for details).

We consider a function F': R x R — R with the following properties:

(F1) F is convex;
(F2) F(-,q) is increasing for each ¢ € R and F(p,-) is increasing for each p € R;
(F3) F(—p,p) = H(p) for every p € R.

We call F' a numerical Hamiltonian of the semi-discrete scheme. Such a function appears naturally.
Indeed, if for instance H(0) = 0 = min,er H(p), then F' can be chosen as follows. Setting

filp) = {H(—m p>0, el = {H(cn 7> 0,

and F(p,q) := Fi(p) + Fx(q) for (p,q) € R?, properties (F1)—(F3) are satisfied. Other possible
choices of F' will be mentioned below.
At this point, for every h > 0 we introduce the solution u” : T x [0, 00) — R to:

ulh + F (féhuh,é,huh) =0, in T x (0, 00),
U = ug, on T x {t =0},
where for every function v : T — R we set

opv(x) == oo+ h})L — vh(x)’ z e T.

Existence and uniqueness of u" can be easily proven (see the Appendix).

Let us notice that h can take any value in (0,00), which makes it possible to consider the
derivate of u" with respect to the grid size.

We state now our main results. The first one concerns the L>-error estimate for the approxi-
mate solutions.

Theorem 1.1. Let F satisfy (F1)-(F3), and let u" solve (1.2). Then, for every T € (0, c) there
exists a positive constant C = C(T), independent of h, such that

sup |lu(-t) — u" (-, t)|| oo () < CVh, (1.3)
t€[0,T]

where u is the unique viscosity solution of (1.1).

As already mentioned, inequality (1.3) is not new in literature and appeared, for instance, in
the seminal paper [10], where Crandall and Lions studied Hamilton—Jacobi equation for coercive
(not necessarily convex) Hamiltonians.

Another possible choice for the numerical Hamiltonian is

q—p
Flpq)=H (2> +(p+a), (1.4)
where v is a positive constant chosen in such a way that |H'(p)| < 2v for |p| < R, with R > 0
playing the role of an a priori bound on |u,|. Note that, under this assumption, conditions (F2)—
(F3) are satisfied, and (1.2) reads as

u(z + hyt) —ul(z — h,t)
2h
2

ul + H ( ) = yhApu", (1.5)



where for every function v : T — R we set

x4+ h) —2v(x) +v(z—h)
B2
Equation (1.5) is the analog to the usual regularized Hamilton—Jacobi equation u§ + H(Du®) =
eAu® (see also Crandall and Majda [11], and Souganidis [25]), with the additional feature that
the viscosity term vanishes as the grid size goes to zero.
Next theorem provides an L'-error estimate for the approximate solutions, when the numerical
Hamiltonian is of the form (1.4).

Theorem 1.2. Let F be given by (1.4), and let u" solve (1.2). Then, for every T € (0,00) there
exists a positive constant C = C(T), independent of h, such that

Anv(a) = & ., =xeT.

||uh(-,t) —u(-t)|[pyry < Ch, forte [0,T7,
where u is the unique viscosity solution of (1.1).

Lin and Tadmor [22] derived a version of Theorem 1.2 by using a method essentially related
to the Adjoint Method. See Theorem 2.1 in [22] for details.

Let us now briefly comment on the main ingredient of the present paper, that is how we prove
Theorems 1.1, 1.2. We start by linearizing (1.2), and then we consider the adjoint of the equation
obtained, with various terminal data (see (3.3), (3.17)). Using properties of the solutions of the
adjoint equations and integration by parts techniques, we are able to prove the necessary estimates.
In particular, we show that the sequence {u”},cn converges uniformly, and this, by the properties
of viscosity solutions, implies that the limit of the sequence is the solution w of (1.1).

It is extremely interesting that both the L> and L! error estimates can be treated in the same
way by using the Adjoint Method in a direct way.

We conclude by observing that, for technical reasons, at the moment we are not able to remove
the convexity assumption on H in Theorem 1.1 (see Remark 3.10).

The paper is organized as follows. Section 2 contains some preliminary observations, concerning
finite difference quotients. Section 3 is devoted to the proofs of Theorems 1.1, 1.2 and to their
generalizations to higher dimensional spaces. Finally, details about existence, uniqueness, and
smoothness of the solution u® of (1.2) are given in the Appendix.
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2. A few facts about finite difference quotients

For the convenience of the reader, we recall in this section a few facts about calculus with finite
differences, whose proofs are elementary.

Lemma 2.1. Let u,w: T — R, and let h € R. Then, for every x € T

opw(x — h) = 0_pw(x); (2.1)

O—p, [0pw] (z) = Op [0—pw] () = Apw(z), (2.2)
S2w(z) = Apw(z + h), (2.3)

[0, (vw)] () = v(z + h) dpw(z) + w(x) Spv(zx) (2.4)
3, [w?(x)] = 2w(@)dpw(z) + h[hw(z)]” (2.5)
(2.6)

Apw?(z)] = 2w(z) Apw(z) + (Spw(z))? + (6_pw(x))?
3



The following lemma gives a discrete version of integration by parts.

Lemma 2.2. Let v,w € L*(T) and let h € R. Then

/w5hvdx:—/v(5_hwdx.
T T

We also recall the following formula

Lemma 2.3. Let v,w € L*(T) and let h € R. Then

/5hv§hwd:v:—/wAhvdx.
T T

3. Adjoint Method and Error Estimates

For every h > 0, we consider the following equation:

{U? +F (<o) =0, in T x (0,00), (3.1)

u" = g, on T x {t =0}.

Next proposition, whose proof can be found in the Appendix, shows that existence and uniqueness
of the smooth solution of the above equation are guaranteed.

Proposition 3.1. Let h > 0, and assume that F' € C%(R?) and ug € C*(T). Then, there exists a
unique solution u” to (3.1). Moreover, we have u", u",u" € C(T x [0,00)) and

ul(z, ), ul(x, ), ul (x,-) € CH([0,00))  for every x € T.

x T

We can now begin the proof of our main results. In this section, all the first and second
derivatives of F will be evaluated at (—d,u”, §_,u”).

8.1. L*®-error estimates

We now introduce the Adjoint Method and use it to prove Theorem 1.1. We consider the
formal linearized operator L" corresponding to equation (3.1):

v L' = vy — D, F(6pv) + Dy F(6_pv), (3.2)

where D, F and D F are evaluated at (—&,u”,d_,u"). For each h > 0, 29 € T and T € (0,0) we
denote by ¢"#0T the solution to
—op T 45, (o™ T D, F) — 8, (6™ T D,F) = 0, in T x [0,7),
ohwol — ¢, on T x {t =T},

where 0, denotes the Dirac delta measure concentrated at z.

Proposition 3.2 (Properties of o™ T). Let h > 0, zg € T, and T > 0. For every t € [0,T]
oo T(. 1) is a probability measure on T.
Proof. Let us fix t5 € (0,T). We will proceed by steps.

Step 1: o™ T (. t5) > 0.
In order to show that a7 (. t5) is non-negative, for every f € C°°(T) let us denote by v/t
the solution of the adjoint of the equation (3.3):

{ ol btz _ D F(8p0" 1) + D F (6l diz) =0, in T x (t2,00), 5.0

ot = f, on T x {t =ty}.



First of all, observe that
f>0=v"""2 >0 inT x [ty,00). (3.5)

Indeed, let f > 0, and for every € > 0 set 2° := vF*2> 4 ct. We have

min o™ (g, t) 4T > min  2°(z,t) = min 2°(z, t2) = min f(z) + &ta,
(2,t)€TX [t2,T] (2,)€TX[t2,T) z€T zeT

so that

i ot (g 1) > T —t5).
pim (z,t) = min f(z) — 2)

Sending € — 07 claim (3.5) follows.
Let us now multiply equation (3.3) by v™/*2 and integrate, to get

T T
—/ /vh’f’t2 ol da ds + / / oIt [y (e 0T DL F) — 6y (0™ " T Dy F)] dxds = 0.
to T ta T

Integrating by parts the first term becomes

/ / hofotz h"I/"]’Td:zcals——vhf752 (zo, T /f ol T (z,1t2) dx+/ / hofitz phowo,T g0 ds.
tz t2

Thanks to (3.5), combining the last two equalities, integrating by parts, and using equation (3.4),
we obtain

/ f(x) o™= (z ty) dz = ™12 (20, T) > 0, for each f >0,
T

from which we deduce that o7 (- t5) > 0.

Step 2: o7 (. t;) has total mass 1.
We integrate (3.3) from ¢ to T and over T, to get

1—/ heo T (g d:r:—/ / w1 s) da ds
2

/ / (0" DyF) = (0" Dy F)] dxds = 0,

by periodicity. O
The following proposition establishes a useful formula.

Proposition 3.3. Let h > 0,20 € T, and T € (0,400). Then

T
/ /ah’IO’TLthxdt (xo, T /9 (z,0)0™*0T (2,0) d,
o Jr

whenever § € C(T x [0,00)) is such that 6(z,-) € C*([0,00)) for every x € T.

Proof. Multiplying equation (3.3) by 6 and integrating by parts, we have

T T
- [ / ah"””o’Tde} + / / oh*o T L dy dt = 0,
T 0 0 T

and this shows the identity. O

In the next proposition we derive some useful equations.



Proposition 3.4. The following equations are satisfied in T x (0,00):

L' =0,

LMug, + DppF(éth)Q + quF((thug)2 + 2quF(_6hug)(5fhu2) =0,

h h
Lhw + EDPF((Sth)Q + §DqF(5_th)2 =0,

Lhuﬁ — %DPF [u'; |ac+h 75huh] + %DqF [UZ ‘z—h *5_huh] = O,

where w = (u")?/2 and u} = ou"/Oh.

Proof. Equations (3.6); and (3.6)2 are obtained by differentiating (3.1) w.r.t. x once and twice,
respectively. Then, (3.6)3 follows multiplying (3.6); by u” and taking into account (2.5). Finally,
differentiating (3.1) w.r.t. h we have

1 1
(uZ)t — D,F (5th + E(uﬁ loth —6huh)} +D,F [6huﬁ + E(ug lo—n —6,huh) =0,

which is (3.6)4. O
We show now some a priori bounds which will be used in the proof of the main theorem.
Proposition 3.5. Let h > 0. Then, for every t € [0,00)
[t (s t) | oe ) < 11 (w0)a ]| oo ()

ul, () < || (u0)aall Loo (1), (3.7)
H(s:thuh('vt)”L“(’JI‘) < (o)l oo (-

In particular,
() lo+n —0nu™) < Bl (u0)az |l Los (1),

— (Ul |gmn —0_pu") < hl[(u0)aell Lo (1), (3.8)

uy = 6pu” > —hl|(wo)eal| oo 1.

Remark 3.6. We underline that in the proof of (3.7)2 and (3.8) we use the convezxity assumption
on F.

Proof. Let t1 € (0,00), and choose T € T such that

T,t1) = t1).
w(T, t1) r;lg%w(m, 1)

Multiplying (3.6)3 by ¢®®* and integrating, using Proposition 3.3

tl _ _
0> / /ah””’tthw da dt = w(T,t1) — / w(z,0)o™®M (z,0) da
0 T T
1 _
=@t~ 5 [ (W) (5.000" 7 2,0 o
T

where the first inequality follows from the fact that F' is increasing in each variable. Since
oTt1 (. 0) is a probability measure, (3.7); follows.
The second estimate is proven in a similar way. Let ¢; € (0,00), and choose & € T such that

uZm (/1'\, tl) = Iilea% ugm (1’, tl)‘



Multiplying equation (3.6)2 by o™®h integrating, and using Proposition 3.3

t1 R )
0> / /Ta'h’x’tthuZx dx dt = U“Z;c(f? tl) — /TUZQL('I:’ O)O.h,m,tl (.17, O) d
0
= uZ;c(/‘f? tl) — /(uo)xxo,h,f,tl (SC, 0) dz,
T

where the first inequality follows from the fact that F' is convex. Last inequality implies (3.7)s.
Estimate (3.7)3 easily follows from (3.7);.
Observe now that

u(x + h) - u'(x)
h
= (@ + h) = uf(x + vh) = uly (x +70h)(1 = T)h,

ult |opn —Onu" = uli(x + h) -

for some 7,m € (0,1), and this gives (3.8);. In a similar way one can prove (3.8)3 and (3.8)3. O
The next proposition gives an upper bound for uﬁ

Proposition 3.7. There exists a positive constant C' such that

maxul (z,t,) < Cty,
zeT

for every h > 0 and t; € (0,00).

Proof. Let t1 € (0,00) and choose T such that

Bm 4\ _ h
up (T, t1) = r;lg%uh(x,tl).
Then, multiplying equation (3.6), by o™ integrating, and using Proposition 3.3
h " 1 h np 1 } hY| kot
up, (T, t1) =/ / > DpF’ [ul o —Opu"] — 7 DoF [ul |oop —6_pu”] | ™0 dz dt,
o Jr

where we used the fact that uf(-,0) = 0. Inequalities above, together with (3.7)s, (3.8); and
(3.8)2, imply

1 1
EDPF [ul |osr —0pu"] — EDqF [ul |oep —0_pu”] < C,

for some positive constant C' independent of h, so that the conclusion follows. O

Proposition 3.8. There exists a positive constant C' such that

rninuZ(x,tl) >——C(1+t),
x€T

-

for every h > 0 and t; € (0,00).

Proof. Let t1 € (0,00) and choose Z such that
h (= ok
up(Z,t1) = r;lelqrrluh(%tl).

As in the previous proof, we have

ba 1 1 -
up (T, t1) :/0 /11' [thF [ug lotn —(5huh} — EDqF [ug lo—n —6_huh] Tt dy dt.



Using Young’s inequality and (3.8)3

1 1
- DpF [ul |orn —0nu"] = DpF(Spul) + EDPF(UZ — Spu™)
1D,F h (8:9)

> D, F(6pul) — 3~ (D F)(pul)? - C.

In a similar way we obtain

1D,F  Vh

VA (DyF)(6_pult)? - C. (3.10)

1
_EDqF [’LLZ |x,h —cLhu ]
Thus, adding relations (3.9) and (3.10)

up (T, tl)Z——/ / [D,F + D F) "™ dz dt — 2Ct,
(3.11)

tl _ 1
- [DpF(0pul)? + Dy F(6_pu ot dedt > ——C(1 + t1).
// ; (6pul)?] o > 001

O

The next result is a direct consequence of the previous two propositions and implies Theo-
rem 1.1.

Proposition 3.9. There exists a positive constant C' such that

1
h
up ()| poo(my < —=C(1 4+ 1),

for every h >0 and t € (0,00).

Remark 3.10. To prove (3.11) we used the new inequality
t1 _
h / / (D, F(u")? + DyF(5_put)2]e" ™1 da dt < C, (3.12)
o Jr

which can be easily derived by multiplying (3.6)3 by c™®* and integrating by parts. If we choose
F asin (1.4), then (3.12) reads as

h/ / [(8pu)? + (6_pu)?)o™™" dadt < C, (3.13)

which is the analog of the new and important inequality

ty
5/ /|D2u5|206 drdt < C,
o Jr

which Evans derived in [14]. Notice that (3.12) and (3.13) hold for general (non convex) coercive
Hamiltonians. However, we do not know whether (3.13) is still correct if we replace Spul® by u”,

h h
ult — dpu
or by % That is one of the reasons why we have to require the convezity assumption on

F in order to have (3.8)3 which we use, for instance, in proving (3.9) and (3.10).

Remark 3.11. If F is as in (1.4), and we assume further that H is uniformly convex, we can
improve (3.13). Indeed, let o™V be a solution of the adjoint equation

{ —o" M L6 (" DL F) — 6, (0" D F) = 0, in T x [0,t1),
h,vit1 __ _
ot =y, on T x {t =11},



where v is a probability measure on T with a smooth density. Then, multiplying (3.6)y by ot
and integrating by parts we have

t1
/ / [(Onu)? + (6_puY 2o dadt < C, (3.14)
0 T

for some C' = C(t1,v). See [14, 7] for more applications of inequalities (3.12), (3.13) and (3.14).

In the next subsection we prove the L!-error estimate.

3.2. L'-error estimates

In this subsection the numerical Hamiltonian is of the form
q—p
F(p,q)=H <2> +(p + q).

Before proving Theorem 1.2, we need two preliminary lemmas.

Lemma 3.12. There exists C' > 0 such that
/(|Auh(x,t)| + |Apul (2, 1)) de < C,  for any t > 0. (3.15)
T

Proof. By (3.7),, we have
A (z,t), Apul(z,t) < || Augl| gy < C.
It is therefore easy to see that
|Au" (2, )] + |Apu (z,1)] = 2(Au" (2, 1)) + 2(Apu” (2, 1) — Aul(z,t) — Apu®(z,t)
< C — Au(z,t)—Apu”(2,t).

Integrate the above inequality over T to achieve
/(|Auh(x,t)\ + |Apu” (2, 1)]) dz < /(C — Aul(x,t) — Apul(x,t)) dz = C.
T T

O

Remark 3.13. By using the same argument of Lemma 3.12, we can derive the following estimate
Loh h h h
EHUI(QE + h,t) = dpu’(x, )| + Jup(x — h,t) — d_pu"(x,t)]) de < C. (3.16)
T

Let us now recall the Adjoint equation with different choices of terminal data. For each
v € L>=(T), we denote by o™ the solution of

{ —o!" T 46 (" T D,F) — 6, (c"" T D F) = 0, in T x [0,7), (317

o T =y, on T x {t =T}.

By abuse of notation, we write o for "7,

Lemma 3.14. There exists C = C(||v| (1), T) such that

0¥ oo (Tx[0,17) < C-

This Lemma is an analogous version of the Maximum principle for parabolic equations. Notice
that the convexity of F' and the uniform semiconcavity of u” are crucial here.
9



Proof. The idea of the proof is an application of the Maximum principle. By direct computations,
thanks to (2.5), (3.17) reads

—0Y + (6_n(DyF) — 61(DgF))0” + 6_1(0”)DyF |yt — 640" DyFain = 0.

1 — 1 -
Note that D,F(p,q) = —§H'(%) +~ and D,F(p,q) = §H’(%) + 7. By the Mean Value
Theorem, there exists s € (0,1) such that
1 n(l h h 5hug + 5*hug

0n(DpF) = 0n(DyF) = =5 3 H"( 500" +5-3") [armsne) | =5 |(@tmsh.t

me{—1,1}

2 _K7

where

K= H" Aul(z))t >0

nax (p) x max(Au™(x))™ =

with C1 = [|(u0)s| Lo (1), which is the uniform bound for v” as in (3.7);.

Let 8(s) = maxger |0¥(x, s)| then by Maximum principle, we straightforwardly derive that
B'(s)+ KB(s) >0, forse(0,T),

in the viscosity sense. Thus, we easily get 3(s) < CK(T_S)HVHLOO(T)7 which completes the proof.

O
Proof of Theorem 1.2. As usual, we multiply (3.6), by ¢ and integrate by parts to get
/uﬁ(az,T)z/(:r) dx
T
Tt h h h h
= / / E(DPF(uw (x + h,t) = dpu”(z,t)) — Do F (uy(x — h,t) — d_pu’(z,t)))o" (x,t) de dt.
o Jr
Now, notice that
/ \ult (2, T)| dz = sup /uﬁ(m,T)l/(x) dz.
T veL>(T),|[v|poe(m<1JT
For ||v||pe(ry < 1, Lemma 3.14 gives us that
|o” |zo (rx[0,17) < C- (3.18)
By using (3.16), (3.18), we obtain
/ lul (z,T)| dx < C.
T
O

3.3. Generalizations

Theorems 1.1 and 1.2 can be generalized easily to higher dimensions as follows. We consider
the following Hamilton—Jacobi equation

uy + H(Du) =0, in T" x (0, c0),
u = up, on T" x {t = 0},
where the Hamiltonian H : R™ — R is smooth, coercive, and convex, and ug : T" — R is a given
smooth function.

10



We define the numerical Hamiltonian F' to be given explicitly as follows

q—p

where 7 is a positive constant chosen as in (1.4).
The adjoint equation then is

{ —op" T 45 (" T D, F) = 6,(c" T D, F) = 0, in T" % [0,T),

ol T =y, on T" x {t =T},

where the terminal datum v can be chosen as a Dirac measure or as an L°° function, in order to
prove Theorem 1.1 or Theorem 1.2, respectively.

All the derivations in Sections 3.1 and 3.2 still hold straightforwardly. Let us emphasize that
the convexity of H and the uniformly semiconcavity of " are crucial in this approach.

3.4. An additional estimate

Let us now choose F' as in (1.4); then equation (1.2) becomes

h h
ul + H (W) = yhApu™. (3.19)

We are able to get the following estimate

Lemma 3.15. There exists C > 0, independent of h and T, such that
T
h/ /Ahuh(éth +0_pul)drdt < C, for every h, T > 0. (3.20)
0o JT
Proof. Differentiate (3.19) w.r.t. z, and then multiply by d,u” + §_pu", to get

1 Spul + o_pul
(O + 6y, + L <W+hu

) ((5huh + 5_huh)(5hu2 + 5_hug)

9 2 (3.21)
= yhApul (Spul + 6_pu™).
Choose G such that G'(s) = 2H'(s)s for s € R then
T 1 h uh
/ / SH’ (W) (Opu + 0_pu) (Gpul + 6_pul) da dt
0T (3.22)

T h h h h
:/ /G’ <5h“ +9-nu ) (5}‘““’”}‘““’) dz dt = 0.
o Jr 2 2

Integrating the first term in the left hand side of (3.21), we have

T
L, = / /(Jhuh + o_pulyul, d dt
o Jr
- qt=

= /(6huh =+ (Lhuh)u’; dzx
T

T T
+ / /(5huﬁt +0_pul )u du dt
o Jo Jr

_ T T
= /(6huh + (Lhuh)uz dx - / /(5huh + 5_huh)uﬁt dx dt
T 0 o Jr
T

= /(§huh + 6_pu)ul do — Ly,
T Ti=0
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and therefore, using (3.7); and (3.7)s,

t=T

=3[ [t e > -c (3.23)
2 [t =0

Integrating (3.21) and taking into account (3.22) and (3.23)

T T
—-C< / /’yhAhu’;((Shuh + 0_pul)dx dt = —/ /thhuh((th + 0_pul) dz dt,
o Jr o Jr

from which (3.20) follows. O

Remark 3.16. Inequality (3.20) is the analog of the following one

T
s/ / lu,,|*dedt < C (3.24)
o Jr
if we consider the usual reqularized equation
up + H(uz) = eug,

and the space dimension is 1.

Note that (3.24) was used in the context of Compensated Compactness for 1-dimensional con-
servation laws (see [26, 158]). We hope to revisit (3.20) and (3.24) in the future to study the shock
structure of the solutions of the numerical scheme.

4. A special case: H(p) = p?/2

We consider in this section the special case

Hence, we will study the Hamilton-Jacobi equation
u2
ut+7"”:0, in T x (0, 00),
U = ug, in T x {t = 0}.

We choose F': R x R — R defined as

)?* | (@)
g =
(p,q) 5ty
where we used the notation
at := max{a, 0}, a” := min{a, 0}, aeR.

Notice that in this case properties (F1)—(F3) are satisfied. In particular

so that (F3) holds. For every h > 0, we are then lead to study the following approximation of
equation (4.1):

_ hy+12 hy+12
ul + [( 5h§) ] 4 [(‘th) ] =0, in T x (0,00),

(4.2)

ul = g, in T x {t = 0},
12



or equivalently,

Spul)~ S_pul)t
u?+[(hu2)] U "Z)] 0, T x(0,00),
u" = up, in T x {t =0},
where we used the fact that (—&,u")* = —(d,u")~. The linear operator correspondent to (4.2) is

given by
v — LM = vy + (0pu™) " (6nv) + (6_pu™) T (0_pv).

Observe that, although the function F just defined is not of class C2, we have F' € C1'. Then, we
can approximate F' with a sequence of smooth functions satisfying (F1)-(F3) with equibounded
Hessian (for instance by convolution). Thus, since all the constants appearing in the previous
section just depend on the bounds on DF', we can pass to the limit and still obtain Theorem 1.1.

5. Appendix
In this section we study the properties of the solution u” of equation

h h h .
uy + F (=pu”,0_pu”) =0, in T x (0, 00),
{ ¢+ F (=0t 0ot (0,00) h> 0. (5.1)

ul = ug, on T x {t = 0},
Proof of Proposition 3.1.

Step 1: local existence and uniqueness. Consider the following ODE in the Banach space

C(T):
hipy — (vh(h
{ z} (t)=G"(z"(t))  te€(0,00) 52)
2"(0) = ug
where G" : O(T) — C(T) is given by
G (2) == —F (=6p2,0_12). (5.3)

Here with the dot we denoted the derivative of the function [0,00) > t — 2"(t) € C(T). Since
G" is locally Lipschitz continuous, there exists § > 0 and a unique function 2" € C([0,); C(T))
satisfying (5.3) for t € [0,9). In particular, from the fact that 2" € C1([0,d); C(T)) it follows that
(z,t) = 2"(z,t) € C(T x [0,0)) and 2"*(z,-) € C([0,6)) for every x € T. Thus, 2" is a solution
o (5.1). On the other hand, every solution of (5.1) has to satisfy (5.3) as well. This shows local
existence and uniqueness of u”.

Step 2: global existence and uniqueness. We claim that
||uh(',t)||Loo(T) < luo|| o ¢y + [F(0,0)|t, for every t € (0, 00). (5.4)

To prove the claim fix t; > 0, choose any constant ¢; < F(0,0), and set v" := u 4+ ¢;t. Let
(7,t) € T x [0, 1] be such that

h(= 71 h
t) = m t). 5.5
vi(Z1) (z,t)enraxx[o,tl]v (@.1) (5.5)

Assume that t € (0,¢1]. Then,

(T, 1) = u (T, 1) + ¢ = —F (=6, (T, 1), 0_pu" (T, 7)) + 1

= —F (=6,0"(@, 1), 0_p0"(7,7)) + 1 < —F(0,0) +¢; <0,
which is not possible by (5.5). This implies ¢ = 0. Thus, we conclude by (5.5) that

max ul(x,t) — F(0,0)t < ma%uo(x), for every t € [0, t1],
S EAS
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so that
max ul(x,t) < ma%uo(w) +|F(0,0)| 1, for every t € [0, ¢1].
TEe TE

In the same way we can show that

Hli%rl ul(x,t) > Hliqlrl uo(z) — |F(0,0)|¢, for every t € [0, t1].
FAS EAS

This shows (5.4) and, in turn, global existence and uniqueness.

Step 3: smoothness. Consider the following equation

{ o"(t) = P8, 0" (1)  te(0,00),
v"(0) = (uo)a,

where P" : (0,00) x C(T) — C(T) is defined as the formal linearization of G":

(5.6)

Ph(t,w) =D,F |(,5huh}5_huh) opw — DgF |(,5huh,5_huh) S_pw.

Since DF is continuous, P" is continuous and P"(t, ) is linear. Then, there exists a unique global
solution to (5.6). By repeating what was done in the previous step, we have that (z,t) — v"(z,t) €
C(T x [0,00)) and v"(x,-) € C1([0,00)) for every x € T. We claim that v = u".

To show this observe that, for every y € R\ {0}, §,u” € C*((0, 00); C(T)) is the unique solution
of the equation

w(t) = R"(t,w(t))  te(0,00),
w(0) = dyuo,

where R" is given by
R"(t,2) := DpF |¢ 0nz — D,F |¢ §_pz,

with
§ = (=00nu"(-) = (1 = )dpu" (- +y), 06 pu" () + (1 = 0)6_pu"(- +y)),
for some 6 = 0(t,y) € (0,1). Also, we have

| P"(t,w2) — P"(t,w1)|lc(r) < Chllwz — willoem), Cy = Ci(t, h),

and
[P (¢, 0" (8)) = R"(t,v" () | oery < @™¥(1),
where
@h’y(t) = [DpF le —DpF |(7§huh7§,huh)j| 6h'Uh(t)HC('JT)
+ | [DgF ¢ =DgF |(—s,ur5_pumy] 5-nv"(®)llcem)

satisfies

lim sup ¢™¥(t) =0, for every T'> 0 and h > 0.

¥—=0¢cio,1)

Using the version of Gronwall’s Inequality stated at the end of the section we have
t
[6,u" () — " ()l o) < e (1650 — (uo)allcr) + eclt/ e Y (s)ds,
0

for every t € (0,00). From this, we conclude that (u"),(-,t) = v"(-,t) for every t € [0,00) and
thus u”(-,t) € C1(T).
In a similar way, one can show the part of the statement concerning u” and u”,. O

We conclude by stating the version of Gronwall’s inequality which was used in the previous
proof.
14



Lemma 5.1 (Gronwall’s inequality). Let X be a Banach space and U C X an open set in X.
Let f,g: [a,b] x X = X be continuous functions and let y,z : [a,b] — U satisfy the initial value
problems

y(t) = ft,y(1) L€ (ab), t) =g(t,2(1)) L€ (ab),

y(a) = yo, z(a) = zo.
Also assume there is a constant C > 0 so that
lg(t, z2) — g(t, 1)[| < Cllzg — 21|

and a continuous function ¢ : [a,b] — [0,00) so that

1 (8 y(@®) — gty < #(2)-
Then for t € [a, b

t
ly(8) = 2O < e lyo — zo]| + eI~ / e” 9 Ve(s) ds.
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