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Introduction

The study of the asymptotic behaviour of oscillating structures has been carried on
successfully under the hypothesis of periodicity (see for example Bensoussan, J.L. Lions
& Papanicolaou [7], Marcellini [35], Miiller [38], etc.). However, the periodical setting
is, under certain aspects, at times unsatisfactory; e.g.,

— the family of periodic functions is not stable under simple algebraic operations
(sum, product) or superposition, unless we restrict to functions with the same period;

— in some cases we have to consider the restriction of periodic functions to linear
subspaces (which in general is not periodic);

—we would like our homogenization results to be stable under “small” perturbations
(for example compact support perturbations) of the functionals considered.
The almost periodic framework provides a suitable answer to these requirements.

In this paper we shall present a homogenization theorem (Theorem 2.4) for func-
tionals of the calculus of variations of the form

[ 1( ), ™2, Duta) i,

3
Q

with very mild conditions of almost periodicity on the oscillating variables, and standard
growth hypotheses on the integrand f. Particular case of problems of this type have
already been treated by Buttazzo & Dal Maso [15 |, Acerbi & Buttazzo [1] and E [23],
under periodicity assumptions (see also Boccardo & Murat [9]).

We use the techniques of De Giorgi’s I'-convergence, which has proven particularly
suited for the treatment of asymptotic problems. Almost-periodic problems have already
been studied by Braides [10], [11], Ambrosio & Braides [4], De Arcangelis and Serra
Cassano [21], De Arcangelis [20], and, in the framework of the G-convergence, by Kozlov
28], [29], Oleinik & Zhikov [39] (for the linear case), and recently by Braides, Chiado
Piat & Defranceschi [13], and Braides [12] (for quasilinear equations).

Section 1 contains the main definitions of almost periodicity and I'-convergence. In
Section 2 we recall some important results concerning (weakly lower semicontinuous)
integral functionals on Sobolev spaces, and state the main results of the paper. Section
3 is devoted to the proof of the homogenization theorem under stronger hypotheses
of uniform almost periodicity, which already cover the case of oscillating Riemmanian
metrics. The simplification allows us to underline in the proof the main feature of
uniform almost periodic functions here utilized: the keeping of their properties while
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passing to lower dimensional linear subspaces. Let us remark that even in the periodic
case (and no non-oscillating variables), we find ourselves with a non periodic problem
when considering the superposition of f and a linear function: f(z,&x,£). This would
lead to some technical problems, if we wanted to use only periodic techniques (see E
[23], Section 4 and 5, Acerbi & Buttazzo [1] Section 3). In Section 4 we briefly recall a
closure theorem for the homogenization (Theorem 4.2) proven in [11], and adapt it to
the present situation. This permits the extension to the general almost periodic case.
Finally, in Section 5 we deduce from Theorem 2.4 a homogenization result for viscosity
solution of Hamilton-Jacobi equations.

We have given detailed proofs of the new results, when the almost periodicity plays
an important role, while, for the proofs involving routine procedures of I'-convergence,
we refer to well-known results (see for example Buttazzo & Dal Maso [16], Dal Maso
& Modica [19], Fusco [25]), and in particular to representation theorems for variational
functionals (see Buttazzo [14], Alberti [3]).
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1. Notation and definitions

Notation

By M™*™ we will denote the space of m x mn real matrices, if & € M™*" and
r € R", £z € R™ will be defined by the usual product between matrices and vectors; if
z,y € R", (x,y) € R will denote their scalar product. H?(Q) = HMP(Q; R™) will be
the usual Sobolev space (of R™-valued functions). A,, will be the family of all bounded
open subsets of R™; if Q € A,,, A(Q2) and B(2) will be the families of open and Borel
subsets of €2, respectively.

Almost-periodic functions

Definition 1.1. (see for example Levitan & Zhikov [30] Def. 3 Ch. 1, Besicovitch
[8] Def. 2 Ch. 1 Parag. 12) Let (X,| |) be a complex Banach space. We say that a
measurable function v : R™ — X is uniformly almost periodic (u.a.p. for short), and
we write v € UAP(R™, X), if it is the uniform limit of a sequence of trigonometric
polynomials on X; i.e.,

Tim [P() 0| = 0
for some

Th
I\ h
Ph(y) _ ZX? ez(A]- 711)7
j=1

with x? e X, /\? € R™, and r, € N. The definition easily extends to real Banach

spaces. If X = R, this definition is the usual definition of uniformly almost periodic
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functions (in the sense of Bohr, see [8]), and we will write UAP,, for UAP(R™,R). A
special class of u.a.p. functions are quasiperiodic functions, i.e., diagonal functions of
continuous periodic functions of a larger number of variables: v(x) = V(x,...,x) (see
[30] Chapter 3).

Remark 1.2. Ifu:RY — Ris a L\ _ function, we define the mean value of u (over

R") as
1
udx = lim su / u(zx)dx.
][ T (2T)" (@)
[_T’T]n

It is easy to see that the mean value of u.a.p. functions is finite.

Let us first recall a characterization of uniformly almost periodic functions, which
will be an essential tool in the proof of the homogenization result (see for example, [§]
Ch. 1 Parag. 12 Theorem 10 and Theorem 3).

Theorem 1.3. Let g: RY — R; then the following statements are equivalent:
i) g is uniformly almost periodic;

i1) g is a continuous function, and for every n > 0 the set
T,={1eR"Y : |g(z+7)—g(x)| <n for every z € R }

1s relatively dense in RN(*);

i) g is a continuous function and for every y € RN and n > 0 the set
Ty ={reR : |g(x+T1y) —g(z)| <n for every z € RN}

18 relatively dense in R.

Following [8] and [30], we can define a more general class of almost periodic func-

tions, which includes u.a.p. functions, periodic measurable functions, and their pertur-

1

ive functions with mean value

bations with L!(R") functions (more in general with L
zero on R"™).

Definition 1.4. Let (X,| |) be a complex Banach space. We say that a measurable
function v : R™ — X is (Besicovitch) almost periodic, and we write v € AP(R", X), if

it is the limit in mean value of a sequence of trigonometric polynomials on X; i.e.,

(11) Jim f 1PA(9) ~ v(w)ldy =0
for some
Th
(1.2) Pu(y) =Y xI '),
j=1

(*) We say that a set T C RY is relatively dense in RY if there exists an inclusion
length L > 0 such that T + [0, L]Y = RY; i.e., for every 2 € RY there exists 7 €
z+ 10, L]V,
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with X? € X, )\? € R, and r, € R. The definition easily extends to real Banach

spaces. In particular we can take X = UAP,, (which is a Banach space if equipped
with the uniform norm). If X = R, this definition is the usual definition of Besicovitch
almost periodic functions (see [8]).

I'-convergence

Definition 1.5. (De Giorgi & Franzoni [22]) Let (X, 7) be a metric space (throughout
the paper we shall consider always LP spaces), and let (F;);c; be a family of real functions
defined on X, I C]0,4o00[ with 0 € I. Then for 2y € X, we define

['(7)-lim iglf F;(xzo) = inf{lim i(I)lf Fi(x;) @ zi5x0),

and
['(7)-limsup Fj(zo) = inf{limsup Fj(x;) : z;—x0};

1—0 1—0
if these two quantities coincide their common value will be called the I'-limit of the
sequence (F;) in g, and will be denoted by

['(7)-lim F;(xo).

1—0

It is easy to check that the following statements are equivalent:
i)l =T(7)- lin%) F.(xo);
E—

ii) for every sequence of positive numbers (¢;,) converging to 0 there exists a
subsequence (ej/) for which we have

[ =T(7)- hl/ir_)no Fe,, (z0);

iii) for every sequence of positive numbers (g5,) converging to 0 we have

a) for every sequence (xj) converging to xy we have

1 < lihm inf F;, (xp);

b) there exists a sequence (x},) converging to xo such that

[ > limsup Fy, (zp,).

h—o0

Remark 1.6. The I'-upper and lower limits defined above are T-lower semicontinuous
functions.
The value of the T-limit T'(7)- hn% F;(x) does not change if we substitute F; with

its lower 7-semicontinuous envelope; i.e., the greatest lower 7-semicontinuous function
less than or equal to F;.

The importance of the I'-convergence in the calculus of variations is clearly de-
scribed by the following theorem.
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Theorem 1.7. (De Giorgi & Franzoni [22]) Let us suppose that the T'-limit

I'(1)- hH(l) Fi(z) = Fy(x)
exists for every x € X, and that G is a T-continuous function defined on X. Then if
the functions F; + G are equicoercive on X, we have

Zlg% 151(f(FZ- +G) = m)}n(FO + G).

2. Preliminaries and statement of the main results

In the following we will consider functionals of the type

(2.1) F(u,Q) = [ f(x,u, Du)dzx,
/

where Q € A, and v € HYP(), and the integrand f : R® x R™ x M™*" — R is a
Carathéodory function and satisfies the growth condition
(2.2) §1P < fla,u,§) < C(1+[€7)

for all (z,u,£) € R" x R™ x M™*™.

We will be concerned with I'-limits of functionals of the form (2.1) in the strong
topology of LP(£2). Let us remark that, thanks to (2.2) this is equivalent to taking the
[-limits in the weak topology of H'?(€), and that in this topology these functionals are
equicoercive. Moreover, we can specialize Theorem 1.7, taking into account boundary
data as follows (see for example Fusco [25] Lemma 2.1).

Remark 2.1. If (F.(-,2)) is a sequence of functionals of the form (2.1) that I'-converge
to a functional F(+,2) as € — 0, then we have

min{F(u,Q) : u—¢p € Hé’p(Q)} = ;1_{% inf{F:(u,Q) : u—gpE¢€ H(l)’p(Q)}
for any ¢ € HYP(Q).

Lower semicontinuous integral functionals on H?(Q) of the form (2.1) are com-

pletely described by the following definition and the subsequent semicontinuity theorem.

Definition 2.2. (Morrey [37], Ball & Murat [6]) We will say that a continuous function
f: M™*" — R is quasiconver if for every £ € M™*" Q € A,, u € C}(Q), we have

(2.3 215(6) < [ #(€ + Duyda,
Q

If f satisfies growth conditions as in (2.2), then (2.3) is satisfied for all u € H{?(Q).

An equivalent definition of quasiconvexity is given by Ball, Currie & Olver [5] using

u.a.p. functions: f is quasiconvex if

f< Dud:z:) < ][ f(Du)dx

for any u € C*(R"™; R™) such that Du € UAP,,,.
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Theorem 2.3. (see Morrey [37], Acerbi & Fusco [2], Dacorogna [18]) Let us consider
a Carathéodory function f : R™ x R™ x M™*™ — R satisfying (2.2). A necessary and
sufficient condition for the functional F(-,Q) in (2.1) to be sequentially lower semicon-
tinuous in the weak topology of HYP(Q) is the function f to be quasiconvexr in the last
variable. More precisely, the relaxed functional of F, i.e., the greatest sequentially lower

semicontinuous (integral) functional less than or equal to F, in the weak topology of
HYP(Q), is

(2.4) F(u,Q) = /Qf(x,u,Du)dac,

Q

where the Carathéodory function Qf is the quasiconvex envelope of f, given by

(2.5) Qf(x,u,g):inf{ﬁ/f(a:,u,Dw(y)—l—f)dy : weHé’p(A)}.
A

This formula is independent of A € A,,. Let us remark that thanks to the lower semi-
continuity and coerciveness of F, we have

(2.6) inf{F(u,Q) : u—pe¢€ Hé’p(ﬂ)} =min{F(u,Q) : u—p€ Hé’p(Q)}
for all p € HMP(Q).
We can state now the main result of the paper.

Theorem 2.4. Let f: R™ x R™ x M™*" — R satisfy:
(i) for every (x,u,&) € R™ x R™ x M™*™

E1P < flz,u,8) < C(1+ [€°);

(ii) for every & € M™*™ the function x — f(x,-,§) belongs to AP(R™, UAP,,) (as in
Definition 1.4);
(iii) for every (z,u) € R™ x R™ the function f(x,u,-) is quasiconvez.

Then there exists a quasiconvex function f : M™*™ — R such that for every
bounded open subset Q2 of R"™ and every u € HYP(Q) the limit

e—0 £
Q

(2.7) [(LP(2))- lim f(g, @,Du(a}))dw = /?(Du(:z:))da:

exists, and the function f satisfies

(2.8)  F() = lim mf{tin / F(@ule) + &, Du(a) + Odz - u e HP(0,4M)

t—o0
10,¢[®
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Remark 2.5. 1) Theorem 2.4 can be easily extended, with standard techniques, to
the limit of functionals of the type

/f(:z:, E, u, ﬁ’ Du)dz,
€ €
Q

under suitable continuity conditions on the non oscillating variables. We refer to But-
tazzo & Dal Maso [16], Fusco [25], or to E [23] Corollary 6.1 for a proof.

2) The function f may turn out to be less regular than f, as seen by Buttazzo & Dal
Maso [15] Section 4 (see also E [23]), where it is considered the case f(u, &) = |£]|*+g(u).
Acerbi & Buttazzo in [1] Chapter 4, show that even if f(u,§) is a quadratic form in

&, f is in general not quadratic (while Boccardo & Murat [9] prove that the G-limit of
operators of the type —div(b(%)Du) is still of the form —bAuw).

Remark 2.6. The condition (i) is easily verified in some important cases:

a) if z — f(z,-,§) is periodic with values in UAP,,;

b) if (z,u) — f(x,u,§) is a function of UAP, 4 ,,;

c) if f(z,u,&) = a(z)g(u, &) or f(x,u,&) = b(u)h(x,§), with the functions a and h(-, )
in AP(R",R), and b and g(-,¢) in UAP,,, for every &.

The following corollary to Theorem 2.4 allows us to drop the quasiconvexity as-

sumption in two important cases.

Proposition 2.7. Let f satisfy condition (i) of Theorem 2.4 and one of the following
assumptions:
(iia) f(-,-,€) is periodic, with periods independent of &;

(iib) f(-,-, &) is quasiperiodic; i.e., f(z,u,&) = F(x,...,x,u,...,u,§), where F il a
continuous periodic function of a larger number of variables, with periods independent
of .

Then the thesis of Theorem 2.4 still holds.

Proof. 1t suffices to remark that the operation of quasiconvexification (2.5) man-
tains both periodicity and quasiperiodicity, and apply Theorem 2.4 to the quasiconvex

envelope Qf of f. The formula for f does not change by Remark 1.6 and Theorem 2.3.
L]

Remark 2.8. Formula (2.8) is a straightforward consequence of (2.7). In fact, by
Remark 2.1 we obtain, taking Q2 =]0,1[" and p(x) = £z,

min{ / f(E+Du)dr : ue H(l)’p(]()7 1[")}

10,1

:liminf{ / f(g,gx;_u,§+Du>dx ; ueHé’p(]O,l[")}.

e—0

Jo, 1™
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By the quasiconvexity of f, the left-hand side is equal to f(£), while, making a change
of variables in the right-hand side, we obtain

f(€) = lim inf{s” / flx,éx +u, &+ Du)dz = uwe Hy(]0, %[”)},

e—0
J0, 2"

and hence (2.8).

We cannot expect to obtain in general for the function f a homogenization formula
involving a single minimization problem even when f = f(z, &) is purely periodic in the
first variables, as shown by a counterexample of S.Miiller [38]. This is possible however
in some special case; e.g., in the scalar case m = 1 and f = f(z,&) (see for example
Marcellini [35]), or when m =1 and f = f(u, |£]) (see Buttazzo & Dal Maso [15]).

We end this section with two technical results that will be needed in Section 4.

Remark 2.9. If F(-,Q) is defined as in (2.1), we can define, for A > 0, the A\-Moreau-
Yosida transform of F, as

T\F(u, Q) = inf{F(u+v,Q) + Ao]f, o, : v€Hz"(Q)}.

Then if (F;);er is a family of functionals of the type (2.1) (I as in Definition 1.5), we
have (see [22])

[(LP())- lim iélf F;(u,Q) = lim lim i(])af T\ F;i(u,Q),

A—o0  1—

[(LP(£2))-limsup F;(u, Q) = lim limsup T F;(u, Q).

i—0 A—00 0

We will need also the following Meyers type theorem for minima of integral func-
tionals (Giaquinta & Giusti [26]).

Theorem 2.10. Let f: R"xR™ x M™*" — R be a Carathéodory function satisfying
(2.2), quasiconvex in the last variable, Q € A,, and w € C*(Q). Then there exists n > 0
depending only on Q, U, p and the constant C in (2.2), such that for every X > 0 every
minimum point uy of the problem

min{/(f(a;,ﬂ+ v, Du + Dv) + Ao|P)dx : v € H(l)’p(Q)}
Q

is in HYPT1(Q). Moreover, there exists a constant C(\) depending only on \, Q, w, p
and the constant C' in (2.2) such that

Jurlareen @) < C(A).
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3. Proof of the homogenization theorem

In this section we prove the homogenization theorem with a hypothesis of uniform
almost periodicity on the function f, which already covers some interesting cases; for

example

L., 5, \ou® ouP
f(u, Du) = Z Z%j () oz, %j’
i,j=1 afB

with a?jﬁ u.a.p. and satisfying (2.2). The next section will deal with the extension to a
more general class of integrands.

In view of the characterization of uniformly almost periodic functions in Theorem
1.3 and the growth hypothesis (2.2), we will make the following assumption on the
function f: for every ¢ € M™*™ and 1 > 0 the sets

Ty ={reR" :|f(z+7u+ (7€) — f(z,u,E)] <n(l+[¢)
for every (z,u,£) € R" x R™ x M™*"}
T, ={r e R™ :[f(z,u+7,&) = f(z,u,&)| <n(1l+[¢)
for every (z,u,&) € R" x R™ x M™*"}

(3.1)

are relatively dense in R™ and R™ respectively.

We can now proceed in the proof of the homogenization theorem for function f sat-
isfying (2.2) and (3.1) (no hypothesis of quasiconvexity is needed in this case). Following
a procedure which is typical of I'-convergence, we first prove a compactness result.

Proposition 3.1.  For every sequence (gp) of positive real numbers converging to 0,
there exists a subsequence (), and a quasiconvex function ¢ : M™*™ — R such that
for every Q € A, and every u € HYP(Q), there exists the T'-limit

(3.2) T(LP(Q))- lim f<

h’/ — oo

,Du(x))dm = /go(Du(x))dx.

Q

Eh! ’ En!

Proof. By a standard compactness argument (see Buttazzo & Dal Maso [16], Fusco
[25] Lemma 2.1, or E [23] Theorem 3.1), we obtain the existence of a subsequence (g,/)
such that the limit

F(u,Q) =T(LP(Q))- h}Enoo/f<5_m’ En
)

,Du(x))d:z:

exists for every 2 € A, and every u € HY'P(Q2), and satisfies:
(i) for every Q € A,, and every u € HMP()

/|Du|pdm < F(u,Q) < c/(1 + | DulP)da.
Q Q
(ii) F' is local; i.e., F(u,Q) = F(v,Q), whenever Q € A,, and u = v a.e. on €;
(iii) for every fixed u € H,"?(R™) the set function F(u,-) is the restriction of a Borel

loc
measure to A,,.
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Moreover:
(iv) for every Q € A,, u € H?(R"), a € R™,

Flu+a,Q) = F(u,Q).

In fact, let up — u be a sequence in HY'P(Q) such that

F(u,Q) = hm f( z uw(z)
' — 00 €h/ 5h/
Q

, Du(z))dx.

Fixed n > 0, let ap, € R™ such that a;, — a and 7y = ap/ /ey € T,g); i.e.,

|f(z,u+ 70, 8) — f(2,u,§)] < (1 + [€]7)
for every x € R",u € R™,{ € M™*". Then we have

x uh/ —|— ap’

F(u+a,) < liminf/f

h’/—o0

————, Du(x))dx
5h’

- liminf/f (—, “L() + 7, Du(z))dz

h!/ —o0 En’

— lim / F(= up (@ Du(x))dz + nliminf (|9 + | Dun 7, )
h'— o0 Enr’ h!—o0

< F(mﬁ) (1€ + sup | Duw [, g )

By the arbitrariness of 1, we have F(u + a,Q) < F(u,2). In the same way we prove
the opposite inequality.

By (i)—(iv) and the lower semicontinuity of the I'-limit, we can apply well-known
integral representation theorems (for example Theorem 4.3.2 of Buttazzo [14]), to obtain
the existence of a quasiconvex function ¢ : R™ x M™*"™ — R such that

F(u,Q) = /gp(w,Du(m))dm,

Q

for every Q € A, and v € HYP(£2). In order to complete the proof we have to show that
the function ¢ can be chosen independent of the variable x. It suffices to prove that for
every open ball B in R", £ € M™*" and a € R", we have F(¢x, B) = F({x, B + a).
This can be proven similarly to (iv) above (see also Braides [10] Proposition 5.1). [

Arguing as in Remark 2.8, we obtain for the function ¢ in (3.2) the formula

e(§) = lim inf{e}, / fl@,u(x) + €z, Du(z) + &)dx : w e Hy?(]0,1/en ™)}

h/—o0
10,1/ep,/["

The proof of Theorem 2.4, for f satisfying (3.1) and (2.2), will be then completed
by ii) of Definition 1.5 and by the following proposition, which shows that the function
¢ is independent of the subsequence ().
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Proposition 3.2. For every & € M™*™ there exists the limit

t—o0

(3.3)  f(¢) = lim inf{tln / flz,u(x) + &z, Du(x) + &)dr : u € Hé’p(]O,t[”)}.
]

0,¢["

Proof. The matrix ¢ € M™*" will remain fixed throughout the proof. Let us
define, for every ¢t > 0, the quantity

g =g:(0) = inf{tin / f(z,u(x) + Cx, Du(x) + {)dx : u € Hé’p(]O,t[”)}.

10,¢["

Fixed t > 0, let u; € Hy?(]0,¢[") be such that

1 1
i [ F@(e)+ G Due) + o < gt 1.
10,¢[™

We want to estimate g, for s > ¢, in terms of g;. To such purpose, we will construct
us € H(l)’p (]0, s[™), by a patchwork procedure, exploiting the uniform almost periodicity
of the function f.

Fixed n > 0, let TnC be as in (3.1), and let L,, be the inclusion length related to Tg.
If s >t+ Ly, let I; be the set of all z = (21,...,2,) € Z" such that

S
0<Zj<

-1 =1,...
— _t—l—Ln J I ) 10y

and, for every z € I, let
72 € ((t+ Ly)z + [0, Ly)") N Ty

when s <t + L, we set I, = 0 and we choose 7, = 0.

If s > t, let us define

ug(z — 1,) if & € T,+]0,¢[",
US(x> =
0 otherwise,

and

Qs :]O7S[n\ U (Tz+]07t[n>'

z€lg

If s >t+ L,, then we have |Q,| = s" — ([ﬁ] - 1> " < s" (1 — (ﬁ)n> ().

(*) If a € R, then [a] €Z is the integral part of a.
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We can now estimate g (s >t + Ly)):

g <t / F(@,us(2) + Cr, Duy () + C)dx

s
10,s["

- L Z / f(%ut(l‘—Tz)+C$7Dut($—7z)+C)dx+/f(x,éx,()dm

Sn
2€Lsr 4ot Qs
1
— | [ sl + ot Duo) + Qo+ [ 6o,
z€1l5)0 74 [n Qs
1

= — (Z / (f(z,ue(x) + Cx + (7, Dug(x) + €) — [z, wi(x) + Cx, Dug(z) +€))dx

€05

+ <[t+8Ln]_1>n / f(:ls,ut(x)+Cm,Dut(x)+C)dw+/f(m,(x,§)dx>
Qs

10,2

1 S n 1
é;(Zn | e ipup)a+ (171 -1) t”(gt+;>+ciczs\<1+\<ip>>
zcl, 10, n
t
t+ Ly,

t
t+ L,

)”(1+gt+1)+( )"(gt+%)+c(1—(

t )" )@+ L),

S77(1&+L,7

We have thus

g < o( )" k) + (o) @+ )+ )+ 0(1= ()" )+ [ep).

t
t+L, t+ L, t t+ L,

Taking the limit, first as s — oo and then as t — oo, we obtain

limsup gs < (1 +n) litm inf g; + 1.
—00

§— 00

By the arbitrariness of n we have the desired result. L]
4. Generalization to almost periodic functionals

The proof of Theorem 2.4 follows an approximation argument, already used by Braides
[11], in view of the following closure lemma for the homogenization.

Lemma 4.1. Let f and g (h € N) satisfy (2.2), and for every R > 0

(41) hhm sup ||f($,,§) _gh(x77€)||00dx20
) EI<R

If for every bounded open subset Q of R™ and every u € HYP(Q) the limit
(4.2) Gn(u, Q) = T(LP(2))- lim gh(x u(z)
Q

g, T, DU(x))d.fC
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exists, then there exists also the limit

(4.3) F(u,Q) = D(LP())- lim f(f, uz) Du(w))da:,

e—0

and we have

(4.4) F(u,Q) = F(LP(Q))—hlim Gr(u,Q)
for every bounded open subset Q of R", and every u € C1(Q).

Remark. Taking g = gy, this lemma gives a “stability” result for the homogenization,
under “small” perturbation, in the sense that, under the growth hypothesis (2.2), if
f(z,u,§) is homogenizable, then so is also the function f(x,u,&) + g(x,u, &) whenever
we have  f|g(z,-,&)|ocdz = 0 for all £ € M™>"™ (for example when g is of compact
support in z, or x — | g(z, -, )| belongs to L(R™).

Proof of Lemma 4.1.  We just give a sketch of the proof, since it follows closely
the proof of Lemma 3.4 in [11].

Step 1: we observe that, fixed A > 0 and u € C'(Q2), by Theorem 2.10 we have
uniform Meyers estimates for the minimizers of the problems

U+ w

T\GE(u, Q) = min{/ gh(f, , Du+ Dw)dz + )\/ jw|Pdz : w € Hy?(Q)},

u+w

T\F.(u,Q) = min{/ f(f, , Du+ Dw)dx + )\/ \w|Pdz - w € Hy? (Q)},
JE

thanks to the estimate (2.2). The functionals ThG" and T\ F. are the Moreau-Yosida

transforms of the functionals f gn(%,%, Du)dx and f f(£,%, Du)dz as in 2.9.

ERRPE

Step 2: using Step 1 and the condition (4.1), we can pass to the limit, obtaining

lim lim inf lim sup T\G" (u, Q) = hm lim sup T F (u, )

A—oo h—oo e—0 A—00 (0

and
lim limsup lim 1nf T\G"(u,Q) = lim lim 1nfTAF (u, ).

A—00 oo €0 A—oo e—0

The proof repeats word by word the argument of [11], replacing the condition

lim  sup [f(z,§) — gn(x,§)|dz =0
h— o0 I€|<R

with (4.1).
Step 3. by Theorem 1.7, we can pass to the limit on the right-hand sides as ¢ — 0
obtaining
/\lim lihminfT)\Gh(u,Q) hm lim sup T F- (u, )
—00 h—oo A—00 0
and

lim limsup ThG"(u, Q) = lim liminf T\ F. (u, Q).

A—00 Koo A—oo €—0

By Remark 2.9 this implies (4.4) passing to the limit. 0



14 Andrea Braides

Proposition 4.2. Let f and (gn) satisfy (4.1) and (4.2). Then there exists a (quasi-
convex) function f: M™*™ — R such that for every bounded open subset Q of R™ and
every u € HVP(Q) the limit

(4.5) hm/f (L, 0% da;—/f (Du(z

exists, and the function f satisfies

t—oo

(4.6) (€)= lim inf{tin / fl,u(2) + &2, Dulz) + dz + ue B0, ).

10,¢[™

Proof. As in the proof of Proposition 3.1, for every sequence (g5) converging to 0,
there exists a subsequence (gp,/) such that the limit

F(u,Q) =T(LP(Q))- lim /f — Du(z))dx

h’— o0 En’
exists for every 2 € A,, and every u € HY'P(Q), and, fixed Q € A,,, we have:
(i) for every B € B(Q2) and every u € HLP(Q)

/|Du|pd:1; < F(u,B) < c/(1 + | DulP)dz

(ii) F is local on A(Q);

(iii) for every fixed u € HYP(Q) the set function F(u, ) is the restriction of a Borel
measure to A,;

(iv) for every A € A(Q), F(-, A) is weakly lower semicontinuous in H?((2).

Then F is also local on B(2) (see Buttazzo & Dal Maso [17]); a well-known result
(see Liu [34] or Federer [24] Theorem 3.1.16) implies then that F' is determined by its
behaviour on C'(Q2). Hence, by (4.3), we have that the I'-limit is independent of the
subsequence (/). From (4.4) we deduce also that

F(u,Q) = F(u+a,) for every a € R™,
for all w € HY?(2), and

F(x,Q) = F({x,Q+b) for every b € R",
for all & € M™*™.

Hence we can apply the representation result 4.3.2 of Buttazzo [14], and obtain
(4.5). The formula (4.6) follows from Remark 2.8. 0
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The proof of Theorem 2.4 will be then completed if we exhibit a sequence (gp,)
satisfying (4.1) and the hypotheses (3.1) of Section 3, in order to obtain (4.2).

We follow the construction of [11]. Let us first remark that by Definition 1.4 and
the definition of UAP,,, we have that for every & € M™*"™ there exists a sequence of
trigonometric polynomials P,f on R"” x R™ such that

][ |PE (2, ) — f( - &) |ood — 0,

as h — oo.
Let (£5,) be a dense sequence in M™*™. For every h € N let us choose trigonometric
polynomials P}, ... ,P,? such that

1
(4.7) FIPM @) = ) < 5.
Define then
f($7u7£) £:£J .7:177h
Jnl@,u,8) = C(1+|¢P) otherwise,
(4.8)
C(L+[&P) AN (P, u) VIEP) €=¢& j=1,...,h
QOh(.T,’U,,f) =

C(1+ €|P) otherwise,

and Q fr, Qpp using formula (2.5) We obtain then easily the following proposition.

Proposition 4.3. The functions Qfn and Qpy are quasiconvexr and satisfy (3.1).

Moreover
(4.9) Qfnla,u. &) = Fla,u,&;)
forj=1,...,h.

Proof. The proof follows directly from (2.5) as in Proposition 4.3, Remark 4.6 and
Remark 4.7 of [11]. O

Proposition 4.4. The functions g, = Qvy satisfy the hypotheses of Proposition 4.2.

Proof. By Proposition 4.3, we have only to prove that (4.1) holds. Let us first
show that

—ooJ [§I<R

Now, since quasiconvex functions satisfying (2.2) are locally uniformly equi-Lipschitz in
the last variable (see for example Fusco [25] Lemma 1.2, or Marcellini [36]), for every
R > 0 there exists L > 0, depending only on the constant C' in (2.2) and p, such that

f(@,u,&) — flz,u, )| < LIE - £

(4.11) , ,
|th(ac,u,§) - th(x7u7€ )| < ng _5 |
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for all (z,u) € R" x R™ and £,& € M™*™ with [£|,]¢'| < R, and for every h € N.
Using (4.11), and (4.9) we get

|f(£L’,’LL,§) - th(x,u,g)\ = ’f(xauvs) - f(xauﬂéj) + th(xvuvsj) - th(x,u, f)’

where j € 1,...,h and |;| < R. Hence

sup 1£(,+&) = Qfn(s,Olloo < 2L sup (inf{l§ =] : j €L ih || < RY).

lEI<R lEI<R

By the density of (&;,) the right-hand side tends to 0 as h — oo, and we obtain (4.10).
Let us now prove that

lEI<R

h—oo

Using (2.5) it is easy to see that we have

h
|Q(ph(m7u7£) - th(xauagﬂ < Z |Q0h(l‘,u,§j) - fh<x7u7§j)|
j=1

|Pjh(x7u) - fh(xauvgj”'

<
Il
_

I
.M?

Hence we obtain

][ sup [Qn (2, ) — Qfn(, €)]ooda

lEI<R

h
<> f 1Pl @) = o &)l
j=1

and (4.12), by (4.7).
Eventually, (4.1) follows from (4.10) and (4.12). L]

5. Homogenization of Hamilton-Jacobi equations

As pointed out by P.L.Lions [32], P.L.Lions, Papanicolaou & Varadhan [33], and E [23],
we can derive from Theorem 2.4 a homogenization result for Hamilton-Jacobi equations,
via I'-convergence of functionals related to the Legendre transforms of the Hamiltonian.
More precisely, let us suppose that H : R x R” x R®™ — R is a continuous function
satisfying:

i) H(t,x,-) is convex for every (¢, x);

ii) there exists 1 < p < 400, and C > 0 such that
P < H(t,2,§) < C(1+ [¢]°)

for every (t,z,¢);
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iii) the function t — H(t,-, &) belongs to AP(R,UAP,).
We shall study the limiting behaviour of the viscosity solutions of the Cauchy problem

% +H(£ z Dus) =0 inR"x [Ov —J’_OO[

el e?

(5-1) ue(2,0) = ¢(x) in R",

where ¢ is a given bounded and uniformly continuous function in R™.

Let us define the Legendre transform of H:

L(t,u,&) = sup {(&¢&) — H(t,u, &)},

£’€R"

for every (t,u,&). Then we have the following proposition.

Proposition 5.1. For every & € R" there exists the limit

(5.2) L(¢) = lim 1 inf /L(T,u(T) +ér/ (1) + E)dr - uwe HYY0,T)

T—o0
0

Proof. By the growth hypothesis ii), if we set

B p 1 _p—1
Cl—(p—l)cg 02— pq

we have that for every (t,u, &)
C1l€]7 — C < L(t,u, &) < Col€]1.

The existence of the limit in (5.2) follows then by (2.8) in Theorem 2.4, where f =
L(t,u, &)+ C. L]

We can intoduce now the effective Hamiltonian H as

H(&) = sup {(£,¢) — L&)},

&eRn

and state the convergence result as follows.

Theorem 5.2. Let ¢ be a given bounded and uniformly continuous function in R", and
let ue be the unique viscosity solution of (5.1). Then as e — 0, u. converges uniformly
on compact sets to the unique viscosity solution of the Cauchy problem

9u L H(Du) =0 inR" x [0, +00]
(5.3)
u(x, O) = gp(a’,‘) ZTL Rn-
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Proof. Following P.L.Lions [31] Theorem 11.1, and Lax [27], we can define for
r,ye R"and 0 <s <t

t

Se(x,t;y,s) = inf /L(g, @,UI(T))dT cu(s) =y, u(t) =z, uc HV®(s,1)
— inf /L(g,@,u'm)m s u(r) — (Z:f(f—s)w) € H-(s, 1)

S

Then the unique viscosity solution to problem (5.1) is given by the Lax formula:
ue(x,t) = inf{p(y) + Sc(z,t;y,s) : y € R",0<s <t}

By Theorem 2.4, we have that for every x,y € R" and 0 < s <t

t

Se(z,t;y,s) — min /L(u/(T))dT s ou(T) — (y — x(T —s)+y) € Hy (s, )

s—t

S

=(t = 9)L(*—).

the last equality following by the convexity of L and Jensen’s inequality. By the growth
hypothesis on L we obtain that the functions S.(z,t;-,-) are equicontinuous in {y €
R",0 < s <t—mn}, and then

ue(z,t) — u(z,t)

pointwise, where

—y—x
u(z,t) = inf{e(y) + (t — S)L(i—t) cyeR™0<s <t}

Since the functions u. are equicontinuous on compact sets, the convergence is uniform

on bounded sets. Again by the Lax formula in [31] Theorem 11.1, and by the definition

of H, u is the unique viscosity solution of (5.3). 0

An Example. Let H = H(x,§) be uniformly almost periodic in the first variable.
As shown in [33] and [23], we can give an alternative definition of H: for every £ € R",
H is the unique constant such that the stationary problem

(5.4) H(x,&+ Du(x)) = H(E)

has a uniformly almost periodic solution. We can apply this remark to obtain an explicit
formula for H, when n = 1,

H(z,€) = [¢]° - V(2),

V is u.a.p. and
infV =0.
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When H(§) > 0, from equation (5.4) we have
[/ (z) + &7 = V(@) + H(E) > 0,

hence, by the requirement that v’ is continuous,

u' () = =&+ V(x) + H() or u/(z) =& —1/V(x)+ H(E).

The function u is then u.a.p. if and only if the mean value of v’ is zero, i.e.,

€= [ V@) + H© d

Since H is positive and convex, we obtain the formula

0 if 6] < f/V(@) da

©)= a if ¢ =FVV(z)+ade.

The flat piece in the graph of H corresponds to the lack of differentiability of L in 0, as
already observed by Buttazzo & Dal Maso [15] Section 4a.
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