EXISTENCE AND ALMOST EVERYWHERE REGULARITY
OF ISOPERIMETRIC CLUSTERS FOR FRACTIONAL PERIMETERS
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ABSTRACT. The existence of minimizers in the fractional isoperimetric problem with multiple
volume constraints is proved, together with a partial regularity result.

1. INTRODUCTION

The goal of this paper is establishing basic existence and partial regularity results for the
fractional isoperimetric problem with multiple volume constraints. If £ C R”, n > 2, and s € (0,1),
then the fractional perimeter of order s of E is defined as

PS(E):/Rn wE(x)dx:/E dx/cxdy%ﬂ. (1.1)

The kernel z +— |z|~"* is not integrable near the origin, and the potential

wp(z) == 1p(z) /E dy

o |z —ylmte
explodes like dist(x, 0E)~* as « € E approaches OF. Since t~* is integrable near 0, by decomposing

r e R"”

the integral of wg on a small layer around OF as the integral along the normal rays t — p—tvg(p),
p € OF, then we see that P,(FE), at leading order, is measuring the perimeter P(E) = H" 1(9F)
of E. This idea is made precise by the fact that, as s = 17, (1 — s) Ps(E) — ¢(n) P(E) for every
set of finite perimeter E, see [BBMO01, D4v02], and (1 — s) Ps — P in the sense of I'-convergence
[ADPM11].

The last few years has seen a great effort by many authors towards the understanding of
geometric variational problems in the fractional setting. This line of research has been initiated
in [CRS10] with the regularity theory for the fractional Plateau’s problem (see [SV13, FV13,
BFV14, CG10, CV11] for further developments in this direction), while fractional isoperimetric
problems have been the subject of [FLS08, KM13, KM14, DCNRV15, FFM*15]. Examples of
singular fractional minimal boundaries (boundaries with vanishing fractional mean curvature) are
found in [DAPW13, DdPW14]. Boundaries with constant fractional mean curvature have also been
investigated in some detail [DAPDV15, CFSMW15, CFW16, CFMN16] and their study illustrates
how nonlocality brings into play both complications (need for new arguments, for example when in
the local case one exploits some direct ODE argument) and simplifications (because of additional
rigidities): compare, for example, the stability results from [CM15] with those in [CFMN16].

Our goal is starting the study, in the fractional setting, of another classical geometric varia-
tional problem, namely the isoperimetric problem with multiple volume constraints. Given N € N,
a N-cluster (or simply a cluster) € is a family £ = {€(h)}_, of disjoint Borel subsets of R". The
sets £(h), h = 1,..., N, are called the chambers of £, while £(0) = R™ \ UhN:1 E(h) is called the
exterior chamber of £. When |E(h)| < oo for h = 1,..., N, then the volume vector m(&) of £ is
defined as

m(€) = (1ED)]; .. [E(N)]) e RY
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while the fractional s-perimeter of £ is given by

Pi(E) = 3 S P(EM)). (1.2)

Given m € Rﬂ\_’ (that is, mp, > 0 for h = 1,..., N), we consider the following isoperimetric problem
inf {ps(g) cm(E) = m} . (1.3)

Every minimizer in (1.3) is called an isoperimetric cluster. The following theorem is our main
result.

Theorem 1.1. For every m € RY there exists an isoperimetric cluster € with m (€) = m. If we
set
o€ = {x €R":3h=1,..,N such that 0 < |E(h) N B,(z)| < |Br(2)] ¥r > 0} (1.4)

then OE is bounded and there exists a closed set ¥(£) C OE such that H" 2(X(E)) = 0 if n > 3,
$(E) is discrete if n =2, and 0E \ X(&) is a CH*-hypersurface in R™ for some a € (0,1).

Let us review the theory of isoperimetric clusters when the classical perimeter, not the frac-
tional one, is minimized. This theory has been initiated by Almgren [Alm76] with the proof of the
analogous result to Theorem 1.1, namely an existence and C'®-regularity theorem out of a closed
singular set of Hausdorff dimension n — 1. When n = 2 the only singular minimal cone consists of
three half-lines meeting at 120 degrees at a common end-point, so that, by a standard dimension
reduction argument, the singular set has Hausdorfl dimension at most n — 2, and is discrete when
n = 2. (This estimate is of course sharp.) Taylor [Tay76] has proved that, if n = 3, then the only
singular cones are obtained either by the union of three half-planes meeting at 120 degrees along
a common line, or as cones spanned by the edges of regular tetrahedra over their barycenters;
and that, moreover, 9€ is locally C''*“-diffeomorphic to its tangent cone at every point, including
singular ones. The regular part € \ X(€) has constant mean curvature and is real analytic, in
dimension n = 3 up to the singular set [Nit77, KS78]. Regularity of and near the singular set in
dimension n > 4 seems still to be an open problem.

Explicit examples of isoperimetric clusters are known just in a few cases. In the case of two
chambers (N = 2) the only isoperimetric clusters are double-bubbles, whose boundaries consist
of three (n — 1)-dimensional spherical caps meeting at 120-degrees along a (n — 2)-dimensional
sphere; see [FAB'93] in dimension n = 2, [HMRR02] (n = 3) and [Rei08, RHLS03] (n > 4).
In the case of three chambers (N = 3) one can define a candidate isoperimetric cluster, the so-
called triple bubble, enclosing three given volumes. When n = 2, the minimality of this triple
bubble was proved in [Wic04]. Another important isoperimetric problem is partitioning a flat
torus into chambers of equal volumes. In the case n = 2 this problem has been solved in [Hal01],
where the minimality of hexagonal honeycomb partitions is proved. Global stability inequalities for
planar double bubbles and for hexagonal honeycombs have been obtained in [CLM12] and [CM16],
together with quantitative descriptions of minimizers in the presence of a small potential term.

The present paper naturally opens two kind of questions, which are actually closely related:
first, understanding singularities of fractional isoperimetric clusters and, second, characterizing
fractional isoperimetric clusters in some basic cases. Thinking about the arguments used to achieve
these goals in the local theory, the extension to the fractional case is necessarily going to require
the introduction of new arguments and ideas.

One may speculate that the fractional theory may be helpful in advancing the local theory: on
the one hand, depending on the question under study, the rigidity of nonlocal perimeters may end
up bringing in some simplifications with respect to the local case; on the other hand, information



in the classical setting can be recovered from the fractional case in the limit s — 17. In any case,
at present, the viability of this idea has not been really tested on specific examples.

The paper is divided into two sections. In section 2 we prove the existence part of Theorem 1.1
by adapting to the fractional setting Almgren’s original proof (as presented in [Magl2, Part IV]).
In section 3 we prove the partial regularity assertion in Theorem 1.1. Similarly to what done in
[CRS10] for fractional perimeter minimizing boundaries, we exploit an extension problem to obtain
a monotonicity formula, showing that nearby most points of the boundary only two chambers of
the isoperimetric cluster are present. When this happens we can show that the two neighboring
chambers locally almost-minimize fractional perimeter, and we can thus apply the main result in
[CG10] to prove their Ct“-regularity.

Acknowledgment: Work partially supported by NSF DMS Grant 1265910 and DMS-FRG Grant
1361122.

2. EXISTENCE THEOREM

The goal of this section is proving the existence of isoperimetric clusters of any given volume.
Precisely, given m € Rf we discuss the existence of isoperimetric sets of volume m, that is,
minimizers in

= inf { Py(€) : £ is an N-cluster in R" with m(£) =m}. (2.1)

Every minimizing sequence {& }ren is compact in LIOC(R") (see section 2.1 for the terminology used
here and in the sequel) and fractional perimeters are trivially lower semicontinuous with respect to
this convergence, so that the only difficulty in showing the existence of minimizers is the possibility
that minimizing sequences do not converge in L!(R™) (loss of volume at infinity). Almgren’s
strategy to fix this problem [Alm76] (which predates by a decade the formalization of this kind of
argument in the theory of concentration-compactness!) consists in nucleating, truncating, volume-
fixing and translating a given minimizing sequence. The nucleation step consists in decomposing
the cluster & into finitely many “chunks” which contain most of the volume. These chunks are
defined by intersecting the chambers of &, with a finite collection of balls of equal radii, each
chunk having bounded diameter and possibly diverging from the others. In the truncation step the
chambers of & are “chopped” by a slight enlargement of the nucleating balls in such a way that
the perimeter is decreased by an amount which is proportional to the volume left out. The volume
is then restored by slight deformations of the clusters. By these operations one has obtained a new
minimizing sequence, localized into finitely many regions of bounded diameter. In the classical
case, where local perimeter is minimized, one can finally translate these nuclei so to obtain a new
minimizing sequence entirely contained in a bounded region. In the nonlocal case one cannot
freely translate disconnected parts of the cluster without changing in a complex way its fractional
perimeter. However, in section 2.2 we show that once a sequence of clusters have bounded fractional
perimeter and is localized into finitely many (possibly diverging) regions of bounded diameter,
then the sequence is actually bounded (see Lemma 2.1). In sections 2.3, 2.4, 2.5 we take care,
respectively, of the volume-fixing, truncation and nucleation steps of the argument, highlighting
the differences brought in Almgren’s argument by the nonlocality of fractional perimeters. Finally,
in section 2.6 we combine these tools to prove the existence of isoperimetric sets.

2.1. Notation and terminology. Given disjoint Borel sets E, F' C R™ and s € (0, 1), we define
the fractional interaction energy of order s between E and F' by setting

(B, F) // dx dy .
o o —y[rte
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The fractional s-perimeter is then given by Ps(E) = I(E, E°), see (1.1). The s-perimeter of
E C R™ relative to an open set {2 C R” is defined by the formula

Py(E;Q) =L(ENQLENQ) + L(ENQENQ) + I, (ENQS,ENQ).

The motivation for this definition lies in the fact that if Ps(E) and Ps(F') are both finite and
ENQc=FNQ then Ps(E) — Ps(F) = P,(E; Q) — P,(F; Q).

A N-cluster, or simply a cluster, is a family £ = {€(h)}}_, of disjoint sets, called the chambers
of £. The set £(0) = R™\ UhN:1 E(h) is called the exterior chamber of £. The volume of £ is the
vector m(€) = (|E(1)], ..., |E(N)]). The relative distance between the N-clusters & and &' in Q@ C R™
is defined by

N
do(£,€) =) QN (E(h)AE'(h))].
h=0

The relative s-perimeter Ps(E;Q) of the cluster € in ) is defined as

1 M
PL(E:9) = 5 > PEM D),
=1

so that Py(€) = Ps(&;R™), see (1.2). We say that a sequence {&}ren of N-clusters converges in
Li,. () toa N-cluster € if 1¢, () = lg(n) in L (Q) for every h = 1,..., N. If supy ey Ps(Ex; ) < 00,
then one can find a subsequence of {&; }reny which admits an Li () limit. Finally, the boundary

loc
of a Borel set £ C R™ is defined as

6E:{xeR”:O< |EN B, (z)| < |B(2)| v7~>0}. (2.2)
In this way (1.4) is equivalent to
N
0 = | J 9£(h).
h=1

2.2. A boundedness criterion. The following lemma exploits the rigidity of fractional perime-
ters to show that a cluster consisting of finitely many pieces localized in different bounded regions
has actually bounded diameter.

Lemma 2.1. Let {&;}tren be a minimizing sequence for (2.1). Let us assume that there exist
positive constants R and ¢ and, for every k € N, finitely many points {xx(i)}i=1,.. L), with the
property that

L(k)
Ex(h) € | Brlax(d)), VkeN,h=1,..,N, (2.3)

i=1
sup L(k) < oo, (2.4)
keN

N

> [Ek(h) N Br(ak(i)| > ¢, Vi=1,..,L(k),keN. (2.5)

h=1

Then there exists Ry > 0 and a subsequence (not relabelled) such that Ey(h) C Bg,(xx(1)) for
every h =1,..., N and for every k € N.

Before proving the lemma, we recall that the s-perimeter is subadditive, and more precisely
for every couple of disjoint measurable sets E, F C R™ we have

2|F| |F 2|F| | F
EUE < p(BUF) < PB) + Pu(F) — I

Py(E)+ Py(F) — ———— " diam(E U F)nts
( )+ S( ) diSt(E7F)n+S - diam(EUF)"+S

(2.6)



Indeed, we have that P;(EU F) = Py(E) + P,(F) — 2I,(E,F) and
|E]|F| |E||F|
_ HEL B Ry < AP
diam(E U F)nts — ( )< dist(E, F)nts
This observation will be applied to estimate the perimeter of a sequence of clusters with a finite

number of “components” which are moving away from each other.
Lemma 2.2. Let E, CR" be a sequence of measurable sets such that
L
Ep C | Brlan(i))  VkeN,

i=1
where R >0, L € N and, for each i =1,..., L, {z(i)}}ren are sequences of points such that

Jm | _nf_ |2k (i) — zr(j)] = oo (2.7)
Then
L
lim ‘PS(Ek) - ;Ps (Ex N BR(xk(z)))’ ~0. (2.8)
Proof. The inequality
L
Py(Ey) <Y Po(Bx N Br(a(i)))
i=1

follows from the subadditivity of the s-perimeter. Moreover, by induction over (2.6), given L sets
Fy,..., Fr, whose mutual distances are bigger than D > 0, one has

L L
Ps(U Fl> - ZPS(Fi) B 212 maj;i;,L |F;)? . (2.9)
i=1 =1

Given k € N, we apply this inequality to the sets F; = E, N Br(x(4))). Since in this case we have
|Fi| < |Br| and D > min;»; |z (i) — zx(j)| — 2R, we obtain

212| Bg|?
ming; (|ze (i) — z(f)] — 2R)"+

L
Py(Ex) > Y Po(Ex N Br(xx(i))) —

i=1
By (2.7) we obtain (2.8). O

Proof of Lemma 2.1. We argue by contradiction, assuming that there exists a minimizing sequence
{&k }ren in (2.1) such that (2.3), (2.4), and (2.5) hold, but with

klggo  ax diam (k. (h)) = +00.

Up to extracting a subsequence, we may assume that L(k) = Lo independent on k.

Step one: We claim that there exist L € {2,..,Lo} and S > R such that, up to extracting a
subsequence in k and up to reordering the set {1, ..., Lo}, we have

Jim [ (i) = 2(5)] = oo, Vi,j € {1,...,L},i# j, (2.10)
e de el
L
Ex(h) € | Bs(a(i), VkeN, h=1,..,N, (2.11)
=1
N
> 1&k(h) N Bs(zi(i)] > ¢, Vi=1,..,L, (2.12)
h=1

where the constant c is the one appearing in (2.5). Indeed, up to extracting subsequences, we may
assume that for every 4,j € {1,..., Lo} there exists S(i,7) = limg_o0 |21 (1) — 2£(4)| € [0, 00]. We
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then say that {z (i) }reny and {xk(j) }ren are asymptotically close if S(i,j) < oo, and introduce an
equivalence relation ~ on {1,..., Lo} so that ¢ ~ j if and only if {z(¢)}ren and {zk(j)}ren are
asymptotically close. Up to reordering {1,..., Lo}, we may assume that L is such that {1,...,L}
contains exactly one representative of each equivalence class. Hence, (2.10) follows by the fact
that representatives of different classes cannot be asymptotically close. Finally, by taking S :=
SUD; jeq1,...,L},ing O (4, J) + R, we clearly have Br(zy(i)) C Bs(z(j)) for every 4, j € {1,..., L} with
i~ j, so that (2.3) implies (2.11). Finally, (2.12) follows from (2.5) since Br(zx(i)) C Bg(z(7)).

Step two: Up to further extracting subsequences and reordering indices, we may assume that
‘xk(l) - xk(2)| < |$k(z) - xk(]” s vk € Naivj € {17 7L} 7i 7£ .7 .
and that
lim P,(Ek(h)) exists Vh=1,..., L.
k—o0
Moreover, up to a translation and a rotation, we may assume that

Tr(2) _

=€1.
|1 (2)]
We now define a new sequence {&] }ren so that &, coincides with & in the balls Bg(xy(i)) with
i # 2, whereas the part of &, inside Bg(x(2)) is translated at distance 35 from x(1) = 0: more
precisely, for every h =1,..., N we set

EL(R) =((E(h) 0 Bs(ak(2))) + (35 — lax(2))er ) U (k) 0 Bs(a (i) -

i#£2

xk(l) =

By Lemma 2.2 applied to each chamber of & and to & (0)¢ we have

N
29 =2 lim Py(&) = lim (P.(&(0)9) + > Pu((h))

h=1

23 P(Eh) 0 B n)-

We can use the same argument on the chambers of £}, which are contained in the balls { B45(0), Bs(z (7)) :
3 <i < L}, in order to obtain

an

L
= lim [Zps(gk( OBS 2k (i
=1

k—o0

N
2 limsup P, () = limsup (P4 (€£(0)%) + > Po(€L(h))
h=1

k—o0 k—o0

L
— lim sup [Ps (£4(0)° N Bus) + >_ Py(€x(0)° N Bs((i)))
i=3

k—o0
N N L
£ 3 PUELN) N Bis) + 303 PulEx(h) 0 Bs )]
h=1 h=1 1=3

By combining these identities we get

2+ — 2 limsup Ps(&},) =limsup [ — Py(&:(0)° N Bys) + Py (€:(0)° N Bs(zx(i)))
k—o00 k— o0 i=1,2
N N
~ Y PUE N Bis) + X0 3 Pu(Ex(h) 1 B (i)
h=1 i=1,2 h=1



By the subadditivity of the s-perimeter, for every k € N and h =1,..., N one has

Py (gé(h) N B45) < P, (5k(h) N Bs) + Ps(gk(h) N Bs(Ik(Q))) . (2.14)
At the same time, for every k € N,
Py (€,(0)° N Bag) < Ps(Ex(0)° N Bs) + Ps(£,(0)° N Bs(zx(2))) — (Séiﬁ . (2.15)

To prove (2.15), we exploit the upper bound in (2.6) with E = £,(0)° N Bg and F = &,(0)° N
Bg(3Sey). Since EUF C Byg and |E|, |F| > ¢ by (2.5), we find that
P, (£(0)° N Bys) = Ps((£(0)° N Bs) U (£,(0)° N Bg(3Se1)))
2 2
< P,(/(0)° N Bs) + P,(EL(0)° N Bs(35€1)) — .
(8S)n+s

Since £,,(0)°NBg(3Seq) is a translation of £, (0)°N Bg(zx(2)), we have prove (2.15). By combining
(2.14) and (2.15) with (2.13), and taking into account that each &) is a competitor in (2.1), we
finally find a contradiction, namely

2

7§11£S£PP5(52)§7—W~ O
2.3. Volume-fixing variations. In studying isoperimetric problems with multiple volume con-
straints one needs to use local diffeomorphic deformations to adjust volumes of competitors. (Scal-
ing is not useful here, as it can just be used to fix the volume of a chamber per time.) This basic
technique is found in Almgren’s work [Alm76, VI-10,11,12]. Here we follow the presentation of
[Magl2, Sections 29.5-29.6], and discuss the adaptations needed to work in the fractional setting.
Given a reference N-cluster £, our goal is proving that for every cluster £ which is sufficiently
L'-close to € and for every volume m’ sufficiently close to m(€’) there exists a deformation of &£’
with volume m’ and perimeter which has increased, at most, proportionally to the small quantity
|m’ — m(E")|; see Proposition 2.6 below.

The first step to achieve this is proving that, in any ball where the two chambers £(i) and
£(j) are present, one can build a compactly supported vector field whose flow increases the volume
of £(i) with speed 1, decreases the volume of £(j) with speed —1, and leaves the volumes of the
other chambers infinitesimally unchanged. In the local case this is done in a geometrically explicit
way by exploiting the notion of reduced boundary to push £(i) along its (measure-theoretic) outer
unit normal, compare with [Magl2, Section 29.5]. In the fractional case we are not dealing with
sets of finite perimeter, and we thus resort to a more abstract approach, which in fact simplifies
the construction. In the following we set

V={aecR " :a(0)+..+a(N)=0}.

Lemma 2.3. If £ is an N-cluster in R", 0 < i < j < N, and z € 9E(i) N OE(j), then for every
R > 0 there exists a vector field T;; € C°(Br(z);R™) such that

/ diV(Tij) dr=1= —/ diV(TZ‘j) d.’L’, / diV(Tij) dr =0 Yh 7é Z,]
E(i) E(7) E(h)
Proof. Step one: Given R > 0 and z € R", let H C {0,..., N} be such that h € H if and only

if 0 < |€(h) N Br(z)| < Br(z). Let us consider the linear operator £ : C°(Bg(z);R") — RN+!
defined by

L(T) = ( /5 o div(T) dz, ..., /5 N div(T) dx),
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and consider the linear spaces
I= {.C(T) Te CgO(BR(z);R”)} V' ={acV:ah)=0 Vh¢g H}.

We claim that I = V’. Trivially, I C V’. Since I is the intersection of all the hyperplanes that
contain it, it is enough to show that if J is an hyperplane in RN¥*! which contains I, then V’ C J.
Indeed, let {\,}2_, be such that a € J if and only if Ztho Ara(h) = 0. The condition I C J
implies that

0=>" )\h/ div(T) da :/ ( > )\hlg(h))div(T) de, VT € C®(Bgr(z);R"),
£(h)

heH heH

so that D, 5 Anlg(n) is constant in Br(z). As the chambers £(h) are disjoint, this means that
there exists A € R such that A\, = X for every h € H, and thus V' C J holds.

Step two: Now let z € 9E(i) N IE(J) for some 0 < i < j < N, and given R > 0let H C {0,..., N}
be defined as in step one, so that {i,j} C H. Since I = V' and the equations a(i) = 1, a(j) = —1,
a(h) =0 for h # i, j define an element a € V', we conclude the existence of T;; € C°(Bg(z);R")
with the required properties. O

The subsequent step is checking that the flows generated by the vector-fields 7;; found in the
previous lemma have the required properties. We notice that the constant Cy below depends also
on ||T||c: (and therefore on our particular cluster), so the dependence on s is not explicit here.

Lemma 2.4 (Infinitesimal volume exchange between two chambers). Let s € (0,1) and £ be an
N-cluster in R™. If0 < h < k < N, z € 96(h) N 9&(k), and r,6 > 0, then there exist positive
constants €1, €2, Co depending only on &, z,7,0, and a family of diffeomorphisms { fi}<e, such
that
{zeR":z# fi(x)} CC B,(2), V|t < ey, (2.16)
which satisfies the following properties:
(i) if & is a cluster, d(E,E") < eq (in particular, if &' = &), and |t| < €1, then

'jt‘ft(g/(h)) ﬂBr(z)’ —1] <4, %’ft(g/(k)) OBT(Z)‘ + 1’ <4,
‘;t fe(€@)n Br(z)H <& Vi#hk,
5722 fe(€'(0) N Br(z)] <Cy Vi=0,.,N.

(notice that fi(E) N B.(2) = f{(E N B.(z)) for every E C R™).
(ii) if E is a set of finite s-perimeter and |t| < €1, then

|Ps(fe(E)) — Po(E)| < Colt] Ps(E).

Proof. Given z € 9£(h) N 0E(k) and r > 0, let T € C°(B,(z)) be the vector field given by
Lemma 2.3, which satisfies

div(T)dx =1=— div(T) dz, div(T)dx =0 Vi# h,k. (2.17)
E(h) E(k) £(9)
For every t € (0,1) we define fi(z) = = + tT(x), = € R™. Since fo(z) = = and sptT C B,.(2),

there exists €1 > 0 such that {f;}4<c, is a family of diffeomorphisms satisfying (2.16). By the
area formula, for every Borel set £ C R™

| fe(B) N B, ()] :/ J fi(z) dz.

ENB,(z)



Noticing that Jf:(z) =1+ tdivT( ) + O(t), we deduce that

|fi(E) N B (2)] :/ divT(z) dzx
t=0 ENB,(z)

and statement (i) follows, possibly further reducing the value of £, by (2.17) and by the fact that
t— ’ fi(E)N Br(z)’ is a smooth function when ¢ is small. By the change of variable formula we

have also that Jf Jf )
t t
dz dy.
/ / |ft s Y

Since J fi(z)JJi(y) = 1+ t(dlvT( )+ divT'(y)) + o(t) there exist C' > 0 depending on n and T only
such that

dt

| fe(z) Je(y) — 1| < C [t

moreover, up to considering larger values of C, we have

1 - 1 - 1 1+ Clt]
[fe(@) = fr)I"s ~ (le =yl = [t T(x) = T+~ o —y[" (1 = L[V ||ee)Fs — |2 —y|mte
1 1 1 1—Clt]

> > \
|fe(@) = fe(y)|™ s = (lz —y[+ [t T(z) = T(y))"*s ~ |z —y[" T (1 + L[| VT|[Lee)Ts — |z —y|+s
so that

‘ 1 Ct|
|fe(2 ( e oyt T -yt
for t small enough. Hence, up to reducmg €1 we deduce that
Jff Jff( )
P (f, <// dx dy
[Pe(f(E)) ~ Pu(B)] NIRE )\W [ =y
th th( ) th th ’ // Jfi(@)J fi(y) 1
dz dy + - dx dy
// |fe(x Wln+s o —ylts ol o=yt r -yt
<Clt // 7dxd ,
i B JEe v =yt Y
which proves statement (ii). O

Lemma 2.4 gives us a way to exchange volume between the chambers £(h) and £(k) at a
point z € 9€(h) N OE(k), without significantly change the volume of other chambers. The next
step is choosing where to pick the points z so to have enough freedom to achieve any small volume
adjustment. To this end we introduce the following terminology: £(h) and £(k) are neighboring
chambers if H"~1(0E(h)NAE(k)) > 0. Let S be the set of the indexes corresponding to neighboring
chambers of &,

S = {(h,k) € {0,.., N} : h < k, H""1(9E(h) N OE(k)) > o},

let M € {N,...,2N?} be the cardinality of S, and let ¢ = (¢*, ¢?) : {1,..., M} — S be a bijection
(so that ¢ is an enumeration of S). A finite family of distinct points {24 }a=1,...,m is a system of
interface points of £ if for every a € {1,..., M} we have that 2, € 0E(¢*(a)) N IE(P*(a)). The
following lemma states the existence of a system of interface points of £ and shows that a certain
matrix, which keeps into account the links between different chambers, has rank N.

Lemma 2.5. (i) If £ is an N-cluster in R™ and M and ¢ are as above, then the matriv L =
(Lja)j=0,..N,a=1,...M € RWNHDXM gefined as
1 ifj=¢'(a),
Ljo =4 -1 ifj=q¢*(a), 1<asM
0 ifj#¢'(a),¢*(a),
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has rank N .

(i) If 6 > 0 and A is an open set in R™ such that for every h = 0, ..., N there exists a connected
component A’ of A with |E(0)NA'| > 0 and |E(h) N A’| > 0, then there exists systems of interface
points {zata=1,..m C A and {Yata=1,..,.m C A with |zo —yg| > 9 for every o, 3 =1, ..., M.

Proof. See [Magl2, Proof of Theorem 29.14, Step 1]. O

By combining the previous lemma we obtain the following proposition on volume-fixing vari-
ations.
Proposition 2.6 (Volume-fixing variations). Let s € (0,1), £ be an N-cluster with 0 < |E(h)| < oo
foreveryh =1,...,N, {za }a=1,....m be a system of interface points of €, and let 0 < r < min{|z, —
zg|/4:1<a< f <M}

Then there exist positive constants 1,e1,€2,C (s, €, {za}ta=1,...m and r) with the following
property: for every N-cluster & with d(£,£') < o there exists a Ct-function

®:((=n,)NNV) xR - R

such that
(i) ifae (—=n,n)N*tINV then ®(a,-) : R* — R" is a diffeomorphism with

M
{r eR": ®(a,z) 2} C U B, (zo) CCR"

a=1

(i) ifa€ (—n,n)NTINV then for 0 <h < N

B(a,&'(h)) N {z € R" : d(a,z) £ x}‘ )N {z €R": B(a,z) £ 2}| +a(h);

(iii) ifa € (—n,n)NTINV and F is a set of finite s-perimeter, then
|Ps(®(a, F)) = Pu(F)| < CPy( Z |a(h

Proof. Given Lemma 2.4 and Lemma 2.5 the proof is basically the same as in [Magl2, Proof of
Theorem 29.14], so we just give a sketch for the sake of clarity. By Lemma 2.4 given positive
constants & and r, there exist positive constants 1,2, Co (depending on &, r, § and {2z, }* ;) and

diffeomorphisms {ff}a—1,... a1 j¢|<e, such that

.....

{z eR" 1z # f(2)} CC By(2a), Vit| <epa=1,....M, (2.18)
and, if £’ is a cluster with d(£,&’) < eq, |t| <1, a =1,..., M, and (h, k) = (¢'(a), ¢*(a)), then

L1 o (£()) (0 By(za)| - 1| <, F(ER) N B(za)| +1) <8 (219)
]i FE(E'(6)) O By(za) ’ <6 fori#hk, (2.20)
‘dtQ FEE @) N Bo(za)|| < Co for0<i<N (2.21)
and such that, whenever F is a set of finite s-perimeter,
|Ps(ff(E)) — Py(E)| < Colt| Ps(E). (2.22)

Since r < min{|z, — 25//4: 1 < a < < M}, if we define ¥ : (—e1,61)™ x R® — R" by setting
U(t,x) = (ftl1 o ffz o... oft]g)(x), (t,x) € (—sl,el)M x R™,
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then ¥(t,-) is a diffeomorphisms with {¥(t, ) # Id} compactly contained in the union of the
disjoint balls {B,.(z4)}}.;. We claim the existence of > 0 and ¢ : (—n, 7)Y NV — RM such
that

®(a,z) = ¥ (((a),r) (a,z) € ()N NV) xR, (2.23)

satisfies all the required properties. To this end, we consider first the function v : (—e1,61)M —
V C RN+ defined by setting, for every h =0, ..., N and t € (—e1,e1)M,

i ( ‘\I/tc‘,' NN{zeR" :x#U(t,x)}| - [E'(h)N{z €eR™ 1z # V(t,z)}]

2.24
— Z | /2 (€' (h)) N Br(2a)| = [E'(h) N By (2a)]- (224

By (2.19), (2.20), (2.21), we see that 1(0) = 0, |[V2¢(t)| < Cp for every t € (—e1,e1)M, with
|00t (0) — Lpo| < C(N, M) 6 for every h =0,..., N and o = 1, ..., M. Since the rank of (Lpa)n,q is
N (Lemma 2.5), by arguing as in [Mag12, Proof of Theorem 29.14, Step 3] we find that provided ¢
is small enough then there exists £ > 0 such that Vi(0)e > kle| for every e € ker V)(0)*. By the
implicit function theorem (with the same statement as in [Magl2, Proof of Theorem 29.14, Step 2]
for having a quantitative dependence of 1 on £ and e but not on £’) we deduce that there exists
a class C? function ¢ : (—=n,7)N* 1NV — RM such that

YeE@)=a, K@) < 2l

With this definition at hand, it is clear that ® defined in (2.23) satisfies (i). Thanks to the definition
of ¢ and 1, it satisfies also (ii). We are left to check (iii), which requires a computation specific to
the fractional setting. If a € (—n,7)V 1 NV and F is a set of finite s-perimeter, then we have

|Ps(@(a, F)) = Po(F)| = [Po((f¢, a) © -+ © Fry () (F) = Ps(F)]

Z ((f& @ - Ofé\f[(a))(F)) ((fcill(a) Ofé‘;i(a))(F)”+|PS(fCA16(a)(F))_PS(F)|'
- (2.25)

By (2.22), we deduce that for every a = 1,..., M — 1

P2 a0 F 2 () () = Pu((JE2 00 FL D] < ColGa(@)| Pu((fE (00 S ) (F)
(2.26)
and similarly

[P (f24, ) (F) = Po(F)| < ColCu (a)| Ps(F).
In particular, for every a = 1,..., M — 1, since |[(,(a)] < &1 < 1, we obtain
Ps((f& °~-~0f<1\16(a))(F)>
Pu(£2HE 0y 0 00 £ ) + (SR g © o0 £ ) (F)) = Pol(E4 o 0 £ ) (F)
(14 QP o 00 £ ()
and
Py(fO (o) (F)) < (1+ Co) Py(F);

an easy induction shows then that

Po((f&. (@) 0 0 f2L @) (F) < (14 Co)M Py(F). (2.27)
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By (2.25), (2.26), and (2.27), we deduce that

M-1
|Pa(@(a, F)) = Po(F)| = Co Y [Ga(@)| Pa((FER (a) © - © f& (@) () + Colar (a) | Po(F)
a=1
/ N
< (14 Co)M*+1 py(F ZKa < 2M1 2(1:CO)MHPS(F)Z\a(h)\,
= (208)
so that also (iii) is satisfied. O

In the local case Proposition 2.6 would be sufficient for showing that isoperimetric clusters
are locally almost-minimizing perimeter (a key step in the regularity theory) and for modifying
minimizing sequences in the existence argument. In the fractional case, the latter application will
need the following version of Proposition 2.6.

Proposition 2.7 (Volume-fixing variations of a minimizing sequence). Let s € (0,1), m € RY,
{&k }ken be a sequence of N-clusters with m(E;) = m for every k € N, and define S > 0 by setting

wpS™ =2(m(1) + ... + m(N)).
Finally, let us assume that there exist co > 0 and sequences {xr (1)} ken, -, {Tk(N) }ken such that
|Ek(h) N Bg(xk(h))| > co for everyk e Nand h=1,...,N. (2.29)

Then there exist positive constants n, C' such that for every k € N (up to a not relabeled subsequence)
there exists a C'-function

O : (=, )N NV) xR* - R

such that
(i) ifae (—=n,n)NTINV then ®(a,-) : R" — R" is a diffeomorphism with
N
{z € R": O(a,z) # 2} C | Bs(zx(h)) CCR"
h=0

(i) ifa€ (=, NV then for0<h< N
Oy, E(h) N {z € R : By (a,z) £ x}’ - ‘Ek(h) N{z € R": Oy(a,z) £ z}| + a(h);

(iii) ifa € (=n,n)NTINV and F is a set of finite s-perimeter, then
|Ps(®r(a, F)) = Ps(F)| < CPy( Z |a(h

In the course of the proof we shall need the following basic property of fractional perimeters:
for every measurable set E and for every ball B it holds

P,(ENB) < I,(ENB,E°) + I,(EN B, B°) < I,(E, E°) + I,(B, B‘) = P,(E) + P,(B). (2.30)

Proof. Up to extracting a not relabelled subsequence, we may assume that there exist limy o, 2 (h)—
xg(h) for every h, b/ € {1,..., N}. Moreover, we can partition {1, ..., N} into £ disjoint sets A1, ..., Ay
such that for every j =1,...,¢

there exists klim x(h) — 2k (h') € Bans if h,h' € A,
—00

likm inf 2y (h) — 2, (R') > 25 for every h,h' € A;.
— 00
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The construction of the sets A; is performed in [Magl2, Section 29.7, Step 1]. Then we have
isolated ¢ disjoint nuclei in &, each of them of the form

&N |J Bs(zk(h))  forevery h=1,..,N, j=1,..,L
h'eA;
By setting v; = 8(IN + 1)Sje,, and by selecting an element h; in each set Aj;, we define a new
sequence of clusters £ by setting for every h =1,..., N

¢

&xh) = | v =iy + (&0 J Bstan())

i=1 h'el;

For every h =1,..., N, by (2.30) we obtain

4
Pu(&r(h) <Y Y Po(&r(h) N Bs(v; — zi(hy) + xx (1))

J=1h'€A;
J4 N
=3 Py(Ex(h) N Bs(ar(h')) = Y Po(Ex(h) N Bs(zx(1)))
J=1h/EA; h'=1
N
< NPy(Bs(0) + Y Ps(Ex(h)
h=1

By the bound on the perimeters of £ above, which are all contained in Byan41)s(0), we deduce
that there exists a cluster & C Big(n41)s(0) such that, up to a subsequence, each chamber of &
converges to the corresponding chamber of £* in L' (Bia(y11)s(0)). Moreover, by (2.29), if h € A;
for some j, we have that

1€ (h) N Bs(v; — xk(hy) + k()| > co.

We apply Lemma 2.5 to obtain a system of interface points for £* in UY_, Bs(v; — 2 (hj) + 21 (h))
(we use the open set A given by a union of balls). Following the proof of Proposition 2.6 applied
to the reference cluster £, we find 7,e; and Cy (independent on k), one-parameter families of
diffeomorphisms {f}a=1...am and ¢ : (=n,n)¥TL NV — RM (the latter two depend on k, as
in the previous proof they depended on &', but for simplicity we omit this dependence) with the
following properties. For every o = 1,..., M there exists a j € {1,...,£} and h’ € A; such that

{z eR":x# f*(2)} cC Bs(vj — zi(hy) + z(h')), for every |t| < eq, (2.31)
the sets {z € R" : & # f(z)} are all disjoint as « ranges in 1,..., M,
|Ps(f£(E)) — Ps(E)| < Colt| Ps(E), (2.32)
and setting
Oi(a,z) = (fl 0 fom oo fll )@  (az)e (VT nV) xR, (2.33)
we have
®i(a, & (h)) N {z € R™ : df(a,z) £ :c}’ - ’S,’j(h) N{zeR": di(a,z) £} +a(h). (2.34)

Now we suitably translate the functions fgl1 (a)r fg[/[ (a) in such a way that they act on the cluster
&, rather than on its translation &;; more precisely, we define for every o =1, ..., M

96 @) (@) = f& @ (@ +v; — 2(hy) — vj + z(hy)
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(once more we omit the dependence on k for ease of notation; here j € {1,...,¢} and b’ € A; are
chosen to satisfy (2.31)) and for every k € N

Pi(a,z) = (gél(a) 0 gfz(a) 0...0 gé\f[(a))(x) (a,z) € (U,U)NH x R™

It is clear that, since f¢ ) is the identity outside Bg(v; — zx(h;) + 2k (h)), the diffeomorphism

9¢ (a) is the identity outside Bg(xx(h)); moreover
{zeR" 12 # g7(x)} = an(hy) — v +{z €R" 12 # f(2)}.
It is easily checked by the definition of &£ that for every h = 1,..., N the set 9¢, (a) (Ex(h)) N {x €

R"™ : z # gf(x)} is a translation of I (a)(é'k yN{z e R" : 7é ff(x)}, so that the volume
change induced on &; by f< (a) is the same volume change induced on & by g? (@)’ in other words,

|98, @ E(h) N{z e R™ sz # g (2) }| = | & (@) (Ex (W) N {z € R™ sz # [ ()}

Since the diffeomorphisms fé’; (a) ACt (as « varies) on nonintersecting sets, and the same happens

(a)

to g?a(a), by composing the diffeomorphisms when « varies by (2.34) we deduce that

@k(a,gk(h))ﬂ{xEanék(a,x);«éx}’: ‘@Z(a,é’k( NN {zeR": & (a,z #x}‘

[(h) N {z € R": @(a,7) # o} | +alh
= |8 h) N {z € R™ : @y(a,2) # 2} + a(h)

hence (ii) holds true. To prove (iii), we repeat word by word the argument between (2.25) and
(2.28) with g‘g‘a (a) replacing fg; (a) &b every occurrence (by the nonlocality of the s-perimeter, the
fact that (iii) holds with ®} replacing ®; does not allow directly to conclude the statement; we
need to repeat the argument on each 9¢, (a)). O

2.4. Truncation lemma. We now state and prove the truncation lemma for fractional perimeters
needed in the existence proof. In the case of sets (N = 1) this lemma has already appeared as
[FFM ™15, Lemma 4.5].

Lemma 2.8. Letn > 2, s € (0,1), 7 € (0,1), let £ be an N-cluster in R™, and F C R™ be a
closed set with u(x) = dist(z, F) for x € R™. If

N
S e\ Fl <,
h=1

then there exists mo € [0,Cy 7V/™] such that the N-cluster £ in R™ defined by
E'(h)y=Eh)N{u<ry} 1<h<N

satisfies
3 !/
(1= 8) Pu(E") < (1 - 5) Py() — —UEE)_ (2.35)
Co(n, s) Ts/m
where
_ 4|B|(n=9)/" P(B)\1/s 2| B|(n=s)/n
— 14+(n—s)/s —
Ci(n,s) =2 ( s =5 P.(B) ) ) Cy(n,s) : (EBIRGE (2.36)

In particular, sup{C1(n, s) + Ca(n,s) : s < s < 1} < 0o for every fized so € (0,1).

Remark 2.9. Here we pay some attention to the dependency of constants from s, as the constants
can be shown to be uniform in the limit s — 1.
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Proof. For every r > 0, let us call F,. = {u < r} the r-enlargement of F and let us define the
cluster £” whose chambers are £"(h) = E(h) N F, for every 1 < h < N . Without loss of generality
we may assume that

N

D EM)\ Fey yiim| >0
h=1

otherwise, we set 79 = C; 7'/™ and (2.35) holds. If we set m(r) = Ethl |E(R) \ Fy|, 7 > 0, then m

is a nonincreasing function with

[0,C1 7Y™ € sptm m(0) <7, ZH" LEM)NIF,) forae. r>0. (2.37)

Arguing by contradiction, we now assume that

(1—8)Py(E) < (1—s) Py(E7) + Cm(’”z . Wre (0,0, 7Y™y, (2.38)
2/7—5 n
First, for every 7 > 0 and h =1, ..., N we have the identity
Py(E(h) N Ey) = Py(E(h)) = 2Py(F;E(h)) — Ps(E(h) \ Fy)

dz dy
= — P.(E(M)\ F,).
/h)ﬁF /h)ch |x— |n+s ( ( )\ )

Since £(h) N F. C Byy)—r(y) for every y € £(h) N F¢ and by the coarea formula, for every r > 0
we estimate

dxdy dx
n+s S dy n—+s
R)NFE,. JE(h)NFe |$ -yl E(h)NFe B (y)—r(¥) |z —yl

= P(B)/ dy/
emynre  Ju)—r P

Ly h_PE) [T o),
S Jem)nFe (u(y) —r)* s s (t=r)s
Finally, by the nonlocal isoperimetric inequality,
N
ZPs h)\ F.) > P ( U E(h ) ZPS(B)|B|(57")/”m(r)("*s)/".
h=1
We may thus combine these three remarks with (2.38) to conclude that, if 7 € (0,C; 71/™), then
2P(B) [* —m/(t) Ps(B) - m(r)
0 dt — (n=s)/n o "M\T)
= s / (t —r)° | B|(n=s)/n m(r) LR Yo
2P(B) [ —m/(t) Ps(B) _
< dt — (n=s)/n 2.39
- s /T (t—r)s 2| B|(n—s)/n m(r) ’ (2.39)

where in the last inequality we have used our choice of Cy and the fact that m(r) < 7 for every
r > 1. We rewrite (2.39) in the more convenient form

0o 07
mmWﬂms&/‘@Tgﬁ, vre L1+ 0T, (2.40)

where we have set
4|B|(»==)/" p(B)
s Ps(B)
Proceeding as in [FFM'15, Lemma 4.5] one can show that any function m satisfying the previous
differential inequality satisfies m(r) — 0 as r — C; 7'/™. This gives a contradiction. O

C3(n,s) ==
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2.5. Nucleation lemma. The following nucleation lemma is obtained by combining part of the
argument leading to its local analogous (see [Magl2, Lemma 29.10]) with a lemma for fractional
perimeters already appeared in [FFM'15, Lemma 4.3].

Lemma 2.10. Letn > 2 and s € (0,1). If Ps(E) < 00, 0 < |E| < o0, and

1—
£ < min {\E|, —SPS(E)} (2.41)
X1X2

then there exists a finite family of points I C R™ such that

B\ Bol)| <=,

zel
B0 By@)| > ((1_;‘)1;5(]5))”/8 vz el (2.42)
where
—s 3+(n/s) | g|(n—s)/n
x1(n,s) = (=) B(B) X2(n,s) := 2 5] P(B) (2.43)

4|B|(n=2)/mg(n) s(l—s)P(B) ~
and where £(n) is Besicovitch’s covering constant (see for instance [Magl2, Theorem 5.1]). In
particular, 0 < inf{x1(n, s), xa(n,s) "' : s € [s0,1)} < 0o for every so € (0,1). Moreover, |x —y| >
2 for every x,y € I, x # vy, and
1 —s) Ps(E)\n/s
X1€

Proof. In [FFM 15, Proof of Lemma 4.3, Step 1] it is proved that if x € EW with

(1—s) P(B) \"/s
<|(— .
BN Bi(@)] < (2|B|(n*5)/na> (2.44)
for some « satisfying
22+(n/s)P B
o> 2 PB) (2.45)

s
then there exists r, € (0, 1] such that

1-— dzd
LT T = = (2.46)
o BB, (x) JBe |2 —y["T*

This statement is in turn the basic step for proving the following claim: if F© C R"™ is closed, ¢
satisfies (2.41), and

(v € B dist(e, F) > 1} 2 ¢, (2.47)

then there exists 2 € E() with dist(x, F) > 1 and

a2 (=)

Indeed, by contradiction, assume that if 2 € E() with dist(z, F) > 1 then

P < (5 )" = (Ui

(1—s)Ps 2|B|(n=s)/n o

In the last equality we chose o = 2(1 — s)Ps(F)&(n)/e. Thanks to our assumption (2.41) on ¢,
we see that (2.45) holds. Hence, by (2.46) for every z € E() with dist(xz, F) > 1 there exists
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r, such that (2.46) holds. Applying the Besicovitch covering theorem to F = {B, (z) : « €
EW | dist(z, F) > 1} we find a countable disjoint subfamily F’ of F such that

‘{x € E : dist(z, F) > 1}( <ém) S |ENB., ()

By, (z)EF’
< (1—s5)¢(n) Z / / | dzd|y+
« ¢ |z —y|" TS
B (e F ENB,., (z) JE Y
< U =9)EM) p gy
«

Thanks to our choice of « and to (2.41), the right-hand side equals €/2 and this contradicts (2.47).
Finally, we define {z;};cr inductively. First, we define z; applying the claim with F' = 0.
Then, inductively, we assume that we have chosen I = {z;};=1, s and we consider whether

‘E\ U Bz(l‘)‘ <e
zel

holds or not. If this holds, the set I satisfies the properties required by our lemma; otherwise,
we apply the claim with F' = U;lel (x;), to find xs41 such that (2.42) holds and such that its
distance from {z1, ..., x5} is at least 2. Since |F| < oo, this process ends in finitely many steps. O

2.6. Existence of isoperimetric clusters. In this section we prove the existence statement in
Theorem 1.1:

Theorem 2.11. Ifn,N > 2, s € (0,1), andm € Rf, then there exist minimizers in the variational
problem

v =inf {P,(&) : € is an N-cluster in R™ with m(€) =m}. (2.48)
Moreover, if € is a minimizer, then diam(9€) < oco.

Proof. By explicit comparison with a cluster whose chambers are N disjoint balls with suitable
volumes we find that v < co. Let us consider a minimizing sequence sequence {& }ren such that

klim Py(&k) =7~ m (&) =m Vk e N.
—00
Let us set
Mupin = min{m(h) : 1 <h < N} Mmax = max{m(h): 1 <h < N}

Pmin = Inf{Ps(Ex(R)) : 1 <h < N, k € N} Mmax = Sup{Ps(Ex(h)) : 1 <h < N, k € N}

so that pmin > PS(Bl)mf:i;S)/nABl|(”_3)/" > 0 by the isoperimetric inequality and ppax < 00
since vy < oo.

Step one: first nucleation and construction of volume-fizing diffeomorphisms. We apply the nu-
cleation Lemma 2.10 with E = £(h) and ¢ = min{muyin, ﬁpmin}"/s (where x1 and x2 depend
only on n and s and are defined in (2.43)). We obtain that there exist sequences {zy(h)}ren
(1 <h < N), such that for every ke Nand 1 < h < N

‘5,€(h) N B (xk(h))‘ > ¢, (2.49)

where ¢ depends only on n, s, Mmin, Pmax- 1f we define S by w,S™ = 2(m(1) + ... + m(N)), then at
least half of the volume in Bg(zy(h)) is occupied by the exterior chamber &(0), that is
wpS"

5

‘Sk(()) n Bs(a?k(h))’ >
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We apply Proposition 2.7 to obtain the existence of positive constants n < ¢p/2 and C' such that,
up to extracting a not-relabeled subsequence in k, there exist C! functions
U : (=N NV) x R" — R"
such that for every a € (—n,7)V T NV the map ¥y (a,-) : R® — R" is a diffeomorphism with
{x € R": Uy(a,x) # 2} C UY_, Bs(z(h)) CC R" (2.50)
Uy(a, E(h) N {z € R™ : Uy (a,z) # ;z:}’ - ’5k(h) N{z e R": Uy(a,z) #2}| +a(h); (2.51)

N
|Pu(Ui(a, F)) = Py(F)| < CP,(F) Y [a(h), (2.52)
h=0

whenever 1 < h < N, k € N, and F is a set of finite s-perimeter.

Step two: Fine nucleation of the cluster. Let x1 and x2 be the constants in (2.43). We prove that
there exists a sequence of clusters {&}}ren such that for k large enough

Py(&) < P(€) (2.53)
and there are 79,e0 > 0 and finitely many points {zx(h,)}i=1,... (k) With the property that
L(k,h)
& (h) € Bry(zk(h)) U | Bro(ar(h,i)) (2.54)
i=1
£ (h) N Bs(xk(h))’ > %0 for every h=1,.., N (2.55)
N Cy I3 TL/S
3 ler) ﬂBTO(zk(h,i))’ > min{—o, (%) } fori=1,..,L(k,h), h=1,..., N,
j=1 2 (1 - S) Pmax
(2.56)
1- max n/s
L(k, h) < mw{(&) .
X1¢€0
To this end, let g > 0 be such that
1—5
€0 < min {1, Mmin, — Pmin 2.57
= {77 X1X2p } (2:57)

and, for every k € Nand h = 1,..., N, let us apply Lemma 2.10 to each chamber & (h) for finding
finitely many points {xy(h,7)};=1, . r(n,s) With the property that

L(k,h)
e\ U Balowh, )| < o, (2.58)
i=1
. X1 €0 n/s . .
> — =1,... .
Ex(h) O By (i (h,))| 2 ((1 B 5)pmax) Vi=1,..., L(hi), (2.59)
(1 —s) Py(&(h))\"/ (1 = 8) Pmax \"/*
L k‘,h S Er(h S max\ — .
(k, ) < 1€ )‘( X1 €0 ) " ( X1€o0 )
Next, for every k € N we consider the closed set Fj, C R™ given by
N L(k,h)
= (Bs(ﬂfk(h))U U BS(xk(hvi)))
h=1 i=1

and then we apply Lemma 2.8 with 7 = ¢g to each & and Fi. We set C; and Cy as in (2.36)
depending only on n and s, and we introduce the function u; = dist(x, Fx) to find a sequence
{re}tren C [0,Ch sé/"] such that the clusters &;, defined by

5,2(h):€k(h)ﬁ{uk <71kl 1<h<N
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satisfy
dist (&, &},)

(1 8) Pu(€)) < (1— ) Pu(&r) — o’ (2.60)
02 €o
(in particular limy_,o Ps(&},) = 7). Finally, we set
N
ai(h) == |E(R)] — |EL(R)| = |Ex(h) N {ug > 71} 1<h<N, a;(0) := Zak(h).
h=1

By (2.58) we have that ag(h) < g9 <7, hence we can define
& (h) = Ty(ay, E(h))  1<h<N.
By (2.50) it follows that {z € R" : Uy(a,x) # a2} C F, C {ur < rg}, and thus for every k € N and
h=1,..,N we have
Ui(ak, Ex(h)) N {ur < e} = Uplag, E(h) N {ur < ri} = U(ag, E(h)),
and
W (ak, & (h)] = [Yk(ak, Ex(h)) N {ur < ri}l = Ui (ak, E(h))] — [Ex(h) N {ur > ri}
= Wk (an, Ex(h))| — ar = |Ex(h)],

that is, m(&}') = m(&) = m. We notice that (2.54) holds with ro =25+ 1+ C aé/n. To prove
(2.55), we observe that

EX(h) N Bs(a(h))| = [€x() 0 Bs(()| = an(h) = o =1 > 5

To see that also (2.56) holds, given h = 1,..., N and i = 1, ..., L(k, h), we consider two separate cases:
if By (zy(h,i)) intersects a ball Bg(z (1)) for some [ = 1, ..., N, then Bs(zx(l)) C By, (zx(h,4)) and
) ) ¢
EX ) 0 By (B, )| 2 1E0() 0 Bry (wn ()] 2 5

therefore
N
> 2
=1

by (2.55); if, instead, By (xk(h,4)) does not intersect any of the balls Bg(z(l)), | = 1,..., N, then
(2.59) gives

EL(R) N By, (wn (b, )| =

(h) N By (xx(h, i))'

. X1 €0 n/s
= , >(—A0
40 0 B ()| 2 (725, —)
and thus (2.56) holds. Finally, we apply (2.52) to &, (h) and, using also (2.60) and the equality
SV la(h)| = dist(Ex, &), we find that
Po(&f) = Ps(W(a, &) < Pu(&p) + [Ps(r(a, &) — Pa(Eg(R))]

N
< Py(&) + CP(E) Y Jalh)|

h=0
dist(&x, & N
- DML cp(g)Y falh)
Co(1 = s) € h=0
dist(&y, £1)
02(1 — 8) Eg/n

which proves (2.53) provided that we choose £y small enough.

< Py(&) — + 20dist(Ex, &)

Step 3: boundedness of the new minimizing sequence, compactness and lower semicontinuity argu-
ment. We conclude the proof. Lemma 2.1 applied to the sequence of clusters & with R = rg
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and ¢ = min{co/2, [x1€0(1 —s)" ' pzL ]"/*} implies that there exists Ry > 0 such that, up
to a subsequence not relabeled, & C Bpg, for every k € N. Therefore, each chamber & (h),
h = 1,..,N, converges in L' to a set £(h) which has volume m(€(h)) = m(h) and perimeter
Py(E(h)) < liminfy_, Ps(Ek(R)), by the lower semicontinuity of Ps with respect to L! conver-

gence of sets. Hence

N N N
Py(€) =) P:(E(M) < ) liminf Po(&(h)) < liminf y | Py(Ex(h)) =1,
h=0 h=0 h=0
which proves that £ is a minimizer for problem (2.48). O

3. ALMOST EVERYWHERE REGULARITY

We now address the regularity statements in Theorem 1.1, with the goal of proving the fol-
lowing statement:

Theorem 3.1. If n > 2 and & is an isoperimetric N-cluster in R™ (that is, Ps(£) < Py(F)
whenever m(F) = m(E)), then there exists o € (0,1) and a closed set £(E) C OE such that
HP2(B(E)) = 0ifn >3, X(E) is discrete if n = 2, and for every v € OE \ L(E) there exists ry, > 0
such that 9 N B,., (x) is a CY“-hypersurface in R™. In particular, OE is a locally H"~-rectifiable
set in R™\ X(&) and it has Hausdorff dimension n — 1.

The proof is divided in two parts. In section 3.1 we prove the C'1®-regularity of O nearby
points where £ blows-up two complementary half-spaces. In section 3.2, following the approach of
[CRS10], we estimate the dimensionality of the subset of O where this blow-up property does not
hold.

3.1. Regular part of the boundary. Given a N-cluster £, z € R™ and r > 0 the blow-up of €
at x at scale r is the N-cluster £ defined by

E(h) —
£ (h) = # h=1,..,N.
The regular set Reg(€) of £ is the set of those & € OE such that there exist an open half-space

H CR™ and h, k € {0,..., N} such that, as r — 0% and for every j # h, k,
E®"(h) — H EVM(k) - R*"\H  &E°"(j) =0 in L1

loc(R™). (3.1)
Our goal is proving that if £ is an isoperimetric cluster, then Reg(FE) is a C1®-hypersurface in R"
which is relatively open in O€.

We shall actually prove this fact for a larger class of clusters. Given an openset A C R”, A >0
and o € (0,00], we say that an N-cluster &€ is (A, rg)-minimizing in A (it is tacitly understood
that the word minimizing refers to s-perimeter)

Py(E; A) < Py(F; A) + % d(E,F), (3.2)

whenever EAF CC B,(x) CC A, r < rg. The use of perturbed minimality conditions such as (3.2)
has been introduced in [Alm76] as a natural point of view for unifying regularity theorems. For
example, as shown below, every isoperimetric cluster is (A, ro)-minimizing in R™, but also every
minimizer in the nonlocal partitioning problem

N
inf{Ps(S;A)Jr;/E(h) gn(z)da: ER)\A=E(h)\A h= 1,...,N}

(where & is a given N-cluster with Ps(£; A) < oo and where {g,}i_, C L>®(A)) is (A, ro)-
minimizing in A’ for every A’ CC A (with A and ry depending on the functions g; and on the
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distance between A’ and A). So minimizers in different variational problems satisfy analogous local
almost-minimality conditions, which in turn imply several basic regularity properties.
Proposition 3.2. If £ is an isoperimetric cluster in R™, then there exist constants A > 0 and
ro > 0 (depending on £) such that € is (A, ro)-minimizing in R™.

Proof. Immediate from Proposition 2.6 and Lemma 2.5. O

As explained at the beginning of the section, we aim to prove the following result.

Theorem 3.3. If € is a (A, ro)-minimizing cluster in R™, then there exists a € (0,1) such that
Reg(&) is a CY*-hypersurface in R™ which is relatively open in OE.

The next infiltration lemma (compare with [Magl2, Lemma 30.2]) is a key step in proving
Theorem 3.3.

Lemma 3.4. If £ is a (A, r)-minimizing N-cluster in R™, then there exist positive constants
op = (n $,N) > 0, and r1 < ro (depending on n,s,A,ro) such that, if x € R", r < rq,
h=0,..,N and

|E(h) N B(z)| < ogr™,
then

E(h) N By ja(a)] = 0.

Proof. We directly assume that £ = 0 and define an increasing function u : (0,00) — (0, 00) by
u(r) = |Br NE(R)]| r>0,

sot that u'(r) = H""1(0B, N E(h)) for a.e. > 0. For every r > 0, i =0, ..., N, i # h, we consider
the cluster obtained by giving part of the h-th chamber, namely B, N E(h), to the i-th chamber

E(h)\ B, if j=h
Frij) = E@) U (E(h) N B,) if j =i
£(5) if j € {0,..., N} \ {i, h}.

Since € is (A, rp)-minimizing in R™ and since each F,; is an admissible competitor in (3.2), we
find that for every r <r1,i=0,..., N, i # h,

u(r) > PS(5> - Ps(]:ni) = Ps(g(l)) + Ps(g(h)) - PS(}-ni(i)) - Ps(fni(h))' (33)

1-s
To estimate the right-hand side in (3.3) we compute
Py(Fpi(i)) — Ps(E(i)) = L(E(E) U (E(h) N B ) )N (E(R)N ) ) = I(E(i), £(i)%)
= I,(E(h) N B, £(i)° N (E(h) N B,) ) + I, (E(i z)c N(E(M)NB,)) = L(E(H),E()°)  (3.4)
=I,(E(h) N B,,£(1)° N (E(h) N B,)°) — I,(£(i), E(h) N By)

and

CF

(Fr,i(h)) = Ps(E(h)) = L (E(h) N By, E(h)° U By) — I(£(h),E(h)°)
I,(E(h) N BE,E(R)° U B,) — I,(E(h) N BE,E(h)°) — I,(E(h) N By, E(h)°) (3.5)
I,(E(h) N BE,E(h) N By) — I(E(h) N By, E(h)°)

We notice that
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for every triple of measurable sets A, B,C C R?. Hence the difference between the first term in
the right-hand side of (3.4) and the second term in the right-hand side of (3.5) equals

I (E(h)NB,, E(i)°N(E(R)NB,) ) —I(E(MNB,, E(h)°) = I, (E(h)NB,, E(R)NBE) — I (£(i), E(h)NB;.).
We add the previous equations (3.4) and (3.5), plugging them into (3.3), and then we apply the
last equality to find that, for every r > 0,7 =0,..., N, i # h,

A
1—

Su(r) > I,(E(h) N By, E(1)° N (E(h) N B,) ) — L (E(i), E(h) N B,)
+I,(E(h) N BE,E(h) N B,) — I(E(h) N By, E(h)°)
= 2(L(E(h) N By, €(1)) = L(E() N By, £(h) N BY) ).

Averaging over i # h we obtain that

A
1—s

u(r) > %le(g(h) N B, E(1)) —2I,(E(h) N B, E(h) N BY)
i#h (3.7)
2 C (& 1 c
= L (E(h) 1 By, £()° U BY) — 2(1 + N)IS(S(h) A B,,E(h) N BY)
where the last equality follows from the fact that
E(h)°UBE = (E(h) N BE) U | £(i).
i#h

By the isoperimetric inequality, we have that

L(E(R) O By, £(W)° U BY) = Po(E(W) N B,) > —2B)

BLB) iy m=s)/m
Z B )

By the coarea formula and the fact that u/(t) = H"~}(E N dB,), we find
d
LemnBemns< [ | T
E(h)NB, B(z,r—|z|)° |z — y|+
_ P(B) / dr _ P(B) / v
s Jewns, (r—|z])* s Jo (r=t)

Hence, from (3.7) we deduce that

s <2t g) 50 [t 2. 6

Setting

(1—8)PS(B))1/S}’

s (1 —s)PS(B))n/S
NA|B| ’

71 = min {7“07 ( €= (4(N+ 1)|BJ2n/s  P(B)

we find that for every r < rq

A A

P.(B
= Su(r) < s — ()" B3/ < (B)

(n—s)/n s/n

(r)(n—s)/n.

Therefore, (3.8) implies that

(n=s)/mpr
u(r)m=)/n < (N + 1)P(BS)§B) /0 (r —(tt))s .

By a De Giorgi-type iteration lemma (see [FFM*15, Lemma 3.2 and Proof of Lemma 3.1]) this
implies that u(r) > ¢o| B|r™ for every r < ry and concludes the proof of the lemma. O
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Corollary 3.5. If £ is a (A,7o)-minimizing cluster in R™, then there exist positive constants
oo = oo(n, s, N) and r1 < rg (depending on n, s, A,rg) such that, if t € R™, r <ry, S C{0,..., N}
and

|E(h) N B(z)| < ogr™ for every h € S,
then

|E(h) N By—n,.(z)] =0 for every h € S.

Proof. Take the new o to be the one given by the previous lemma divided by 2"V. Then we can
apply the Lemma 3.4 iteratively to deduce that k chambers in S are not present in By—x,.(z). O

Corollary 3.6. If £ is a (A, ro)-minimizing cluster in R™, then there exist positive constants ry
and Cy (depending onn, s, A and rg) and co,c1 € (0,1) (depending on n only), such that for every
r<ry,x € R" and h =0,...,N one has

N
> " Py(E(h) N By (x)) < Cor™™*, (3.9)
h=0
cownr”™ < |E(R) N Br(x)] < crw,r™. (3.10)

Proof. Clearly (3.10) follows from Lemma 3.4, so we focus on (3.9). Comparing £ to the cluster
which is obtained from & by giving B, (z) to the exterior chamber in the (A, r()-minimality, we
have that

PAEO) ~ PE(0)U By () + 3 (P(E() — €M) \ Bol)) < 12 A (€, F),
h=1

Since for every measurable sets E, F' we have that
P(ENF)+ P(E\F)<IJ(ENF,E)+I,(ENF,F°)+ I,(ENF° E°)+ I;(ENFF)
< Py(E) + 2P, (F)
(3.11)
and similarly
P (ENF)+ P(EUF) < P,(E)+ Ps(F), (3.12)

applying (3.11) to each chamber E = £(h) with F' = B,(x) and applying (3.12) to E = £(0) with
F = B,(z) we deduce that

N
ST PL(E(R) N Bu(x)) < (2N + 1)Py(By(x) + ﬁ d(€,F),
h=0

Since by scaling Ps(B;) = Ps(B1)r" % and d (€, F) < wpr™ < wprir™ *, we have proved (3.9). O

Proof of Theorem 3.3. Step one: We show that if z € Reg(€), then there exist h = 0,..., N and
sy > 0 such that € 9€(h) and E(h) is (A, s, )-minimizing in B, (z). Indeed, by definition of
Reg(&), if x € Reg(&), then

M N B @) | [E0) 0B, (@)

r—o0t | Br(2)] |Br ()]
for some h,k € {0,..., N}, h # k. Thus, by Corollary 3.5, there exists r, > 0 such that £(j) N
B, () =0if j # h,k. We now claim that if s, = min{r,,r¢}/2, then there exists A’ > A such
that

=1

A/

— S

Py(E(h); Bs, (2)) < Ps(F; By, (2)) + — [FAE(h)] (3.13)
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whenever FAE(h) CC Bs, (z). Indeed, given such a set F, let F be the cluster defined by
F(h)y=F,  F(k)=(E(k)N By, (x)) U(F NBs,(x),  F()=£EG) Vi#Fhk. (3.14)

Since EAF CC By, (z) and s, < ro we have Py(€) < Py(F) + (1 — s)"tAd (€, F), which in turn
gives

PL(E®) + PuER)) < PL(F(0) + P(F(R) + o (IEAFD)| + ERAF(R))

We want to rewrite this condition in terms of £(h) and F(h) only: to this end, we set R =
E(0)UEB)U...UE(N), and since £(h) = (F(h) U R)¢ we thus find

0 < Py(F(h))+ Ps(F(h)UR) — Ps(E(h)) — Ps(E(h) UR) + 147i\s |E(R)AF(h)]. (3.15)
We have that
Py(F(h) U R) = I,(F(h), F(h)* N R°) + L;(R, F(h)° N R°) = Py(F(h)) = 2L;(F(h), R) + Py(R)
and similarly

Py(E(h) UR) = I, (E(h), £(h)° N R°) + I,(R, £(h)° N R%) = Py(E(h)) — 2I,(£(h), R) + Py(R).

Plugging the last two equations in (3.15) and dividing by 2 we obtain
0 < Py(F(h) = Ps(E(h)) + Ls(E(h), R) — Ls(F(h), R) + ;—_ |E(R)AF(h)].

Moreover, since R and F(h) \ £(h) are at distance 19/2, by (3.6)

dx > dr
< B~ PBY)IEM ﬂw/
/e(h)\f(h) /:t—y|>ro/2 |z — y|"ts (BL)EW)\ roy2 TS
2°P(B
< ZPBY e\ F(h).
STO
(3.16)
Hence we are left with
20 2 P(B)

0= Py(F(h)) = Ps(E(h) + 7 [E(MAF(h)] + ng(h) \ F(h)l;

which in turn proves the (A’, s, )-minimality of £(h) in B, (z) with A" = 2A + (1 — s)P(By)/sr§.

Step two: Let = € Reg(E) and let s, and h as in step one. By (3.1) there exists an half-space H
such that £(h)*" — H as r — 0%. By (3.10), given > 0 and up to further decreasing the value
of s, depending on J, we may entail that

B, (z) NOE(h) C {y € R™ : dist(y,0H) < 6} .

By the main result in [CG10] (see [CRS10] for the case A’ = 0), if we take a suitable value of ¢
(depending on n, s and A’), then (3.13) implies that By, /o(x) N E(h) is contained in the epigraph
of a C function defined of (n — 1)-variables. This implies that By, jo(x) N9E(h) C Reg(€), that
Bs, j2(x) NOE(h) = By, jo(x) NOE, and that By, jo(x) NOE(R) is a CT*-hypersurface. The theorem
is proved. O
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3.2. Blow-ups and monotonicity formula. We now come to the problem of addressing the size
of the singular set (&) = 9€ \ Reg(&), consisting of those x € OE such that £%" do not converge
to a pair complementary half-spaces as » — 07. The first step in this direction is showing that
sequential blow-ups of minimizing clusters are conical (and still minimizing). In order to state the
result, we introduce the following terminology.

A conical M-cluster K in R™ is a M-cluster with the property that rK(i) = k(i) for every
r > 0and i =1,..,M. We notice that, for conical clusters, being (A, rg)-minimizing for some
A, > 0 is equivalent to being (0, c0)-minimizing. We thus simply speak of minimizing conical
clusters. Finally, for any open set A and for any pair of sets F, FF C R", we define the Hausdorff
distance between E and I relative to A as

hda(E,F)=inf{e >0: ENACF.and FNACE_.},
where E. denotes the e-enlargement of a set £ C R”. We aim to prove the following theorem.

Theorem 3.7. If £ is a (A, rg)-minimizing N-cluster in R", x € 9E, and r; — 0T, then there
exist a conical minimizing M -cluster K (with M < N ) and an injective function o : {0,.... M} —
{0,..., N} such that, up to extracting subsequences

Eup,(0(i)) = K(i)  in L, (R")  Vi=0,.,M (3.17)

hdp, (0Es », (o(h)),0K(h) =0 YR >0,i=0,.., M, (3.18)
as j — Q.

As usual, the key ingredient in proving Theorem 3.7 is obtaining a monotonicity formula.
Following [CRS10], this is obtained at the level of a degenerate Dirichlet energy associated to an
extension problem, see Theorem 3.10 below. The argument follow very closely [CRS10], so we limit
ourselves to a quick review.

We start by introducing the extension problem and the Dirichlet form. Let a = 1 — s and
embed R™ into {z > 0} = {X = (z,2) € R"™ : 2 > 0}. We set

Urp={X e R"" . |X| < R}, Ar =An{z >0}, Ag=An{z=0}, VA C R,
Given a measurable set E we define ug : {z > 0} — R by solving

div(2*Vug) =0 in {z >0}
ug = 1g — 1ge on {z=0}.

Notice that ug is obtained by convolution with the Poisson kernel,

Zl—a

ugp(,2)=P(,2)*x(1g — 1ge), P(m,z):c(n,a)m.

If E C R™ is such that Ps(E) < oo, then there exists a unique minimizer ug in
inf{IS(u)z/ Z“|Vu|2:tr(u)zlE—lEc}7
{z>0}
where tr denotes the trace operator from (., W (Bg x (0, R)) to Lj, (R™), and one has

Zs(ug) = cPs(E),

for some ¢ = ¢(n, s). The following lemma relates minimality for the nonlocal perimeter to mini-
mality for the degenerate Dirichlet energy.
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Lemma 3.8 (Lemma 7.2 in [CRS10]). There exists a constant ¢y depending only on n and s,
and having the following property. If E,F C R™ are such that Ps(E; By), Ps(F,B1) < oo and
EAF CC By, then

,U

inf/ 2*(|Vol* = |[Vug|?) dz = co(Ps(F; By) — Ps(E; By)) (3.19)
Q4

where  C R is any bounded Lipschitz domain with Qo C By an v € WY1(Q) is such that
spt(v —ug) CQ and trv =1p — 1pe on Q.

Corollary 3.9. A cluster £ is (0,00)-minimizing in By if and only if for every N-cluster F with
EAF CC By the eatensions ugpy of E(h) satisfy

N N
Z/ 2| Vugpy|* dz < Z/ 2% Vp|* dz (3.20)
h=0 Q4 h=0 Q4

for all bounded Lipschitz domains Q C R™"*Y with Qo C By and all functions vy, such that spt(vy, —
ug(ny) CC Q and trop, = 1rp) — 1rm)ye on Q.

Proof. Immediate from Lemma 3.8. 0
We can now prove the following monotonicity formula.

Theorem 3.10 (Monotonicity formula). If £ is a (A, rg)-minimizing cluster with 0 € O, then
there exists A’ > 0 (of the form A" = C(n,s)A) such that
D (r) + A're is increasing on (0,79)
where we have set
X
— a 2
De(r) = > /U . 2 |Vug | (3.21)

rn—s
h=0

Moreover, if ro = 00 and A = 0 then ®g is constant if and only if E(h) is a cone with vertex at 0
for every h=10,...,N.

Proof. The proof is again a simple adaptation of the argument in [CRS10]. Given A € (0,1) and
r > 0 let us set

vp(X/A), if | X] < Ar,
Up = Ug(n) 5 vﬁ(X)z v (rX/1X]), ifAr<|X|<r,
vp(X), if | X|>r,

In this way

/ 22| Vo2 —/ 2%V |2
z>0 z>

0
= (\"F - 1)/ |Vup|* + /T ds/ 2% |Vup|?,
Ut Ar (oUs)*
where V,v(X) = Vu(X) — | X|72(Vu(X) - X)X. We now notice that
trvfl‘ =1lmm) — lrerme,
where

FAh)\ By
FX(h) N B,
FA(h) 0 (By\ Bar)

E(h)\ B,
)‘g(h) N B)\T )
(R-i‘(g(h) n aBT)) n (BT \ B)\r) :
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Since FAAE C B, if r < rq then we find
A
Py(€) < Po(FY) + (&, F),

which by (3.19) takes the form

al 2A
Z/ 2|V ? g/ 2V + 22 (&) = m(F),
= Jur U+t (L—s)co

that is
N r X 27
(1= A=) / |Vvh\2§/ds / 2| VAop 2+ o [m(E) — m(FV)].
hZ:O Ut Ar hZ:o (0U)*+ (I=s)co
Now
N
Im(€) P|—Z|\5 = 1F R < (1 =AY Z h) N By + B\ Bpa| < Cr™ (1= X").

In this way smce)\E(O 1)
1_)\71 s 1—=)\"
v 2<—/d / “|Vropl* + C(n, s) Ar™ .
Z/ Vo sz Tl o) A 5y

We notice that |[Vo(X)| = |Vun(rX/|X|)| for every X with A\r < |X| < r and we let A — 1~ to
find,

n—sZ/ Vvh|2<r2/ IV op)? + C(n,s) Ar™.

Therefore

N N
Tg(n,s) (pig(r) _ T‘nSI{T’ / L@ |V’Uh‘2 o (Tl _ S) / |V1)h|2}
,;) (U *+ hz:;) Ut
N
707151{T / 2% |V, - X2 = C(n, s)Ar”},

where X = X/|X|. Rearranging terms we find

Cns)A o\ 1 & .
(fbg(r) + (n7 5) TS) > — Z/ e |V1}h . X|2,
S r heo (8U,)*

for every r < rg. This proves that ®¢(r) + Ar® is increasing on (0, 7). Assume now that ro = oo
and A = 0. In this case ®¢ is increasing on (0, 00), and ®¢ is constant on (0, 00) if and only if Vuy,
is homogeneous of degree 0 for every h = 0, ..., N, that is if and only if £(h) is a cone with vertex

Y

at the origin for every h =0, ..., N. O

Proof of Theorem 3.7. Without loss of generality let us assume that z = 0, so that £%7(h) =
r~t&(h). By the upper perimeter estimate of Lemma 3.6, for every R,7 > 0 and h = 0,..., N we
have
P((r '&(h)) N Br) = """ Py(E(h) N Br.(z)) < CoR™™*.

In particular for every h = 0, ..., N there exists F(h) C R™ such that, up to extracting subsequences,
r]._lé'(h) — F(h) in LL (R™) as j — oo. Define M < N so that there are exactly M + 1 indexes
h =0,...,N such that |F(h)| > 0. Then we can find a injective function o : {0, ..., M} — {0,..., N}
such that, setting KC(i) = F(o(4)), we have r;l E(o(i)) = K(i) in Ll (R™) as j — oo. This proves
(3.17), which in turn implies (3.18) thanks to the volume density estimates in Lemma 3.6. Since
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r; € is (Arj,r;/ro)-minimizing in R™, by a simple variant of [CRS10, Theorem 3.3] we see that K
is (0, 00)-minimizing in R™. Moreover, by scaling

Qe(rjr) =, -1.(r) Vr >0

so that
lim @ —1.(r) = ®¢(01), Vr > 0.

j—o0 J

At the same time, by arguing as in [CRS10, Proposition 9.1], we get

lim @ —1.(r) = Px(r), Vr>0.

Jj—o0 J
In conclusion, ®x(r) is constant over r > 0, and since K is (0, 0o)-minimizing in R™ we can exploit
Theorem 3.10 to deduce that K is conical. O

We conclude this section with a last result that can be proved with the aid of the extension
problem and that it is useful in the dimension reduction argument (see next section).

Proposition 3.11. A cluster £ is (0, 00)-minimizing in R™ if and only if EXR is (0, 00)-minimizing
in R Here, by definition, (€ x R)(h) = £(h) x R for every h=1,...,N.

Proof. This is an immediate adaptation of [CRS10, Theorem 10.1]. O

3.3. Dimension reduction argument. Given Theorem 3.7 and Proposition 3.11 we can exploit
the standard dimension reduction argument of Federer to give estimates on the Hausdorff dimension

of X(&).

Theorem 3.12 (Dimension reduction). If K is a minimizing conical M -cluster in R™, xg = e, €
OK and M\, — 0o as k — oo, then there exists a minimizing conical cluster K' in R"~! such that,
up to extracting subsequences,

Me(K—29) > K'xR in L (R™)
as k — oo.

Proof. By Theorem 3.7 there exists a conical minimizing M-cluster K such that, up to extracting
subsequences, A\, (K —e,) = K in L (R"). We want to prove that £ = K’ x R for some conical
cluster £’ in R"~!, and the fact that K’ is minimizing will then follow by Proposition 3.11. Since
OK is a closed set of measure 0 thanks to the density estimates, it is enough to prove that the
interior of each chamber is constant in the z,-direction, namely that for every chamber KC(h) and
for every ball B.(x) C K(h) we have

B.(z) + Re,, C K(h). (3.22)

To prove this claim, we notice that the cone with vertex in —Age,, generated by B.(z) converges
locally to B:(x) + Re,,. Moreover, setting K = A\ (K — ¢e,,), we have that B.(z) N Kx(h) converges
to B:(z)NK(h) = B.(z). As a consequence, the difference between the indicator of the cones with
vertex in —Ae, generated by B.(z), and by B.(x) N Ky (h) respectively, converges in L] _(R")
to 0. Putting together these facts, we deduce that the cone with vertex in —\ge, generated by
B.(x) N K(h) (which is contained in Kx(h) because by assumption i (h) is a cone with vertex
—Agen) converges in L (R™) to B.(z) + Re,. By the convergence of Kj(h) to K(h), we find that

loc

(3.22) holds. O
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Theorem 3.13 (Dimension of the singular set). If € is a (A, ro)-minimizing N -cluster in R™, then
the singular set 3(E) is a closed set of Hausdorff dimension at most n — 2, that is,

H(Z(E) =0 VI>n-2
As a consequence, OE has Hausdorff dimension n — 1, namely
HYOE)=0 Vl>n-—1.

Proof. From Theorem 3.12 and Proposition 3.11 it follows that the singular set of any minimizing
cluster £ has Hausdorff dimension n — 2. This is a classical argument, which can be repeated
verbatim from [CRS10, Proof of Theorem 10.4]: first, one proves that H*(3(&)) = 0 for any ¢ such
that H*(X(K)) = 0 for every conical minimizing cluster X; next, one shows that H*(X(K)) = 0
for every conical minimizing cluster £ C R", then ’HZH(EK) = 0 for every conical minimizing
cluster £ C R™*1. In proving both claims one uses a compactness argument to say that for every
x € X(&) there exists §(x) > 0 such that for any § < §(x) and any set D C 3(E) N Bs(x) there
exists a covering of D with balls B, (z;) such that z; € D and Y r¢ < §//2. Finally, since O
is a Cl-hypersurface in a neighborhood of each z € Reg(£), we conclude that € has Hausdorff
dimension n — 1. 0

In the planar case n = 2 we can say more by exploiting the fact, proved in [SV13], that every
conical minimizing 2-cluster in R? is given by two complementary half-spaces. By definition of
Reg(€), this fact implies that if z € (&) for a (A, ro)-minimizing cluster in R? and K is a conical
minimizing M-cluster arising as a blow-up limit of £ at x, then M > 2 (that is, K has at least
three non-trivial conical sectors). With this remark in mind we can prove the following fact.

Proposition 3.14. The singular set X(€) of a (A, ro)-minimizing cluster € in R? is locally discrete.

Proof. Assume by contradiction that there exists a sequence {zj}reny C X(€) such that xy con-
verges to xg € X(€) as k — oo. Set

A =z —ao| 7L &= ER0N

and assume up to rotations that
TEZT0 _peSt vkeN.
|z — o
In this way, & is (A/Ax, 70 Ag)-minimizing in R? with 0,v € X(&) for every k € N. By Theo-
rem 3.7, up to extracting subsequences, \x(€ — o) — K in L] (R?) with 0,v € X(K). The fact
that v € %(K) is based on the fact that, as notice above, by [SV13] x;, € %(&) implies (up to
extracting a subsequence in k and up to reordering the chambers of &) that |€ N B, (v)| > 0 for
h=1,2,3 and for every > 0 and k € N. Moreover, by the density estimates of Lemma 3.6 (note
that they are uniform with respect to k, since they are applied to a blow-up of a single cluster and

so they hold at every scale less than 7¢(€) as k increases)
|Ex N By (v)| > er™

for every h = 1,2,3, for every r and for every k large enough (depending on r). Thus there
are at least three chambers of K which have positive volume nearby v, so that v € Reg(K). By
Theorem 3.12 any blow-up of K at v has the form K’ x R for some conical cluster £’ in R. Since
the only nontrivial conical cluster in R is the half-line, we find that K’ x R is actually an half-

space. Hence, by Theorem 3.3, v € Reg(K). We have obtained a contradiction and the proof is
complete. O

Proof of Theorem 3.1. Combine Theorem 3.3, Theorem 3.13 and Proposition 3.14. O
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Proof of Theorem 1.1. Combine Theorem 2.11 and Theorem 3.1. O
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