SOBOLEV AND LIPSCHITZ REGULARITY
FOR LOCAL MINIMIZERS
OF WIDELY DEGENERATE ANISOTROPIC FUNCTIONALS

LORENZO BRASCO, CHIARA LEONE, GIOVANNI PISANTE, AND ANNA VERDE

Dedicated to Nicola Fusco with gratitude and friendship on the occasion of his birthday

ABSTRACT. We prove higher differentiability of bounded local minimizers to some widely degen-
erate functionals, verifying superquadratic anisotropic growth conditions. In the two dimensional
case, we prove that local minimizers to a model functional are locally Lipschitz continuous functions,
without any restriction on the anisotropy.
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1. INTRODUCTION

1.1. Overview. In this paper we continue to investigate differentiability properties of local mini-
mizers of convex functionals, exhibiting wide degeneracies and an orthotropic structure. The model
case of functional we want to study is given by

N
1 7
(1.1) Flu; ) = Z - / (| = 6:)% da + N fudz, ue WEP(Q), @ e,
=1

with Q € RY open set, §; > 0 and p; > 2. We denote p = (p1,p2,...,pn) and
WLP(Q) = {u e WENQ) : ug, € LY (Q), i=1,... ,N}.

loc loc loc
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The symbol (- )4 above stands for the positive part.

For p; = --- = pn, some results can be found in the recent papers [5] and [6]. We refer to the
introduction of [6] for some motivations of this kind of functionals, arising from Optimal Transport
problems with congestion effects.

Our scope is to generalize these results to the anisotropic case, i.e. to the case where at least one
of the exponents p; is different from the others. These functionals pertain to the class of variational
problems with non standard growth conditions, first introduced by Marcellini in [22, 23].

Similar functionals have been considered in the past by the Russian school, see for example [17]
and [34]. More recently, they have been considered by many authors also in western countries.
Among others, we mention (in alphabetical order) Bhattacharya and Leonetti [1, 2], Bildhauer,
Fuchs and Zhong [3, 4] (where the terminology splitting-type integrals is used), Carozza, Leonetti
and Passarelli Di Napoli [8], Esposito, Leonetti and Mingione [12], Leonetti [20], Liskevich and
Skrypnik [21] and Pagano [27]. However, we point out that the type of degeneracy admitted in
(1.1) is heavier than those of the above mentioned references, due to the presence of the §; > 0
above.

We observe that local minimizers of the functional (1.1) are local weak solutions of the degenerate
elliptic equation

a u
i—1 i
> (sl =67 ) =
i=1 [t | z;
The particular case 1 = --- =4y =0 and p; = --- = py = p corresponds to

N
Z (% “wz)xl =/
i=1

which has been called pseudo p— Laplace equation in the recent literature. Here we prefer to use
the terminology orthotropic p— Laplace equation, which seems more adapted and meaningful.

1.2. Main results. Our first result is the Sobolev regularity for some nonlinear functions of the
gradient of a bounded local minimizer. For p = (p1,...,pn), we will use the notation

p, = (pll’ A 7p9V)’
where p/ is the Holder conjugate of p;. Throughout the whole paper we tacitly assume that N > 2.
Theorem 1.1 (Sobolev regularity for bounded minimizers). Let £ € {1,...,N—1} and 2 < p < q.
We set

P = (pv Dy g, 7Q),
—— ——
¢ N—¢

and let u € W]})CP(Q) N L () be a local minimizer of

loc

N
(u; Q) :Z/ gi(ug,;) dx + fudx,
1:1 / Q/

where f € I/Vlf)’cpl(Q) and gi,...,gn : R = RT are OV conver functions such that
1 _
c (Is| — (51)}_7F ? < gl(s) <C(|sPP2+1), fora.e. seR, i=1,...,¢,
1 _
c (|s] —52)i 2 <g/(s) <C(|s|7?+1), fora.e. seR, i=0+1,...,N,
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for some C > 1 and 61,09 > 0. We set

Vi = ‘/;(uwz)¢ where V;(S) - / v ggl(T) dT’ P = 1’ Tt N.
0
° If and p, q satisfy

(N —2)?
p N_1
p>N-—-1 or
N -2

0 < )p

12) \ (N—-2)—p
' (N —2)
- < N -1
N-1 =P = ’
or
p
q < PR
(vv=1-v7)
then we have V; € VVI})’CQ(Q), fori=1,...,N.
° If’l §€§N—2‘ and p, q satisfy
p < N-—2,
(1.3) p=>N-=2 or , (N-2)p
(N=2)—p
then we have V; € VV;’?(Q), fori=1,...,N.

Moreover, for every B, @ Br € (), we have
14 [Wlliez) < C = O (N.p.q.C.o1, 82, dist(Br. 09, [l =iy | F ot 5

Remark 1.2. The previous result is proved under the additional assumption v € L{° (£2). Indeed,
since the appearing of the celebrated counterexamples by Marcellini [24] and Giaquinta [14], it is
well-known that local minimizers to this kind of functionals may be unbounded if p and ¢ are too
far apart (see also Hong’s paper [16]). Sharp conditions in order to get u € L. can be found in

loc
[13, Theorem 3.1], see also the recent paper [10].

Remark 1.3 (Comparison with previous results, part I). Theorem 1.1 contains as a particular
instance the scalar case of [7, Theorem 2| by Canale, D’Ottavio, Leonetti and Longobardi, which
still concerns bounded local minimizers. Their result corresponds to the particular case

t=N-1, p=2 and 6=0.

However, even in this case, our result is stronger than [7, Theorem 2], since our conditions (1.2)
are less restrictive for dimension N € {2,3,4,5}. In particular, we observe that for N € {2,3},
the first condition in (1.2) is always fulfilled. Thus in low dimension we have Sobolev regularity no
matter how large ¢ is, provided local minimizers are locally bounded.

In the model case (1.1), the result of Theorem 1.1 boils down to
U,

D4

|t

eWlr(Q), i=1,...,N.

loc
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In particular, for local weak solutions of the anisotropic orthotropic p—Laplace equation (i.e. for
0; =0), we get

P2 2 )
|u$z| 2 u:ciEVVli’c(Q), i=1,...,N.

This is the analog of the well-known result |Vu|% Vu € Wéf(ﬂ), for local weak solutions of the
p—Laplace equation

div(|Vul[P~> Vu) = f,
in the case p > 2 (see [33, Lemma 3.1]).

We now restrict the discussion to the case of dimension N = 2 and consider for simplicity the
model case presented at the beginning. We can prove the Lipschitz regularity of local minimizers.
Namely, we obtain the following generalization of [5, Theorem A], the latter corresponding to the
case p; = po.

Theorem 1.4 (Lipschitz regularity in dimension 2). Let N =2, 2 < p; < py and 01,2 > 0. Let
fe Y/Vlf)cp (Q), then every local minimizer u € Wéf(ﬂ) of the functional

2
1 .
g(u;Q')—Zp/ (\uwi\—éi)fjdx—i—/ﬂfudx, ue WEPQ), & eQ,
i=1 £t I '

1s a locally Lipschitz continuous function.

Remark 1.5 (Comparison with previous results, part II). To the best of our knowledge, this result
is new already in the simpler case of the functional

2
1/ .
u»—>§ — lug, [P? dz.
=1 Pi S '

The only result of this type we are aware of is the pioneering one [34, Theorem 1] by Ural’tseva
and Urdaletova. Though their result holds for every dimension N > 2. this needs the additional
assumptions

p1 =>4 and PN < 2p1.

On the contrary, these restrictions are not needed in Theorem 1.4.

1.3. Some comments on the proofs. Let us spend some words on the proofs of our main results.
As for Theorem 1.4, the proof is the same as that of [5, Theorem A], up to some technical modifi-
cations. This is based on a trick introduced in [5] that permits to obtain Caccioppoli inequalities
for convex functions of the gradient Vu, by combining the linearized equation and the Sobolev
regularity of Theorem 1.1. One can then build an iterative scheme of reverse Holder inequalities
and obtain the desired result by performing a Moser’s iteration. The trick is a two-dimensional one
and does not seem possible to extend it to higher dimensional cases. On the other hand, we show
here that the limitation p; = ps is not needed and the same proof works for p; < po as well.

On the contrary, the proof of Theorem 1.1 contains a crucial novelty, which permits to improve
the range of validity of Sobolev regularity, compared to previous results based on similar proofs.
In order to neatly explain this point, we briefly resume the strategy for proving Theorem 1.1 in the
model case

N
1 .
Flu; Q) = § o /Q (|ua,] — 5,~)’j: dx,
i=1 "
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with the exponents p; < po < --- < py which could all differ. The starting point of the proof
is differentiating the relevant Euler-Lagrange equation in a discrete sense, i.e. we use the Niren-
berg’s method of incremental ratios. This is very classical and permits to estimate integrated finite
differences of the type

(1.5) /

by appealing to the monotonicity properties of the operator. The integrals (1.5) are estimated in
terms of quantities like

(1.6) /BR

This is a (possibly fractional) derivative of w in the j—th direction, but raised to the power com-
peting to the i—th direction. In the case p; = --- = py = p > 2, one can take ¢ = 1 and conclude
directly that V; € Wi)’f, thanks to the finite differences characterization of Sobolev spaces.

On the contrary, the anisotropic case is subtler. We first observe that since by assumptions
Uy; € LY’ . when i < j we could take again ¢ = 1 in (1.5) and (1.6) and obtain full differentiability
in these directions. For example, this is always the case if j = NV, i.e. if we derive the equation in
the z direction, corresponding to the direction of maximal growth of the functional.

On the other hand, when 7 < N — 1 we have to pay attention to the “bad directions”, corre-
sponding to terms (1.6) with i > j+1. Indeed, in this case we do not know that u,; € LY . Rather,
we choose 0 < t < 1 (depending on the ratio p;/p;) and we use a L°~W1Pi interpolation in order
to control this term (it is here that the assumption v € L{S. comes into play). Note that this use
of the boundedness information to gain integrability of the gradient has features in common with
the proof of [11, Theorem 2.1] (see also [9, Proposition 3.7] for a more general statement). By

proceeding in this way, we get for every ¢ =1,..., N

2

i(-+he;) =V -
Vil +he;) —V dx, i,7=1,..., N,

|f*

u(-+ hej) —ul”

B dx.

(1.7) V; is weakly differentiable of order 5—] in the direction e;.
N

However, this is not the end of the story. Indeed, this information now entails that V; (and thus
ug,) enjoys better integrability properties, by fractional Sobolev embeddings. This in turn implies
that we can re-initialize the previous scheme and exploit this new integrability in order to have a
better control on (1.6). As a consequence, we can improve (1.7). The final outcome is thus obtained
by a (finite) iteration of the scheme just described.

Up to now, the proof is very similar to that of [7]. The main difference is in the way we exploit
(1.7) in order to improve the integrability of V;. In a nutshell, what usually one does is to extrapolate
from (1.7) the weaker isotropic information

)
Vi S mgé\[ (Q)a

and then use the Sobolev embedding for usual fractional Sobolev-Slobodeckii spaces. Then the
algorithm runs as described above. Since in every direction we pass from p;/pn to pi/pn, each
time p; > p1 this gives rise to a loss of information which may be important.

In this paper, on the contrary, we take advantage of the full information contained in (1.7). The
latter means that each V; is contained in an anisotropic Besov-Nikol’skii space, where the anisotropy
is now in the order of differentiability (we refer to Section 2.3 for the relevant definitions). As one
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may expect, such a space has an improved Sobolev embedding, thus by proceeding in this alternative
way the gain of integrability is strictly better at each step.

This kind of anisotropic spaces and their embeddings seem to be completely overlooked or ne-
glected by the recent literature on anisotropic problems, we refer to Nikol’skil’s monography [25]
for a comprehensive treatment of the subject (an alternative approach can be also find in Triebel’s
book [29]). We believe on the contrary this to be the natural setting for the problem and the
natural tools to be exploited. These spaces are also briefly treated in the classical monography [19]
by Kufner, John and Fuéik (see Sections 2 and 4 of [19, Chapter §]).

Remark 1.6 (Why two exponents only?). After the previous description of the method of proof
for the general case of p; < py < --- < pp, the reader may be perplexed to see that in Theorem
1.1 we confine ourselves to the case of only two different exponents p < g. The reason is easy to
explain: the iterative scheme described above quickly becomes fairly intricate, in the general case
p1 < pg < --- < py. In particular, when one tries to perform the iteration, at each step many
subcases should be discussed by making the proof very difficult to be written (and read). For this
reason, we preferred to confine our discussion to the case of two exponents.

At the same time, we believe our approach to be interesting and promising. Thus we explicitely
write down the iterative step in the general case of N exponents, without running the scheme up
to the end, see Propositions 3.2 and 3.4 below. These are valid under the assumption u € L% (£2)
and without restrictions on the spreadness of the exponents, thus they can be used in the general
case p; < po < --- < py to obtain partial higher differentiability results.

1.4. Plan of the paper. In Section 2 we fix the notations and we set the preliminaries results
needed throughout the paper, particularly focusing on embedding theorems for anisotropic Besov-
Nikol’skil spaces. In Section 3 we present, in a general form, the details of the scheme for improving
differentiability roughly described above. Sections 4 and 5 are devoted to the proofs of Theorem
1.1 and Theorem 1.4 respectively. Some useful technical inequalities are finally collected in the
Appendix.

Acknowledgements. The authors wish to thank Nicola Fusco for bringing reference [13] to their
attention. The authors are members of the Gruppo Nazionale per 1’Analisi Matematica, la Proba-
bilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM).
Part of this work has been done during some visits of the first author to Napoli, as well as during
the “XXVI Italian Workshop on Calculus of Variations” held in Levico Terme, in January 2016.
Hosting institutions and organizers are gratefully acknowledged.

2. PRELIMINARIES

2.1. Notation. Given h € RY \ {0}, for a measurable function ¢ : RY — R we introduce the
notation

Yn(z) == 1(z +h) and on(x) = ¢n(z) — Y(z).
We recall that for every pair of functions ¢, 1) we have
(2.1) on(¢¥) = (6np) ¥ + ¢n (dn¥).
We also use the notation

Spt(x) = on(n(z)) = ¢(z + 2h) + () — 2¢(z + h).
We indicate by {ey,...,ex} the canonical basis of R,
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Given 1 < p; < pa < --- < py, we denote p = (p1,p2,...,pn). Let E C RY be an open set, we
define the anisotropic Sobolev space

W'P(E) = {ue WH(E) : u,, € LP(E), i=1,...,N},

endowed with the norm N )
ur—>/ |u|dx+z</ |uzi’pid;p>pi ‘
E =1 \JE

By Wol’p(E) we indicate the closure of C§°(E) in WHP(E). We define the harmonic mean p of the
exponents p; < pz <--- < py by

11 i 1
p N Zpi
then the associated Sobolev-type exponent is defined by
Np
,* —, if1<p<N,
p=q N-p P
400, ifp> N.

Finally, for 0 < ¢ < 1 and 1 < p < co we denote by WHP(RY) the Sobolev-Slobodeckii space, i. e.
WP (RY) = {u € IP(RY) ¢ [ulyer@n < +oo},

u(y)l”
[l ton vy = /RN/RN — ‘NHP dz dy.

Though we will not need this, we recall that W*P(R) can be seen as a particular instance of the
larger class of Besov spaces.

where

2.2. Embedding for anisotropic Sobolev spaces. We collect here a couple of embedding results
that will be needed in the sequel. The first one is well-known', a proof can be found for example
in [32, Theorem 1 & Corollary 1]. For the relevant estimates, see [32, equations (32), (35) & (36)].

Theorem 2.1 (Anisotropic Sobolev embeddings). Let © C RY be an open set, then for every
u € Wol’p(ﬂ) we have:

(1) ifp< N
N . 1
: Pi v Pi
el < TL( f oo )™ < 5 52 ([ mabe)”
for a constant ¢ = ¢(N,p) > 0;
(2) if p=N and |Q| < 400, for every 1 < x < 0o
N 1
1 ) P
cllullzo < 9% Y- ([ o ac)”.
i=1

for a constant ¢ = ¢(N,p,x) > 0;

IThis result is usually attributed to Troisi in the literature of western countries, see [31]. However, Trudinger in
[32] attributes the result for p # N to Nikol’skil, whose paper [26] appeared before [31]. In any case, the methods of
proof are different.
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(3) ifp> N and |Q] < 400
N 1
Pq
> ([ puaprae) ™
i=1 WO

The next embedding result is stated in [18, Theorem 1]. We provide a proof for the reader’s
convenience.

Z[=
Sl

¢lull (o) < 1€2]

for a constant ¢ = ¢(N,p) > 0.

Proposition 2.2. Let Q C RY be an open set and let p = (p1,...,pn) be such that
(2.2) l<pr <---<pny <D
Then for every E € Q) we have

WIP(Q) — LF(E),  ifp# N,

and
WIP(Q) — LX(E), for every 1 < x < oo, if p= N.

Proof. Let us fix two concentric balls B,, € Br, € 2. For every oo < 0 < R < Ry we take a
standard cut-off function n € C5°(Bgr) such that n = 1 on By, with

C
[Vl oo vy < R—y
for some universal constant C' > 0. Let u € W1P(Q), then for every M > 0 we define
wpr = min {\u|, M} e WP (Q) N L¥(Q),

and finally take up/n € Wol’p(BR) C Wol’p(Q). Let us suppose for simplicity that p < N, by

Theorem 2.1 we have
N 1 L
> </ [(unr 0)a, [ dﬂﬁ) =y (/ uag n|”” daz) o
i=1 W@ Q

for some ¢ = ¢(N,p) > 0. By using the properties of 1, with simple manipulations we get

N LN~ L =
2.3 / upg)z; |7 dx) . —_— (/ ups [P dx> ">e / up P dx ,
29 S ([l > 5 ([, [

for a possibly different constant ¢ > 0, still depending on N and p only. We now observe that by
hypothesis (2.2) we have 1 < p; < p*, thus by interpolation in Lebesgue spaces

K3

)

o (1=94) ., 7
</ lups|P? d:c) < </ |ups] dm) (/ lupr|? dw) ,
Bgr Br Br

pi—1 p
pi pr—1

where

9; =
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Thus by Young inequality we get

1 - - (1—0;)] T=9;
—_— upr|P dx) < </ U dx)
R_Q</BR| | R—o BR| |

N\
+ 7 (/ |uar|P da:) ,
Br

for every 0 < 7 < 1. By choosing 7 small enough and using the previous estimate in (2.3), we get

(/lUMxllpZ d$>p +Z /!UMldx
}
c o o P
+ = (/ lupr P dx) >c / lup|P dx .
2 \Upg B,

The previous holds for every gp < o < R < Ry, from [15, Lemma 6.1] we obtain

C Z (/ |(wnr) e, | dx) —i—Z lup| dz > </ luns|P da;) :
O_QO) Q By

for some constant C = C(N,p) > 0. By arbitrariness of B,, € Bgr, € , for every £ € Q a
standard covering argument leads to
L
> P
)

N
for some constant C' = C'(N, p, dist(E, 92)) > 0. In the previous inequality we also used that

Y=

(2.4) C

;(/Qmw dx>pl"+/g|u|dx] > </E

|z | > [(wnr)z, | and luar| < ul, almost eveywhere on §.
If we now take the limit as M goes to +oo in (2.4), we get the desired result. (]

Remark 2.3 (Optimality of assumptions). In general we can not take £ = Q or py > p* in the
previous result, see [18] for a counter-example. On the contrary, the hypothesis p; > 1 can be
easily removed and we can relax it to p; > 1. We leave the verification of this fact to the reader.

2.3. Anisotropic Besov-Nikol’skil spaces. Let ¢ € LP(RY), for p > 1 and 0 < ¢t < 1 we define
the quantities

(2.5) (Y], = sup 5heit¢ , i=1,...,N,
o0t [h|>0 |h’ LP(RN)
and
621
(2.6) [Y]gtp = sup Z’t , i=1,...,N.
2t N

Lemma 2.4. Let 0 < t < 1, then for every 1 € LP(RN) we have

1 C
(2.7) 5 Wlgr, < Wlr < [l + WllLoe)

00,1 00,1 - t
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Fort =1, for every 1 € LP(R™) we have

1
5 [¢]bi’opz S [/llz):ln;piﬂ
and there exists 1o € LP(RY) such that
[”l,[)(]]bl,pv < +o00 and [d}o]nl,pv = +4o00.

Proof. The first inequality in (2.7) is a plain consequence of triangle inequality and invariance by
translations of LP norms. The second one can be proved by using a standard device, see [30,

Chapter 2.6].
For t = 1, an instance of function with the properties above can be found in [28, Example page
148]. O

If t = (t1,...,ty) € (0,1]%, by following Nikol’skif we define the corresponding anisotropic
Besov-Nikol’skii spaces as

N
NZP(RY) = {1/1 € LP(RY) Y [l uw < —l—oo}7

i1 00,1
and?
N
BLP(RVY) = {w € LPRY) © Y [l < +°O} ’
,L::l 0,1

see [25, pages 159-161]. We equip them with the norms

N N
||¢||N;ép(RN) = WHLP(RN) + ZW]“Z’P and ||¢||ng’(RN) = WHL@(RN) + Z[Mbtwn
i=1 ’ i=1 oo

From now on we will always implicitly assume that t; <ty < ... < ty. Before going on, a couple
of comments are in order.

Remark 2.5 (Comparison of the two spaces). By Lemma 2.4 we get that if 0 < t; <--- <ty <1,
then
NZP(RY) = BEP(RY).
On the contrary, if t; = 1 for some ¢ € {1,..., N}, then
NEP(RY) — BEP(RY) and  NZP(RY) #£ BEP(RY).
Moreover, we recall that if

[P] 10 < 00, for some i € {1,...,N},

00,1

then its distributional derivative v, belongs to LP(RY), see [25, Theorem 4.8].

Remark 2.6. In the isotropic case 1 = -+ =ty =t with 0 < ¢ < 1, we simply denote these
spaces by N&ZF(RY) and B%?(RY). By Lemma 2.4 the seminorms

N N
Y= Z[w]ni’fi and e Z[w]h?gi,
i—1 ’ =1 ’

2In [25] this space is denoted by H; and is seen to be a particular instance of a general class of anisotropic Besov

spaces noted B;e, with 1 <6 < oo.
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are equivalent. Moreover, these in turn are equivalent to

On?

[h[*

Ot

or P — sup h|!

LP(RN) [h|>0

P — sup
|h|>0

Lr(RN) ‘

The next very simple result asserts that N&2P(RY) and B&(RY) do not change, if in (2.5) and
(2.6) the supremum is restricted to 0 < |h| < hg. The easy proof is left to the reader.

Lemma 2.7. Let 0 < t < 1 and ¢p € LP(RY), then for every hg > 0 and every i = 1,..., N we

have 5
[P]r < sup he’fb
ot 0<|h|<ho I LP(RN)

+ 2yt 19l o vy,

and

62
[d’] ptoP < sup he

ooyt 0<|h|<h ‘h|t +4h5t H@M‘Lp(ﬂ{N).
0

Lr(RN)

The following interpolation-type result as well is straightforward.

Lemma 2.8. Let 0 <t < s <1 and ) € LP(RYN), then for everyi=1,...,N we have

s—t

e 4\ 5 =
(2.8) [¢]b1;opl <st™s <s — t) [@b]g;pz ||¢||L;(RN).

In particular, we have the continuous embedding B&Y (RN) — BLLP(RN).

Proof. We can suppose that the right-hand side of (2.8) is finite, otherwise there is nothing to

prove. For every i =1,...,N and 0 < |h| < hg, we have
5f2beiw < hsft 5i2Leiw
Al =0 ][Rk
Lr(RN) Lr(RN)

By taking the supremum over 0 < |h| < hg and using Lemma 2.7 | we obtain
[Wlgr, < hg [Ylpsr, + 415" 1]l Lo vy-
If we now optimize in hg, we get the claimed inequality. U
We need the following embedding property in standard Sobolev-Slobodeckii spaces.
Lemma 2.9. Let t = (t1,...,tx) € (0,1]N. Then we have the continuous embeddings
NEP(RN) s BEP(RY) s WEP(RY), for every 0 < Kk < t;.

Proof. The first embedding follows from Remark 2.5. Then it is sufficient to combine Lemma 2.8
with the well-known embedding B5? (RN) «— WH2(RY), valid for every 0 < k < ¢1 (see [19, Section
8.2.5]). O

Finally, the following embedding result in Lebesgue spaces will be important.
Theorem 2.10. Let 1 <p < N and let t = (t1,...,tx) € (0,1]V be such that t; < 1. If we set

1
7522;7

i=1 *
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then we have the continuous embeddings

NEP(RN) < BEP(RY) s LPX(RY), for every 1<y < S
Y—P
Proof. 1t is sufficient to prove the embedding for BEYP (RYV). We first observe that v > N > p, thus
the condition on x is well-posed. By [25, Chapter 6, Section 3] we have the embedding
N N
BEP(RY) — BI(RY),

where s = (s1,...,sy) and g > p are such that
1 1
si = pPt; and B:1<>’7>0
p q

By Lemma 2.9 and Sobolev inequality for Sobolev-Slobodeckii spaces (see for example [29, Theorem
1.73]), for every 0 < K < s; = t; we have

N
BEA(RN) — WrI(RN) — LF—a (RY).
We now observe that we can take 8 > 0 arbitrarily close to 0. Since we have

PV g Nao_ N Py
Y+pB—p N—rqg N_px—PT  y+pB—p
Y+pB—p
this implies that the last exponent can be taken as close as desired to p7y/(y — p) (observe that x
converges to 0 as [ goes to 0). [l

Remark 2.11. We observe that for the isotropic case t; = --- = ty = t € (0, 1] the exponent
py/(y —p) coincides with the usual Sobolev exponent N p/(N —tp) for the space WP(RY) in the
case tp < N.

We conclude this section by considering the localized versions of the spaces above. If Q ¢ RY is
an open set, for h € R \ {0} we denote

Onh={ze€Q:z+theQforeverytel01]}.
For a function ¢ € LP(Q2), we define
5heiw

(2.9) [¢] ¢ = sup , i=1,...,N,
mi @ soll TR N (@)
and
Do,V
(2.10) [w]bto,opi(m = sup ]hit , i=1,...,N.
, |h|>0 LP(QQheZ')

Accordingly, we introduce the anisotropic Besov-Nikol’skii spaces on ) as

N
NEP(Q) = {@z; € LP(Q) : Z[¢]n§g’§(ﬂ) < +OO}’

i=1
and

N
BEP(Q) = {1/1 e LP(Q) : Z[w]bi@i(ﬂ) < —i—oo}.

i=1
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Finally, we define

o00,loc loc

NP (Q) = {w € LP (Q) : ¢ € NEP(E) for every E € Q}

and
BYP () = {q,z) € LP () : 1 € BEP(E) for every E € Q}

00,loc loc

Remark 2.12. As for the case of RV, the definitions of N%”(€2) and B (Q) do not change if we
perform the supremum in (2.9) and (2.10) over 0 < |h| < hg for some hy > 0.

Corollary 2.13. Let Q € RN be an open set. Under the assumptions of Theorem 2.10 and with
the same notations, we have

N;:O’ﬁoc(Q) C Bz’ozjloc(Q) C LEX(), for every 1< x < ﬁ
Proof. Let ¢ € /\/'otfloc(Q) and let F € (), we prove first that ¢ € B&op(E). By triangle inequality
5/%el¢ ’ 5heiwhei + ’ 6heﬂ/’
t = ¢ t
|h| LP(Ezhei) |h‘ Lp(EQhei) ‘h| LP(EQhei)
o N PP I

where we used a simple change a variable and the inclusion Eape;, C Fhe,. By taking the supremum
over h, we get the first conclusion.

Let ¢ € Bzgfloc(ﬂ) and let £ € Q, we prove that ¢ € LPX(E). We set d = dist(E,0Q) > 0, then
there exist z1,...,x; € F such that

k
EcC UlBg(xj).
]:

It is sufficient to prove that i € LPX(Bgg(x;)) for every j = 1,...,k. We fix one of these
balls and omit to indicate the center x; for simplicity. We then take a standard cut-off function
n € C§°(Bgss) C C§°(82) such that n = 1 on Bgss. Then we observe that 17 € BEP(RYN): indeed,
by triangle inequality and (2.1) for every h # 0 such that |h| < d/8 we have

Ojre, (V1) Gjre, 1 SheyThhe, Te,
Lr(RN) Lr(RN) LP(RN) Lp(RN)
d\'" Ot .
<t (3) s lowy | T80 =1,
2 L?(B)

and the supremum of the latter over 0 < |h| < d/8 is finite, since By, € € by construction.

By appealing to Lemma 2.7, we thus get ¢ € BS(RN). We can use Theorem 2.10 and get
Yn € LPX(RY). Since n =1 on Bys, this gives the desired result. O
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3. A GENERAL SCHEME FOR IMPROVING DIFFERENTIABILITY

In this section we consider a slightly more general framework, with respect to that of Theorem
1.1. Namely, we consider a set of C? convex functions g; : R — R* such that

1 =2 ,7 .
(3]‘) E(|S|_5l)i Sg;/(s) SC(|S’pZ 2+1)7 v = 1)"'7N)
forsomeC>1,6; >0and 2 <p; <--- <pny_1 < pN.

Remark 3.1. Let us point out the following simple inequality that will be used in what follows:
for every a < s < b, we have

(3:2) g/(s) < G (g¥(a) + g/ (b) + 1),

for some C; = C~i(pi, d;) > 1. This follows with elementary manipulations, by exploiting (3.1). We
leave the details to the reader.

We then consider u € Wllocp(Q) a local minimizer of

N
S(u; Q) = ;/ﬂ/ gi(uxi)dx—i-/ﬂlfudx.

In particular, u solves

N
(3-3> gé(umz) Yz, dx+ | fodr=0,
>/ /

for every ¢ € Wol’p(Q’) and every Q' € Q. For every i = 1,..., N, we define

t
Vi = Vi(uy,), h Vit:/,/g' dr.
z(ua:) where () 0 9 (T> T

Our aim is to prove that every V; enjoys some weak differentiability properties. We start with the
following result.

Proposition 3.2 (Initial gain). Let 2 <p; <--- <pny_1 < pn and let f € Wli’f,(ﬂ). We suppose
that

u € L. ().
Then for everyi=1,..., N we have
Vi EN;ZIOC(Q), where t = <p17'“’p1v_1’1> )
’ PN PN
Proof. We take B, € Br, € 2 a pair of concentric balls centered at zo and set
Ry — R
o="0""  and  R="00T

Then we pick ¢ € Wol’p(BR) that we extend to zero on RY \ Bg. For every 0 < |h| < ho we can
insert the test function ¢ _pe, () in (3.3). With a simple change of variables we get

N
(3.4) ;/ﬂgi ((um)hej) Px; dr = /thej gOd:L’.
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By subtracting (3.3) and (3.4) and dividing by |h|, we thus get

9; sz he] g;(uxz) / 5hejf
2 dT = dx.
Z/ [ 7] 7 o [ 7

We now make the following particular choice
5h U
__ 2 ey
p=C B

where s; € (—1,1] will be chosen below and ( is the standard cut-off function

(5hejg@ Uy, 5hejuxi 2
Z/[ ) e
<9 Z/ 5he]91 uxz /

Recalling the definition of V;, using (A.1) in the left-hand side and (A.2) (in combination with
(3.2)) in the right-hand side, we obtain

We obtain

5hej f 5hej U

| o[>

5hej

5 Cdx
|h|*

|Gai| €

al 5hej Vi ’ 2 al 5he]- Vi ”
Z/ | |ﬂ C d:,U S CZ/ | +1 \/gl uxz he] + \/g uxz ’C-T7,|< | |5 +1 d$
1=1 2 i=1 2
+/ 5hejf 5hejfl'/f 42 d
[

If we use Young inequality in the right-hand side, we can absorb the higher-order term. Namely,
since we have

5h h
z/ iui o (Cmne) + o ) +1] a6 |2 o
<Cr Z/ Ohe; C2d$
ey
2
2
" 2 5heju
+ _ Z umz he] +gZ (uzz) + ]‘] ’C$7,| h’sj—O—l dl’,
2
where 0 < 7 < 1, by choosing 7 small enough, we thus get
N 2 N 2
(Sh VY 5h U
Z/ esjﬁi (de<C Z / [ggl ((“xi)hej) + 97 (uz,) + 1] K%’Q :J-H
i=17 ||h| 72" i=1
v - ; 1
one,d [7 |7 heyu [7 N
+C / fj;+1 dx / ‘j;H de | .
B | ] B | ]
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By basic properties of differential quotients, we get for 0 < |h| < hg

/ 5heju
s;+1

Br '3
/ 5hejf
s;+1

Br '3

CZdl‘ = Ro —70) 2 Z L le hey) +gl/', (u%) + 1]
1 1

, P
+Chy (/B | fa; [ dx) K (/B |, [ dm) ’
R Rg

We use Holder inequality in the first term in the right-hand side, with exponents

bj

dx<C’h oz ”J/ |ug, [P de,
R,

0

and similarly

/

P

s Y} /
de < Chy® / | f, |73 d.
Bpg

0

This yields

>/

Ohe; U
S5 +1
|h| 2

5hej
s +1

dx

1

(3.5)

0

Pi and Pi
pi —2 2’
so that
N 5 2
he; U
Z/ le)hej) + gg, (uml) + 1] j]j‘+1 dx
i=1"Y Br ‘h‘ 2
N pi=2 Di 2
_Pi P; 5h Pq
Z </ uwl)hej) + 97 (uz,) + 1] Pi=? d:c) (/ e]H dx) .

We now observe that with simple manipulations we have

pi—2
Py

Pq
|97 (uz,) + 1772 dw) ,

P;—2

([ 1o (ane) + o (0 + 1175 a2) < ( [

since for every 0 < |h| < hy we have Bgr + hej C Bp,, by construction. Thus from (3.5) we obtain
2

0

N 2 N pi P
Ohe; Vi C Ohe; U v
- Cdr < ———— gl (ug,) + 1|| _w / — dx
ZZ_;/ |h|37+1 (Ro —70)? ; H HLm—2(BR ) \/Bgr |h| 9;1

(3.6)

L
l.

1
+C’h1_sj / }f ‘p;' dx " / }u ’pj dx N
0 z; i :
BRO BR

The first term in the right-hand side is more delicate and we have to distinguish between two cases.

0

Case A: j = N. By hypothesis we have p; < py for every 1 < ¢ < N. Thus we get

Py
Di PN -
Shen U N BN 5 N ,
/ hen | dz <CRY N / hfjjﬂ dr| , i=1,...,N.
Br ||h| 2 Br ||h|™2
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We can then choose sy =1 so that (sy + 1)/2 = 1 as well. Then from (3.6) we get

prz .

1 1
7 pN
/ |tz [P .
BRO

oy , .
[tz PN dx +C / | fn [PN dx
Br,
Case B: 1 < j < N — 1. This in turn has to be divided in two sub-cases.
Case B.1: 1 <1 < j. This is similar to Case A, since by hypothesis we have p; < p;. Then for
0 < |h| < ho we simply have
Py
i o Pj by
/ dr <CR % / dx
Bgr Bgr
g
N Pj —DPq Pj
< Cho le Pj / U [P7 d |
Br,

Case B.2: 7+ 1 < ¢ < N. Here we should be more careful. The order of maximal differentiability
tj = (s; +1)/2 is determined here. We set t; = p;/pn as in the statement, we thus get
[

/ idx</ [9ne,ul™ [&
Br N Bgr |h|tjpi he;

Since p; — tj p; > 0, we further observe that for every 0 < |h| < hy we have

5he N d <

O_TO

: (/BR

‘0

5heJ
+
||

5he].u
s;+1

One;ul?
|h|'s

P

R)’

[

/ e, il o < pmtov /
Br |h’ i bi Br

16ne; ull Lo (Br) < 2 lull Lo (B, )-

Ope,u [P R
B B C hy b pi / |tz ; [P dev.
B,

Moreover

By using the previous estimates in (3.6) we thus obtain®

6he]

Z/ |h’t7 CZdI'
ChQ(l t;) J Pj—P; )
Pj P
S (o e ) s s,
C [ 2(BL_2i 2(1-22 22
e [ 2 ol WG| Tl
1=J+

H O sl 5 N s

31t is intended that the second term in the right-hand side is 0 for j = N.
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for a constant C' = C(N,p1,...,pn) > 0. By taking the supremum over 0 < |h| < hp, summing
over j =1,..., N and recalling that ( =1 on B,,, we finally conclude that

N

Z sup

j=1 0<|h|<ho

She, Vi
|a[fs

L2(B,,)

We now take E € Q such that d = dist(E, ) > 0. There exist J € N and z1,...,2; € E such
that

E C UB%

By observing that each set Epe; is still covered by this family of balls, we thus obtain

<3S

L*(Bhe;)  j=1 k=10<|h|<§

N 5he ' Vl

|Rof's

Ohe, Vi
KE

sup
j=10<|h|<2

L2( Bd(zk))

where we used the estimates above, with Ry = (3d)/4 and ro = d/4. By taking into account
Remark 2.12, this gives V; € N¥2_ (Q), as desired. O

00,loc

By using Corollary 2.13, we also get the following higher integrability result.

Corollary 3.3. Under the previous assumptions, for every i =1,..., N we have
N
2x Y _ 1 N
Vi € L (), for every 1 < x < o ¥ where'y—zt— =N
The next result shows that each time Vi, ..., Vy gain integrability, then we can improve their

differentiability as well.

Proposition 3.4 (Improvement of differentiability). Let us suppose u € L5 () and Vi,..., VN €
LEX(K)), for some x > 1. Then we have

loc

Vi e NZA(Q),  i=1,...N,

where the vector r = (r1,...,7TN) is given by
(3.7) r]—mln{p]—kpj(x—l),l}, j=1,...,N.
PN 2

Proof. We first observe that the hypothesis on V; implies that u,, € L}:X(Q), thanks to (3.1).
Moreover, for 5 = N by Proposition 3.2 we already know that we have maximal differentiability,

ie. ry = 1.
Let us fix 1 < j < N — 1, we go back to (3.5) and we use Holder inequality in the right-hand
side for the terms ¢ > j + 1, with exponents
DPi X and Pi X
Pi — 2 pi(x—1)+2
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This gives

>

pi—2
by

5hej
+1

j _Pi
C2 o = Ro — 1) 2 Z (/ Umz)he]) + g7 (ug,) + 1] pi—2 dw)
5’18]

=1
) 2
u Di Pi
X -| dz
fi
Bgr 3
Pi—2

N
38 L " e pfilz " X P;
5) b 30 ([ ol Cune)n) + o s + 1] 75

i=j+1 R
2% ps pi (x=1)+2
i -
S | Pi X- D2 X
he; d
X ﬁ X
Br |h| 2

+Ch1 > HfﬂCjHL”;'(BRo) HuxjHij(BRo).

The first sum on the right-hand side is estimated as in Proposition 3.2. For the second one, we
have to make two separate discussions, depending on whether

e Y is such that

(3.9) X>1+2<1_1>;

pb; PN
e or x is such that
1 1
(3.10) X<1+2(—>-
pb; PN

If we assume that (3.9) is satisfied, then we have as well

1 1
X21+2<—), for every i =1,..., N.
pj D

that is

2p; .
_— , for every i =1,..., N.
P —Dr2 =M Y

Back to (3.8), we can choose s; = 1 and we simply have

2x P4 2p;
/ p; (x—1)+2 de < C’RN (1_W> /
Br o B

2p;
Ohe, U Pjlpi(x—1)+2]
e |, [XP7 d 7

h

Ro
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thus with the usual manipulations we obtain

N /
=1
N PiTPi

C P;jP;
=B —ro? ZRO o )

She; Vi |?
2o (2 da

) 2
Lpzpi2 (BRU)] ”ux] ”ij(BRo)

x—1 2(1’)] P;)
+L Z RO ( * XPjPi )

" 2
— gt (us,) ety o
(o — o) S -2 (Bp, Rg
+C HijHLP}(B ) HU%HLPJ'(BR )
Let us now consider the case where (3.10) is verified. In this case, by using that v € LS., if we set
Ltsj _pj P
==+ =(x—-1) <1,
we obtain
Ohe, U p-(icxf?)%— 2X7pl) XPj |0he, u|PiX
) i p; (x—1)+2 j
I R i e L S
Bgr Br |h| Jp; (x—1)+2
We observe that by construction
g 2XPL
Tpix—1+2 77
Then as before, we obtain for 0 < |h| < hog,
5he] )
> [ B2 cta
(1 T pg Pq
Ch ) Pj pj 1" 2
R I J+1 i %25
Ry —19)? Z 0 ot (ue) + HLWL_Z(BRO) H%]HLPJ(BRO)
2(2-2)  2(1-2)-p (D) 2w (1)
T Ro—ro)2 Ro —10)? [Z o Cuz.) + 1HL;E@Q(BRO) "o el (Bro) L %HL“J(BR )

—i—Cho (= HfijLp;'(BRO) H“%’HLPJ(BRO)'

Thus, from the previous estimate, we get V; € N o lOC( ) by proceeding as in the final part of
Proposition 3.2. O

Again by Corollary 2.13, we also get the following.
Corollary 3.5. Under the previous assumptions, for every i =1,..., N we have

V € LlOC(Q) = V € LIOC(Q) fO’F every 1 < 9 < ﬁ, where Y= Z —
j=1 Ty

and r; is defined in (3.7).
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4. LOCAL SOBOLEV ESTIMATE IN A PARTICULAR CASE

We now specialize the discussion to the situation where we just have two growth exponents
2 <p < q. Namely, let £ € {1,2,--- | N — 1} and consider

pr=-c=p=p<pmr=--=pN=¢,  withp>2

as in the statement of Theorem 1.1.

Proof of Theorem 1.1. Let us set

L p
4.1 =1-——=
(1) M1 o
and observe that 0 < 79 < 1. We take {ay} an increasing sequence of positive numbers with
1> ap > 71, forevery k €N, lim ap = 1.
k—oo
Let i =1,---, N, by Proposition 3.2 we have V; € Nggic(Q), where
t():(t()’"'vt()ala""l): p/Qvap/q71771
N—— —_———
14 L

Moreover, if we set

yozgﬁ—i—N—ﬁ and xo =14 ag ,
D Yo — 2

we have V; € L120>C<0 (©) by Corollary 3.3. We now repeatedly apply Proposition 3.4 and Corollary
3.5: after k + 1 steps, we get V; € N2 (Q) where

00,loc

te = (tgy. oty 1o, 1) Withtk:min{p+p(Xk_1—1),1},
—— q 2
l

and
14
=2 ’Yk—lZE—FN—E.
We want to prove that under the standing assumptions (1.2) or (1.3), there exists ko € N such that

(42) Xk—1 =1+ ag_1

p P
-+ = 1—1)>1
" Ty (Xko—1 —1) =
By using the relations (4.2), this is the same as
(4.3) L — - P > 1.
4 +N (-2
tk()—l

Until this does not occur, we thus have that {tx}ren coincides with the recursive sequence defined
by

to =
(4.4)

the1 = =+ agpb(te),

QRI" I
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where the function ¢ — b(t) is defined by

P l
b(t) = ——, fort>0 and t # —F——.
§+N—2—€ (=(V-2)
We observe that, for any ¢ € {1,2,--- ,N — 1}, b(t) is a positive increasing function for ¢ in the

interval (0, N — 1)%,
In order to obtain (4.3) and conclude the proof, we consider two possibilities for the sequence
(4.4):
Alternative I) either there exists ko such that tx, > N — 1,

Alternative II) or t;, < N — 1 for every k € N.

If Alternative I) occurs the proof ends, since we automatically get (4.3). Indeed, in this case

1§N_1§tk0:£+04k071 7 L ’
q

+N—-0-2

tko—l
and we can stop the process at ty,.

In case of Alternative II), using the monotone behaviour of b and {ay }ren, we get that {tg}ren
is an increasing sequence, thus it admits a limit L with

(4.5) P erp<n-1.
q

In order to obtain (4.3) and conclude the proof, it would be sufficient to show that L > 1. By
recalling that {ay }ren converges to 1 by construction, the possible limits L of {¢ }ren can be found
among the solutions of the equation

P pL

(46) L:5+£+L(N—5—2)'

’Case ¢ = N — 2| In this case (which can happen only for N > 3), the equation (4.6) is linear and
we immediately get

N—-2-—
N-2-p  _p
N -2 q
This implies that if N —2 — p < 0 we are indeed in Alternative I), since we violate® (4.5). If on
the other hand N — 2 > p, then L > 1 thanks to hypothesis (1.3).

’Case 1</{<N - 3‘ Observe that this can happen only for N > 4. From (4.6) we get that the
possible limits of t; are determined by the roots of the polynomial:

(4.7) PO =t3](N—-2-0)—t |(N-2-021p—¢| - Py
q q
By a simple computation, we see that P has real roots L1 < Lo if and only if

(4.8) (N—2—€)§+(\/Z—\/13)220.

4Indeed, for ¢ < N — 2, b(t) is positive increasing for ¢ > 0.
SIn this case the sequence {t} diverges to +oo
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Since ¢ < N — 3 the previous condition is always satisfied (with strict inequality sign, indeed). We
have

P(t) <0 = L1 <t< L.
If we observe that P(p/q) = —p?/q < 0, we thus get

L < P < Lo.
q
Since {tx }ren is increasing and ty = p/q, this implies
lim ¢, = Lo.
k—o0
We now observe that we have

Ly>1 <= P(1)<0 <= hypothesis (1.3),

and we are done.

Case £ = N — 1| This case is subtler. Let us start by looking at the subcase p > N — 1.
Case p > N — 1. We first recall that

thyr — tp = g + (ak b(tr) — tk)-

Then observe that the function (recall the definition (4.1) of )

©(t) = 18 b(t) —t, for t € [Z(;’N — 1) ,

is such that
, op(N —1) -
Since we are supposing p > N — 1, the choice of 7y entails
f<N-1-rn(N-1)=2
q
This implies that if p > N — 1, then ¢ is strictly increasing on [p/q, N — 1). By recalling that
ar > 10 > 74 and tg = p/q we get

tpr1 — tg > Py (Tg b(to) — to) =1 <p> > 0, for every k € N,
q q

thus the sequence can not converge to a finite value. This means that in this case we are indeed in
Alternative I) and thus we are done.

Observe in particular that since by assumption p > 2, the previous discussion implies that for
N =2 and N = 3 we finished the proof.

Case 2 <p < N —1 and N > 4. Again, the possible limits of {tx},en are given by the roots of
the polynomial P defined in (4.7). We first observe that condition (4.8) now reads

(4.9)

p
5 <¢q
(VN =T p)
When this is fulfilled, P admits real roots L < Lo.

We can thus observe that if p and ¢ satisfy the third block of assumptions in (1.2), P has no real
roots which implies that in this case we are in Alternative I) and the proof is over.
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We assume that (4.9) is verified. In this case we have
P(t) <0 — t< Ly or t> Lo.

We still have P(p/q) < 0, so that

p p

(4.10) g < L < Lo or i<y < 6

Since {tx }ren is increasing and ty = p/q, this implies

lim tp = Ll,
k—o0

and thus the second alternative in (4.10) is ruled out. We compute L1, this is given by

2
N-1-LZ_ (N—l—p/> 4N 1P
q q q
le )
2
where ¢’ = ¢/(q — 1). Observe that
2
(4.11) Li>1 «— N—3—p/>\/<N—1—p,> —4(N-1) L,
q q q
A necessary condition for this to happen is that
p > N —3,
N-3>2 — p<nN-3 U »
g < ——.
p—(N-=3)

When these conditions are in force, (4.11) is in turn equivalent to

2 2
<N—1—p,> 144 <N—1—p,> > (N—l—p,> —4(N-1P
q q q q

which is the same as

(4.12) N-—2-2 vl —= N-2-p<v-2ZL
q q q

By recalling that we are in the case p < N — 1 and we are assuming (1.2) and (4.9), we need to
consider the two possibilities:

A) p< N -3
(N —2)
N-1"~
In case A), the second set of assumptions in (1.2) implies that (4.12) is verified and thus we are
done. Observe that the bound

B) N-3<p<

N —2
¢ < ( )P
N—-2-p
is compatible with p < N — 3 and (4.9), since for p < N — 2 we have
(N-2)p P (N —2)?
> P#F N1

N=2or (N1 )

and the latter is strictly greater than N — 3.
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In case B), in order to verify (4.12) we would need

N -2
¢ < | )p.
N—-2-p
p
g < ———.
p—(N—=3)
Observe that )
(N —2) (N-2)p p
N-3<p<——— < .
P="NT1 N-—2-p p—(N-3)
Thus the condition becomes
(N —2)?
N-3 < <
p N_1
N -2
¢ < 4 )p.
N—-2-—0p
which is again covered by our assumptions (1.2). This concludes the proof. U

5. LOCAL LIPSCHITZ ESTIMATE IN DIMENSION TWO

5.1. Proof of Theorem 1.4. We now restrict the discussion to the case of dimension N = 2 and
consider the model case

2
1 .
S(u; Q) = Z; / (Jua,] — (5i)[: dx +/Q fudz, u € Wli’cp(Q), Q' €.
=111 I '

We can suppose that p; < po, since for p; = po the result has already proved in [5]. Under the
standing assumptions, we take U € WI})E(Q) to be a local minimizer of the previous functional.
Then we proceed as in [5].

We take ' € Q and set d = dist(£,92) > 0. Since Q' can be covered by a finite number of
balls with centers in " and with radius ro < d/100, it is sufficient to show that

HVUHLOO(BTO (:Eo)) < +OO)

where By, (zg) is any of these balls. To this aim, we set B = By,, (o) and solve the regularized
problem for 0 < e < 1

(5.1) min {F.(u; B) : u—U. € WyP(B)},
where:

e the regularized functional §. is defined by

2
5w B) = [ gictun)dot [ fouds
—1/B B
e the functions g; . are given by

(|t| 5i)pi 2
()= —— LT +e— = 1,2;
gz,&( ) s € 9 1 5 &5

e U, and f. are smooth approximations of U and f.
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By [5, Theorem 2.4], we know that (5.1) admits a unique solution u., which is smooth by proceeding
as in [5, Lemma 2.8]. In order to conclude, it is sufficient to prove the uniform estimate

(5.2) IVtel oo (B, (o)) < €

with C' > 0 independent of ¢ and depending only on p1, ps, 91, 9o, 70, ||!)"HW1,1L,/(2 B) and [|U||yw1.e(2 By-
This is proved in the next subsection. As in [5] (to which we refer for the missing details), this
gives the estimate on VU and thus the conclusion.

5.2. Uniform Lipschitz estimate. The proof of (5.2) is the same as that of [5, Proposition 4.1],
up to a couple of crucial modifications needed. We give the details of the latter and sketch the rest
of the proof, by referring the reader to [5]. For notational simplicity, we write u in place of u.. We
introduce the quantity

=1+ max{él, (52},

then in what follows we set

Wi=02+ (lug,| - 8)2,  i=12

First of all, we need the following Caccioppoli-type inequality. The proof is a slight variation of [5,
Lemma 3.6 & Corollary 3.7], we omit it.

Lemma 5.1. There exists a constant C = C(p1,p2) > 0 such that for every s > 0, every Lipschitz
function n with compact support in B and j = 1,2, we have

(5.3) /‘(Wﬁﬁk 2

We can now start the proof of the estimate (5.2) for the gradient of u. We may consider the case
of the first component u,, only, the other one being similar. With standard manipulations, from
(5.3) we get

71 s
/ 4 2 77
(5.4) o

172 dx < C6Pi—2

2 pi2
Z/Wﬁ Wit Vn* dz + (s+1)2/|f€|2Wj s dx] .
=1

dx < C 62 Z/W Wit vn? de

L OO (s 4 1) / 22 da,

with C = C(p1,p2) > 0, where we used that § > 1. In order to reconstruct the full gradient

ﬂ+%
p1
w*
2

vw,* on the left-hand side, we observe that
Then if we fix 1 < g < 2, by Holder’s inequality with exponents 2/q and 2/(2 — ¢q), we have

().
(/' pl* nqu>3<<1+23 /‘ Wyt

2
_Pmtras WE.

b1

2—q

Tq
n* dx ( wy > dac) .
spt(n)

q
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By using the same manipulations as in [5], we thus get
2 2—q

ﬂ+§ % Pl 9 a
/ <W14 277) dr| <C(1+s)? / (W{*) n? dx WP da
(5.5) r2 T2 spt(n)
m_i_ﬂ %
co ([ )

with C' = C(p1,p2) > 0. We assume for simplicity that all the balls are centered at the origin. We
then fix the radius rg > 0 as above and define

q

3
Ry =2nrg Ry =5 7o

For ro <r < R < Ry, we take n € W(}’OO(BR) to be the standard cut-off function

o) = i {1, B D),

Y
d:c)

=2
722 W:QWfHdm—k(s%—l)Q/
(R - r) = BR

By multiplying (5.4) and (5.5) we get

P
/ | <W+ 77)
1

[f [y dfﬂ]

2—gq

? L5 Ta
dx < Wf_q da:)
Br

Then we apply the anisotropic Sobolev inequality of Theorem 2.1 to the compactly supported
function Wl(p 1+28)/4 n. This yields

mys \T N7
w(f (i) )

(NI

2
— 1 B2 S S
< C o2 [MZ W, 2 W1+1d:x+(s—|—1)2/ FARRLY; dx]
i—1 7 Br Bpr
(5.6) .

[ (1 0), o) (f, )

2
1 P14 sq q
L (f ow zdx> }
(R—T)2<BR !
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The exponents § and §* are given by

4q 4q
g=— and T =—
=5 T=5—0
the constant 7, only depends on ¢ and it degenerates to 0 as ¢ approaches 2.
The idea is to use the previous fundamental estimate (5.6) to produce an iterative scheme of
reverse Holder inequalities on shrinking balls. Then we perform a Moser’s iteration in order to
conclude. We need to estimate the terms appearing in the right-hand side of (5.6). The crucial

difference with respect to [5] is in the first term on the right-hand side of (5.6), i.e.
2 Pi—2 P1 p2—2

(5.7) Dl oW T withde = | W Wida+ | W, T Wi W da,
— /Br Br Br

On the contrary, all the other terms are estimated exactly as in [5], thus we omit the details. Let
us now focus on the term above, it is useful to introduce the quantity

2 »i
(RU> W2 dz + /
Ry Bry Br,

1

2 , A
+ R{* / |f€\2p1 dx .
Br,

First we claim that 7 (W1, Wa, fe; Ro, R1) is uniformly bounded, independently of €. To this aim,
we first observe that

Pi—2 pj

2 p; pP1—2
dx

2
I(Wi, Wy, fei Ro, Ry) = »

2 i 2
Z][ W deCZ][ \()a, [P dz + C 677,
i=1 " Brg i=1 " By

for a constant C' = C(p1,p2) > 0. Then the integral on the right-hand side can be estimated
uniformly in e, by proceeding as in [5, Lemma 2.5].
As for the term containing f., we observe that by Proposition 2.2 we have the continuous

embedding (recall that Ry < Ry)
. . 2
WP (Bpg,) — L“P*(Bg,), since ph < pi <2 and 2p, <p = )
0 1 2 1 1 p/1 +p/2 _p/1 p/2

thus the term

1

, I
/ PP )
BRl

can be uniformly bounded in terms of the WP" norm of f on B R,- The terms containing the

gradients of Wf /4 and W§2/ * are more delicate, for them we need Theorem 1.1. Indeed, let us

define .
Vie(t) = /0 ,/ggfa(s) ds and Vie = i,g((ug)zi), 1=1,2.

We observe that V;. : R — R is a locally Lipschitz omeomorphism, with VZ’ . > 0. If we set

() = (024 (t|—0)2) T,  teR,
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then we obtain that Wfi/4 = ®; (Vi .), where
0. (t) = (V. (1)), t € R.

It is not difficult to see that ®;. is a Lipschitz function, with Lipschitz constant independent of «.
Indeed, we have

B()=0, forft|<os and  |f(0) < VCilt|"T, for [t > 6.

1 i
Vi) = /gl (t) = = %7, for |t > 6,

for some C; = Cy(pi, ) > 1. Thus we get

HUAI)] [ Yo RS

| ()] = ) S

By using this observation, we thus obtain

I,

with L; = L;(p;,0) > 0. We can now invoke (1.4) in order to bound uniformly the last term. It is
only left to observe that the bound in (1.4) also depends on the local L> norm of u.. This can be
uniformly bounded by appealing to [13, Theorem 3.1], proving the claim.

We now come back to estimate the quantities in (5.7). Let us recall that, since we are in dimension
N = 2, we have the continuous embedding W'?(Bg,) < LY(Bg,) for every 1 <9 < +oo. Then
by Hélder’s inequality and Sobolev-Poincaré inequality, exactly as in [5] we get

Py
W,

2
dr < Li/ |VVc|? da,
Br,

P - = o
W12 Wf dx S CI(Wl,WQ,fE;Ro,Rl)Rgl ( Wfpl d$> " .

BR BR

For the second term we have to be more careful. By using Holder inequality with exponents

/ D1 ; P1
V41 9 b1,

p )
"p—2
we get,

;7 P2—2 p1

1
pa—2 p2\ 2P1 5173 1y 7y 1\ 271 i
Wy 2 WiWide <C / <W24 ) dx + / (W14 ) dx
Bgr BRl BRI

1

x < wep daz) "
Br

where we further used Young’s inequality and the constant C' = C'(p;) > 0 depends only on p;. To
treat the term into square brakets, we use again Sobolev-Poincaré inequalities. Namely, we have

p1\ 2P0 i 2 P1 2
/ (Wl‘*) dr| <CRI W2 dz + / x| |
Br,

Brp,

pr1
YW,

Br,
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and

1
; P2—2 p1 P — —2
% 2 p1—2 P2 Py P2mE P i 55—2 % ’%2
W, dx <CR Wy? dx +
BR1 BRl BRl

Thus we obtain

P2
VW,

2
da:] .

p2—2 ~ =< o
W, T Wi Wi de < CZ(OWy, W, fo; Ro, Ry) R ( Wi da:) "
Br Br

as well, where we used again that Ry < Ry.

By using these estimates in (5.6) and proceeding as in [5] for all the other terms, we obtain
(5.8)

ﬂ+5 ;qu 1
/(Wf’ ) dx <O

_2 -
+(s + 1) Z(W1, Wy, fo; Ro, R1) Ry ™ ( wiP d:p) pl]
Br

1

Ry \? ~ _2 . L

<° > FOW1, W, £ Ro, ) Ry ( yyom dx)pl
R—r B

2—q

q
X

~ L s
(8+1)2I(W1,W2,fg;R0,R1) < Wf_q da:)

Br

2 o211 q) _ o
—l—( Ho ) Ro(q - )I(W1,W27fe;Ro,R1)< wy P dﬂc)pl],
R—T’ Br

for a constant C' = C(p1,q) > 0. The exponent 1 < ¢ < 2 is now chosen as
2 2 1
q= pl, sothatizpl and - —-———-1=0.
p1+1 2—q qg m
By further observing that WW; > 1, from (5.8) we gain

1

< W125p1 dac) pl < C §Pr—2 f(Wl,WQ, fs;RO»Rl)Q
By

Ry \? -2 o
< 0 ) + (S + 1)2 RO P1 ( Wfpl Cll‘) 7
R—r Br
for s > 0. This is an iterative scheme of reverse Holder inequalities, we can now iterate infinitely
many times this estimate, as in [5].

APPENDIX A. POINTWISE INEQUALITIES

Lemma A.1. Let g: R — Rt be a OV convex function. Let us set

v = [ Vo

For every a,b € R we have

(A1) (9@~ g®) (a=b)= V() - V).
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Proof. Without loss of generality, we can assume that a > b. Indeed, ¢'(a) — ¢’(b) and a — b have
the same sign, thanks to the monotonicity of ¢’. For a = b there is nothing to prove, so we take
a > b. By using Jensen inequality, we have

(v@-g®) @0 = ([ strar) @-1)
> (/bmdt) — (V(a) = V().

as desired. O

Lemma A.2. Let g: R — Rt be a CY' conver increasing function. Let us set

(A:2) l9'(@) = g )] < sup (Vg7(s)) V(@) = V(b)].
Proof. For € > 0, let us consider the convex function g.(t) = g(t) + et>. We set

t
vt = [ Ve,
0
then we observe that this is a strictly increasing function, thus invertible. Finally, we define

Fa(t) - gzls (‘/Eil(t)) )
which is an increasing function. Indeed, we have

P = gV 0) g gy = Vo0 0) >0

By basic Calculus, this yields

9:(@) = 6L0) = IF(Ve(@) ~ Fo(Ve(b)| < sup (Fe(V(s))) IVee) = Vet

- (VoZ()) Vela) = V(o).

s€la,b
By taking the limit as € goes to 0, we get the desired conclusion. ([

Remark A.3. When ¢(t) = |t|’/p, the previous inequalities imply the familiar estimates
4 - o 2
(laf"2a = p"2b) (= 1) = (0= 1) — [la] =" a = b= 5] .
p

and

1 B - B )
a2 — pp=2b] < 272 (ja)"F* + 181757 [l a = )" 8]
p
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